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Abstract. The two seminal papers by Birch and Swinnerton-Dyer played a key role in
the development of the theory of elliptic curves, number theory in general, and the use of sci-
entific computation in mathematics, demonstrating how large-scale numerical experiments can
yield profound theoretical insights. The Birch—Swinnerton-Dyer conjecture remains one of the
central unsolved problems in number theory, asserting a deep connection between the rank of
an elliptic curve over Q and the behavior of its associated L-function at s = 1. This paper pro-
vides an overview of the conjecture, tracing its origins through computational experiments on
the EDSAC 2 computer, examining its implications for Diophantine problems, and surveying
modern computational and theoretical advances in assessing its validity.

1. Introduction

The Birch—Swinnerton-Dyer (BSD) conjecture is one of the most celebrated unsolved
problems in number theory. In the year 2000, it was selected by the Clay Mathematics Institute
as one of its seven million-dollar Millennium Prize Problems. The conjecture concerns math-
ematical objects called elliptic curves. Due to its depth and the wide range of connections to
other areas, the theory of elliptic curves is considered one of the most beautiful in mathematics.

Elliptic curves are curves of genus one with a marked point (the point at infinity), and are
the simplest examples of abelian varieties (varieties with an abelian group structure given by
polynomial functions). Unless otherwise specified, an “elliptic curve” will refer to one defined
over the rational numbers Q. The addition law on the set of rational points on an elliptic curve £
endows this set with the structure of an abelian group, called the Mordell-Weil group, denoted
by E(Q). It is a finitely generated abelian group, and its rank » > 0 is called the rank of E. The
possible values and distribution of r remain largely mysterious. The key idea regarding the rank
of an elliptic curve is contained in the conjecture made in the early 1960s by B.J. Birch and
H. P. F. Swinnerton-Dyer. Motivated by the work of Siegel, which had shown that the density
of rational points on a quadratic surface can be expressed in terms of the densities of p-adic
points, Birch and Swinnerton-Dyer discovered by numerical calculations that there seems to
be something similar happening for elliptic curves. As they put it, “one hopes that if for most p
the curve has unusually many points in the finite field with p elements, then it will have a lot of
rational points”. The computations were carried out using the Cambridge computer EDSAC 2,
which had a mere 2178 bytes of memory capacity, compared to the gigabytes available on
modern laptops. Let IV, be the number of points on £ modulo p. One can associate to E
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a function L(F), s) called the L-function of E, which is defined as an Euler product, and its
factor at a prime p is defined in terms of N,. The Birch-Swinnerton-Dyer conjecture states
that the rank of an elliptic curve, which measures the “magnitude of infinity” of the number of
rational solutions of F, is equal to the order of vanishing of the L-function L(E,s) at s = 1,
which is determined purely by information about F at each prime number p. Showing this part
of the conjecture (weak BSD) is sufficient to win the Clay prize. In addition, the conjecture
gives an exact formula for the leading Taylor coefficient about s = 1 in terms of arithmetic
objects associated to the elliptic curve, including the order of the Tate—Shafarevich group. A
more precise formulation is given in Section 4. In Section 2, we go through some basics of
elliptic curves, and in Section 3, we discuss the original papers of Birch and Swinnerton-Dyer
which gave rise to the conjecture. We will then list some evidence and developments on the
conjecture in Section 5, and in Section 6 we end on a note on number theory and computations.

2. What are elliptic curves and what are their invariants?

Number theorists are interested in finding rational or integer solutions to Diophantine
equations, that is, algebraic equations in variables x, y, ... . The name refers to Diophantus of
Alexandria (ca. 200 A.D.), who first studied such problems. His analysis was so far ahead of
his time that when 6 of the 13 books of his Arithmetika were rediscovered in 1570 (4 more have
been found since) and published in Latin 50 years later, they were still considered revolutionary
and inspirational; for example, Fermat studied his copy carefully and famously wrote his Last
Theorem in the margin.

Diophantine problems played a central role in number theory, and they include many of
the most classical problems in mathematics, such as Fermat’s Last Theorem, the congruent
number problem, and the problem of writing a number as a sum of two cubes. The BSD
conjecture concerns the class of elliptic curves, which can be given by Diophantine equations
of degree 3 in two variables. Equations of degrees 1 and 2 we understand completely and
know how to solve. In fact, there are three classes of plane curves—roughly speaking, those
of degree < 2 (curves of genus 0), degree 3 (generically of genus 1, though not always with
a rational point), and degree > 4 (which generically define curves of genus > 1). In the
first case, the equation either has no solution or the solutions are in 1-to-1 correspondence
with Q U {oo}. Moreover, given one nontrivial rational solution, all other solutions can be
systematically generated, and the Hasse—Minkowski theorem allows us to determine precisely
which of the two situations we are in. In the second case, the equation can have no solution,
finitely many, or infinitely many solutions, and there is a beautiful theory for the structure of
the solutions. All of these situations can occur, but for a given elliptic curve, we currently do
not know definitively which one applies. A way to predict precisely whether it has finitely or
infinitely many solutions is given by the BSD conjecture. In the third case, as conjectured by
Mordell in 1922 and proved by Faltings in 1983, equations of genus > 2 have at most finitely
many rational solutions, though not in an algorithmic or effective way. Elliptic curves thus
occupy a unique position between equations that are easy to solve and those for which finding
a general algorithm is currently out of reach, bridging the gap with a rich structure that makes
them both accessible and profoundly challenging.

An elliptic curve can be given as a plane curve with an equation of the form

(2.1 E: y*=2%— Az — B,
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where A, B € Q, and 443 — 27B% # 0 to ensure that the curve is non-singular. We are
interested in rational solutions of this equation. This seemingly simple question leads to un-
expectedly profound insights in number theory. We will give an overview of this aspect of the
theory, describing the questions currently of greatest interest to us, the progress made in recent
years, and the applications both within and outside number theory. To fully appreciate modern
developments, one must understand some of the background of elliptic curves, which we will
briefly describe now.

