RANKIN-COHEN ALGEBRAS
AND ASSOCIATIVE sl;-ALGEBRAS

KIYOKAZU NAGATOMO AND DON ZAGIER

Abstract: In this paper we study Rankin-Cohen algebras, a class of algebras intro-
duced in [12] that is modeled on algebras of classical modular forms equipped with the
well-known Rankin-Cohen brackets. We show how to construct a commutative associative
graded algebra out of any two Rankin-Cohen algebras and that by specializing one of them
obtain equivalences of categories between various categories of Rankin-Cohen algebras and
suitable categories of commutative associative algebras together with an action by deriva-
tions of the Lie algebra sla . We also describe a similar isomorphism of categories between
conformal algebras (a class related to vertex operator algebras) and sls-Lie algebras.

1. Introduction

Rankin-Cohen algebras (RC algebras or RCAs for short) are a type of poly-algebras
(meaning algebras with countably many bilinear multiplications, usually satisfying
some collection of axioms) that was introduced by the second author in [12], moti-
vated by the existence of Rankin-Cohen brackets in the theory of modular forms.
(All definitions will be reviewed in Section 2.)

The current note is basically an announcement of the results of the paper [§]
(still in preparation after many years), in which we study these algebras from dif-
ferent points of view. The central result, stated as Theorem 3 below, is that there
is a canonical isomorphism between the category of RC algebras and the category
of commutative associative sly-algebras, meaning commutative, associative, and
unital algebras over the complex number field together with three derivations sat-
isfying the same commutation relations as the three standard generators of the Lie
algebra sly,. However, the story is somewhat more complicated, because there are
different types of RC algebras, which we will call cocompact type and non-cocompact
type, modeled on the algebras of modular forms on cocompact and non-cocompact
discrete subgroups of SLs(R), respectively, which are algebraically a little differ-
ent, and correspondingly two versions of this result with isomorphisms to slightly
different categories of slp-algebras. Another basic result, stated here as Theorem 4,
is that given two RC algebras R = @, Ry and R’ = @, R), there is a canonical
commutative and associative algebra structure on the completed diagonal tensor
product ROAR' = [Tieo Rk @Rj, defined in terms of the Rankin-Cohen brackets
on R, and R’,. The map from RCAs to associative sly-algebras is a corollary of this
result, by choosing R/, to be a special RCA with an operation of sly that induces
an action of sly on R @R’ by derivations.

We mention two other papers related to this one. One is the paper [6] with Yuichi
Sakai, in which many of the ideas presented here are discussed in the context of
modular linear differential operators. These are differential operators compatible
with modularity whose study has become important in recent years in connection
with the theory of vertex operator algebras (VOAs). The second is the companion
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paper [9] to [8], also still in preparation, which gives a similar isomorphism of
categories with a category of sly-algebras, but this time with sls-Lie algebras rather
than commutative and associative ones, and with conformal algebras (a type of
poly-algebras related to the more familiar VOAs that will not be explained in
detail here) instead of RC algebras. It was this unexpected parallelism between the
well-known theory of VOAs and the much less well-known theory of RC algebras
that originally motivated this investigation.

2. Definition and construction of Rankin-Cohen algebras

We begin by recalling the definition of Rankin-Cohen brackets (RC brackets). The
nth Rankin-Cohen bracket in weight (k,¢) of two differentiable functions f and g
is defined by the formula
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(D"(f) = rth derivative of f) and is a modular form of weight k 4+ £+ 2n if f and
g are modular forms of weights k£ and ¢, respectively. We then define a general
RCA to be a non-negatively graded algebra R, = @, R} together with bilinear
maps |-, ~]£Lk’€) from R ® Ry to Rgi¢t2n satisfying whatever algebraic identities
hold for the original brackets (1). Thus the algebra of modular forms M, (T") on any
Fuchsian group I' C SLs(R) is by definition an example of an RCA, but so is any
graded ring R, together with a derivation D : R, — R.i2 of degree +2 if we define
the brackets by the same formula as in (1). (We will call such an RCA a standard
one and denote it by Std(R., D).) This second class of examples is disjoint from
the first, because the algebra M, (T") is never closed under differentiation. However,
it is contained in the larger algebra ]TJ/*(F) of quasimodular forms on I', which is
closed under differentiation. We omit the general definition of ]TL(F) here (it is
given, for instance, in [4], [13] or [6]), but in the special case I' = 'y = SLy(Z) we
have simply M, (T'1) = M. (T1)[E2], where Es is the Eisenstein series of weight 2.
The algebra M, ("), for any T is closed under the action of three derivations D =
(27i)~td/dr, W = multiplication by the weight, and a third operator 8, which in
the case of M*(Fl) = M, (T'1)[E>] is given simply as 120/0FE,, with these three
operators satisfying the usual sl;-commutation relations

[W,D] = 2D, [W,0] = —20, [0,D] =W (2)

so that M, (T') is a commutative and associative sly-algebra in the sense explained
above. Moreover, the subalgebra M, (T") can be obtained from this sly-algebra as
the kernel of the operator 9, and this fact is the basis of the correspondence we
want to describe.

Apart from rings of modular forms and standard RCAs there is a third and
somewhat more general construction, already given in [12] but explained in more
detail in [6] and here. This is as follows:

Proposition 1. Let R, = @, Ry, be a graded algebra together with a derivation 9
of weight 2 and an element  of weight 4. Then R has the structure of a Rankin-
Cohen algebra with brackets given by
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for f € R, g € Ry, and n > 0, where the maps DE:} : Ry, — Ryyor are defined by

OECO} H=17 an] (f) =03(f), and then inductively by
W) = 0 V(D) — rr+ k-1 QLN () (> 1), (4)

Following the terminology of [12], an RCA given in this way is called canon-
ical and the element Q € R, is called the curvature. We will use the notation
Can(R,,0,9), with standard RCAs being the special case Q@ = 0. Note that be-
ing canonical is not an intrinsic property, since the same RCA can have different
canonical structures, given by changing (9,9Q) to (?/,Q) with 9 =0+ fW and
' =Q+0(f) — f? for any f € Ry. (We will call this substitution, which does not
affect the Rankin-Cohen brackets, a gauge transformation.) In particular, a canon-
ical RCA is isomorphic to a standard one if = 0(f) — f? for some f € Ry. The
motivating case for the construction is when R, = M, (I';) = C[E4, E¢] is the ring
of modular forms of level 1, 9 is the Serre derivative D — -5 E;W (where as before
D = (2mi)~td/dr rather than just d/dr to avoid powers of 27), and 2 = ﬁEél,
in which case the maps Dg] are the higher Serre derivatives on M., (I'1) that were
introduced in [10] and shown to give the usual Rankin-Cohen brackets by (3). More
generally, the Rankin-Cohen algebra of modular forms on any non-cocompact Fuch-
sian subgroup I" of SL(2,R) (meaning one having cusps rather than with a compact
fundamental domain in the upper half-plane) is canonical, as shown in [6], but is
never a standard RCA, as already mentioned. The case of modular forms also mo-
tivates the proof of Proposition 1, which consists of adjoining to R, an element £
of weight 2, corresponding to the non-modular Eisenstein series 1—12E2 in the case
of M,(T'1), and defining a derivation D of degree +2 on R.[€] by D(£) = £? — Q
and D(f) =o(f) + kfE for f € Ry.

