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Abstract. In this paper we introduce and study the coprime quantum chain, 
i.e. a strongly correlated quantum system defined in terms of the integer 
eigenvalues ni of the occupation number operators at each site of a chain of 
length M. The ni’s take value in the interval [2,q] and may be regarded as Sz 
eigenvalues in the spin representation j  =  (q  −  2)/2. The distinctive interaction 
of the model is based on the coprimality matrix Φ: for the ferromagnetic case, 
this matrix assigns lower energy to configurations where occupation numbers 
ni and ni+1 of neighbouring sites share a common divisor, while for the anti-
ferromagnetic case it assigns a lower energy to configurations where ni and 
ni+1 are coprime. The coprime chain, both in the ferro and anti-ferromagnetic 
cases, may present an exponential number of ground states whose values can 
be exactly computed by means of graph theoretical tools. In the ferromagnetic 
case there are generally also frustration phenomena. A fine tuning of local 
operators may lift the exponential ground state degeneracy and, according 
to which operators are switched on, the system may be driven into dierent 
classes of universality, among which the Ising or Potts universality class. The 
paper also contains an appendix by Don Zagier on the exact eigenvalues and 
eigenvectors of the coprimality matrix in the limit → ∞q .
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1. Introduction

The question of divisibility is arguably among the oldest problems of mathematics being, 
as it is, an aspect deeply related to the cycles of nature. There are numbers, such as 360 
for instance, which have always had a special appeal since they are divisible by many 
smaller integers. At the other extreme there are numbers with no smaller divisors except 
1—the prime numbers—that are, undeniably, even more appealing: not only the primes 
are indivisible but, by a fundamental theorem, they may also be regarded as the atoms 
of arithmetic, since any natural number can be factorised in an unique way in terms 
of them. In contrast with the finitely many chemical elements, the number of primes 
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is however infinite, as already proved by Euclid in his Elements. On primes numbers, 
divisibility and the like there is of course a huge series of books and articles that the 
reader may find interesting and even amusing as, for instance, those of references [1–6].

Number theory—the branch of pure mathematics which studies the discrete proper-
ties of numbers, such as arithmetic functions, distribution of prime numbers, congru-
ences, quadratic residues and many other of those properties—seems to be at any rate 
the farthest subject from physics. This impression also hinges upon the distinction 
which exists between discrete and continuous mathematics: while the latter employs 
the concept of limit, the former uses induction, and in the traditional view in which 
space and time are continuous and the laws of nature are described by dierential 
 equations. Number theory seems indeed to play no fundamental role in our understand-
ing of the physical world.

However, this is a superficial conclusion. First of all, at a deeper level there is no 
dividing line between discrete and continuous mathematics, as shown for instance by the 
well-known article by Bernhard Riemann on prime numbers [7], where key progresses 
were made using sophisticated methods from analysis. Nowadays the so called analytic 
number theory—the area which uses methods borrowed from analysis to approach prop-
erties of numbers—not only is a well developed subject (see, for instance [8–11]) but 
still remains a remarkable source of famous open problems and conjectures, such as for 
instance the generalised Riemann hypothesis about the zeros of the ( )ζ s  function and 
other Dirichlet series [12–17]. Secondly and even more importantly, the advent in phys-
ics of quantum mechanics—in particular the emphasis given to the discrete spectrum of 
certain physical operators, like the Hamiltonian—has drastically changed the classical 
prospective, stimulating over the years a very fertile exchange of ideas between num-
ber theory and quantum mechanics. Following for instance the original suggestion by 
Polya and Hilbert in 1910, there have been later several attempts to solve the Riemann 
hypothesis in terms of quantum mechanical models (see for instance [18–23] and refer-
ences therein). Similarly, some years ago there was a proposal by one of the authors of 
this paper [24] to solve the primality problem, namely to determine whether a given 
integer is a prime or not, using a quantum mechanical scattering experiment for a prop-
erly designed semi-classical potential that has the prime numbers as its only eigenvalues.

