VANISHING AND NON-VANISHING THETA VALUES

HENRI COHEN AND DON ZAGIER

ABSTRACT. For a primitive Dirichlet character x of conductor N set ©(x) = >, oz nx(n) e—mn?/N

(where e = 0 for x even, € = 1 for x odd), the value of the associated theta series at its point of symmetry
under the modular transformation 7 — —1/7. These numbers are related by ©(x) = W(x)O(x) to the
root number of the L-series of x and hence can be used to calculate the latter quickly if they do not
vanish. We describe experiments showing that ©(x) # 0 for all x with N < 30000 (roughly 166 million
primitive characters) except for precisely two characters (up to x — %), of conductors 300 and 600. The
proof that ©(x) vanishes in these two cases uses properties of Ramanujan’s modular function of level 5.
We also characterize all x for which W (x) is a root of unity and describe some experimental results
concerning the algebraic numbers ©(x)/n(i)'72¢ when N is prime.

For Paulo Ribenboim, whose enthusiasm and good
humor have lit up the world of number theory.

§1. INTRODUCTION

Let x be an even primitive Dirichlet character of conductor N. To x one associates the classical
Gauss sum and its normalized version, the root number, defined by

G
G(x) = > x(mem/N), W) = "= . (1)
n (mod N) N

(Here and in the sequel we use the notations e(x) = ¢*™@ for x € C, and also (y = e(1/N) for the
standard Nth root of unity of order N € N.) The numerical value of W(x) is of interest in many
contexts, notably in the computation of values of the Dirichlet L-series L(s, x) by the approximate
functional equation, and it is therefore reasonable to ask whether there is a quicker approach than
the obvious O(NV). One idea is to use the functional equation

0(x, —1/7) = W(x) (1/0)"/? 6(x, 1) (1 € $ = upper half-plane) (2)

of the theta series

0(x.7) = > x(n)q"/*N (q:=e(r))

nez

associated to y at its point of symmetry 7 = i. This lets us compute W(x) as ©(x)/O(X), where

o) = Y x(n)e ™ /N, (3)

nez

This is much faster for large N (now only O(N2+€) steps) because of the very rapid convergence of
the series, but it breaks down if ©() vanishes.! This suggests the following question, apparently
first raised by Louboutin [2]:

1One could, however, use L’Hépital’s rule in this case to calculate W (x) quickly, or else choose T # 4 in (2).
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Question: Is O(x) always different from zero?

We observe that the same question can be posed also for odd primitive characters, now with
O(x) defined as ), nx(n) e=™"/N the value at T = i of the weight 3/2 cusp form 0(x,7) =
> ,nx(n) ¢"" /2N associated to .

A computer search, initially for even characters of conductor < 2000, showed that ©(y) was
indeed nearly always non-zero, but, amazingly, found precisely two characters (up to complex con-
jugation), one of conductor 300 and one of conductor 600, for which ©(y) vanished. More precisely,
in a first calculation to 38 decimal digits, only two values of ©(x) were less than about 107° in
absolute value; these two were numerically equal to zero to 38 digits and remained numerically equal
to zero when they were recalculated to 10000 decimal digits. A subsequent much larger calculation,
which we will report on briefly in §4, produced no further examples.

This raises two new questions:

(i) to prove rigorously that ©(x) = 0 for the two exceptional characters;
(ii) to understand why there are so few examples.

We can say nothing about the latter question, but will give a proof of the vanishing statement and
a discussion of some related issues.

Before stating the theorem, we define the two exceptional characters. The group (Z/300Z)* has
the structure Cy x Cy x Coy (C,, = cyclic group of order n), with generators 101, 151, and 277,
while the group (Z/600Z)* has the structure Cy x Cy x Coo with generators 301, 151, and 577. We
define two even characters x1 and Y2, of order 10 and with conductors 300 and 600, respectively, by

x1(101) = x1(151) = =1, x1(277) = e(2/5), X2(301) = x2(151) = —1, x2(577) = e(1/5).

