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1 Introduction
The Birch–Swinnerton-Dyer (BSD) conjecture is one of the most famous open
problems in number theory (and indeed in all of mathematics, being one of the
seven million-dollar Millennium Prize Problems posed by the Clay Mathematics
Institute in 2000). This conjecture relates the behavior near s = 1 of the complex
L-function L(A/F, s) of an abelian variety A defined over a number field F to the
arithmetic of A over F , and more specifically to the group A(F ) of F -rational
points on A. By the Mordell–Weil theorem, A(F ) is a finitely generated abelian
group, so it has a well-defined rank (known as the Mordell–Weil rank), which is
the dimension of A(F )⊗Z Q as a vector space over Q. The conjecture predicts
that this rank equals the order of vanishing ran(A/F ) of L(A/F, s) at s = 1.
(This so-called analytic rank is itself part of the conjecture, since the L-function
is initially defined only for Re(s) sufficiently large; its analytic continuation is
known for elliptic curves over Q by the work of Wiles, his coauthors, and others,
and in some additional cases for higher-dimensional abelian varieties.) Proving
this equality for the special case where A is an elliptic curve E defined over Q
is already sufficient to win the million-dollar prize.

A further key part of the conjecture asserts that a second group associated
with A, the so-called Tate–Shafarevich group X(A/F ), is finite — this is known
as the Tate–Shafarevich conjecture — and that its order appears in a precise
formula relating it to the leading coefficient L(r)(A/F, 1) of the Taylor expansion
of L(A/F, s) at s = 1, where r is the rank of A(F ).

This paper proposes a possible weakening of the Birch–Swinnerton-Dyer
conjecture, framed as a dichotomy, in which neither the equality of the analytic
and Mordell–Weil ranks nor the finiteness of the Tate–Shafarevich group are
assumed to hold individually, but rather that if one fails, then so does the other
— and in a very specific way. We will focus exclusively on the case of elliptic
curves E defined over Q, and from now on will often omit the base field Q from
the notation whenever convenient. However, everything we propose, if true at
all, is expected to apply equally, mutatis mutandis, to abelian varieties defined
over arbitrary number fields.

1



2 A Weakened Version of the BSD Conjecture
We begin by recalling the basic arithmetic invariants that appear in the state-
ment of the Birch–Swinnerton-Dyer (BSD) conjecture. Let E be an elliptic
curve defined over the rational numbers Q. By the Mordell–Weil theorem, the
group of its rational points E(Q) is a finitely generated abelian group:

E(Q) ∼= Zr ⊕ T, (2.1)

where r ≥ 0 is the algebraic rank and T is the finite torsion subgroup. The BSD
conjecture relates this algebraic rank r to the analytic rank ran, defined as the
order of vanishing of the complex Hasse–Weil L-function L(E, s) at the central
point s = 1. The conjecture also involves a second group, the Tate–Shafarevich
group X, which is defined as

X := ker
(
H1(Q, E)→

∏
v

H1(Qv, E)
)
, (2.2)

where the product runs over all places v of Q. Here, we have used the standard
abbreviation H1(k,E) = H1(Gal(k̄/k), E(k̄)). An element of X corresponds to
an E-torsor (or principal homogeneous space)1, i.e. a smooth projective curve
C/Q of genus 1 together with an identification Jac(C) ∼= E, but only those
torsors having the property that they possess a point over every completion Qv

of Q (for v a prime p or v =∞). For brevity, we will call such everywhere locally
soluble torsors simply “good twists”. Such a twist need not have a rational point
over Q itself. Thus X measures precisely the failure of the Hasse principle (or
local-to-global principle) for the existence of rational points on torsors of E.

The standard BSD conjecture for E/Q has three parts:

(A) ran = r (this is known as the weak BSD conjecture).

(B) X is finite (this is known as the Tate–Shafarevich conjecture).

(C) There is an explicit formula relating the first non-zero derivative L(ran)(E, 1)
to the order of X (this is discussed in Section 6 below).

Part (A) is the crucial statement (and suffices to win the Clay prize).
Part (A) is known in many cases, particularly when ran < 2. Part (B) is

also known in these cases (sometimes in a slightly weaker form), but we always
know that X[n] is finite for each n, and that X[pν ] grows like (Z/pνZ) t for
some fixed t as ν →∞, for any prime p.