While in the [24] the primality problem was translated into a one-particle quantum 
mechanical setup, this paper instead puts forward a many-body quantum Hamiltonian 
which exploits the coprimality between integer numbers. We believe that, with proper 
insights, such a quantum system can be experimentally realised by cold atoms and 
moreover in two equivalent ways: either by means of spinless atoms and their on-site 
integer occupation numbers ni with a maximum value q, or employing instead atoms 
with higher spin, which live in the spin representation j  =  (q  −  2)/2. In both cases, 
using a proper optical laser design, we can firstly accommodate the atoms on a regular 
lattice and secondly let them interact through a next-neighbouring interaction tailored 
in such a way to be sensitive to the relative coprimality of the integer numbers ni and 
ni+1: here we simply recall that two integers a and b are coprime if their greatest com-
mon divisor is just 1. Contrary to other more familiar quantum chains, such as XXZ 
or the like, we will show that the coprime quantum chain has the notable property of 
presenting an exponential degeneracy of its ground state. However, a proper tuning 
of additional local operators may break such a huge degeneracy and lead to a closure 
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of the mass gap, therefore driving the original coprime quantum chain into criticality: 
the interesting thing is that, depending both on the maximum value q of the occupa-
tion numbers and the type of operators switched on, one can reach dierent classes of 
universality as, for instance, the one of the Ising model or the 3−state Potts model. 
As largely discussed later, such predictions can be accurately checked by exploiting 
entanglement entropy measures [27–30]. It is also worth to underline that it is for the 
huge degeneracy of the ground state that the two-dimensional classical analogue of 
the coprime chain is always disordered and it has only a high temperature phase. In 
short, the coprime quantum chain seems to give rise to a quite rich physical scenario: 
a remarkable situation, given that the dynamics of this model is based on a condition 
so simple as the coprimality between integer numbers.

The paper is organised as follows. In section 2 we introduce the definition of the 
coprime quantum chain, i.e. its Hilbert space and Hamiltonian. In section 3 we discuss 
the main properties of the coprimality matrix, underlying both the ‘random’ nature of 
this matrix and its periodicities, as vividly shown by its discrete Fourier transform. In 
section 3 we also recall some basic facts of prime numbers and we introduce the prime-
number vectors whose overlaps capture the interactions encoded in the Hamiltonian. 
As it will become soon clear, to understand the dynamics of such a quantum chain an 
important point is the analysis of the ‘classical’ ground states of the coprime quantum 
chain, i.e. the states of minimal energy in the absence of operators in the Hamiltonian 
which induce transitions among the various occupation numbers ni. For this reason, in 
section 4 we address the problem of counting the number of classical ground states in the 
case of ferromagnetic interaction. In the subsequent section 5, using results from graph 
theory, we discuss the exponential degeneracy of the classical ground states, whose pre-
cise number depends of course on the boundary conditions. In section 6 we repeat the 
analysis for the anti-ferromagnetic case. In section 7 we discuss the phase diagram of the 
coprime quantum chain in the ferromagnetic case and we show that, with an appropri-
ate tuning of some local operators, we can drive the system into dierent classes of uni-
versality, including those of Ising or 3−state Potts model. In section 8, mimic a Peierls 
argument, we will prove that the classical analogue of the coprime quant um chain is 
always in its disordered high temperature phase. Finally, our conclusions are gathered 
in section 9. The paper also contains several appendices: appendix A collects the main 
results of graph theory needed in the text; appendix B shows the explicit calculation of 
the maximum degree of the graph associated to the coprime model, in the limit in which 

→ ∞q ; appendix C, written by Don Zagier, is concerned with the detailed analysis of the 
eigenvalues and eigenvectors of the coprime matrix in the limit → ∞q .

2. Definition of the coprime quantum chain

In this section we introduce the coprime quantum chain and its general quantum 
Hamiltonian for the case of a one-dimensional lattice consisting of M sites.

Hilbert Space. The fundamental degrees of freedom in the coprime chain are the 
occupation number operators n̂i at each site i of a one-dimensional lattice. These opera-
tors are characterised by their eigenvalues ni, which take (q  −  1) integer values

https://doi.org/10.1088/1742-5468/aa5bb4
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= …n q2, 3, , .i (1)
For reasons that will become clear soon, we have shifted the more conventional inter-
val of the occupation numbers by 2, so that the lowest possible value is 2 while the 
maximum is q. We assume that the gas described by the occupation numbers (1) obeys 
a bosonic statistics, although the number of particles on a certain lattice site i cannot 
exceed the value q and be less than 2. In the limit → ∞q  the system is a true one-
dimensional Bose gas. As customary, we can also define at each site the annihilation 

and creation operators −ci  and ( )†=+ −c ci i , with the properties

〉 〉| = | = ∀− +c c q i2 0, 0, .i i (2)