Diophantus developed a systematic method for solving quadratic equations in two vari-
ables and addressing cubic ones. For quadratic equations, his method is quite straightforward:
one starts with a known solution, writes the equation of a rational line passing through this
point, and then obtains a quadratic equation in one variable for which one rational solution is
already known; the second solution is then automatically also rational. For example, to find
the solutions of 2% 4+ 32 = 1, one starts with the known solution (z,%) = (1,0), writes the
equation of a line through this point as z = 1 — >, and calculates as follows:

m?2 —n? 2mn

T M yae Y= m2ia?
After rescaling, this gives the general solution (known long before Diophantus) of the Pythago-
rean equation a®+b? = ¢?. Diophantus also applied his method to some cubic equations (e.g. to
the equation y(6 — y) = 2> — x in Problem 24 of Book IV): in modern terminology, he writes
the equation for a line through an already known rational point and then adjusts the slope until
that point becomes a double point (tangent), in which case the remaining solution of the cubic
equation is a new rational point.

Fermat extended Diophantus’s method into his famous method of infinite descent. The
method is based on the principle that new rational solutions can be generated from existing
ones, e.g., the tangent line at a known point P intersects the curve at a new rational point (and
similarly, the secant line through two known points P and () intersects the curve at a third
point, as observed later by Newton). This process generally yields solutions with more compli-
cated coordinates, with numerators and denominators much larger than those of P. Fermat’s
strategy of infinite descent consists in reversing this procedure. One shows that any solution
with sufficiently large coordinates must arise from a “smaller” solution via such a construc-
tion, and by repeating this process, one obtains successively smaller solutions, leading to a
contradiction if no small solutions exist, or to a description of all solutions if there are small
solutions. For example, in 1643, Fermat challenged Mersenne to find a right-angled triangle
whose hypotenuse ¢ and sum of the legs a + b were integer squares and used descent to find
the smallest such solution:

(a,b, ¢) = (1061652293520, 4565486027761, 4687298610289)
a+b=23721592, ¢ = 21650172, a? +v? =2

Another classical problem is the congruent number problem, one of the oldest unsolved
problems in mathematics. An integer is called a congruent number if it represents the area of
a right triangle with three rational sides, i.e., if it can be written as %ab for rational numbers
a and b the sum of whose squares is a square. The problem is to determine whether a given num-
ber is congruent. For example, the second author showed in the 1970s, by a pure-thought de-
scent argument which reduced the problem to a search over small integers, that the number 157
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: : : : _ 6803298487826435051217540 7 _ 314 1)
is congruent, the smallest solution being given by a = “75:0510257716149383203 > © = “4 -

What Diophantus, Fermat and Newton had found was a first indication of the addition
law on elliptic curves, although this was only realized much later, with the group law on the
points of the curve (over either R or Q) being defined by the requirement that the three points of
intersection of a line with a plane cubic curve sum to zero (and with the identity element of the
group being the point at infinity if the plane curve is given in Weierstrass form (2.1)). Around
the turn of the twentieth century, Poincaré studied the rational points on an elliptic curve and
saw them as a group (but with the group law being seen via the realization of F(C) as the
quotient of C by a lattice, so via elliptic functions, rather than in the algebraic model (2.1)). He
treated the set of rational points on a cubic curve as if it were generated by finitely many points,
a fact later proved by Mordell in 1922 and now known as Mordell’s theorem. (For a detailed
overview of the history of the group law on elliptic curves, we refer the reader to the beautiful
article [35] by Norbert Schappacher.) It is the existence of this additional structure that is
responsible for the richness of the theory of elliptic curves, which stems from the interplay
between the relatively simple geometric structures and the deep arithmetic properties of the
underlying fields.

The set of rational points on E (as a projective curve, so including the point at infinity)
is denoted F(Q). By Mordell’s theorem, later generalized by Weil to abelian varieties over
arbitrary number fields, it is a finitely generated abelian group, called the Mordell-Weil group
of E. By the structure theorem for finitely generated abelian groups, it can be written as:

EQ) ~Z &T

where » > 0 is an integer, called the rank of E, and T is the finite abelian group E(Q)tor,
called the torsion group of E. The Nagell-Lutz theorem from the 1930s provides a con-
crete way to find all the torsion points, i.e., to determine 7" for a given curve. Much later,
in 1977, Mazur identified the possible structures for 7": it is isomorphic to either a cyclic
group Z/nZ forn = 1,2,3,...,10 or 12, or a direct product of cyclic groups Z/27Z x Z/2nZ
forn = 1, 2, 3, 4. These fifteen possibilities completely classify the torsion subgroups of ellip-
tic curves, and each occurs infinitely often.

But how do we find the rank r or the generators of F(Q)? This is what the BSD conjec-
ture tries to answer. To approach this problem, we study the number of solutions modulo p for
prime numbers p. Set

(2.2) Ny = #(E(F,)),
where F is the reduction of E modulo p over the finite field F},, with p elements. Then set
ap = 1+p—Np.

The quantity a,, measures the deviation of the number of points from the value for a curve of
genus 0. We now introduce the key players in the BSD conjecture, which are the L-function
of F/ and the Tate—Shafarevich group of F.

