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ABSTRACT. For each of the simple Lie algebras g = A;, D, or Eg, we show that the all-genera
one-point FJRW invariants of g-type, after multiplication by suitable products of Pochhammer
symbols, are the coefficients of an algebraic generating function and hence are integral. Moreover,
we find that the all-genera invariants themselves coincide with the coefficients of the unique
calibration of the Frobenius manifold of g-type evaluated at a special point. For the A4 (5-spin)
case we also find two other normalizations of the sequence that are again integral and of at most
exponential growth, and hence conjecturally are the Taylor coefficients of some period functions.
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1. INTRODUCTION AND DESCRIPTION OF THE RESULTS FOR THE 5-SPIN CASE

In this paper, we will study certain intersection numbers 74(g) (the precise definition will
be given in Section [2)) on the moduli space of stable algebraic curves Mg,n [32] associated to
simple Lie algebras, the case of A,_1-type simple Lie algebra being essentially one-point r-spin
intersection numbers, introduced by Witten [112]. (What we call 74, ,(g) would be (7, ,,,) in
Witten’s notation, where 2(r +1)g =r(n+ 1) + m + 2 with n > 0, 0 < m < r — 2; our notation
in later sections will be slightly different from Witten’s.) In particular, we will give recursive,
closed, and asymptotic formulas for these numbers. Using these formulas, we will show for
g=A4; (Il >1),or D; (I >4), or Eg that by multiplying 74(g) by appropriate gamma factors
(products of Pochhammer symbols) we obtain new numbers whose generating functions are
algebraic. In particular, these renormalized numbers are integral and grow only exponentially
in g. Moreover, for the case of A4, we find that there are different normalizations of the 74(g),
obtained by multiplying by other gamma factors, that are again integral and of exponential
growth, so that each of the corresponding generating series is conjecturally a period function for
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some family of algebraic varieties (or equivalently, a solution of some Picard—Fuchs differential
equation). This latter point is also of interest from the point of view of the general arithmetic
theory of differential equations (see for instance [115], where the conjecture relating integrality
and geometric origin is discussed on pp. 728-729 and the A4 example on pp. 768-769) and will
be discussed from this point of view in the later paper [114].

For most of this introduction, we will assume that g = A4 and describe our results in detail
only for that case, indicating briefly at the end of the introduction where the statements of the
general results can be found in the paper. For convenience, we write 7, = 74,(g) for g > 0, and
also set 79 = 1 and 7, = 0 for g < 0. The first values are

glol1| 2 |3 4 5 6 7 8 9
T 1 1 11 0 341 161 3397 3421 0 1670581
g 6 3600 25920000 777600000 93312000000 4199040000000 846526464000000000

One-point 5-spin intersection numbers

The following theorem, which will be proved in Section [5| gives three different integrality
statements about the numbers 7,. One of these statements (the integrality of the numbers ag)
will be generalized to all A;, D; and Eg in Sections below. The two others will be given in
this paper for the A4 case only, with a discussion of the integrality properties of 74(g) for other
simple Lie algebras postponed to the later paper [114] mentioned above.

Theorem 1. Each of the renormalized values

asn = 2°"(3),, (70, Ton: bsn = (3),(5) . 7on: esn = (5),(5),7n (1)
asn1 = 25 (3), (), 7on1 bn-1= (3),,(5),Ton1s 1= (3),(5),, Ton1 (2)
asn—s =3 (5, ()8, s = (3),(3),7n3 cms=(3),(3), 70 (3)
a1 =255 (3), () monar bonoa=(3), (), 7m0 cmna=(3),(3),na (4)

—_ 3

belongs to Z|55|. Here (z)g := x(x+1)--- (z+k—1) denotes the ascending Pochhammer symbol.

The point here is that the numbers 7, decay like 1/ I‘(%g), as we will see in a moment, and that
therefore each of the numbers ay, by and ¢4, as well as being integral (away from the primes 2, 3
and 5), is of only exponential growth in g and hence is expected to be the gth Taylor coefficient
of some period function. It would be very interesting to identify the two generating functions
> bgx? and ) cgz9 as explicit period functions, but we have not yet been able to do this. For ay,
on the other hand, the next theorem includes the stronger statement that the generating function
> agx? is not only a period function, but is in fact algebraic.

Remark 1. The formulas f can be written uniformly as
(=H™
ag = (A 74, by = (A)n (B)n1y, cg = (A)n (C)n1y, (5)

)
_ [29-1 _rg : 2g—1 2g+1 2g+3 .
where m = [T]’ n = [2], and A, B, C are the fractional parts of “%&—, =E£= %= respectively.
Recall that for a real number z, its fractional part is defined as {x} := z — [z]. Note that A =0

if g = 3 (mod5), and that both a4 and 7, vanish in this case.

In the following theorem we collect many further properties of 7,. All of the statements of
this theorem will be generalized in the main body of the paper to the A;, D;, and Eg cases.

Theorem 2. The numbers 7, = 7a,(g) have the following properties:
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(i) [recursion] The numbers T, satisfy the recursion relation
2°3'51731g(g -1 (9-2) (9 -4 7y
— 511 (2834 g" —2133% g% 4 213254331 g* — 2132431 6329 g + 5' 7 2013229) 7,_5
+225%(223%5¢9* — 22335 Tg +19739) 7910 — T4-15 = 0, g€Z (6)
with the initial conditions given by the above table.
(ii) [dual topological ODE] The generating series
9
p(X) =) T4 X5 (7)
920

satisfies the fourth-order linear differential equation Qp = 0, where
d* a3
— 2830510 X7 (X - 5081) o+ 288051 X2 (2182 X 50231 81)
@ dx* + axs?
d2
_2429X(X2_4 1X 2631011)
375 576091 X +2°3°57 73 el
d
— 278758 (2X2 - 573200 X + 2° 375031 =

+ (X2 + 225561 X 4 51371 23! 31) . (8)

(iii) [algebraicity] The generating function of the numbers a, defined in 1s algebraic. More

precisely, we have
2

— 5 _ 2,3, F —
y.—Zagzg = v -Gy —|—@y—l. (9)
9>0
(iv) [closed formula] Denote m = [(2g — 1)/5] as above, and define ¢, ; € Q (0 < p < j) by
1 ((1+a)f —1—-6a\"
cp; = coefficient of 27 in ] <( +$)6x x) . (10)

Then for all g > 0 with g # 3 (mod 5), we have

(_1)g+m—1 29

_ 2g-1 p.2g
7y = T{¥5}) > e : (11)
o9 p:OP( = —p+1)
(v) [product formula] Let
2 11
w(u):1+ZCnu”+1:1+u—§u2+ﬁu3—... (12)

n>0

be the unique power-series solution in 1+ u + u?Q[[u]] to the sextic equation

with ag as in or in part (iii).
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(vi) [terminating hypergeometric sum] For all g € Z with g # 3 (mod 5), we have
me O (B EEED)
M- () A, N0 )
(vii) [asymptotics] For g # 3 (mod5) and as g — 0o, 7,4 is given asymptotically by
Ty~ —p Smg{ﬁ%}) (6720 s2(5)) 7. (16)
V6o g (155 D 5

where m = [(2g — 1) /5] is again as above.

The proof of this theorem is given in Sections [2] and

Remark 2. Of course, parts (i) and (ii) are equivalent, by the usual bijection between power series
satisfying a linear differential equation with polynomial coefficients and sequences of numbers
satisfying a recursion with polynomial coefficients. More explicitly, since the recursion @ involves
only 74, Tg—5, Tg—10 and 7415, it is equivalent to five separate recursions for 7, with ¢ = s (mod 5),
0 < s < 4, the values for s = 3 being uninteresting because 7, = 0. Similarly, by the Frobenius
method, the differential equation in part (ii) has four fundamental solutions in 2*Q[[x]] with
A =0, %, %, %, and the generating function is simply a certain linear combination of these
with rational coefficients.

Remark 3. The integrality (away from 2, 3, and 5) of a4 in Theorem (1| follows immediately from
part (iii) of Theorem [2} since the Taylor coefficients of any algebraic function are integral after
some fixed rescaling. The integrality of b, and ¢4 is harder and will follow from formula , as
a consequence of the stronger statement that the product of either (A), (B), or (A),(C)y, with
each summand on the right-hand side of is p-adically integral for each p > 5.

Remark 4. We say something here about the origin of the problem and about some of the
various approaches that can be used to solve it. The way that we are approaching intersection
numbers is to use integrable systems. In 1990, Witten [I10] proposed his famous conjecture
that the partition function of i-class intersection numbers is a tau-function for the Korteweg-de
Vries (KdV) integrable hierarchy. This conjecture was later proved by Kontsevich [82]. The
r-spin Witten conjecture [112], stating that the partition function of the r-spin intersection
numbers gives a tau-function for the Gelfand-Dickey integrable hierarchy [34], was proved by
Faber—Shadrin—Zvonkine [64]. (The r = 2 case corresponds to Witten’s conjecture in 1990.)
More generally, the ADE Witten conjecture [112], given its precise form by Fan—Jarvis—-Ruan [67]
(cf. also Givental-Milanov [72]), states that the partition function of the FJRW invariants
associated to a certain simple singularity [3] gives a tau-function for the Drinfeld-Sokolov (DS)
integrable hierarchy [13, 25 311 [38, [49]. The ADE Witten conjecture was proved by Fan—Jarvis—
Ruan [67] (cf. also [68, [72, B9]) with the D4 case confirmed in [65]. For all these cases, the
main mathematical object of the study is the so-called topological solution u'°P [48, [57] to the
corresponding integrable system together with its tau-function. Perhaps, the simplest way to
describe this particular solution is to use its initial value (observe that each member of the
DS hierarchy is an evolutionary PDE), which in terms of the normal coordinates [57] ri,...,7;
(where [ is the rank) reads:

Tgop|higher times=0 = Tal tl’o y (17)
where @ = 1,...,1 and 7,1 are constants. One could then apply methods in integrable systems to

compute u'°P and more importantly its tau-function. These methods include the wave-function
approach [5, [8, O 14, 20}, 25 B4, 39, 53], [77, 106, 107], the ¥YDOs [29] B34, [79, R6], the Sato
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Grassmannian approach [14], 30, 34} 106, 107], the Dubrovin—Zhang approach [24], [43] 48, 50,
59, 57], the Givental quantization [24], [69) [70] [7T), [72], the topological recursion of Chekhov—
Eynard—Orantin type (or of Bouchard—Eynard type) (cf. [15, 59, 116, 118] and the references
therein), the matrix-resolvent method [11], 12} [13], 52| 53] (cf. also [21), 87, [88, ©6]), etc. One
of the keys for several of these methods is the Lax pair (cf. [5, 34, B8, B39]). In the second
paper [54] of the series, the mathematical object will be a different solution to the DS hierarchy,
whose tau-function has a different topological meaning; more general cases are considered in
joint papers currently in preparation with Daniele Valeri. Taking the dispersionless limit of
the DS hierarchy, one can also obtain an interesting geometric structure, suitable for studying
arbitrary solutions, i.e., the Frobenius structure [41], 42 43| 48], [57], which plays one of the central
roles in understanding the above-mentioned methods. Besides the methods from integrable
systems, there are other important methods for computing the intersection numbers from other
theories, including the theory of matrix models [I], 2, [16] 17, [I8, B3, [73], 2], 94], vertex algebras
16, 35, [68], [78, 9T, 117, 120], emergent geometry [118], 119} 121], etc.

Our next result (see Theorem [§| and its corollary) gives an explicit relationship between the
all-genera FJRW intersection numbers of g-type (with g = A;, D; or Fg) and genus zero, which
again will be stated in the introduction only for the 5-spin case. Let B be the Frobenius manifold
associated to the A4 Coxeter group [43], 45], 104], 122], and let (6a,m)a=1,...4,m>0 be the unique
calibration [50), 57] on B. The reader who is not familiar with the theory of Frobenius manifolds
could simply identify 0, ,, with the following formal power series of infinitely many variables:

02 Fo(t)
eam = Aramailo0’ 1
) ata,matl,ﬂ ( 8)
where t = (t*7)q=1,..4,4>0 and the definition of Fy can be found in . Denote vy = a0,
a=1,...,4, and denote v = (vy,...,v4). Then from the theory of Frobenius manifolds (see

Appendix [Bf) we know that all the 0 ., are polynomials in v, with the first values being
004,0 = Va,
011 = vivg + vou3,

U% Ly L o
o1 = o + TOU1U3 + v4v2 + Tovgvl )
O3 = Uj#—iv?’v —|—lvfuv + v4v
31 = 75 T optiv2 + pusviva + vavs,
5 2
v 1 1 v 1
0,, = R N vy Lo
41 = 9500 TR T g T T gt
6 4 3
v 1 1 1 1 v v
012 = 37;)0 + %v%?ﬁ + TO’U%U% + ivim + 5031)%03 + % + 63 + V40302 .
Theorem 3. Define
1 11
*:7, *:0? *:7, .
=g Y37 36007 M
Then for all g > 1 with g # 3 (mod5), we have
Tg = 60&7771(1}*)7 (19)

where a € {1,2,3,4} and m > 0 are such that 2g — 1 = a + 5m.

Organization of the paper. In Section [2 we recall the definition of 74(g) for all g. In
Section [3| we generalize parts (i), (ii) of Theorem [2 from A4 to an arbitrary g. In Section {4} we
provide several technical preparations for the subsequent sections. In Section [5| we prove the
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generalization of the rest of Theorem [2| for the A series, as well as proving Theorem [I The
analogues of Theorem [2] for the D; and Eg cases are given in Sections [f] and [7] respectively, while
Theorem (3] is generalized to the A;, D; and Ejg cases in Section |8 The necessary material on the
wave-function-pair approach for computing residues of pseudodifferential operators and a brief
review of the theory of Frobenius manifolds are provided in Appendices [A] and
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2. COHOMOLOGICAL FIELD THEORIES AND FJRW INVARIANTS OF g-TYPE

Let g be a simply-laced simple Lie algebra. In this section, we review the definitions of the
enumerative invariants 74(g), called the one-point FJRW (Fan-Jarvis-Ruan, Witten) invariants,
that are studied in this paper.

We start with the definitions for the A case. For g,n >0, let 1 < ay,...,a, < r be integers
satisfying the divisibility condition r | }-%" ; a; —n — (29 — 2). For an algebraic curve C of genus g
with n distinct marked points z1, ..., x,, there exists a line bundle 7 on C such that

T — KewO((1—ay)ar) @ O((1 - an)an) | (20)

where K is the canonical class of C. For C' smooth there are 29 such line bundles. A choice of
such an “r-th root” of the bundle is called an 7-spin structure, and it defines a point in a
covering of M, ,,. After a suitable compactiﬁcation, this covering is denoted by

D ./\/l (al,...,an)%ﬂg,n.

