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ABSTRACT. Based on the Chen—Moller—Sauvaget formula, we apply the theory of in-
tegrable systems to derive three equations for the generating series of the Masur—Veech
volumes Vol Q, ,, associated with the principal strata of the moduli spaces of quadratic
differentials, and propose refinements of the conjectural formulas given in [12, [4] for the
large genus asymptotics of Vol Q, ,, and of the associated area Siegel-Veech constants.
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1. STATEMENTS OF THE RESULTS

Let M,,, denote the moduli space of complex algebraic curves of genus g with n
distinct marked points, and Q,,, the moduli space of pairs (C,q), where C € M,,, is
a smooth algebraic curve and ¢ is a meromorphic quadratic differential on C with only
simple poles at the marked points. This moduli space of quadratic differentials Q,,
is endowed with the canonical symplectic structure. The induced volume element on
Qg.n is called the Masur—Veech (MV) volume element. Denote by Vol Q,,, the volume
of Qg ,; see e.g. [12] for its meaning. Recently, Chen-Moller-Sauvaget [§] proved that
the volumes Vol Qg ,, with 2g —2 +n > 0 can be expressed in terms of linear Hodge
integrals as follows:

Vol Q,,, = 92g+1 7r6976+2n(4g —4+n)! i/ /\j1pi+1 .. .wggizﬂ%ij 0
| 7=0 m9,39*3+2n7j

(6g — 7+ 2n)! (Bg—3+n—74) ~’

where Mg’k denotes the Deligne-Mumford compactification of M, 1, 1; denotes the first
Chern class of the 7, tautological line bundle on ﬂg,k, and A; denotes the jiy, Chern
class of the rank g Hodge bundle E,; on M%k. The goal of the present paper is to

study the numbers Vol @, ,, by using the Chen-Méller-Sauvaget (CMS) formula.
1
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For g,n > 0, we define
g 2
= J=0 (3g— 3+n —J)! fMg 3g—3+2n—j J¢"+1 ¢3g—3+2n—j ; 29—=2+n>0,
(g . (2)
0, otherwise.

Note that the a,, are rational numbers, and differ from Vol Q,,, only by some simple
factors. Define a generating series H(x,¢) for the numbers a,,, called the MV free
energy, by

Hre) = Y 2 a,. (3)

The first result of this paper is then given by the following theorem.

Theorem 1. The series H(x,€) satisfies the following two equations:

[0.(Hy — H)]® + P(Hy +H) = i—f (4)

(686 + a0, - 5—4@3) (e —H) + (0.0, — 1)) = 0, 5)

where Hy = H(z + %, e).
A statement equivalent to equation (4)) is given by the following corollary.

Corollary 1. For all g > 0 and n > 2, the numbers ag,, can be uniquely determined by
the following recursion relation

q| Z (_1)j1+]2a91 n1Qgo,no

Qgq+2 = 5 4j1+j2<2j1 + 1) (2]2 —+ 1) (nl — 2]1 — 2) (712 — 2]2 — 2)'

g1+92+31+i2=g
n1+ng=q+4+2(j1+io2)

ia
N Z 4]92; I 0q,10g,0 (6)

along with the boundary condition ag =0 (cf. ), where ¢ > 0.

Another corollary of Theorem [I] is the following non-linear differential equation for
the series H.

Corollary 2. The series H = H(x,€) satisfies the following equation:
1 2
D.0,(H) + a02) + Lo, - C[EG0) - Solon = 0. (M

The proof will be given in Section . We also show there that equation implies a
recursion given by Kazarian in [28] for the Hodge integrals

(59 —3 —4)(59 =5 —j)
(39 —3—7)! /Mg,gggj

A third corollary of Theorem (1| (which apart from the boundary conditions is in fact
equivalent to equation ([7])) is the following recursion for the numbers a, .

