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Let Ng,n,d denote the moduli space of semistable n-dimensional vector bundles over a fixed
Riemann surface of genus 9 and having as determinant bundle a fixed line bundle of degree d.
This is a projective variety, smooth if (d, n) = 1 (so that aB semistable bundles are stable). Its
topology, which depends only on 9, Tl and d (mod n), and not on the specific Riemann surface or
line bundle chosen, has been extensively studied. In particular l a recursive determination of the
Betti numbers of )Vg,n,d in the smooth case was proved by Harder and Narasimhan [HN] and by
Atiyah and Bott [AB] (by totally different methods: the former by counting points of the moduli
space over finite fields and using the \\'eil conjectures, and the latter via infinite-dimensional Morse
theory with the Yang-MilIs functional as Morse function).

Over Ng,n,d there is a canonically defined line bundle 8, generalizing the classical theta
bundle over the Jacobian of a curve (corresponding to the case when n = 1 and the determinant
bundle is not fixed), and a basic tool in the study of the rnoduli spaces in question is the determi­
nation of the numbers dirn HO(Ng,n,d l8k ) for variable k. An explicit formula for these numbers
was conjectured by the physicist E. Verlinde (Ve]. In the simplest case n = 2, it says that

where

gj-l

L . 2g-2!!i
j (mod k) Sill k

j~O (mod k)

(9, k E N, e = ±1, (1)

Verlinde's formula haß now been proved by many people ((5z], (85], (Th], [Ki], [00], (NR],
{D\V], {Z2] for n = 2; [Fa] anel [BL], building on {TUY], and (\Vi], [JK] for genera.l n). In the present
paper, in which all the algebraic geometry and topology are suppressed, we will not say anything
about these proofs. Instead, we will discuss same of the many interesting number-theoretical a.nd
combinatorial aspects of the formula itself. \Ve will look mostly at the case n = 2, where we
coUect together 00 fe\ver than ten formulas , some known and some new, for the numbers (1), but
we also give in §2 a formula for n = 3 and in §3 a simple proof of a certain reclprocity property
of the Verlinde numbers for general n.

In the final sectioo of the paper. we solve the rccllrrences fouod by Harder-Narasimhan­
Atiyah-Bott, obtaining a closed formula for the Poincare polynomial of the moduli spa.ce lVg,n,d

in all (smooth) cases. This calculation has several amusing aspects: to guess the formula we have
to ignore the fact that polynomials in one variable commute , and to prove it we need an unusual
descending induction over real numbers.



§1. THE VERLINDE FORMULA FOR Tl = 2

In this sectiOll we discuss the Ilumbers D±(g,k) defined by (1). We look mostly at D+(g, k),
which we denote simply by D(YI k), bccause of the relation

(k even) (2)

(for which, by the way, no geometrie interpreta.tion seems to be known). The first few values of
D(g, k) a.re given in the following table.

k : 1 2 3 4 5 6. 7 8 9

9 = 0 1 1 1 1 1 1 1 1 1
1 0 1 2 3 4 5 6 7 8
2 0 1 4 10 20 35 56 84 120
3 0 1 8 36 120 329 784 1680 3312
4 0 1 16 136 800 3611 13328 42048 117072
5 0 1 32 528 5600 42065 241472 1122560 4411584
6 0 1 64 2080 40000 499955 4456256 30475264 168816960
7 0 1 128 8256 288000 5980889 82671232 831000576 6485090688

For fixed k, e<luation (1) already describes the function 9 t-+ D(y, k) aB a sum of exponential
fu nctions, e.g. for k ~ G we have

k I 2 3 4 5 6
D(g, k) o I 29 29- 1 (29+1) 2[(5+V5)9- 1 + (5-V5)g-l] 22g- 1 (39 - 1 + 1) +39- 1

This information can be put together into a generating function 1Jk(T) = E;o D(g, k) T9 which
is then a rational function of TI e.g.,

k 1 2 3 4 5 6
I 1 1 - 3T 1 - 6T 1 - 14T +36T2

1
I - T 1 - 2T I - 6T + 8T2 1 - lOT + 20T2 1 - 19T + 96T2 - 144T3

The generating functioll 1Jk (T) is described in (ii) and (vi) of the Theorem below.

In the opposite direction, the functioll k t-+ D(g, k) for fixed 9 is a polynomial of degree 01 1
or 3g - 3 for 9 = 0, 1, or ~ 1, respectively. (Of course it rnust be, by thc Hirzebruch-Riemann-Roch
theorem, if Verlinde's formllla is to be true.) Explicit formlIlas for this polynomial will be given
in (iii), (iv) and (x) of Theorem 1 below; the polynomial nature of D(gl k) is also clear from parts
(iiL (v) and (ix) of that theorem. The first few values are given by

9

D(g, k)

o 1 2 3 4

and a somewhat later value by

D(8, k) = (60k 21 + 1382k l9 + 16380k11 + 133419k1u + 846560k13

+ 4638816k ll +31104000k9
- 36740617k7 )/35026992000.

