TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 300, Number 1, March 1987

EISENSTEIN SERIES AND THE SELBERG TRACE FORMULA. 11
H. JACQUET AND D. ZAGIER

ABSTRACT. The integral of the kernel of the trace formula against an Eisenstein
series is investigated. The analytic properties of this integral imply the divisibility of
the convolution L-function attached to a form by the zeta function of the field.

Introduction. This paper is a sequel and generalization of [12], but can be read
independently of that paper; in particular, we will repeat the description of the
problem given in the introduction of [12], now, however, in an adelic setting.

Let F be a global field, A its ring of adeles, and p, the representation of
PGL(2,A) by right translation on the space of cusp forms L3(PGL(2, F)\
PGL(2,A)). Given any ¢ € C(PGL(2, A)), the operator p,(@) on this space is of
Hilbert-Schmidt type and can be represented by a kernel function K,(x, y) for
which an explicit formula of the form

KO(x’ y) = K(X, y) - KF_is(x’ y) - Ksp(x’ y)

is known, where K is given as a sum over PGL(2, F), K as an integral involving
Eisenstein series, and K, as a sum of products of characters. In particular, one can
calculate trp, (@) from the identity

troo(@) =f Ko(x, x) dx;
PGL(2, F)\PGL(2,A)

the result is the Selberg trace formula.
What we will do is to calculate instead the integral

I(s =f Ko(x,x)E(x,s) dx,
PGL(2, F)\PGL(2,A)

where E(x, s) is an Eisenstein series. Our main result is an identity expressing I(s),
roughly speaking, as a finite linear combination of zeta functions of quadratic
extensions of F. Since the residue of E(x,s) at s = 1 is a constant function of x,
one can in principle recover the Selberg trace formula from this identity by
computing the residue of I(s) at s =1, but the formula for I(s) has other
interesting consequences. Most notably, it implies that, as in the special cases treated
in [11 and 12}, I(s) is divisible by {(s) or, in other words, that the function
K(x, x) for any ¢ is orthogonal to the functions E(x, p) for all zeros p of the zeta
function of F. A somewhat more precise formulation of the main result is as follows.
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THEOREM. For 0 < Re(s) < 1,

) =S a5+ XA+ E g f (e

2qi
X

where the first sum is a finite sum over certain quadratic extensions E of F, the last sum
is a finite sum over certain grossencharacters of F, and

I:(s) is a multiple of (),

1,(s) is a multiple of ¢r(s)°,

I, (s) is a multiple of {r(s)¢-(25 — 1),

I,(s) is a multiple of §r(s)¢r(25),

1,(s) is a multiple of {r(5)$r(25)/¢p(s + 1),

I5(s) is a multiple of §£(s)$p(25 — 1) /8p(s — 1),
2L(s+1—2u,x)L(s— 1+ 2u,x)

L(2—2u,x)L(2u,x)

I (s,u) is a multiple of {1 (s)

(Here “multiple” means “product with an entire function”.) The actual statement
proved in the text will involve L-functions rather than zeta-functions, because ¢ will
be taken as a function on GL(2,A) with a given central character rather than a
function on PGL(2, A).

The organization of the paper is as follows. The first section, apart from a few
lemmas (e.g. an estimate of the growth of Whittaker functions), is just a review of
those facts from the theory of Eisenstein series which will be needed in the sequel; it
can be skipped by the expert reader. The bulk of the paper is §2, in which we
calculate I(s) for Z¢(s) > 1, obtaining the same formula as given above but without
the term /5. The extra term I5(s) in the strip 0 < Ze(s) < 1 appears as a residue
coming from the poles of I, (s,u) at u =s5/2 and u = 1 — 5/2 when x is the trivial
character. (For the same reason, the poles at u = (1 + s)/2 give a contribution
which cancels the term 1,(s) when we cross the line Ze(s) = 0. A similar phenome-
non already occurred in [12].) This will be carried out in §3, where we also give the
main application—the divisibility of I(s) by {s(s), and as a consequence of this the
holomorphy of the symmetric square of the L-series attached to a cusp form. This
latter fact was proved for classical holomorphic forms by Shimura [10] and indepen-
dently by one of the authors [11]; Shimura’s method was generalized by Gelbart and
Jacquet [3] to an adelic setting, while the present paper is essentially the adelic
generalization of [11]. Another application is—or should be—the trace formula,
which as explained above arises by calculating the residue of I(s) at s = 1. This
calculation is complicated by the fact that some of the terms in the formula for I(s)
(namely the terms I,, I, and I, in the theorem above) have double poles at s = 1,
and although the coefficients of (s — 1)~2 naturally cancel in the sum, this means
that we need two terms of the Laurent expansion rather than just the leading term in
order to calculate the residue. We were able to calculate the residues of I and I; to
I explicitly, obtaining six of the seven terms in the usual adelic Selberg trace
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formula (cf. 3.2), but the formula for I, (s, u) is so complicated that we could not
reduce the expression for its residue to the corresponding term in the trace formula
as it is usually formulated. After almost a five year delay during which we hoped to
return to and settle this point, we decided to publish the paper with the deduction of
the usual trace formula from our formula left incomplete.

In any case, both of these two consequences of our theorem—the trace formula
and the holomorphy of symmetric square L-functions for representations of GL(2)
—were already known. The main interest in our result lies in the form of the
identity, which can be thought of as a generalization of the trace formula in which
the various terms are expressed locally (i.e. as products of local integrals). Further-
more, the method can in principle be generalized to GL(n). For GL(3) this has
already been partially carried out by Parameswaran Kumar.

0. Notations and conventions. Tate integrals. F denotes a global field, F, the
completion of F at a typical place v, R, the valuation ring of F,, and A and A * the
adeles and ideles of F. We will generally use Greek letters for elements of F and
Latin letters for adelic variables. The norm map from A * to R is denoted by | |, the
set of ideles of norm 1 by A . We choose once and for all a splitting A *= A X R
and denote by A the set of characters on A*/F* which are trivial on R7; thus the
most general (quasi-) character on A*/F* has the form a = x(a)|a|® with x € A,
s € C. We choose once and for all a nontrivial additive character : A/F — C. The
Haar measures on A, A} and A are normalized by [ ,rdx =1, [ax px d*a; =1
and d*a = d*a, X d*t, where d*t = dt/t is the standard Haar measure on R ;.

We denote by G the algebraic group GL(2) and by Z, 4, N and P (= AN) the
subgroups of matrices of the form (& 2), (& %), (5 7) and (§ ), respectively; we write
Gr, G, and G, for G(F), G(F,) and G(A) and similarly for the other groups. We
denote by K = II K, the standard maximal compact subgroup of G,. We will often
identify N,, Z, and A, with A, A* and (A ¥)?, respectively; in particular, this will
be done to define the Haar measures on these groups and also to identify i,
elements of A, and pairs of elements of A with characters of N, /N, of Z,/Z, and
of Ap/Ap, respectively. The Haar measure on K is normalized so that [ dk =1
and the Haar measure on G, then chosen so that

fc f(g)dg=j;(/; /N f(kna)dndadk=fKL fN f(kan)|a,/a,|dndadk

(here a,, a, denote the diagonal components of a € A). We denote by w the
element (¢ }) of G and by g = g' (g € G) the involution g —‘g™".

We denote by & (A) the space of Schwartz-Bruhat functions and by #,(A) the
subspace spanned by products ® = I ®, whose components at real and complex
places have the form

®,(x,) = e"™ X polynomial in x, (v real),

@, (x,) = e ?™% X polynomial in x,, ¥, (v complex);
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the spaces (A?) and #,(A?) are defined analogously. We denote by

d(x) =/A @ (u)y(xu) du (® € #(R)),
d(x,y) =/A L‘D(u,v)@(xu +yv)dudv (@ € 7 (A?)),

WLN=L¢UJWUM@ (@ € £(A?)),

the Fourier transform and Fourier transform with respect to the second variable.
fgr g € G, and ® € #(A?), g® denotes the function g®(x, y) = ®[(x, y)g]; thus
g® = |det g|"'g*®. Finally, we call any integral of the form

fo ®(a)x(a)lald*a (@A), x€A,seC, Re(s)>1)

a Tate integral for L(s, x) (where L(s, x) itself is defined by making the appropriate
standard choice for @) and denote by L(®, s, x) the meromorphic continuation of
this function, i.e.

L((D-S,X) = L(qA)’l - S,X)

= '/{ |>1<I)(a)x(a)|a|xdxa+ '/I’ |>1(i>(a))_((a)|a|1_xdxa

®0) @0 ..
I ifx=1,
0 otherwise.

Finally, we mention the identity
[/ ®[(0,a)k]|a)’ d*adk = cd(0) (@ 7 (A?)),
K ‘A%
which can be thought of as the analogue of the ordinary polar coordinates formula
© oo 2m oo . dr
O(x + iy)dxdy = ®[re®)r? —db
[ 0 myaeds = [ [ 0l

in R2. The constant c is given by

1/2

°T Res,_,L(s,15)’

where D is the discriminant and L(s, 1;) the zeta-function (with factors at infinity
added) of F. It is also equal to 3 vol(Z5G £\ Ga).

1. Review of Eisenstein series and related topics. Almost all of the material in this
section is standard; we refer the reader to [2, 4].

1.1. Eisenstein series. For x,, x, € A and S € C we denote by =, , . the
representation of G, by right translation on the space H(x;, X, s) of (classes of)

functions f on G, satisfying

(6 3)e]=x@xd)|2[ 1) (abeAx xen gea,)



EISENSTEIN SERIES AND THE SELBERG FORMULA. II 5

and

JL 170 dk < 0.

Because of the Iwasawa decomposition, the functions in H(x;, X5, s) are determined
by their restrictions to K, so we may identify all these spaces with the space

Hixxa) = (£ ()17 [(§ )] = xa(@xa(0)1(k)

a X

0 b

In other words, U, ¢ H(X;, X, §) is a fiber bundle over C and we have trivialized
this bundle. Given any f € H(x;, X,), the corresponding section of U, H(x}, X2, 5)
is defined by

Sf [(8 Z)k,s] = xl(a)xz(b)’%’ f(k) (a,beA*,x€ A, keK)
and the corresponding Eisenstein series (for Z¢(s) > 1) by
Ef(g,s)= X Sf(vg.,s) (g€ Ga).
Y€ Pe\Gr

For later purposes, we fix once and for all an orthonormal basis (of K-finite
functions) { f,} e 4(x,.x,) ©f the Hilbert space H(x,, x,); the corresponding func-
tions Sf,(g, s) and Ef,(g, s) will sometimes be denoted simply S, (g, s), E,(g, ).

The definition of Eisenstein series just given corresponds to the classical series

E(z,s)= Y Im(yz)’ (z,s€C,Im(z) >0, Re(s) > 1).

YE{£( DNSLQ,2)

For analytic purposes another definition, analogous to the function

Zm(z)" L (mztn) = §(25)E(z.),
(m,n)eZ?-0

VkeK,( )ePnK}.

is more convenient: For ® € S(A?) the function

s 2s
f(g:®, %1, X2,5) = xa(detg)ldetgl [ @[(0,0)glxax'(1)le[ " at

(which is a Tate integral for L(2s, x;x3')) belongs to H(x;, X,,s) and the corre-
sponding Eisenstein series

E(8’3)=E(8,®,X1»Xz,s)= E f(Ygad’,Xl,Xz»S)’
Y€ Pp\Gr

again convergent for Z«(s) > 1, can be rewritten as
s 2s
E(g,s) = x,(detg)|detg| [ Y fgglle” xix' (1) ae.
A*/F* teF2g

The Poisson summation formula now implies that E(g,s) has a meromorphic
continuation to all s, satisfies the functional equation

E(g,(I), X1» Xz,s) = E(gt»‘i)’ XI-I’ Xil’l - S)
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(see “Notations and Conventions”), and is holomorphic unless x; = x,, when it has
simple poles at s = 0 and s = 1 with residues given by

Res,_, E(g,s) = %&)(O)XI(delg)9 Res,_oE(g,s) = -30(0)x,(det g).

The relationship between the two types of Eisenstein series is given by the following
lemma.

LEMMA. If f € H(xy, X,) is K-finite, then the section Sf(g,s) can be written as a
finite linear combination

1)1
Sf(g.5) = L(25,x:x3") X P.(s) (8 P x15 X2» )
i
and correspondingly the Eisenstein series Ef{g,s) as

Ef(g’s) = L(ZS’XIXZ)_IZ Pi(s)E(g’q)i’ X1s XZ’S)’

where ®, € S,(A?) and each P(s) is the reciprocal of a polynomial in s and in q;° for
finitely many places v which has no zeroes in the half-plane Re(s) > 0.