A question that was raised in [12] is that of an axiomatic description of RCAs.
The Rankin-Cohen brackets defined by (1) satisfy several “easy” explicit axioms
such as (—1)"-commutativity, the associativity of [ , ]o, the graded Lie algebra
structure for [ , ]; (with the weights shifted by 2), or the fact that [ , |; is Poisson
with respect to [ , Jo. But they also satisfy infinitely many more mysterious
identities, e.g., we see by dimension counting that there must be more than 400
million linearly independent universal relations among the 12-fold second brackets
I[-- - [[za, Tb)2s 2, - - - s @el2, T2 With {a,b,¢,....¢,m} = {1,2,...,13}, but none
of them have been written down explicitly. For this reason, a rather artificial-
looking definition of RCAs was given in [12] as “any graded poly-algebra with
multiplications [-, -], (n = 0,1,...) that satisfy all of the identities satisfied by
a standard RCA,” where “standard RCA” as above means a differential graded
algebra (A, D) with D of degree +2 and brackets defined by (1). This definition
looks useless at first sight since the axioms of an RCA are not given explicitly,
but it is in fact not, because if we can find some subalgebra R, of a standard
RC algebra A, that is not necesarily closed under the differentiation operator D
but is closed under all of the brackets (1), then it automatically satisfies all of the
identities that hold for A, and is therefore an RC algebra. This is the case, for
instance when R, is the ring of modular forms on some Fuchsian group I' and A, is
the corresponding ring of quasimodular forms, but also for the construction given
in Proposition 1, whose proof consisted of embedding R, into the standard RCA
on (R.[€], D). The situation here is similar to the much more familiar case of Lie
algebras, which are usually defined as vector spaces having a bilinear bracket [-, -]
that is antisymmetric and satisfies the Jacobi identity, but can also be defined as
vector spaces with a bracket satisfying every universal algebraic identity satisfied
by the commutator of two matrices (or of two elements in any associative algebra).
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Again the latter definition is less explicit and seems useless at first sight, but it lets
us construct Lie algebras as any vector subspace of an associative algebra that is
closed under commutators, and in fact here we know that the two definitions are
equivalent, because every Lie algebra can be embedded into its universal enveloping
algebra, which is associative. We will do something similar for the case of Rankin-
Cohen algebras, and this will at the same time provide an explicit collection of
identities defining RCAs.

3. From associative slo-algebras to Rankin-Cohen algebras

In the discussion above, we saw that even without having an explicit set of defining
algebraic identities one can construct RCAs by finding subspaces of standard RCAs
(A, D) that “happen” to be closed under the brackets [-, -], defined by (1) for
all n > 0. But how to find them? For instance, if A, is the free graded algebra
generated by three generators ey of weight k (k = 2,4,6) and D is defined by
D(ez) = 5(e3 — e4), D(es) = %(e2eq — €g) and D(eg) = %(ezeg — €3), then we
know from Ramanujan’s formulas for the derivativgsv of Eisenstein series that A,
is isomorphic via the map ey — FEj to the algebra M, (I'1) of quasimodular forms
on the full modular group and that the subalgebra R, := Cleq, €g] is isomorphic
to the corresponding space M, (T'1) of modular forms and therefore is closed under
all RC brackets, but this is not at all obvious from the algebraic description. The
answer is given by a fourth general construction of RC algebras.

If g is a Lie algebra, then by a g-algebra we will mean an algebra over the same
ground field on which g acts by derivations. This is a natural definition because the
endomorphisms of an algebra form an associative algebra under composition but
the subspace of derivations is closed only under commutators and hence naturally
forms a Lie algebra, and of course also includes the usual definition of g-modules as
the special case where the multiplication of the algebra is identically zero.! We will
be interested only in the case of g = sly, in which case A is an algebra equipped with
three derivations D, W and 9 satisfying the commutation relations (2). We will
further assume that A is associative and commutative with unit element 1 and has
a grading A = @, -, Ar with Ag = C-1 and with W acting on A, as multiplication
by k, in which case the first two formulas in (2) say that D and 0 are derivations
of degree +2 and —2, respectively, and the only other constraint on them is that
D(O(f)) — O(D(f)) = kf for f € Ar. We call an element of A primitive if it is
annihilated by 9. The space P(A) of primitive elements of A is clearly a graded
subalgebra of A.

Proposition 2. Let A be a graded associative, commutative and unital slz-algebra.

Then the subspace P(A) = ker(9) is closed under all Rankin-Cohen brackets (1).

The proposition gives an algebraic proof of the fact that the graded subalgebra
R = Cley, eg] of the algebra A = Cleg, e4, €] in the example above is closed under
all RC brackets, because if we define a derivation 0 of degree —2 on A by mapping
e2 to 12 and e4 and eg to 0, then the commutation relations (2) are easily checked
and R is just the kernel of 0.

Proof. Let f and g be elements of P(A) = ker(9) of weights k and ¢, respectively;
then we have to check that the bracket [f, g]%k’e) of weight k 4+ ¢ + 2n is also in the

11t was pointed out to the authors by S. Sahi and A. Davydov that a g-algebra in this sense
is simply an algebra in the symmetric monoidal tensor category Rep(g), but for our purposes the
more naive definition given here will suffice.
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kernel of 0. The identity
OD" = D"d+nD" '(W+n—-1) (n>0) (5)

in the universal enveloping algebra of sly, which is well known and easily proved by
induction on n, implies that (D" (f)) = r(r + k — 1)D"~1(f) for all r > 0, where
the right-hand side is to be interpreted as 0 if » = 0, and similarly 9(D*(g)) =
s(s+¢—1)D*"1(g) for all s > 0. Using Leibniz’s rule we then find

a(1f, g *0) = Z (—1)" (n—i— l;; — 1) <n —l—f — 1) y

r+s=n
x (r(r+ k= 1) D" L () D*(g) + s(s + £ = 1) D" (/) D* ()
=Mm+k—1Dn+{-1)x%

< o (TR e

B Gy [Ge KR
=0,

as desired. O

One can give a more conceptual version of the above proof by introducing for
each integer n > 0 the universal Rankin-Cohen element

RC, = (1)TDT<n+V:_1> ®Ds(n+1i/_1) (6)

r4+s=n

in U(b) ® U(b), where U(b) is the universal enveloping algebra of the subalgebra
b= (D, W) of sly. The reason for the name is that the Rankin-Cohen product (1)
for f and g of weights k& and ¢ can be written [f,g], = m(RC,(f ® g)), where
m denotes the multiplication of the algebra. Essentially the same calculation as
the one just given shows that RC, is annihilated by A(Q) =1® 0 + 0 ® 1 (and
is, up to right multiplication by elements of C[W] ® C[W], the unique element of
U(b) @ U(b) of total D-weight n having this property), and Proposition 2 again
follows. We observe that there is an alternative expression for RC,:

. ks n—r K Dn Dn
RC, — <ZO(_1) 9" 2 > (H@)W)'
This explains the identity A(9)RC, = 0, since the product of A(9) with the first
factor is " @ 1+ (—1)" @ 9" and since "1 D" = 0 in U(b).