Our proposed framework is built upon several foundational results concern-
ing the structure of X. Although, as already mentioned, we still do not know
whether X is finite, several key properties are already known. The most rele-
vant are outlined below:

1The equivalence classes of torsors form an abelian group via [C] + [C′] = [(C × C′)/E]
and can be identified with H1(Q, E) by associating to [C] the class of the cocycle sending
g ∈ Gal(Q̄/Q) to gP − P ∈ E(Q̄) (where subtraction is taken using the E-action on C) for
any fixed choice of P in C(Q̄).
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(i) The Tate–Shafarevich group X is a torsion abelian group, and in par-
ticular is the direct sum over all primes p of its p-primary components
X[p∞].

(ii) For each p, the group X[p∞] has the structure

X[p∞] ∼= (Qp/Zp)
tp ⊕Fp (2.3)

where tp = tE,p is a non-negative integer and Fp is a finite abelian p-group.

(iii) tp ≡ ran− r mod 2 for all p (Dokchitser–Dokchitser [7]). In particular, the
parity of tp is the same for all primes p.

(iv) There is a canonical non-degenerate alternating pairing Xred ×Xred →
Q/Z due to Cassels (and, more generally, for arbitrary abelian varieties, the
Cassels–Tate pairing, which is antisymmetric but not necessarily alternat-
ing), where Xred (the reduced part of X) is the quotient X/Xdiv by its
maximal divisible subgroup. By (2.3), this is isomorphic to F := ⊕pFp.
This implies in particular that the order of the finite group Fp is a square
for every p, and also that the order of F (or of X itself), if finite, is a
square. (For general abelian varieties it may be a square or twice a square.)

The assertion (i) follows from the fact that an element of X corresponds
to a torsor of the elliptic curve E. Any of these torsors, while not necessarily
having a rational point over the original field, will have a rational point over a
finite extension of that field. If a torsor becomes trivial over a field extension of
degree n, then n times the corresponding element in H1(Q, E) is the identity.
The assertion (ii) follows from Galois cohomology (see [4, 25]). Given an integer
m > 1, the m-Selmer group Selm(E/Q) is defined as the preimage of X[m] ⊂
H1(Q, E)[m] in H1(Q, E[m]), yielding the exact sequence

0 −→ E(Q)/mE(Q) −→ Selm(E/Q) −→ X[m] −→ 0, (2.4)

where Selm(E/Q) is a finite abelian group. Taking the direct limit in the exact
sequence (2.4) for m = pk as k → ∞, the p-primary part X[p∞] fits into the
exact sequence

0 −→ E(Q)⊗Qp/Zp −→ Selp∞(E/Q) −→ X[p∞] −→ 0, (2.5)

where the p-primary Selmer group Selp∞(E/Q) is known to be a cocompact Zp-
module (that is, its Pontryagin dual Homcont(Selp∞(E/Q), Qp/Zp) is a compact,
finitely generated Zp-module, whose Zp-rank r + tp is called the Zp-corank of
Selp∞(E/Q)). In (iv), we also note that for abelian varieties in general the
pairing is only antisymmetric [10, 26].

For more details about the history and properties of these groups and the
Cassels–Tate pairing, we refer for example to [9] or the very recent survey arti-
cle [24].

The classical BSD conjecture assumes that the divisible part of X is trivial,
and that X is finite. More precisely, it can be stated as a combination of four
main assertions:
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(a) tE,p vanishes for all primes p.

(b) Fp = {0} for all but finitely many primes p. (These two parts together are
equivalent to the finiteness of X.)

(c) ran = r.

(d) The leading coefficient L(r)(E, 1) is given by an explicit formula involving
|X| and other arithmetic invariants of E.

We propose to reformulate this picture as a BSD dichotomy, consisting of two
complementary assertions: a structural statement describing the shape of X,
where the divisible part of X may be nontrivial, and a vanishing statement to
be specified below—each of which may be true or may be false. The structural
component naturally decomposes into three interrelated conditions, stated in
Conjecture 1; taken together, they form one side of the dichotomy.

Conjecture 1 (Weakened BSD Conjecture). Let E be an elliptic curve over Q.

1. (Invariance of Zp-coranks) The Zp-corank of X[p∞] is independent
of the prime p. That is, there exists an integer tE ≥ 0 such that

tE,p = tE for all primes p.

2. (Rank–Defect Formula) The number tE gives the difference between
the analytic and algebraic ranks:

ran − r = tE .

In particular, we always have ran ≥ r.