We can alternatively regard the (q  −  1) possible occupation numbers (1) as the eigen-
values of the Sz component of an ordinary spin in representation j  =  (q  −  2)/2. In order 
to match the eigenvalues m of Sz with the values (1), one needs the relation

= −
+

m n
q 2

2
.i (3)

Using this mapping of the occupation number operators onto a spin system, we can 

then define the action of +ci  and −ci  on each state as

⟩ ( ) ( ) ⟩

⟩ ( )( ) ⟩

| = − − + | −

| = − − | +

−

+

c n n q n n

c n q n n n

2 1 1 ,

1 1 .

i i i i i

i i i i i

 
(4)

These operators satisfy the commutation relations

= ±± ±n c c, ,i i i[ ˆ ] (5)

[ ] ˆ ( )
= −

−+ −c c n
q

,
2

2
.i i i (6)

Hence, on a chain of M sites, the dimension of the Hilbert space is ( )= −H qdim 1 M 
and its Fock space is spanned by the vectors

| … = | ⊗ | ⊗ |�n n n n n n, , , M M1 2 1 2〉 〉 〉 〉 (7)
associated to the occupation numbers at each site of the chain. A typical configuration 
of the coprime model is shown in figure 1. In the following we will consider various 
boundary conditions for the coprime chain, such as cyclic (periodic) or fixed boundary 
conditions, the former associated to the condition =+n ni M i, the latter to two fixed val-
ues of both n1 and nM. We will also consider free boundary conditions, where the values 
at the extreme of the chain are free to assume any possible value in the interval [2, q].

Local hermitian operators. The generic form of a local hermitian operator acting on 
the vectors (7) is given by

= ⊗ ⊗ ⊗ ⊗ ⊗
↑

� �GG 1 1 1 1 1 1i

i -site
 (8)

https://doi.org/10.1088/1742-5468/aa5bb4
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where G is an hermitian matrix acting on the (q  −  1) dimensional Hilbert space at the 
site i, while 1 is the ( ) ( )− × −q q1 1  identity matrix acting on each of the remaining 
sites. Let’s remind that over the real numbers R, the complex ( ) ( )− × −q q1 1  hermitian 
matrices form a vector space of dimension (q  −  1)2: denoting by Eik the ( ) ( )− × −q q1 1  
matrix with entry one in the position (j, k) and zeros elsewhere, a canonical basis is 
given by

⩽ ⩽ ( )

( ) ⩽ ⩽ ( )( )

( ) ⩽ ⩽ ( )( )

( )

( )

( )

⎜ ⎟

⎜ ⎟

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

= − −

= + < −
− −

= − < −
− −

D

S

A

E j q q

E E j k q
q q

E E j k q
q q

1 1 1 matrices ,

1 1
1 2

2
matrices ,

i 1 1
1 2

2
matrices .

j jj

jk jk kj

jk jk kj

 

(9)

Notice that the operators ( )D j  play the role of magnetic fields: indeed, switching on one 
of them, say ( )D s , the system tends to polarise the occupation numbers ni along the 
value s. The operators ( )S jk  and ( )A jk  play instead the same role of the Pauli matrices σx 
and σy for the spin 1/2 quantum spin chains, namely they mix the values of the occu-
pation numbers at each site. To simplify the notation, in the following we will assume 
that the matrices given in equation (9) have been enumerated according to an index 

( )α = … −q1, 2, 1 2 and therefore generically denoted as ( )αG . Hence, with this new nota-
tion, a basis for the local hermitian operators is given by

( )( ) ( )G α= ⊗ ⊗ ⊗ ⊗ ⊗ = … −α α
↑

� �G q1 1 1 1 1 1, 1, 2, , 1 .i

i -site

2

 
(10)

Quantum Hamiltonian. In order to introduce the quantum Hamiltonian of our 
model, it is convenient to consider initially the arithmetic function

( )
( )
( )

N
⎧
⎨
⎩

Φ =
=
≠

∈a b
a b

a b
a b,

0 if gcd , 1

1 if gcd , 1
, , (11)

where ( )a bgcd ,  stands for the greatest common divisor between the two natural num-
bers a and b. In the following we will say that two integers a and b are coprime if their 
greatest common divisor is 1. We call ( )Φ a b,  the coprimality function and its properties 
will be discussed in greater detail in section 3.