4. Quasimodular forms and the inversion formula for RC brackets

We would now like to know whether the construction just given can be inverted,
i.e., whether any Rankin-Cohen algebra can be identified with the subspace of
primitive elements of an associative sly-algebra, and if so, whether this associative
algebra can be chosen in a minimal or universal way, as is the case for the universal
enveloping algebra of a Lie algebra. In fact, it turns out that there are two slightly
different algebraic constructions of such an algebra. Both of them are modeled
on the inclusion of the algebra M, (I') of modular forms on a Fuchsian group I'
in the larger algebra M*(I‘) of quasimodular forms on the same group, but the
algebraic relationship between these two algebras is slightly different according to
whether the subgroup I of SLs(R) is cocompact or not, and we will correspondingly
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have two different universal enveloping algebras U°(R) and U"°(R) depending on
precisely which axioms we wish to impose. We therefore begin by a brief review
of the structure of the algebra of quasimodular forms in both the cocompact and
non-cocompact cases. (More details are given in [13] and [6].)

In the non-cocompact case, of which the algebra M,(I'y) = C[E2, E4, Fs] is
the best-known example, there is always a quasimodular form & of weight 2 with
d(€) = 1. (In the case of M,(I'1), it it just -5 E>, and in general we can take
the holomorphic part of an appropriately normalized non-holomorphic Eisenstein
series of weight 2 on I'). This element is unique up to the addition of an arbitrary
element of M5 (T'); we will call a choice of £ a splitting of M, (I"), because it defines

a spliting of the short exact sequence 0 — My(T') — MQ(F) 25 C— 0. We
then have two basic structure theorems about M, (I"):

(i) ZTL(F) = M., (T")[€] is the tensor product of M, (T") with the algebra C[£]; and
(i) M.(T) = C &PD,~oC-D" (&) ®D,,~q D" (M=o(T)), i.e., every quasimodular
form on T is a linear combination of derivatives of £ and of modular forms on I
On the other hand, if I" is cocompact then the map 0 : Mg(l") — C -1 is zero and
there is no element £. In this case the description (i) does not apply and (ii) is
replaced by the simpler
(ili) My (') = Co P,,~o D" (Mso(I')), i.e., every quasimodular form on I' is a
linear combination of derivatives of modular forms on I'.

These structure theorems have an interesting consequence. In the cocompact
case, statement (iii) and the fact that M, (T") is closed under multiplication imply
that there the product of two derivatives of modular forms is a linear combination
of derivatives of modular forms, but in fact the same is true in the non-cocompact
case as well because the subspace DM, (T') := C & C[D]Mx((T") of M, (T') is always
a subalgebra and in fact an ideal (as well as a sub-sle-module) of M, (T), as one can
see easily. (It is the kernel of the algebra homomorphism from M* (T") to C mapping
quasimodular forms of odd weight to 0 and a quasimodular form f of weight 2p
to 0Pf /p! € My(T') = C.) But this can only be true if there is a universal formula
expressing the product in question as a combination of derivatives of Rankin-Cohen
brackets of the two original forms, because there are no other ways to associate new
modular forms to two given ones in a bilinear manner. We give this formula in the
following theorem, which is a kind of inversion of the original formula (1) expressing
Rankin-Cohen brackets as linear combinations of products of derivatives. We have
stated the result for simplicity in terms of derivatives of smooth functions, but the
statement is purely algebraic and would remain true for any differential algebra.

Theorem 1 (Inversion formula for Rankin-Cohen brackets). For any smooth func-
tions f and g and positive integers k and £, the product of derivatives D" (f)D?(g)
for any r, s > 0 can be expressed as a linear combination of derivatives of Rankin-

Cohen brackets [f, g}E,,’“’Z) by the formula

(rtk—D(s+0—1) k+l+2n—1
D"(f)D*(g) = !
() D*(9) Z>0 kDIt =1 (E+Lltn—1)iem
mn-lib;LTL:;-"—s (7)
X Fo(n+k—1,n+0—1r8) D" ([f,g]F9),
where

Rteins = 3 C0(0) () e-ivne-ien.©

= J 1
1+j=n
Here (), for m > 0 denotes the shifted factorial x(x +1)---(x +m —1).
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There are two proofs of the theorem. One is by a direct but quite hard com-
putation, simply expanding the derivatives of the Rankin-Cohen brackets on the
right by Leibniz’s rule and comparing coefficients of DT/(f)DSl (g) on both sides
for all ' and s’ with ' + s’ = r + s by an intricate combinatorial identity. The
other and more conceptual proof is to deduce this result from Theorem 4 below,
and will be described briefly in Section 8. We also mention that the coefficient
F,(x,y;r,s) occurring in its statement coincides up to normalization with the
Wigner 3j-symbol from the theory of angular momentum in quantum mechan-
ics or the Clebsch-Gordan coefficient describing the decomposition of the tensor
product of two irreducible representations of sly into irreducible representations.
The function F,(x,y;r,s) has very interesting combinatorial properties, such as
a large group of symmetries. In particular, it has the property, which defines it
essentially uniquely among polynomials of degree at most n in (z,y) and in (r, s),
is that it vanishes identically if » and s are non-negative integers with r 4+ s < n,

5. Cocompact and non-cocompact

We will say that a Rankin-Cohen algebra is of non-cocompact type if its first RC
bracket [f, ¢] gk’é) is given by kf0(g) — £0(f) g for some derivation d of degree 2, and

of cocompact type if no such derivation exists. Note that the formula for [f, g] gk,z)
is just the special case n = 1 of equation (3), so all “canonical” RCAs as given
by the construction in Proposition 1, and in particular the ring M., (T) for any
non-cocompact Fuchsian group I' € SL(2,R) (e.g., any subgroup of finite index
of SL(2,Z)), are of non-cocompact type. Conversely, if the group I' is cocompact
(such as the group of units of any indefinite quaternion algebra over Q), then from
the results of [6] it follows easily that the RC brackets on M, (I') cannot be given
by (3) even for n = 1 for any derivation d on M, (T"), so in this case M, (T') is of
cocompact type. This explains the choice of terminology. We also mention that
being of non-cocompact type is actually almost the same as being “canonical” in the
sense of Proposition 1, since it was shown in [12] that, under some mild restrictions,
if an RCA is of split non-cocompact type then the second bracket [f, g] gk’e) is given
by 92(f)g + 20(f)0(g) + fo%(g) + ké(k + ¢ — 1) fgQ for any f € Ry, and g € Ry
and some () of degree 4 that is independent of k, ¢, f and g and that the higher
derivatives are then all given by (3). However, as already mentioned, in an RCA of
non-cocompact type there are in general many derivations 9 giving the first (and
then also the higher) brackets, so that we have to distinguish between an arbitrary
RCA of this type and one in which we have fixed the choice of ? (and of Q).
The latter will be called split, because the choice of generalized Serre derivative d
corresponds in the modular case to a splitting in the sense described in Section 6.