ProoF. The space H(x;, x,) is the restricted tensor product over all places v of
analogously defined spaces H,(x;,, X»,), and we may assume that f=I1, f, with
f, € H,(X1,» X20)> f, = 1 for almost all finite v. We claim that for such an f we can
write (with the obvious notations)

P
(+) Sut(gors) = ——S) TCR I

L,(25, X1,X20
where @, is a Schwartz-Bruhat function on F}?, equal to the characteristic function
of R? for almost all v, and P,(s) is an elementary function of s, equal to 1 for
almost all v. From this it will follow that f(g, s) equals

P(s)L(25,x:%3") /(8. 9, X1, X35 5)
with P =TI P, and ® =19, € #(A?).

To prove (*) we must distinguish several cases. Observe that it suffices to check (x)
for g, € K, since both sides belong to H,(x;,, X2, 5)- For almost all finite places v,
f, is identically 1 and x,, and x,, are unramified; then () holds with P, = 1 and
®, the characteristic function of R2. For the remaining finite places v we define

& (x.y) = {f(k)xl,}(detk) if (x,y) = (0,1)k, keK,
otherwise;
this is well-defined, and for k € K, we have

2s
fv(k’q)v’ X1v> XZv’s) = xw(detk)/;x q)u[(ovt)k]XIUXE})(t)lt‘v dxt

=/f,(k),
and therefore () holds with P,(s)= L, (2s, x;,X3.), Which is the reciprocal of a
polynomial in g, ° having no zeroes in Xe(s) > 0. If v is a real place, then (since f
is K-finite) we may assume that f, has the form
cosf sinf ) _ ing
f"( -sinf cosﬁ) ¢
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for some n € Z such that x,,x,,(-1) = (-1)"; then we set

®,(x,y) = e (y —eix)"  (x,yE€F)

with ¢ = sign(n) and find

0 1 0 i —atiin 2s _
fv[( cos Sin ), (I)w X1v> X2U’s] =e "0‘/1;’( 4 ‘t| I|t| XIXZI(t)dxt

—sinf cosf
_ o cos@ sinf
= Q(s)L(2s, x1x5 )fv[( —sinf cosﬂ)]

where Q(s) is a polynomial whose roots lie in the half-plane Ze(s) < 0, so (*) holds
with P,(s) = Q(s)"’. Finally, let v be a complex plane. Then x,;,x35(z)=
(z/)z)%|z|** for some x € R, a € Z and all z € F;*. Say a > 0. We may assume
that f has the form

f5 2o
with p,q,r,u € Z and q + u = p + r + a. Then we take

D, (x, y) = x'TUyPye2TCF+IP)
and again find

«a -B —qRMN ry
fv[(B aﬁ)’q)u’ X1vs XZU’S] = apanB“j;:x tP+ tq+uta|t|

2s+ix  _ 2
e 27|t| dxt

- ooy (5F)]
with Q(s) a polynomial not vanishing for Ze(s) > 0, so we can set P,(s) = Q(s)!
as before. This completes the proof of the lemma.

NotaTION. For our standard basis elements f, (a € A(x;, X,)) we will some-
times use the notations P, ,, ®,; (i € I,) for the polynomials and Schwartz-Bruhat
functions occurring in the decomposition of S,(g, s) given by the lemma.

1.2. Whittaker functions. We now discuss the Fourier coefficients of the Eisenstein
series. The Bruhat decomposition gives for Xe(s) > 1

Ef(g,s) = Sf(g,s)+ X Sf(wrg,s)

vE Np

and hence

| Ef(ng,s)¥(n)dn= [ Sf(wng,s)¥(n)dn,
NE\Na Na

where we have used the isomorphism x — (§ T) between A /F and N, /N to write

Y as a character of the latter group. We will denote this function by Wf(g,s). Itisa

meromorphic function of s. To see how it depends on s, we apply the same

construction to E(g, ®, x,, x,,s) (which is sufficient because of the lemma in 1.1).
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We find

W(g, @ X1 x208) = [ E(ng,®,x0,x2,5)¥(n) dn

F\Na

= [, 08, 50,5, 5) $(n) dn

= xi(detg)ldetgl [ $(x) [ @l(r.0)glxixs (1)le]” a1

2s— 1
= xi(detg)ldetgl [ &B(r, ) xix3" ()]
with gd;(x, y) as defined in §0. The last integral converges for all s, so
W(g,®, x1, X2, 5) is an entire function of s. We use it to obtain two further
properties of Whittaker functions: an estimate of their growth and a formula for
their Mellin transforms.

LEMMA 1. For any ¢ > 0, W(s,®, x,, Xx,, §) satisfies

[W(g.®, %1, x2:5) | < B(a)]a] OO
for g = (8 3)k € Gy, where ®, is a suitable Schwartz-Bruhat function on A.
Moreover, this estimate (i.e. the choice of ®, given ® and €) is uniform for s in a
vertical strip.

PROOF. Because W is K-finite and invariant (up to a factor of absolute value 1) by
ZANp, we may assume that g = (& 9). Then using the integral representation just
obtained, we see that it suffices to prove that, given ® > 0, there is a &, € ¥ (A)
such that

1(a) = lal' [ ®(ar, i) @t < @ (a)lal

for all a € A and s in the interval 1 — 4 < (s5) < A. This is a local question. We
may assume that ® = [1®, where ®, is the characteristic function of R? for all
finite v; then with obvious notations I(a) = [17,(a,). For v finite the local integral

I, (a,) is zero for |a,|, > 1 and is given by

I,(a, tly  d*%t
ol “| f<|r|l<|ul|“ )
a s 1-2s
| vlvl |1_(23q lqus 1¢1
_ -4,
s lOglavlv 2s—1
|au|v(1—Tog“Z if g~ ' =1,
for |a,|, < 1. From this we get
Il)(al))=0 iflal}ll)> l’
I(a,)=1 if la,|, =1
I1,(a,)|< C(e)la,l, " ifla,], <1
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for any & > 0, where § = max(s,1 — s) and C,(¢) is a constant independent of a
which is < 1 for almost all v (for § # 1, C,(e) can be taken to be ¢;¢/(1 — g} ~2%)).
At a real place we have an analogous calculation: if |®(x, y)| < f(max(x, y)), where
f(x) is bounded as x — 0 and rapidly decreasing as x — oo, then we find after an
obvious change of variables

|1,(a,)], < |a,,|2f0c’O f(max(|a0|vt, ,—1))t2s—1%

1-6 (% 20-2
<2a,l, " [, f(x)x¥2ax
la,y

which is clearly of rapid decay as |a,|, = oo and is bounded by

2a, |, [ 1(0)x20 2 2 = G () a,|

1-0-¢
v

as |a,|, = O (the integral converges at x = 0 because 26 + 2¢ — 2 > -1). The
calculation for complex v is exactly analogous. Thus we obtain in all cases

1-60-¢
|Iv(av) | < Cv(e)q)Ov(au)Iavlv

with ®,, € S(F,), ®,, = characteristic function of R, for all finite v, and C,(¢) < 1
for almost all v, and multiplying these equations together gives the desired estimate.
The uniformity in vertical strips is clear from the proof.

LEMMA 2. The integral

(feH

X1-X2° g €< GA’ S,S' € C, T E A)

converges for Re(s') > 1, Re(s) > 1 — 1Re(s’) and has a meromorphic continuation

in s, s’ given by the formula

L(s',7)L(2s + 5" — 1,7x:x3")
L(2s, X1X§l)

where Q(g, s; s',1) for g € K is the quotient of a polynomial in s, s’ and q}°, qg**

for finitely many places v by a polynomial in s which has no roots in the half plane
Re(s) > 0. The residue of Vfats = (1 — s")/2 (s’ constant) is given by

Vf(g,s;s',7)= 0(g,s;s',7)

1 1-—5s’
(s 5] e
Ress=(l—s’)/2Vf(g’S; s ’T) = { 2 f g 2 lfT X1 Xz
0 otherwise.

PROOF. The statement about the convergence is immediate by Lemma 1. By the
lemma of 1.1, we have

Vf(g,s;s',7)

P,(s) [(a O) ] creol
= _ w LD X1, X5, -1 d*a:
Zi: L(zs,xlxil) /AX 0 1/8%0XvX2S|TX2 (a)lal a
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we substitute for W( g, ®, X1, X2, 5) the formula given before Lemma 1 and observe
that replacing g by (§ 9)g relaces gd)(t u) by g‘I>( at, u). This gives

P(s)

Vf(g’s; S,’T) = z
T L(2s,x,X3

) X1(det g)|det g|

_~ _ _ 2s 2s+s'~1
x [ g®lat ) xod Ol mxaxat (@) deaa,
A* Jax
The inner integral can be rewritten by the change of variables a —> t~'a, t > ¢!

J[ 8@ 0mG (@lal™ (o)l aaas

(A%)?
which is a Tate integral for L(2s +s" — 1, 'rxlle)L(s 7); if g € K, then (since
g<I> € SO(A )) it is the producl of L(2s + 5" — 1, x,x3")L(s’, 7) with a polynomial
in s, s’ and finitely many ¢**, ¢, **". This proves the second statement of the lemma.
To compute the residue at s = (1 — 5')/2, we recall that the residue of a Tate
integral L(®,s,x) at s = 0, x = 1is -®(0), so that the residue of the above double
integral at s = (1 — s')/2, 7x,x3' = 1is given by

_%/A g®,0,1)7(1)|e[ d*t.

But §?5,.(0, t) is the Fourier transform of g®,(0,t) = ®,[(0,¢)g], so using Tate’s
functional equation we see that this integral is (the analytic continuation of) the Tate
integral

‘%f,\ ,[(0,)gl T} (1) |e] T axe

and hence (since 77! = x;x3")
, 1 (15,2
Resx=(1—s’)/2Vf(g’S; s ’T) = —§X1(det8)ldetg|
-s5')/2 1-
3> D[ 10, 08lxixs (Olel @
(1 -5, xix3") Jax
1 P((1-15)/2) ( 1- s’)
= -5 ’(I)n ’ [
2; L0 v s )f &P X15 X2

1 11—y

as claimed.
ExERCISES. 1. Show, using the Tate functional equation, that Vf satisfies the
functional equation

Vf(g,s;s',r)= V(g1 -s5;1-5s",77"),

where f € H(x;', xi') is defined by f(k) = f(wk").
2. Show that Res,._,Vf(g,s; s’,1) = Sf(wg, s).
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1.3. Intertwining operators. The intertwining operator serves to compute the
constant Fourier coefficient of Eisenstein series. Formally, it is the operator
M(x1, X2 5): H(X15 X2, ) = H(X3, X151 — 5) defined by

M(x,,x2,5)f(g) = /N f(wng) dn.

This integral converges only if Res(s) > 1, but its analytic continuation may be
obtained from its effect on the elements f(g, ®, x;, x5, 5):

f f(wng)QaXDXZ»s)dn
Na
s 2s
= xi(detg)ldetg| [ [ @[(r, 1x)glxux3}(t)le[” a¥rax
A YA

s 2s—-1
=x1(detg)|detg|fo qu’[(t,x)g] dxx,x3 (Ol d¥t

which is a Tate integral for Lr(2s — 1, x,x3")- Thus we see that, roughly speaking,
the operator M(x,, X, s) has the analytic behavior of

LF(2S -1, X1X§1)/LF(2S, X1X§1)-
In fact, if we apply the Tate functional equation to the last expression obtained, we

find that it (or rather, its analytic continuation to Ze(s) < %) equals

s—1 2-2s
x(detg)|detg[” [ [0, )wglxaxi(De " axe,
in other words we have the explicit formula

M(XI’ XZ’s)f(g’(D’ X1» XZ’S) =f(wgt,(i)1 Xl_l, Xil»l - S).

From this formula it follows in particular that M(x;, X5, )™} = M(x,, X3, 1 — ).
EXERCISE. Show that Res,._,Vf(g,s; s',1) = -M(x1, X2, 5)Sf(g,s)ifr=1, =0
otherwise (compare Exercise 2 of 2.1).
As an application, we prove

LEMMA 3. Let ¢ be a C*® function on G, which is left and right K-finite, transforms
by a character w of Z,, and has compact support modulo Z,. For s € C, x € A
define

- a’! 0) ] CD2 4xad G
b= [ [ o[r(% Oex@ial”@aan (s< 6

and

E(s,x)=/;, ¢, (wn)dn.
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Then Z(s, x) is a holomorphic multiple of L(s, x*w™")/L(s + 1, x*w™!) and

_l _ . 2=
Res,_, =(s, x) = sz p(g)x(detg)dg if x> = o,

a\Ga
0 otherwise,

where ¢ = 5 VOl(Z,G ¢\ Gp) as in §0.