Figure 1. A configuration of the coprime model with q  =  6. In this example the 
various occupation numbers are  = =n n6, 41 2  etc.

https://doi.org/10.1088/1742-5468/aa5bb4
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The coprime quantum chain3 is a local model whose Hamiltonian is given, in the 
basis of the occupation numbers, by

( )
( )

( )
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥∑ ∑ β= − Φ +

α
α

α

=
+

=

−

H n n G, .
i

M

i i

q

i
1

1

1

1 2

 (12)

Let’s stress that the fingerprint of this model is the omnipresence of the first term that 
is diagonal in the basis of the occupation numbers4. Notice that this kind of interac-
tion makes the model qualitatively dierent from any other more familiar spin chain 
considered in the literature, such as XXZ, Heisenberg or Potts spin chain, etc. The 
parameters βα are genuine coupling constants whose values determine the dierent 
phases of the model. It will be especially interesting to see later how, by defining a suit-
able combination of these couplings, we will be able to filter particular ground states 
of the quantum chain.

Last comment: as it is written, the quantum Hamiltonian (12) refers to the ferro-
magnetic case, since it privileges equal or common divisible values of the occupation 
numbers of neighbouring sites. The antiferromagnetic case can be easily obtained by 
changing in (12) the diagonal interaction as

( ) → ( ) ( )Φ Φ = − Φa b a b a b, , 1 , . (13)
After this transformation the configurations which become more favourable are obvi-
ously those in which two nearby sites have numbers which share no common divisors.

3. The coprimality matrix

Basic arithmetic. Before discussing in greater detail the coprimality function ( )Φ a b, , 
let us recall that a fundamental result in number theory is the unique decomposition of 
a natural number n into its prime factors pi, counted with their relative multiplicities σi

= σ σ σ�n p p p .l1 2
l1 2

 (14)

Simple as it is, this theorem will be the basis for what follows. Moreover, it is also 
useful to recall two other related properties of the prime numbers: the first, known as 
Bertrand’s theorem [25], states that, for any integer n, there is always a prime p in the 
interval (n, 2n), alias

< <n p n2 . (15)
The second property, somehow equivalent to the previous one, concerns a bound on the 
(k  +  1)th prime number in terms of pk

<+p p2 .k k1 (16)

3 In the following we will sometimes refer to the model as ‘q−coprime chain’, in particular if we want to emphasise 
the properties of the quantum chain with respect to parameter q.
4 The coprimality function in the Hamiltonian is formally multiplied by a tensor product of the identity operators 
on next neighbouring sites.

https://doi.org/10.1088/1742-5468/aa5bb4
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Finally, let’s remind that a pretty simple approximate expression for the nth prime 
number is given by

∼p n nlog ,n (17)

the above statement is equivalent to the celebrated prime number theorem (see [5] for 
an historical survey).

Coprimality. We now turn our attention to the coprimality function: once fixed the 
maximum eigenvalue q of the number operators n̂i, we can define the ( ) ( )− × −q q1 1  
ferromagnetic coprimality matrix Φ whose matrix elements are expressed by the copri-
mality function ( )Φ a b,

[ ] ( )Φ = Φ a b, .ab (18)
Notice that in our convention the indices of the coprimality matrix run from 2 to q, 
for instance the top-left element is Φ22. The matrix Φ is a real and symmetric matrix 
made of 0 and 1, with some peculiar properties which can be unveiled using well 
known results in number theory. First of all, as it follows from its very definition, the 
function ( )Φ a b,  is testing whether or not the two integer numbers a and b have some 
common divisor greater than 1: when such a number exists its output is 1, otherwise 
it is 05. Hence, given two numbers a and b, ( )Φ a b,  is checking a looser property of 
these numbers rather than their individual primality: indeed it scrutinizes their com-
mon prime number content. So, if a and b were both primes, say a  =  3 and b  =  11, 
obviously ( )Φ =3, 11 0 but an output equal to 0 could also result from two composite 
numbers that do not share any common divisor, as for example would happen choosing 

= = × ×a 30 2 3 5 and = = ×b 77 7 11. In other words, the coprimality matrix Φ is sen-
sitive to the multiplicative structure of the natural numbers rather than their additive 
structure. Notice that, with the definition (18) adopted for Φ, all the diagonal elements 
of this matrix are equal to 1, so that ( )Φ = −qTr 1 .

We can also define the coprimality matrix Φ of the antiferromagnetic case as

Φ Φ= −J , (19)
where J is the ( ) ( )− × −q q1 1  matrix with all entries equal to one

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

=J

1 1 1 1 . . 1 1
1 1 1 1 . . 1 1
1 1 1 1 . . 1 1
. . . . . . . .
. . . . . . . .
1 1 . . 1 1 1 1
1 1 . . 1 1 1 1

. (20)

With respect to Φ, the matrix Φ have all 0’s and 1’s swapped and in this case, Φ =Tr 0.