Theorem 1. The number ©(x) vanishes for the two characters x1, x2 and their complex conjugates,
and for no other primitive characters of conductor < 30000.

(The search limit corresponds to roughly 83 million even and 83 million odd primitive characters.)

Based on this theorem, one can reasonably conjecture that the only examples of the vanishing of
central theta values are the four even characters given. A partial result was proved by Louboutin [2],
who showed that for p prime, at least ¢p/log(p) of the characters x of conductor p have O(x) # 0.

Apart from the proof of Theorem 1, the paper contains an identity involving Ramanujan’s famous
modular function of level 5, a very short proof of Watson’s quintuple product identity, a complete
characterization of y for which the root number W(x) is a root of unity, and some remarks and
numerical computations concerning the algebraic numbers A(x) = ©(x)/n(7) .

§2. PROOF OF VANISHING
We begin by observing that the characters x; and y2 can be written more simply as

12
n

24
n

am = (Z)em),  xem) = (5)m?, 4

where ¢ is the character of order 5 and conductor 25 defined by €(2) = e(2/5). Equivalently, ¢ is
the even character of conductor 25 defined by

n=1 (mod5) = e(n)=¢""V",  n=2 (mod5) = e(n) =" /", (5)

The proof that ©(x1) and ©(x2) vanish is based on the following pair of identities, whose proof
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will be given in §3. Denote by f(7) Ramanujan’s modular function of level 5, defined by

1/5

f(r) = ¢/° H (n/5) _ q ’
14—
7

where g = e(7) as usual. Then we have:

Proposition 1. For all 7 € $ and a € Z, we have

> (B)grrgt = Graen i(r )

=1 (mod 5) " 5
12\ a(n-7)/5 n?/120 —a a (6)
Z (;) Cs q = — o5 n(57) f(T + g) .
n=2 (mod 5)

Applying these two identities with @ = 1 and a = —2, respectively, and adding, we find the
formula

%G(Xlﬂ') = Z (B> (n=1)/5 n*/600 Z (E) (52115 gn? /600

n n
n=1 (mod 5) n=2 (mod 5)

— G [1(T22) - (2]

for the theta series of x1, while for yo we use (—4) = (—1)(”2*1)/8(%) to get

n

(16 _ (12) 2n-1)/5 (2 T+ T5 (12) (n—7)/5 ( 2T+ 75)
5 O(x2,7) = E : n G5 e(n 1200 ) + Z n/ > e\ 1200
n=1 (5) n=2 (5)

= €225 77(7-+75) [€25 f(T_;083>_1 -

11 TH3 [ (T+3)*1 B (7—3)}
(In the last line we used that n(7 + 1) = (24n(7) and f(7 + 1) = (5f(7).) The vanishing of ©(x1)
and ©(x2) is therefore a consequence of the following evaluations:

i+2 i-2 i+3 i-3
5 5 10 10

) =1 =

Proposition 2. The values of f(1) for T € { } are given by

1£2

(%

Proof. Using the well-known (and easily proved) modular identity

=5 _ f(r)5 — n(r) °
fo = s = (H) e,

together with the transformation formula n(—1/7) = (7/4)"/? n() we find

|+ 2 |+ 2
ZT)E) = =i, from which the formula for f (ZT) follows by taking fifth roots (the

and hence f (

i+ 3
choice of root being determined by a numerical calculation). The calculation for f ( ! 10 ) is exactly

similar and is left to the reader. O
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§3. PROOF OF PROPOSITION 1

This proposition is essentially a specialization of Watson’s quintuple product identity, of which
we include a short proof for the sake of completeness. Watson’s identity can be found in the
literature in a number of equivalent forms, a typical one being

oo

2 _ —
D = 1) BRI = (g,2,027 Y oo (027,427 0% oo (7)

k=—o0

in which the symbol (z1,...,2%;¢)oc denotes the product (1;q)ec - (Tk;q)oo With (2;¢)s =
[1,2,(1 — g™z). Before giving the proof, we make a general comment. The literature on g-series
abounds with identities of the general form of (7), often far more complicated, in which each term is
made up of theta series and infinite products of the form (¢®*2°1, ..., ¢% 2%*; q)s, each multiplied
by a monomial in ¢ and z. Any such identity can be put into a canonical, and almost always much
simpler, form by applying the following two general rules:

(i) “Complete the squares” to write any theta-series >, c(n) ¢?(™ 21" where ¢(n) is a periodic
function of n and Q(n) and L(n) are quadratic and linear in n, respectively, as the product
of a monomial in ¢ and z with a “pure” theta series in which @ and L are of the form an?
and bn, with no lower order terms. For instance, the left-hand side of Euler’s identity

Z(il)k q(3k2+k)/2 _ ﬁ(l _ qn) (8)
kEZ n=1

should by this rule be multiplied by ¢'/?* to rewrite it as Zn(%) q”g/ 24 in which case the
right-hand side becomes the Dedekind eta-function.

(ii) Replace each infinite product by a theta series (possibly multiplied or divided by a product
of Dedekind eta functions) by using the Jacobi triple product identity

—4 2 _
Z(7>q" B2 = g3 (q,q2,27 ) (9)
nez
This will always be possible.
When this is done, all monomials in ¢ and z will automatically disappear, since the eta-function
and the “pure” theta series are always modular or Jacobi forms (in the variables 7 and u, where
g =e(7) and z = e(u)) and an identity among such forms cannot involve powers of ¢ or z.
Applying these rules to equation (7), we write the two factors on the right-hand side as —q1/81/2

times Za(%) q“z/8 2%/2 and ¢'/1? times n(27)"* Zb(—l)bqb2 220 respectively, while the left-hand
side becomes —q~1/2421/2 times Zm(_Tw)q"Q/Mz”/Q. (Set —6k — 5 = n in the first term and
6k + 1 = n in the second.) The monomials in ¢ and z cancel as promised, and the identity takes on
the following form, which is not only considerably less artificial-looking than (7), but also allows an
essentially one-line proof, as we will see in a moment.

Proposition 3 (“Quintuple product identity”). For 7 € §, ¢ =e(7) and z € C we have

(Z (_712> g/ zn/2) n(2r) = (Z (%4) o/ z“/2> (Z (—1)bqb2z2b> | (10)

neL a€Z beZ

Proof. From Euler’s identity in the form given above we immediately find?

(52) 0 = > (CHa ez (1)

n m

m=n (mod 6)

2This trick is taken from [5].



(it suffices to check this for n = 1 or 2, since both sides are odd and of period 6 in n) and hence

_4 2 2
LHS of (10) = 5. (E> g@mn)/24 /2 — RHS of (10),
m,neZ

m=n (mod 6)

where the second equality is obtained by substituting m = a — 2b, n = a + 4b. O

Replacing z by —z in the quintuple product identity, we obtain the equivalent identity

n,—2

12N 29 n/2 _ 1/24 ,~1/2 (1—¢")(1—q¢"'2%)(1—-¢"27?)
R | L T

Making the substitution (g, z) — (¢”,¢%z) in this formula and rewriting slightly, we find:

Proposition 4. Let p be an integer prime to 6. Then for every a € Z/pZ ~ {0} we have
3 (E) g/ /2 (12> 82/24p B/2p
n B

n=6a (mod p)

x H (1 _ qn) H (1 _ qnzzl:l)*l H (1 L 12)
n>0 n>0 n>0
n=0 (mod p) n=4a (mod p) n=+42a (mod p)

where [ is the number prime to 6 of smallest absolute value in the residue class of 6a (mod p).

Proposition 1 now follows by specializing to p = 5 and z a 5th root of unity.

§4. PROOF OF NON-VANISHING

Of course the proof of non-vanishing simply consists in a systematic computer search. Let us
briefly explain the details of this search, which was programmed in GP/Pari by the first author.
The point to remember is that, because the series in (3) converges so quickly, we will use far fewer
than N values of x(n), and therefore have to think about how to compute individual values quickly,
rather than storing a complete table and using the periodicity.