)\jwf"‘wggfgfja 0<j<g.
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Corollary 3. For all g > 0 and n > 1, the numbers a,,, are given recursively by

CRED VD VIR Ml = R Fr= el
gno 9 —92) 49— 4 12 49 — 4
01,9920 n;>2,(g5mpE(0,3)i=1,2 MU g +n 9 +n
g1+92=g ni+no=n+3

if2g—2+n>0, (g,n) € {(0,3), (0,4)}, aps =aps =1 and ap; = ap2 = a_1, = 0.

The recursion relations @ or both give rapid (polynomial-time) algorithms for
computing ag, for n > 2 or n > 1, respectively. The first few values a4, are given by
the following table.

n=20 n=1 n=2 n=3 n=4 n=>5 n==6
g=20 0 0 0 1 1 3 15
1 1 11 21 163 1595
g=1 0 12 8 24 3 3 8
—9 1 29 337 319 10109 42445 620641
9= 96 640 1152 128 384 128 128
—3 575 20555 77633 1038595 16011391 31040465 201498115
9= 21504 82944 27648 27648 27648 3072 1024
— 4 | 2106241 | 1103729 | 160909109 | 14674841399 | 99177888020 | 442442475179 | 10765584400823
9= 7062624 | 294912 2654208 13271040 1423680 884736 884736

TABLE 1. The numbers a4, with 0 < g <4 and 0 <n <6.

The following proposition describes the property of Vol Q,,,, which will enable us to
determine also a4 and a,4; from , and ag o from or .

Proposition 1 ([0, B, B]). The following properties of the MV volumes hold:

7.(_211—6
Vol Qom = W7 Vn > 3, (9)
w2 n!
1 = >1; 1
Vol Qi = 73 ((2n—1)!' on — 1)2 ) vn (10)
69— 6+2”(4g 4+n) < (A T (59 —5—
Vol Q,, = 2%ttt : 11
o1 Qy, (69 — 7+ 2n)! ]Z (39 — 3—9 2 . (11)

where g > 2, n >0, (b), :==b(b+1)---(b+n —1) denotes the increasing Pochhammer
symbol, and we used Witten’s notation: for a cohomology class v € H*(Mg,;C),

(YTiy -+ Tin)g == / YT a0, > 0.
M,n
The explicit expression for Vol Qy,,, n > 3 was conjectured by Kontsevich, and was
proved by Athreya-Eskin-Zorich in [6]. The formula was conjecturally given by
Andersen et. al. [5], and the formula is equivalent to the Conjecture 5.4 of [5] (to
see the equivalence, cf. [8]). A proof of Proposition (1| was given in [8]. In this paper we
give a different proof of this proposition based on the following lemma.
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Lemma 1. Let T = /1 — 2z. Define the power series Hy(x), g > 0 by

Mz e) = Y 9 Hy(x). (12)

920

Then we have

1 T> ™ 10

IR S A A 13
e R TR S TR (13)
11 1
71 5 1 71
_ 1 I 15
o) = o T s 1 osre0 T (15)

In general, we have the following expression for Hy(z):

g 39—3—j
o ), 1

'Hg(:zc) = . —, g>2. (16)
£~ (39 —3— j)I T3

We give in Section [2[a proof of Lemma by using the CMS formula (|1]) and the Dubrovin-
Zhang formalism [I8] [I5],[16] on Hodge integrals. Substituting the expansion into ([7)
we find

3 1 1
Hy + (20=5)H, = 7 D Ha My, — 5o = 0 (17)
91,9220
91+92=9

Here, prime, “’” denotes d/dx. It turns out that this formula together with Lemma
determines H,, g > 0, and therefore the qa ,, uniquely for all g,n > 0.

Recently, Aggarwal, Delecroix, Goujard, Zograf and Zorich [4] proposed a conjectural
formula for the large ¢ leading asymptotics of Vol Q,, (the conjectural formula was
given originally in [I2] for n = 0). The ADGZZ conjecture was very recently proved
in [3]. Our next result is a refinement of the ADGZZ conjecture to the following more
precise asymptotic statement.