Note the factor 691 (= numerator of the Bernoulli number B 12 ) in the coefficient of k19 here; it
will be explained by pa.rt (iii) of Theorem 1. Again we can form a. gcnera.ting function F9 (X) =
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E~o D(g, k + 2) X k the first few values being given by

1 1 1
Fo(X) = 1 _ X ' FI(X) = (1 _ X) 2 I F2 (X) = (1 _ X) 4 '

( )
_ 1 + X + X 2 + X 3 F. ( X) _ 1+ 6X + 21X2 + 40X3 + 21X 4 +6X 5 + X 6

F3 X - (1 _ X) 7 ' .... - (1 _ X) 10 '

( )
_ 1 + 19X + 190X2 + 946}(3 + 2012X4 + 2012X 5 + 946X6 + 190X7 + 19X8 + X 9

F5 X - . (1 _ X)l3

The fact that D(g, k) for 9 > 1 is a polynomial in k of degree 39 - 3, of parity 9 -1 and vanishing
at k = 0 and k = 1, means that Fg(X) has thc form (1 + Cl)( + ... + C3g_6 ...y3g - 6)/(1 - X)3 g

-2 J

where the coefficients Ci have the symmetry property C3g-6-i = Ci' Moreover, in the examples we
find that the Ci are always positive. These properties of symmetry and positivity correspond to the
Gorenstein and Cohen-Macaulay prope~ties, respecÜvely, of the graded algebra EBk HO (Ng ,2,O, ek )

of which Fg(X) is the Hilbert series.

We now state a theorem giving a variety of descriptions of the numbers D(g, k). For some
parts of the theorem it will be more convenient to use the rational nurnbers Vh(k) defined by

D(g, k) = (k/2)g-1 Vg- l (k) . (3)

Because of (2) 1 we will (except in part (x)) give the results for D = D+ only, mentioning one or
two especially interesting cases for D_ after the theorem.

Theorem 1. The same numbers {D(g, k)}g,kEN (resp. {Vh(k)}h2:0, kEN related to D(g, k) by (3))
are deseribed by any of the following formulas:

(i) (Trigonometrie sum)

'" (. 1r
j )-2hVh(k) = L, sm T .

O<i<k .

(ii) (Generating Filnetion)

(4)

00

1 - L Vh(k) sin2h x
h;l

(iii) (Explicit Polynomial)

(5)

(h ? 1) 1 (6)

where Bh denotes the (2s) th Beruol111i n umber aud Ch,lJ the coefflcient oE x-:23 in the Laurent
expansion of (sin x)-2h at x = o.

(iv) (Divergent sum)

(7)

00 00

where E P(n) for a polynomial P is to be interpreted via E n i =(( -i).
n;l n;l
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(v) (Recursion)
1 h-l

Vh(k) = k - 1+ k I:V,,(k) Vh_,,(k - 1)
,,::;:0

(h ~ 0). (8)

(vi) (Continued Fraction)

(9)(stop after
k - 1 terms).1

1

1

2 - 2T - -------

2-------
1

2-2T--­
I

2--

(vii) (FactorizationjFusion Rules)
D (g, k) = Fk (g, 0) ,

where Fk is the unique function on Z2:0 X Sk (Sk=Z2:0e1 +... +Z2:oek) satisfying

(10)

Fk(91 +92,01 + 02) = I: Fk(glt nl + ea )Fk(g2, Oz + ea )

O<a<k

Fk(9 + I, n) = I: Fk(g, 0 +2ea ) (Vg ~ 0, n E Sk) t

O<a<k
Fk(O, 0) = 1, Fk (0, ea) = 0, Fk (0, ea+ eb) = dab, and

{
I if 2max{n,b,c}<a+b+c<2k,

Fk(O, ea + eb + ec ) = .o otllerwlse.

a+ b+ c odd,

(viii) (Functional on Polynomials)

D(9, k) = cI>d(UJ +ul +... + u~_dg], (11 )

(12)

where Un(x) denotes tlle 11th Chebyshev polynomial ofthe second kind (defined by Un(cos8)
=sin(n + 1)8/ sin 8 or by U- 1 = 0, UD = 1, Un = 2xUn- 1 - Un- Z) and 4>k : qx) -+ C the
functional defined by 4>k[!] = 0 for! E (Uk-t), 4>k[Un] = dno for 0 ::; n ::; k - 1.

(ix) (Trace)
D(y, k) = tr (MI-I) ,

where Mk is the (k - 1) X (k - 1) matrix {A1k(a, b)}O<a,b<k witll

( ) {
min(a,b)·min(k-a,k-b) ifa~b (mod 2),

Mk a, b = o if a ~ b (fiod 2).

(x) (Determinant)
29

D_ (g, 2k) = 2' 4' " . (2g)' det A,

where A = {U r,,}D$r<9,D<"$g witll aD" = 1, Ur" = (k + r)h - (k - r)h for r ~ 1.

Remarks. 1. Formula (5) can also bc writtcn in the form

(13)

~ D( k) (~ . 2 )9- 1 _ _ks_in_(_k_-_l)_x
LJ !J, k sm x - sin kx cosx
g::;:1



and formula (6) teils us that the palynomial D(y, k) has the form

D( k) = ß k3g- 3 + 9 -1 ß k3g - 5 + (g -1)(5g- 4)ß k3g- 7 + ... +
g, g-1 6 g-2 360 g-3

2g - 3 (1 + 1 +... +~) 29-2
4 tg- 2,- kg+3 k9+ 1 C k g - 1

+ 15(g - 1) e:~12) + 3(g - 1) e:~12) + 9
where ßr denotes 2r IB2r l/(2r)! (Rn = nth Bernoulli number) and C g , the only nega.tive coefficient
in the polynomial, is fixed by D+(g, 1) = O.