In genus zero, for a point (C’ T1,... xn,’T) in the covering space Mé{;(al, ..., Qy), denote

V = HY(C,T). This gives a vector bundle V — MO/T(al, ...,Qy) as the space V has constant
dimension thanks to the fact that H(C,7T) vanishes. Put

Co(al, ves ,an) = P« e(VV) € HZ(S?U (MOJL) 3 (21)

where e(VV) is the Euler class of the dual vector bundle VY, and s := M The
cohomology class co(aq,. .., ay) is called the Witten class. For higher genus, H O(C T) is only
generically zero and the vector bundle can only be defined on a generic stratum. The Witten
class ¢g(aq,...,ay,) could still be defined as a particular cohomology class in H 2(S‘W_l)(ﬂgm)
with § = Zi=1@i—n=(0-2) , but the construction is more involved (cf. [26] 27, 28], 66}, 67, [75] 95,
100} 10T, 112]). The genus g r-spin intersection numbers are defined as the followmg integrals:

//\/1 cg(a17,.‘,an)¢‘111...¢gn = <7'a1,q1"‘7'04n,qn>gv q1s-+-5qn =0, (22)
g,m

where 9; (1 <i < n) denotes the first Chern class of the ith tautological line bundle over M, ,.
These integrals vanish unless the degree and the dimension match:

s+g9g—1+aqa+--+aqg =39g—-3+n.
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The so-called Vanishing Axiom, conjectured in [75] and proved in [100, [101], says that the Witten

class cg(ou, . . ., o) vanishes if any of v, ..., o, reaches r. Therefore we assume that o,. .., oy
are in {1,...,7 —1}. The numbers 74, ,(g) that we are looking at are the r-spin intersection
numbers with n = 1 (one-point). More precisely, they are defined by
TA,-1(9) = (Tag)g (23)
where a € {1,...,r — 1} and ¢ > 0 are uniquely determined by
2r+1)g—1 =a+r(g+1). (24)

The Witten class gives a particular cohomological field theory (CohF'T) [83), 93] of rank (r —1).
Let us recall the definition of a general CohFT. A rank [ CohFT is a quadruple (Vl, n, 1, Qg,n),
where V' is a C-vector space, 1) is a symmetric non-degenerate bilinear form, 1 is a particular
element in V, called the unity, and {Qg}2g—2+n>0 is a collection of linear maps from V%" to
Heven (ﬂg,n; C), satisfying the following axioms:

Cl. (total symmetry) Each Qg , is S,-invariant, where the action of S,, permutes both the

marked points of ﬂg,n and the tensor products V&m.

C2. (splitting) Denote by g and s be the gluing maps

q: Mg_1nt2 = Mg, (25)
S Mg,nl+1 X ﬂg’n2+1 — ﬂg,n. (26)
Then it is required that V z1,...,xz, € V,
CQgn(T1,. . 2n) = Qg1 pn2(21,..., 20, €q,€%), (27)
S Qon(@1, .. Tn) = Qgrm+1(21, -+, Tnys €a) gy not1(€%, Try415- -+, Tn) - (28)

C3. (unity) Let p : My 11 — My, be the forgetful map. Then V z1,...,z, € V,

Qgni1(x1,...,2n, 1) = p"Qgrn(z1,...,20), (29)

Qos(w1,22, 1) = n(x1,22). (30)

Choose e; =1, eg, ..., ¢ a basis of V, and denote 1,3 := 1(€q, €3), 1 = (1as), (naﬁ) =L
It is natural to view V as the complex coordinate space {(v!,...,v!) | v® € C} and therefore as

the complex manifold C!. Define a power series F' = F(v) € C[[v',...,%']] by

aq _rUOén

v .
F = Z/ QO,n(eap-"anAn)i

n>3

. _ (31)
0,n :

We call F the genus-zero primary potential (cf. [43}, 57, 83, 93, 97, ©8, 109]). Denote by B c C!
the domain of convergence for F' around v = 0. Throughout the paper we assume that B contains
an open ball centered at v = 0.

Remark 5. For a projective variety X, the Gromov—Witten classes associated to X give rise to a
CohFT. For this case, it is sometimes helpful or even necessary to replace the ring H°V" (ﬂg,n; C)
with N ®@ Heven (ﬂg,n; (C), where N is the Novikov ring [83, [93]. We did not write the axioms
involving the Novikov ring because for the specific CohFTs that are considered in this paper the
power series F is actually a polynomial and so B = C'. Nevertheless, it will be interesting to
generalize the results of this paper to the situation when the Novikov ring is introduced.

A CohFT (V, n, 1, Qg,n) is called homogeneous of charge d if it satisfies the following axiom:



8 DUBROVIN, YANG, AND ZAGIER

C4. There is a vector field £ on B which for some choice of the basis e, of V has the form
l
E=(1-$0"0 + 70 — Y ptav®da, (32)
a=1
and such that if we define the action of F on 2 by

n
(EQ)g,n(eala cCay) = <gr + Q%dn - Z Mcu) Qg,n(eam cs€ay)
=1

+ P Qg1 (eal, e €an ro‘ea) , (33)
where p denotes the forgetful map, and gr is the grading operator defined by
gré == q¢, ifpc H*(M,,;C), (34)
then
(EQ)gn = ((9—1)d+n)Qn, V2g—2+n>0. (35)
The genus g correlators of the CohFT are defined by
/Mg’n Qgn(ears - ean) VT I =1 (To1 01 ---Tamqn)?, Giy---yqn > 0. (36)

Below, the label 2 will often be omitted. Here and throughout the paper, free Greek indices
take the integer values from 1 to [, the Einstein summation convention will be used for repeated
Greek indices with one up and one down, and the tensors n*? and Nap Will be used to raise and
lower the Greek indices. The genus g free energy of the CohFT is defined by

1,91 ... Onsdn

Fg(t) = Z Z a0 (Tar,q """ Tanan)g (37)

n>04qz1,...,qgn >0
where t := (“9)4=1,..14>0 denotes the infinite vector of indeterminates. The exponential
Xz RO . 7 (38)

is called the partition function of the CohFT, where € is an indeterminate. It satisfies the
following string equation

Z 07 1 0z
«a,q - O‘70 570 —_
¢>1 t otxa—1  2¢2 Nagt™ 4772 = ot1o” (39)

An immediate consequence of the string equation is that

(Taq-1)g = (TaqT1,0)g- (40)

The CohFT Qg given by the Witten class ¢y(a1,...,a,) is also recognized as the FJRW
CohFT of A,_1-type. This is the reason for the notation used in . For each simply-laced
simple Lie algebra g of rank [, Fan, Jarvis and Ruan [66, [67] constructed a rank [ homogeneous
CohFT from a certain simple singularity such that the corresponding Frobenius manifold is
isomorphic to the Frobenius manifold associated to the Weyl group of g [45], [122]. This CohFT will
be referred to as the FJRW CohFT of g-type, whose partition function is shown to be a particular
tau-function for the DS hierarchy of g-type [38] 67, 110, 112] (cf. [65] 68 [7T], [72] 78], [82] [89] 113]).
In [89] Liu, Ruan and Zhang introduced the notion of a partial CohF'T, and constructed certain
partial CohFTs associated to simple singularities, whose partition functions are proved ibid. to
be tau-functions for the DS hierarchies of BCFG-type. Correlators of these CohFTs or partial
CohFTs are referred to as the FJRW-LRZ invariants. The main focus of this paper will be
on the ADE cases, leaving the more detailed studies of the BCFG cases to future publications.
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It should be noted that the terminology “DS hierarchy of g-type” refers to the DS hierarchy,
under the choice of a principal nilpotent element, associated to the untwisted affine Kac—-Moody
algebra §(1) (see page 1402 of [12] for more details; cf. also [13]).

Now let g be a simply-laced simple Lie algebra of rank [ with the normalized Cartan—Killing
form (-|-). Denote by r the Coxeter number of g, and by mq,...,m; the exponents of g. Here
we order mq,...,m; such that 1 =mj <mo <--- <my; =1 — 1, except for the D; case, where
we set my =2a—1fora=1,...,1—1and m; =1 — 1. (Observe the difference with [12] [13],
where for the D; case the exponents are numbered by 1 =m; <mg <--- <m;=r —1.) Let
(Vl, n, 1, ngn) denote the FJRW CohFT of g-type. Choose a basis e, of V satisfying

3 im1 My — 1= (29— 2)

Qyn(ears .- »ea,) € HHHI™D (Mgn), s := . (41)
r

The existence of such a choice can be verified case by case from the data provided in [67], and this
implies that the CohFT (), is homogeneous of charge d = % The associated correlators
are called genus g FJRW invariants of g-type. The degree-dimension matching implies that
(Tar,q1 ** " Tam,gn g Vanishes unless

YoM, —n— (29 —2 -
i = ( >+W4+;%:@_3+w (42)
1=
For given (ay,q;), @ = 1,---,n, for simplicity we sometimes omit the subindex g in (---)g,

because for all possibly non-zero invariants this subindex can be reconstructed by (42)); in such
an omission, if the reconstructed g is not an integer, (7o, g, * * * Tan,g,.) 1S defined as 0. It is also
convenient to take e = 1 in (38]) for the definition of the partition Z, i.e., we have

Z = Z(t) e ezgzo}-g(t)7 (43)

and the string equation reads

D e ;t f ff)l + %nag 050 Z(t) = Zf?. (44)
q>1
The numbers 74(g) that we are studying in this paper are defined by
7(9) = (Taq), 920, (45)
where
2(r+1)g—1=mg+r(g+1). (46)

It should be noticed that for the case g = D; with [ being an even number, there are two equal
exponents m;/, and my, so for this case, the different (o =1/2,¢) and (a =1, q) correspond to
the same g. However, with an appropriate choice of the basis, the numbers (7, ,) vanish, and we
use 74(g) to denote (77/94)-

3. DIFFERENTIAL EQUATION

The topological and dual topological ODEs of g-type are introduced in [12] for computing the
FJRW-LRZ invariants, which are obtained as a result of the theorems of Fan—Jarvis—Ruan and
Liu-Ruan-Zhang together with an application of the matrix-resolvent method [11l, 12| 13] for the
Drinfeld—Sokolov hierarchy of g-type [38]. In this section, via reducing the dual topological ODE
to a scalar differential equation, we generalize parts (i) and (ii) of Theorem [2| of the Introduction
from A4 to an arbitrary simple Lie algebra g.

Fix b a Cartan subalgebra of g and let /A be the root system. Choose a set of simple roots II,
and let Fy,..., E;, F1, ..., F; be the Weyl generators. Denote by 6 the highest root with respect
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to I, and by E_y a root vector associated to —f. The semisimple element A = A()) (aka the

Kostant element) is defined by A(\) = Zla:1 Ey+XE_g, A € C. Kostant [84] shows that for any
A # 0, g has the orthogonal decomposition with respect to (-|), i.e. g = Keradpy) @ Imadyy),
Kerady(y) L Imady(y). Denote by L(g) =g ® (C[)\, )\_1] the loop algebra, and by pY the Weyl
co-vector (which is the unique element in b satisfying [pV, E.] = E,). Introduce a grading
operator on L(g)

d
gr == ad,v + h)‘ﬁ (47)

An element ¢ in L(g) is called homogeneous of principal degree k if grq = k. It was proven by
Kac [76] that the kernel of ady () in L(g) has the form ;. CA;()). Here, E is the exponent
set of L(g), and A;(\) € L(g) are homogeneous of principal degree j, normalized by A; = A,
Aot on(N) = Ama (A XY, £> 0, and (A, |Amy) = h Angs for some non-degenerate symmetric
constant matrix 7.

Write

n
= inHia x; € (C,
i=1
and define I =2>"" | x; F;. Then I;,I_,p" form an sly(C) Lie algebra:

[pv7l+} :I-i-a [p\/?-[—] = _I—7 [I+7I—] :2p\/ (48)
According to [7, [84], there exist elements v!,...,7™ € g such that

Kerad; = Spanc{~',...,7"}, PV, 7] = —miy". (49)
Fix {7!,...,7"}, then the lowest weight decomposition of g has the form

= @Ei, LH= Span(c{fyi,ad[+’yi,.. ad2m“y} (50)

Here each £? is an sl(C)-module. Any g-valued function M ()) can be uniquely represented as

n n 2m;—1
S S 3 S Kinhadf 51
i=1 i=1 m=0
where S;(\), Kim(X) are certain complex-valued functions. Note that ad?ini’yi is the highest
weight vector of L4, i=1,...,n
The dual topological ODE of g-type [12] is an ODE for a g-valued function G defined by
dG
{EQ} + [G.1{] +2G = 0. (52)
dz’
Write
2ma—1

l
= Z¢a< dzma7 + Z Z Kam . (53>

a=1 m=0

It is shown in [I2] that the ODE is equivalent to an ODE for ¢ = (¢1,...,¢;)7
2h—2
= > Vs, (54)
=—1
where V; (i = —1,...,2h — 2) are constant | x [ matrices and V_; = diag(—myy1-a/h)a=1,..1-
(Equivalence between systems of ODEs means that their solutions have a one-to-one correspon-
dence.) Here we note that = 0 is a Fuchsian singular point of and that the matrices V_q,



GEOMETRY AND ARITHMETIC OF INTEGRABLE HIERARCHIES 11

..., Vop_o are determined by the lowest-weight-structure-constants of g. It is obvious from ([54))
that the dimension of the space of solutions to (52)) is equal to the rank of g.

Denote by (Ga)a=1,...; & solution basis of , and by ¢qa:1, ..., ¢qy the ¢-coefficients of G,
The matrix ® defined by ®g, := ¢ is called the fundamental solution matrix, which can be
normalized by using the following initial condition near x = 0:

o — D(I T Z@mxm), D = diag(x—m“i‘“) e (55)
a=1,...,

m>1

For each fixed a we allow G, to have a multiplicative non-zero constant and keep using the
notations G, and ¢,.s. The following proposition is proved in [12], and we review its proof here.

Proposition 1. The series ¢o, can be expressed in terms of the FJRW invariants of g-type by

_1 mq
xr r xr r
¢ ;l(x) _ 5 1+ Ca, xma-i-(r-i-l)w-i-l’ (56)
where iy
Caw = (_1)ma+(r+1)w <Ta,ma+(r+1)w> (_T) 2 , w=0. (57)

Here we note that when g is a non-simply-laced simple Lie algebra, the (7o m, 4 (r+1)w) in the
right-hand side of should be considered as the one-point correlators of the corresponding
Liu-Ruan-Zhang partial CohFT (cf. [12] 13} 89]).

Proof of Proposition[1 Recall that the topological ODE of g-type [12] is the g-valued ODE
dM(N)

dA
About this ODE, the following statements are proved in [12, [13].

(a) The dimension of the formal Puiseux series solutions to is equal to the rank of g.
(b) There exists a unique basis Mj, ..., M; of the formal solutions to such that

= [M(\),A(N)]. (58)

Mu(A\) = A% [Amau) + ZMa,k(A)} : (59)
k>1
Ma,k()‘) € L(g) , & Ma,k()‘) = [’I’)’La - (h + 1)k] Ma,k’()‘) : (60)

(c) Denote k = (/—r)~". The following identity for one-point FJRW invariants of g-type is true:

RV YD () (B M) — X (6)

= (RN a2

Write
(B_g|Ma(X)) = A7 ) " SagA™? =: Sa(d),  Sag€Q. (62)
920
We have for w € Z and (1 + mq + 1w)/2 € Z>9,

(=r) 2 (

According to the definition given in [12], solutions to topological and dual topological ODEs
are related via the Laplace transform M (\) = [ G(z) e=*® dx. In particular, the series ¢, are
related to S, by

<Ta,ma+(r+1)w> - (_1) M

r )ma+(r+1)w+2

Su(\) = /C bo () €7 d, (64)
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where C' is a carefully chosen contour (which can depend on «) on the x-plane. We have

l’q_‘_M_ ma —
¢Oé§l(x) = Z Sayq F(q—i— Mo = mi Z S a,q (M . (65)
q=0 r T q>0 r Jq
The proposition is proved. 0

An immediate consequence of Proposition [1|is that the intersections numbers 74(g) grow at
most exponentially. Let us introduce the series a(x) by

l
a@) = (=) T 3T (M) (<) Ga(a), (66)
a=1

where ¢, () are given by . More explicitly,

a(z) = (=r)” 2<T+1> - 4 ZZ 1ymat(r D 2a=
a=1w>0

mo+ltrw  (r+l)ma+tr(r+)wtr
<Ta,ma+(r+1)w> (_T) 2 T "

= (—(—'r)wll)x)_i + <—(—7“)2(T7:'1).1‘)_

29

ZTQ(Q) (—(_r)ﬁx)zw. -

S =

920
Denote t = —(—r) 2D 7 and
_1 _1 29 r4l_ 1
b(t) = t7r + > T PITT = q(g) 9 v
g>1 g>0

We have a(z) = b(t). We are ready to generalize part (i) of Theorem [2| by showing that b(t)
satisfies an ODE with polynomial coefficients.