For each conductor N, we compute the structure of (Z/NZ)* using the Chinese remainder
theorem and a naive search for primitive roots, together with technical data allowing reasonably
efficient computation of discrete logarithms in that group. If

(Z/NZ)* @ Ca, Gi

with d;_1 | d; for i > 1 we represent any character y by a k-component vector of integers (c1, ..., cx),
such that x(g;) = C;;. The computation of y(n) for any n is then done using a naive discrete
logarithm method, and the check that x is primitive and/or even is standard. We then compute the
series O(x) to 38 decimal digits (calculating e~ /2N by the obvious recursion) and look if the result
is close to 0. For all conductors that we checked (up to N = 30000) we have |O(x)| > 10716, so we
have no problem recognizing non-vanishing; if we ever did, we would simply redo the computation
for the particular character giving a small value, to a much larger accuracy. We did the calculations
for both even and odd characters (with ©(x) defined in the odd case as explained in the remark
after Theorem 1), for a total of more than 1.66 - 10% primitive characters.

The heavily optimized search program took less than a day to run on a fast PC. As stated
in the theorem, the search did not reveal any other examples of vanishing theta values, and their
distribution seems to be as could be expected: for instance, the smallest nonzero value for even
characters is 7.3524 - 10716 for conductor N = 20263, and for odd characters is 2.9321 - 10~ for
conductor N = 2803.



§5. WHEN IS THE ROOT NUMBER A ROOT OF UNITY?

In the above calculation, one does not directly get the values of W(x1) or W(x2) from the
formula W (x) = ©(x)/©(X) because both ©(x) and O(¥) are zero in these cases, but of course one
can calculate these values directly from the definition (1), and it turns out that in both cases the
values are roots of unity:

W) = e(14/25),  W(xs) = e(18/25).

This suggests the general question:

When is the root number W (x) associated to a primitive character x of conductor N equal to a root
of unity?

Surprisingly, we could not find an explicit answer to this question anywhere, although it can
be deduced relatively easily from results in the literature. We therefore include the answer here,
without any guarantee that it is new.

Theorem 2. Let x be a primitive character. The root number W(x) is a root of unity if and
only if x s the product of two primitive characters with coprime conductors N1 and No, where the
character of conductor Ny is real and where Ny is squarefull (that is, p | No implies p* | Na).

Of course N; =1 or N5 = 1 are possible.

Proof. We only give a brief sketch: By looking at valuations at all prime ideals and using the
Chinese remainder theorem and the fact that |[W(x)| = 1, it is immediate to reduce to the case
where the conductor of x is a prime power, say p¥. Now a theorem of Odoni [4] which deserves to be
better known says that when p is odd and v > 2 then W () is a root of unity, given explicitly. It is
easy to modify Odoni’s proof to prove the same statement (with a slightly different formula for the
root of unity) also for p = 2. This reduces the proof to the case v = 1. In this case, Stickelberger’s
theorem on the prime decomposition of Gauss sums immediately implies that the only characters
x for which W(x) is a root of unity are real characters, proving the result. ([l

Note that the same question but now for Gauss sums attached to finite fields has been answered
by Evans [1], and independently by Lemke Oliver [3].

Corollary. Let N > 1 be given, N # 2 (mod 4). All primitive characters of conductor N have
root numbers which are roots of unity if and only if N is squarefull or 3 times a squarefull number.

Notice that the condition on IV is necessary, since there are no primitive characters of conductor
congruent to 2 modulo 4.