3. (Finiteness of the Reduced Part) The reduced part of the Tate–Shafarevich
group, F := X/Xdiv

∼=
⊕

p Fp, is a finite group.

This conjecture isolates the structural part of the BSD picture. The com-
plementary vanishing statement asserts that the defect parameter tE of Con-
jecture 1 vanishes. By the Rank–Defect Formula, this condition is related to
the vanishing of L(r)(E/Q, 1), i.e. to the possible positivity of ran − r. This di-
vision into a structural and a vanishing part follows a strategy that has proved
extremely successful in the development of Iwasawa theory.

The assertions (A)–(B) of the original BSD conjecture are thus recovered
by combining Conjecture 1 with the vanishing statement tE = 0. Part (C),
concerning the value of the leading non-zero derivative of L(E, s) at s = 1,
is a separate statement whose possible weakened version will be discussed in
Section 6.

If Conjecture 1 holds, then we have the global decomposition

X ∼= (Q/Z)tE ⊕F ,
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where F is finite and decomposes as F =
⊕

p Fp, with each Fp a finite abelian
p-group of square order. In particular, if X[p∞] is finite for even one prime p,
then tE = 0 and X itself must be finite.

We remark that the decomposition in Conjecture 1 is not entirely new. For
each prime p, the Bloch–Kato conjecture [3] is formulated in terms of the Bloch–
Kato Selmer group H1

f (Q, VpE/TpE), and in that framework the analogue of
the Tate–Shafarevich group is taken to be the quotient of this Selmer group
by its maximal divisible subgroup. Thus the Bloch–Kato formulation naturally
isolates the reduced p-primary part (our Fp) and is intrinsically silent about any
divisible summand (Qp/Zp)

tE,p in X[p∞]. In particular, it does not by itself
imply the vanishing statement tE = 0, nor does it a priori impose the prime-
independence of the coranks tE,p. Our Conjecture 1, however, concerns the
classical Tate–Shafarevich group and, in particular, asserts a prime-independent
divisible rank tE = tE,p as well as the finiteness of F , which is not part of the
Bloch–Kato formulation. Furthermore, we expect this weakened conjecture to
be functorial, as suggested by the Bloch–Kato framework.

There are three primary motivations behind our new proposal:

• The analogy with Iwasawa theory

• Connections with known results in the theory of elliptic curves

• Comparison with the function field case

The next three sections will explain each of these motivations in detail. The
idea we are proposing goes against current belief and of course may well be
wrong, but we nevertheless think it is worth formulating because:

(1) even if the original version is true and tE is always zero, splitting BSD into
three parts might still be helpful—these parts could potentially be proved
separately by different researchers or teams, as happened in the case of
Iwasawa theory discussed later in this paper;

(2) it is quite possible that the original version is not always correct—in which
case no one will ever be able to prove it—whereas the weaker version may
be correct and eventually provable; and

(3) even if both parts are true for E/Q, it may still be that in more general con-
texts (elliptic curves over other number fields or higher-dimensional abelian
varieties) only the weaker version, with the analogue of tE possibly being
non-zero, is true or at least provable, since the current numerical evidence
is almost all for elliptic curves over Q.

3 The analogy with Iwasawa theory
The analogy with Iwasawa theory is a central motivation for our proposed split-
ting of BSD. In Iwasawa theory, one distinguishes between two logically separate
assertions: a general structural theorem describing the growth of class groups
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in Zp-extensions (with a possible µ-term), and a special vanishing conjecture
asserting µ = 0 in the cyclotomic case. This separation is valuable even when
the vanishing conjecture is known to be true, as it provides a framework that
applies in greater generality where µ can be positive.

Our proposal for BSD is exactly parallel.
Conjecture 1 plays the role of the structural theorem, with the divisible

rank tE being the analogue of Iwasawa’s µ-invariant. The classical rank equality,
r = ran, corresponds to the vanishing statement tE = 0.

To make this precise, let p be any prime, and let F be a number field. A
Zp-extension of F is an infinite Galois extension whose Galois group over F is
isomorphic to Zp. The group of all p-power roots of unity in a fixed algebraic
closure Q of Q is denoted by µp∞ . The cyclotomic Zp-extension of F , denoted
F cyc, is the subextension of F (µp∞) whose Galois group over F is Zp; equiva-
lently, it is the unique Zp-extension of F contained in F (µp∞). In particular,
for F = Q this gives Qcyc ⊂ Q(µp∞), which is in fact the only Zp-extension
of Q.