The L-function in the complex variable s is defined for Re(s) > 3 by the Euler product

1 1
L(E’ S) - l l —s l l —s 1-2s”
pIN L= ap (N,p)=1 Lo app™ tp

D" This point can be found far more rapidly using mock Heegner points in a version discovered by Paul
Monsky [29] and worked out more fully in recent work of Henri Cohen and Bill Allombert.
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where N denotes the conductor of E, a product of powers of the primes of bad reduction
for E. It is related to the Hasse—Weil zeta function of E by (g(s) = % Thanks to
the modularity theorem, we now know that L(E, s) extends to the whole cor}lplex plane and
satisfies a functional equation relating values at s and 2 — s. Roughly speaking, this theorem
asserts that every elliptic curve over Q can be parametrized by modular functions. However, at
the time Birch and Swinnerton-Dyer proposed their conjecture, L(F, s) was not even known to
be defined at s = 1. For elliptic curves that admit complex multiplication (CM), that is, curves
endowed with an additional endomorphism structure allowing “multiplication” of points by
certain complex numbers, such as i-(z,y) = (—z,iy) on y> = 23 — z, modularity had long
been known by a theorem of Deuring, which expresses L(F, s) in terms of Hecke L-functions.
The proof of modularity for semistable elliptic curves came only much later through the work
of Wiles and Taylor—Wiles [40,43] in the context of Wiles’s proof of Fermat’s Last Theorem,
and was later extended to general elliptic curves by Breuil et al. [9].

The Tate—Shafarevich group, denoted I1I( E), can be defined as the group of isomorphism
classes of torsors (principal homogeneous spaces) for E that are everywhere locally soluble.
It measures the failure of the local-to-global principle for the existence of rational points, and
plays a central role in the arithmetic study of elliptic curves and the BSD conjecture. The
problem is that we do not know in general that III(F) is finite. What we do know is that if it
is finite, then a theorem of Cassels tells us that its order is a square, because I11(F) is self-dual
under the Cassels—Tate pairing. The BSD conjecture includes the Tate—Shararevich conjecture,
which states that III(E) is always finite.?)

Tate wrote about the BSD conjecture [38]: “This remarkable conjecture relates the be-
havior of a function L at a point where it is not at present known to be defined to the order of a
group II1(E) which is not known to be finite!”

3. The two Crelle papers

In this section, we discuss the two seminal papers by Birch and Swinnerton-Dyer, pub-
lished in Crelle, titled Notes on Elliptic Curves. 1. and 1.

In the opening paragraphs of Paper I, the authors explain how they build upon Siegel’s
work, which established that the density of rational points on a quadric surface can be expressed
in terms of p-adic densities, a principle later extended by Tamagawa and Kneser. They propose
a similar relationship for elliptic curves: an abundance of points over the finite field with p
elements for most primes p may indicate the presence of many rational points.

Although initial hand calculations provided early support for this conjecture, the authors
used the Cambridge University EDSAC 2 computer to perform extensive computations, en-
abling them to refine their conjectures into an exact form and back them with substantial nu-
merical evidence. Despite the robustness of their data, they conceded that no proof was in
sight, stating, “it has become clear to us that we are unlikely to be able to prove these conjec-
tures.” Recognizing the importance of their findings, they present them in a “series of notes”,
emphasizing the interplay between theoretical insights and machine computation.

They focus on elliptic curves E written in the form (2.1) (they write I" for E, A for E(Q)
and g for 7, but we will not do this). Based on Mordell’s theorem and the Nagell-Lutz theorem

? We mention in passing that there is a possible weakening of the BSD conjecture in which both the finite-
ness of III(F) and the equality of the Mordell-Weil and analytic ranks can be violated, but only simultaneously
and in a very specific way [25].
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(for which they quote only Lutz; Nagell’s paper was independent), the authors turn their atten-
tion to the rank r of the Mordell-Weil group. Their main goals were:

(a) to find an efficient way to compute (or sometimes bound) r for a given curve, and

(b) to correlate r with #E(F),) as p varies.
Roughly, Paper I is on (a), and Paper II is on (b).

Though the BSD conjecture does not appear until Paper II, Paper I gives an insight into
how the conjecture was developed. The primary objective of Paper I was to establish an effec-
tive algorithm for bounding the rank of an elliptic curve E. This was achieved by bounding the
associated 2-Selmer group Sels(E/Q), which is a subgroup of the Galois cohomology group
H'(Q, E[2)) classifying 2-coverings of E. These are pairs (C, ), where C is a curve defined
over Q and 6 : C' — E is a morphism such that the pair (C, §) becomes isomorphic to (£, [2])
over an algebraic closure of Q. A 2-covering represents an element in Selp(E/Q) if and only if
it is everywhere locally solvable, meaning it has a rational point over every completion of Q. It
can be expressed as a quartic curve y? = g(x), where the coefficients of g(x) are rational and
share invariants with those of F. The set of 2-coverings forms a group, and the authors distin-
guish two important subgroups: G, consisting of coverings that have points in all local fields
(i.e., the 2-Selmer group Sels(E/Q)), and G’, comprising coverings that have a rational point.
In particular, G’ ~ F(Q)/2E(Q) and has order 2”772, where r is the number of independent
generators of E(Q) of finite even order. Now, 72 = 0, 1 or 2 according as x> — Az — B = 0
has 0, 1 or 3 rational roots. Thus, in order to find r it suffices to study E(Q)/2E(Q). The order
of G is 21727 'where # (ILI(E)[2]) = 2! is the number of elements of order 2 in III(E).

The authors describe algorithms that produce a list of all everywhere locally solvable
2-coverings, allowing them to compute r + ¢, and in some cases r, for specific families of
elliptic curves. The results, presented in detailed tables, demonstrate the practical effectiveness
of their methods while acknowledging areas where further verification is needed. For example,
y? = 23 + 1972 has a rational point of infinite order because a certain double cover has an
explicit point, while 4% = 23 — 309 should “presumably” have a point of infinite order since it
has a single locally solvable 2-covering and also a single locally solvable 3-covering, but they
had not found one. (It was found later.)