Theorem 4. Let g be an arbitrary simple Lie algebra of rank l. The component ¢; satisfies a
linear ODE with polynomial coefficients of order at most . In other words, for every fizved o, the
series ¢oy satisfies this ODE. In particular, b(t) satisfies an ODE of order at most .

Proof. For g with [ = 1, the statement is trivial. Below we consider [ > 2. As we have mentioned,
the dual topological ODE is equivalent to system . This system consists of [ linear equations
for ¢1,...,¢;. Denote these equations by eq,...,e;. Let IV be a positive integer. Now consider
the following linear combination of equations

-1

d -1 N dk 1
Z R IPIL S (67)

k=0 a=1 k=1
Requiring that the coefficients of ¢1, ..., ¢;_1, %, e dff; R, dd]l;\,lﬂl ey dljlf,l\fl vanish gives
rise to a system of linear equations for cé and ¢, k = 1,..., N. The number of equations is
equal to (I —1)(N + 1), while the number of unknowns is 1 + NI. Take N =1 — 1, we have
1+Nl - (I-1)(N+1) =2+ N—-1=1. (68)

According to the Gauss elimination we know that this linear system over the field C(z) has a
d el

non-zero solution cf) and ¢, k=1,...,N. The theorem is proved by further noticing that
(k=0,...,N) and dkf,:_ela (a=1,... ,l— 1, k=1,...,N) together are linearly independent. D
dx
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It is clear that part (i) of Theorem [2|is a special case of Theorem [4| with the particular form
of the linear ODE (8) computed from the standard sl5(C) realization with the A(X) given by

—~~

01000
00100
AN =1]000 1 0], (69)
00001
A 0000
2(r+1)

and from the change of independent variable ¢t — X =t~ +  and ¢(X) = b(t) £,

4. COMPUTING RESIDUES

In this section, we carry out several technical preparations for the later sections. It is very
convenient here to permit the variable r, which originally came from r-spin classes and hence
was a positive integer, to take on arbitrary complex values, since essentially all of the identities
we need are polynomial in r (at least at the level of the individual coefficients of the generating
functions appearing).

Let r be a complex number and let L be the pseudodifferential operator

L =90 +Cr, (70)

where 0 = d/dz and C is an arbitrarily given constant. We are to compute the residues z(x) of
the pseudodifferential operators L*/", i.e.

zip(z) = resL . (71)

We note that most of the time we consider k as a nonnegative integer, although sometimes we
give results valid for any k£ € C. For the definition of a pseudodifferential operator and its residue
we refer to [29] 34} [79].

4.1. Closed formula. Let us first introduce some notations. Define polynomials ¢, ;(r) € Q[r]
(0 < p <j) by the generating function

)yt —1—(r z\? = ,
L <(1 +2) L-(r+1) ) = E cp,j(r) 2’ (72)
Jj=p

p! (r+1)x

(then ¢, ;(r) has degree j and is divisible by rP), the first few values being

p=0|p=1] p=2 p=3 p=4 |p=5
J= 1
J= 0 r/2
i=2| 0 46|
R .
i=4] o [0 [0 T [ e
i=s| o |46 [P0 [ gm0 [ G0 [ o

The polynomials ¢, () (0 < p < j <5)

The result of this subsection is given by the following proposition.
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Proposition 2. Let L = 0" + Cx. For any r,\ € C, we have
> I d (A r) 2t gy T (73)
J,$20

where dj (X, 1) is a polynomial in X\ and r with rational coefficients, given explicitly by

1 J
d]s )\ ’l“ = *‘ Z S+p+j . (74)
p=0

Here (\);, :=[1_1(A —m + 1) denotes the descending Pochhammer symbol.

Proof. By the rules for manipulating pseudodifferential operators [29, [34] [79], it is clear that
L has the form for some polynomials d; (A, 7). It then suﬂices to prove for X € Z>y,
which we do by induction, the case A = 0 being trivial (both sides of (74)) then reduce to ;0 ds,0).
Expanding the identity L)‘Jrl LML, we find that d; s satisfies the recursive relation

dj73(/\ + 1, 7’) — dj78_1(/\,7’) — dj,s()\77') = (T’(/\ — 8) — (7’ + 1)(] — 1)) dj_l,s()\,”r’) .

If we multiply both sides of this by s! and replace d; s everywhere by the expression given in (74),
then the left-hand side equals

Z Cp,j [()‘ + 1)s+p+] s ()‘)s_—l-p—i-j—l - (/\)s_+p+j] = Z (p+7)cpy (/\)s_+p+j—1
p=0 p=0
and the right-hand side equals

> i [rA=s)=(r+1) =11 Ngpprior = D it [T N appsHp—5+1) (N gy i1 ] -
p=>0 p>0

(Define ¢, j = 0 if p > j.) Comparing the coefficients of (A);, on both sides, we see that the claim
follows from the recursion (p+j)cp;j = (rp—j+ 1) ¢pj—1 + 7 cp—1,j—1, which follows easily by

differentiating (|7
We observe that there is a slightly different proof, which does not depend on the polynomiality,

obtained by using the identity L L* = L* L instead of L)L = L**!. Expanding both sides and
comparing coefficients, we find the identity

(T‘ A=s+1)— (T—I—l)j) djs—1(A\,r) —rsdjs(A\r) = Z <m: 1> (54+m) 1 Bj—mstm(N7) 5
m=1

which determines the d; s completely by a double induction (first on j, and then for a given j
on s). The proposition then follows by verifying that the right-hand side of (74)) satisfies the
same identity, which is an elementary exercise using the generating function (72)) O

Corollary. For arbitrary positive integers r and k, the polynomial zi(x) = res L7 is given by
2,(0) = Cldjo(k/r,r) if k = =14 (r+1)j with j > 0 and is 0 otherwise, and similarly for any
5>0, z](:) (0) is equal to C*Id; s(k/r,r) if k = —1+ (r + 1)j with j > 0 and vanishes otherwise.

4.2. Product formula. In this subsection we will derive another formula for zj(0) using the
wave-function-pair approach (see Appendix |A|or [53]). Before doing this, we will first introduce
some functions and prove several lemmas that are useful for the construction.

Definition 1. Define a power series (algebraic if r is rational)

—1 ., (r=DEr+1) 5

r
=1 - — 5
+ u 79 (7)



GEOMETRY AND ARITHMETIC OF INTEGRABLE HIERARCHIES 15

by
r+1 1 2
w _wy - v (76)
r(r+1) r o r+1 2
and define coefficients C,(r, j) € Q[r, j], n > 0 by
wj+1 — ]. . n+1 . .
_— = Z Cn(r,j)u (replace LHS by logw if j = —1), (77)
J +1 n>0
the first few values being
: g r—1 N =) r=1@2r+1)
= ]_ = - — =
C’0 (’I“, ]) ’ Cl (Ta .]) 92 6 02 (7’, ]) 6 + 79 )

Cy(r, j) = j(j—r)(éj[l—r—l) B (r—1)(r;§)(2r+1).

Define C_»(r, j) = C-1(r, j) = 0.

Remark 6. Immediately from the definition we find a further property for the coefficients
Cyp(r,7), that is, they have an S3-symmetry generated by two involutions

e = e ) - e D)

We hope to investigate this very intriguing property and its applications later.

We now define a power series f;(T") = f, ;(T) € Q[r, j][[T"]] (we usually omit r) by
H(T) = 2k + DI Co(r,5) (-T)*. (79)
k>0
Note that this is defined for all » and j in C, not just for non-negative integers, because the

Cp(r, j) are polynomials.

Lemma 1. The power series f;(T) (j € C) satisfy the following two identities:

B r—1 9 d
fi+1(T) = <1 + (5—-J)T++DT dT) Fi(T), (80)
fitr(T) = fi(T) = rjT fj(T). (81)
Proof. We have by definition
- dw N n
wl o = > (n+1)Culr, ) u". (82)
n>0
Applying d/du to gives
w' 1y dw g dw jdw j
(7 ?)@*u 7Y M T

Substituting and into this identity, comparing the Taylor coefficients of u, and noticing

that Co(r,j) = 1, C1(r,j) = % — %, we obtain that for all n > 0,

(n+1)Cp(r,r+j) = (n+1)Cp(r,j) + rjCpa(r,j—1) + rdna,
which proves . Similarly, we have

; i\ dw ; dw  dw

J+1 _ 9\ 2~ _— .+l r> ool 2=
(w w) T w (w T ru) w

. 1 . )

= w3(7a(r2_’_)u2r+(r+1)w> Z—: — ruw ™t — wj@.
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Namely,
- . dw r—+1 - dw -
J+l _ 0y 22 2,454 1
(w W ) Tu 5 u”w Ju + vw ,
which implies . The lemma is proved. O

We note that the above relations and determine f, ;(T') € 1+ T Cir, j][[T]] uniquely
for all r,j € C. To prove this, we may assume that j > 0 and r > 2 are integers (since
these countably many values define the polynomial coefficients uniquely). Then implies by
induction that f1, fo, fs, ..., fr are uniquely determined by fy and then with j = 0 gives a
differential equation for fy, which has a unique solution in 1 + 7' CJ[r, §][[T]]. (In fact, this proof
shows that the f;,(T") are uniquely determined by just and the equation fo = f.)

We now define an odd Laurent series (again algebraic if 7 is rational)

1 r—1 vt (r—1)2r+1)(r—3) 3

1
X = 560 + € Q][]

by the equation
<X+1)T+1 _ (X_l)r‘Jrl 1

2(r+1) o (83)
and define coefficients én(r, i,7) € Q[r,1,j] by
. dX - o
S (X S Gy (54)
n>0

The first two 5n(r, i,7) are given by
Co(riyj) = 1, Ci(rij) = i—j. (85)
Taking i = 7 =0 in , we have

X ~
— CfTu = ) Cu(r,0,0)u"2 . (86)
n>0

Integrating this equality with respect to u we find that

1 1~ .
-X == +> —— Cn(r,0,0)u L (87)
>2

Lemma 2. The numbers 6n('r,2',j) satisfy the following relations:
671(7“7’5._'_17]') - 5n(T,’i,j+1) = 26’”—1(r1i7j)7 (88)

Co(riitr+1,j) = Culryi,j+r+1) = 2(r+1)Cpa(r,i,5). (89)
Proof. We have from the defining equation that

S XA DT L = (1) Y Gl )
n>0

S X Y ) Y Gy
n>0

Subtracting these two identities, using again , and comparing the coefficients of powers of u
gives (88). Similarly, multiplying (X + 1)*(X — 1) to both sides of the defining equation (83)),
using , and comparing the coefficients of powers of u, we obtain . O
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Proposition 3. We have the following identities: Vi, j € C,

FT) f(-T) = 2;%<1+-naﬁ1>na;<ni,j><rgf)“, (90)
where (s)p, = s(s+1)---(s+n—1) denotes the ascending Pochhammer symbol.
Proof. Write
AT BT = 3 (=) poae) (50)" (o1)
n>0

It then suffices to show that the P; ; ,(r) satisfy the same recursion relation as én(r, i,7). This
can be verified straightforwardly using f. The proposition is proved. O

Let us now assume that r is a positive integer and use the wave-function-pair approach (see
Appendix to compute the residue of L¥/" where we remind the reader that

L =90 +Cx.

First we construct a particular pair of wave functions (1, ¢*) of L. Start with solving the equation
Ly = 2", that is,

(0" — C(z")C—x))¥ = 0. (92)
Denote X = 2"/C — z. Then we have
((=0x)" = CX) ¥ = 0. (93)

Using the formal saddle point method, we know that this linear ODE has a unique formal Puiseux
series solution of the form:

r 1 r+1 .
Pl(X) = eir+1C7‘X T X~ 27}1 Z %’ cy = 1. (94)
m>0 v

Therefore, any wave function ¢(z,z) for L can be expressed as «;(z) P1(X) for some a;j(z).
Although as we know that the choice of aj(z) is not unique, let us show that the following
function gives a particular choice:

. 1 r— r -1 r r—
ay™P(z) 1= e = cT e (95)
T CTX T ol o
Indeed, define
¥ = Y@, 2) = o (2) Pu(X). (96)

Then it is easy to see that ¢ has the form ¢ = ®1(e™), where &1 = >, ¢1 x(2) 07F with
¢1,0 = 1. Hence the function v constructed by is indeed a wave function of L. We call this
choice of a1 (z) the bispectral one. Similarly, denote by

r+1
Py(X) = P OT X o > _Gm (97)
: (r+1)m 7 0 -
m>0 T

the unique formal solution to the linear ODE
(0% — CX)y* = 0. (98)
Define

OégiSp(Z) = C_% 6_$071Zr+1zrgl , (99)

and construct

U= Yt (2,2) = ahP(2) Pa(X). (100)



18 DUBROVIN, YANG, AND ZAGIER

Then it is easy to see that 1)* can be written as ¢* = ®y(e™*?), where @3 =3 ¢ k() ok
with ¢270 =1.

Proposition 4. The above 1, vY* form a particular pair of wave and dual wave functions of L.

Proof. Since we already know that v is a wave function and ¥* is a dual wave function, we are left
to show that 1, ¢* form a pair. From the definition it then suffices to show that ®; 0®35 = 1. Note
that for any two pseudo-differential operators P, Q, res, P(e™*) Q(e %) dz = res P o Q*. Taking
P =0"0®; and Q = @, in this identity we find res 8" 0 ®1 0 @} = res, 9° o P (e%?) Py(e 27) dz.
Therefore, showing ®; o 5 = 1 is further equivalent to showing that for all i > 0,

res, 0" (¥(z,2)) ¥v*(z,2)dz = 0. (101)

Before continuing the proof let us do preparations. Following [14} 20] (see also [77]), introduce
the following linear operators S, and S}:

C r—1 _ C _r—1 _r—=1
Sz = rzrflaz - o CzT" — 2z = ?Z 2 0 az oz 2 -z, (102)
. C r—1_ _ C _ra _r=1
S 1= _Tzr—laz + 2r Gzl -z = T e (=0:)o0z" 2 — z. (103)

Then we have the following lemma.

Lemma 3. For any i > 0, we have

O (P(x,2) = (=5:) (W(z,2), O W x,2) = (8 (¥ (x,2)). (104)
Proof. By straightforward calculations using the definitions , . O

As in Appendix [A] define
() = B(0.2), () = B7(0.2).

We then further have the following lemma.