Corresponding to these two types of RCA, and in view of the isomorphisms of
categories that we are aiming for, we will also distinguish two types of sls-modules
and sly-algebras. Here sly is the Lie algebra (D, W,9) with commutation rela-
tions (2), and by sly-module we will always mean a non-negatively graded vector
space V = @2020 Vi with W acting by Wv = kv for v € V. We will also require
that V; is one-dimensional, spanned by a vector 1 annihilated by D (as well as by W
and 0). A vector v of V with 9(v) = 0 is called primitive. We denote by P = P(V)
the vector subspace of V' consisting of all primitive vectors. The space P is naturally
graded by P, = PNV for k > 0, with Py = C- 1. We define the quasi-primitive
vector subspace QQ of V by Q2 = V5 and Q) = Pi for k # 2. We say that V is
primitively generated if V.= C - 1@ @, C[D]P; and quasi-primitively generated
ifV=C-1®&,_,ClD|Qi. Finally, we call an sly-module of cocompact type if
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9(Va) = 0 and of non-cocompact type if the map 9 : Vo — Vj is surjective. (There
are no other possibilities, since dim Vy = 1.) The following is easily shown.

Proposition 3. Any slo-module is quasi-primitively generated. It is primitively
generated if and only if it is of cocompact type.

We have infinitely many examples of finitely generated RCAs of both cocompact
and of non-cocompact type by taking the spaces of modular forms on cocompact and
non-cocompact Fuchsian groups, respectively, but this is a transcendental construc-
tion and the question arises whether we can also give purely algebraic examples,
not using modular forms. In the non-cocompact case this is easy, since we can take
any finitely generated graded algebra, choose any derivation of degree 2 (which
is defined uniquely by its values on generators) and take the corresponding stan-
dard RCA, or more generally choose any derivation of degree 2 and any curvature
element of weight 4 and take the corresponding canonical RCA, which is always
of non-cocompact type. For instance, we could choose R, to be the free algebra
Cles, eg] on two generators of weights 4 and 6 together with the RC brackets given
by Proposition 1 for the derivation d defined by d(es) = eg, d(eg) = 5e and
curvature ) = 1%464. This is of course isomorphic as an RCA to M,(SL(2,Z)) by
mapping e4 and eg to the Eisenstein series F, and Eg and 0 to the Serre derivative,

but now given in a purely algebraic way.

Constructing algebraic examples is harder in the cocompact case because if we
start with a cocompact Fuchsian group then we can determine its ring of modular
forms and a finite number of Rankin-Cohen brackets algorithmically, but it is not
obvious how to describe all of the brackets in an algebraic way since there is no
analogue of the quasimodular form Fs or of the Serre derivation. Conversely, it is
not obvious how to construct such an RCA as the primitive subspace of a positively
graded commutative and associative sls-algebra because an easy argument shows
that such an algebra can never be finitely generated. However, there is a way
around this. As an example, we take the underlying ring R to be the graded
algebra generated by elements X and Y of weight 4 and Z (which will be a multiple
of [X,Y]1) of weight 10 with the relation Z? = P, where P is a homogeneous
polynomial of degree 5 in X and Y. This ring has no derivation of weight 2 (it
would have to send X and Y to 0 since Rg = {0} and would then also vanish on Z
because Z2 € C[X,Y]), so any RC structure on it will necessarily be of cocompact
type. To obtain one, we embed R into the larger algebra R[1/X], on which we
define a canonical RC structure by choosing the derivation 9 to send X to 0 and Y’

to —2Z/X (its value on Z is then fixed by the relation Z? = P and the derivation
property to be —+ 92) and the curvature element © to be —ﬁ% + L where
L is any linear combination of X and Y. (The construction will thus depend on
8 parameters, the six coefficients of P and the two of L.) The algebra R[1/X] is
not what we want because it is neither positively graded nor finite-dimensional in
each weight, but we claim that its positively graded subalgebra R is closed under
all Rankin-Cohen brackets of Can(R[1/X],0,£). We can check this directly for the

first few values as
[X,Y)1 =82, [X,X]o=5(16X%L— Pyy), [X,Y]o=5(16XYL— Pxy),
[Y,Y]s =5(16Y?L — Pxx), [X,Y]3=—1280LZ,

where Pxx = 0?P/0X? etc. (The choice of Q was uniquely fixed by demanding
that all of these belonged to R.) To see that the same holds for all of the brackets,
we define a second canonical algebra Can(R[1/Y],0’,Q’) where ?/(X) =2Z/Y and
?(Y) = 0 (so necessarily o/(Z) = —Px /Y ) and Q' = —Px X/16Y 3 + L and observe
that (0,2) and (?’, Q) are related on the yet larger algebra R[1/XY] by the gauge
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transformation ' = 9 + fW and @ = Q +o(f) — f? with f = —Z/2XY, and
therefore define the same Rankin-Cohen brackets on this algebra. But the Rankin-
Cohen brackets associated to (9, €2) obviously map R to R[1/X] and those associated
to (9,2) map it to R[1/Y], so their common value must map R to itself, as claimed.
This example if modelled on the calculation given by Najib Ouled Azaiez [2] of the
ring of modular forms for a certain cocompact group Fg related to the indefinite
quaternion algebra over QQ ramified at 2 and 3, which he showed has exactly the
structure just described with P = X(Y? — 4X?)(Y? + 12X?) and L = 0. We
mention also his earlier paper [1], which contains many results about the algebras
of modular forms on cocompact Fuchsian groups.

6. From Rankin-Cohen algebras to associative sly-algebras

We can now easily describe the basic way to embed a given Rankin-Cohen algebra
R, into a commutative and associative sly-algebra as its primitive subspace. We
will denote this algebra by U°(R), because there is a second general construction
R — U"(R) of an associative slp-algebra with primitive subspace R, that will be
described below, and in the case when R, is the algebra of modular forms on a
Fuchsian group I' then the algebra of quasimodular forms on I' is isomorphic to
U(R) or U"(R) according as I' is cocompact or non-cocompact. However, the first
construction works for any RCA, while the second one is restricted to the non-
cocompact case and involves the choice of a splitting, although different splittings
induce isomorphic sly-algebras.