2. There are similar results for D_. We mentian only the analogue of the generating functian
(ii) and the fusion rnle description (vii), namely

2:
00 D_ (g, k) . 29- 2 k tan x
~~~ SlIl X =-.--

g=1 (k/2)g-1 Sill kx
and (14)

with Fk as in (vii). The first identity can be proved like (ii) or dedueed from it using (2L and the
second follows immediately from the general formula for Fk(g, t) given in the proof of (vii) below.

3. The formula (13) is a va.riant of a. farmula. of Y. Laszlo (communicated to me by A.
Beauville), who stlcceeded in evaluating dim HO(Ng , ek - 2 ) but obtained a result which looked
quite different from Verlinde's formula. His result, after some simplification, can be written

"'"' D..(O, I, k + CI, k + 2c2,'" ,k + (g - l)cg-d
L..J Cl .. 'Cg_1 ,

6.(0,1,2,···,9)
!"I ,... '!"II-IE{±1}

where D..(eo, el , ... ,eg ) = TI (er - e;). Observing that ~(O, 1, ... ,g) = 2-g 2! 41 ... (2g)!,
O$j<i$g

writing each 6.(eo,e1, ••• ,eg ) appearing in the numerator as a Vandermonde determinant, and
using the multilinearity of determinants, wo easily see that this formula is equivalent to (x).

4. As mentioned in the introduction, several of the other formlilas occurring in the theorem
have accurred in thc literatlIre. In particular, I learned of (viii) (and of the whole question
of moduli spaces of bundles anel the Verlinde formula) from a lecture of R. Bott in Geneva. in
1990, and both the generating function (ii) and the description (vii) in terms of "fusion rnles"
have appeared in various forms in papers of both mathematicians and physicists writing on the
subject. Since I do not know the literat lire weil ellough to avoid gaffes, I will not try to give
references or first discoverers. In any case, our aim is just to collect together in one convenient
piace some of the known expressions for the Verlinde nnmbcrs in the rank 2 case; thc various
proofs of equivalence, once the formltlas have been fonnd, are essentially exercises.

5. The formuh}, (iii) exhibits the polynomiality of Vh(k) and gives an explicit formula for
its leading coefficient, and the same information can easily be read off from (ii) or (iv). The
description (x), on the other hand, also show that Vh(k) is a polynomial in k, but apriori of a
higher degree than the true one.

Proof. (i) Here there is nothing to prove, as wc are taking this as the definition. .

(ii) The multiplication law ("distribution property") of the cotangent function gives

k tan xl,""", ( tan x tan x) 1 "'"' sin
2

x=1+- L..J . + . =1-- L..J . ,
ta.n kx 2. tan (x + .!.Z.k ) tan (x - .!.Z.k ) 2 sin2 .!.Z. - sin 2 x

O<J<k O<j<k 1;

and the result follows by expanding the sllmmallds on the right as geometrie series in sin 2 x.
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(iiD Formnla (ii) can be rewritten

V (k) [
k tan x d(sin x) ] R [k dX]

h = -Resx=o = - esx=o -- .
tan kx sin2h+1 x tan kx sin 2h x

k 00 (- 4).!J B 2 1 h
The result follows since -- = L: , &kh X

h
-

1
, • 2h = L: Ch,& x- h + O(x2

) .
tan kx &=0 (28). sm x ,,=0

We can a.lso deduce (6) (except for the value of the constant term, which is determined by
the requirement Vh (l) = 0) dircctly from the definition (4). Indeed, for 8 ~ 1 denote by f&(x)

-1 d2&-l
thc function ( )' cl 2 1 cot x. The standard partial fraction decomposition of cot x gives

28 - 1. X &-

f&(x) = L:nEz(x -1I'"n)-2&, whence

L
nEZ

n~O (mod k)

On the other hand, induction on h shows that sin -2h x is a linear cornbination of ft (x), ... ,
fh(X), aod the fact that f,,(x) = x-2& + O(x) as x ---t 0 implies that the coefficient of IIJ(x) in this
representation is Ch,,,'

Observe also that Ch,& is p-integral for all primes p > 2h - 28 +1, so any such prime dividing
the numerator of B2.!J/(2s)! also divides the coefficient of k2 .!J in Vh(k), e.g. the coefficient of kl'J
'in the polynomial Vh is divisible by G91 for aH h ~ 350.

(iv) We can rewrite (iii) in the form Vh (k) = (~-~)h)' Ech,,((1 - 28) (k24
- 1) where

2 t 1.,,=1

ch,. = (_4)·-h g:=~~; Ch,.- Differcntiating the definition of Ch,. twice, we obtain the recursion

