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Leonid Makar-Limanov, a renowned expert in affine algebraic geometry, invari-
ant theory and noncommutative algebra, was born on 14 September 1945, in
Moscow, USSR. His talent for mathematics was evident from a young age. He
developed a passion for the subject during his school years, attended a mathe-
matics club at Moscow State University and won first place in the Moscow (1959)
and All-Siberian (1962) Mathematical Olympiads. From 1962 to 1967, he stud-
ied at the Department of Mechanics and Mathematics at Moscow State Univer-
sity, and in 1967, he entered the postgraduate program at the same department.
In 1970, he successfully defended his candidate’s dissertation on the topic “On
Automorphisms of Certain Algebras” under the supervision of Professor Evgeny
Mikhailovich Landis.

From 1970 to 1979, Leonid Makar-Limanov was a member of the editorial board
and headed the mathematics department of the All-Union Physics and Mathematics
Journal Kvant for high school students interested in physics and mathematics. The
problems published in Kvant were highly challenging, with some taking weeks or
even months to solve. Leonid’s name was well known among students and teachers
of high schools with advanced education in physics and mathematics and other
specialized educational institutions.

In 1981, he emigrated to the US and became a professor at the Wayne State
University in Detroit, where he currently continues his academic career.

Leonid received multiple awards and recognitions, including the Probus Club
Award in 1985, WSU Faculty Recognition Award in 1986, WSU Career Develop-
ment Chair Award 1986, WSU Distinguished Faculty Fellowship 1991–1992 and
WSU Board of Governors Faculty Recognition Award 1997. He became a Fulbright
scholar in 2009–2010 academic year. In 2012, he was elected as a Fellow of the
American Mathematical Society.

His work has had a significant impact on the mathematical community, partic-
ularly in the study of fundamental problems in affine algebraic geometry, such as
the Cancellation Problem, the Linearization Problem and the Jacobian Conjecture,
as well as in the areas of automorphisms, derivations and combinatorial aspects of
polynomial algebras, associative algebras, Weyl algebras and Poisson algebras. Let
us highlight some of his key results.

Automorphisms of free and Weyl algebras. Already in his candidate’s disser-
tation [20], Leonid Makar-Limanov obtained a series of deep results and proposed
a unified approach to describing automorphisms of polynomial algebras, free asso-
ciative algebras of rank two and the first Weyl algebra A1. His elementary and
combinatorial proof of the well-known Jung–van der Kulk Theorem [13, 46] on
tame automorphisms of polynomial algebras in two variables, as well as his proof of
a new result [21] on tame automorphisms of free associative algebras of rank two,
were later included in Cohn’s classical monograph [5] on free associative algebras.
It is worth noting that the theorem on automorphisms of free associative algebras
of rank two was independently proven by Czerniakiewicz [8].
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In his dissertation and subsequent research, Leonid skillfully utilized Malcev’s
[39] and Neumann’s [41] formal power series algebras, a technique that has since
been featured in various monographs [45]. The Weyl algebra A1, which was then
justifiably called the algebra of quantum mechanics due to its origins and signifi-
cance, is an associative algebra generated by two elements x and y with the defining
relation yx−xy = 1. In 1983 he established [24] the surprising fact that the field of
fractions A1 contains noncommutative free associative subalgebras, notwithstand-
ing the polynomial structure of its basis.

Leonid was always fascinated by the structure of subalgebras of differential
algebras. In 1989, he proved a striking result with an unexpected formulation:
in characteristic zero, a curve is determined by its ring of differential operators
provided that its ring of regular functions is not a subring of a polynomial ring.

The automorphisms of the Weyl algebra over a field of characteristic zero were
described by Dixmier [9]. Over a field of characteristic p > 0, the center of this alge-
bra is the polynomial algebra in two variables xp and yp. In 1984 Leonid [25] used
this observation and the Jung–van der Kulk Theorem to describe automorphisms
of the Weyl algebra in positive characteristic. Moreover, employing this result, he
provided a new proof of Dixmier’s theorem for the Weyl algebra A1 in charac-
teristic zero. This approach, which was later exploited and further developed by
Belov-Kanel and Kontsevich [3] to establish the equivalence of the famous Jacobian
conjecture [16] and Dixmier’s conjecture [10], is now known as the p-method.