The algebra U°(R), which we will also denote by DR, in analogy with the
notation DM, (T) in the modular case, is obtained by adjoining to R symbols D"f
for all f € Roo = @)5¢ R and all » > 0. For f € Ry = C we do not adjoin
anything since D"f is meant to correspond to the rth derivative of f, which vanishes
for f =1 and r > 0. We thus set

U(R) = DR, = C & (C[D]® Rxo), (9)
with the sls-module structure defined by
D(D"f) =D, W(D'f) = (k+2r)D"f, d(D"f)=r(r+k—-1)D""'f (10)

for f € Ry with k > 0 (the last expression is taken to be 0 for » = 0) and with the
multiplication defined by equation (7). The next theorem describes the properties
of the construction R — U(R) and at the same time provides a complete algebraic
set of axioms defining RCAs.

Theorem 2. If (R.,[ , |n) i a Rankin-Cohen algebra, then the algebra DR,
defined by (9) with the multiplication (7) is commutative and associative, the en-
domorphisms of DR, defined by (10) are derivations of this algebra satisfying the
commutation relations of sly, and the primitive subspace ker(9) of US(R) coincides
with R. Conversely, a poly-algebra (R, [ , |n) with bilinear brackets [ , |, of
degree 2n for all n > 0 is a Rankin-Cohen algebra if and only the multiplication on
DR, defined by (7) is commutative and associative.

Combining this theorem with Proposition 2, we obtain the equivalence of cate-
gories that was stated in the introduction:

Theorem 3. There is an equivalence of categories between the category RCA of
Rankin-Cohen algebras and the category sla-A° of unital, commutative and associa-
tive sly-algebras of cocompact type, given by associating to an RCA R its universal
enveloping algebra U(R) = DR, and to a unital, commutative and associative
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slo-algebra of cocompact type its primitive subspace:

c

RCA = sly-A°. (11)
P

The only point that still has to be checked is that the composition of the two
functors, in either direction, is the identity. In one direction this is clear from (10),
since O"f for f € R, is primitive if and only if » = 0. The other direction is
a consequence of Proposition 3, since an sly-algebra (or even an sly-module) of
cocompact type is primitively generated.

As already mentioned in the introduction, there is a second way of embedding
an RCA into an associative sly-algebra as its primitive subspace, but only in a
special case. If R, is a split Rankin-Cohen algebra of non-cocompact type, so that
its brackets are given as in Proposition 1 for some derivation ? : R, — R.y2 and
element ) € Ry, then by analogy with the description (i) of M*(F) in terms of
M, (T") when T is non-cocompact we can define a different “universal enveloping
algebra” U"°(R,) by adjoining to R, an element £ of weight 2, with the sly-module
structure defined by

D(f) =a(f) + kEf, W(f) = kf, 9(f)=0  for f€ Ry,
D() = £+ Q, W(E) =28  0E) =1.

This is then again a commutative and associative sly-algebra having R, as its prim-
itive subspace. There is also an alternative description of U"“(R..) as DR, & C[D]€,
just as in the description (ii) of the ring of quasimodular forms on a non-cocompact
Fuchsian group I'. We thus get a second “universal enveloping algebra,” which this
time is of non-cocompact type because it contains an element £ mapping under 9
to 1 € C, and the analogue of Theorem 3 is that there is an equivalence of cate-
gories between the category of split RCAs of non-cocompact type and the category
of commutative and associatives slp-algebras of non-cocompact type. However, this
second construction is less interesting than the first one because the axioms for split
Rankin-Cohen algebras of non-cocompact type are trivial anyway: it suffices to have
a graded algebra with a derivation of degree +2 and an element of degree 4, and
with brackets given by (3), with no further conditions needed.

7. From pairs of RCAs to associative algebras

In Sections 3 and 6 we saw how to get from commutative and associative sly-algebras
to Rankin-Cohen algebras and vice versa. Here we give a more general theorem
saying that one can get a commutative and associative sly-algebra from a pair of
RC algebras—mow with no sls-action involved—after which the constructions of
Section 6 can be obtained by taking one of the two RC algebras to be a specific
and very simple one that has a canonical sls-action.

Theorem 4. If R and R' are RC algebras, then the completed diagonal tensor
product R&AR' = [Ii2o Rk ®R), becomes a commutative associative algebra under
the multiplication defined on generators by

(fof) (god) = k0 [f,gF [, g%, (12)

n=0

for f € Ry, f' € R}, g € Ry and ¢’ € R, with k and ¢ positive, where c,(k,l) =
nl/(k)n(On(k+L4+n—1)n, and by (f@ f)-Q1@1) =11 - (fof)=ff
for any f € R., ' € R, of the same weight.
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The idea of the proof of Theorem 4, which will be given in full detail in [8], is
quite interesting. Like almost all of the results discussed here, it is motivated by the
theory of modular forms. Suppose that R, and R/ are the rings of modular forms
on two Fuchsian groups I' and I"V. The product I' x I embeds in a well-known way
into the group Sp4(R) of 4 x 4 symplectic matrices over R. For each integer k > 0
we can consider the space Sy of “Siegel-like forms” of weight &k, meaning functions
F(r,z,7") on the Siegel half-space £ of 2 x 2 symmetric matrices (, 5 ) with
complex entries and positive definite imaginary part that transform under T' x T
like Siegel modular forms of weight k, i.e., that satisfy

2

F(aT—l—b z , cz

_ — dkF /
CTer’CTer’T c7'+d) (7 +d)* F(r,2,7')

for (29%) € I and a similar transformation formula for I". Restriction to z = 0 gives
a surjective map from S; to My (T') ® My(I"”) with kernel zSj 11, and one checks
by an elementary calculation that this map has a splitting given by

MDY M) 3 fog v lfa) = 3 DT
n=0 ' n

(The series here can be shown to be convergent, but this fact is not essential since we
could work with formal power series in z with coeflicients in M*(F) ® M, (I").) On
the other hand, the space Sy has a filtration given by the subspaces Sgk of Siegel-
like forms of weight 0 that vanish to order > k in z at z = 0, with Sg’c/Sngrl
canonically identifiable with Sy by associating to an element of Sgk its coeflicient
of 2¥, so we can reinterpret p as a map pj = 2*pp from M (T') @ Mp(I'') to Sg. A
second elementary calculation then gives the multiplication formula

o0

p(f @ ) pelg@g) =D enlk, ) prren (950 @ [, 6151), (13)

n=0

with the same coefficients ¢, (k, ¢) as in Theorem 4. But Sy is obviously a commu-
tative and associative algebra under multiplication of C-valued functions (or formal
power series in z), so the multiplication defined by (13) is also commutative and
associative, and—because there are enough linearly independent combinations of
derivatives of modular forms in any given weight—the only way that this can be
true for R = M,(T") and R’ = M, (I") for arbitrary Fuchsian groups I" and I" is if
Theorem 4 holds for arbitrary RCAs.