PROOF. Note that the integral defining £,  converges for all s (the integrand has
compact support) and that £, , belongs to H(x, x @, (s + 1)/2). Hence the integral
defining Z(s, x) = M(x, x"'w,(s + 1)/2) &, (1) converges for Ze(s) > 1 and can
be continued analytically by the formula above: we expand

£,(8)= ) (g:_x,f)Sf(g,S; 1)

aEA(X‘X'lw)
(the sum is finite because £ | is right K-finite) and use the lemma of 1.1 to obtain
_ P, ((s+1)/2) ( s+1
=(s,x) = sns Ja —is L M x, x e, )
( x) g(g X f)iezla L(S+ 1’X2w_1) X X 2
%A1, x0x 0, )

= L(s + L%y IZ(fax’fﬂ)Pﬂ"‘(s;l)

a,i

. 1 -
Xf(w,(l)a’,-,x'l,xw'l, 23).

The analytic properties of =(s, x) are clear from this formula. In particular, it is
clear that =(s, x) has no pole at s = 1 unless xw ! = x 1. Using the formula

Res,_o f(8, @, X1, X1, 5) = —2x1(det g) @(0)
(which is obtained by the usual Tate method) we find for x2 = w

RCSS_IE(S, X) = ;Z (‘El.x’ fa)Pa,i(l)(i)a,i(O)'
L(2,1)

By the polar coordinates identity given at the end of §0 we have
®(0) = ff ®(u,v)dudv=c‘1/ f (D[(O,a)k]dklalzdxa
A2 AX YK
for any ® € % (A?). Hence

Z P e o) = -12

L(2 1) )ff(k @, ;. x> x.1)x (detk) dk

L(2 1

= c"j;(fa(k)x‘l(detk)dk.

Substituting this into the formula for the residue gives

Res,_, =(s,x) =c | &, (k)x (detk)dk
K ' X
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which by virtue of the Iwasawa decomposition is equivalent to the result given in the
lemma.

1.4. The Selberg kernel function. Let ¢ be a function with the same properties as in
Lemma 3 of 1.3 and p(¢p) the operator

p(@) /()= [ oS
F<A A
on the space L2 = L%(Gy\ G,,w™!) of functions on G\ G, which transform under
Z, by ! and are square integrable on GrZa \ G5. This operator can clearly be
represented by the kernel function

K(x,y)= Y o(x"w).
YEGr/Zp

It is known (cf. [1 or 2] for an exposition) that L? is the direct sum of the space L3
of cusp forms and spaces L%, and pr defined using Eisenstein series and residues
of Eisenstein series, respectively, and one has a corresponding decomposition of K
as K, + Kg + K, where K, is the kernel function for the operator py(¢) =
p(9)| L} and similarly for Kg;, and K. The theory of Eisenstein series leads to the
following explicit formulas for K, and K

Kes(x )= L T o

XEA a,B€A(x,x " w)

X 1 S )E(x,u) Eg(y,u) du,
ge(u)=1/2(7rx,x w,u(q))fﬁ f) ( ) ﬁ(y )

1 _
Ko(x,) =5 ¥ R(detx)x(dety) [
XEA GrZ,\Gy

x*=w

¢(g)x(det g) dg;

here (as in 1.3) {f,}, a € A(x, x 'w) is an orthonormal basis of H(x,x ')
consisting of K-finite functions and E_(x, u) = Ef (x, u). The K-finiteness assump-
tion on ¢ implies that the triple sum on x, a, 8 in the first formula and the sum on
x in the second formula are finite (independently of x, y). The matrix coefficient

(7, x1o(®)fo fg) Occurring in the integral is the “Selberg transform” of ¢. It is
given explicitly by

(Wx,x'lw,u(q))fa’ fB) = /;A Ga (Wx.x'lw.u(g)fa’fﬁ)(p(g)dg
= [ o S Ske ) R dkog) dg
= [ [ Sdguw) (k) o(kg) dgdk
K YZa\Ga

- o L ey oo s
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where in the last line we have used the Iwasawa decomposition and the transforma-
tion behavior of f,(g, u). This expresses (7, (®)/a f3) as the Mellin transform
of a function

.x"w.u

aH];VAL/Kfa(k’)fﬁ(k)w[k‘ln(g (l))k']dkdk’dn,

which is of compact support on A*, and therefore shows that it is a rapidly
decreasing function of |Im(u)| for Ze(u) fixed (or bounded). It follows that the
integral in the formula for K (x, y) converges normally for x and y in compact
sets.

We will also need

LEMMA. The function Ky(x, y) = K(x, y) — Kgi(x, y) — Ko, (x, y) is of rapid
decay with respect to both variables.

PROOF. We may assume that ¢ is a triple convolution ¢, * @, * ¢; of highly
differentiable functions (since any ¢ is a linear combination of such convolutions);
then K, , = ¢, * K, ,, * ¢; where the first convolution is with respect to x and the
second to y, and the lemma follows because the convolution of a function which is
L? and cuspidal with a highly differentiable function is of rapid decay.

2. Calculation of I(s) for Z¢(s) > 1. We fix once and for all—two idele class
characters w, 7€ A,—a C® function ¢ on G, which is bi-K-finite, transforms
under Z, by the character w, and has compact support modulo Z,,—a Schwartz-
Bruhat function ® € %,(A?). Let E(x,®, 7,77, s) be the Eisenstein series defined
in 1.1 (since ® and 7 are fixed we will often write E(x,s) for this function and
similarly f(x,s) instead of f(x,®,7,77%,s)) and Ky(x, y) the kernel function
defined in 1.4. Then both K,(x, x) and E(x, s) are invariant under Z, as well as
left G p-invariant (this is why we took two characters with product 1 in the definition
of E(x,s)), so the integral

I(S)=I(s’(p’(ba7)= ‘/;,‘Z\G KO(X,X)E(x,s)dx
F“A A

makes sense. The lemma of 1.4 implies that it converges for all s where E(x, s) is
finite (i.e. all s, except 0 and 1 if 72 = 1). It is our purpose to compute it.

2.1. Decomposition of I(s). The calculation of I(s) will be based on the following
decomposition of the restriction of K, to the diagonal

Ko(x,x) = ¥ Ho(x) + A (x),
c

where the summation is over all conjugacy classes C # {1} in Gg/Z; and X, X
are defined by
He(x)= ¥ o(x\x),

AeC
N&Pr/Zp

‘){oo(x) = Z (p(x-l}\x) - KEis(x’x) - KSP(X,X).
NEP/ZF
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Since each of these expressions is left invariant under P, we obtain (for Ze(s) > 1)

I(s)= [ Ko(x.x) X f(yx.s)dx

GrZa\Ga YE P\Gr

= Ko(x,x)f(x,s)dx

PrZa\Ga

= E IC(S) + Ioo(s)’
c
where

Ie(s)= [ He(x)f(x,5)dx,

PrZa\Ga

L(s)= [ (x)f(x,s)dx.
FZa\Ca
The integrals I-(s) and I_(s) will be calculated in 2.2 and 2.3-2.6, respectively.

Note that the above decomposition cannot be applied to the integral
J6,z.\Ga Ko(X, x) dx, because the individual terms X#-(x) (C not elliptic) and
X, (x) are not Gg-invariant. This is why our calculation of I(s) and subsequent
calculation of trp,(¢) as Res,_, I(s) is in principle (though not in practice!) actually
easier than the direct computation by integrating K,(x, x) over GpZ, \ G,; in
particular, the usual convergence problems associated with the nonelliptic conjugacy
classes are avoided here and the truncation of the fundamental domain which is
needed, say, in the proof of the trace formula in [2], is unnecessary. We also observe
that there is no asymmetry involved in the fact that we have singled out one
particular parabolic subgroup P, to define )¢, because this choice is already
implicit in the definition of E(x, s).

We can make the above decomposition of I(s) more explicit by classifying the
various conjugacy classes (# 1) as elliptic, hyperbolic, or unipotent. Each elliptic
element A € G generates a quadratic extension E = F[A] with EXC G; con-
versely, by fixing an embedding E*C G for each quadratic extension E of F and
taking C = {A} (= conjugacy class of A in G;/Z;) where A runs over E*/F*— {1},
we get each elliptic conjugacy class C exactly twice. Also, every hyperbolic element
of Gr/Z is conjugate to exactly two elements of the form (§ ) with « € F*— (1},
and every unipotent element is conjugate to (§ }). Thus we have

I(s) = Ly(s) + Tpyp(8) + Lynip(s) + I (s)

with
1
Iy(s) = Z Ig(s), IE(S)=5 Z I()\}(S)’
[E: F]=2 AE€EX/F*
A1

1
hiyp()=3 X Igop(s),  Lup(s) = Iig -
aeF*
a#1l
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2.2. The contributions from conjugacy classes. Let C be a nontrivial conjugacy class
in G/Z, and X any element of C. Since every element of C has the form y~!Ay for
an element y € G which is determined uniquely up to left multiplication by an
element of the centralizer G(A)  of A in G, we have

He(x) = Y e(x 1y Ayx).
YEGA)\Gr
YAy € PA\ZF
Clearly the condition on y in the summation depends only on the double coset
G(AN)pYPr € G(A)p\ Gr/Py.

LEMMA. The vy in Gp such that y™'\y & Pr/Z form exactly one double coset
G(X) pYoPr. Moreover, Y;'G(N) pYy N Pr= Zg, so the elements yop (p € Pr/Z)
form a system of representatives for G(A) p\ {y € Gg|y Ay & Pr/Z.}.

PrOOF. If A is elliptic, A € EX/F*C Gp/Z, then the condition Yy 'A\y & P./Z,
is satisfied for all y, so we need only show that G(A) zPr = G and G(A\) N P =
Z . But this is clear since G/Pr = F X F — {(0,0)} = EX= G(A). If A is hyper-
bolic, then we may assume A = (& 9) (a € F*, a # 1). So G(A\) = A. Since

AR EIY A R S RS

the condition Y 'Ay & Pr/Z, for y = (¢ %) is equivalent to @ # 0, ¢ # 0, and it is

easily seen that such a y has a unique representation (up to g — gz, p — pz~! with

z€Zp)as gt 9)p with g € G\, p € Py (namely g = (5 0, p = (5 %/ )

so the lemma is true with y, = (} ?). Similarly, if A is unipotent we can suppose that

A = (4 1); then G(A) = N and the condition y'Ay & Pr/Z is equivalent to ¢ # 0,

and we can easily check that the statement of the lemma holds with y, = (? }).
Applying the lemma to the formula preceding it we find

He(x)= X (P(x_IP—IYo-l}\Yon)’
PEPe/Zy

from which

Ie(s) = [ o, P Mox)f(x.5)

But f(x,s) = f(x,®, 7,77}, 5) can be written in the form
f(x,s)= f ®[(0,1)zx] 7(det zx)|det zx| dz,
Zy
so this can be written as an integral over all G,:

I-(s) =/.G w(x’lygl}\yox)(b[(o,l)x]'r(detx)|detx|sdx

A

= (p(x‘lkx)CI)[(O,l)yo‘lx]T(detx)ldetxlxdx.
Ga

We now look at the three types of terms individually.
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Elliptic contribution. Let C = {A}, A € EX/F*C Gp/Z, Y, = 1. Since x —
@(x 'yx) is left invariant under G(A\), = EX, we find

I-(s) =LX\G (p(x'l)\x)fEX ®[(0,1)ex] 7(det ex)|det ex| d*edx,

where d*e is a Haar measure on E; and dx a complementary measure on
EX \ Ga. Thus, formally at least, the contribution from a given quadratic extension
E of Fis

2T elxh)
A€ E*/F*
A#1

Ie(s) = [

EA\Ga

x(f ®[(0,1)ex] 7(det ex)|det ex| d*e | dx.
Ex

But the first expression in parentheses is easily seen to have compact support on
EX \ Ga, so this expression certainly converges. As to the second factor, if we
identify E5 with the ideles of E, det| .« E*— F* with the norm map N,
e — |det | » with the idele norm in E, and ¥ (A?) with S (E,), we see that this is
just the Tate integral for Lg(s, 7° N p).

