Appendix by D. Zagier
The Eichler—Selberg Trace Formula on SLZ(Z)

Throughout this appendix we let I'=I'(1)=SL,(Z). We let F be a fundamental
domain for I in $. We fix a weight k even >4. We write T(m) instead of T,(m)
for the Hecke operator on the space of cusp forms S, = M}.

Let A(z, z') be a function of two variables z, z' in $, and assume that 4 as a
function of each variable is a cusp form of weight k. If f €S; then we define f +h
as a function of z' by

I dx d
) fh(z) = f FOhE, =P)(m 2 e

F

Thus this operation is merely the Petersson scalar product of f and A, viewed as
a function of the first variable z. The purpose of this appendix is to show that the
Hecke operator 7{m) can be represented by a kernel 4,,, and to give a formula
for its trace on S,.

We let fi,..., f. be a basis of eigenfunctions for the Hecke operators, and
assume that they are normalized, i.e.

@) fi=Ydg, =1, Tmfi=df.
n=1

Note that this basis of eigenfunctions is orthogonal for the Petersson scalar
product.
For each positive integer m we define

3 holz,2) = Y (czz'+dZ+az+b)7*,

ad—bc=m

where the sum is taken over all integer matrices <‘Z_ 2) with determinant m.

We may also write 4, in the form

+b\7*
4 ho(z, 2') = +d) [ +% .
4 (z,2) M_bzﬁm(cz ) <Z !
The imaginary part of
,+az+b
zZ
cz+d
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is >0, so this expression never vanishes, and each term of (4) is holomorphic in
z, Z'. It is easily verified that the series is absolutely convergent because k > 4.
The function 4,(z, z') is therefore holomorphic in z, z'. It is also immediate from
(4) that it is a cusp form in each variable separately.

Theorem 1. Let

(=D*n
2% —1)

(5) G =

(i) The function Cy*m*~*h,(z, z') is a “kernel” for the operator
T(m):S,— S, .

In other words, for every fe S, we have

6 S xhy(2') = Cm™ {(T(m) f)(2) .

(i1) We have the identity

1k 1

(7 Cr hulz, 2') = Za<f f>f()f()

(iii) The trace Tr T(m) is given by

®) Tr T(m) = C; 'm~ 1 J h(z, —7) Im @ & L
F

Proof. Suppose first that m = 1. If

a b
y = <C a’) eSL,(Z)

then from the definition of the operation [y]; we get
(cz+d)™ f(2)y* = f(yz) Im (y2)* .

From (4) we get

f@ h(z, 2 ) = ZF(?M’E)"" f(y2) Im (y2)*

and therefore

feh(Z) =) ¥ (=2 +y2)*f(y2) Im (v2)

yel
F
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Interchanging the integral and summation, and using the invariance of dx dy/y*
with respect to I' yields

9) fri(z) =% rj( Z +2)7 f(2) Im ()"

ZJ J(x—zy—z)' f(x +iy)y* 2dxdy.
0 -

This last equality comes from the fact that the upper half plane is equal to the
union of transforms of the fundamental domain under I', disjoint except for
boundary points of measure zero, and except for the fact that +y give the same
transform, whence the factor of 2. Cauchy’s formula and the fact that fis holo-
morphic and sufficiently small at infinity imply that

2]

f (x—iy—-2)*f(x +iy)dx =

- @

2mi
(k- D!

FED @iy + ).

Therefore the right-hand side of (9) is

o

ani
=% _ml),Jy"“z FEPQy + 2 dy
0

_ 4ri 1 =2 Frrme ,
- 1)!!(21’)"_2 (djdty=~* f'2ity + z') . dy

4dri

1
Tk = 1) 2i)2

ami — 1)
G- )'(2)" @z 2( 2it )

= Cf(Z).

t=1

(d/dt)k‘zj fQity + ') dy
0

=1

This proves the desired formula (6) in case m = 1. The general case is a consequence
of the case m = 1, because one easily sees that

m=1h, = T(m)h,

where T(m) opetates with respect to the first variable z on the right-hand side.
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Part (ii) now follows essentially from elementary linear algebra. The function
h,, being a cusp form with respect to each variable z, z’ can be written in the form

r

h(z,2) = ¥ ;i f{DfAZ).

ij=1

We apply Part (i) to a function f, (one of the normalized eigenfunctions), and
Part (ii) follows at once using the orthogonality. Part (iii) follows trivially from
Part (ii). This proves the theorem.