§6. REMARKS ON THE ALGEBRAIC PART OF O(Y)

We remark that in principle the numerical calculations of O(x1) and ©(x2) to 10,000 decimal dig-
its mentioned in the introduction almost certainly already suffice to prove the vanishing rigorously.
By the theory of complex multiplication, one knows that the modular function (x,7)/n(r)!*2¢
(with € equal 0 or 1 according to the parity of x) takes on algebraic values at all quadratic argu-
ments, so that the number

Alx) = m, Q = n(i) = 0.768225422326 - - -

is algebraic. (The number 2 is equal to 2 7=3/4T(1/4) by the Chowla-Selberg formula, but this
plays no role for us.) Furthermore, CM theory actually gives an algorithm (the Shimura reciprocity
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law) to compute this algebraic number. One could therefore in principle estimate the degree,
denominator, and height of A(x) (roughly speaking, the maximal size of the coefficients of its
minimal polynomial over Q) in terms of the size of the conductor, and presumably these estimates
in the case of characters of conductor as small as 300 or 600 would be more than sufficient to
deduce rigorously the vanishing of ©(x;) and ©(yz) from their vanishing to 10,000 decimals. We
have not carried this out, but did calculate A(x) for several characters of small prime conductor p.
In this final section we report on our findings. Presumably the results we observe can be proved
and generalized to nonprime conductors, and the vanishing of O(x) for our two special characters
should then follow easily.

First, we noticed that 2 and p are the only primes below the denominator of A(y), with the
prime 2 occurring only for odd characters. This should be easy to prove. For example, for p = 7 and
the two conjugate characters of order 3, the numbers 73 A(x)'? are roots of an 8th degree polynomial

728 — 7-109044 27 + 7% - 492680350 2° — 7 - 89850666672 2:° + 12494969491885 x*
— 7%2.3%.2149780880 2% — 7°-3'3.1268222 + 7°.38 . 6762 + 77 - 3%

with integral coefficients. In many cases that we checked, we found that the equations become
much simpler, and the integrality statement better, if one multiplies A(x) by its complex conjugate.
Specifically, in the cases checked (all x with conductor less than 50), the number

(x) = { pA(x)* if x is trivial,
YT o B IAGPE i x s nontrivial,

is an algebraic integer. (Observe that although up to now we have restricted to primitive characters,
we now include also the trivial character.) For instance, in the case just given the number B(x) =
V7 |A(x)|? is a root of the much simpler polynomial % 44225 +1192* — 12622 — 567 and is integral,
even though, as we just saw, its two factors 7'/4A(x) and 7'/*A(x) are not individually integers.

Instead of considering the product of A(x) just for a given character and its complex conjugate,
however, it is much more natural to consider the product of the numbers A(y) for all characters y
of a given order, since these characters form a Galois orbit and one can reasonably expect that this
product, whose vanishing is of course equivalent to that of one of the O(x), will belong to a much
smaller field. This is indeed what we find. More precisely, for all primes p and all divisors m of
p — 1 we define a (conjecturally integral) algebraic number N,(m) by

p A(x0)? itm=1,
. 2 P
Ny(m) =[] Bl = 2VPA(()) itm =2,
x of order m H 25/2])1/4 A(X) if m >3.
up to x ~Xx x of order m

Then in all cases tested we found that either N, (m) or its square belonged to the field L = Q(;j(ip)),
the real part of the ring class field of discriminant —4p?. (Here j denotes the classical elliptic modular
function of level 1.) In many cases, it even turned out that N,(m) was the square of a number in L.

The data we obtained is summarized in the four tables below, which we include for the benefit
of readers who are either simply curious or who want to look for or prove patterns in these numbers.
For p < 13, we give an explicit description of the above ring class field L and give for all divisors
m of p — 1 the value of the smallest power Np(m)d belonging to L. For larger primes the algebraic
numbers become too unwieldy to write down and we give only the norms. All norms are given in
factored form. (In these factorizations, C' denotes a large composite number and P a large prime,
“large” here meaning greater than 200.) We fix the notations § = \/p, ' = Q(d) and L = Q(j(ip)).
For p =3 and p = 7 we also use ¢ to denote a fundamental unit of F.
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Here is the table giving the field Q(j(ip)) (as well as the value of j(ip) itself for p < 7,

to emphasize how large its coefficients are) for p < 15:

simply

p L = Q(j(ip)) j(ip)