What about the sum over E? We claim that it is in fact finite; in particular, there
are no problems about the convergence of the elliptic contribution. To see this
consider the function @: x — tr(x)?/det(x) from G,/Z, to A. This map is
continuous and hence maps the support of ¢ to a compact set in A. On the other
hand, it is invariant under conjugation. Therefore the set of elements §(A) with
A € G(F) such that ¢(x~*Ax) # 0 for some x € G, is the intersection of F with a
compact set and hence finite. On the other hand, for A elliptic the field E = F(A) is
determined by 8()), at least if #(A) # 0 (namely E = F[|1 — 4/6(X)]), so we get
only finitely many quadratic fields F(A) with tr(A) # 0 and ¢(x*Ax) # 0 for some
x € G,. For tr(\) # 0 we use a similar argument: the map A — det(A) from G,/Z,
to the discrete set A*/A*2U (U = maximal compact subgroup of A*) is continu-
ous, so the image of supp(g) is finite; since F*? has finite index in F*N A*2U, we
deduce that there are only finitely many values of det(A) (mod F*?) with A € G,
and @(x 'Ax)# 0 for some x € G,, and since F(X) for A of trace zero is
determined by det(\) (mod F*?) this completes the argument. (Compare the above
proof with the formula for 7,(s) given in Theorem 2, p. 323, of [12], where the fact
that the sum of zeta-functions is finite when ¢ has compact support follows from the
inequality |z2 + 1 — t2/4)?/y2 > t? —4fort€R,z=x + iy € H))

Summarizing, we have proved that I (s) =Yg rj_; [g(s) where Ig(s) is an
entire multiple of Lg(s, 7 Ng,r) and I(s) = 0 for all but finitely many E.

Hyperbolic contribution. This is similar; here we take

C={\), >\=(g (1)) (a€ FXa+1),

=4 w=(} I ©w-@D
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and find
1 0
I (s)= =Y q)[x'l(a )x]
mP LA\GA (2 aE€F> 0 1
a#1

><(‘/;1 ®[(1,1)ax] r(det ax)|det ax| d*a | dx.

Again the integral converges because the first factor has compact support on
A\ Ga, and the inner integral

T(detx)|detx|sLx2f‘I)[(al,a2)x]‘r(al)'r(az)'al|x|az|sdxa1dxa2

is a Tate integral for Ly(s, )% Thus / hyp(5) is an entire multiple of L (s, 7).

Unipotent contribution. For A unipotent we must proceed differently because
x = @(x7'Ax) no longer has compact support modulo G(\),. Fixing A = (} }),
Yo = ({ §) and using the Iwasawa decomposition x = (} %)( “)k, we find

Iump(s)=fk(fo o[} ‘ll)k]'r(a)|a|sdxa)

><(/A fAq»[(t,u)k]du|z|““72(z)dxt (det k) dk,

and since a — @[k I(} ¢)k]and ¢ = [, ®[(¢, u)k]du are Schwartz-Bruhat functions
on A for each k € K and K is compact, we deduce that [ (s) is an entire
multiple of Lp(s,7)Lp(2s — 1,72).

2.3. Decomposition of I (s) and computation of 1. (s). We now turn to I_(s), the
“contribution from the cusps.” We compute this by what is called Rankin’s method
—namely, since f(x,s) is Ny-invariant and transforms by 7(a)|a|® under x — ax,
we have

unip

I(s)= [ S (x, ) H (%) dx

ApNaAZp\Ga

o], e et an

where
K n(x) =f A, (nx)dn
NE\Na

is the “constant term” of ¥, and we have used the Iwasawa decomposition. The
first term in the definition of ) (x) can be written

41 B _IB'I(aO)IB

1 1
EqD[X(O 1)x]+22<p[x(0 1)0101"’

BeF ac€F* BEF
a#l

and the constant term of this is

zofly Il x, Lol(G D)l

BEF aE€ F*—
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Write the other two terms in X, (x) as —h(x, x), where h(x, y) = -Kgi(x, y) —
K, (x, y). Since h(x, y) is (left) Np-invariant with respect to each variable, the
constant term of A(x, x) can be expressed as a diagonal sum of Fourier coefficients
of h(x, y) with respect to x and y separately by the identity

f h(nx,nx)dn = ff h(nyx,n,x)n,dn,
Ne\Na (NA\Na)?

+ Y /f h[(l ul)x,(l uz)x]zp(ozu1 — au,) du, du,.
= 0 e 1)
a€F* (A/F)

In the first term on the right we can replace h(x, y) = —-K(x, y) + Ky(x, y) by
-K(x, y), since K, by definition has no constant term with respect to x or y; in the
second term we can replace & by —Kg; since K ,(x, y) has no nonconstant Fourier
coefficients. We also use the identity

K= T (s o] T of(s O]
vy,v, € Np ve Np
aEF* aEeF*
(Bruhat decomposition) to rewrite the first term as
1 - 0 afa u
/f > q>[x 1n11(0 1)wn2x]dn1dn2—- Y /(p[x 1(0 l)x]du.
acFx aeF* A

Recombining the terms and making the substitution u; = au; in the integral
involving K, we find that we have obtained the decomposition

Hoo n(x) = A (x) + 27 (x) + A" (x)

with
K (x) =B§E:F<p[x‘l((l) ll;)x] —j; (p[x'l((l) ;‘)x] du,
X (x) = —/Z aesz (p[x'lnl'l(o ?)wnzx] dn,dn,,

K (x)=- Y ff Kﬁs[nl(g ?)x,nz(g ?)x]x]x(nlngl)dnldnz.

a&€F* (Na/Np)?
We write the corresponding decomposition of I as
I,(s) = I (s) + I (s) + 1,7 (s),

IO(s) = f(x,s)HO(x) dx

/';FNA Za\Ga

“frten e |(§ )il t@iar e

The integrals 1;(s) and I'(s) are fairly hard to compute and will be treated in
the next two sections, but the integral I/ (s) is easy and will be done now. By the
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Poisson summation formula,

X (x)= Z}rxj;‘tp[x'l((l) ?)x]z}z(au)a’u
© Lol 2 G e

SO

r =[] feps O (s )

_ Xxp(u)a'u'r(a)larvldxadk
=,/;<f(k’s)./,_\x Lw_k_l(é ;’)k]tl/(au)du'r(a)lalydxadk,

where in the last line we have made the substitution ¥ — au. The function

sy 1)l

and hence also its Fourier transform

a'—>qu>[k‘l((l) ’l‘)k]¢(au)du,

are Schwartz-Bruhat functions for any k, so the inner double integral is a Tate
integral for L.(s,7); using the compactness of K and the K-finiteness of ¢, we
deduce that I/ (s) is an entire multiple of Ly(s, 7)Lg(2s,7?).

2.4. Computation of I./(s). Substituting the identity

o ) B O e PR

S R P o MR

into the formula for I//(s) and making the change of variables u;, — au,, u, — au,,
we find—after an interchange of summation and integration which will be justified
below— the formula

I'(s) = —fNA fo/Fx Y, &.(wn,a’a)rw(a)d*adn,

aEF*

where we have set
gs(g,a)=|a|(s+l)/2fkf(k,s)fN q)[k‘ln(g_l ?)gk}dndk
A

(sEC,aEAX,gEGA).
We apply to it the following lemma.

LEMMA. Let £ be a smooth function of compact support on A* and w € A. Then

[ % Haae(a)da=3 ¥ &
A*/F

a€ F* xX2=w
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where the summation is over all x € A with x> = w and

£= [ Ha)x(a) da.

PROOF. We first observe that, since the function a — X, . px §(aa) has compact
support on AX/F* and the map a — a? from A*/F* to itself is proper, the
integrand on the left-hand side of the equation has compact support, so the integral
converges. We now use the decomposition A *= R X A (see §0) and set

£(ay) =jnx g(ap)dt  (a, € AY);
then
&= [ la)x(a)da,

is just the ¥ th Fourier coefficient of £, and we find

f w(a) Y §(aa2)dxa=f w(a) Y f ¢(aalt?) d*td*a;
A%/FX we ¥ A /F* wer RS
1
=/ w(a) X -z—gl(aalz)dxal
A{/F aeF*

(substitution t — Vr)

1
= [ w(a); L &x(a})d*q
A)X/F

XEA
(Poisson summation formula),
and since the integral of ¥(a?)w(a,) over A%/F* is 1 for x> = w and 0 otherwise
this completes the proof.

We apply the lemma to £,(g, -), which has compact support for g fixed. The
function

g~ [ o(k'gk)f(k, ®,5) dk
K

is K-finite on both sides (because the restriction of f to K is), and it follows that the
function a — §,(g, a) transforms by a finite-dimensional representation of U (the
maximal compact subgroup of A *) which is independent of g. Therefore the Fourier
coefficient £, | (g), defined in the lemma is zero for all x not belonging to a certain
finite subset of A which depends only on ¢. The formula

144 1
Ioo(s)= _5 Z f £s,x(wn)dn
xl=wr Na
which we have obtained therefore expresses I.(s) as a finite sum of integrals.
Moreover, the function £, , belongs to H(x,x '@, (s + 1)/2) and so these integrals
are precisely the intertwining operators discussed in 1.3 and known to converge
absolutely. Thus the final expression obtained is finite, and since the whole argu-
ment could have been applied with s replaced by %e(s) and ¢ by a positive and
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bi-K-invariant majorant, we see a posteriori that our integrals were absolutely
convergent at every stage and all the steps of our computation valid. The calculation
given at the end of 1.3 (together with the usual argument about the K-finiteness of
@) now shows that I/(s) is an entire multiple of L(s,7)L(2s,7%)/L(s + 1,).

2.5. Computation of 1./ (s). We need a closed expression and an estimate for

‘/(.N Iay? KF_is(nlx, nZX)II/(nl)ll/(nEl) dnl dnz.
A/ YF

To obtain them, replace K, by its expression as a sum of integrals, recalling from
1.3 that the sum is finite and the integrals normally convergent on compact sets. It
follows that the above integral equals

1 J—
E L i fysp (oo @) L)Wt ) Wy )

where W, = Wf, is the Whittaker function defined in 1.2. We have to check that
this can be integrated against f(x, s) for Ze(s) sufficiently large. Using Lemma 1 of
1.2, we can majorize the resulting double integral by

Re(s)—e

'/A" '[—:; |(”x.x"w,1/2+ir(q9)fmfﬁ)|P(r')q)1(a)q32(a)|a| drd*a,

where P(r) is an “elementary function”, ®; and ®, are Schwartz-Bruhat functions,
and e is an arbitrary positive number. Since this clearly converges for Ze(s) > 1 + ¢,
we see that the integral 7.)” (s) converges absolutely for Ze¢(s) > 1 and is given in
that domain by the formula

LrGs)=-Y ¥ =

f (7’ X lw, (q))f vf)J (S,u)du
X aBeA(x.x'w) A1 Jgouy=1,2 XX B>Ja) B

where
Jop(s,u) =f f(x,s)W,(x,u) Wp(x,1 — i) dx
NaZa\Ga

(we have replaced u by 1 — u in W, to make J,5 holomorphic in u), which can also
be written

o p(s, ) =/N ®[(0,1)x]W,(x,u) Wy(x,1 — &) v(det x)|det x| dx.

We need the analytic properties of J,4(s, u). They are given by the following four
propositions.

PROPOSITION 1. Let f;, f, € H(X;, X,) be K-finite, r€ A, ® € S(A4?), ue C.
Let J(s,u) = J(fy, f>; ®,7; s,u) be the function defined for Re(s) sufficiently large
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by
J(s,u) =f~\c ®[(0,1)x)Wf,(x,u) Wh(x,1 — @) 7(det x)|det x| dx.

Then J(s, u) is given by an expression of the form

_ R(s,u) L(s,'r)zL(s +1- 2u,x1'1x21')L(s + 2u — l,xlxglf)
P(u) L(2 - 2u,x[1x2)L(2u,x1x§1)
where P(u) is a polynomial in u and finitely many q!, q,* which has no zeros for

0 < Re(u) < 1 and R(s, u) is a polynomial in s,u and q3, q.°, q., q," for finitely
many v.

J(s,u)

PROPOSITION 2. The residue of J(s,u) at u= (1 — 5)/2 (s fixed), T = xi'X,, is
given by

Res,_q_,) . J(s,u) = -%[AA\ Sfl( )sz(wx )f(x s) dx.

PROPOSITION 3. The function J satisfies the functional equation
J(fis o @75 5,u) =J(fi, o @, 7751 = 5, u)
where f, € H(x3', xi") is defined by f,(k) = f,(wk*) (k € K).

Combining Propositions 2 and 3, we obtain

Res J(s,u) = —%L “ Sfl(x, %) Sf,(wx,1 —5/2) f'(x,s)dx,

u=s/2
for 7 = x,x;! (the residue is 0 for other ), where
f(x,s)=f(x,®, 7% 7,1-5)
_ 1-s _5 2-25 5
= #(detx)|detx|' " [ ®[(0, )x]F(e)|e] T axe
AX

PROPOSITION 4. lim (s — 1)%/(s,u) = 8, - C - (f}, f,) (independent of u), where
C = [[az®(x, y)dxdy.