Lemma 4. The vy and ¥* defined by and (100 have the expressions:

v = 3 T sl o) = 30

>0 >0

Fi(E55) (105)

* 1 *\7 [ ¥ 1 (xz)z -C
(G (.’L‘,Z) = Z ZT (SZ)Z(C (Z)) Tt = Z (_1)1 il fz( zr+/1r) ) (106>
>0 >0
where we recall that f; are given by .
Proof. Performing the Taylor expansion of 1) with respect to x at £ = 0 and using Lemma, [3| we
immediately get the first equality of (105). By using we find that ¢(z) has the form

(rD)m  Cm
C(Z) = ZC r W’ co = 1. (107)

Define
fi = 271(=52)"(c(2)).-
Then by using the definition of S, we observe that f; € C[[1/2"+1]]. Write

. C
fi= fT), T = —7.
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Using again the definition of S, as well as (92), we find that
= r—1 |
Fra) = (14 (S5 =0) T + 04 0T D),

fi+r(T) = J{(T) = riT fj—1(T).
Comparing these with f and using the uniqueness of the recursion we conclude that
fi = fi. This proves (105). The proof of ([{106]) is similar. The lemma is proved. O

End of the proof of Proposition . Using the above Lemma (4| and , we have
res, 0% (¢(2,2)) ¥* (2, ) dz

Zm-i—il,m c c
= Tes; » — Pt (S55) 3 (-1)" gt ) fz(zhu/f)
m>0 ) >0
B ; ymAlti—q(r+1) jm+E g—i—-m—~0—1 _ . r\q B
= res, Z (—1) T (1 + " )qu(r,m +1,0) (5> dz = 0.
m,,q>0
The proposition is proved. O

Corollary. Let L = 0" + Cx and z;(z) be defined by (71)). We have

r+1)n n—1\ /~ : _ :
2(0) = (=1)+D) (1+ 2= ) Cy(r,0,0) & Sw, if k= —l—i—(r—i—l).n with n >0, (108)
0, otherwise.
Proof. According to (279)) and (278)), and using Lemma {4 we have
D (D (0) 2 Y = fo( ) fo(— ). (109)
k>—1
Here z_1(0) := 1. Substituting in this equality we find
1y Cu(r,0,0)C _
n—1 — (k‘H)
Z(l + T )n 2nzn(7"+1) 1+ Z : (110)
n>0 k>0
The corollary is proved by comparing the coefficients of powers of z71. O

5. THE A SERIES

In this section, we will prove Theorem [5, which generalizes all parts of Theorem [2f (except for
(i) and (ii), which were generalized to all g, not just A;, in Section [3)) from A4 to A,_; for all r.
We will also prove the integrality result Theorem |1, which we have obtained for » = 5 only. The
odd-looking numbering is meant to correspond to the various parts of Theorem [2

Theorem 5. Let m := [(2g — 1)/r|. The following statements are true:
(ili) [algebraicity] Define a4(r) from the generating function

W) = Y agr @ =1 - Tt T IEED ey

920

where y(z) is the unique solution in 1 + 22Q[r][[x2]] of the polynomial equation

(y+ )+t — (y—a) ™!
2x

—r—1=0. (112)
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Then for all g > 1 with 2g — 1 # 0 (mod ),

(_1)m+g rlfg _

A, (9) = W%m- (113)

(iv) [closed formula] Define ¢, j(r) as in (72). Then for all g > 0, we have

—1)9tm—1,— 29 r - -
o) = SV ! Z(W) pg(r) (114)

=D agimar 70 r

(v) [product formula] Define Cy(r,j) € Q[r,j] by (73)—-(77) and f;(T) by (79), i. =
> w02k + D Cox(r, 5) (— T)F. Then the following zdentzty holds true:

W@ R(-1) = Y (1- 12 29>29 (1= 2) 2 a,(r) T% (115)

T
920

(vi) [terminating hypergeometric sum]| Set R = [r/2]. For all g > 1 with 29 — 1 # 0 (mod r), we
have

B (_1)g+m 1—g 2gr7—1
TAr—l(g) - ({@})m 1—29 g ( d >Kg,d7 (116)

where

R m;
1 d r+1\""
Koa = 3 (r+1)d > (ml,,,.,mR) ZH1 (2i+1> ' (117)

mi+mo+---+mp=d
mi+2mo+---+R mp=g

(vii) [asymptotics] For r > 3, as g — oo with 2g — 1 # 0 (mod r), we have
r\/T 1 1
29—1 E

Jiris D= {¥=}) (=

Forr =2 (the Ay case) the asymptotic formula is the same with an extra factor of 1/2.

. g <4r(r+1)r sin?(Z )) s

TAr—l (g) ~

Proof. Let us start from recalling the r-spin Witten conjecture [112] (the Faber—Shadrin-Zvonkine
theorem [64]). Introduce the Lax operator

r—1
=0+ ) ua 0 (119)
a=1
The Gelfand-Dickey hierarchy [34] is the following infinite family of PDEs for (r — 1) unknown
functions uq, ..., ur_1:

oL k/r
e = [(L ", L], q>0), (120)
where k = o + rq. Similarly as before, denote s := (5%9)4—1,..r—1,4>0. Since
Oua _ Ota
osl0 gz’

we identify s0 with 2. Denote by Z(t) the r-spin partition function defined by with Q
being the Witten class. Then the r-spin Witten conjecture [112] is stated as follows: the partition
function Z = Z(t(s)) is a particular tau-function for the Gelfand-Dickey hierarchy ({120)), where

3k

00 = ()T (V= (D) e gz 0 (121)
q+
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moreover, the partition function Z satisfies the string equation with 743 = da4p,- Note
that the string equation written in terms of the time variables s*? reads

I I
1 _ 07
ZZ (a+rg+7) Sa,q+1 88'1"1 + 5 Z ) g@0glHl=a0 7 _ el - (122)

a=1q¢>0

It is known that the differential polynomials h; defined by
( 1)q+1 k
hy = YRR res L (k € Zwo ™ TZ>0) (123)
(V=) (S )g+1

are the tau-symmetric Hamiltonian densities for the Gelfand-Dickey hierarchy (see [34, 112];
also cf. [14], 23] 24, 57]). Here k = a + rq. Denote by u(s) the solution corresponding to the
particular tau-function Z(t(s)). The Lax operator L given by ([L19)) is now also subjected to this
solution. We have

0% log Z(t)
hi(s(t)) = Dreagio (124)
Then using the string equation together with a Miura-type transformation we find that the initial

Lax operator L] a,q—z sa.154,0, still denoted by L, has the following explicit expression [14]:
=0 +rz. (125)

Now by using the above (40), (123), (124) we have
1(0)

22g(r+1)—1
TA,_ = (—1)9t9 2T
o) = (1o 2t
where o € {1,...,1}, ¢ > 0 are the unique integers satisfying (24)), and we recall that z;(z) :=
res LF/T. Therefore, by using (108]), Proposition |3 and the corollary to Proposition 2| from the
previous section, we arrive at parts (iii)—(v). We remark in passing that equation (112]) multiplied
out, takes the form

, Vg>0, (126)

r/2

r+1Y 9 9
—r—_1 = 12
;O <2i n 1) oy r 0, (127)

which for r = 5 agrees with the equation in (9 (part (iii) of Theorem [2) if we set z = — 20 z2.
To show (|116)), we will prove a more general statement (suitable for the later as well). Denote

Ap;s) = p" + > sip"

where s = (s1,...,5). Consider the following algebraic equation for p:
Ap;s) = ¢ (128)
This equation has a unique formal solution p(&;s) in & + Q[s][[¢7!]]. Write
=&+ > uls) " (129)
k>1
with ug(s) € Q[s], k > 1. Differentiating with respect to &, we find
dp(’f’ =1 ku(s)e L (130)

k>1



22 DUBROVIN, YANG, AND ZAGIER

Therefore,

dp(&; 5)

i ek = resgmoo pRAP(E8) = resp_co [ s)édp. (131)

kup(s) = resg—oo

Noting that

r—1 % k r—1
<p7" + ZSipT_l_Z> ="y <;> Siy oSy p )T (132)
i=1 j i1yl =
we obtain the following expressions for ug(s):

kug(s) = —Z( ) 3 ST s s (133)

§>0 iy i <r—1
Jtig+tig=k+1

g >N n n
D DI € 0 [ e S

MY ,eeny ne_1>0
2n)4+3ng+--+rn,._1=k+1

Y2

Now specializing the above to s = s* given by

£ 0 N - 1 r+1
S9; = U,  S9i_1 = L+ )\20+1)"
2g—1

B o (3) d A AN
(1= 2g) uzg—1(s7) = ;)49(7“4—1)(1 Z <m1,...,mR>H(2i+1> - (135)

we obtain

m1+"'+mR:d
mq+2mo+---+R mp=g

Here m; = ng;_1. Combining with (| - we obtain 1)
It remains to prove part (vii). In view of ({ -, 118)) is equivalent to the asymptotic formula

(r + 1):*5 5111(29 177)
Tg3 (—4(r+1)rsm2(%))g

for the coefficients a4(r) defined in . By a standard principle, this is in turn equivalent to
studying the asymptotic properties (to lowest order) of the generating function y(x) near its
singularities of smallest absolute value. Let P = P(x,y) be the polynomial on the left-hand side
of and denote by P, and P, its partial derivatives with respect to x and y, respectively. The
singularities of y(x) are located at the points where its graph becomes vertical, i.e., where both
P and P, vanish (and where P, doesn’t vanish, but one sees easily that these three polynomials
have no common zeros). Since Py/(r+1) = ((y + )" — (y — x)")/(2z), we see that the curve
{P, = 0} has (r — 1) components, parametrized by the non-trivial rth roots of unity ¢ and given

ag(r) ~ , r>2 (136)

by y+m = (. Setting (z,y) = c(% @) with ¢ € C, and substituting this into the equation
P(:I} y) = 0, we find that ¢" = r 4 1. Thus, setting ¢ = (r + 1)'/”, we have that the r(r — 1)
common points of P = 0 and P, = 0 are given parametrically by (z,y) = co(%ﬁ, QTJFB) with

(a, B) ranging over all pairs of dlstlnct rth roots of unity. Of these, the ones with x nearest to
the origin are those with a/8 = T L where ¢ = e2mi/T e, they are the 2r points (£z;,y;),
where j € Z/rZ and (z,y;) := 2(¢ — ¢ ¢ + ¢, all of them with |z;| = cosin(r/r).

To complete the proof, we must (a) compute the potential contribution from each nearest
singularity and (b) see that only the four singularities (+xzg,y0) and (fx1,y;) belong to the
subset of {P = 0} that is parametrized by = — (x,y(x)) in the closed disk |z| < ¢gsin(7 /7).
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For (a), we note that from the Taylor expansion of P near the singularity (z;,y;) we find
that for a point (z,y) = (z; — €,y; + 6) near (z;,y;) lying on the curve P = 0 we must have

Py(xj,y;) € ~ Pyy(zj,y;) 6> /2 ory ~ y;+Cj\/1—x/z; with C; = £,/( 2x Py /Pyy)(xj,y;). A
short computation gives that ;P (xj,y;) = r (r +1) and Pyy(xj,y;) = — G (r4+1)2727 s0

i1
Cj=4ivV2¢ 2 (r+ )lfl The contribution from this singularity to the coefficient 2294, ()

of 2?9 in y(x) is then asymptotically equal to Cj (1/2) :L'j_QQ

from (—z;,y;) is the same since P is even in X. Since (12/9) is asymptotically equal to —1/+/32mg3,
we find that the sum of the four contributions coming from (+xg,yo) and (+z1,y1) indeed gives
the asymptotic formula stated in . For (b), we ﬁrst note that since P is a polynomial in z?
and y having degree  in y, the map 7 : (x,y) — X = 22 represents the Riemann surface { P = 0}
as an r-sheeted branched cover of Pl( ) By the above calculations, this map is unramified over
the open disc D = {|X| < |a:§| = c3sin®(w/r)}, but has r ramification points (X; = :L‘jz,yj), at

, and of course the contribution

each of which exactly two of the  sheets come together, over the closure D. The inverse image
of the disk D consists of r disjoint disks D, indexed by the rth roots of unity ¢, where D is the
component of 7~1(D) containing (0, () and is parametrized by y = Cy(x/¢) with z € D. If we
write D; (j € Z/rZ) for D, then it is not hard to see that D; meets Dj_q at the point (X;,y;)

and, of course (replacing j by j + 1) also meets Dj11 at (Xj11,yj+1), and that the closed disks
Ej have no other points in common. In particular, the component Dy parametrized by y = y(x)
contains the two ramification points (X, y0) and (X1, y1) in its closure, and no others, and this
means that the two points nearest to the origin where the series y(v/X) is not analytic are Xy
and X1, as claimed. For r = 2, this proof of the asymptotics also applies, but the situation on
how the various branches over the closed disk D meet at their boundaries is slightly different,
and we get the extra factor 1/2. This can also be seen directly, since y = /1 — 22/3 in this case,

but in any case there is no need to do any of this since the well-known formula 74, (¢) = %%g!
immediately gives the asymptotics.
This completes the proof of all parts of Theorem O

Remark 7. A different approach for computing the r-spin intersection numbers, using the theory
of matrix models, was obtained by Brézin-Hikami [16] [I7]. For the one-point numbers 74, ,(g),
Brézin—Hikami discovered the following integral formula:

—1)9 rl-g oo S 1l (g r+1
A (g) = (11)_(1[99]/0 exp<_( +1/2) (r+1()t t/2) )ds’ (137)

where g > 0 with 29 — 1 = a(modr), a =1,...,7 — 1. We note that formula (116) of part (vi)
of Theorem [5 can also be proved by using (137)). Indeed, expanding the integrand suitably and
integrating term-by-term, one can obtain that

_ 29—1 R (r+1
T4, (g) = (=1)7r~¢ Z (—l)d I'(d— =) Z 2rz+1)
r—1 - 2g—1 d
49 F(l B { gr ) d>0 (r+1) mi+mot-Amp=d =1
m1+2mg+---+Rmp=g
which by Euler’s formula is equivalent to (116]). Liu—Vakil-Xu [86] obtained formula (138)) by
using the integral formula (137]); this was also our original derivation of (116]). Therefore, part (vi)
of Theorem 5| is not new; however, our current proof for (116 using the wave-function-pair
approach from the theory of integrable systems is a self-contained one. We also note that the
integral formula (137)) in principle could also be used together with the method of steepest
descent to give a different proof for part (vii) of Theorem [5| (The recursion given by the dual

, (138)

m;!
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topological ODE, cf. Theorem {4} could give a third proof of part (vii) of Theorem |5 with the
constant term in the right-hand side of (136)) undetermined.)

By using (111)—(113]) one immediately gets the first few values of 74, ,(g):

-1
raa(l) = 55 rz2, (139)
1/1152, r=2,
A, (2) = { (r—3)(r—1)(2r+1) (140)
' 5760 7 ;T 23,
1/82944, r=2,
1/31104, r=3,
a,.(3) = 3/20480 , r=4, (141)
(r—5)(r—1)(2r+1)(8r2—13r—13)
2903040 72 , T 25,

Corollary. Forr > 2g, the value of Ta,_,(g) is a Laurent polynomial in r. Moreover, the value
B 9

of this Laurent polynomial at r = —1 is equal to %, where By, is the nth Bernoulli number.

Proof. If r > 2g, then m = 0, so the right-hand side of (113)) reduces to —ay(r)/(—r)9~1. The
first statement then follows from the fact that a,(r) € Q[r]. Now by taking the » — —1 limit
in (112)) we find the unique solution y = —%—. The second statement then follows. O

tanhz*

According to Witten [ITT], 112] the second statement in the corollary should give a new proof of
the Harer-Zagier formula [73, [99] on the orbifold Euler characteristic of M, (cf. also [17, [86]).

We now give the proof of the three integrality statements for 74, (g) stated in the introduction.

Proof of Theorem[1l The algebraicity of the generating function of the numbers a, as given in
part (iii) of Theorem [2[ implies their integrality away from the primes 2, 3, and 5. To prove the
integrality of b, and ¢4 defined by equation , we use . It follows from that

cg =679 3 27 (=9) (142)
0<s<5g/2

where the numbers c[gs} are given according to the value of g (mod5) by

C[s} L 5725(%%(;%(%)3%*8 C[s] 5725(%%(%%(%)%*1*5
on st (5bn — 2s)! ’ =1 st(bn—1-2s)!
S ) (B 5 5725(1),(2)n(L)an_ss
=3 st(bn—3—2s)! ~’ bn—4 st (bn —4 — 2s)!