Paper I contains four tables. In Table 1 (pp. 20-21), they list the values of » and ¢ for
elliptic curves of the form (2.1) with |A| < 20, |B| < 30. Paper I concludes with Tables 2—4
(pp- 23-25), covering two types of CM elliptic curves: (2.1) with A = 0 and |B| < 400
or with B = 0 and |A| < 200, together with a few additional examples for larger values.
For # (II(E)[2]) = 1, the table includes curves with rank 0 (394 cases), rank 1 (578 cases),
rank 2 (166 cases), and rank 3 (9 cases). For # (III(E)[2]) = 4, the table lists curves with
rank 0 (42 cases) or rank 1 (7 cases); here no curves with > 1 were found.

Paper 11 was published in 1965. Motivated by Siegel’s work, they introduce

(3.1) Py = T[ No/p

p<P

where the product runs over all primes < P and [V,, is the number of rational points on the curve
defined by (2.1), considered as a projective curve over the finite field F,, with p elements, as
seen in (2.2). Note that % is the value at 1 of the reciprocal of the p-th Euler factor in L(E, s)

ifpt N;ifp | N, the correct factor is M, where Eys(F),) denotes the set of non-singular

points over F;, on a minimal Weierstrass model for F at p.
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Starting in the fall of 1958, Birch and Swinnerton-Dyer had conducted extensive com-
puter calculations on EDSAC 2 and observed a striking correlation between:
* the rate of growth of f(P) as P — oo,
* the rank r of F, and
« the asymptotic behavior of the L-series L(E, s) (or zeta-function (g; they use both),
leading to the following conjecture:

Conjecture (A). Let E be an elliptic curve, and let f be as defined in (3.1). Then
(3.2) f(P) ~ C(log P)’

as P — oo, where 1 is the Mordell-Weil rank, and
(3.3) (p(s) ~ C'(s=1)7"!

for some constants C, C' depending on E.

There is a typo in the original paper: they wrote (s — 1)9~! instead of (s — 1)79~1,
In addition, they did not specify the constants C, C’, or their product CC’. They write “The
value of f(P) oscillates vigorously as P increases, and there seems little hope of being able
to find the constant C”. They also acknowledge that the factors at the “primes p dividing
6(4 A3 —27B?) are almost certainly the wrong ones”. (They were right.) Equation (3.3) implies
that r is equal to the analytic rank 7" := ords—1 L(E, s), and is then equivalent (assuming that
L(E, s) is holomorphic at s = 1) to ¢’ = —1rl/L0)(E, 1).
In Paper II, they focus exclusively on the cases Ep : y?> = 2® — Dx (where j = 1728),
which correspond to elliptic curves with CM by Q(4). This restriction lets them:
(a) exploit known analytic behavior (without which L(E, 1) is not even defined), and
(b) use explicit formulas for a,, essentially derived from the work of Gauss.
Based on calculations for Ep, they then formulate a second conjecture for the rank 0 case:

Conjecture (B). Ifr =0, then

# (I(Ep)) =

Here, n(D) is the number of rational points on Ep, and 7(D) is the “Tamagawa number”,
defined formally as a product over all primes, including infinity. The factor at infinity, denoted
Qoo 1n (4.1) below, is given by the positive real period of Ep multiplied by the number of con-
nected components of Fp(R), which in this case is equal to 1 or 2 depending on the sign of D.
At primes of good reduction, it coincides with the reciprocal of the Euler factor of L(Ep, 1).>)
Conjecture (B) essentially presents the full modern formulation of the BSD conjecture in this
special case, but it does not propose any relation involving heights of generators or a regulator,
not even when r = 1.

» At a prime of bad reduction, an extra correction factor, known as the Tamagawa factor, appears (see
(4.1)). There are Q,-points on E, Q,-points on the connected component E° of the identity in the Néron model,
and Q,-points on the quotient £°/E*, which corresponds to the IF,-points of the Néron model. Here, E*(Q,) is
the kernel of the reduction modulo p map E°(Q,) — E(F,). These are the ones that actually appear in the Euler
factor of the L-function. The “fudge” factor (the product of Tamagawa factors at bad primes) essentially indicates
that we should instead include the extra lifts coming from E/E" rather than just E°/E" in the usual L-factor.
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In Sections 2 and 3, they exploit the fact that Fp admits CM to write L(Ep, s) in terms
of Hecke L-series. This allows them to express the central L-values L(Ep,1) in a finite,
computable form using quartic reciprocity, the Weierstrass gp-function and its derivative. It
then follows from the fact that o and g’ are algebraic functions of g5 and g5 that L(Ep, 1) /w is
an algebraic number. They use this to show in Theorem 1 on p. 87 of Section 4 that the analytic
order of the Tate—Shafarevich group (the conjectural order expressed in terms of L(E, 1) in the
case » = 0) is indeed a rational integer. Section 5 (pp. 92-96) is lengthy and focuses on the
estimation of r. The authors state that the methods from Paper I would be “intolerably slow
when D is large” and instead use the fact that the isogeny “multiplication by 2” factors non-
trivially (as (1 4 4)(1 — 4)). This relies in part on earlier results by Billing, Lind, Cassels, and
others. In Section 6, the Tamagawa number 7(D) is defined and computed in the context of the
paper. They present four lemmas (Lemmas 11-14) covering different cases: when p is an odd
prime dividing D, when p is an odd prime not dividing D, when p = 2, and when p = oo.

In the final section, the authors describe the numerical computations they performed us-
ing EDSAC 2 to test their conjectures. Table 1 (pp. 101-107) presents values of r for certain
values of D up to 12,326,391 (according to Birch, Swinnerton-Dyer wanted a specific number
of examples). They marked some exceptional cases with an asterisk, which are further de-
scribed in Table 2 (p. 108). According to their conjecture, these exceptional cases correspond
to instances where » = 0 and the Tate—Shafarevich group is non-trivial.