Conjecture 1. For any fized n > 0, we have the asymptotic formula:

12g4+4n—10
212g+4n my(n)
4g+n—4 k0
349 s g

k=0

Vol Q,,, ~ g — 00, (18)
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where each my(n) is a polynomial in n with coefficients in Q[r?], with the first four

values (with M = —x? /144 for convenience) given by
mo(n) =1, my(n) = M,
()_M3 3M2+4M_27M2 +M+19M2

e = gt T 6 2

8M + 27M? 4 17M + 65M? 3 860M + 1890M? — 14256M3 9
mg(n) = ———n n° — n

288 48 576
104M — 373M? — 6156M3
+ n
48
_ 55M — 3615M? — 28650M3 + 126846 M *
180 '

The asymptotic formula with Y77 my(n)/g" replaced by 1 is the ADGZZ con-
jecture. We refer to [1], 2, 9, [10} 21], 33 [34] for the analogues of the ADGZZ conjecture
and Conjecture 1] (cf. also Conjecture [2| in Section 4| below) for the MV volumes and
for the related area Siegel-Veech constants associated with the moduli spaces of abelian
differentials, and the proofs of these analogues via different approaches. Conjecture
can also be stated in terms of the numbers a,,, defined in as

W (6g — 7+ 2n)!  2109+dn=11 i mg(n)
g,n (49 44 n)] 34g+n—4,69—5+2n — gk

Conjecture (1} like the related Conjecture 2| which will be stated in Section [4] below,
is completely empirical. Specifically, we computed the values of a4, numerically for
g < 100 and a number of small values of n, then interpolated by the numerical method
explained in [36], [25, Section 5] and elsewhere to get an asymptotic power series in 1/g
with coefficients known to high precision, and then used polynomial interpolation and
the LLL (Lenstra—Lenstra—Lovasz) method to recognize the coefficients as polynomials
in n with coefficients in Q[7?].

, g —00. (19)

Remark 1. It would be interesting to investigate the following generating series:

Cole) == Y € %ay,, n>0. (20)

920

In other words, H(z,€) =3 -, 22Cy(€). Equation (7)) then implies the following rela-
tions for C),(e€):

24 2n + 1 Chry12Ch
Cps = 0 + 1275=Coy — 6l 3 —Hos, =0, (21)
ni+na=n : :

Similarly, equation (j5)) implies relations for the analogue of C,,(¢) for H, —H_. Under-
standing of C,,(¢) or its analogue might be useful for proving the above Conjecture .

The paper is organized as follows. In Section 2] we review the Dubrovin-Zhang theory
and give a proof of Lemmall] In Section [3] we prove Theorem[I] In Section[d] we extend
a conjectural formula for the large genus asymptotics of the area Siegel-Veech constants.
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2. THE HODGE FREE ENERGY

In this section we first give a short review of the Dubrovin-Zhang approach to Hodge
integrals [15] (7, [18] [16], and then specialize our discussions to linear Hodge integrals and
prove Lemma . Recall that the genus g Hodge free energy #H,(t;s) is defined by

Liy -+ 1 i i
Hy(t;s) = § E , Ll : / Qi(s) Y1t -y, (22)
: k

E>0 i1,...,i5>0 Mgk
Qgi(s) := exp ( Z S2j-1 Ch2j—1(Eg,k)) : (23)
Jj=0
Here g > 0, t = (to,t1,...), s = (s1,83,-..), to,t1,t2,..., S1,83,... are indeterminates,
and chy, chs, chs, ... denote components of the Chern character of [E, ;. Define the total

Hodge free energy H by
H = H(t;s;e) = Z’Hg(t;s) €972,

920
Let v € C[[t]] be the unique power series solution to the following equation:
ti
Yoot = (24)
=
It is well known that this unique power series v = v(t) has the explicit expression
1 t t