To show that ¢, belongs to Z[l / 30} we will actually show the stronger statement that each c[gS ]
belongs to Z[1/5].
[s]

Consider first the case g = 5n. For each prime p # 5, the p-adic valuation of cg, is given by

v(en) = v((2),) + v((3),) + vo((3),) — valsh) — vp((n = 28)1)..

Namely,

vo(esn) = g[U((S)n,p’“) u((d) 08"+ u((§) gy #?) — u(shp?) — ul((5n—29)005)
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where u((a/5)n,pk) denotes the number of elements in {a,a+5,...,a+5n—>5} that are divisible
by p* (a =1,...,5, k > 1). Counting these numbers we find
o)) + u(2),00) + 0y t) = als ) — (50205
= fi(% %) ifp"=j(mod5), 1<j<4, (143)

where the functions f; : R? — Z are defined by

Nxy) =g+ 3+ [+ + Br—y+3] — [y — [bz—2y], (144)
falw,y) = e+ 3] + e+ 2] + Br—y+ 3] - [y] — [z -2y, (145)
falw,y) = [+ 3]+ o+ 3 + Br—y+ 2] — [yl - Br—2y, (146)
fiw,y) =[x+ 3]+ [+ 3] + Bz —y+ 3] — [y] — Bz — 2y (147)

Therefore it suffices to show that each of fi, fa, f3, f4 is nowhere negative on R?. To show this,
we observe that each f,(x,y) is periodic in both variables and is also piecewise constant, with
jumps only along finitely many lines in the unit square [0, 1]?, so one only has to compute the
values of f,(x,y) in each component of the complement of the union of these lines. (The value
of f; at a point lying on one of these lines is always equal to the value of f; in one of the adjacent
open regions.) This is most easily seen graphically, as illustrated in Figure 1, which shows that

S| e ol/%/ /o
|

FIGURE 1. The values of f; and fs in [0, 1]?

each of fi and fo assumes only the values 0, 1, and 2, and this also gives the non-negativity of f3
and f4 as well since f3(z,y) =2 — fo(—2,—y) and fa(z,y) =2 — fi(—z, —y).

The proof for each other residue class of g (mod 5) is exactly similar and again reduces to the
non-negativity of four piecewise continuous functions on R?/Z2, but when one goes through the
details it turns out that these four are a permutation of the same four functions f; as above in
each case, so that we do not need to make new graphs. The proofs for b, are also similar, and
again a priori involve the non-negativity of 16 periodic functions on R2, which again turn out to
be repetitions of only four functions:

gi(z,y) = e+ 3] + [z +3] + Br—y+3] - [y — [z —2y], (148)
ga(w,y) = e+ + o+ 3 + Br—y+ 3] - [y] — [bz -2y, (149)
g3(z,y) = [+ 28+ [+ 2 + Br—y+ 2 — ] — Br—2y], (150)
ga(z,y) = e+ 5]+ [+ + Bz —y+ 3] — [y — [5r— 2y (151)

Their non-negativity can be proved as for the f;. The theorem is proved. O
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6. THE D SERIES

In this section, we derive explicit formulas for the numbers 74(g) with g being D; (I > 4).
Denote by r = 2] — 2 the Coxeter number of g, and recall that 7p,(g) = (74,4) are the one-point
FJRW invariants of Dj-type, where «,q are determined by (46). Denote by Z = Z(t) the
partition function for the FJRW invariants of D;-type as in

Theorem 6. Let | > 4 be an integer and r = 2] — 2. Set m := [(2g — 1)/r]. Then the following
statements are true:
(iii) [algebraicity] Define ng(r) from the generating function

y(t) = Y mg(r)t* =1 - T;th? + (T+2)(r5;6?(2r+ Dyy (s

920

where y(t) is the unique solution in 1+ t2Q[r][[t?]] to the algebraic equation

r/2 i
S L () e — (153)
= 25 +1 2]

or alternatively t and y = y(t) are related algebraically by
Zr+1 _ Z—r—l 1
A N e — /e A L 154
/y : o ( ) (154)
Then for all g > 1 we have
(_1)m+g rlfg
D, (9) = W”g(ﬂ- (155)

T

(iv) [closed formula] For all g > 1, we have

(_1)g+m—1 r—9 29

w0) = gty 33 et (2“’(“)‘1)+ (o) 2 )

r 2g+m+1 j=0 p=0
(v) [product formula] Define Cy(r,j) € Q[r,j] by (75)-(77) and f;(T) by (79), i.e., f;(T) =
> k02K + DU Cop(r, 5) (=T)*. Then the following identity holds true:

@] =3 (=), AT s

even T
920

Here for a power series v(T'), [v(T) Jeven means taking the even degree part of v(T').
(vi) [terminating hypergeometric sum| For all g > 1,

_1)9tm  pl-g 2g9—1
) = 1oz (g ) e (138)

where i
™11 ml
9. M1y ..., Mj_1) - 142 '
mi+mot-4my_1=d i=1
mi1+2mo+--+(I=1)m;_1=g
(vii) [asymptotics] Forl >4, as g — 00, Tp,(g) is given asymptotically by
r/m cos(T) 1 1 _3 2 . —9
o, (9) ~ =T sy e 9 <4r(r+1)r sm2(§)> : (160)
vrrtr Ta={¥=}) I(¥=)
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For | = 4 the formula is the same with an extra factor of 3.

Proof. Recall that the DS hierarchy of D;-type admits the following scalar Lax operator [38]:

-1
L =0 + a—l o Z(ua 08204—1 + 82&—1 Oua) + a—l Oul o a—l Oul ] (161)
a=1
For a =1,...,1 — 1, the corresponding DS flows can be written in terms of L by
oL i
s = ()], a0, (162)

where k = mq+7¢. Denote s := (s%9)4=1,. 1, ¢4>0. For a = [, the corresponding flows could also be
obtained in terms of L via the so-called negative flows [90} [I08] or by definition from the original
Drinfeld-Sokolov’s matrix Lax system [38]. Since du®/ds'? = 9u®/dx, we identify s'¥ with x.
Witten’s ADE conjecture [65] [67), 112] for the D; case (the Fan-Jarvis-Ruan theorem [65] 67]; see
also [72, [78,[89]) can then be stated as follows: the partition function Z := Z(t(s)) is a particular

tau-function for the DS hierarchy of D;-type, where

19 = (=1)7F (/=r) S <%) s g>0; (163)
r /qg+1
moreover, Z(t) satisfies the string equation with 7,4 in given by
O ... 0 1 0
: 0 0
(ag) = 1o 1 .= 7 - (164)
1 0 . .0
0O 0 ... 0 1

One can alternatively write the string equation (44} using the variables s*¢ from ((163) as

! -1
0z Ma(r —m m? 0z
ZZ(ma-H”Q-H“) Sa,qula — + Z oz( 5 Oé) Sa,Oslfa,OZ_i_ 7l(Sl,O)QZ — 5o (165)
a=1¢>0 S s
Denote by u® = u®(s) the solution corresponding to the particular tau-function Z, the so-called
topological solution. The Lax operator L given by (161]) is now also subjected to this solution.
Similarly as in the proof for the A case, we note that
(_1)Q+1 %
hy = PYET: res L+ (k>0 odd) (166)
(V=) 1 () g
are a part of the tau-symmetric Hamiltonian densities for the DS hierarchy of D;-type. Here
k = mq + rq. Therefore,

0?log Z(t
hi(s(t)) = ataqatl(g)

The initial Lax operator L|ga,q— ;01500 Will again be denoted by L. We have the following
lemma.

(167)

Lemma 5. We have
1
L = a’”+m—§ra*1. (168)
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Proof. For the topological solution, the corresponding normal coordinates r, satisfy

0%log Z(t)
ra(t) = 090

Dividing the string equation by Z(t), then differentiating it with respect to t*Y, and finally
taking t*¢ = t10 §*1590 we obtain that

Ta(t)’ta,q:tl,oga,léq,o == 77@1 tLO == 5&,[*1 tLO. (170)

(169)

Then, as in [I3] [14], by using the Miura-type transformation between the normal coordinates
and the u-coordinates together with a degree argument we find that
r
Ua‘sﬁ,q:$5[3,l6q,0 = 5 xT (Sa’l .
The lemma, is proved. U

As before, denote z;(z) := res L*/". Using (167), and we obtain that

atg 290r+1)-1(0)

= (=1 . 171

) = () (a7
Lemma 6. The following formula holds true:

L=0720( +rz)ods. (172)

Proof. RHS = & +rd 20x002 = LHS. O

Using and (172)), we have
1 A
((9T +rx — 57"8*1)

= 8_% o (37” + Tx))\oﬁé

:L'S_’U

S _l )
= > i) N D < vz) (s —v)! A
v=0

0<p<j
s>0

Combining with (171]) we obtain (156]).
To prove ([153)), let us use the wave-function-pair approach (see Appendix [A]land Section .
We first construct a particular pair of wave and dual wave functions for L. Start with solving

Ly = 2", ie.,

(87” t(rz—2") - ga—l) b = 0. (173)
Denote X = 2" /r — z. We have
((—ax)’" X ga;(l) Y = 0. (174)
Similarly as in Section [4 we find that this equation has a unique formal solution of the form
PUX) = et T X x-d —om— =1 (175)
m>0 T

Therefore, 1 (z, z) = a1(2z) P1(X) for some «;(z) to be determined. The choice of a;(z) is not
unique. We will use the particular choice of a;(z) given by

1 T —1,r+1 «r
- = paerC P a (176)

alP(z) =
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We call this particular choice the bispectral one. Namely, we construct

v = (x,2) = oP(z) Pi(X). (177)
Similarly, denote by
S =St
Py(X) = erFi" T X T 3te Z (r+1 , cp =1 (178)
m>0

the unique formal solution to the following linear equation:

(a;( X - ga;) bt = 0. (179)
Define
abP(z) = r3tr e 5L (180)
and construct
V= (e 2) = 0y (2) Po(X). (181)

Proposition 5. The ¥, ¢* form a particular pair of wave and dual wave functions of L.

Proof. 1t is easy to verify that ¢ is a wave function and ¥* is a dual wave function for L. Write
P = ®1(e®?) and p* = Po(e™?*), where

=Y da@)dF, By =D op(a)o*
E>0 k>0

with ¢1,0 = ¢2,0 = 1. To show ¢ and ¥* form a pair, it suffices to show ®; o &3 = 1. Similarly as
before, we know that this is equivalent to show that for all ¢ > 0,

res, 0' (V(z,2)) ¥*(z,2)dz = 0. (182)
Before continuing the proof of the proposition let us prove two lemmas.

Lemma 7. Introduce two linear operators R, and R}:

1 1 -2

Then we have for any i > 0,

% (b(x,2)) = (“R.) (b(x,2)), (" (2,2)) = (R) (¥°(x,2)).  (184)
Proof. By direct calculations. ]

R, =

Lemma 8. The ¢ and ¥* have the following expressions:

vie2) = S E Rie) et = 3 U (). (185)

7!

i>0 =0
W) = YR EE) s = Y L (. (156)
i>0 >0

Here, c(z) := (0, 2), c*(2) := ¢*(0, 2), and fi1,/2 are given by ([79).

Proof. Doing the Taylor expansion of 1 with respect to z at * = 0 and using Lemma [7] we
immediately get the first equality in (185)). From (175 we find that ¢(z) has the form

(r+D)m G
C(Z) = Z r W, Co = 1. (187)

m>0
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Define 3 ' '
fi == 27" (=R.)"(c(»)) .

From the definition of S, one easily finds that f; € C[[z~("tD]]. Write
~ ~ 1

and we find from the definition of R, and (173)) that

fra) = (14 (5-0)T + ¢4 DT ) F(D),

- ~ 1 =
frer() = HT) =7 (5= 5) T fima(T).
Comparing with 1) and using the uniqueness argument that is similar to the one given
after the proof of Lemma |1, we conclude that f; = f;_1/o. This proves (185)). The proof of (186}
O

is similar. The lemma is proved.

End of the proof of Proposition @ Using Lemma |8 and identity we have
res, 0 (¢(z, :1:)) Y (z,x)dz

Zm—i—z‘ ™M P (m)z B

= res: ) frvicry2 () D (-1 S5 fera () d2

m>0 >0

l+i—q(r+1),.m+¢ i — ) ~

- et z ( q—i—m—1/ 1) ( o1 })(f)q
= res, Z (-1) - 1+ " qC’q rym+1i 2,€+2 5 dz

m,¢,q>0
= 0.
Proposition [5] is proved. O

Using formulas (171f), (278)), (279)), Proposition [5, Lemma [8 and Proposition (3| we obtain that
(_1)g+m—1 61 1 Qg(T)

27 27
= o (188)
r m—+1

™D, (g) = (

Lemma 9. For any g > 0, we have

029(7"’%’_%)

YT Teg 1)

(189)

Proof. From the definition of 6’n(r, i,7) and the fact that X is an odd Laurent series in u~! one
easily obtains the equality

~ 1 1 u? X +1 X -1\ dX —u?X dX
e (7,’_,) 29 = W == == 190
g;] 29\"g7g)" s WX 1" Vx11) @ ~ Vg1 du (190)
Then it suffices to show that the series P defined by
~ 1 1\ u% r+2
P = <77,——> =1 = 2 191
ZCQQTQ 2) 15 Ut (191)
920
satisfies Y Y
] 2\ (2u)¥ P4
3 jHr/2y @QUTPTE (192)
29 2j+1

720
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(Note that since in our case r = 2] — 2 is a non-negative even integer, the above sum terminates
at j =1 — 1 and expresses P as an algebraic function of u, but even if r is a complex or formal
variable the identity makes sense and will be shown to be true.) Comparing (190]) and (191)) we
find

d (P) _d(P/u)/du X

dX \u dX/du  JXZ_-1

Therefore,

P =u/X?2-1.

Combining with it suffices to show

Z 2% (j+r/2 (X2 —1)7/2 = X+ —(x -1t
S 2+1 2j N 2(r+1) ’

which is an elementary exercise (also equivalent to ([154)). O

Identity (157) follows directly from ([188]). Formulas (188)) and (189)) yield (155]). Formulas (155])
and (|134)) yield (|158)).

Finally, the proof of the asymptotic formula ((160|) is very similar to that of the corresponding
statement in Theorem |5, and will only be sketched. In view of the relation (155 we see that it is
equivalent to the asymptotic formula

ng(r) ~ cos(~ (T+1)%7% sin((29 — 1)7)
q(7) (r) g3 (—4 (r—l—l)%SinQ(%))g

(1> 4) (193)

for the coefficients ng(r) defined in (152)). Writing (153) in the form (ngl )r+1 — (g )’"Jrl =il

and setting the derivative of this expression with respect to Z equal to 0, we find that Z2 is a
non-trivial rth root of unity at all singularities of y = y(t), and substituting this back into (153))
we find that the singularities are given by (t, Z%) = ((r + 1)Y/"(a — ), a/3)) where o and 3 are
distinct rth roots of unity. In particular, the singular points of y(t) of smallest absolute value
are equal to 2 (r + 1)'/7 sin(7/r) times (2r)th roots of unity. The rest of the proof is exactly
along the lines of the proof of part (vii) of Theorem [5| and will be omitted. Just as in the A case
for [ = 1, the proof has to be modified slightly if | = 4 because the way that the sheets above the
closed disk {|t| < 2(r + 1)"/7sin(r/r)} meet at their boundary is slightly different from what
happens for [ > 4; we leave the details as an exercise.