3 F (e=2+9) 192 (399849 + 230888 §) = 26£253(20 + 76)3
5 F 63 (2927 + 1323 6)3

7 | F(t), t=+v0e (¢=8-130) | 6%(96959 + 366486 + (238284 + 90063 §) )
11 | F-Qu), v —u?>+4u+2=0 (31-digit coefficients)

13| F-QU), v®?—v2—4v+12=0 (36-digit coefficients)

The corresponding values of N,(m)? (= smallest power of N,(m) belonging to L) are given by

p m d N, (m)4 Norm
3 1 2 —3+20 -3
2 1 5 -3
5 1 1 149 —22
2 1 3-9 22
4 2 200 —53.24
701 2 —63 + 360 + (58 + 80) ¢ -7-38
2 1 —36 + (36 + 146) t —7-1132
3 2 (—21 — 66 + (50 + 196) t)/2 —7.3%
6 1 (36 + (154 46)t)/2 —7-192
11 1 2 | (251949265 — (1936 + 1445) u + (440 + 2606) u?)/11 —11-5'2
2 1 (=176 + 593 + (66 — 460) u — (66 — 145) u?)/11 —11-3%. p?
5 1 (=517 4+ 1675 + (198 — 1336) u — (55 — 405) u?) /22 —11-5% . P2
10 1/2 (583 4 435 + (33 — 388) u — (22 — 136) u?)/22 11-3*.P
13 1 1 (325 — 675 — (65 + &) v — (39 — 218) v?) /13 —26. 36
2 1 (—143 — 476 — 46v + (26 + 65) v?) /13 2036
3 1 (52 — 46 — (26 — 116) v + 30v?%) /26 22.37
4 2 —2142 — 4585 — (252 + 1486) v + (378 + 1308) v2 —133.212. p4
6 1 (104 + 85 — (39 — 46) v + (13 — 60) v2) /26 22.32.232
12 1 —2145 + 3760 + (78 — §) v + (195 — 116) v? —133.2%. p?




For 15 < p < 50 the numbers N,(m)? become more complicated and we give only the norms.

p m d Np o (Np(m)?)
17 1 1 224

2 1 214‘312

4 1 210 . 74

8 1 220 . 3474

16 1 176.220.C?
19 1 2 —19 - 340

2 1 —19 . C?

3 2 —19-28.310. 478

6 1 —19-22.167%- P?

9 2 —193.310.714. p4

18 1 -193.C?
23 1 2 —23.11%4

2 1 —23.3%.C?

11 2 —235.1112. p?

22 1 —235%.432.C?
29 1 1 —oM4 . 714

2 1 ol4.34. p2

4 2 —293 .44 .78 pt

7 1 | 26.72.127%.139%. P?

14 1 20.C?

28 1 —299 . 212.74. 2
31 1 2 —31-33%2.5%2

2 1 —31-32.C?

3 2 —31-316. p?

5 1 |—31-3%.58%.74.118. p?

6 1 —31-32.C?

10 1/2 31-32.7-11-C

15 1/2 31-28.32.p

30 1/2

312.2%.32.112. P

p m d NL/Q(Np(m)d)
37 1 1 —218 . 336

2 1 218.34. (2

3 1 210.39. 2

4 2 —373 .24 .4

6 1 210.34. 02

9 1 26.39. 02

12 1 —373.220. 2

18 1 26.38.19%.C?

36 1 | —379.212.19%.712.C?
41 1 1 240 . 520

2 1 240.103% . p?

4 1 226.34.114.312. P?

5 1 216.312_510_74_11:)2

8 1 | —413.2%8.316.19%. p2

10 1/2 —20.36.C

20 1/2 28. p

40 1/2 —416.212. C
43 1 2 —43 .34 .74

2 1 —43 .38 . C?

32 —43.216.322. ¢4

6 1 —43.28.35.74.C?

702 —43% .7%2 . pt

14 1 —433 . C?

21 1 —433 .212.C?

42 1/2 43%.26.7.C
47 1 2 —47 - 2348

2 1 —47.3%.67%.C?