U(t)zz_ Z 2 T (25)

| |

k>1 k promezo PU PR

p1+-+pp=k—1

Denote
U (t) = O (v(t)), m>0. (26)

Theorem A ([15]) The genus 0 and 1 Hodge free energies have the expressions

v(t)? v(t) 2 1 v(t)HIT!
tis) = —/— — iy T 5 titj ———— 7 > 27
Holtis) = —¢ ;tz’!(wrz) * 2;0 i+ ) + D)ilj! (27)
. . 1 S1
Hi(t;s) = o logvi(t) + 24v(t). (28)

For g > 2, there exist elements

. —1.
Hg(zl, .« .5 R3g—2551, 83, - - .,82971) € (C[Zl,. <03 23g—2,21 351,83, ,Sggfl]
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satisfing the conditions

OH,
mz_lmzmaTj = (29 —-2)H,, (29)
39—2
0H, 0H,
— 1) 2y =2 25 — 1) 89, 9 = (3g-3)H
S (m =Dt - D gt = (=9, ()
such that
Hg<t, S) = Hg (’Ul(t), e ,’U3g_2(t); 51,83, .-+, 829_1) . (31)

This theorem was proved in [I5]; see also [16] for a straightforward proof.
Define
o O*H(t;s;5€)
ot? ’
then according to [I5], u satisfies an integrable hierarchy of tau-symmetric Hamiltonian
evolutionary PDEs, called the Hodge hierarchy, which is a deformation of the KdV
hierarchy [35], 29] and has the form
— = P——, k>0. 33
Oty du(x)’ - (33)
Here P =0, + --- is a Hamiltonian operator, hi, k > 0 are Hamiltonians.
In [I7] Theorem A was applied under a particular specialization of t, s, which gives the
classical Hurwitz numbers according to the ELSV formula. In this paper, we consider a
different specialization. Firstly, we specialize s to s = s* as follows:

She_y = 2k —2)1s* k>1. (34)

u = u(t;s;e) := € (32)

Denote by Ay x(s) := >27_¢ A s’ the Chern polynomial of E, ;. Applying the relationship
between the Chern classes and the Chern character, and using Mumford’s relations [32]

chop(Egr) = 0, m>1,
we obtain Q, (s = s*) = Ay x(s). So we have
Holts) = Y 3 B [ el (35)
n>0 i1,y >0 g
Secondly, we specialize t to t = t* given by
ty =x, t1 =0, t; =1, t =0(>3). (36)
Substituting into (35) we arrive at

39—3+no—j

. . NS WL
Hg<t;s)zzn_olzsj<<30 2 >g. (37)
' =

19>0 3g—3+n0—j)!

From the definition of a4 ,, given in , it follows that the MV free energy is a specialized
linear Hodge free energy. More precisely, we have the following lemma.
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Lemma 2. For any g > 0, the following identities hold:

Hy(x) = Ho(t"5s")]s=1, (38)
where Hy(x) is the g™ part of the MV free energy . Equivalently, we have
6g76+2n<4g —4 + TL)

(6g — 7+ 2n)!

Let us now apply Theorem A to the computation of H,(t*;s*), which, due to (39),
gives rise to Vol Qg ,,. Substituting into we find that v = v(t*) satisfies the
following quadratic equation

|
Vol Q,, = 920+1 7 '8Z(Hg(t*;s*))‘

(39)

z=0,s=1"

2

x+%:v. (40)

By solving this and observing that the power series v starts with x, we obtain

v(t)=1—+v1-2x.

Denote
T :=+v1-—2z. (41)
Then by noticing 0, = —%811 we find
. (2m — 3)!!