This completes the proof of all parts of Theorem [6] O

Remark 8. It seems worth observing that the factors 1/2 and 3 appearing in part (vii) of
Theorems [5] and [6] respectively are related to the symmetries of the corresponding Dynkin
diagrams. Indeed, |Sym(A4;)| =2 for i > 1,1 for [ = 1; |[Sym(D;)| =2 for | > 4, 6 for | = 4.

We note that the polynomial P on the left-hand side of (153)) also has the following expression:

2y "t sinh|[(r + 1) arcsinh (4
p= [r+1) ()] 1. (194)
(r+1)t
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Using the formulas (152)—(155]) one can compute the first few values of 7p,(g):

r+2

(1) = 22, (195)
(r+2)(r—=6)(2r+1)

™, (2) = F760 : (196)
(r +2)(2r + 1)(8r3 — 77r2 + 1967 + 188)

7i(3) = 2903040 12 ' (197)

Here we note that » > 6 (as [ > 4). For r = 6, our formulas agree with the explicit computations
in [I2]. More precisely, the explicit expression of the dual topological ODE of Dy-type was
computed in [12], which reduces to a second order ODE for ¢3 (in our current notation):

10827 ¢ — (1042° + 1087) ¢ — (42™ +26027 +39) ¢35 = 0. (198)

One could then give an alternative proof of Theorem [6] for D4 by using (198). We leave this as
an exercise because in the next section we will prove the algebracity for Eg in this way.
Similarly as in the A case, we have the following corollary.

Corollary. For all v > 2g, the value of Tp,(g) is a Laurent polynomial in r. Moreover, the value
(1-2'"29) B

2g 2,
Proof. If r > 2g, then m = 0, so the right-hand side of (155]) reduces to —n4(r)/(—7)9~1. The
first statement then follows from the fact that ny(r) € Q[r]. By taking the r — —1 limit in ((154])

we find the unique solution y =

of this Laurent polynomial at r = —1 s equal to

Sinf/ﬁ, which yields the second statement of the corollary. [

It might be of interest to see whether the coefficients or the values of the Laurent polynomials

in r occurring in the above corollary and the corollary to Theorem [5| have any topological
meaning.

7. THE Eg CASE

In the proof of Theorems [5] and [6] for the A;, D; cases in the previous two sections, we used
the equivalent scalar Lax representation of the corresponding DS hierarchy [38]. For the Ejg
case, as far as we know, the existence of such a representation is an open question. However,
following Proposition [I}, we can get the higher-genera one-point invariants by computing the dual
topological ODE of Eg-type. (Of course, for any fixed [, as it was mentioned above (see (198))),
we could alternatively have used the corresponding dual topological ODE to give a different proof
of Theorems this deserves a further study.)

Let us now compute the dual topological ODE of FEg-type. We use the 27-dimensional
representation [49] of g = Eg. Recall that the Coxeter number and the exponents for this case
read as follows:

r=12, mi=1, me=4, ms=5, my=7, ms=8, mg=11,
and that the dimension of this simple Lie algebra is 78. Denote

X1 = Eg7+ Ego+ Eio,11 + E12,14 + E1517 + E26 27,

Xo = Eys5+ Egs+ E79 — E1820 — E2120 — Fa304,

X3 Ei6+ Es8+ Fr1,13 + F14,16 + E17,19 + E25.26

X4 = B34 — Egi10— Eg11 — Ei6,18 — E1921 + E24.25,

X5 Es 3 — F10,12 — F11,14 — E1316 + E21,23 + E22.24

Xe = Ei1o+ Fi215 + E1417 + Ei16,19 + Fig 21 + E20,22 .
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Kostant’s slo-subalgebra of g can be given by

I~ = 16X{ 4+ 22X7 +30xT +42xT + 30x7T + 16Xx7, (199)

It = X1+ Xo+ X5+ Xy + X5+ Xg, (200)
1

V= —(I'I- —I'I"). 201

P =5 ) (201)

Using the above data one can compute explicitly the dual topological ODE of Fg-type, i.e.,
equation for G € g, or equivalently for the vector ¢ = (¢1,...,¢s) € C%. We denote by
(ba;8)p=1,...6 (@ =1,...,6) the six linearly independent vector solutions that were introduced in
Section |3} (Here J labels the components of the vector.) Recall that each ¢q.6 has the form ([56]).
Following the principle of Theorem |4 namely, by reducing the ODE for the vector-valued
function ¢ to a scalar ODE for the top component ¢g (the highest weight vector of g), we find
the following fourth-order one:

0 = 29859842 (372% — 277527 — 36960 2 + 11520) ¢(”
— 466560 2° (2331 2°% — 162985 2% — 2985600 20 — 4951296 z'* + 811008) ¢’
— 272%(6545189 2% — 1276342935 z°% + 10115971680 2*? — 127523831040 2%
+ 860446310400 2'* — 52110950400) ¢
— 272 (233102 — 8293439 2%° — 3559160940 22 — 153887586840 2%
+ 12280347763202 + 236111616000 2% + 49235558400) ¢;
+ (372 — 3464310 2™ + 2278737540 7% + 114309996390 2°*
+ 10889113435200 °? — 60840963615600 2*°
— 15770999462400 z'? — 328914432000) ¢ . (202)

This means that every ¢, must satisfy (202). From the discussion in Section [3| we know that
each ¢q.¢ has the form

13
ba = T TRM [, (21?) (203)

for some power series f,(u) € Q[[u]] (resp. u='QJ[u]] for a = 6). But if we use the Frobenius
method, then we find that the indicial equation for at x = 0 has only four roots 25/12,
77/12,103/12, —1/12. This implies that ¢9,6 and ¢s5.6 must both vanish (which was not obvious
from their original definition), while the expansions of the other ¢q.¢, if we normalize to make
the power series monic, are given by with 1+ %ma = Qﬁf‘Q_l and

B 4235 23102233 , . 381109489145
filw) =1+ gz ¥ owgryg T T omgggy U T
. 4613 340813583 , 1468738987769
falu) =1+ Gz ¥ gwgsiE T pmgigiy LT
) 14 20 IA9TAST , 561422760339
! 28517113 " T 22032132 2283251 71 133 19 ’
435 330276383 7178383185
ufe(u) = 1+ u + T e Ll T
2513 " T 21932111 132 22731137

According to Proposition |1, the numbers 7g,(g) with ¢ > 1 in the particular normalizations
that we are using, can be expressed in terms of ¢, as follows: for g # 2 (mod 3),

TEe(9) = 2675% [um] (fa) (204)
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where o € {1,3,4,6} and m are determined by 2g — 1 = m, + 12m and

1 ) 25 1

10 ST T2 M7 g4 0T 2631 (205)
otherwise 7g,(g) = 0. For simplicity we set 75,(0) = 1 which also agrees with (204). It should
be noted that here the freedom of normalizations is fixed in such a way that it agrees with
the explicit Frobenius manifold potential of Eg-type given by Klemm—-Theisen—Schmidt [80]
(see below) as well as with the genus 1 formula of Dubrovin—Zhang [55] (cf. [49, [67]). For
the reader’s convenience, let us list the first few values of 75,(¢g) in the following table:

Cc1 =

g [(0]1]2 4 |5 6 7 8 9 10

3
T ( ) 1 1 0 5 25 0 145 4235 0 23065 174145
Es\9 4 1152 | 27648 5750784 | 414056448 79498838016 | 3338951196672

One-point FJRW invariants of Eg-type

Theorem 7. Set B = 21/12 (3 + 2\/3) 4, Define Ay, k > —1 from the generating series

1 _
uv) = 3 > A VR,
k>—1

where U(V') is the unique solution in
L 112 —1/12
5 V2 4 v ]

to the polynomial equation
U?* — 36U% 4+ 540U%° — 4488 U™ + 22992 U6 — 76032 U4

2140032 1501248 10
2140032 1501248 10s (v + 24320
13 13 ) U” + 108V + 13

41104 9696 192
(v T Ut e sV S Ut - e (v ) v
32(5V 4+ —3— ) U +32(5V + == | U* = 96 (V+ ) U
1 34560 = 442368

2
- — — = 2
108 (V 13 v 169 ) 0, (206)
of degree 12 in U? and 2 in V. Then for all g > 0 with g # 2 (mod 3) we have

Ao,
The(g) = 1,2 593769 201 (207)

(52 )

where p € {1,5,7,11} and m are such that 2g — 1 = p+12m, and v, are given by

+ (5v+

) U2 _ 9 (19 Vi 24320) Us

1

_1 _1
P =2031, ahs=2'80e, 2, ahp=-2033e,2, oy =—12, (208)
where e3 = 2 + V3.

Proof. The differential equation of ¢g translates into recursions for the coefficients of f, with
a=1,3,4,6. On the other hand, any algebraic function satisfies a linear differential equation
and hence its coefficients satisfy a recursion. One verifies by computer that the recursions and
the initial conditions agree. O

The first few values of Ay are given by
. . . 1 1
Ay=1, A =233, A;=273315'¢c2, A;=-2"% 31522, (209)

In general, the numbers Ay are (up to fractional powers of 2, 3 and e3) algebraic integers
belonging to Q(v/3), so that Theorem [7| implies an integrality statement for the 74 (g) similar to
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the first one in Theorem [IL Another consequence of the theorem is an asymptotic formula for
the numbers 7, (¢g) similar to the ones we found for the A and D cases:

Corollary. As g — oo with g # 2 (mod 3), we have

g
0 1 3 3+2V3
TE6(g) ~ 13_5/12ﬁ ,02 1 S0—1 g 2 (71) ) (210)
r(1-{*z}) r(*%) 2135 135

where p € {1,5,7,11} and m are such that 29 — 1 = p+12m, and 0, are constants defined by

6, = 2'31 (1+V3), 65 = 2235, 6, = 2335, 6y, = 233 (1+3). (211)
Proof. Using (207) we find that it suffices to show that as g — oo with g # 2 (mod 3),
1375/12 3
A2g71 ~ = Xp Qg/ﬁg 3/2 (212)

with Q = 27 (3 +2v/3)”/13 and with

X1 = —xun =1, x5 = —x7 = ¢3. (213)
The corollary can then be proved again by using the similar argument as for the A case. O

Remark 9. We expect that Theorem [7| (and its corollary) will have an analogue for E7 and FEg,
and actually also for all non-simply-laced simple Lie algebras.

8. EXPLICIT RELATION FOR FJRW INVARIANTS OF g-TYPE

In this section, based on the results in the previous sections and on the theory of Frobenius
manifolds (see [43| 46], 147, [74, [93], 109]), we generalize Theorem 3| from A4 to A;, D; and Fg.

According to Kontsevich-Manin [83, 03] (cf. also Appendix [Bf), a homogeneous CohFT of
charge d gives a formal Frobenius manifold of charge d with the formal Frobenius potential
F = F(v) given by . Denote by B the domain of convergence of F'. Let g be a simply-laced
simple Lie algebra of rank [. As before, denote by €, the FJRW CohFT of g-type and by r
the Coxeter number. It follows from the quasi-homogeneity that the formal Frobenius
potential F is a polynomial. Therefore, the convergence domain B is the whole of C!. We call
the Frobenius manifold B constructed from Qg ,, the Frobenius manifold of g-type. Note that the
Frobenius structure on B given by f can alternatively be constructed from the orbit
space of the Coxeter group of g-type ([43] 45 [104] 122]), or else from the miniversal deformation
of a simple singularity of g-type ([22], 36}, 37, 46, (74, [102]). The charge and the spectrum of B are

r—2 Me
d = = — — = R =0 214
r bl Ma /r 2 b ) ( )
and the Euler vector field of B is
l
r+1—m

P - Y g, (215)

a=

Before stating and proving the generalized theorem, we first prove a useful lemma.

Lemma 10. If g is a simply-laced simple Lie algebra, there exists a unique choice of calibration
{0a.m}m>0 for the Frobenius manifold of g-type.
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Proof. The existence of 04, that satisfy (301)-(306) is known. (For the meaning of calibration
and the proof of the existence see Appendix @) We only need to prove the uniqueness. First of
all, observing that set of the differences {o — p5} does not contain positive integers, we know
from [43, [46] that equations (290)—([291) and (295)-(297) determine ©(v;z) uniquely. Therefore,
fa,m are uniquely determined by and up to constants only, i.e., if {éa,m}mzo also
satisfies 7, then 9~a7m(v) — Oo,m(v) = ba,m With by being constants. The uniqueness
then follows immediately from . The lemma is proved. O

Lemma [10] is true for the Frobenius manifold associated to any finite Coxeter group with the
same proof as above.

The following theorem gives the main result of this section.

Theorem 8. Let g be a simple Lie algebra of type A;, Dy, or Eg, and let (B, (, ),-) denote the

Frobenius manifold of g-type. Takev = (v1,...,v;) the flat coordinates on B and (8a,m)a=1,... 1,m>0
the associated unique calibration. Denote v}, = (Tam, ). Then the following identity holds:
<Ta,ma+(r+1)m> = ea,m(v*) ) Vm >0. (216)

Here, we recall that (1o,4) denote the one-point FJRW invariants of g-type.

Proof. Let us prove this theorem case by case from A to F.
Start with the A; case. Consider the Frobenius manifold of A;-type. In this case, r =+ 1 is
the Coxeter number. Define

l
A= Apss) = P+ D spp 0 (217)
A=1

Here s = (s1,...,5;) € Cl. The reader who is familiar with the theory of Frobenius manifolds
recognizes A as the superpotential, and the Frobenius structure on B could be defined by the
standard formulas [43], 46l [47] (cf. also [36], 60} [61), 102] 103]) using the superpotential under
some carefully chosen normalization factors, and the flat coordinates v are related to s by
—\ S 1
— r+1 r—o
v* = —%resp:o@ A dp. (218)

r—a
It is not difficult to verify that det(g”TZ) # 0, so the map s — v given by (218) is indeed

an invertible coordinate transformation. By a degree argument, this coordinate change (218)
actually has the triangular nature.

Lemma 11. For the A; case, the unique functions 0o m(v), m > 0 have the following expressions:

—1 m+1 a+t+rm
bom(®) = ———— e A . (219)

(V=) T (Pm

Proof. We prove this lemma by showing that the right-hand side of , denoted by éa,m,
satisfies the defining conditions 7306. The conditions with z = 0 and are
known to hold true. Indeed, they follow from the Laplace-type transform between the deformed
flat coordinates and A-periods of the Frobenius manifold, with A being the corresponding
superpotential [4], 36, 37, [43], 46], 61], 62, 102], 103] and with the careful choosing of the rescaling
factor to match with Witten’s normalization of times [I12]. Here, the definitions of the product
and the invariant flat metric can be found ¢bid., and we also normalize the metric such that
Nap = 0a+8,+1- The equality can be easily proved by computing the residues, which also
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implies (303]). Since equality (304) is a rewritting of (297), we know that (304)) is actually a
consequence of (301)—(303]). To show (302), introduce the following extended Euler operator:

~ 1 0
E:=F+ -p—, 220
P, (220)
where E in this case is given by (215 with m, = a. From (217)) and (218)) we obtain
EX = ). (221)

The required quasi-homogeneity (302) for the gradients of 6, ,, then holds true for the gradients

of Oum. Tt remains to show (306). Observe from the definition (219)-([@221) that the Oum
themselves satisfy the following quasi-homogeneity condition:

1 1
Efum = (m—i—,ua—{—f—i—§>9a7m, Ym > 0. (222)
r
Hence the 0~a7m, m > 0, which are polynomials of v, do not contain constant terms. This
gives (306]). The lemma is proved. O

We are ready to show (216)). For m = 0, the validity of (216] is obvious, because from the
definition we know that 6,0 = vo. Let us now prove the validity of (216) for an arbitrary m > 0.
Following [43] [46], 47|, consider the polynomial equation

Ap;s) = €. (223)
We know that equation has a unique solution p = p(¢;s) in & + C[s][[¢71]]. Write
p(&s) = €+ Y ur(s) ¢, (224)
k>1

where ug(s) € Q[s], k > 1. Using similar arguments to those in the previous sections we have
kur(s) = resp—oo A(p; s)é dp. (225)

Comparing this equality with we obtain that

(=)™ (o + mr)

Oam(v) = — Ttatrm Uamr(s), YVm=0. (226)
(V=) (S
Now define N
e Gy, B=20—1(G=1,....[r/2]); 007
°F { 0, otherwise. (227)

And we restrict our discussion to the particular point s = s* on B. Here

2—r

a = \/—rrtt /2. (228)
From (217)), (223) and (227)), we know that the series p(&; s*) satisfies
[r/2] —2i
S (1) s T e
, 2i 1424 '
=0
Comparing this equation with formula (111))—(113) (cf. (127)) we get
(_1)m+g 7,.179
22969 (3 )m

where g, a, m are related by 2g — 1 = o 4+ rm. Substituting (226)) in this equality and using
and (228]), we obtain (216). This completes the proof for the A case.