4. The Birch—Swinnerton-Dyer conjecture

The conjecture of Birch and Swinnerton-Dyer, as stated in the Millennium Prize Problem,
asserts that the rank of F(Q) equals the order of vanishing of L(E, s) at the central point s = 1
of the functional equation. The following modern version of BSD, which includes the regulator
factor and is the form usually quoted as opposed to the original conjecture formulated in the
Crelle papers, was introduced by Tate [38]. This version gives a beautiful exact formula for
the order of the Tate—Shafarevich group, which is conjecturally finite, in terms of the leading
coefficient of the Taylor expansion of L(F, s) about s = 1.

BSD Conjecture. Let E be an elliptic curve with rank r, and let r* = ords—1 L(FE, s)

be the order of vanishing of the complex L-series of E at s = 1. Then r = r*", and

L LES) rq. #(1(E)
D Ouctie) iy Ty = Lo Sm@a

Here, Qoo = fE(R) |w|, where w is a Néron differential of any global minimal Weierstrass
equation for E, Rg is the regulator given by the absolute value of the determinant of the
height pairing matrix on a basis of E(Q)/E(Q)tor, ¢p = [E(Qp) : E°(Qp)] (equal to 1 at
primes of good reduction), where E°(Q,) denotes the subgroup of E(Q),) consisting of points
of non-singular reduction modulo p, and I1(E) is the Tate—Shafarevich group.

We note that this full version of the BSD conjecture was not in their original paper,
which was only stated for the case » = 0. Furthermore, the Euler factors in this modern formu-
lation at p| N were chosen differently by Birch and Swinnerton-Dyer, but this does not affect
the conjecture, since the constants C' and C’ have not yet been specified in Conjecture (A).
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Later, Goldfeld [17] noticed that if (3.2) in Conjecture (A) holds with C' > 0, then the re-
lation C = —21/2e™ " holds where ~ is the Euler constant, and in addition, » = 7" and
the Riemann Hypothesis holds for L(E, s) (i.e., L(E,s) # 0 outside of Re(s) = 1, which
was then stated under the assumption of modularity). In particular, C is different from the
reciprocal of the leading coefficient of L(E, s): even when r = 0, it has an unexpected factor
of /2.

We will present two alternative versions of this modern formulation of the BSD conjec-
ture, or rather of the various factors appearing in (4.1), one by Bloch and one by the second
author. The first is expressed in terms of adelic volumes and Tamagawa numbers, providing
a new geometric and analytic perspective on this conjecture, and the second connects the pro-
found arithmetic nature of the BSD conjecture with elementary Diophantine ideas, presenting
it through the lens of point-counting functions and Dirichlet series.

In 1980, Bloch gave a volume-theoretic interpretation of the BSD conjecture using adelic
methods, Tamagawa numbers, and height pairings [8]. He begins with an algebraic group GG
defined over a number field k and studies adelic points G(Ay) and their quotient by rational
points G (k). He interprets the BSD conjecture in terms of the volume of adelic groups and
their Tamagawa measures.

Using adelic measures, Bloch connects the volume of G(Ay)/G (k) with the Tamagawa
number 7(G), defined using the L-function L(G, s) evaluated at s = 1. Bloch’s interpretation
builds on the adelic and Tamagawa-number framework for linear algebraic groups developed
by André Weil [42], in which G(k) is viewed as a lattice of finite covolume in G(Aj) with
respect to a canonical Haar measure. For an abelian variety A, this adelic Tamagawa viewpoint
provides a natural conceptual setting for BSD. In the special case rank(A) = 0, it essentially
yields the BSD formula directly: the covolume vol A(Ay) is given in terms of vol A(k ®g R)
and L(A/k,1)~L. Bloch’s work extends this adelic framework to the case rank(A4) > 0, where
the regulator and the height pairing enter, and where one must pass to the universal split torus
extension X of A, for which X (k) is again discrete in X (Ay).

Bloch constructs a pairing between the Mordell-Weil group A(k) and the dual abelian
variety A’(k) using a volume-theoretic approach. He connects the global height pairing with
local pairings, giving it a coherent adelic interpretation. He showed that we “should” in fact
interpret the Tamagawa number as

(s—1)" REg
Hcp T Es) > FE Qe

where X is a group scheme that extends E by GJ,. Thus, the BSD formula becomes

_ #Pic(X)ior
#UI(X) -

Bloch and Kato later generalized this to make sense of Tamagawa numbers in the setting of
motives, extending the conjecture beyond abelian varieties.

In a completely different direction, the second author wrote a semi-expository paper [44]
providing an alternative interpretation of the BSD conjecture, emphasizing a more elementary
Diophantine perspective. The goal is to express the conjecture using invariants derived from
“counting rational solutions” of elliptic curves, rather than relying heavily on abstract group-
theoretic or cohomological frameworks. This draws an analogy between the BSD conjecture
and the class number formula for quadratic fields, where key quantities emerge from counting

7(X)
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solutions of quadratic equations. One replaces the L-function of F/, whose p-th Euler factor
involves the number of points of the reduction of £ modulo p for all primes p, with a Dirichlet
series D(F, s) defined in terms of the number of solutions of (2.1) modulo n for all integers n.

where # E(Z/nZ) is the number of points on the elliptic curve £ modulo n. One then shows
that it has an Euler product whose relationship to that of L(F, s) miraculously produces the
“fudge” factor (the product of Tamagawa factors). More precisely, the function

((2s—1)
C(s)¢(s —1)

has an analytic continuation to Re(s) > % and is equal to Hp cpats =1

The BSD conjecture is then rephrased in terms of the asymptotic behavior of counting
functions and Dirichlet series, rather than purely group-theoretic or height-pairing terms. It
says that D(E, s) has a meromorphic continuation to s = 1, and it satisfies

D(E,s)L(E,s)

K

PUES) ~ = oy By

(s —1)

for some non-negative integer r and positive real number . If one assumes all known results,
then this r is the analytic rank 7%, and « can be calculated by Q' Z(FE,s)? ~ r(r/s)" as
s — 0, where the series Z(F, s) is defined for Re(s) large as the sum of (22 + y? 4 22)~%/2
over all primitive integral solutions of the homogeneous form of (2.1).