Prime-number vectors. Given the multiplicative nature of the function ( )Φ a b, , it is 
useful to introduce an alternative representation for the (q  −  1) numbers involved in 

5 For the peculiar role played by the integer number 1, which acts as a ‘neutral’ divisor of all natural numbers, 
it seems wiser to exclude it from the list of possible values assumed by the occupation numbers and therefore to 
start their values from 2, as we actually do. In this way, a-priori there is no privileged value among the entire set 
of occupation numbers.

https://doi.org/10.1088/1742-5468/aa5bb4
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the coprimality matrix Φ. The first step for doing so is to identify the set of the l prime 
numbers less than q which then are also among the allowed occupation numbers in (1)

{ } ⩽= … −P p p p q2, 3, 5, , , .l l l1 (21)
The total number l of these primes—as a function of q—is given by the prime-counting 
function ( )π q  (see, for instance [3, 4]) which, for our present purposes, can be approxi-
mated by the logarithmic integral ( )qLi

( )
( )

( )∫π ≡�q
dt

t
q

log
Li .

q

2
 (22)

Since ( ) / ( )�x x xLi log , the number of primes present in the interval [2, q] is thus roughly 
/�l q qlog . This estimate tells us that there is always a fair number of primes in each 

interval [2, q] of the possible values of the occupation numbers, although their number 
is (logarithmically) smaller than q itself.

Consider now a series of l-dimensional boolean vectors (which we called prime- 
number vectors) associated to l boxes in correspondence to the l primes in the interval  
[2, q] as in the figure 2 below. Using the prime decomposition (14), we can associate 
to each number n in the interval [2, q] a prime-number vector: this vector is simply 
obtained by filling the kth box with 1 if the prime pk is present in the decomposition 
of n (independently of its multiplicity), or filling the kth box with 0 otherwise. In other 
words, this assignment flattens the various powers σn of the prime number decomposi-
tion (14) of n; in this way we only keep track of the divisibility of n by pk. Consider for 
instance when q  =  37: in this case the set P has cardinality l  =  12 and consists of the 
prime numbers

{ }=P 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37 .

We have then a 12-dimensional prime-number vector space and with the rule given 
above the number 36, say, will be represented by a prime-number vector as

⟶ ( )= = ×n 36 2 3 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0 .2 2

Since the dimension of the prime-number vector space is smaller6 than q, and moreover 
not all l-dimensional boolean vectors are present in the prime-number vector space7, these 
two facts taken together imply that there will be a certain degree of degeneracy in this 
mapping, namely dierent integers will be associated to the same prime-number vector.

Figure 2. The prime-number vector with l entries associated to the integer n. The 
kth entry is one if n is divisible by the prime pk, it is zero otherwise.

6 For large values of q the dimension of this space is computed below.
7 It is obvious, for instance, that the vector ( )= …y 1, 1, 1, , 1, 1, 1  made of all 1’s cannot be in the prime-number 

space, because it would correspond, at least, to the natural number = …n p p pl1 2  (i.e. to the number given by 
the product of all the l primes) which is much greater than the maximum number q of the interval. Similar 
 consideration may be applied to other boolean l-dimensional vectors.

https://doi.org/10.1088/1742-5468/aa5bb4
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This means that all the integers in the interval [2, q] fall into dierent equivalence 
classes which are identified by the their prime-number vectors. For instance, all num-
bers that are pure powers of 2 will belong to the same equivalence class associated 
to the same l-dimensional vector ( )= …v 1, 0, 0, 0, 0, , 0 , as well as all the pure pow-
ers of 3 pertain to another equivalence class associated to the l-dimensional vector 

( )= …w 0, 1, 0, 0, 0, , 0 , etc. In summary with this procedure, we can associate to each 
natural number n its equivalence class and its prime number representative vector vn

⟶ ( )= ⋅ … ⋅ = … … …σ σ σ σ
↑ ↑

n p p v2 3 1, 1, 1, 0, , 0, 1 , 0 .k s n

k s

k s2 3

 (23)

To make an explicit example, for q  =  37 we have the following 23 equivalence classes