Lemma 3. The power series H,(t*;s*) of x,t are given explicitly for g =0,1,2 by
1 T? T 75

Ts) = -2ty T (43)
1 1 S
7 1 5 s 7 s

P85 = 075 T sz 8 T 5760 19 (45)

In general, for g > 2, H,(t*;s*) has the following expression:
9 39—3—j ;
P o <)\j7-29 J)Q Sj
Holt'ss) = 2 g3y 922 (46)

Proof. By substituting into and , we arrive at the formulas for Hy(t*;s*)
and H;(t*;s*), respectively. The formula for H(t*;s*) can be obtained by using the
algorithm of [15] with v, (t*) given by (42). To show the validity of the formula for
H,(t*;s"), g > 2, we first observe that, according to , and the homogeneity
conditions (29), (30), the function Hy(t*;s*) can be written in the form

g .

*, % C 7‘SJ

Hg(t ;8 ) = Z T5§j5,j ) g 2 27 (47)
7=0

where C, ; € Q. Therefore,

g
Hy(t"58%) om0 = ZCWS]’ g>2.
=0
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On the other hand, it follows from that
9 (N e

T. Yo
Hylt 5 g = 302
= Bg=3-7))!

By comparing the coefficients of s7 in the two formulas given above we arrive at
<>‘j7—239_3_j>g

(39 =3 =)t
where g > 2. The lemma is proved. U

Cyi = 7=0,...,9, (48)

Proof of Lemma[1. By putting s = 1 in Lemma [3, we arrive at the result of Lemma [I}

O
Now let us give a proof of Proposition [I] based on Lemma [T}
Proof of Proposition[]. By using and the fact that % = —%% we have
1 1* 713
Ho(z) = s~ 3t Ho(x) = v(t¥), (49)
dx™ = ,Un*2<t ) = T2n—5 o = 3. (50)
Therefore, & HO(’” | o= (2n-"7)!l 5n>3 Due to the definition and the CMS formula
this gives @ Slmllarly, by using we obtain
= —= —= log — —— — 51
dx” o T 8 T e gy BU
from which we arrive at . Finally, by using we have for g > 2,
n 9 39—3—j n—1 . .
d H9<x> — Z <)\j7—29 ]?g Hizo (59 - 5_.7 + 2Z> , (52)
dx™ 0 (3g —3—7)! TP9—5-j+2n
which yields formula . Proposition [1]is proved. U

Remark 2. The explicit expressions of the numbers ()\97'229_3>g that appear in of
Proposition [l| are given by the following A;-conjecture proven in [22, [19]:
<)‘g7'22g73>g 221 -1 ‘B2 |
= 49 — N = > 2 53
where Bj denotes the ky,-Bernoulli number. The number (7239_3>g for ¢ > 2 has the
expression [26]:

< 239 3>9 — 247‘909 (54)
(Bg=3)! (59 —3)(bg—5)"
where ¢, are given by the recursion
12
cg:5o@—1f%1+§g;%%,“ 9>3 (55)

together with co = —1,¢; = 2, ¢, = 98.
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Proposition (1| and formula imply immediately the following corollary.

Corollary 4. For any fized g > 0, the following asymptotic formula is true:

’I’L27T2n

2n

Vol Q,, ~ Ky (n = 00), (56)

where

64 169~ %
% 7 Raer () (57)

and ¢, are defined by .

The reader may notice that certain universality found in [17] about asymptotics of
enumerations related to M, , reappears in , . The first few x, are given by
Ko = 32/75, Ky =72 /3, Ky = Tr® /1080, kg = 2457252 /7962624

3. RELATIONS FOR THE MV VOLUMES

The goal of this section is to prove Theorem [I] and Corollary [2]

Proof of Theorem [l Tt was shown by Buryak [7] that the Hodge hierarchy associated
with A(s) is normal Miura equivalent [I8 [I5] to the intermediate long wave (ILW)
hierarchy. To be precise, define @ = u(t; s; €) by

Sl ) S 9y (=1)959 0%u
it sie) = ) e g229(2g+1)' ot29” 58)
g=0 Bt

where v is defined in with the specialization s = s*; then @ satisfies [7] the ILW
hierarchy, which has the first two flows