c* = c* - h2 c* so c* is the coefficient of X2.s-1 in x(x 2 - 12) ••• (x 2 - (h - 1)2) =h+l," h,,,-l h,'" h,.!J ' ,
(2h - 1)! (xih~~l).

(v), (vi) These formlilas follow more or less directly from (ii).

(vii) The uniqueness of a function Fk(g, n) satisfying the given axioms is elear, since we can
use the first two rnIes to rechlce first 9 and then the weight Inl of n E Bk (where In1 el + ... +
nk-Iek-ll = nl + ... + nk-d nntil 9 =0 and Inl ::; 3, in which case the last rules give the value.
To prove existence we write down an explicit formula:

k 9-1 ~ 1 TI (sin(1I'"j a/k)) n"
Fk(g, nlel + ... + llk-I Ck-l) = (-2) L.J. 29- 2 ( "jk) . ( '/k)

O . k SI n 11'"Jak sm 11'"J<J< <a<

Clearly this formula includes (10) 1 so we need only check that it satisfies the axioms.

We can write the proposed formula for Fdg, n) more succinctly as L: S(()9- 1r(()n, where
the sum is over an numbers ( = eTrij

/
k with 0 < j < k (Le. (2k = 1, 0 < arg(() < 11'"),

-2k k
s(() = ((_(-1)2 = 2sin2(1I'"j/k)'

r
a
(() = (a - (-a = sin(1I'"ja/k) ,

(_(-1 sin(1I'"j/k)

and r(()11 = rd()n t ... rk_l(()n,,-t for n = nle1 +.. .+nk-lek-I E Sk. An easy calculation shows
that L: ra ((dra ((2) for two such nUlIlbers (1 and (2 equals s((d if (1 = (2 and Ootherwise.

O<a<k
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Hence

E (E S(!l9,-1 r(!ln, ra(!l) (E S(2)",,-1 r(2)'" r.(2)) = E s()91+",,-l r()"'+'" ,
O<a<k (. ('I (

E (ES()9-1r ()"ra ()2) = ES()9 r ()" ,
O<a<k ( (

which are the first two axioms. For the last, in the non-trivial case Inl =3, we have

The surn is 0 if a+b+c+l is odd (replace (by _(-1) anel otherwise is one-half of the corresponding
surn over al1 (2k)th roots of unity, so we find

Fk(O, ea + eb + ec) = 2~ E ((a-b - (a+b) ((C-l + (C-a +... + (a-C +(l-C)
('1"=1

= {I if la - b[ < c _ {I if a + b < c or a +b+c > 2k,
o otherwise 0 otherwise,

which agrees with the given "fusion formula."

(viii) Define a funetional \lf k : qx] -t C by

'lIk[f] = ~ E f(eos rrj) sin 2_rrj = --4~ E ( _(-1)2 f(' \,-1).
j (mod 2k) ('11:=1

Then 'lIk[f) = 0 for f in the ideal (Uk-d becanse Uk-deos 1f) = 0 for all j, and

equals 1 for n =0 and 0 for 1 ~ n ~ k - 1. Henee Wk = <I-k. On the other hand, if H(x) denotes
the polynomial Uo(x)2 +... +Uk_dx)2, thcn

(+ (-I k-l (j+l _,-j-l) 2 -2k
H( 2 ) = f; (_(-1 = (_'_1)2

for (2k = 1, (2 #- 1. Hcnee

(ix) It is an exercise in the summation of geometrie series to eheck that for eaeh 0 < j < k the
veetor Vj with eomponents (Vj}a =sin(rrj/k) (0 < a < k) is an eigenvector of Mk with eigenvalue
k/2sin 2 (rrj/k). The equivalence of (4) and (12) is obvious from this. The relation of (ix) to (vii)
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is that Mk is the sum of thc matrices N~ (0 < (l < k), where Na is the (k - 1) x (k - 1) matrix
whose (b, c) entry is the number Fk(O, ea + eb + ec ) given in the last formula of (vii).

r ( 2p )(x) Define numbers Apr (p, r ~ 0) by AOr =8r ,o and Apr = (-1)p+r p\p + r for p ~ 1, and

set bP6 = Er Apran . Then the matrix B = (bp,,)o~p<g, 1~6~9 is the product of A with ag X 9
unipotent matrix, so has the same determinant. On the other hand, we have

~ (_ly- 1 x2.! _ {-.COS[(k+r)x]+cos[(k-r)x] = 2sinkxsinrx
L..J Ur" -,,=1 (2s)! l-cosx=2sin~(x/2)

and

(r ~ 1)

(r = 0)

for p ~ 1, so

( )
._~ b (_1)"-1 x h _ { 2 sin kx (-4 sin 2 x/2)P-l sin X

ßp X .- L..J p6 -
,,=1 (28)! 2 sin 2 (x/2)

(p ~ 1) ,

(p = 0) .

In particular, ßo (x) = x2/2 + ... E Q[[x2]] and ßp(x) = 2k(_l)p-l x2p + ... E Q[[x~]], so

we can write ßo(x) = E;l vpßp(x). Then tJp = (-1)P- 1D_(p,k)/(4k)P by (14). Replac-

ing (ßO,ßl, ... ,ßg-d by (ßl' ... ,ß9 -1,ßO - L:::~ vpßp) corresponds to subtracting from the
first row of B a. linear combination of the other rows and then moving it to the bottom row,
which changes the determinant by a factor (_1)9- 1• But this new ma.trix, acting on the basis
{( _1)"-lx2"/(28)!h~"~9 of the g-dimensional vector space x2Q[[x2]]/x29+2Q[[x2]], is triangular
with diagonal entries 2k· 2! , ... , 2k . (2g - 2)! , 2k . (2g)! vg • The assertion fallows.

§2. THE VERLINDE FORMULA FOR n = 3

The Verlinde formula for bundles of ran k 3 and trivial determinant is