PROOF OF PROPOSITION 1. By the lemma in 1.1, we may assume that

sz(x’“) 'L)_I_f(x q’z’XpXm“)

L(2u, xix3")

where ®, is a Schwartz-Bruhat function and P is a rational function of u and
finitely many g% then Ef,(x,u) and Wf,(x,u) are P(u)/L(2u, x;x;') times the
functions E(x, ®,, x;, x,, #) and W(x, ®,, x;, X5, 4) whose analytic properties were
given in 1.1 and 1.2. It follows from the estimate of Whittaker functions given in 1.2
that the integral J(s, u) converges absolutely for Ze(s) > 2 max(Re(u), e(1 — u))
(the shaded region in Figure 1), and although we were originally interested in (s, ©)
with Re(u) = 3 and Re(s) > 1 we now pass by analytic continuation to a region
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where Ze(u) < 0. Then Ze¢(1 — u) > 1 and we can replace Wf,(x,1 — &) by its
original definition as an integral over f, obtaining

J(s,u) = B(u) /G ®[(0,1)x] Wf,(x, u)

X f(wx,®,, X1, X2, 1 — ) 7(det x)|det x| dx,

where

B(u)=P(1 —u)/L(2 - 2u.x;'x,)

(the Y(n) in the definition of Wf(x,®,,x,, x,,1 — ) is absorbed by the function
®[(0,1)x]Wf,(x,u) which transforms by ¢ under N,). We now substitute for
f(x,®,, X1, X5, 1 — u) its definition as an integral over A* (convergent for Ze(u) <
0) and interchange the order of integration to obtain

Hsw)=p() [ [ @[(0,1)x]®,[(,0)x]

s+1—u 2-2u

X Wfi(x,u)Tx;"(det x)|det x| dk|t| xiix, (1) d*e;

in this integral we replace ¢ by ¢! and then x by (, 9)x in the inner integral and
interchange the order of integration again to obtain

J(s,u) = B(“)f(; Y(x)Vf,(x,u; s, 7)rx; (det x)|det x| dx

where ¥(x) = ®[(0,1)x]®,[(1,0)x] and Vf,(x,u; s,7) is the function defined in
Lemma 2 of 1.2 (this transformation is due to Shalika). Since the proof that the
original integral converged used an estimate only for the absolute value of Wf, and
since all other steps could have been carried out for 7, x; and x, trivial, s and u
real, and ® and @, positive, we see that the double integral over G, X A is
absolutely convergent and the interchanges carried out therefore justified.

FIGURE 1
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Now the analytic properties of Vf,(x, u; s,7) as a function of s and u were given
in 1.2, but since we do not know the behavior of this function with respect to the
adelic variable x we cannot immediately make use of them in the above integral.
However, Vf,(x, u; s,7) depends only on the section Sf,(x,u) € H(x,, X,, %), and
writing f, in terms of the standard orthonormal basis { £, }, c 4x,.x,) ©f H(X1> X2)
we see that

Sfl(x’ u) = Wx,,xl‘u(x)fl(l)
= Y (T £) 1, (1)

YEA(X1+X2)

(here 7, is the representation of G4 on H(x, X,, ), transferred to H(x,, x»)
by means of S) and hence
Vr (o 5,7) = £ (1m0 10 £,) V(L5 5,7).
Y
The advantage of this formula for V is that the dependence on x and that on u
have been separated. Substituting it into the above expression for J and interchang-
ing the summation and integration, we would obtain

I(s,u) = Ba) LV (Lws 5,7) [ () ()11 1)

Xfrxl"(detx)|detx|s+1—“dx.

We now show that this interchange of summation and integration is justified and
that the resulting sum of integrals is finite. To do this, we use the standard device of
introducing an elementary idempotent £ on K (= finite sum of characters of
irreducible representations divided by the dimension of the representation) such that

fK\Ir(kx)g(k)dk = ¥(x).

This is possible because ¥ is the restriction to G, of a function in ¥(A*) and
hence K-finite. We substitute this into the absolutely convergent double integral for
J(s, u) which was obtained above, getting

J(s,u) = ,B(u)j;;A /;(/;x Wfl[(g ?)X,u]’l‘)_(z(a)lals”-l

X ¥ (kx)£(k) %, (detx)|det x| d*adk dx.

Because the functions x — ¥(kx) (k € K') are bounded by a fixed Schwartz-Bruhat
function, this triple integral converges absolutely (in the region 0 > Pe(u) > 1
— 1%e(s)), so we interchange the integrations over G, and K, make the change of
variables x — k~'x and interchange back to get

J(s,u)=B(u)fGA /A /KWfl[(g ?)kx]&(k'l)'r)_(l(detk)dk

s+1—u s+1l—u

X71X,(a)lal d*a¥(x)7X,(det x)|det x| dx.
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Now, observing that the function k — ¢(k~')7x,(det k) is an elementary idempo-
tent on K and that the expansion

Sfl(yx’u)= Z( Xl X2+ u(x)fl’ ) (y?u)

v

converges normally on compact sets, we find that

J, Sh(kox, ) &(k ™) X, (det k) dk

= L [ (k) 11, £, )6 7R (det k) dk S, (7, u)

N
where the sum on y is finite (independently of x). From this the corresponding
formula with S replaced by W follows immediately (first for Ze(u) > 1, then by
analytic continuation for all u); substituting it into the last formula for J(s, u) we
obtain

s,u) = B) [ X [ (mgsulb)fio f,) 60 ) 75(det k)

Xf WY[(G 0),Ll]’r)‘(z(a)ldetals+1 uaV(a\I'(x)Txl(detx)|de:tx|s+1 “dx
AX 0 1
= B(u) L V,(1,u; 5,7)C, (s, u),
Y

where
s+1- u

C (s u) = fGA jj.(( sl KX) 1, f )ﬁ(k D) rx,(det kx ) ¥ (x)|det x| dk dx
s+1- u

= [ (T fy) [ £0RV¥ (k) dirx, (det )] det x|

A

(x > kx,k > k1)

_ fc (7, (XD f1s £,) ¥ (x) 7%, (det x)|det x| ' d
Thus we have proved the representation of J(s, u) as a sum which was given above
and shown that the sum is finite.

Now B(u) = P(1 — u)L(2 — 2u,X,Xx,)"", where P(1 — @) is the quotient of a
polynomial in u and finitely many ¢,*“ by a polynomial in # which does not vanish
for e(u) < 1, and we also know (by Lemma 2 of 1.2) ¥, (1, u, 5, 7) equals

0, (s,u)L(s,7)L(s + 2u — 1,7x,X,) L (2u, x:%2) "

where Q_ is the quotient of a polynomial in s, u and finitely many ¢, ¢** by a
polynormal in u, nonzero for #¢(u) > 0. Therefore to prove the proposition we have
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to show that C, (s, u) is an elementary multiple of L(s, 7)L(s + 1 — 2u, 7X;X,)- To
see this, we substitute for the scalar product (7 x0, u(X) 15 f,) its  value
Jx Sfi(kx,u)f,(k)dk and then make the substitution x — k~'x in the resulting
double integral to get

Cy(s,u)=f0 fK‘I’(k_lx)mfm(detk)dkal(x,u)'r)'(l(detx)|detx|”1_“dx‘

Using the Iwasawa decomposition x = (§ ,)k’ and the definition of Sf,(x,u) we
can rewrite this

cten = [ Jo (L L L6 3]

x f, (k') 7, (k) X, (det k") dkdk’dv)

xr(a)lal xuxa ()b a¥ads,

and since the expression in parentheses is (the restriction to A *? of) a Schwartz-
Bruhat function of a and b this is a Tate integral for L(s, 7)L(s + 1 — 2u, 7x7'x,)
as claimed.

PROOF OF PROPOSITION 2. We return to the formula

J(s,u)=B(u)Y V,(1,u; 5,7)C,(s,u).

The function C, (s, u) is analytic at u = (1 — 5)/2. By Lemma 2 of 1.2, the function
V,(1,u4; s, 7) has a simple pole with

Resu—(l—s)/ZVy(l’u; S’T) = _%Sfy(l’(l - S)/2) = _%fy(l)

if 7 = x{'x, and no pole if T # x7'x,. Hence

Res,_ 52 J(s,u) = —%B( 1 ;S)gfy(l)cy(s, 1 -2-s)

1 (l—s

-1 1-+ _ @Bs+1)/2
__2/3 5 )LASfl(x, 3 )‘I’(x)'rxl(detx)|detx| dx,

where in the last line we used the same identity as was used to decompose J(s, u) as
a sum over . Using the Iwasawa decomposition, we get

_%3(1;‘)/“ /A foN ®[(0, b)k] 9,[(0, a)wnk]

1—-35

xSfl(k, 5 )—rz(b)lblzs'r(a)lallﬂfxl‘l(detk)dndkdxadxb.
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But
[ ®1(0,6)k]72(b)[b[" @b r(detk) = f(k, 5)
AX

and (recall that x,x;' = 7),

(1+s)/2

875 [. IO ael r(a)lal"xi'(detg)|det
= sz(g» #) :

Hence our residue can be written as

_%/N fKSfl(k, 1—;5) sz(wnk, 1 ;§)f(k,s)dkdn,

which is equivalent to the formula given in the proposition.
PROOF OF PROPOSITION 3. We first observe that
Sfi(g.u) = Sfi(wg',u)

and hence by an easy computation
Wi(g,u) = wf,[( —01 ?)wg‘,u].
By the lemma in 1.1 we may assume that
Sfi(g,u) = a,(u)f(8, ©: X1, X254),
Wi(g. u) = a,(u)Wf(g. 0, x,. X2. 4)

where «;(u) depends only on u and ®,, ®, are Schwartz-Bruhat functions. It
therefore suffices 4o prove the functional equation

f (D[(O’l)x]Wf(x’q)l’XDXZvu)

Na\Ga

X Wf(x,®,, X1, X201 — ) 7(det x)|det x| dx

=f 6[(0,1)x]Wf[( "01 ?)th%xl,xb“]
Na\Ga

X Wf[( _Ol ?)wx‘,@z,xl,xz,ﬁ

x 7(det x)|det x| " dx,

where u is fixed and the equation is to be interpreted in the sense of analytic
continuation in s. We may assume that ®, and ®, are products of local Schwartz-
Bruhat functions @, . Then the desired functional equation follows by multiplying
together the corresponding local equations as given in [5, p. 20 or 3, p. 475] and
taking into account the functional equations of the L-series involved.
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PROOF OF PROPOSITION 4. It is clear from Proposition 1 that J(s, u) has a double
pole at s = 1 only if 7 = 1, which we now assume. The representation

J(s,u) = B(u) X V,(1,u; 5,1)C,(s,u)

together with the fact that V,(1, u; s,1) and C,(s, u) both have simple poles at s = 1
implies

u
J(s,u) ~ f(_—i Y Ress=1(Vy(1, u; 5,1))C, (s, u)
Y
as s — 1. By Exercise 2 of 1.2, the sum on the right equals

2 S (w, )€ (s, u) =f ¥(x)Sfi(wx, u)xfl(detx)|detxls+l_udx
Y Ga

f (fA fK ®[(a,v)k] ,[(0,b)k] x;'(det k) f,(k) dvdk)

—Ax A%

s+1-2u

xxi'x2(b)lal'|b] d*ad”b,

where in the last line we have replaced x by wx and used the Iwasawa decomposi-
tion. By the usual argument, the residue of this at s = 1 is obtained by replacing
Jax(-++) |al’d”*a by [p( - )da, so
. 2 _
lim (s = 1)*J(s,u) = B(u)fk ]A(jA ®[(a,v)k] dadv)
T T 2-2u
X @,[(0,6) k] xi'x2(b)|b]" “"d*bx;'(det k) £, (k) dk

= CB(w) [Tk @1, x0T — @) fu(k) dk

= ch SH(k,1 = &) f,(k) dk

= [ £i(k)1(R) dk.

3. Analytic continuation and applications.
3.1. Computation of I(s) for 0 < Res < 1. In §2, we calculated the integral
I(s) = I(s, 9, ®, 1) for Ze(s) > 1 and obtained a formula of the form

I(s)= X IE(S)+§11f(S)+ZIX(S)

(E: F]=2



30 H.JACQUET AND D. ZAGIER

where the sum over E and x are finite (for a given ¢) and
Ig(s) = IE(S»(P,(I’,“')

= 1 Y o(x'Ax) (f Q[(O,l)ex]T(detex)ldetexlsdxe) dx
EX 2 EX
A \Ga A€ EX/F~ A
A£1

-~ LE(S7 Te NE/F)’

Il(s) (= Ihyp(s)) = Il(sv(P7(I)?T)

-/ . (% Y pxh)

A€Ar/Zf
A#1

!