~ - Ou |B2g| €2 10"
i =t ; e at2g+1 ’ (59
. 1_,0u |ng| 2 01 2911 (4?)
Uy, = 5 3_ —+ Z g 28150( 01&39) + atgg—H
| 3 a2g+1a
2 0 DS S (60)
g>2

Let us now do the specialization (36) with s = 1, and denote the series u(t*; s*; €)|s=1,
w(t*; s;€)|s=1 by u = u(z,¢€), & = u(x,€), respectively. Then u(z,e) = e20%(H(z,¢€)), and
from (j58]) it follows that @(x,€) and u(z,€) are related by

_ ad 2 (—=1)7  0%u
;06 220(2g + 1)1 0229 (61)

I~g1

Proposition 2. The series i = u(z, €) satisfies the following non-linear equation:

2 |ng\89u _ A
x+_+292g'8x29_u' (62)
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Proof. Recall that the Hodge partition function Z = Z(t;s;¢) := e"(*% gatisfies the
string equation (cf. e.g. [15], 16]) that is,

S1 0z
t; —Z —7 = —. 63
Z +18t T’ T oty (63)
Dividing both sides of . 63) by Z and differentiating with respect to = we obtain
- O*H(t;s;¢€) T O*H(t;s;¢€)
E tz+1

ot;0x + €2 0x? (o
We recall that
2 t .

8ti8x

where 2, are certain differential polynomials [7, I5] of w. Then by using the Miura
transformation we obtain

Ztiﬂﬁi,o(ﬂ(t;s;e),ﬁm(t;s; €),. ) + z = a(t;s;e). (66)

Here ﬁi,Oa i > 0 are differential polynomials of @. Buryak [7] showed that the Miura
transformation transforms the Hamiltonian structure P of the linear Hodge hier-
archy to J,, in particular, u(t;s;€) satisfies the Hamiltonian system

o Shy
— = 0, , 67
oty ou(x) (67)
where
> u’ — | Bay
hy = — 9 Aitia, |d .
1 /(6 + ;2(29)!1&@9) T
Therefore, according to [15] we know that
~ Shy @2 XN, | Bay| 0%
Qg = — = — = . 68
O sa(x) 2 Zl (29)! D229 (68)
Thus equation with the specialization s = 1 leads to (62). The proposition is
proved. 0
We are in a position of proving equation . Indeed, observe that
Byy| i €0
ng‘iagg =1- €0, — —2—, 69
; (29)! 2 eicds — 1 (69)
so it follows from that
u? 7 . €0y .

By using the fact that @ = —ied,(H, — H_) we arrive at equation ({4]).
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We will now prove equation . We first switch on the t,-dependence and denote it
by t in the specialization . More precisely, we consider

39 3+n— J>

(N7 " -
H _ t — 0T 2g—2_t3g—3+n—j’ 71
(z,t,¢€) Z Z (3g — 3 +n—7)! ¢ n! (71)

g,n>0 j=0

and denote Hy := 7‘[(1‘ + %,t, e). Then by using equation and an argument like
the one we used above to derive equation (4], we find that H satisfies the following
equation:

2

2 2
o5 oty - Ho)| o+ tSORH M) = (L= Dico, (M, —H) = o, (72

Then by using equations and we obtain the following equation for H:

1 3 31 2 )
—icd (Mo —H) = i+ i +&—%uux S = Gl
1—|—2t22 i€, e,
5y € Os(Ho) + 20, (H-) — Sady(Ho). (T3)

Here we recall that @ = —ied,(H+ — H-), and we also used Theorem A to get the
constant in x term —ie/4t. It is not difficult to deduce from Theorem A the following
homogeneity property for H:

ta’H N <x 1) OH N OH 1 1 x? (74)

— - =)= E— = —— — — — ——.

ot ox Oe 24 24t 2%t

From the above equations f we arrive at equation . The theorem is proved.
O

Let us proceed to prove Corollary [2|

Proof of Corollary[4 Differentiating equation ([5)) with respect to z we obtain
2

2
(eaxag 20+ Lai? - ;—46;;) (Mo ~Ho) + S0~ HOP [0 M) = 0.

so from equation it follows that

(eae + % + 20, — %aﬁ;) 00, (Hy —H_) — %[(ag(m))? - (ag(ﬂ_)ﬂ = 0.