The second theorem will give an explicit expression for the trace. We need
some definitions.
We define a function H(n) for integers  first by putting

H(n)=0ifn<0 and H(O) = —1/12.

If n > 0, we let H(n) be the number of equivalence classes with respect to SL,(Z)
of positive definite binary quadratic forms

ax? + bxy + cy?
with discriminant
b* —dac= —n,
counting forms equivalent to a multiple of x2 + y? (resp. x + xy + y?) with

multiplicity $ (resp. 1).
If n =1 or 2 (mod 4) then H(n) = 0. We have the following table.

n 0 3 4 7 8 11 12 15 16 19 20 23 24

Hn) | -1

e
[N
—
—
—
(VTN
[\
rojw
—
[\
w
[\

sl

We also define a polynomial P,(z, N) (k > 0 even) as the coefficient of x*~2
in the power series development of

(1 —x + Nx?)~1.
We also have
Pft,N) = ———

where
p+p=t and pp=N.

For instance P,(t, N) = 1 and P,(¢, N) = t* — N.
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Theorem 2. (Trace Formula) ler k = 4 be an even integer and let m be an
integer > 0. Then the trace of the Hecke operator T(m) on the space of cusp forms
Sy is given by

TrTm) = -} ¥ P{t,mH@m — ) —% Y min(d, d)*"*.
t=—w dd'=m

Note. The first sum is in fact finite, because H(4m — *) =0 for ¢ > 2,/m.
The second sum is taken over all factorizations of m as a product of two positive
integers.

Example. For k£ = 4 the only cusp forms are 0, so the right-hand side of the
formula is 0. This implies relations among the class numbers H(m). For instance
for m =5, we find:

3 (22 — myH(@m — 2) = —5H(20 — 8H(19) — 2H(16) + 8H(11) + 22H(4)
=—-10-8-3+8+11= -2,

Ymin(d,d)}=1>+1*=2.

The rest of this appendix is devoted to the proof of Theorem 2.
In Theorem 1 we have proved the identity

ha dxdy
(c|z]* + dz — az — b)* y*

ad—bc=m

Tr T(m) = C{lm""f Y

The sum on the right-hand side is invariant under I" (otherwise the integral would
not be independent of the choice of fundamental domain F). Looking at the terms
of this sum, we observe that replacing z by yz amounts to replacing the matrix

a b _ifa b
(8 ooy
These two matrices have the same determinant and the same trace. Therefore

we may decompose the sum into pieces which are I'-invariant, characterized by
the condition a + d = constant:

Tr T(m) = i I(ma t) )

t=~w

where

i dxdy

2

10 Im, t) =C.'mk !
(19) (m. 2) K fad_§=m (cz* +dz —az — b y
ya

a+d=t
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We shall prove:
~3P(t, m)H(4m — 1) forr? —4m < 0
amn k_z—z_lm(k—z)/z _ %_m(k—l)/Z for £ — 4m = 0
Im, H + Im, —1) =+ -
_..1_(|_t|___u> for tZ —4m = uz u>0
2\ 2 ,
0 fort* —4m >0
L non-square

It is clear that these formulas imply the trace formula in Theorem 2. The numbers

t+u
2

t—u

and 5

play the role of d, 4 in the trace formula.
To study the integral (10), we first remark that there is a bijection between the

. a . . . .
matrices < with determinant m and trace ¢, and the set of binary quadratic
[

d
forms g with discriminant

lg| =7 — 4m.

The bijection is given by:

C_ 2) > g(u, v) = cu® + (d — a)yuv — bv*

-8 —v >

g(u,v):ocu2+ﬂuv+yvzi—>< . Y+ B

For every form g(u, v) = au® + Buv + yv* and real ¢, z = x + iy H, we put

_ ¥
(12) Rz, 1) = ((x® + 3?) + Bx + y — iy)*
Then
(13) Im, 0 = C{‘m“'IJ‘ Y R(z, t)dx_zdy.
lgl=t2-4m y

F
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where the sum is taken over all forms of discriminant > — 4m. An element yel'
transforms a quadratic form g into a form yg having the same discriminant, and
one verifies that

(14) R (z, D) = Ry(yz, 1) .