23 2 | —47'1.23%4.139%.C4

46 1 —471 1392 . C?




The dependence of the exponent d and of the valuation v, of the norm of N,(m)¢ on the divisor m
of p—1 becomes more transparent (although still far from completely clear!) if we order the divisors
of m lexicographically with respect to (...,c,b,a), where m = 2% -3%.5¢..... The following table
presents the corresponding data (now up to p = 53) reorganized in this way.

D m d Up
1 2 2 1 1 1
5 1 2 4 1 1 2 0 0 3
7 1 2 2 1 1 1
3 6 2 1 1 1
11 1 2 2 1 1 1
5 10 1 1/2 1 1
13 1 2 4 1 1 2 0 0 3
3 6 12 1 1 1 0 0 3
17 1 2 4 8 16 1 1 1 1 1 0O 0 0 0 6
1 2 2 1 1 1
19 3 6 2 1 1 1
9 18 2 1 3 3
23 1 2 2 1 1 1
11 22 2 1 5 5
29 1 2 4 1 1 2 0 0 3
7 14 28 1 1 1 0 0 9
31 1 2 5 10 2 1 1 1/2 1 1 1 1
3 6 15 30 2 1 1/2 1/2 1 1 1 2
1 2 4 1 1 2 0 0 3
37 3 6 12 1 1 1 0 0 3
9 18 36 1 1 1 0 0 9
41 1 2 4 8 1 1 1 1 0 0 0 3
5 10 20 40 1 1/2 1/2 1/2 0 0 0 6
43 1 2 7 14 2 1 2 1 1 1 3 3
3 6 21 42 2 1 1 1/2 1 1 3 3
A7 1 2 2 1 1 1
23 46 2 1 11 11
53 1 2 4 1 1 2 0 0 3
13 26 52 1 1/2 1/2 0 0 9
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Here are a few observations concerning the numerical data.

1. The field L contains F' = Q(,/p) and hence always has even degree. When p is 1 modulo 4, the
degree is n = (p—1)/2 and the discriminant of L is equal to (—1)P=5)/42(p=5)/2;(r=3)/2 When p is
3 modulo 4, the degree is n = (p+1)/2 and the discriminant is equal to (—1)®=3)/42(P+1)/2,(pP=1)/2
In both cases the Galois closure has degree 2n = p — (—1)(p_1)/ 2 and Galois group D,,, the dihedral
group of order 2n.

2. For the trivial character, we observe that we always have d = 1 if p =1 (mod 4) and d = 2 if
p = 3 (mod 4), with the corresponding norms (here no product is needed, since there is only one
trivial character) given by

Npjo(B(xo) = (1) 7 (= if p=1 (mod 4),

Npo(B(x0)?) = —p<

This should be easy to prove.

if p=3 (mod 4).

3. For the Legendre character (the case m = 2), we always find d = 1 and the same value of v, as
for the trivial character (i.e., 0 or 1 depending on p modulo 4), and the value of N,(m) divided by
this power of p is always a perfect square.

4. More generally, we see in the tables that, up to powers of p and of the prime divisors of m, the
norm of N,(m)? is always a (2d)-th power. A separate computation shows that actually a stronger
statement is true, namely, that the ideal generated by N,(m)?, again up to (ideal) prime factors if
pm, is always the (2d)-th power of an integral ideal of L. However, by using the structure of the
class group we ruled out the stronger possible statement that N,(m) itself has a factorization as
2%y where z and y¢ both belong to L and the latter involves only prime factors of p and m in its
factorization.

5. In the final table, where we have given the value of d and v, in the form of matrices (or of
“three-dimensional matrices” in the cases p = 31 and p = 43 where p — 1 has 3 prime factors), we
see that the various rows of these matrices are often nearly proportional, i.e., that the various prime
factors of p — 1 have somewhat independent effects. In the case of the v, matrix, the correlation of
the various rows is even stronger and with the single exception of the value for p = 31 and m = 30
these matrices always have rank 1.