8. Applications

We give two examples illustrating the use of Theorem 4. The first is to give another
interpretation and proof of Theorems 2 and 3 on the universal enveloping algebra
of a Rankin-Cohen algebra. To do this, we will take R’ in Theorem 4 to be the
standard RCA Std(S°, d), where S° is the subalgebra C @ tC[t,v] of C[t,v] with
grading given by the power of ¢ and d = t29/0v is the derivation mapping ¢ to 0
and v to t2. The kth graded piece S) of S° is thus given by C if k = 0 but by C[v]t*
if k > 0. Directly from the definition (1) we find that the RC brackets of SY are
given by

[tEom, t0 100 = Fp(n+k — Lin+ € — 1y, s) thTiHnyrs—n, (14)

and in particular vanish if n > r+s. If now R = (R., [, ]«) is another RC algebra,
then the diagonal tensor product R @S is spanned by 1®1 and expressions of the
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form f®@tFv" with k > 0, f € Ry, and > 0, and the commutative and associative
product on this space defined in Theorem 2 is given by

r+s
(fot*v")-(got'v®) = > cn(k, ) Fo(ntk—1,n+0-1;7,5) [f, g]F-O ek tramyrts—n

n=0

for f € Rk, g € Ry. Comparing this formula with the inversion formula (7), we
see that the space R@aR’ with this algebra structure is precisely isomorphic to
the universal enveloping algebra U°(R) = C @ C[D] R~ of Theorem 2 by the map
sending f ® t*v" to the rescaled (or modified) higher derivatives

_D(f)
),

where (k). = k(k+1)---(k+ r — 1) denotes the shifted factorial or ascending
Pochhammer symbol as before. Note that (15) would not be well-defined for f of
weight 0 and r positive, which is why we had to omit the terms t%0” with » > 0 in
the definition of S°. (We will come back to this point in the next section.) We can
also reverse the argument to say that the inversion formula (7) can be obtained as
a corollary of Theorem 4, since in view of equation (14) it is just the special case
R’ = S° of the multiplication on R ®x R’ described in this theorem.

The above discussion does not yet give the full statement of Theorem 2 and its
corollary Theorem 3, however, because we have not yet described the action of sls.
To see what it should be, we observe that if f is a modular form of weight k, or
more generally a primitive element of weight k& of any slo-module, then the action
of sl on the modified derivatives (15) is given by

A (f € Rg, k>0o0rr=0), (15)

DOy = (k+r) f0, W) = (k+20) f0, o(f) =r 070, (16)

as we see easily using the commutation relations (2) and induction on r. We define
an action of sly on S° by the corresponding formulas, i.e., we define

D(t*v™) = (k4 r)tho"™ W (tho") = (k +2r)tho",  O(tFv") = rtkur L,

(Notice that W and D are not the same as the grading and derivation used to
define the standard RCA S°, which are given by the completely different formulas
tFo" = ktFo" and tFo” s rtF+207 71 respectively.) The key point is that with this
action the Lie algebra sly acts by derivations on all of the Rankin-Cohen brackets
defined by (14). This is obvious for W, and follows for D and 0 from the two easily
verified identities

(@—n+l+r)F(z,yir+Ls)+(y—n+1l+s)F(zyrs+1)
=(x+y+r+s—n+2)F,(z,y;r,s),
rEy(z,y;r —1,8) + sFu(z,y;m8 — 1) = (r+s—n)Fy(x,y;7,5),

respectively. The fact that sly acts on the poly-algebra R’ by derivations immedi-
ately implies that it also acts on the diagonal tensor product R @R’ by derivations
with respect to the product (12), so R@aR’ is indeed an sly-algebra as claimed.
The second application of Theorem 4 is quite different. In the paper [3] of the sec-
ond author with Paula Cohen and Yuri Manin, a family of associative but in general
not commutative products on the completed algebra of modular forms M., (T') =
[Ii>0 Mi(I') was defined, depending (up to isomorphism) on a single parameter

# € PY(C). Each of these products had the form f ., g = > otn(k,0)[f, g}%k’e)
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for f € My(T), g € My(T), with ¢%(k,¢) given in general a complicated hypergeo-
metric sum.? Three of them were of especial interest. One, which was the starting
point of that paper and the motivation for looking for the other products, arose by
identifying M., (T") with the ring of I'-invariant pseudodifferential operators in the
upper half-plane. A second one was the Fholzer product, given by the very simple

formula
o0

frpg =Y [f g
n=0
(Eholzer did not actually introduce this product but only its odd part [f,g]g =
> oddlf> gln, which he conjectured defined a Lie algebra structure on M,(T").)
The third, corresponding to k = oo, was the only commutative one. It is given by

. = (—1)7(3); (k,0)
o = 2 o, g, (g,

with much simpler coefficients than in the general case and with the commutativity
coming from the fact that only even-index Rankin-Cohen brackets occur. Because of
this commutativity, we can ask whether the algebra (M, ('), %, ) can be obtained
by applying Theorem 4 for some suitable choice of the second Rankin-Cohen al-
gebra R/. This algebra must be one-dimensional in each weight (since we want
its diagonal tensor product with M, (T") to be M. (T)), so if it is a canonical RCA
associated to some graded algebra together with a derivation of degree +2 and an
element of degree 4 then the underlying algebra (assuming that it has no 0-divisors)
has to be C[z] for some element x of degree 1, and then we must have ?(x) = ax®
and Q = ba* for some constants a and b. By a gauge transformation (cf. §2), we
find that this algebra depends only on the quantity ¢ = b> — a, and by rescaling
we see that up to isomorphism it is also independent of ¢ if ¢ # 0, so that there is
essentially only one possible non-trivial choice for R'. By a gauge transformation,

we can choose it to have ¢ = 0. Then ? = 0 and the iterated derivatives DE:]( f)
defined by (4), which in general are given by complicated expressions, simplify con-
siderably, with OLT} (z*) equal to 0 for r odd and to (3);(%); (—4b)? z¥+4 for r = 2j.
An elementary combinatorial identity then shows that the Rankin-Cohen brackets
of R are given up to scaling by

kY (L) (ktf ;
(§)j (5)]‘ (% +j)j k40445
J! v
and from this it is easily checked that (M, (T), *.) is indeed isomorphic to R @R’

[2%, 2]y = (=1) (2%, 22541 = 0,

9. Extended derivatives and enhanced Rankin-Cohen algebras

The rescaled derivative (15) was introduced above to facilitate the description
of the universal enveloping algebra of an RCA as a diagonal tensor product via
f @tk — ) but it has a number of other virtues. The first is that it allows a
simplification of the definition of Rankin-Cohen brackets: If f and g are modular
forms of weights k and ¢, or more generally elements of a differential graded algebra
with these weights, then an easy calculation shows that

gy = EnlOn 5 gy (17)

n!