5. Numerical evidence, theoretical progress and later developments

Numerical evidence supporting the BSD conjecture has accumulated over decades, and
all available data supports every aspect of the conjecture. The pioneering work of Birch and
Swinnerton-Dyer in Paper II included two large tables containing the first systematic compu-
tations in its support. Earlier works by Selmer and Cassels also contributed crucial insights
which helped shape its formulation. Later computations have further reinforced this evidence,
the first numerical verification in a higher rank case having been in 1985 by Buhler, Gross, and
the second author for a curve of level 5077 and rank 3 [10], and computations by the second au-
thor and Kramarz [45], which explored sums of two cubes and cases where the rank is greater
than 1. Far more extensive computations were performed later by Cremona, Voight, Stein and
many others. Cremona, in particular, produced tables of extensive data on elliptic curves [15]
(now continued and expanded online through resources such as the LMFDB) that have spurred
many of the later developments.

A major theoretical breakthrough in the study of the BSD conjecture came from the
framework of Iwasawa theory. Introduced around 1960 in the context of class groups of cy-
clotomic and other Z,-extensions of number fields for a prime number p, Iwasawa theory was
later extended to elliptic curves, beginning with Mazur’s work [27] in the early 1970s, allowing
the investigation of p-primary Selmer groups and their relation to p-adic L-functions (p-adic
variation of complex L-functions). Coates and Wiles [14] recognized its powerful applications
to the BSD conjecture. Their approach made use of elliptic units, introduced by Robert in 1973.
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They showed that if £ admits CM by an imaginary quadratic field K of class number 1
and is defined over a number field F' (where F' can be Q or K), then the non-vanishing of its
L-function L(E/F, s) at s = 1 implies that the group E(F') of F-rational points is finite. This
provided one of the first rigorous results suggesting a deep connection between the rank of an
elliptic curve and the behavior of its L-function. Their work was later extended by Greenberg
[18], who applied Iwasawa theory to study the behavior of various Selmer groups and Iwasawa
invariants in Z,-extensions.

In 1986, Gross and the second author proved that the heights of so-called “Heegner
points” on a modular curve (certain points constructed essentially by Birch from CM theory),
are specific multiples of the derivatives of L-functions at s = 1, showing in particular that if
r®" = 1 then r > 1. The next major development, only three years later, was the introduction
of Euler systems by Kolyvagin [26]. Using Heegner points, he constructed an intricate system
of cohomology classes to prove that if " < 1, then r = r*" and III(E) is finite.

Iwasawa theory and Euler systems have continued to play an important role in the modern
understanding of the BSD conjecture. Rubin [34] established the p-part of the BSD conjecture,
which asserts that the p-adic valuation on both sides of the BSD formula (4.1) agree, for CM
elliptic curves with r*" = 0, for almost all p. This was achieved by constructing an Euler
system of elliptic units, and proving a so-called “main conjecture” of Iwasawa theory. The
prime p = 2 was eschewed in Rubin’s work, as was p = 3 for elliptic curves with CM by
Q(1/—3), as the classical Iwasawa theory fails at these primes. These cases were later studied
by the first author, obtaining Tamagawa number divisibility of algebraic L-values, and the
p-part of BSD in certain special cases with Y.-X. Li [22,23].

Kato [20] extended Euler system techniques to modular forms. He constructed an Euler
system from Siegel units and the K -theory of modular curves. His work established one divis-
ibility of the main conjecture of Iwasawa theory for modular forms, providing a major partial
result toward BSD for a large class of non-CM elliptic curves (for CM elliptic curves, Rubin’s
Euler system is used). The other divisibility was shown by Skinner and Urban [37], assuming
the existence of Galois representations attached to automorphic forms on the group U(2,2),
establishing the p-part of BSD for a large class of non-CM elliptic curves in the case " = 0.

The weak BSD conjecture (the equality » = r®") can be further weakened to the par-
ity conjecture, which says that r and r®" are congruent mod 2. Since the parity of r" is
determined by the root number €(E/Q) of E (the sign of the functional equation of L(FE, s)
at s = 1) an equivalent formulation is ¢(£/Q) = (—1)". This would imply, in particular, that
E(Q) must be infinite whenever ¢(E/Q) = —1. The root number can be expressed in terms
of the eigenvalues of the Atkin—Lehner involutions which, in turn, are determined, in the case
of squarefree level IV, by the nature of the multiplicative reduction (split or non-split) for p
dividing N. On the algebraic side, a 2-descent argument provides a matching expression for
(—1)", assuming the finiteness of III(E'), giving a heuristic justification for the parity conjec-
ture. The parity conjecture is still far from being proven, but thanks to the work of Nekovar,
T. Dokchitser, V. Dokchitser [16] and others, we have the p-parity conjecture (agreement of
the parities of the p>°-Selmer rank and r?") for all primes p.

The possible values and distribution of r remain largely mysterious. The current record
for the highest known rank is at least 29, achieved by Elkies and Klagsbrun in 2024, surpassing
the previous record of at least 28, set by Elkies in 2006. This rank is confirmed to be exactly 29
assuming the Generalized Riemann Hypothesis. It is conjectured that 50% of all elliptic curves
(ordered by height) have rank 0, 50% have rank 1, and all remaining ranks consist of a total
of 0% of all elliptic curves. Goldfeld’s conjecture suggests that the average analytic rank of
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elliptic curves in a quadratic twist family tends to 1/2, though it does not immediately imply
a result for Mordell-Weil ranks. Bhargava and collaborators have made significant progress
on understanding the distribution of ranks. They showed that a positive density of elliptic
curves over Q have rank 0 or 1 [2,3] and that a majority (more than 66%) have analytic rank 0
or 1 [5]. There is also a heuristic suggesting that there are only finitely many E of rank greater
than 21 [30].