More generally, a number field F can have multiple distinct Zp-extensions.
Leopoldt’s conjecture [20] for F at p predicts that the compositum of all Zp-
extensions of F is a Zr2+1

p -extension, where r2 is the number of complex places
of F . A key consequence of this conjecture is that if F is totally real (so r2 = 0),
then its cyclotomic Zp-extension F cyc should be the only Zp-extension of F .

Let F∞/F be any Zp-extension. For each integer n ≥ 0, let Fn denote
the unique intermediate field with [Fn : F ] = pn. Let An be the p-primary
component of the ideal class group of Fn, and let pen be its order.

In [14], Iwasawa developed a structure theory for the growth of the groups An

in Zp-extensions, proving the following exact formula: there exist integers µ, λ ≥ 0
and ν such that

en = λn+ µpn + ν (3.1)

for sufficiently large n. These integers are called the µ-, λ-, and ν-invariants of
the extension F∞/F . This structure leads to a natural separation of the theory
into two distinct parts:

1. Iwasawa’s Theorem: For any number field F and for any Zp-extension F∞/F ,
the exponent en of the p-primary part of the ideal class group of the n-th layer
Fn satisfies formula (3.1) for sufficiently large n.

2. Iwasawa’s µ = 0 Conjecture: In the special case when the Zp-extension
is cyclotomic, the µ-invariant from the formula (3.1) vanishes:

µ = 0.

If this conjecture holds, then the growth of the exponent en is linear in n for
sufficiently large n. This was already proved by Iwasawa for certain special
cases, including F = Q, and by Ferrero and Washington for the case when F/Q
is abelian, but is still open in general. Here:
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• Statement 1 corresponds to Conjecture 1, where tE plays the role of µ.

• Statement 2 corresponds to the additional assertion tE = 0.

A combined “vanishing” formulation would say: for F cyc/F cyclotomic, there
exist integers λ ≥ 0 and ν such that for all sufficiently large n,

en = λn+ ν.

This hides the structural role of the µ-invariant and the possibility of exponential
growth. Presenting the theory with these two statements kept separate has
several clear advantages, just as it does for our proposed weakening of BSD:

(1) The logic becomes clearer. The structure theory of Iwasawa modules di-
rectly yields the theorem with the µpn term. The assertion that µ = 0 in
the cyclotomic case is a separate (and harder) arithmetic statement that
requires a completely different proof.

(2) This separation reflects the actual historical development. Iwasawa’s orig-
inal work established the general formula for all Zp-extensions, while the
vanishing of µ for cyclotomic extensions was still a conjecture. To state the
result as a single “eventually linear” theorem, even in cases where it is now
known, is anachronistic and obscures the progression of the theory.

(3) It provides a more robust and flexible framework. The general structural
theorem holds for any Zp-extension, while the vanishing conjecture is a more
specialized statement whose validity depends on the context. For instance,
Iwasawa himself found examples of non-cyclotomic extensions where the
µ-invariant is positive. Furthermore, the vanishing conjecture for abelian
extensions of Q was proven only later by Ferrero and Washington and still
remains open for non-abelian extensions

.

4 Connections with known results in the theory
of elliptic curves

Our second main motivation for proposing a weakened BSD conjecture is that a
survey of known results in the theory of elliptic curves often involves dichotomies
like those laid out in Conjecture 1. In particular, we will see that several powerful
theorems, when interpreted in our framework, are suggestive of aspects of this
picture, including the non-independence of different p-primary parts of X and
the rank inequality r ≤ ran. A recurring theme in this evidence is the following
dichotomy: either the classical BSD conjecture holds in its entirety (which in
our framework corresponds to the vanishing of the invariant, tE = 0), or a
failure of the rank equality is intrinsically linked to unexpectedly large X. We
now illustrate this pattern with several examples from the literature.
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An early instance of this type of dichotomy was established in the CM case
by Greenberg and Rubin. In [11], Ralph Greenberg showed that if E is an
elliptic curve with complex multiplication by the ring of integers of an imaginary
quadratic field K, and if ran = ords=1 L(E, s) is odd, then at least one of the
following holds. Either the Mordell–Weil rank r = rank(E(Q)) is positive, or the
p-primary component X[p∞] is infinite for all primes p > 3 at which E has good
ordinary reduction. Since there are infinitely many such primes p, the second
alternative implies that X is not merely infinite but “infinitely often infinite”.
This result was extended to good supersingular primes by Karl Rubin [27],
through an analysis of a rank-two Iwasawa module of local units, together with
elliptic units and Heegner points. As we explain below, the p-parity theorem
now gives a stronger form of this dichotomy for all elliptic curves over Q and all
primes p.