®[(1,1)ax] r(det ax)|det ax § dxa) dx

~ Lp(s,7)%,
I(5) (= Lp(s)) = L(s.9, @, 7)
[ o[k (h 9)w]rtaaraal
x([A /;@[(;,u)k]du|t‘2“‘72(z)dXz)T(detk)dk
- L(s,7)L(2s — 1,72),
L(s) (= I(s)) = Li(s,9,®,7)
=[ 1) . ([ [k ]\I/(au)du)'r(a)l | d*adk

- LF(S7T)LF(257T )a

L) (= () = Lls.9.0.7) = =3 T [ &, (mm)an

X' =wTt
LF(sv'T)LF(zs’T )
Le(s+1,7)

(finite sum) with £, € H(x, x 'w, (s + 1)/2) defined by
£,,(8)=¢§(s,9,0,7,x,8)

=fo f,(f(k’s)fN ‘P[k_l"(a(;l (l))gk]x(a)lalml)/zdkdxadn,

and
Ix(s) = IX(S,(P»(D,T)

1

= _mfﬂe(u)=l/2 (Wx,x'lm.u(q))fﬂ’ fa)Ja‘B(S’ u) du

aBEA(x, X w)
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(finite sum) with

Jop(s,u)= j;/ ®[(0,1)x] Wf,(x,u) Wfg(x,1 - @) 'r(detx)|detx|sdx

A A

Lp(s,7)’Lp(s +1 = 2u,%%r7)Lp(s — 1 + 2u, x%0™'1)
Lp(2 = 2u,x%) Lp(2u, x?0™")

(in all of these formulas, f(s) ~ L(s) means that f is an entire multiple of L).
We define one more function I5(s) by

I(s) = I(s,9,®,7) = [,(1 - 5,¢',®,7),
where ¢'(x) = @(x*).

THEOREM 1. With the notations above the function I(s) is given in the strip
0 < Re(s) < 1 by the formula

5
I(s) = é‘, Io(s)+ Z_:l L(s)+Y L(s).

In the half-plane Re(s) > 1 (resp. Re(s) < 0), I(s) is given by the same formula but
without the term Is(s) (resp. 1,(s)). The substitution s >1—s, 1> 7, ® > b,
@ — ¢', under which I(s) is invariant, interchanges I, and I, interchanges 1, and I,
and leaves all the other terms unchanged.

COROLLARY. The quotient I(s)/Lr(s, ) is entire, except for simple poles at s = 0
ands=1ifr>=1,7+ 1.

PrOOF. The original definition of I(s) as an integral shows that it is an entire
function of s except for simple poles at s = 0 and 1 if 72 = 1. To prove Theorem 1
and its corollaries we have to investigate the analytic continuation of each term in
the formula we have obtained for I(s), Ze(s) > 1. The only terms for which this is
not immediate are the terms 7, (s).

Recall that I, (s) is given as an integral of the form

1
L(s)= me I (s,u)du

where L denotes the line Z¢(u) = 3 and I, (s, u) has the form

2A(s, u
L(s,u)=Lg(s,7) DL(u—)—)_
where D(u) is a meromorphic function of u having no zeroes on the line L (D(u)
equals L(2 — 2u, X’w)L(2u, x’w™") times the product of the functions P(u) occur-
ring in the proposition of 2.4 for f, = f,, f, = fz) and A(s, u) is holomorphic in s
and u except for possible poles at the points

*) u=

1+s 1-vs

N
5 1_5, 2 2

|
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where it has poles if x 2w = 7*! these poles being simple unless two of the
numbers () coincide. The integral [; A(s,u)/D(u)du converges for all s € C
except that it does not make sense if Z«(s) = 0 or 1 because at least one of the poles
(*) lies on L. It therefore defines a holomorphic function of s in each of the three
regions

Ry: Re(s) > 1,
R;:0 < PRe(s) <1,
R2: \@e(s) < 0.

However, the function it defines in these three regions are not analytic continuations
of one another.

To obtain the analytic continuation, let B be a box in the u-plane with center at
u = 5 and sides parallel to the axes which does not contain any zeroes of D(u) and
let L’ be the deformation of L obtained by going along L, then around the right
edge of the box B, and then continuing along L. See Figure 2. Then for the same
reason as before, the integral [, .A(s,u)/D(u)du makes sense for all s € C for
which none of the points () lies on L’ and in particular for all s in the interior of
the box B’ = 2B = {s|3s € B}. To obtain the analytic continuation of the integral
over L from R, to R,, we will compare this integral with the integral over L’ in the
right and left halves of the box B’. See Figure 3. For s € R, N B’ we have

2m(f f)Al()zul;) = 0 /2) Res,_,, A(s, u)

by Cauchy’s theorem, since the only pole of the integrand between L and L’ is at
s/2. Similarly, for s € R; N B’ we find

1 A(s,u) 1
Tm(fL fL) Diu) W= DA =52y RS um1sp Als,u).

u-plane

i
77

/

(]

FIGURE 2
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Ry Ry Ro

/ s-plane
.

FIGURE 3

Together, these formulas give the analytic continuation of I,(s) to the region
RyUR,UB"

1
'2';7-;/; IX(S,u)du (se Ry),
1 ’
I(s)= 2—7”/L I(s,u)du—Res,_ 1 (s,u) (se B),
1
27”/ I,(s,u)du—(Res,_,, — Res,., )L (s,u) (s€R,).

Since we can take the box B (and hence B’) to be as tall as we want by making it
thin enough, this in fact provides the analytic continuation of I,(s) to the entire
half-plane %«(s) > 0. (The continuation to the entire plane could then be obtained
by the same method, taking for B a box with center u = 0, but since we will prove
functional equations for all the terms in the formula for I(s) it will not be necessary
to carry this out.)

We will now compute the residues of I,(s,u) at u=s/2 and u=1-s/2,
obtaining

Res,_, I (s,u) = “Res,_y_,n I, (s,u) = —315(s)

where I,(s) is the function defined just before Theorem 1; this and the above
discussion then give the formula for I(s) (s € R;) which was stated in the theorem.

To compute the residues of I, (s, u) we use the formulas for the residues of J(s, u)
given after the statement of Proposition 3 of 2.5. Substituting the first of these
formulas into the definition of I, (s, u) gives

u=s/2 x(s u) = _Z z (ﬂx,x_lw,s/Z(q))fB’ fa)

aBEA(X,x ')

XLA\GA Sf;( )SfB(wx 1- ) (x,s)dx
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if x2 = w7 (the residueis 0 if x2 # w7). But

Z(Wx.x'lw,s/Z((p)fB’ fa)Sf;(x,S/Z) = Z(wa'l,x'l,x/Z((pt)f‘.B’ia)Sfa(x’s/z)

= [ Sf(h,s/2)¢'(x7h) dh,
Ga

where ¢'(x) = @(x*). Substituting this into the formula for the residue and comput-
ing the integral over h by the Iwasawa decomposition, we find that the residue
equals

1 x S\ o7 s
21 S (k,—)s (wx,l— —)Fx k) f'(x, s) dk dx,
a2 o J Sl g) S 3 ) Fex(0)f (x.5)
where we have set
_ -1 (a O -1 /21
F.(h) '/I.VA /;‘xcp[x n(O l)h]xw (a)la| d*adn.

Note that h — F,  (h) belongs to H(x 'w,x,1 — s5/2), as does the function h
— Sfg(h,1 — 5/2). Hence

% fk Sf'ﬁ(k, %) Sf”,,(wx,l - %) F, (k)dk = F, (wx),

so we obtain

1 -1
R = _ — (2 -1 a O
R TR
><x‘1w(a)|a|l_s/2f’(k,s)dxadnldn?_dk
1 o
= —Zf ((1-s5,¢,®, 77" x 0, wn) dn

Na

(with £( - - - ) defined as at the beginning of the chapter) and
Z Resu=:/21x(s’u) = Z Resu=s/21x(s’u)
X

x2=w1'
= %14(1 - S,Q?lsé), 7_1)
= 1L(s,9,9,7).

To obtain the other residue, we use the trivial functional equations

J(fi, fos @, s,u) = J(fo, fr; ®,775 5,1 — i)

and

("x‘x'lw.u(q))fﬂ’ fa) = (Wx.x"w‘l—ﬁ( (p_v)fa’ fﬁ)

(where @V(x)= @(x7!); this formula can be obtained easily by applying the
Iwasawa decomposition to the integral defining the scalar product) to get

Ix(s,u; p,®0,7)= IX(E,l - u; F,@,'F)
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and hence

Y Res,_, ., L(s,u;9,®,1)=- ) Resu=§/21x(§,u, ¢_V,5,F)
2o w7 =0

bl

X X

L(5, ¢ .,8,7).

(ST

To see that this last expression equals — 3I(s, ¢, @, 7), we have to show that I (or
1,) is invariant under ¢ — ¢ V. We recall the definition of I,

RS R

(s+1)/2

1
14(s,qa,(I),'r) = ) Z

x2=¢7rr

xXx(a)la| dndkd*adn’.
Replacing ¢ by ¢V in this formula (note that this replaces w, the central character of
@, by w™!) and using the identity

q)\’[k'ln(g_l ?)wn’k]=o.>(a)q)[k'1n"1(g-1 ?)wn'lk]

1 ’

we find (after the change of variables n — n'~ - n7l x > xw)that I,(s,p,®, 1)
equals I, (s, 9", D, 7).

It remains to investigate the effect of the substitutions s =1 -5, ¢ = ¢',
® — &, 1 > 771 on the various terms in the formula for I(s). These interchange I 4
and I, by definition. We consider the other terms

I.(s). The invariance of Ig(s) under the substitution in question follows by the
usual Tate method for proving the functional equations of L-functions if we identify
E, with A? and observe that the Haar measures and additive characters on these
two spaces agree. In any case, this functional equation is evident a priori since I.(s)
is the integral of the Gp-invariant function I, <, rpj=e®(x 'AX) against
E(x,®, 7,774 5).

I,(s). Again the invariance follows easily by applying the Tate method to the
inner integral

, n

'r(detx)ldctxlsj;‘X f‘x ®[(a,b)x](a)|a| 7(b)|b] d*ad*b.

I,(s), I,(s). The fact that these integrals are exchanged by the substitution in
question is again a corollary of the Tate functional equation since the Schwartz-
Bruhat function

a'—’L(p[k_l((l) lll)k]\[/(au)du
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occurring in the definition of I; is the Fourier transform of the function a —
@[k (4 $)k] occurring in I, and

fo fA O[(1,u)k] duld]” '72(¢) d*t =f,,x KO[(1,0)]12)7 " '72(r) d*¢

2-2s

= [ Ke[(1.0)]r" (1) d
-

= f(wk', ®,771,1 = 5).
L, [ (s,u)du We have
I(1—s,¢,® 7 u)

- —;— Z (wa_l.x_'.u(cpl)fﬁ»fa)‘](fa»f[}; (i), '7_',1 - S, u)

aBed(xo x™H

xw™!

= % Z (wa'l.x'],u(q)t)fﬂ’ fa)‘](fa’ f;’ (D’T; s,u)

a,,BEA(xw_l‘x‘l)

by Proposition 2 of 2.4. Since (f;)aef,(xw_u,x-x) is a basis of H(x,x 'w) and (as is
easily checked)

(ﬂxw_l,x‘l.u((pl)fﬁ’ fa) = (Wx,x'lw,u(q))fﬁ’ fa)’
this gives
wa-l(l -5,¢,0,7,u) = IX(S,QJ,(I),T, u)

and hence the desired invariance of ¥, [ 1 (s, u) du.

This completes the proof of Theorem 1. We still have to prove the corollary on the
holomorphy of I(s)/L(s, 7). Looking at the analytic behavior of the various terms
I,(s), Iz(s), [I(s,u)du in Theorem 1, we see that the quotient of each of these
terms is holomorphic except for possible simple poles at s =0, 1 and 3 (for
example, I.(s)~ Ly(s,7oNg, )= L(s,7)L(s,7xg) where X is the quadratic
character associated to the extension E). It remains to investigate these three points.

If 72 # 1, then the definition of I(s) as an integral shows that it is regular at
s = 0 and s = 1, and since L(s, 7) is nonzero at these two points the quotient is also
regular. If 7 = 1, then both I(s) and L(s, 7) have simple poles at 0 and 1 and the
quotient is again regular there. If 7 # 1 but 72 = 1, then I(s) has a simple pole and
L(s,7) # 0, so the quotient also has a simple pole.