2We should point out that the weights of f and g were denoted by 2k and 2¢ rather than by
k and ¢ in [3], so the formulas given there for ¢% (k, ¢) have to be modified accordingly.
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where the modified Rankin-Cohen brackets (f, g), are defined by the formula

g = S (1) (o) (19)
r=0 "

which has a form reminiscent of the binomial theorem and is considerably simpler

than the original definition (1). Moreover, with these new definitions the inversion

formula for RC brackets, which in its original form (7) was rather ugly, takes on

the much more attractive form

r+s
F,(n+k—-1n+L—1ry5) _
(r)y . ,(s) — n ’ L (r+s n). 19
I = e, (19)

But the advantages of the rescaled derivative (15) are not merely aesthetic. They
allow an extension of the Rankin-Cohen structure to allow non-trivial brackets also
for elements of weight 0. (The original brackets [f, g], are zero for all n > 0 if
f or g has weight 0, since derivatives of constants vanish.) The definition (15) was
given only for forms of positive weight (except if r = 0, in which case f(?) is always
just f), because if f has weight 0 then it is a constant and both the numerator and
denominator in (15) vanish for » > 0. But this does not mean that their quotient
cannot be defined in a meaningful way, and in fact it sometimes can. The idea is to
define f(" in the missing cases k = 0, 7 > 0 in such a way that the commutation
relations (16) hold in all cases. The first formula in (16) tells us that to define
" for f of weight 0 and r positive, it suffices to treat the case r = 1, since the
higher values are obtained simply by applying a power of D, and the third formula
tells us that f¢Y for f of weight 0 must be mapped by 8 to f itself. In view of
the discussion in Section 4, we see that there is no way to achieve this for the
ring of quasimodular forms on a cocompact Fuchsian group I', but in the case of
a non-cocompact group it suffices to choose a splitting of M, (I"), i.e., an element
£ e MQ(F) with 9(€) = 1, and to set 1{) = £. This leads to the definition of the
extended derivatives of quasimodular forms in the split non-cocompact case:

1 if f=1,7r=0,

D)y = BB i f =1 r >, (20)

D"(f)
GF if £ > 0.

in which case the formulas (16) hold for forms of any weight. Now we can use the
formula (18) to define the modified RC brackets (f, g), for f and g of arbitrary
weight. These new brackets give the original ones by virtue of (17), but makes
sense and are non-trivial even if f or g has weight 0 and n is positive, whereas the

original brackets always vanished in this case. We will call the pair (R., (-, - ).) an
enhanced RCA.

We can now also interpret the second universal enveloping algebra U"(R) =
C[D] = C @ C[D](R=¢ @ C&) introduced at the end of Section 6, which coincides
with the ring of quasimodular forms on I' if R, = M, (T") for some non-cocompact I"
as explained there, as a diagonal tensor product: we simply replace the algebra S°
used in Section 8 by the larger algebra S = C[t, v], with the same grading and the
same derivation d as before, and choose R’ = Std(S,d) to be the corresponding
standard RCA. Then R@aR’ =2 U"(R) via the same mapping f @ tFv” — f{) as
we used for U°(R) in the previous section, the action of sly on S and hence on the
diagonal tensor product is given by the same formulas as before, and we obtain
an isomorphism between the categories of enhanced RCAs and commutative and
associative sly-algebras of non-cocompact type. However, this is less interesting
than the cocompact case because the axioms for extended RCAs are trivial anyway:
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once we have the extended brackets (f, g)n, we can simply define a derivation and
curvature element by the formulas 0(f) = (f,1); and © = (1,1)2, and the axioms
are simply that all the other extended brackets are given by formulas (3) and (4).

For more details, we refer the reader to [6], where the contents of this section
are discussed in more detail in the context of modular linear differential operators.

10. The non-commutative case

The definition of an RCA given in [12] was based on the brackets defined by (1) for
a commutative and associative differential graded algebra (A, D), but in fact there
is no need to assume the commutativity. We can define brackets on any associative
differential graded algebra (A., D), commutative or not, by the same formula (1)
and define a generalized (i.e., not necessarily commutative or unital) Rankin-Cohen
algebra as a vector space equipped with infinitely many bilinear operations [ -, -], of
degree 2n satisfying all of the algebraic identities which hold for these special ones.
This is clearly a smaller set of identities (for instance, the nth bracket is no longer
(—1)™-symetric), but otherwise the theory is quite similar to the one discussed here.
In particular, there are now isomorphisms of categories between generalized RCAs
and associative sly-algebras, now no longer assumed to be commutative or unital.
This generalization turns out to have interesting examples and interesting properties
related to the various non-commutative multiplications on rings of modular forms
that were defined in [3] and discussed in Section 8 above. We do not give any
further details here, but will do so in [8].

11. The case of conformal algebras

In this final section we briefly describe the isomorphism between the categories of
conformal algebras and of sly-Lie algebras that was mentioned in the introduction.
The construction this time proceeds by in two steps, by showing that both categories
are isomorphic to a third one, the category of preconformal algebras. Each of these
isomorphisms is similar in spirit to the one used in the RCA case, with the map
being given in one direction by taking the primitive part of an sly-algebra (either
conformal or Lie) and in the other by an inversion formula involving the same
hypergeometric polynomial F,, that appeared in Theorem 1.

A conformal algebra is a nonnegatively graded poly-algebra C = @, , C, which
is equipped with bilinear product operations (a,b) = a,)b from C' x C to C of de-
gree —n — 1 for every integer n > 0 satisfying certain axioms that we omit here
but will give in detail in [9]. In particular, we require that any conformal algebra
has an sly-action as derivations with respect to each of the products. So this is a
weakening of the definition of vertex operator algebras, which have bilinear prod-
ucts a ® b — a¢,b for all n € Z and an action of the full Virasoro algebra (with
some central charge) and not just of its subalgebra sls. An important difference to
the RCA case is that the slp-action is generated by operators T, H and L (which
would be L_y, Ly and L;, respectively, if we had a full VOA and an action of
the Virasoro algebra) instead of D, W and 0, where H is the grading operator
and T and L now have degrees +1 and —1 and commutator 2H. Again there is
a distinction between the cocompact and non-cocompact case, depending whether
the map from C7 to Cy, which is again assumed to be isomorphic to C, is zero or
surjective, respectively. For convenience, we discuss only the former case, in which
case C' is primitively generated, i.e., C' = C[T]|P where P = P¢ is the subspace



16 KIYOKAZU NAGATOMO AND DON ZAGIER

ker(L) of primitive elements (called “quasi-primary elements” in the physics liter-
ature). The bilinear products - (- induce bilinear poly-products -,;- on P by
afn)b = m(apn)b), where 7 is the canonical projection operator from C' to P given by
the action of a well-known element of the completed universal enveloping algebra
of sls. The space Po with these poly-products is called a preconformal algebra,
defined by a set of (very complicated) axioms [9,11] inherited from the conformal
structure of C'. The important point is that C' can be reconstructed from P as
linear combinations of a weight 0 element 1 and formal symbols T"v with v € P,
because there is an explicit formula, exactly analogous to (7) and involving the same
combinatorial function F), (but with different arguments) expressing (7" a) (7))
as a linear combination of terms 7" (ap,b) with m +n = r + s. There is therefore
an isomorphism of categories between conformal and preconformal algebras.