The assertion that the algebraic and analytic ranks have the same parity:
r ≡ ran (mod 2) is the parity conjecture and is a basic element in our picture
of the theory of elliptic curves. An important refinement of the parity conjec-
ture is the so-called p-parity conjecture, which asserts that the parity of the
p∞-Selmer rank of E (the Zp-corank rkp(E/Q) of the p-primary Selmer group
of E) is determined by the root number w(E) of L(E, s) (in the sense that
(−1)rkp(E/Q) = w(E), so that ran ≡ rkp(E/Q) mod 2) for all primes p. The
p-parity conjecture has been proven for all E/Q and all primes p by Dokchitser–
Dokchitser [7]. In particular, the parity of rkp(E/Q) does not depend on p.
This highlights once more the dichotomous nature of the conjecture: either
the analytic and algebraic ranks have the same parity, or discrepancies in
rank and Selmer structure emerge simultaneously for all primes p. What we
can conclude from this, for instance, is that if for some prime p the quotient
Selp(E)/Im(E(Q)tor) has order p, then one of the following holds: either r = 1
and X[p∞] = 0, or r = 0, X[p∞] ∼= Qp/Zp, and X[ℓ∞] ⊃ Qℓ/Zℓ for all
primes ℓ.

A further motivation for seeking a formulation that captures hidden struc-
ture in X comes from the work of Dokchitser, Evans and Wiersema on BSD-
type formulae for Artin twists [8]. Assuming the finiteness of X, they exhibit
settings in which the different p-primary components of the Tate–Shafarevich
group do not behave independently of one another, and remark that it would be
interesting to have a purely Selmer-theoretic explanation of this phenomenon.

There is considerable theoretical evidence relating the algebraic rank r of an
elliptic curve E/Q to the analytic rank ran. One of the most compelling sources
of evidence comes from the work of Kolyvagin [17] on an Euler system of Heegner
points. First, the work of Gross and Zagier [13] establishes a lower bound for the
algebraic rank in certain cases. They choose an auxiliary imaginary quadratic
field K satisfying the Heegner hypothesis (i.e., all primes dividing the conductor
of E split in K). We have the factorisation of the L-function L(E/K, s) =
L(E/Q, s) · L(E(D)/Q, s), where D is the discriminant of K and E(D) is the
quadratic twist of E by D. The Gross–Zagier formula relates the derivative of
this L-function to the canonical Néron-Tate height ĥ of a specially constructed
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“Heegner point” PK ∈ E(K):

ĥ(PK) = c · L′(E/K, 1),

where c is an explicit non-zero constant depending on E and K. To obtain
a statement over Q, we may assume ran = 1 (else the formula is trivial with
L′(E, 1) = 0 and P = 0). In particular, the sign of the functional equation
for E is −1, and we choose K by Waldspurger’s theorem [33], which ensures
that L(E(D)/Q, s) ̸= 0 for some D. Then one obtains ĥ(P ) = c′ · L′(E, 1) with
c′ ∈ Q× where P = PK + PK ∈ E(Q). It follows that if ran = 1 then r ≥ 1.

Complementing this, Kolyvagin obtained an upper bound for the rank by
studying the p-primary Selmer group for a fixed prime p. He constructed, for
each integer n ≥ 1, cohomology classes κn ∈ H1(K,Epn), arising from Heegner
points and satisfying norm-compatibility relations as n varies; together they
form an Euler system. These classes control the structure of the p-primary
Selmer group. Kolyvagin proved that if the first class κ1 is nonzero, then the
corresponding Heegner point PK has infinite order, giving r ≥ 1. Moreover, the
Selmer group is generated by the images of the classes κn, so its Zp-corank is at
most 1. By the exact sequence (2.5), this means that the Mordell–Weil rank r
satisfies r ≤ 1 and that X[p∞] is finite.