The BSD conjecture has inspired several far-reaching generalizations. In particular, there
is a version for abelian varieties over global fields due to Tate [39]. Rubin’s result has recently
been significantly extended by Burungale and Flach [11], building on the work of Kings and
Johnson-Leung. They showed that if an elliptic curve £ defined over a number field F' admits
CM by the ring of integers of an imaginary quadratic field K and if the extension F'(Eio,)/ K
is abelian, then the non-vanishing of L(E/F, 1) implies the full BSD conjecture for £/F'. For
a large family of quadratic twists of the “Q-curves” (elliptic curves isogenous to all of their
Galois conjugates over Q) originally studied by Gross in his thesis, which have CM by an
imaginary quadratic field K and are defined over the Hilbert class field H of K, Coates, Li and
the first author [13,24] have shown that the central L-value does not vanish and that the Tate—
Shafarevich group is finite. Combined with the work of Burungale and Flach, this establishes
the BSD conjecture for these curves over H. For an abelian variety A over a global function
field K, we have the following surprising result: if the /-primary part of the Tate—Shafarevich
group of A is finite for some prime number £, then it is finite for every prime number and in
fact the full BSD conjecture holds for A over K. This built on foundational work by Tate and
others, who had established the result for primes ¢ different from the characteristic of K; the
proof was completed by Kato and Trihan [21], who handled the more difficult case where ¢
equals the characteristic.

In 1986, Mazur, Tate, and Teitelbaum published “On p-adic analogues of the conjectures
of Birch and Swinnerton-Dyer” [28]. Unlike the archimedean case, it is unknown whether
the p-adic height pairing is non-degenerate. A p-adic analogue of the Gross—Zagier theorem,
due to Perrin-Riou [31], was developed in the framework of Iwasawa theory. More recently,
Bertolini, Darmon, and Prasanna [1] have advanced our understanding of BSD in the context
of p-adic Hodge theory and modular forms. The interplay between BSD, Iwasawa theory,
and Euler systems continues to shape research, with many open questions. Another notable
generalization is the Bloch—Kato Conjecture, which extends BSD to motives, predicting deep
connections between special values of L-functions and arithmetic invariants. Furthermore, the
Equivariant BSD Conjecture, which generalizes BSD in the context of a Galois extension K/ F,
was developed within the framework of non-abelian Iwasawa theory and equivariant Tamagawa
number conjectures. It seeks to describe the behavior of the Tate—Shafarevich group and special
values of L-functions in an equivariant setting, incorporating additional Galois symmetry.

In a different direction, the BSD conjecture, even in its weak form, has many important
applications. In particular, it provides a practical method to determine the rank of an elliptic
curve E by linking it to the vanishing order of the L-function L(E, s) at s = 1. This gives us
a terminating (though not in a priori bounded time) algorithm for finding the rank of a given
elliptic curve. Computing the L-derivatives numerically can detect nonzero values, providing
an upper bound on the analytic rank. At some point, the lower bound on r computed using
point searches will equal the upper bound computed using the L-series.

Many Diophantine problems are closely related to the arithmetic of elliptic curves. A
proof of the BSD conjecture would give a uniform way to determine when certain Diophantine
equations, including several classical ones, have infinitely or only finitely many solutions. One
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notable example is the congruent number problem that was discussed in Section 2. It can be
reformulated using elliptic curves: a positive integer n is congruent if and only if the congruent
number curve E(™ : y2 = 23 —n2x has a rational point of infinite order, i.e., a point (z,y) with
y # 0. Tunnell [41] provided an explicit formula for determining when L(E( | 1) vanishes.
Using Waldspurger’s formula, he showed that an even integer n, assumed without loss of gen-
erality squarefree, satisfies L(E(™, 1) = 0 if and only if it has equally many representations as
a® +2b? +8¢? with c even or c odd. There is a similar condition for determining odd congruent
numbers. This gives a complete solution to the problem if the BSD conjecture holds.

A second example is Sylvester’s problem (1897) of determining which primes are sums
of two rational cubes. Sylvester conjectured that every prime number p congruent to 4, 7, or
8 modulo 9 can be expressed as the sum of two rational cubes. The equation 23 + 33 = p
defines an elliptic curve E,. We have E2(Q)tor =~ Z/27Z and Ep(Q)ior = {0} forp > 3. A
3-descent argument shows that rank(E,(Q)) = 0 if p = 2,5 mod 9 (Pépin, Lucas, Sylvester),
< 1lifp =4,7,8mod9, and < 2 if p = 1 mod 9. At the same time, the root number
of E, is equal to —1 if p = 4,7,8 mod 9, and +1 otherwise. Thus, the BSD conjecture
predicts rank(E,(Q)) = 1 for p = 4,7,8 mod 9. Dasgupta and Voight, using mock Heegner
points, showed that for primes p = 4, 7 mod 9 for which 3 is not a cube modulo p, we indeed
have rank(F,(Q)) = 1. The most interesting case is p = 1 mod 9, when the BSD conjecture
predicts that the rank can be 0 or 2 (we know that the 3°°-Selmer rank and the analytic rank have
the same parity by the 3-parity conjecture proven by Monsky in this case or by the Dokchitsers
more generally [16]) with both cases occurring very often. Here, Rodriguez Villegas and the
second author [32] were able to give exact formulas determining exactly whether L(E),, 1)
vanishes, and hence resolving the remaining open case if the BSD conjecture is assumed.