6. We defined the numbers B(x) by including the smallest powers of 2 and p which universally
suffice to ensure their integrality, and then IN,(m) as the product of the B(x). But in this product
one can sometimes change the powers of 21/2 or p!/4 or both in such a way as to lower the value
of the minimal power d that belongs to L. For instance, we have Nig(3)? € L and N19(3) ¢ L, but
21/219Y/4N14(3) € L, and similarly Ny3(14) € L, Ny3(14)'/2 ¢ L but 21/2N,3(14)'/? € L. However,
there did not seem to be any clear pattern in these modified minimal exponents, so we do not
include a table of their values.

7. The final observation concerns the numbers A(x) themselves, rather than just the products B(x)
and N,(m) that we have been discussing so far. In the example for p = 7, m = 3 given at the
beginning of this section, we saw that A(y) was an algebraic number of degree 96, but that its 12th
power had degree only 8. This phenomenon of the degree dropping drastically when one takes a
power also occurs for other primes, and in fact much more is true. In the example just mentioned,
for instance, A(x)'? not only has degree 8, but belongs to the composite of the two fields L = Q(t)
and Q((3), and is in fact a product of highly factored numbers belonging to these fields, namely

73 A(x)12 = g 'W;I -Wg 'P72 e L(G),
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where €7 is a unit of L (actually, an element of O} (0)%) and
T3=2+06€0p, T =t=VéeecO,, Pr=2+(ecZ]

are primes with the indicated norms in their respective fields, the value of { = C;El being fixed
by x(3) = ¢. (Here we have included the factor 73 on the left to show how it happens that the
absolute value of 73A(x)!? is an integer, even though the number itself is not.) The situation for
the two characters of conductor 7 and order 6 is very similar: here

2072 A(X)® = et oMy mly - PE€ L(G),

with primes mo = 3+0 € Op, m9 = 12+ (t —99)/2 € O, and the same prime Pr = 3+ ( € Z[(s] as
before (but with ¢ now fixed by x(2) = {). For the previous prime p = 5 and m = 4 (we can now
restrict to m > 2, since for m < 2 the numbers A(y) are essentially the same as N,(m) and have
already been discussed), the situation is even simpler: one has A(x)* = Ps = 1+2i € Q(¢4). For the
next larger prime p = 11 and characters of order 5 or 10, the situation becomes more complicated.
In these cases some power of A(x) again belongs to the composite of L and the cyclotomic field
Q(¢m), but they are no longer products of numbers belonging to these two fields. They are, however,
products of a number in L; = L(v/5) and a number in Q({s), with the latter involving only prime
factors of p, namely:

5

8 20 _ 5 5 20 2
11% - A(x)™ = ey 7y - Tias * Tizg -

for the characters of order 5, where €9 is a unit of Q(v/55), m11 € Op, mas € Op and my39 € Op,
are primes of the indicated norms in these fields and « is an element of € Z[(s] with a - a = 11°
(more precisely, a = Pf) ; P111 P}, 5, where the Py ; are primes of norm 11 in Z[(5]), and

2°/2.112 - A(x)® = e3-my - 113, - (Mg 1T oTT63431)° - 52

for the characters of order 10, where €3 € OZI, w11 € Oy is as before, 1117 is one of the two primes
above 711 in Ly, Iy ; and Ilgog431 are primes of these norms in Ly, and (5 is an element of Z[(5] with
BB = 11 (more precisely, 3 = P121’1P1172). Similar phenomena happen also for larger primes, e.g.
for p =13 and m = 6 we find 13%/2A(x)® = (1 + 3¢s)? with ¢ € Or, of norm (2-3-23)2, and for
p =13 and m = 4 we find 13A(x)* = d*(2i — 3) with d € O, of norm 727. We have not been able
to do enough computations to make a precise general conjecture, but in any case it seems clear that
one always has A(x)¥ € L((,,) for some k € N and that A(x*)* = o0,(A(x)¥) for all s € (Z/mZ)*,
where o, is the element of Gal(L((,,)/L) sending (., to (5,.
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