d · HO(N t:\k) - g-1 (k + 3)2 9-Z V (k)
Im 9,3,0, u - 3 -8- 9-1,9-1,9-1 + 3 ,

where

Vl,m,n(k) =
a,b,c (mod k)

a+b+c=:O (moll k)

( . 1f(l) -21 (. 7rb) -2m (. 1fC) -Zn
Sill k Sill k Sill k (k, I, rn, n E N) .

(Here the meaningless terms with a = 0, b = 0 or c = 0 (mod k) are to be omitted.) With
methods similar to those used in proving part (ii) of thc Theorem above, one obtains

Vl,m,n(k) = coefficient of sjn~l x . sin~m y. sin 2n z in !k(X + y + z) , (15)
fk(X)fk(Y) fk(Z)

sin kx
where !k(X) = In particular, V/,m,n(k) is a polynomial of degree 1+ m + n in k2 with

k sin x .
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rational coefficiellts, the first few values being

2
5

2 2 ( 2 )V1,1,I(k) = 3.7!(k -1)(k -4) k +47 I

VI ,I,' (k) = 5
28

9! (k' - 1) (k' - 4) (k' + 40k' + 679)

210

V1,2,2(k) = 3 .II! (k2 -1) (k 2 - 4) (k2 + 19) (k4 + 19k2 +628),

VI,I,3(k) = 3 ~:1! (k' - 1) (k' - 4) (3k6 + 125k' + 1757k' + 21155),

211

V2 ,2,2(k) = 15. 13! (k2 - 1) (k 2
- 4) (I9k8 + 875k6 + 22317k4 + 505625k2 + 5691964).

The leading coefficient Vl,m,n of this polynomial is given by

v - 1 '""'" 1 coefficient of x 21 y2m z2n in f(x + y + z)
l,m,n - 7r21+2m+2n LJ a21b2mc2n - f(x)f(y)f(z)

a,b,cEZ ,{O}
a+b+c=O

with f(x) = sin x (as one sees by dividing x, y alld z by k in the preceding generating function
x

and letting k tend to infinity). In the Verlinde case I = m = n = h (= 9 - 1) this number can be
expressed in terms of Bernoulli numbers as

h

v = (_I)h26h+1 '""'" (4h - 2r - 1) B2r B6 h-2r
h,h,h ~ 2h _ 1 (2r)! (6h - 2r)! ' (16)

a formula also obtained by Stavros Garoufalidis and Leonard Weinstein (see also [ZI]).
The method of calculation also works for the Verlinde formula of higher rank n (given in

§3) and expresses the Verlinde number in this case as the coefficient of Il(sin xd 2g - 2 in a certain
trigonometrie function of n(n -1)/2 variables Xi. However, already for n = 4 the form Iobtained
for this trigonometrie function (of 6 variables) was as a sum of about 80 terms, alld the algebra
of putting these terms over a common denominator and simplifying defeated both me and the
computer.

§3. A RECIPROCITY PROPERTY OF TUE VERLINDE NUMBERS

The Verlinde formula. for general rank n and trivial determinant bundle says that

where

(
N) (n-l)(g-l)

D(g, n"N) = n
y
- 1 2n

In November 1992, A. Beauville wrote to me that "according to the physicists" one should have

kY D(g, u, k + n) = nY D(g, k, k + n)

9
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and that he and Y. Laszlo had a "long and ugly" proof of this for k = 2 (the ease k = 1 is easy).
Here is a simple proof for arbitrary k and n.

Write G for 7l/NZ and Sv for jl + .. ·jv-I. Then

N9 D(g, 7L, N) = N Nn(g-l} "" Il 1 2g-2
n g Tl- L....J (2' ""'-"1')

O:="l<"~<···<,, .. <N l$tJ<v$n Slll1r N

= N Nn(g-l) "" Il 1
n L....J 12 ' II-t 19 -

1
seG 11, tES sm 1r N

ISI:=n,OES ~:f.t .

Sinee the prod \let is invariant under translations S ....-+ S + j, and the probability that an n-subset

of G eontains 0 is .!!:.., we ean drop the eondition "0 ES" and omit the faetor N, so
N "n

N 9 (1 )9 -1 S - s' g-I

-9 D(g,u,k) = L Il Nil I ." II-tr = L IlI2sin1r~1 t

n seG liES tES 2 sm 1r N seG liES
ISI:=n t:f." ISI:=n ,,' ES

where we have used that N = rr 12 sin 1r "-;/ I for any s E G. The last expression is seen by
tEG, t:f.II

interehanging Sand G " S to be symmetrie ullder n H k := N - n.

§4. ON THE HARDER-NARASIMHAN-ATIYAH-BOTT DIMENSION FORMULA

As stated in the introduetion, a rccursive formula for the Betti numbers of Ng,n,d in the
smooth ease (n, d) = 1 was given by Hal'der-Narasimhan (implicitly, but made explicit by Desale­
Ramanan [DR]) and hy Atiyah-Bott [AB]. The formula, expressed via a Poincare polynomial,
IS

(18)if (n, d) = 1
~ . . 1- t 2

Bg,n,d (t) :=~ dim H ' (N9 ,n,d) t ' = (1 + t)29 Pn,d

where Pn,d = Pn,d(g, t) is the rational funetion of t defincd inductively by the requirement that

n

"" """' """' t2NlI'(nl, ... ,n,\:;d\, ... ,d'\:) n n _ DL....J L....J L....J .rn1 ,d1 ••• .rn, ,dl: - .rn

,1.;=1 nl,' .. ,nI: >0 dl/n\ >... >dl: In,