The second step is then to give an isomorphism of categories between precon-
formal algebras and sl;-Lie algebras. This is done by a kind of universal enveloping
algebra construction analogous to the RCA case and that can again be interpreted
as the diagonal tensor product with a certain fixed graded sly-module. Specifically,
we associate to any preconformal algebra P the space gp = P ® C[v], on which we
define a bilinear bracket (now with no index!) given for a € P, and b € P; by

k+£

[a®@v",bev’] = Z

n=0

Fo.ln—2k—1n—-20—1;r,s)
(2k + 20— 2n+ 2)»

(a[n]b) Qv T, (21)

(The reason that 2k and 2¢ appear here rather than k and ¢ as before is that we
are using a slightly different sly-action in which the weights in P correspond to half
the weights in the RCA case.) The axioms of preconformal algebras imply that
this gives gp the structure of a Lie algebra on which we can define an action of sl
by derivations in exactly the same manner as done in Section 8, with the primitive
subspace being precisely P. Conversely, the multiplications in P can be recovered
from the Lie bracket by the formula
n
apb®1 = —1T<n) a®v",b@v""], 22

) ;( )1 ) (22)

and these two maps together give the desired equivalence of categories.

There are two obvious questions that can be asked in this context. One is
whether there is any actual relationship, rather than simply an analogy, between the
RCA /associative and conformal/Lie situations. The analogy is very strong, both
because of the formulations of the corresponding main theorems as very similar-
looking isomorphisms of categories and because of the appearance of the same
highly non-trivial coefficients F}, in both cases, but so far we have not been able to
give an explicit connection between the two cases apart from saying that if we start
with generalized (i.e., not necessarily commutative) RCAs then they correspond to
associative but in general non-commutative sly-algebras, and to any such object
we can associate an slo-Lie algebra simply by defining the Lie bracket as the com-
mutator. The second question is whether there is a similar description of VOAs,
as opposed to merely conformal algebras, in terms of some other kind of algebras
with an sly-action by derivations. We have attempted to find such a description
but have not yet been able to do so.

12. Acknowledgments and final remarks

We would like to thank several people, in particular Najib Ouled Azaiez, Joseph
Baine, Alexei Davydov, Vladimir Dotsenko, Ralph Kaufmann, Léo Schelstraete,



RANKIN-COHEN ALGEBRAS AND ASSOCIATIVE sl;-ALGEBRAS 17

Siddharta Sahi, Yilong Wang, and the referee for helpful remarks in connection
with the present paper. We were also informed by them of several papers that we
had not known about and that have some overlap with the results presented here,
including the papers [7] and [5]. The latter, in particular, gives a complete set of
algebraic identities for the multiplications in a Rankin-Cohen algebra that imply
all others. These identities express each triple Rankin-Cohen bracket [[f, g]m, h]n
as a linear combination of triple brackets [f, [g, h]m/]n with m' + n’ = m + n, the
coefficients being explicit but complicated combinatorial functions (terminating 4 F3
hypergeometric fuctions called Racah polynomials) of m, n, m’, n’ and the weights
of f, g and h, so they also describe a kind of associativity. However, have not found
a direct proof of the equivalence between their axioms and the characterization
given in Theorem 2.

References

[1] N. Ouled Azaiez, The ring of quasimodular forms for a cocompact group, J. Number The-
ory 128 (2008), 1966-1988.

[2] N. Ouled Azaiez, Restrictions of Hilbert modular forms, Int. J. Number Theory 5 (2009),
1081-1100.

[3] P. Cohen, Y. Manin and D. Zagier, Automorphic pseudodifferential operators. In Algebraic
Aspects of Integrable Systems: In Memory of Irene Dorfman, Prog. in Nonlinear Differential
Equations and Their Applications 26, Birkhduser, Boston (1995) 14-47.

[4] M. Kaneko and D. Zagier, A generalized Jacobi theta function and quasimodular foms.
In The Moduli Space of Curves, eds. R. Dijkgraaf, C. Faber and G. v.d. Geer, Prog. in
Math 129, Birkh&user, Boston (1995) 165-172.

[5] Q. Labriet and L. Poulain D’Annecy, Identities for Rankin-Cohen brackets, Racah coeffi-
cients and associativity. Lett. Math. Phys 114 (2024), Paper No. 20, 17 p.

[6] K. Nagatomo, Y. Sakai and D. Zagier, Modular linear differential equations and generalized
Rankin-Cohen brackets. Trans. Amer. Math. Soc. 377 (2024), 7657-7698.

[7] M. Pevzner, Rankin-Cohen brackets and associativity. Lett. Math. Phys 85 (2008), 195-202.

[8] K. Nagatomo and D. Zagier, sla-Algebras: I. Rankin-Cohen algebras and associative
sly-algebras. In preparation.

[9] K. Nagatomo and D. Zagier, sla-Algebras: II. Conformal algebras and slz-Lie algebras. In
preparation.

[10] F. Rodriguez Villegas and D. Zagier, Square roots of central values of Hecke L-series. In
Advances in Number Theory (Proceedings of the Third Conference of the Canadian Number
Theory Association), eds. F.Q. Gouvea and N. Yui, Oxford University Press (1993), 81-99.

[11] G. Yamamoto, Algebraic structure on quasi-primary states in superconformal algebras.
J. Math. Soc. Japan 32 (2005) 309-332.

[12] D. Zagier, Modular forms and differential operators. Proc. Indian Acad. Sci. (Math. Sci.),
104 (1994), 57-75.

[13] D. Zagier, Elliptic modular forms and their applications. In The 1-2-3 of Modular Forms:
Lectures at a Summer School in Njordfjordeid, Norway, ed. K. Ranestad, Universitext,
Springer-Verlag, Berlin—Heidelberg—New York (2008), 1-103.



	1. Introduction
	2. Definition and construction of Rankin-Cohen algebras
	3. From associative sl2-algebras to Rankin-Cohen algebras
	4. Quasimodular forms and the inversion formula for RC brackets
	5. Cocompact and non-cocompact
	6. From Rankin-Cohen algebras to associative sl2-algebras
	7. From pairs of RCAs to associative algebras
	8. Applications
	9. Extended derivatives and enhanced Rankin-Cohen algebras
	10. The non-commutative case
	11. The case of conformal algebras
	12. Acknowledgments and final remarks
	References