Additional evidence arises in a p-adic context. Mazur, Tate and Teitel-
baum [23] formulated a p-adic BSD conjecture relating the order of vanishing
ranp of the p-adic L-function at s = 1 to the algebraic rank of E, and expressing
the leading coefficient at s = 1 in terms of arithmetic invariants up to a p-adic
unit, analogously to the classical BSD conjecture (with the complex regulator
replaced by a p-adic regulator). By a theorem of K. Kato [15], proved using
Iwasawa theory, the order of vanishing ranp satisfies

ranp ≥ r

(and in fact ranp ≥ r+ 1 if E has split multiplicative reduction at p). Moreover,
if the Iwasawa main conjecture holds and the equality holds, then X[p∞] is
finite and the p-adic regulator Rp is nonzero. Under the assumption of the non-
degeneration of the p-adic height pairing, the p-adic Iwasawa main conjecture
for elliptic curves implies the p-adic BSD conjecture (see [28]).

Finally, we mention the extensive numerical evidence supporting the BSD
conjecture over Q (see, for example, [5, 21, 30]). The numerical evaluation of
L-series derivatives to high precision, which allows one to identify the analytic
rank even without a rigorous proof, has a long history, dating back at least to
an old paper of Buhler, Gross, and the second author [2] on an elliptic curve of
rank 3. Balakrishnan, Ho, Kaplan, Spicer, Stein, and Weigandt [1] carried out
a systematic study of the first 238, 764, 310 elliptic curves (ordered by height).
However, although they determine the rank in all cases, for nearly 20% of the
curves this was conditional on GRH, the BSD conjecture and/or the parity con-
jecture, and therefore does not actually verify that the arithmetic and analytic
ranks are equal.
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By contrast, exhaustive computations for curves ordered by conductor pro-
vide a higher degree of certainty for smaller ranges. For all isogeny classes
of conductor N ≤ 500,000, the equality of the analytic and Mordell–Weil ranks
has been established unconditionally, with the single exception of a rank 4 curve
of conductor 234,446, where the analytic rank cannot be established rigorously.
(The second derivative is numerically zero to high precision, but we do not know
how to prove rigorously for any elliptic curve that any derivative beyond the
first vanishes.) For curves with prime conductor, this unconditional verification
has been extended much further: according to Cremona, it currently covers all
such curves in the LMFDB up to conductor 3× 108.

Regarding the finiteness of X, for curves of analytic rank 0 or 1, the actual
order of X can often be calculated and shown in many cases to be consis-
tent with the BSD formula. For elliptic curves of rank r ≥ 2, by contrast,
there is at present no known example for which the finiteness of the full Tate–
Shafarevich group X has been proved. Substantial evidence in these cases is
instead obtained prime-by-prime: using Iwasawa-theoretic methods, Stein and
Wuthrich [31] have shown that X[p] is trivial for many curves of rank 2 and
various primes p. Their method requires that the rank and a basis of E(Q) be
unconditionally known. The computation involves choosing a prime p > 3 of
good ordinary reduction for which the analytic order of X is not expected to
be divisible by p, and evaluating both the p-adic regulator and the leading term
of the p-adic L-function. As clarified by C. Wuthrich (private communication),
under the additional technical hypotheses required by this approach, such a
computational check is now practically feasible for the large majority of non-
CM curves up to conductor 500,000 (the limit of Cremona’s table), which would
provide substantial numerical evidence in favor of the original BSD conjecture
for these elliptic curves over Q.

The value of our proposed dichotomy lies in its structural clarity. Even
if tE always vanishes for elliptic curves over Q, giving this defect a name and
formulating it explicitly may still help to sharpen our understanding of the
conjecture by isolating one of its underlying structural features. At the same
time, this point of view provides a framework that may be especially useful in
more general contexts, such as abelian varieties over arbitrary number fields,
where the evidence for the vanishing of tE is much less extensive.

5 Comparison with the function field case
For a more complete picture, we now turn to the setting of elliptic curves over
global function fields, where the analogue of the BSD conjecture is understood
with much greater clarity.

A powerful guiding principle in number theory is the analogy between num-
ber fields (like Q) and global function fields (like Fq(T )). Another line of evi-
dence that provides strong support for the assertion that the algebraic rank r
is bounded by its analytic rank ran comes from arithmetic over function fields.
While a proof of this inequality r ≤ ran remains out of reach over number fields,
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for elliptic curves defined over function fields, the inequality r ≤ ran is a proven
theorem, thanks to the work of Tate, Milne, Kato, and others. In fact, much
more is known about the BSD conjecture in this setting.