nl+··+n,\::=n dl+ ..+dl::=d

(19)

for all n E N anel dEZ, where

(n E N) (20)

and
Ny(nl"" , 7L k; tl l , ... ,dk) = L (f[inj - dj1Li + (g - l)ni n j) .

I$i<j$k

(The factor (1 + t)29 in (18) is the Poincare polynomial of the Jacobian of a curve of genus 9 and
would be absent if we had defined Ng,n,d as the moduli spaee of all vector bundles of rank n and
degree d, rather than fixing the determinant line bundle.) Notice that the periodicity property
Pn,d+ln = Pn,d (I E Z) follows immediately from (19) sinee we ean repla.ce each d i by di + Ini
without changing the inequalities fi1/ni > .. :> d,l.;/nk or the value of Ng(nl,'" I n,l.;; dl , ••• ,dk ). "
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(1 + t)29
Pt d = Pt = 2', 1 - t

Before giving the solution of the recursion (19) in the general case, let us look in detail at
the cases n = 1, 2, 3 and 4 (already computed in [DRL Theorem 2, p. 241). For n = 1 we have
immediately

as it should be. For n = 2 we find

where a is 2 if cl is odd aod 4 if cl is even. For cl = 1 this gives the well-known formula

(1 + t3 )2 9 - (t + t1 )29

(1 + t3 ) 2 - (t + t2 ) 2
(21 )

(the second form of the result makes it c1ear that this expression is indeed a polynomial in t). For
n = 3 the ealculation is already mueh messier, with scveral geometrie series to be summed and
various ease distinetions aeeording to the values of the various Cli modulo 2 or 3. The result for
d = 1 is

(22)

By the time we reach 1t = 4 the calclliation becomes rcally horrible. The result (for d = 1) is

That the right-hand sides of (22) and (23), divided by PI, are polynomials in t, as they must be if
(18) is to hold, is not at all obviolls. (A direct proof will be given at the end of the seetioll, when
we rewrite these expressions in terms of a generating flilletion.) More scrious is that one eannot
see-or at least, I could not see-what the pattern in the coefficients in these two equations iso The
problem is that Pn,d ends up getting written as a linear combination of all products Pnl ... Pn •

with (nt, ... ,7lk) running over all partitions of n, but the eoefficient of each such produet arises
as a sum of many terms coming from different parts of the recursive procedure. The surprising
solution tllrned out to be to ignore the fact that the expressions Pni ,di commute! That is to say,
we go back to the recursion (19) and calculate inductively in n, substituting at ea.ch stage for
Pnl,dl (n' < n) the formulas already obtained as polynomials in Pm 's, hut in doing so we da not
pennit ourselv,es Lo chuuge the order 0/ multiplicution. For n =3 this procedure gives

which is hardly any simpler than (22), but fol' 1L = 4 wo find

and now it already is becoming mllch casier ta discern a pattern. Studying these formltlas and the
eorresponding results for Pa,o, P4 ,o and P4 ,2 (which are the only other cases of interest for n :::; 4,
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since Pn,d as a fllllction of cl is evcn a.nd periodic of period n), olle finally discovers the genera.l
formula. given in the theorem below.

Before stating the result , we make one preliminary transforma.tion to simplify the recursion.
Define new rational functions of t by Qn(t) = t-n~(g-l) Pn(t) and Qn,d(t) = t-n~(g-l) Pn,d(t).
Then, because (L ni)2 - L nr = 2 Li<j ninj, the explicit dependence on 9 in the recursion (19)
is eliminated, Le., this recursion becomes

(V'n, d) (24)

where x = t2 and

N(nl"" I nki ritt··· ,(lk) = L (di 7l.j - djni)
I~i<j~k

(= NI in the previous notation). The solution of this recursive system is given by:

Theorem 2. Let Qn alld Qn,d (n E N, II E Z/nZ) be elements of a not necessariJy commutative
algebra over the field offormal power scries Q((x)) wlJiclJ are related by (24). Then for any n and
d, we have

11

Qn,d =L L"
k;l nl ,... ,nI; >0

nl+···+nl;=n

(25)

where M(nl1'" ,nk; A) for ni E N and A E IR is defined by

k-}

M(nl l "" nk; A) = L(nj + llj+d ((ni +... + nj) A).
j=1

Here (x) = 1 + (x] - x for areal number x dellotes tlJe unique t E (0 , 1] with x + t E Z.