Observing that [20,, et"0=/2] = FLe*id:/29, one can simplify this equation and find

1€0g _ iedg
e 2 —e 2

Since the operator (e% —e
equation (75 is equivalent to

(eaEvL%—i-x@w - ;_43;) 0 0, (M) — %[agm)f] —0. ()

“az) /0, is invertible on power series of x, we find that

0o
2

(e@e +ig 20, — 5—465;) 00, (M) — %[ajﬁ(%)]?] = 0. (76)
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It follows that

1 € 5 €y 2
((—:(37E + 3 + 20, — ﬂﬁx) 00, (M) — 1 [02(H)]" = C(e),
where C(e) = > 450 €2972C, with C, being constants. It remains to show that C, all
vanish. Indeed, for g = 0 and g = 1, this can be verified directly with the exphclt
expressions of Hy and H; given in Lemma For g > 2, by using Lemmal[I] and the fact
that 0, = —%8T we arrive at Cy = 0. The corollary is proved. O

Let us now show that Corollary [2| implies Kazarian’s recursion on the linear Hodge

integrals (5g_é;@§i%;!5_j ) fﬂg s AUt 93, 5 ;. Indeed, differentiating with re-

spect to = we find that the series u = €20%(H) satisfies the equation

1 1
2 € 2 x = :1:<_ 2) T TITT -
€ue + 2zu u = 0 SU) T+ 126 u (77)

Denote

u(z,€) =: Z euld)(z) . (78)

920
Then we can write equivalently as follows:
(49 — 1+ 2xi> (u[g] - Z ul9rly,lo2] id_g(u[gfl}) g>0. (79)
dx 2 dx w, 12 da? ’ -

To proceed we note that it follows easily from Lemma |I| that u!9/(z) has the expression

11 11
o _q1_ m - - - -
uh=te Tl un = s (80)
g 3g—3—j 1 . ,
g _ (AT )g [lico(5g — 5 —j + 2i) >
u” = . . , g>2. 81
LS R w
Thus using the fact that % = —%% =: Dy we find that (79)) is equivalent to
1
(49 — 1+ (1 —T?)Dr) (u[g} — _DT( Z wlglylo2] ) ED% (u[gfll) _ (82)
91,9220
91+92=9

Substituting (80 into . we find

g+1—k' (59 —6—j)(5g —4— )
Cgj = mcm—l + D Cg—1,5
1 .
+ 5 Z Cg1,j1Cy2,j2 » g > 17 0< J < g, (83)

91,92>1,51,j2>0
91+92=9,j1+j2=J

where the numbers ¢, ; are defined by

_ ),

1
)= gy 3_]|H5g—5—j+2i). (84)

1=0
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The recursion relations for ¢, ; were obtained by Kazarian [28] from the KP hier-
archy [27] satisfied by the linear Hodge integrals.
It is not clear at the moment whether Corollary [2] and Lemma [I] imply Theorem [T}
We end this section with two remarks on the computational aspects. Firstly, as a
consequence of equation and Lemma the ul9 can be computed from the recursion

W = 1-T,

Sl — 2 Z (_1>j1+j2 D;Ji (u[gﬂ)D?sz (u{g2}> 1 g ( 1>jw
2T 4 (2j1 + 1)!(2j2 + 1)' T — 4 (2])' )

0<g1,92<g—1
91+92+j1+i2=g

where g > 1. Then one can further compute Hy, g > 2 from uldl via

(0<j<g). (85)