Therefore, for each discriminant D (i.e. for each integer D =0 or 1 mod 4) we

have the equality
Z Rz, 1) = Z Z R,(z, 1)
lgl=D I:L:D velil,

Y Y Ryz 0.

lgl=D yeIT,
mod I

The first sum is taken over a set of representatives for classes of quadratic forms
with discriminant D, and the second sum is taken over right cosets of I with respect
to the isotropy group I', of elements leaving g fixed. For D # 0, the class number
h(D) is finite, and therefore the first sum is finite, giving

dxd dxd
(15) 3 Rz D=5 Y= ¥ | R D=7 2,
Igl D lgl=D
modI" Fy
where
F,= \U yF
yelly

is a fundamental domain for the operation of I'y on $. The argument is the same
as that used in the proof of Theorem 1.

For D =0 we can take as a system of representatives for the forms of dis-
criminant the forms g, (r€Z), where g,(u, v) = rv>. The isotropy group of g, is
equal to I for r = 0, and is equal to

el 1)

for r # 0. In this case, we find

d
JRgo(z J d"zy,
Igl 0
F

(16) > R

where F,, is a fundamental domain for the operation of I' , on 9, say the strip
between 0 and 1. Here we cannot interchange the order of integration and summa-
tion, since for instance

dx d
J\Rgr(z, ) xy}:o forall 7,
FW

but the integral of the sum is #0, as we shall see below.
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There remains to compute the right-hand side of (15) and (16) for D = 1> — 4m.
We distinguish four cases.

Casel. D <0.
In this case I', is finite for each form g in (15), (and one even can prove that its
order is 1, 2, or 3). For a quadratic form

g(u, v) = oa® + Buv + yv?

with discriminant D we therefore have

dxdy 1 dx dy
jRg(z, 1) 7 = IFgIJRg(Z’ f) 7
Fq l
1 J ¥ dx dy
IF.|) (2 — ity — DY* »
E

(For this last equality, we used the substitution z+—(2z — f)/2c.) Let I denote
the value of the integral. It depends only on D and ¢. The right-hand side of (15)
is therefore equal to

1
I=2H(—D)I.
Iylzblrgl

mod T’

The factor 2 comes from the fact that in the definition of H(n) we counted positive
definite forms, whereas here we count all forms, positive or negative. Finally,
using the formula

T
(k- D2

f (x? + A)7*dx = 3ok — ATV

obtained by differentiating £ — 2 times with respect to 4 in the corresponding
formula for k& = 2, we obtain:

I= Jy"‘z J (x2 4+ y* — ity — tD) ¥ dx dy
[ -

n . - / -
= (k—_ﬁn---(k - )J(y2 — ity — D) KT A2 gy
0
Tcik—Z
=5E=D l)!(d/dz)*-ZJ ? — ity — D)2 dy
0
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)

@®©

n* "2 4 y — it
S (d/dn}*" Z(Z_D =

2(k - ! y* —ity — 1D
0

M - ( )

2(k—1)' JID|/ID| - it
_ 2 1 ]
k=1, /|D|(. /|D] — if)*~*
Formula (13) then gives
1 1

Km, &) = C'm*~12H(4m — zZ)

=k—1

- 1\/4m — 2(/4m — 2 — in}!
p

= 5 [_)H(4m — %), where p = (1 + i\/dm — 1?).

This proves the first formula in (11).

Case2. D=0
We now use formula (16). The first term is equal to (— 1)¥27/6¢*, because

dxdy
y2

Ry (z,8) = (i/t)*  and /
F

d
3

The second term is equal to

reZl (k 2)' reZ

r#0 r£0

o2
”"yk-z Y (r— ity) Fdxdy = ———(dJd} 2 Y (r — ity)" 2 dy
0

@

l'k—Z 2 1 74:2 4
T k=D 1)|(d/dt) J(tzy " sinh? my) 4
0

ik—2 d/tkz
-G

— (_1)(k-2)/2k i 1 Itl—k+1 )

For t = +2./m we get the value

Im,t) = C'mk! | ¥ Ry(z, t)dXdy k-1

(=272 1, (k—1)/2
m — = .
). 1§1=0 24 am

This is precisely the second formula in (11).
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Case 3. D =u? and u > 0.

As in the case D < O there is only a finite number of classes of forms with
discriminant D, and I, is a finite group, so in the right-hand side of (15) we
should again be able to replace the integral over F; by [I'g|™! times the integral
of the same integrand over all of . The problem is that the combination of
integral and sum in (15) is not absolutely convergent, so that the interchange
implicit in that equation is not necessarily justified and the left- and right-hand
sides, though both absolutely convergent, do not have to be the same. In fact, we
shall see that these two expressions, as they stand, differ by a factor —1!