Corollary. For n allel d coprime tlJe Poincare polynomial of Ng,n,d is given by

o

Bg,n,d(t) = P1-
1 L L .

k=l nl,""o,,>O
Ol+'''+o,,=n

(-1 )k-I t2Mg(nl , ... ,o.. ;d/n)
-------------- Pn ••• Pn(1- t2nl+2n~} ... (1- t2n"-1+2nl;) 1 " ,

(26)

with Pn = Pn(t) as in (20) and Mge-I (nil' .. I nk; A) = M(n}, ... I 1l.kj A) + (g - 1) Li<j ninj.

Remarks. 1. The exponent M(nl,'" ,7tkj ri/n) in (25) is always an integer, since (x) == -x
(rnod 1) and L(nj + 1lj+l)(nl + ... + nj)(d/n) = d(n - nk) is an integer.

2. The periodicity of Qn,d in d is obvious [rom (25), since (x) is periodic in x of period 1.

3. Observe that, surprisingly, formula (25) is simpler than the recllrsion (24) of which it is the
solution: we have the same surn aver (ordered) partitions of n , but no longer have the infinite surn
over partitions of d.

Proof. The proof of Theorem 2, not surprisingly, uses induction. However J to make this work we
have to generalize the theorem in a rather odd way, by introducing areal para.meter with respect
to which we can perform an induction!

12



Theorem 3. Let thc hypotheses oe as ill the previous theorem. TlJen the two qualltities

n

(27)

R). -
d -n.

n

k=I nl .....nl: >0
nl+···+nl:=n

(-1) k-I x(n-nl: )().n-d)+M{nl.··· .nl: ;).)

(1- xn1+n'l) ... (1- xnl:-1+nl:) Q n
1" 'Qnl:' (28)

agree for every real Illlmver ..\ ;::: ilIn.
Theorem 2 follows because for ..\ = dln the inner sum in (27) is empty uilless k = 1, so Q~.d = Qn,d'

Note also that the periodicity property now l'eads Q~~~n = Q~.d (and similarly for R~.d)·

Proof. We assume by induction that Q~, d = R~, d for a.ll n' < n (and all d a.nd ..\). This
is normal enough. But then for a given n 'and d w~ will do a "downward induction over real
numbers," showing that

(i) the theorem is true for the "initial value" ..\ = 00

(ii) if the theorem is true for ..\, then it is true for ..\ - e for sufficiently small e > O.

This peculiar induction works for the following reason. First, both Q~ d and R~ d are step functions

of ..\, jumping only at rational values with dcnominator.strictly less 'than n. indeed, Q~ d jumps

at ..\ only if ..\ = fiI/nI for some k-tuples (nIl'" ,Uk) E Nk, (dI , ... , dk ) E Zk with z: ni = n,
L di =d, and k cannot be be 1 for ..\ > clln. Similarly, R~ d jumps only if (nI +... + nj)..\ is an
integer for some decomposition n = nI + ... + nk and som~ 1 :::; j < k. At a jump point ..\ =clm
(0 < 1n < 1l), both Q~.d and R~.d take on the same value as they do slightly to the right. To prove

(iiL we will show (using the inductive assumption) that the differences ßQ~.d = Q~.d - Q~~d and

ßR~ d = R~ d - R~-d agree (here ..\ - denotes any value ..\ - e with e > 0 sufficiently small). This

show~ that t'he diff~rence Q~ d - R~ d is independent of ..\. The meaning of (i) is that Q~ d and

R~.d agree modulo x N for atl N and ..\ ;::: ..\o(N) sufficiently large. Combining these state'ments
shows that the two exprcssions agrce (as power series in x) for all ..\.

We first prove (i). This is easy. As..\ -t 00, there is no restriction in (27), so Q~,d tends
x-adically to Qn by virtuc of thc relation (24). Oll .the other ha.nd, the exponent in the numerator
of the fraction in (28) tends to zero x-adically as ..\ -t 00 in all cases except k = 1, so R~.d also
has the limit Qn'

We now compute the jumps of Q~.d a.nd R~.d at rationa.l vallIes of ..\ with denominator < n.
As already stated, the only terms of Q~.d which differ at ..\ and at ..\- are those with dI/nI = ..\.
Write m for nI, so 0 < m< 1t, 1n..\ E Z. We have

k

N(nl,'" I nkj d1,··· ,dk ) = L(..\m11i - l1U1i) + L (cl illj - djnd
j=2 Z$i<j$k

= ..\1n(n-1n) - 1n(d-..\111) + N(llZ, ... ,llkjdz, ... ,dk).

Hence, renaming k - 1 and Ui+I, {li+I (i;::: 1) as k and ni, (li, wc find

ßQ~.d = L xm(>.n-d) Qm.).m Q~-m.d-).m .
O<m<n. m).EZ

(29)

Now turn to R~ d and look at a single summand (111,'" , nk) in (28). Denote generically by J
those indices j E{1, ... , k} for which 1nJ := 111 +...+nJ is a multiple of the denominator of ..\.
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Theil M(nl l " • 1 1l.ki A) = M(Ul 1 '" ,nki A-) +E(nJ + 'IlJ+l), SO