In the geometric situation where F is the function field of a smooth proper
curve V over a finite field k of characteristic p, and where A/F arises as the
Jacobian of the generic fibre of a smooth projective surface fibration f : X → V ,
Tate [32] related the BSD conjecture for A/F to the Artin–Tate conjecture for
X. In particular (assuming the auxiliary hypothesis denoted (d) in [32]), he
showed that finiteness of the ℓ-primary torsion in Br(X) for one prime ℓ ̸= p is
equivalent to the rank part of BSD for A/F , and moreover implies finiteness of
the prime-to-p part of X(A/F ) and the BSD leading-term formula up to sign
and a power of p.

More recently, Kato–Trihan [16] vastly extended these results. In particular,
for an abelian variety A (not necessarily Jacobians; of course, in the elliptic
curve case the two coincide) over a global function field F , they show that
ords=1 L(A/F, s) = rankA(F ) holds if and only if X(A/F )[ℓ∞] is finite for
some prime ℓ, and that in this case the full BSD formula holds and X(A/F ) is
finite.

It is worth noting, however, that results over global function fields, while
often serving as valuable guiding principles, do not always carry over directly
to number fields (a salient example being the Riemann hypothesis), so that we
should be cautious in transferring knowledge from the former to the latter case.
Also in our context, if we look at the Iwasawa theory of an abelian variety A
over a global function field F of characteristic ̸= p, then the µ-invariant of the
p-primary Selmer group Selp∞(A/F cyc) of A over the cyclotomic Zp-extension
F cyc of F (or more generally the generalized µ-invariant for an admissible Lie
extension of F ) is known to vanish (see [6]). Here, µ denotes the Iwasawa µ-
invariant of the Pontryagin dual of Selp∞(A/F cyc), which controls the Iwasawa-
theoretic growth of Selp∞(A/Fn) along the layers Fn ⊂ F cyc. This is distinct
from the classical class-group µ-invariant considered in Section 3, and we use the
same letter only to emphasize the analogy between the two Iwasawa theories.

Over number fields, by contrast, examples with µ > 0 are known (see [22,
Section 10, Example 2]). In this case, the expected formulation over Q is usually
stated up to isogeny: for an odd prime p of good ordinary reduction, every
elliptic curve E/Q should be Q-isogenous to a curve E′ with µ(E′) = 0.

6 Possible form of the formula for the first non-
vanishing derivative at s = 1

The formula for the leading non-zero derivative of L(E/Q, s) at s = 1, as given
in the current standard form of the Birch–Swinnerton–Dyer conjecture, is

L(ran)(E/Q, 1) = L(r)(E/Q, 1) = r ! Ω∞RE

∏
p

cp ·
|X|

|E(Q)tor|2
, (6.1)
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Here, r = rankE(Q) and the terms on the right-hand side are the standard
arithmetic invariants: Ω∞ =

∫
E(R) |ω|, with ω a Néron differential for any global

minimal Weierstrass equation of E; RE is the regulator, i.e. the determinant
of the Néron–Tate height pairing matrix on a basis of E(Q)/E(Q)tor; cp =
[E(Qp) : E

0(Qp)] is the Tamagawa number at p (equal to 1 for primes of good
reduction), with E0(Qp) the subgroup of E(Qp) consisting of points of non-
singular reduction modulo p; and X is the Tate–Shafarevich group of E/Q.

Of course we would like to know what replaces this formula if only our
weakened version of the BSD conjecture holds and t ̸= 0. The picture one could
hope for is as follows.

One can associate to the elliptic curve E/Q a finitely generated abelian group

S = SE ,

containing E(Q), of rank r + t over Z and endowed with a real-valued positive
definite (or at least non-degenerate) pairing extending the Néron–Tate height
pairing on E(Q). The relation to X is that Xdiv should be (canonically)
isomorphic to the cokernel of the natural map S → (S/E(Q)) ⊗ Q. The for-
mula (6.1) would then remain unchanged except that the left-hand side would
become L(ran)(E/Q, 1) = L(r+t)(E/Q, 1), the regulator would be replaced by
the determinant of the new height pairing with respect to a basis of S/Stor, and
the factors |E(Q)tor| and |X| would be replaced by |Stor| and |F|, respectively,
where F = X/Xdiv =

⊕
p Fp.