TA,_1 (9) = U2g—1
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We continue to prove the statement for the D case. In this case, the Coxeter number r = 2] — 2.
Similarly as in the A case, introduce the superpotential [30]:

-1
A=p + ) sgp P 4 sip (229)
B=1

The flat coordinates in our normalization are given by

3mg 1

y r+1 r—mq
v = —<rr)mresp:oo)\ dp, a=1,...,1—1 (230)
- «

and

2vI—1
'Ul = — T 3,12 Sy . (231)

\/_77-5 r+1
It is not difficult to verify again that det (81}0‘ / 835) # 0, and the map s — v given by ([230)—(231))

indeed gives an invertible coordinate transformation.

Lemma 12. The unique functions 0o m(v), m > 0 have the following expressions:

Oam(v) = — (-1 res ATy a=1 -1 (232)
a,m ( /7_70)3 1+T:i-1§>7‘7n (Ta)m+1 pP=00 ? rct ’
—1)m+1 /T —1
Oym(v) = (=1) esp—o A2 Tdp . (233)

3l+7‘m
(V=r)" 7+ () me1
Proof. The proof is almost identical with that of Lemma|l1], so we only give some brief indications
here. Note that the invariant metric n in our normalization is given by

0O ... 0 1 0
0 0
mT=10
10 - .0
o 0 ... 0 1
The extension of the Euler vector field is again given by . The lemma is proved. O

Following [43, [46], 47], we consider the following polynomial equation:
Ap;s) = €. (234)
It is easy to see that (234) has a unique solution p = p*(&;s) in & + C[s][[¢7!]] as well as a unique
solution p = p*(ﬁ; s) in s ffT/Q + £~ HA2Cs][[¢7Y]]. Write
=&+ D w()EF, pT(&s) = ) vm(s) R, (235)
k>1 m>0
Here vo(s) = s;. Differentiating both equations in (235)) with respect to &, we find

=1 = Y ku(s) €M —_ _— Z(m—l— ) vmls € EL (286)

k>1
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Therefore,
dpt(€&:
kug(s) = resg—oo pag’s)ﬁkdg = TeSp—oo A(P; s)édp, (237)
d - ] T
(m + g>vm(s) = res¢—oo ]);gg’(&s)frm+2d§ = —resp—0 A(p; s)m+%dp. (238)
Comparing (237) and (238]) with (232)) and (233]), respectively, we have for a« = 1,...,1 — 1,
-1 m—+1 o
Oam(v) = — ( 231+ma(1z71‘/m+ mr) Umng4mr(s), Vm =0, (239)
(\/ _T) T+ (%)m—i—l

and for o =1,

—)mH( -1
Om(v) = V=1 Y 3&m ) (), ¥m > 0. (240)

(\/TT’) r+l (%)m—&-l

Define

1—145 a?P _ _
s = {( 28 )1+2ﬂ7 p= ":"l 1, (241)
0, otherwise,
and we now restrict the discussion to the particular point s = s* on B. Here
2—7r

a = /—rrtt. (242)

From (229)), (234) and ([241)), we know that the series p™(£;s*) and p~(&; s*) satisfy

-1

l"‘l_l a2i + s K\T—21 T (¢ ) —
2;( 0 )H%p@,s) =&, (&) = 0.

Comparing with (152)—(155)) we get

(_1)m+g rlfg

™D,\9) = —5.7may U29-1
l() agg(%)m g )

where ¢ is related with o, m by 29 — 1 = mq + rm. Substituting (239) in this identity and
using ([46]), and (228)), we find (216]). This completes the proof for the D case.

Finally, let us prove the statement for the Eg case. Let B = C% be the Frobenius manifold of
Eg-type. The spectrum data (u, R) are now given by

N s e 1 1 5,
H1 = 127 Ho = 67 H3 = 127 ,U’4*127 M576’ He = ) — U.
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According to Klemm-Theisen—Schmidt [80], the Frobenius potential has the explicit expression:
F = %( )21)64-1111)21)5—1-1111)3@4—1—;(2)2113

- (022008 + 0 (vh)205 + é(US)S,UG 4

1 1 1 1
i ,02 ’U4 ’()5 (U6)3 i (1)2)2 (1)6)4 + = (2}4)2 (2}5)2 (U6)2 i ’U3 (’U4)2 (1}6)3

6 24 4 6

1 1 1 1
+ % (U3)2 (1)6)5 + ﬂ ’U4 (05)2 (1)6)5 + ﬂ U3 (U5)2 (06)4 + ﬂ (,05)4 (1)6)3

1 4\2 ¢, 6\7 1 512 [, 618 CR

— — . 243
253 () )+ e () () + {5555 (243)

Here, (v',...,v%) € B is a system of flat coordinates satisfying that 0; is the identity vector

field. The invariant flat metric and the Euler vector filed in this coordinate system are given by
NaB = 5a+,3,77 and

3 2 1 5 1

E:v181+10282+§v383+§v484+ﬁv585+61/686. (244)
The first few values of the unique calibration 0, for B are

904,0 = Vq,

011 = vt + et + o v5

1
a1 = v'v® + v2o® vt + 2( vh)2 08
+ 103 1)5 (v6)2 + 1124 ’U5 (U6)3 + 1 (U5)3 UG + i 1)2 (U6)4 )
2 6 6 12

To prove (216), similarly as in the A and D cases, we will use the corresponding superpotential.
Following Eguchi-Yang [63] (cf. [19, BT} 85]), introduce three polynomials Q1, P;, Ps:

Q1 = 270p" + (171 +57V3) tiop™® + (54 + 27V/3) t3yp"!

+ (126 + 84v/3) t7p!0 + ((345 +13—25\/§) o+ (144 + 72V3) £ ) p°
135 81

\[) t7t10p°

4
(225 25 3) totao + (ggi + 35\f) o + (135 + 81v3) 1) "

+ (%
(

+(126+72f t3+(10+ \f)m )p
(
(

63 11 19v/3 21
(5 +9v3) -+ 2193t + (s + ) o+ (5 +9v3) o) 7

+ 768 | 2304
+ (33—#19[) t3t10+(i2+11\f> tr t3 (24+14‘/§)t6t7>p4
_ ( >t3t1op + (445+ 13 f) tstrp + <§+£\/§> t3, (245)

P o= 718p'0 + (30+10\/§)t1op + ( + o f) o0 + (32—3+11x/§)t7p5
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+ ((l-f-i\/g) t3o + (16 + 8v/3) te)p4 + (i + f) trtiop”

((5+3f) ty+ (34—756+g14x/§) #ho+ (Z+ ﬁ\/??) t6t10>p

= (;+2\/§) tsp — (E+§‘/§> 2, (246)
Py = 12p" + (64 2v3) tiop® + ( +2 f) 200° + (64 4v3) t7p°
+ ((8+4\/§)t6+(1+£\/§)t o) Pt + (§+\/§)t7t10p3

((10—|—6\f)t4+<7—|— L \/g)t%g+(%+%\/§)t6t10)p

1728
+ (14+8v3) tsp + (—+—\/§) i, (247)
123
and define
1 Q1+ P1\/P2>
Apit) = ————= (—up + —5—— ), 248
(#:%) 270+156\/§< ° P’ (245)
where
1
up = —(270 + 156v/3) to — 519+ 11V3) ta ]y — = (33 +19v/3) t6 t3,
1 1
-4 @1+ 12V/3) t§ — 533+ 19V3) tyo 3. (249)

Here, (to,t3,t4,16,t7,t10) gives the flat coordinates of Eguchi—Yang, which relate to the flat
coordinates (v!,...,v%) of Klemm-Theisen—Schmidt via a rescaling:

vl = Keto, v2 = ksts, V2 = kats, 0P = kstg, V> = kotr, 0° = Kitio, (250)

where

K1 = —2\1/3, ke = (VB-1)37, k3 = —(vV3-1),

ke = 2(V3-1), ks = —2/3(V3-1)2, ke = 8V/3.
Lemma 13. We have

(8\/§)m ma+12m

(72) +1respzoo)\ 2 dp, a=1,...,6,m>0. (251)
2 /m

Proof. The conditions with z = 0 and have been verified by Eguchi-Yang [63], where
we use different normalization constants k, from the ones in [63] to agree with Klemm—-Theisen—
Schmidt’s normalization for the product and the metric. The proof is again similar to that of
Lemma For this case, the extended Euler operator is again defined by

~ 1
E = E—i—fpg,
r° Op

where F is given by (244]). We have EX = ) and the quasi-homogeneity (302)) for the gradients
of 0o m follows. The condition (306]) follows from the quasi-homogeneity (just as (222))) of 4 .-
The lemma, is proved. O

Oam(V) = —Kq

(252)

Following [43], 46], [47], we consider the polynomial equation
Ap;t) = €2, (253)
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It is easy to see that (253) has a unique solution p = p(&;t) in € + C[t][[¢1]]. Write
p&t) = &+ ) upt)&r. (254)

k>1

By using the same arguments as before we have

kEug(t) = resp—oo )\(p;t)l%dp. (255)
Comparing (255 with (251)) we obtain
o+ 12
Bom(v) = —rio (83" L2 m(t), Ym > 0. (256)
(Tga)m—&-l

Now define (v?)* = (v°)* = 0 and
145 25 5 1
1y\* 3\ * 4N * 6\ *
= — = — = — - 2
W) =smomsar W) T g W) =m0V =g (257)

and restrict the discussion to the particular point v = v* on B, which corresponds t = t*.
From (248)), (253) we know that the series p = p(&;t*) satisfies

— | —u
270 + 1561/3 0 P

where QF, P, Py, uj are respectively Q1, P, P», ug evaluated at t = t*. Theorem [8|is proved
by simplifying (258]). O

Observe that on the left-hand side of (216f), g = %m“ So if mq +rm + 1 is an odd
number, then as a direct consequence of (216) the value 8, ,(v*) must vanish.
We also have the following corollary.

Corollary. For a FJRW CohFT of g-type with g being A;, Dy, or Eg, we have

<7’7 —1T 7()...’7'n’()>0 i .
<Ta7ma+(r+1)m> = Z Z a,m—1Ta; o H nazﬂz <Tﬁi7m5i>’ Vm >1. (259)

n!
n>0 1<ay,...,an <l i=1
1<B1,..,8n <l

Proof. Following [43], consider the principal integrable hierarchy associated to B:

o™ 00
oiga = 170 (g’f), q>0 (260)

and its initial value problem (viewing ¢!°

V| 18.0—41,0 58,1 0.0 = sl 10 (261)

The defining equations (301)—(306) for 65, and the axioms of Frobenius manifolds imply that the
equations in ([260)) all commute, and thus the above initial value problem has a unique solution
in C[[t]]®!, called the topological solution to the principal hierarchy, denoted by v'°P(t) =
(vPoP1(t), ..., v'PL(t)). It is shown in [43] that the following identity holds true:

92 Fo(t) )
Sitogam = Oem (VP (E)). (262)

Taking 7P = 79§70 on both sides of this identity, and noticing that
UtOP@é(t) ‘t%p:tw,o 0 = tOé,O ’ (263)

as the space variable) with the initial data:
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we obtain T (0)
Fo(t 1,0 1,0
—_— =0 tor, Lt 264
S = (0 t) (260
On the other hand, the genus zero part of the string equation reads as follows:
Z tapatozp 1 2 Npo P VoY — oEL0 (265)
p>1
For m > 1, by differentiating (265]) with respect to %™ and taking 7 = ¢t70 §99 we get
OFy(t D> Fo(t
55’75_)1 = O(ﬁ)m : (266)
otP: t7P=¢7:0 §p,0 ot 0oL’ t7:P=t7,0 §p,0

Using the definition for Fy(t), identities ) and ., as well as identity (216) -, we
obtain ([259)).

Note that due to the sum “Y_ ~,” in the right-hand side of (259) is actually a finite sum.
We also note that identity (259) can be written alternatively as follows: for all g > (r + 2)/2,

<Ta,m717-a ’0...’7'an,0>0 -~ . B;
wlg) =Y, > 1 LT 7% (75ims,) (267)

n!
n>0 1<ay,...,an<l i=1

where a, m are such that 2g — 1 = my + rm.

Remark 10. For g = E; or Eg, we also expect the validity of identity (216]) (or (259)), (267)).
It might be possible to get proofs in these cases by applying the constructions of the A-periods
for the orbit space of the Coxeter group of g-type ([43] 44, [45] [104]) (or for the simple singularity
of g-type [4} [10], 46} [72] [74, 92, 102, 103, 105]) as well as their Laplace-type transforms [43, 406, 47]
to compute the 6, ,, and then matching these with the left-hand side 74(g) of , which can
be read off from the coefficients of the top components ¢, of the fundamental solutions to the
dual topological ODE of g-type. Moreover, since we know that the A-periods for the Frobenius
manifold of g-type are algebraic, this method of proof, if it works, would also lead to algebraicity
(as already mentioned in Remark E[) and therefore integrality of the renormalized numbers of 74(g).
When g is a non-simply-laced simple Lie algebra, in order for identity (or , ) to
remain valid, one may need to use the notion of the partial CohFT [89]. We hope to study these
cases and other more general situations (semisimple or nonsemisimple CohFTs including the
cases with the Novikov ring mentioned in Remark [5} cf. e.g. [19, 43, 51 56l 121]) in later work.

Remark 11. We also observe that the particular point v* on the Frobenius manifold of A-type
that we use for [ > 2 is different from the particular semisimple point used by Pandharipande,
Pixton and Zvonkine [97, O8] for obtaining relations in the cohomology ring of ﬂg,n- It might be
interesting to see whether their method can be applied also to our v* to give further information
connected with the topology of ﬂg,n.

We provide a few examples to illustrate the results of this section.

Example 1 (A;). The superpotential reads as follows:
A =p*+ s, o= 8—21

We have n = 1 and F = (v!)3/6. For m > 0, we know that 0} ,,,(v) = (v1)™™ /(1 +m)!. Recall
again the well-known formula for the one-point invariants:

1

241+m (1 4 m)!” (268)

<Tl,1+3m>g:1+m =
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From these explicit expressions we immediately see the validity of identity (216, where the
particular point of the Frobenius manifold is given by v} = 1/24.