As to the point s = 1, the only terms whose quotient by L(s, 7) might have a pole
are I,, I, I, and I, only if 72 = 1.

Near s = 1 we have

T(detk)fo fAcb[(t,u)k] dult|P ae = _SC_(f)z + 0(1),

C(k)=%'r(detk)/ACD[(O,u)k]du
and hence

L) == [ [ o[k(y 4)k]r@lal aadis .
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where “- - - ” denotes a function whose quotient by L(s, ) is regular at s = 3. The
inner integral is for each k an entire multiple of L(s, 7) and hence has the form

L(s,r)(M(k)+ O(s = 1)) (s—3),

50
L(s) = -SLESi;)z [ ctmk)dk+ -
Similarly
Sk =0y (s-3)
implies

13(s)=}—%/2fkc(k)f“ jAcp[k-l(}) '{)k]¢(au)du7(a)|a|’dxa+

TR X (I R

(by the usual functional equation and because T = 771)
1 1
= mﬁ( C(k)L(l - S,T)(M(k) + O(S - 5)) dk + - --

_ L(s,7)
Cs—1/2Jk

Hence (I,(s) + I;(s))/L(s, ) is regular at s = 3.
A similar argument works for I, and I;. Near s =  we have

C(k)M(k)dk + --- .

_ 1 Ck)_
L(s)=-3 ng-lf fK(s 12" 0(1))
(a0 (s+1)/2 x
Lo S olml Opmatfxtanet anaraan) o

and I; is given by a similar expression except that ® is replaced by ® (this changes
C(k) to C(wk")), s by 1 — s and ¢ by ¢'; using the identity

ook (4 O} ns (k)| = o) k-tni'{ 4 )ik .

we again deduce the divisibility of I, + I5 by L(s,7) at s = 1

3.2. Residue at s = 1: The Selberg trace formula. Looking at the various terms in
the formula we have obtained for I(s), we see that each term is regular at s = 1 if
72 # 1. Of course, the regularity of I(s) itself in this case is clear since E(x, s) has
no pole at s = 1.

If on the other hand 72 =1, then E(x,s) has a simple pole with residue
(C/2)7(det x) at s = 1, where

c=90(0)= /f ®(u,v)dudv,
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so we have

2
Ko(g,g)7(detg)dg = ~Res,_ I(s).
GrZa\Ga
From the formula for /(s) near s = 1 given in 3.1, we see that this equals

ZRess Ie(s) + Z Res;_, .(S)"‘ Ress Is(s)
i=1

27”2/ Res,_, I (s, u)du)

where L’ is the line #e(u) = § deformed slightly so as to pass the point u = } to
the right (cf. Figure 2). So there are seven residues to compute. We distinguish two
cases, according as T is trivial or not.

Casel.72=1,7# 1.

Here the terms I,(s), I;(s), I,(s), [, I, (s,u)du (all x) and all I (s) with
7o Ng,p# 1 (ie. all but one E) are regular at s = 1, while the three remaining terms
all have simple poles. The residues are calculated as follows.

Let E be the quadratic extension of F associated to the quadratic character 7, so
that 7o Ng, = 1. Then the inner integral in the definition of I.(s) has residue
Cr(detx)at s =1, s0

—2—Res,=115(s)=/ Y @(x'Ax)7(detx)dx.
¢ EANGa e px/F~
A#1

Similarly, the residue at s = 1 of the double integral over ¢ and u in the definition of
I,(s) is C/2 (independent of k), so

a1 s
es,_,1,(s) =/;(fo q)[k ‘(0 ‘;)k]'r(a)|a| d*ar(detk)dk|,_,
(the integral converges for Ze¢(s) > 1 and is a holomorphic multiple of L(s, 1), so
this “contains” L(1, 7)). Finally, we have
Res,_, I5(s) = -Res,_, I,(s,¢", &, 7).

Looking at the formula for I,, we see that the pole at s = 0 comes from the function
f(k, s) in the integrand. Since

Res,_o f(k,®,7,7,5) = —3®(0)7(det k),

this means that the value of &Res,_; Is(s) is obtained by replacing f(k,s) by
1r(detk) in the formula for I,(s, ¢, ®, 7) and evaluating the resulting function at
s = 0 (in the sense of analytic continuation), i.e. it equals

%z L) f”(detk)¢[k n( ! ?)wnzk]

x—w

xx(a)lal dkd”adn,dn,|,_, .
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This can be interpreted as a trace in the following way: for each x with x:= ot
consider the composite operator

Texex.s(P)
A, (@) H(x, x) > H(rx, x,s) = H(1x,X,s)

-rod M(x,7x,Ss) =
S H(x,mx05) = H(rx, x,1 = 5) < H(rx, X).

It is given by the kernel function
-1
7(detk, )/ fNA fo [k nl( )wn k ]x(a)lal d*adn, dn,

(k 1 k 2 €K )’
so its trace at s = 1 is the multiple integral above. Summarizing, we have proved

THEOREM 2. Let T be a character of order 2 on A% /F* and E the corresponding
quadratic extension of F. Then

f Ko(g,g)'r(detg)dg=f Y e(x'Ax)7(detx)dx
GrZa\Gp EX\Ga Ae EX/F~
A=1
. [l a s
+ lim Kfo qo[k (0 l)k]'r(a)|a| d*ar(detk) dk
1
_z Z trA‘r,x((p)»
x2='rw

where A, (@) is defined as the composition
a0 0) T H(r 0 8) S HGom0 ) e H e, b).

We have written out the result in full detail because it is, if known at all, in any
case less well known than the formula for [K,(g, g)dg without any character.
However, we hasten to add that the integral [ K(g, g)7(det g)dg could be calcu-
lated directly (indeed, considerably more easily than in the usual case 7 = 1, just as
our residue calculation was simpler than for 7 = 1; in fact the calculation can be
carried out for GL(3) or even for GL( p), p prime [6]). We indicate how Theorem 2
can be reinterpreted as essentially equivalent to a theorem of Labesse and Langlands
[8]; however, we will be brief since this is not too different from the route followed
in Labesse [7].

It is shown in [8] that one can find a “smoothing function” m: EX \ F{ — C,
with m(A) = 1for A € E>\ F* and m(ab) = m(a)7(b)for b € FY, a € EX \ Fy,
such that the function

f(A) = m()\)j;_x\c ¢ (x~"Ax)7(det x) dx,

a priori defined only for A € EX \ FY, extends to a smooth function on E; with
f(D) equal to the term lim__,, --- in Theorem 2. Then the first two terms on the
right-hand side of the theorem equal

Y fN)= -Zf(u)

A€ EX/FX
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by the Poisson summation formula, where f is the Fourier transform of f and the
sum runs over all characters p of Ex/E™ with p| . = wr. (The factor ; arises
because VOI( E5 /R A E*) = 2 with our choice of Haar measures.) For each p there is
a unitary representation (7, #,) of G, with central character w and an operator
A,: X, — £, such that
m,(g) - 7(detg)4, =7,(g)4, (g€ Ga)

(these are the dihedral representations associated to the quadratic extension E/F),
and f(p)= tr(m,(p)e A,). If p = x o Ny, for some character x of F then J =
K, x1s2 (the “3” is the value making J#, . unitary) and 4, =
M(7x, X, 3)o (-7 odet). Since x and Tx give the same p, we find that the right-hand
side of Theorem 2 equals

Y u(m(e)e4,),
u|F:u=wT

m#EX° Nesp

N —

where now p runs over characters on E5 /E* which are not of the form x o Ny r
for any character x of F{/F*, i.e. such that p° # p (o = nontrivial element of
Gal(E/F)). The representations (m,, ) and (m,, #,.) are isomorphic, so this
equals X_tr(7(¢)o A,), where now 7 runs over all dihedral irreducible representa-
tion associated to E.

On the other hand, the left-hand side of the formula of Theorem 2 equals
tr(po(®)° B,), where

B,: Li(Gp\ Ga,w) = L§(Gp\ Ga, @)

is the operation @(g) — ¢(g) - 7(det g), which makes sense because the restriction
of rodet to Z, is trivial. Only those irreducible constituents = of L3 which are

invariant under B_, i.e. which satisfy # = 7 ® 7, contribute to this trace, so Theorem
2 can be reexpressed as the identity

T u(n(e)eB)= L ulwed,).
7 cuspidal 7 irreducible
T=T®T dihedrai representation

associated to E/F

This shows that the dihedral representations associated to a quadratic extension are
automorphic (which had been known for a long time) and that all irreducible
cuspidal representations # with 7 = # ® 7 arise in this way (which is the result of
Langlands-Labesse). It also shows that the operators B, and A, correspond, giving
an explicit intertwining operator ST®T.

Case 2. 7= 1.

This case is much harder, since all terms in the formula for I(s) have poles at
s = 1 and three of them have double poles. Since the final result, the usual Selberg
trace formula for GL(2), is also much better known than the result for 7 # 1, we
content ourselves with a sketch of the calculation; indeed, we must confess that the
computation of the residue of I (s) is so monstrous that we have not ourselves
carried it out completely. The occurrence of double poles is related to the ap-
pearance of logarithmic divergences of the individual terms when the Selberg trace
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formula is proved by the usual method of truncating the fundamental domain, as in
[2]; our use of the complex parameter s should be thought of as an alternative to
truncation as a method of getting around the problem of the divergence of the
various integrals into which [ K,(g, g) dg splits.

Our goal is to calculate (2/C) Res,_, I(s) and to show that the result is the usual
trace formula, as given, e.g., in [2]. The terms I, I, I, and 3/ have simple poles
and easily calculated residues; the difficulty lies in the double poles of I;, I, and
Ji- I (s, u) du. The contribution from I is found as in the case 7 = X ¢ of Case 1 to
be

%Ress=115(s)=f Y o(x'Ax)dx;
EA\Ga \ex/F~
A#1

adding up these contributions for all quadratic extensions E/F gives the elliptic
contribution (second term) in Theorem 6.33 of [2]. Applying the identity

Res,.., | ([A F(u)xp(au)du)iardxa _F0) (Fes(A))
AX
(80) to F(u) = g[k~1(}5 “)k], we find

Res,; 1y(s) = 9(1) [ /(k.2) dk

- cp(l)foAx ®[(0, 1)k]|e[ a*eak,

and this equals
(1) - #(0) - Vol(ZaGr\ Ga)

by the identity at the end of §0, so the contribution of I;(s) to (2/C) Res,_, I(s) is
the volume term ¢(1)Vol(Z,G\ G,) in [2] (note that the Tamagawa number of
PGL(2) equals 2). The term I, is a finite sum of terms like the function =(s, x) of
Lemma 3 of 1.3 (but with ¢ replaced by [ f(k,s)p(k 'gk)dk); applying the
formula for Res,_; Z(s, x) given in that lemma, we find (with ¢ = 3VOl(Z5G\ Gj)
as in §0)

1 _
Res,_ I,(s)=-5- Y | f(k,1) o (k'gk)x(det g) dgdk.
2¢
Cmw K Za\Ga

Since the inner integral is independent of k and (again) [, f(k,1) dk = Cc, we find

é es,—1 Lu(s) = - Z f <P(g)>‘<(detg)dg

xX}=w
=- 2 (9, xodet);
xX’=w
this is the term —trp () in (6 33) of [2]. Finally,
2 1 1
2 gRes, ()= -5 I (s - g u{M{xx3) 7))

by the same calculation as for 72 = 1, 7 # 1; this is the term (6.37) in [2].
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There remain the three terms /;, I, and I, with double poles at s = 1; their
leading coefficients must cancel and their residues combine to give the three terms
(6.34)—(6.36) of [2]. To simplify the calculation somewhat, we shall suppose that ® is
right K-invariant; this is no restriction since we can get the trace formula using any
function ® € S(A?) with C = ®(0,0) # 0, and there are certainly K-invariant
functions with this property. We will give the proof that the double poles in I, I,
and L I, cancel, and show that the contribution of I, + I, to the residue gives (6.34)
and (6.35) of [2], but, as mentioned in the introduction, we will not compute the
residue of the I terms, so that our derivation of the Selberg trace formula will be
incomplete.