J

x M (nl ,'" ,n.;.:\-) _ XAf(nl ,'" ,n,lr;>') = XM(nl ,'" ,n.;>.-) (1 _ xEJ(nJ+nJ+d)

= L xM(nl ,'" ,n.;>.-)+EJ'<J(nJ,+nJ,+d (1 - x(nJ+nJ+ d )

J

=L xM(n l "" ,nJ;.\) (1 - x(nJ+n J+d ) . xM(nJ+ 1 ,'" ,k;>.) ,

J

(

x(n-n. )(.\n-d)+M(nl ,... ,n" ;>') ) xM{nl ,... ,nJ;>')
~ _ "xmJ(>.n-d) ----'--------

(1 - Xnl+n~) ... (1 - Xn"-I+nJr ) - 7 ' (1 - Xnl+n~) ... (1- XnJ-l+nJ)

x(n-mJ -nJr)(>.n-d)+M{nJ+l ,... ,n.;>.)

(1- xnJ+l+nJ+2) .. . (1- x n.- 1 + n.)

and hence, grouping together all terms by vaJues of 111- = 1nJ I

AR>' - '""' xm(>.n-d) R>' R>' .
U n,d - L...J' m,>.m n-m,d->.m·

O<m<n, m.\EZ

But R~ Am = Q~ >.m = Qm,>.m and R~_m d->.m = Q~-m d->.m by induction (since m and n - m
are less than n), s~ t.he right-hand side of this agrces with (29). This completes the proof.

We end the sectiOll with some remarks on thc polynomial nature of the functions occurring
on the right-hand side of (18). From (20) alld (26) we see that the generating function of the
Poincare polynomials Bg,n,d(t) for fixed n allel d haB the form

LBg,n,d(t)X 9
-

1 = ( L Ai X i )/II(l-C"x)
g~1 O$i<p{n) 1r

(30)

where p(n) is the ntlmber of partitions of n, Ai = Ai(t) is a. rational function of t, and the product
is over the partition 1T = {ni ~ ... ~ nk, nl +... + 1Lk = n}, with

k

Cnj ,... ,n. = tn' (1 + t) -2 D(Cn
: (1+ t)2 (1 + t3)2 ... (1 + t2n;-1)2) .

(This already [allows from the general result on the shape of Bg,n,d(t) given in [DR], Theorem 1.)
For any given n and d the finitely many coefficients Aj (t) are calculable, and if they are aB
polynomials then this exhibits the polynomial nature of all the Bg,n,d(t). In particular, far n ~ 4
and d = 1 we find [rom (21) - (23)

"" B 21(t)Xg-1 - ~ ~1~ ~
~ g" - (1 - (1 + t3 )2 ...Y) (1 - t2 (1 + t)2 ...Y) ,

"" B ( ) \'"9-1 _ 1 + t2(1 + t)(1 + t3
)3(1 + t + t

2
) X

~ 9,3,1 t... - (1-(I+t3 )2(I+tti )2X)(1-t4(1+t)2(1+t3 )2X)(1-t6 (I+t)4X) ,

""B () vg-l _ 1 + Al X + A2 X2 + A3 X3L...J 9 41 toll. - --------------------------
g~1 " (1 - C4 X) (1 - C1,3 X) (1 - C2 ,2 X) (1 - C1,1,2 X) (1 - CI,I ,1,1 X)
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with

Al = t2 (1 + t)3 (1 + t3)3 (1 - t +3t2 - 4t3 +7t4
- 5t5 + 10t6

- 5t7 + 10t8 -5t9 +7t lO - 4t 11 + 3t12 - t 13 + t 14
) ,

A 2 = - t lO (1 + t)6 (1 + t3)5 (1 + tri) (1 - 4t +7t2
- 11t3 + 16t4 - 20t5

+ 24t6 - 2lt7 +24t8
- 20t9 + 16t lO - 11t11 +7t 12 - 4t 13 + t14

) ,

A3 = - t lB (1 + t)lO (1 + t3 )6 (1 + t ri )2 (1 - 2t +5t2
- 6t3 + 10t4 - 12t5 + 17t6

_ 16t7 + 19tB
- 16t9 + 17t lO

_ 12t11 + 10t12 - 6t 13 + 5t 14 _ 2t 15 + t16
) •

Thus the Bg,n,d(t) are polynomials for these values of n. However, we do not know an elementary
way to see this in general. Perhaps there is a "nice" c10sed formula for the rational funetion in (30)
as a sum of rational funetions each of whieh has a simple numerator and adenominator eonsisting
of only a few (say, at most n) of the p(n) factors 1 - C1f Jl{ , but we have not been able to guess
the genera) form of such an expression.

On the other hanel, from Qn{1/t) = -Qn(t) an<! the reeursions one easily deduees that
Qn,d(l/t) = -Qn,d(t). It follows that t(n

2
-1)(2g-2) Bg,n,d(l/t) = Bg,n,d(t), so onee we know that

Bg,n,d is a polynomial we also know that it is monie of degree (n2 - 1)(2g - 2) and has symmetrie
eoeffieients, eorresponding to Poineare d uality for the smooth (n 2 -1) (g -1 )-dimensional manifold
Ny,n,d' But even the sp~eial ease Bt,n,d(t) == 1 (or Ao = 1) of this, which is geometrically obvious,

. is not at aB obvious from the "explicit" formulas.

Finally,. we remark that the expression (26) makes is easy to compute the Poincare polyno­
mials on a eompute.r. For instanee, the Betti numbers of the 48-dimensional varieties N2 ,5,1 and
N2,5,2 (the first eases not eovered by (21) - (23)) are .

[1,0, 1,4,3,8,11,20,32,44,70,100,151,200,281,392,511,668,

841,1064, 1283,1496,1680,1828,1918,1828,1680, ... ,4,1,0,1]

and

[1,0, 1,4,3,8,11,20,32,44,71,104,158,212,305,432,574,764,

977,1256,1532,1792,2031,2212,2304,2212,2031, ... ,4,1,0,1],

respectively.
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