Example 2 (A3). The superpotential reads

5 ) —31/2

A=p +s1p+s2, v = ——r 0= 51
3v/=3"* 3

We have F' = (v1)?v?/2+ (v?)*/72 and a3 = da4,3. The first few terms of the unique calibration
can be read from

ba(v:2) = o' + <(“2>3+(“1)2>Z N <(”1)3+118(U2)3U1>Z2 L

18 2 6

N a2 1,2 (v*)* Lot 2\ 2,
b1(v;2) = v + v vz + 36 +2(v)v 25+ )

The particular point v* of the Frobenius manifold is given by v = 1/12 and v; = 0.
Example 3 (A4). We have
A= 9% 4 519> + s9p? + s3p + 54,

Ul = _wv UQ = _%a v3 = é\/_ %327 U4 = 5_5317
925./—52
1 (1}2)3 (v4)6 1
F — Z(u1)2(v 1,23 L 3v2,,4\3
o (V)W) H vt e e T s ()
1 99, 4\2 2/ 3\2 4 (U3)4
o)W+ grt )+ T

and 7,3 = da+8,5- The first few terms of the unique calibration and the particular point v* of
the Frobenius manifold are already given in Theorem

Example 4 (Dy4). The superpotential reads

2
s
/\:p6+81p4+82p2+83+]§,

and
2 3
e . s s7 — 4s9 —7s7 + 365251 — 21653
PrEs) = £ - G T o 129665
N —55s] + 360557 — 8645351 — 43253 — 518457
31104¢7 ’
“(&rs) = S4 | 8354 (382 + 4s95%)s4 (85181 + 20525387 + 5s3)s4
p K o 53 259 8515 16521
0O 0 1 o0
We have n= (9 ¢ o o] and
0O 0 0 1
1 | 1 1 : (v®)7
F o= = (p1)243 Lo1,2\2 L2733 L 2\2 /313
5 (V)T 4 vt ()7 4 g (V)T A o (T + 5o

v! I 5 3 (U3)3 452
- — ) 2
+<2 12vv+216>(v) (269)
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We have 0,0 = vo = naﬁvﬁ, and

(*)* | ()°

011 = ot vl v,
921 _ L’UQ (U3)3 + i(v2)21)3 o iv?) (04)2 + ’Ul ’U2,
’ 108 12 12
(v*)° L 92, 312 150, 40, (0% 1 oooge, ()2
9 p— — — — J—
1= ggze0 T opalV) (W) (VT T = ()T
1 1
011 = m# (v3)3 — 6U2 viot + vlot.
The particular point v* of the Frobenius manifold is given by
1 13
Uik:§7 U;Z(), U;ZM ’UZ:O (270)
We list in the following table the first few of the numbers 7p,(g), again putting 7p,(0) = 1.
g lol1l2] 3 4 |5 6 7 8 9
1 13 13 1433 253 33917
™.(9) [ 11310 o83 | 217 | O | Tovososomeo | 5999593556 | O | 301TT17097886730

One-point FJRW invariants of Dy-type

APPENDIX A. WAVE FUNCTIONS

In this appendix we give a method of computing residues of pseudo-differential operators by
means of wave functions. Denote by r a positive integer. Let g,,(x) (m < r — 1) be arbitrarily
given power series of z, and L the pseudodifferential operator

r—1
L:=0+ ) gn(x)o". (271)
An element 1 = 9(z,2) € C[[z]][[z71]] ® €% of the form ¢ = Y 7%, ¢i(z) 2% ®* with ¢o(z) =1
is called a wave function of L if
Ly = 2" (272)

Here we recall that 07%(e*?) := e®*27%, i > 0, and that for all f(x) € C[[z]],

oo fla) == <”Z) fO@)omt, YmeZ.

>0

Multiplying by e~** on both sides of (272)) and comparing the coefficients of powers of z give

5 desrie) (VLT o0 = a0, iz, (273

J,£20
JHL<i

This leads to recursive relations for the power series ¢;(z), @ > 0. The solution v depends
on a sequence of arbitrary constants C1,Co,---. Alternatively, we observe that if i(z,2) is
a wave function, then for an arbitrary power series g(z) of z~! with constant coefficients
9(2) =3 ~09i 27", go = 1, the product g(z)¢(z, ) is again a wave function.

A pseudo-differential operator ® of the form

@ = Y di@)o, biw) eCllal), dolx) =1 (274)

>0
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is called a dressing operator of L if
Pod od ! = L. (275)

For the given ¢,,(z) (m < r — 1), the dressing operator is not unique, its freedom being in
one-to-one correspondence with the coefficients of g(z) above. Indeed, there is a one-to-one
correspondence between wave functions ¢ and dressing operators by 1 = 3. ¢;(x) 27 €* <+
® =", ¢i(x) 07" Define the formal adjoint operator ®* of ® by

" = (-1)'07" o y(x).

1>0

Fix 1 a wave function of L, and take ® to be the corresponding dressing operator. Define ¥* by

Vo= Yt(x,2) = (@) (e77F). (276)
Clearly, ¥* € C[[z]][[z~Y]] ® e~*2, the product 1*e** has leading term 1, and
Ly = 27yt (277)

We call ¥* a dual wave function of L associated to ¢, and we call (¢, 9¥*) a pair of wave and
dual wave functions.

Lemma 14. Let (w,w*) and (J, QZ*) be two pairs of wave and dual wave functions of L. Then

1/1(% Z) w*(xv Z) = 1/1(% Z) w*@:v Z) :
Proof. Let g = g(z, 2) := ¥(z, 2) /1b(z, z), which must have the form
9 =Y g@"eC)[z7"], go(x)=1.
>0

It follows from that ¢g}(xz) =0, > 1.~Therefore7 fori>1, g; are all constants. Let ®, ® be
the dressing operators corresponding to v, 1, respectively. We have 1) = g(z) ® (em) = oG(exZ),
where G := >",.,9;0;". Therefore, ® = ®oG. It follows that (CTFI)* oG* = (®71)". So
(;15*1)*(9(2) e™®) = (®71)"(e7**). Namely, g(2)0*(x, z) = *(x, z). The lemma is proved. [

Let 1 and 9* be a pair of wave and dual wave functions of L. Define
c(z) = (e_“w(z, ac)) ‘1:0’ c*(z) = (e“ w*(z,:v)) ‘33:0’ H(z) := c(z)c*(2). (278)

It follow from Lemma [14| that the product H(z) € C[[z7!]] is uniquely determined by L, where
we recall that L is defined by (271)). We have the following lemma.

Lemma 15. Define zi(z) = res Lr for all k > 0. Then

H(z) = 1+ Y (-1)Fz_1(0) 27", (279)
E>1
Proof. Following Liu-Vakil-Xu [86], define ®_ = 3 .5, ¢— () 07" with ¢_ ;(x) € Cl[[z]] and
g_,o(x) = 1 as the particular dressing operator of L fixed by the additional conditions:

¢_i(0) =0, i>1.
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Denote by (¢, 1* ) the corresponding pair of wave and dual wave functions, and define c_, ¢* as
Y_, ¥ evaluated at x = 0, respectively. It is clear from the definition that ¢_(z) = 1. Therefore,
H(z) = c* (z). Now, on one hand, noticing that

@) = S tooiw) = uF X (M) dwat,

>0 k>0 i,4>0
i+l=k
we find
il 2) = (@) () = > (D" > (’“‘1> o (@) e
_ 3 — . f -t
k>0 i,0>0
- i+l=k
Hence

k .
¢(z) = S-S <’;:11> 6% 70(0) =7 (280)

k>0 i=0
On the other hand, from the definition of the dressing operator ®_ we know that
1\ % e 1
zp(x) = res (P_0d 0 ®Z!)" = res P_ 0D 0P,
Taking z = 0 in this formula we find that

(0) _ ( ak (I)—l)‘ _ < Zi <k) ¢(/€—€)( )8Z—i)
2k res 0®) | _, res ) 9= T

1>0 £=0

=0

(=0
The lemma is proved by comparing this expression with (280) and using c_(z) = 1. O

We note that, in the above proof, the function c¢_(z) is very simple, being just the constant
function 1, but the formula for ¢* (z) might be very complicated. The main point of the
wave-function-pair approach is the following: using Lemma [T4] it is sometimes possible to find a
particular choice of pair of wave functions such that ¢(z) and ¢*(z) both have relatively simple
expressions so that their product can be given in closed form, and this is the case in particular
both for this paper and for [52, 53], where bispectrality [52, 53, 58] is used for fixing the particular
choice. In other situations, the Sato tau-function, theta-functions, and etc. could also be used to
construct a pair of wave functions; instead of giving the details we refer to [0l 111, [14] 20}, B34} [40]
for specific constructions.

APPENDIX B. FROBENIUS MANIFOLDS

In this appendix, we give a brief review of the theory of Frobenius manifolds [43], 46] 47, 57, 93],
109]. Recall that a Frobenius algebra is a triple (V, 1, (, )), where V is a commutative associative
algebra over C with unity 1, and (, ) : V x V — C is a symmetric non-degenerate bilinear form
satisfying (z -y, 2) = (z,y-2),Va,y,z € V.

Definition 2 ([41, 43]). A Frobenius structure of charge d on a complex manifold M! is a family
of Frobenius algebras (T »M,1,, (, >p), p € M depending holomorphically on p and satisfying:
FM1 The metric (, ) on M is flat. Let V denote the Levi-Civita connection of (, ). Then the
uint vector field 1 must satisfy V1 = 0.
FM2 Define a 3-tensor field ¢ by ¢(X,Y,Z) := (X -Y, Z), for X,Y, Z being holomorphic vector
fields on M. The 4-tensor field Ve must be symmetric.



48 DUBROVIN, YANG, AND ZAGIER

FM3 There exists a holomorphic vector field 2 on M, called the Euler vector field, satisfying

VVE = 0, (281)
[E,X -Y]-[E,X]Y - X-[E,Y] = XY, (282)
E(X,Y) — ([E,X],Y) — (X,[E,Y]) = 2—d)(X,Y). (283)

A complex manifold endowed with a Frobenius structure is called a Frobenius manifold, with ()
being called the invariant flat metric.

Let M be a Frobenius manifold of complex dimension [. Following [43], define a one-parameter
family of affine connections on M:

VxY == VxY +2X.Y, zeC. (284)

This family of affine connections V are all flat [43], and is called the deformed flat connection.

Moreover, it can be extended to a flat affine connection [43] on M x C*, still denoted by V,
whose definition along the z-direction is given as follows:

- X 1 . -
Vo.X = 5- + E-X — —uX, Vp0. =0, Vx0; =0, (285)

for X being an arbitrary holomorphic vector field on M x C* with zero component along the z

direction. Here, p := % — VE. We call V the extended deformed flat connection. A holomorphic

function f(v;z) on some open subset of M x C* is called 6—ﬂat if

Vdf = 0. (286)
To understand the flat coordinates for the extended deformed flat connection %, let us
take v = (vl, e ,vl) a system of flat coordinates with respect to (,). Denote 0, = 8%7

Nap = (Oas08), N = (Nap), and (naﬂ) :=n~'. By FM1 we choose v! satisfying 9; = 1. For

simplicity we will assume that VE is diagonalizable, so the flat coordinates are chosen such that
w = diag(u1, ..., m), and we have

E = Z ((1—%—ua)va8a+ra8a>. (287)
1<a<l
The axioms FM1-FM3 imply the local existence of a holomorphic function F', called the Frobenius
potential of M, satisfying
OF
goeoutan — Cotv = (0u:03,04), (288)

EF = (3—d)F + a quadratic function of v . (289)

Clearly, F' is uniquely determined by the Frobenius structure up to a quadratic function of v.
The flatness of V implies that there locally exist [ independent V-flat holomorphic functions

1~)1,...,’Ul

on M x C*, called the deformed flat coordinates for the Frobenius manifold. Let us give their
construction. For a V-flat holomorphic function f on M x C*, denote y* = n*?9f/dv® and
y=(y",...,y")T. By definition the column-vector-valued function y satisfies the following system
of linear differential equations:

dy

6? == any, (290)
dy M

2 - (u+ Z)y (201)
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Here, (C’a)g = cg7 and Ug := EPcf5. To fix a system of deformed flat coordinates we need to

choose a basis of the solution space to f. Observe that the ODE system ([291)) possesses
a Fuchsian singular point at z = 0 and an irregular singular point of Poincaré rank 1 at z = co.
The axioms of Frobenius manifolds imply the isomonodromicity of f. The monodromy
data around z = 0 is then given by two constant matrices u, R, satisfying

R* = —e™FRe T (292)
R:M = Ry + Riz + Rez® + ... (293)

for some matrices Ry, k > 0 satisfying
[, R,) = kR, k=>0. (294)

Let us fix a choice of R. It is shown in [43], 46] (cf. also [70]) that locally there exists a
fundamental solution matrix ) = Y (v;z) around z = 0 to (290)—(291]) of the form

V(v;z) = O(v; 2) 2H21 Z@ ) kR (295)

m>0
where O(v; z) is a matrix-valued analytic function on M x C satisfying
O(v;0) = I, (296)
n1Ow; —2)TnO(v;2) = 1. (297)
It can be easily checked that the matrix-valued function ©(v; z) satisfies
8593(11;2) = aa@ﬁ(v;z).

Then by the Poincaré lemma, there locally exist holomorphic functions 6., (v; z) of the form

) = > Oym(v) 2", (298)

m>0
such that
ap 00 (v; 2) o
n ’857 = O7(v;2). (299)
Hence the functions o1 (v; 2), ..., 0, (v; z) defined by
(01(v;2),...,0n(v32)) = (01(v;2),...,61(v;2)) 2H 2R (300)

give a system of deformed flat coordinates on M x C* (see [43], 46, 47, [57] for more details).
From the above construction we know that 0 ,,, m > 0 satisfy the following conditions:

9008 (0ymr1) = 505 (0vm), p>0, (301)
E (869a,m) = (p + o + #ﬁ) aﬁ (Ha,m) + Z (Rk) aﬁ (9%m k) p=> 0 y (302)
1<k<m
00,
Sop = Tl (303)
(Vﬁa(v, Z)a VG/@»(U, —Z)> = MNag - (304)

One can further normalize 6, ,,(v) by requiring
0o0 = va, (305)
N (baymt1) = Oam, m=>0. (306)
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Indeed, (305]) is obviously compatible with (301)—(304]), and we leave the verification of the
compatibility between (306 and (301)—(304) as an exercise to the reader. As in [50], we call a

choice of {fqa,m }m>0 satisfying (301)—(306]) a calibration on M.
According to Kontsevich-Manin [83], 03], the genus zero part of a CohFT

(V'nm, 1, {0 }2g—24n>0)

gives a pre-Frobenius structure on the convergence domain B under the assumption (see Section.
Here “pre” means the axiom FM3 is not required. (In some literature a pre-Frobenius structure
is called a Frobenius structure.) Let us recall Kontsevich-Manin’s construction of the Frobenius
structure from the CohFT. As in Section 2] take ey = 1, ea,...,¢€; a basis of V. Define a metric
(,) on B and a multiplication “-” on the tangent spaces of B by

(0as08) = Nag, (307)
OPF
O - 08,0y) = ————— 308
< « B> ’Y) avaavﬁavv ’ ( )
where F' is defined in (31)). From (307)), it is obvious that the metric (, ) is flat and in fact
(vl,...,v") is a system of flat coordinates for (, ). The invariance of (, ) with respect to the
multiplication “-” on each tangent space as well as the FM2 are also obviously true from the
construction. The axioms of the CohFT imply [83] that the multiplication “-” is associative and

01 is a unit vector field. So (B, (, ), -,01) is a pre-Frobenius manifold. Using we see further
that a homogeneous CohFT (V,n, 1, {ngn}2972+n>0) of charge d endows B with a Frobenius
structure of charge d with E given by being the Euler vector field.
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