24 i C,j oo - coefficient of 1/7°97177 in ul9!
ot Y (g =3-5)(5g =5 - )

Secondly, the series @ (see (61])) also presents good properties. Denote
€)= Y Ml (z). (86)
920

If then follows from , that @l9 has the expression

J=0

1 ' d,;
~[0] _ 1 _ ~[1] _ ~lg] _ 9,J
W =1-T, a¥ = 57 a9 = §,0T59—1_j (g >2), (87)
]:

where d, ; € Q are constants. In terms of intersection numbers we have for g > 2,

2 . 391 . :
i = QZ: o gfj N7 ) g it ™ (59 — 591 — 5 — j + 2i)
2291( 2g1 +1)! p= (3g —3g1 —3—7)! T59-91—-1-J
LD 1 (-1)0Ug 35 -2 ]
12 T4 229(2g + 1)! 6 Tl
Substituting into (62)) we find that @9, g > 0 satisfy the following recursion
i = 1-7T, (88)
~lol yloil g la—a1] | Bagi | D29 (lo—91]
u¥ = U + = U , >1. 89
glzl T Z (291) Dy ( ) g (89)

This recursion gives an algorithm for computlng u. From we know that

4+ Z 2922 ! 1|B29|D2g( )

2g—1
g>1 2%~ )

Therefore, for g > 0,

22971 — 1 |Bag,| 129y /19—
w9 = gld + Z o 9)!DT91 (u[g 91])'

g1=1
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So this gives rise to another algorithm for computing the MV volumes. One could also
use to study u.

4. ASYMPTOTICS OF THE AREA SIEGEL—VEECH CONSTANTS

In this section we use Goujard’s formula to compute the area Siegel-Veech (SV)
constants associated with principal strata of moduli spaces of quadratic differetials.
Indeed, according to Goujard [23] the area SV constants can be expressed explicitly in
terms of the number q,, as follows:

-2

T n
da,, <n(n_1)ag,n—1 + Ag-1nt2 + Z (nl _ 1) agl,n1a92,nz> :

91,9220,n1,n22>1
91+92=9g,ny+ng=n+2
3g;—3+mn;>0(i=1,2)

C1area ( Qg,n) =

(90)
The result in this section is a refinement of the conjectural formula for the large g
asymptotics of Cyrea(Qyn) given in [I2 4] to the following more precise asymptotic
statement.

Conjecture 2. For any fized n > 0, we have the asymptotic formula

Carea(Qg,n) ~ Ckg(kn) s g — o0, (91)
k=0
where each Cy(n) is a polynomial with rational coefficients in n and M = —7* /144, with
the first four of them being
1 1 3 1—-2M
CO(’I’L) = Z, C’l(n) = @TLQ — 1—6n + 1 s
5+ 12M 59 + 180M 11 + 24M — 72M? 23 + 15M — 648M?
Cy(n) = ————n —n° — n +
576 576 32 72
c 44 17M + 54M> 4 179 + 978M + 3564M? 3
3(n) = 1152 " 3456 "
929 + 5169M + 13554 M? — 42768 M3 9
* 3456 "
989 + 4851 M — 4428 M? — 192456 M3
1728 "
. 295 + 1165M — 16140M? — 105300M3 4 253692 M4
720

The asymptotic formula (91) with >~;2 , Cx(n)/g" replaced by 1/4 becomes the ADGZZ
conjecture for the area SV constants. As we mentioned in the Introduction, the above
Conjecture [2| is also not based on theoretical reasoning but on numerical computations.
Very recently Aggarwal [3] proved the ADGZZ conjecture for the area SV constants by
showing that the leading term asymptotics in ((18)) implies the leading term asymptotics
in (91) with the knowledge of Goujard’s formula (90f). However, we do not know whether
Conjecture [1| implies Conjecture |2/ in the same way. This would be an interesting point
to investigate next.

Y
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