Using the technique developed in his dissertation, he explicitly described in 1990
the generators of the group of automorphisms of the surface xy = P (z) [27, 30].
Later this result was extended to the surfaces xny = P (z) [29] by means of the
Makar-Limanov invariant. These results and methods also became the main source
of studying automorphisms of many other interesting varieties.

The Freiheitssatz. One of Makar-Limanov’s most outstanding results is his proof
of the Freiheitssatz for associative algebras over fields of characteristic zero [26]:
Let A = K〈x1, x2, . . . , xn | r = 0〉 be an associative algebra over a field K of
characteristic zero defined by a single relator r. If r depends on xn, then the subal-
gebra of A generated by x1, . . . , xn−1 is a free associative algebra, freely generated
by x1, . . . , xn−1. This result, like Bergman’s Centralizer Theorem [4], belongs to
the category of theorems whose proofs are understood by only a handful of people
worldwide. Recall that in 1930 Magnus proved the Freiheitssatz for groups, which
is one of the most important theorems of combinatorial group theory (see [18]).

The proof is based on his construction of the first example of a noncommu-
tative algebraically closed field. This construction uses Malcev–Neumann series, a
generalization of the Weyl algebra and solutions of differential equations [20].

But how did differential equations find their way into free associative algebras?
It turns out that during his time at Moscow University, Leonid specialized in differ-
ential equations and his first publication was a paper [19] related to the 16th Hilbert
problem. An early example of his prowess in this field is his proof in 1970 of an old
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conjecture that the mathematical expectation of the time a particle undergoing a
Brownian motion takes to reach the boundary of a convex flat domain has only one
maximum [22].

The question of whether the Freiheitssatz also holds for associative algebras
over fields of positive characteristic remains open to this day. Similarly, the closely
related Word Problem for algebras with a single defining relation is still unresolved.

Interestingly, he first announced the existence of a noncommutative algebraically
closed field as early as 1975 [23], but a full publication did not appear until 1985
[26]. Similarly, his p-method, introduced in his dissertation [20], was only published
in 1984 [25]. He once admitted that his work at the journal Kvant distracted him
from research. Moreover, emigrating from the USSR in 1981 must have been a
stressful and exhausting experience. However, after moving to the United States,
he began publishing actively.

Makar-Limanov invariant. Without any doubt the most important invention of
Leonid is the Makar-Limanov invariant, which was crucial in achieving all of the
latest significant results in affine algebraic geometry.

Let R be a commutative and associative algebra over a field K. A derivation D

of the algebra R is called locally nilpotent if for any a ∈ R there exists n = n(a)
such that Dn(a) = 0. Denote by RD = {a ∈ R|D(a) = 0} the ring of constants of
D in R. Let lnd(R) be the set of all locally nilpotent derivations of R. Then the
subalgebra

ML(R) =
⋂

D∈lnd(R)

RD

is called the ML-invariant or the Makar-Limanov invariant of R (see [15, 28].
In 1996, Leonid first used this invariant [28, 31] to prove a beautiful result which

states that the three-fold defined by the following equation:

x + x2y + z3 + t2 = 0 (1)

is an exotic structure, i.e., is diffeomorphic but not isomorphic to C3. Hence, the
ML-invariant helps to distinguish nonisomorphic but topologically indistinguishable
algebras.

The Linearization Problem [17], which asks whether every algebraic action of
a reductive complex algebraic group on Cn is linearizable by means of polyno-
mial automorphisms, is one of the main problems of affine algebraic geometry. The
answer is yes if n = 2 by the structure theorem for polynomial automorphisms of
C2, and is no for n ≥ 4 [43].