We do not yet have a clear candidate for this group S, but can at least
formulate some provisional ideas as to where it might come from. In [34] it was
observed that if one has two abelian groups A and D together with an extension
of A/mA by D[m] for every positive integer m, then a natural way that this
can occur is if the groups A and D fit into a four-term exact sequence

0 −→ A −→ B
f−→ C −→ D −→ 0, (6.2)

i.e. if A and D can be identified with the kernel and cokernel, respectively, of
some homomorphism f between abelian groups. In that case the extensions in
question can arise as

0 −→ A/mA −→ {(b, c) ∈ B × C | f(b) = mc}
{(mb, f(b)) | b ∈ B}

−→ D[m] −→ 0,

with the obvious maps. In the case where A = E(Q), D = X(E/Q), and the
extensions are the Selmer sequences (2.4) we may take the four-term sequence
(6.2) to be

0 −→ E(Q) −→ E(A) −→ XE,A −→ X(E/Q) −→ 0, (6.3)

where A is any Q-algebra (commutative, associative, with unit) over which every
good twist of E has a point. Here XE,A denotes the set of equivalence classes
of pairs (C,P ), consisting of a “good twist” C/Q of E/Q and a point P ∈ C(A),
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and the maps E(A) → XE,A and XE,A → X are given by P 7→ (E,P ) and
[(C,P )] 7→ [C], respectively.

There are many possible choices for the algebra A: one can take it to be
Q, C, R, Qp for any prime p, or any product of these, such as R × Q2 × Q7,
or the finite adeles Af = Ẑ ⊗ Q (with Ẑ = lim←−N

Z/NZ =
∏

p Zp), or the full
adele ring A = Af × R. It is even possible that for every elliptic curve E/Q
one can take A to be a number field F , i.e. a finite extension of Q, rather than
all of Q. (Indeed, if the standard BSD conjecture is true then this is certainly
possible, since X would be finite and one could take F to be the composite
of the number fields in which the twists of E representing each element of X
acquire a rational point.) We may then hypothesize that for every such algebra
A there is a canonical map

E(A) −→ S,

to our hypothetical group S, such that these maps are compatible with base
change in A, and whose images in S ⊗ Q are independent of A. The idea is
that S should represent a sort of “universal ambient group” containing all the
rational points on all good twists of E, endowed with a natural height pairing
extending the Néron–Tate one. A plausible-looking candidate for S would be
the group (E(Q̄)/E(Q̄)tor)

Gal(Q̄/Q) or something related to it, but Liang Xiao
(private communication) has proved that this group is simply isomorphic to Qr,
so it cannot be used.

More precisely, one might imagine that the image of E(A) in S⊗Q encodes
the “rationality” of points defined over the various completions and extensions
of Q, and that the contribution of t in the conjectural formula corresponds
to additional “transcendental” or “analytic” directions in which the L-function
varies. In this sense the extra parameter t could be viewed as measuring the
failure of the canonical height pairing to detect all the directions of variation
of L(E/Q, s) at s = 1.

In this hypothetical picture, the determinant of the extended height pairing
on S/Stor would then play the role of a generalized regulator, while the quotient

F = X/Xdiv

measures the residual “defect of descent” that remains invisible to the extended
height pairing.

We note that the natural pairing on the divisible part Xdiv is expected to
be symmetric, in contrast to the alternating Cassels–Tate pairing on the finite
part, since an alternating pairing on a divisible group must vanish identically.
Thus Xdiv should carry a quadratic rather than symplectic structure. If such
an S exists, the modified BSD-type formula would take the same formal shape
as (6.1), with r replaced by r + t, and with the arithmetic factors interpreted
in this extended sense. In this context, we can also mention another aspect of
the usual formulation of the BSD formula (6.1) which is discussed in Section 3.5
(pp. 26–30) of the paper [19] by Kontsevich and the second author on periods
and also in [18]. This is that the product ΩERE of the period and the regulator

13



should be viewed not as a product of two separate invariants but as a single,
more fundamental object, and is itself a period. (This is a result of A. Scholl [29],
with a more elementary proof given in [19].) This number, which we can call the
extended regulator R̂E , is the determinant of a pairing on a lattice of rank r+1
which is a one-dimensional extension of the Mordell–Weil lattice E(Q)/E(Q)tors
of rank r. This formulation combines the homological and cohomological aspects
of the curve’s arithmetic into a single determinant. If our new picture is correct,
then there should presumably also be an extended version of the lattice S, now
of rank r + t+ 1.
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