The correct way to interpret (15) is to consider the left-hand side as the limit
as ¢ — 0 of the same integral taken over the truncated fundamental domain

F={x+iyeFly=e'}.

Then F, must be replaced by a fundamental domain for the action of the finite
group I', on the subset §, of $ obtained by removing all points with imaginary
part > 1/¢ or lying in the interior of a circle of radius ¢/c tangent to the real axis
at any rational point d/c. This gives

> Rg(z, t) -—hmHIe,
IgI—D
where
dxdy
H = an /
2z, |rg1 (|z|2—uy——D)k %

mod I'

We have H = u, because the groups I', are trivial in this case, and because there
are u classes of quadratic forms with discriminant . In the integral defining I,
the only poles of the integrand are at z = i%u, so we can shrink to 0 all discs in
H\H, except those tangent to the real line at these two points. Hence

E315=I_£§615,%u-1im1 1

e &2
where
[o o] e 0]
= / ( / (P +y*—ity— %uz)_k dx) y*2dy
0 —o0
and
+iuty/2ey—y?

2¢
Li,= / ( / (2 +y* —ity — %uz)_k dx) y*2dy
0 "ilu—y/2ey—y?

(integrals taken first over x with y fixed, then over y). For the first integral we
obtain just as in the case D < 0 the value
)

4 y—-é—it

2 _
t D,/y lty——D

7'Clk -2

I'=5%= 1)'(d/dt)k_2(
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but for D > 0 the expression in parentheses is equal to

—4 I and not L——l—— as before.

VD VD + 1t VDl /ID| + it

(The fact that the integral here depends only on |¢| is due to the fact that the

value of {/y% —ity — —D for y = 0 depends on the sign of ¢, because we must

choose the branch of the square root which has positive real part for y — o0.)
We therefore have

17 1= 22 e )
To evaluate I, ;,, we first make the substitution x = +3u + ea, y = ¢b, finding

2 V2b-b?

bk—2
st / f (fua — ith + e(a? + b))k dadb,
50 0 _
. 2 VBB k—2
}:l-l;r(l)lst%u =/ / mdadb

—~v2b—b?

[ {@Vab =5 —ith) ™ 4 (uvZo— b7 +ith) ™ k2 b

Z
e

 vdv
241

1 (uo + i) TR

where in the last line we have the substitution b = 2 %7~ The latter integral can
be evaluated easily by contour integration (for example if £ > 0 then the only
pole of the integrand in the upper half plane is at v = i) and equals the negative
of expression (17), giving finally

ol —u)
I(m,t) = —C.'m*'HI = ( 5 ) )

This proves the third formula in (11).

Case 4. D > 0 and non-square
Here we again have only a finite number of classes of quadratic forms, but the
isotropy groups are infinite cyclic. Intuitively we have
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and thus HI = (0. We now assert that for each g of discriminant D, we in fact have

d d
17 JRy(z, t)%z—y +ng(z, -1 ’;fy =0.

g Fg

Let g(u, v) = au® + Buv + yv* be such a quadratic form, and let w > w’ be the
roots of the equation au? + Bu + y = 0. Then the matrix

y=(w~ w')"/l(f "’f)eSLz(R)
transforms g into yg, with
yg(u, v) = \/T) uv .

The conjugate of I', by y operates on the upper half plane as the infinite cyclic
group generated by z+> &z, where ¢ > 1 is the fundamental unit of the order in
Q(./ D) associated with g. We can therefore choose the fundamental domain F,
so that y~'F is an annulus defined by

y>0 and r, <7 < ér.
Then

dx d dx d
JRg(z, z)—’;z—y= J R, (y7'z, 1) ’; 2 (by (14))

g

= JJ (\/l_) x —ity) " 2dx dy.

annulus

We write z = x + iy in polar coordinates, z = r " to obtain

r &2rg

= f j (\/5 cos 0 — it sin 6) ¥ (sin B)*~? -‘j—rde
0 ro

= (log EZ)J(\/B cos O — it sin ) * (sin )2 df .
0

To prove (17) it suffices therefore to verify that

T

J (\/B cos B — itsin @) Ksin 8)"2dh =0,
which is easily done by putting { = ¢'° and using the residue theorem.

The last formula in (11) follows easily from (13), (15) and (17). This concludes
the proof of the trace formula.