Russell had proposed some examples of complex threefolds which might lead
to nonlinearizable actions of C∗ on C3, among them the hypersurface (1). In 1996,
Leonid proved [28] that these three-folds are not isomorphic to C3, hence they do
not provide counterexamples to the linearization problem. In 1997 this result was
extended to more general Koras–Russel three-folds in his collaborative work with
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Kaliman [15]. The Makar-Limanov invariant was formally introduced in [15] as
the AK-invariant, where AK are the initials of his beautiful wife, Aviva Krimgold.
However, later specialists preferred the name ML-invariant or the Makar-Limanov
invariant. The same year, S. Kaliman, M. Koras, L. Makar-Limanov, P. Russel
proved [14] that C∗-actions on C3 are linearizable, which is one of the most signifi-
cant achievements in affine algebraic geometry.

The Zariski Cancellation Problem [17] is another famous problem of affine alge-
braic geometry: Let Y be an affine algebraic variety over an algebraically closed
field K. Does Y × Am ∼= An imply that Y ∼= An−m, where An is the affine n-space
over K?

When n = 2 the Cancellation Problem was positively solved by Abhyankar et al.
(see [1], also [40]). For n = 3, it was also positively solved by Fujita [11] for fields
of characteristic 0 and by Russell [42] for fields of positive characteristic.

The most transparent proofs of the Cancellation problem for n = 2, 3 are given
by Makar-Limanov and Crachiola in [6, 7] and based on the rigidity property of the
ML-invariant, i.e., if ML(A) = A then ML(A

⊗
K[x]) = ML(A).

Moreover, the Makar-Limanov invariant played a crucial role in Gupta’s negative
answer to the Cancellation Problem for n ≥ 4 in positive characteristic [12]. This
represents another significant achievement in affine algebraic geometry obtained
through the use of the Makar-Limanov invariant.

The Makar-Limanov invariant has become one of the most powerful and widely
used tools for studying many affine varieties, as well as their automorphisms and
derivations.

Two-generated subalgebras. Leonid has been interested in studying the Jaco-
bian Conjecture since his student years. Let K[x, y] be a polynomial algebra over a
field K of characteristic zero in two variables x, y. The Jacobian Conjecture asserts
that if φ is an endomorphism of K[x, y] and

Jac(φ) = det

⎡
⎢⎢⎢⎣

∂φ(x)
∂x

∂φ(x)
∂y

∂φ(y)
∂x

∂φ(y)
∂y

⎤
⎥⎥⎥⎦ ∈ K∗ = K\{0},

then φ is an automorphism of K[x, y]. Despite the efforts of many distinguished
mathematicians, this problem remains open.

His research in this direction is focused on the study of the structure of Newton’s
polyhedra and the structure of two-generated subalgebras. In 2015, he found [32] a
new fast algorithm for producing the irreducible dependence between two polynomi-
als in one variable and gave a new proof of the well-known Abhyankar–Moh–Suzuki
Theorem [2, 44], which says that if two polynomials f, g of K[x] generate K[x], then
either deg(f)| deg(g) or deg(g)| deg(f). In 2021, Leonid [33] described the Newton’s
polyhedron associated with a “minimal” counterexample to the Jacobian Conjec-
ture. This is the most powerful known result on the Jacobian Conjecture.
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Free Poisson algebras. The structure of free Poisson algebras, as well as their
automorphisms and derivations, was investigated by Makar-Limanov and his coau-
thors and the following essential results were obtained:

(1) The centralizer of any nonconstant element of a free Poisson algebra over a
field of characteristic zero is a polynomial algebra in one variable [36]. This
is an exact analogue of Bergman’s Centralizer Theorem for free associative
algebras [4].

(2) Any two elements of a free Poisson algebra are Poisson dependent if and only
if they are polynomials in a single variable [34].

(3) The Freiheitssatz for Poisson algebras [37] in characteristic zero.
(4) The group of automorphisms of the free Poisson field P (x, y) in two variables

over a field K of characteristic zero is isomorphic to the two-dimensional Cre-
mona group [38], that is,

AutP (x, y) ∼= AutK(x, y) = Cr2(K).

In particular, all automorphisms of a free Poisson algebra in two variables are
tame in characteristic zero [35].

Leonid Makar-Limanov is not just a wonderful mathematician, but also a won-
derful person, of exceptional intellectual, moral and physical strength, extremely
courageous (a characteristic that was often very important in his Soviet days),
and a great lover of life who always manages to combine great humor and great
seriousness.
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