Beyond number theory, elliptic curves are indispensable in cryptography, particularly in
elliptic curve cryptography (ECC). With rapid advances in quantum computing, the demand
for a deeper understanding of their arithmetic is at the forefront of digital security.

6. Number theory, computation, and applications of the BSD conjecture

The BSD conjecture represents a remarkable shift in the philosophy of modern number
theory, not only through its deep mathematical implications but also in its influence on the
mindset of pure mathematicians. It exemplifies the interplay between theoretical insight and
empirical evidence, reinforcing the idea that numerical experimentation can reveal profound
underlying structures.

The reliance on computation as a research tool in mathematics is hardly new—already
the Babylonians recorded examples of Pythagorean triples, and Gauss engaged in large-scale
computations, e.g., of class numbers of negative discriminants, sometimes with the help of
the human computer Zacharias Dase. Gauss was also an extraordinarily fast human computer
himself. At the age of 16, he amused himself by often counting all primes within a “chiliad”
(a block of 1000 consecutive integers), leading him to conjecture the Prime Number Theorem,
perhaps the first deep theorem in number theory discovered by numerical computations. By
the early 20th century, mechanical, then electric, and eventually electronic calculators became
integral to mathematical research. A striking example is the work of D. H. Lehmer, who pio-
neered computational techniques in number theory, using devices such as the Lehmer sieve and
early electronic computers like SWAC to study prime numbers and factor large integers.
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Yet, the scale and sophistication of modern computations have fundamentally trans-
formed mathematical methodology. The BSD conjecture has shaped the way mathematicians
approach problems, reinforcing the idea that computation is not merely a tool for verification
but an essential component of mathematical discovery itself. Over the past 50 years, numer-
ical computation and the development of powerful mathematical software such as GP/PARI,
SageMath and Magma have led to many significant discoveries in all parts of mathematics,
and especially in number theory. Notable examples include refinements of the Cohen—Lenstra
conjectures on the distribution of class groups, counterexamples to long-standing conjectures
such as Mertens’s conjecture (disproven using the LLL algorithm), and breakthroughs in prime
number distribution, including Yitang Zhang’s 2013 result on bounded gaps between primes,
which led to further computational refinements by the Polymath project, reducing the bound
from 70 million to 246 and later to 6 in specific settings.

Computational verification has also paved the way for a related but distinct development:
machine-assisted proofs. One of the earliest and most famous examples is the proof of the
four-color theorem by Appel and Haken (1976), which relied on exhaustive computer checks
of reducible configurations. More recently, a collaborative effort led in 2007 to the success-
ful “mapping” of the Eg Lie group, that is, the explicit computation of its character table,
which describes its fundamental structure and symmetries. This monumental task involved a
248-dimensional algebraic structure, resulting in a matrix with 453,060 rows and columns. If
printed on paper, the calculations would cover an area comparable to Manhattan.

A related, but again different, development is the machine verification and formalization
of mathematical proofs using “proof assistants” like Coq, Isabelle, and Lean. These tools, often
enhanced by Al algorithms, help mathematicians ensure the correctness of intricate proofs by
checking each logical step systematically. The proof of the four-color theorem was later sim-
plified and made fully verifiable by computer, and it has been formalized in Coq. Additionally,
a project to formalize the proof of Fermat’s Last Theorem in Lean has been announced.

More generally, Al, particularly machine learning (ML), is increasingly being applied
to mathematical research, including the study of invariants of elliptic curves. ML techniques
have been applied to predict ranks, identify statistical behaviors, and even uncover new pat-
terns by analyzing vast numerical datasets. A striking example of an ML-driven discovery
related to elliptic curves and the BSD conjecture emerged in 2021, when He, Lee, Oliver, and
Pozdnyakov unexpectedly found a curious fluctuation in average Frobenius traces a,, of elliptic
curves within a given conductor interval depending on the rank, a phenomenon now known as
murmuration. (The term is inspired by the visual similarity of the plotted a,, values to the co-
ordinated yet unpredictable movements of large flocks of birds.) While this behavior remains
incompletely understood, further insights have been provided by the works of Sutherland and
Zubrilina. In particular, using a trace formula for Hecke operators, Zubrilina demonstrated that
if we replace the average over elliptic curves of conductor N with an average over all weight 2
cuspidal Hecke eigenforms of level N, the resulting values yield a provable curve matching
well with the experimental data for elliptic curves. Stated differently, the striking behavior
observed for elliptic curves is nothing other than a provable property of all cusp forms of a
given type: the Fourier coefficients of the L-series of an elliptic curve, appropriately averaged,
resemble those of a randomly chosen Hecke eigenform of the same weight and level. What
initially appeared to be a deep structural property of elliptic curves turns out to be, in fact, a
manifestation of randomness!

As Al continues to reshape the mathematical landscape, the boundary between human
and machine-generated mathematics may become increasingly subtle. Al is evolving beyond
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a mere computational assistant, emerging as an active collaborator in mathematical research.
One might ask whether, with more advanced ML techniques and vast datasets of elliptic curves,
Al might not independently detect the correlations between ranks and L-values and thus redis-
cover some form of the BSD conjecture, and maybe even find ideas towards a proof.

Let us close on a human note. Paper II, in which Birch and Swinnerton-Dyer formulated
the BSD conjecture, was dedicated to Gina—who was a colleague of Swinnerton-Dyer, had
assisted in an essential way with their computations, and had married Birch. We have seen
a glimpse of the many people involved in the BSD conjecture. The list goes on, and it is
impossible to name them all. Their collective efforts continue to shape our understanding of
the mysteries surrounding the BSD conjecture and inspire young people to pursue the field. In
the end, it is human ideas, stories, and lives which have driven and continue to advance the
progress of mathematics.
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