For any function ¢ € & (A) we define the finite part f.p.(¢) by

[ o(@lalaa=2D s tp0)+06-1)  (s-1)
AX
or equivalently (using the Tate integral calculations reviewed in §0) by

f.p.(¢) = f| L @laldra

a|>T

+/ | d(a)d*a — ¢(0)T + $(0)logT (any T > 0)
al>T!
= li d*a + ¢(0)logT |.
tim [ ela)lalda+ b0
It is easily checked that
£p.(a~ $(1a)) =t '£.p.(¢) = $(0)|¢| logl|

for any 1 € A*. Using the finite-part functional we can give the Laurent expansion
near s = 1 of the double Tate integral [/ ®(z, u)|tu|* d*td*u for any ® € £ (A?):

I @t w)lelluf aea*u

AXZ

fA(si 1/ ®(1,u)du+ £.p.(®(1,-)) + O(s — 1))1t|’m
_1) // (1, u) dt du

+E———1f'p'(j,; q)(,’.)dt+/;fb(-,u)du)+0(l)

_ (@) , B(®)+B(»e)
(s-l)2 s—1

+ 0(1),

where C(®) = ®(0, 0) as before and

B(®) = f.p.(t »fA (I)(t,u)du) = f.p.(®(-,0))
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(® as in §0). If @ is right K-invariant then w® = ® and we write simply B, C for
B(®) and C(®). An easy calculation shows that in this case B, C transform by

C(g®) =|detg|"C(®),

B(g®) =|detg| " (B(®) — 4(log|det g| + log H(g))C(®))

for g € GL(2), where H(g) is defined by H(g) = |a/b| if g=(§ i)k with a,
be A* u € A, k € K. Hence the above formula applied to g® gives

\detg|" [ @[(r,u)g]lelul ata*u

AXZ

__C 2B 3Clg[H(g)H(wg)l , gy,
(s - 1) s—1

We apply this to the inner integral in the definition of 7,(s) to get

Il(s)=—/f 2 ¢[k1 -1( )nk]

a*l

x(jf ¢I>[(t,u)nk]ltlslulsdxtdxu)dndk

AXZ

E olen(§ )]

c ., 2B - 1Clog H(wnk)
(s —1) s—1

X

+ 0(1)) dn dk

ic B ic
2 2
-_-((s_l)2+s_l)A1+s_1T1+0(l)

with
LT e[k(§ T)k]axar,

a€F*
a#l

1 a0
T, = _2f1</~A .,esz o|k- ( 1)nk]logH(wnk)dndk.
a#l

For I, the definitions of I, and of the finite-part functional immediately give

L(s) = f( ¢[k ( ‘l’)k]|a|‘dxa)(2sc_2+B+0(s—1))dk

;C B 3C
= 2 2
‘((s_l)z+s—1)A2+s—1T2+0(1)
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with

A2=fka¢[k"((l) i’)k]dadk,

T2=f.p.(a'—>fk¢[k‘l((l) ;‘)k}dk).

The expressions 7; and T, are just the terms (6.35) and (6.34) in [2]. Hence to
complete the proof of the trace formula we would need a formula of the form

1 B iC B iC
ZWij;/IX(s’u)du_((s_1)2+s—l s—1
withY A4 = -4, — A; and L, T, equal to the term (6.36) in [2]. Recall that 1, (s, u)
has the form

A, + T, + 0(1)

Ix(s,u)= _% Z (Wx,x_lw.u(¢)fﬂ7fa)‘]a.ﬁ(s’u)

aBEA(X, x 'w)

where J, g(s,u) is a function whose analytic properties are given by Propositions
1-4 of 2.5. The first of these propositions shows that J, 4(s, u) is a meromorphic
function of s and u which is regular near s = 1, u = } unless x*> = w, in which case
it has the form
L(s+1—-2u)L(s—1+2u)
J = L(s)’
wal(s4) = L(s) L(2 = 2u)L(2u)
(L(s) = Lg(s,1)). From the Taylor expansion
L(s+1—-2u)L(s—1+2u) _
L(2=2u)L(2u)
and the fact that (L'/L)2 — 2u)+ (L'/L)_2u) is regular at j, we see that
J, p(s, u) has a Laurent expansion at s = 1 of the form

aaﬁ(“) + baB(u)
(s—1)° -1
with a,p(u) and b,g(u) holomorphic at u = 4. Proposition 4 of 2.5 gives the
formula a,g(u) = C - 8, g, and refining its proof we find that b,5(u) has the form
2B -8, 5+ C-t,p(u) where t, 5(u) depends only on ¢, not on @, and by the
remarks above is regular at u = 3. This gives a Laurent expansion of 5} [, I, (s, u) du
of the form written above with

A-_ % L/ll/”‘“’ (7 syt u(®) o fu) A

27i _
a€A(x, X 'w) /20

1 1/2+io0
- _-2_;_/;/2_4".00 lr(wx.x"w,u(q))) du

X regular function

1 +(%(2 —2u)+ %(su))(s -1)+0(s-1)°

Jop(s,u)= + 0(1)

and

Tx = - Z L e (ﬂx.x"w.u(gb)f[;’fa)taﬁ(u)du‘

27i i
a,BEA(x‘x'lw) 1/2—ico
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The formula for (7, () /s, f,) at the end of 1.4 gives the identity

X lwu

(e pren®) = [ [ [o[k(G T)k]x(@lal " dxakara,

and together with the Mellin inversion formula

—lffl/“iw / F(a)x(a)lalu—ldxa du= Y, F(a) (Fex(A))
2mi Jy /2—ioo AX x

X a€F

this shows that 4, + 4, + ¥, A, vanishes (as indeed it must to make (s — 1)I(s)
regular at s = 1). As stated previously, we will not calculate ¢, g(u), but only
mention that the result needed to show that X, T agrees with the term (6.36) in [2]
would be the formula

ta,B(“) = %(MX“w(u)M)I((u)fa’ f,B)?
where M, (u) is defined as the composition

- My 1.u(9) ~
H(x,x @)= H(x,x'o,u) =" H(x"e,x,1-u) < H(x"o,x)
and M (u) = dM,(u)/du (we are obliged to identify all fibers of the fiber bundle
U, H(xy, X2 u) with a fixed fiber H(x;,x,) in order to make sense of this
derivative).
3.3. On the holomorphy of certain Dirichlet series. In this section we prove

THEOREM 2. Let w be an irreducible cuspidal representation of G, and T a character
of A*/F*. Then the quotient of the L-series L(s,m ® T X &) by L(s,7) is holomor-
phic except possibly for simple poles ats = 0 ands = 1if 12 =1, 7 # 1.

As mentioned in the introduction this theorem was proved in [3] using a method
introduced by Shimura to prove the same theorem in the holomorphic case [10].

We remark that the behavior near s = 1 of L(s, 7 X #’) for any pair of cuspidal
representations , 7’ is given by Rankin’s method (see for instance [3]). In particular
the poles mentioned in the theorem can only occur if # ® 7 = =, in which case = is
a dihedral representation. However, the real interest of Theorem 2 is the vanishing of
L(s,m ® v X ) at the zeroes of L(s, 7).

PROOF. Let w be a character of A*/F* and denote by V the Hilbert space
L3(Gp\ Ga,w™); then V' = @ _V, (Hilbert space sum) where = varies over the set
of irreducible cuspidal representations of G, with central character w! and V, is
the corresponding isotypical component. By “multiplicity one”, the representation
of G, on V, is actually equivalent to 7. For each 7, choose an orthonormal basis B,
of V, made up of K-finite vectors. Let ¢ as always be an element of the Hecke
algebra of G, with central character w and K(x, y) the kernel function for the
action p,(¢) of ¢ on V. Then we have the decomposition

Ko(x,9) = X K, (x. ),

K, (x,y)= Y =(p)a(x)a(y).

uEB,
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All of the functions occuring here are of rapid decay in x and y. The first sum
converges in L? and hence also in the space of rapidly decaying functions, by the
usual estimates on the growth of cusp forms. The second sum is finite uniformly in x
and y for a given ¢ because of the K-finiteness of ¢.

PROPOSITION. Let F(x) be a function on GpZ, \ Ga which is K-finite and of slow
growth ( polynomial growth in a Siegel domain). Then the following statements are
equivalent:

(1) fGFZA\GA Ko(x, x)F(x)dx = 0 for all ¢;

(1) [6,z,\6 Ka(x, X)F(x)dx = 0 for all ¢ and all m;

(1) [6,z.\Ga a,(x)ay(x)F(x)dx =0 for all m and any K-finite functions a,
a, €V,

To deduce the theorem from this proposition, we choose
F(x) = %E(x,cp,f,f-*,s)h:p,
where p is a zero of L(s, 7) of order n,, j an integer between 0 and n, — 1, and @
an arbitrary function in % (A?). The corollary to Theorem 1 (divisibility of
I(s,p,®, 1) by L(s, 7)) implies that statement (i) of the proposition holds for this F,
and statement (iii) of the proposition implies that the function

al(x)az(x)E(x,(I),'r,»r‘l,s)dx

GF A
is divisible by L(s, 1) (except for possible poles at s = 0 and 1) for all a;, a, € V,
and ® € #(A?). Since the L-series L(s,7 ® 7 X #), defined as the “greatest
common divisor” of these integrals, is actually the sum of a finite number of them,
the theorem follows.

PROOF OF THE PROPOSITION. The implication (iii) = (ii) is trivial since the sum in
the formula for K, is finite. To prove the converse, choose an elementary idempo-
tent £ such that #(§) fixes a, and a,. The image V; of = (§) is finite-dimensional.
We may assume that B, contains an orthonormal basis B,, of V; and that
a, € B, .. Let H; be the subalgebra of the Hecke algebra consisting of all ¢ with
§xpx*§ = @. Then any ¢ € H; maps the basis vectors in B, — B, , to 0. Since the
representation of H, on V; is algebraically irreducible, we can find a ¢ € H; which
maps a, to a, and the other elements of B, . to zero. Applying (ii) to this ¢ gives
the identity (iii).

It remains to prove that (i) implies (ii) (the converse is trivial because of the rapid
convergence). Let S be a finite set of places containing all infinite places. Let H® be
the set of all functions on G5 =II,, ¢G, which are bi-K-finite and have central
character w. From now on we consider only functions ¢ of the form ¢(x)=
s (x5)5(x5) with g = II, . @, and @5 € HS. Then the K, are nonzero only for
those 7 which contain a vector invariant under KS = I, . ¢ K.

Let V5 be the space of KS-invariant vectors. We can choose the basis B, such
that B, contains a basis BS of V5 and HS annihilates the vectors of B, — BS. We
have an operation mg(gg) on ¥ by convolution over G, and for a € V; we have

m(@)a=A,(9%) 75(gs)a
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where AS: HS — C is an algebra homomorphism. By strong multiplicity one, the
homomorphisms AS, are distinct for different 7. Our decomposition of K, now
becomes

Ko(x,y) = XA, (¢%)K3(x, y),

K3(x,y)= X 7s(gs)a(x)a(y) (finite sum).

a€BS

Then
0= fKO(x,x)F(x)dx = gx,,(qf)cw
where
¢, = fK,S(x,x)F(x)dx.

Taking ¢° = characteristic function of K5, we see that ©_|c,| < . We now appeal
to the following lemma.

LEMMA. Suppose c,, is a family of complex numbers with ¥._|c,| < oo and
YA (9°)=0 (Vo' e HY).

Then c, = 0 for all .

PROOF (the argument we use can be found essentially in Langlands [9]). We have
HS=@Q, esH,and A, = ® _ A, where the local Hecke algebra H, is isomor-
phic to a polynomial algebra C[z,] and the homomorphism A, , corresponds to the
homomorphism C[z,] - C obtained by specializing z, to a number 6, , which is
real and bounded, 0 < 0, , < C,. Indeed, the usual description of H, is as the set of
symmetric polynomials in two variables x, and y, subject to the relation x,y, = ¢,
where ¢, is the value of w, on a uniformizer at v and is a complex number of
absolute value 1. The isomorphism H, = C[z,] is then obtained by mapping z, to
t;V%(x, + y,). The homomorphism A, , sends x, to r}/%g; and y, to 1,/%q;*, where,
since 7 is unitary, s is either pure imaginary or else real and between — 3 and 3;
thus z, - 6, ,,0 < 0,, < g5/ + ¢,'/~

Thus each A, corresponds to a point 6, = (6, ,),es in the compact set I =
IT, ; 5[0, C,], and we have the relation X, c,f(6,) = 0 for all polynomials f on I (by
“polynomial” we of course mean polynomials in finitely many variables of the
infinite product).

Now let 7, be one of our representations and & > 0 arbitrary. Choose a finite set
T of representations « such that T 3 7, and £, . 7|c,| < e Then

L cf(6,)

neT

=|- X ¢.f(6,)

n&T

< )
<er;1§>;|f( )|
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for all polynomials f. By the Stone-Weierstrass theorem, this inequality holds for all
continuous functions f on I. Choose a continuous function f =+ 0 such that
f(6,) =0 for all 7 in T except m and |f(6,)| = max,|f(8)]; then the inequality
above becomes |c, | < ¢, and since 7, and e were arbitrary this proves the lemma.
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