( ) → ( )
( ) → ( )
( ) → ( )
( ) → ( )
( ) → ( )
( ) → ( )
( ) → ( )
( ) → ( )
( ) → ( )
( ) → ( )
( ) → ( )
( ) → ( )
( ) → ( )
( ) → ( )
( ) → ( )
( ) → ( )
( ) → ( )
( ) → ( )
( ) → ( )
( ) → ( )
( ) → ( )
( ) → ( )
( ) → ( )

2, 4, 8, 16, 32 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0

3, 9, 27 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0

5, 25 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0

6, 12, 18, 24, 36 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0

7 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0

10, 20 1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0

11 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0

13 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0

14, 28 1, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0

15 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0

17 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0

19 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0

21 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0

22 1, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0

23 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0

26 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0

29 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0

30 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0

31 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0

33 0, 1, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0

34 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0

35 0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0

37 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1

 

(24)

It is easy to see that the number of classes, here denoted by ( )C q , coincides with the num-
ber of square-free integers8 less than q and therefore, for large values of q, it scales as [8]

( )
π

=� �C q q q
6

0.607 927 1019 .
2 (25)

8 A square-free number is a number not divisible by a square. The function of number theory that identifies the 

square-free integers is the absolute value of the Moebius function ( )µ n , see [8]. Indeed µ| | =n 1( )  if and only if n is 

a square-free number and zero otherwise.
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To show (25), let us compute the probability that an integer n randomly selected is 
square-free. The root of such a computation are the loose correlations that exist among 
the primes, so that the probability that a given integer is divisible by the prime p can 
be assumed to be 1/p (since in any sequence of natural numbers, one out of p is divisible 
for p). Within this assumption, for an integer to be square-free, it must not be divisible 
by the same prime p more than once. Hence, either the number n is not divisible by p 
or, if it is, it is not divisible once again. Therefore, denoting P such a probability we 
have

⎛
⎝
⎜

⎞
⎠
⎟

⎛
⎝
⎜

⎞
⎠
⎟= − + − = −P

p p p p
1

1 1
1

1
1

1
.

2 (26)

Recalling now the Euler infinite product representation of Riemann ( )ζ s  function

( )
 

∑ ∏ζ ≡ =
−=

∞

s
n

1 1

1
,

n
s

p p0 prime
1
s

 (27)

and taking the product on all the possible primes in (26) (assuming independence of the 
divisibility by dierent primes), we end up with

( ) 

⎛
⎝
⎜

⎞
⎠
⎟∏ ζ π

− = = =� �P
p

1
1 1

2

6
0.607 927tot

p prime
2 2 (28)

Finally, since Ptot in (28) is the fraction of square-free numbers, it coincides with 

( )→∞
− Cq qlimq

1 . An experimental determination of the number of equivalence classes 

(obtained by really counting them) as a function of q is shown in figure 3. One can 
obviously identify a linear behaviour in q, whose best fit produces a result quite close 
to the asymptotic exact formula (28)

( )�C q q0.607 . (29)
From the point of view of the interaction dictated by the coprimality matrix (18), 

it is easy to realize that all vectors belonging to the same equivalence class are indis-
tinguishable. Moreover, the coprimality matrix itself can be expressed in terms of the 
matrix of the overlaps of these prime-number vectors, i.e. their scalar products

( )
⟨ ⟩

φ =
|

a b
v v

d
, ,

a b

ab
 (30)

where dab is the total number of common divisors of the two numbers a and b. Notice 
that the scalar product of coprime numbers simply vanishes.

Random nature of the coprimality matrix. The sensitivity to the multiplicative 
nature of the natural numbers awards to the matrix Φ a certain degree of randomness. 
Indeed, assuming known the matrix element ( )Φ a b, , it would be impossible to pre-
dict just on the basis of this information the neighbouring matrix element ( )Φ +a b, 1 : 
passing from b to b  +  1, we are in fact exploiting the additive nature of the natural 
numbers, while ( )Φ a b,  is sensitive only to their multiplicative properties. So, it can 
easily happen that by adding 1 to the number b we can pass from a highly compos-
ite number to a prime number and vice-versa: take for instance the highly composite 

https://doi.org/10.1088/1742-5468/aa5bb4
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number = = × × × ×b 2310 2 3 5 7 11 and its consecutive number b  +  1  =  2311 which 
is instead prime. Therefore, spanning all the values along each row of the matrix, we 
will essentially observe a random sequence of 0’s and 1’s, whose average however can 
be predicted with a reasonable accuracy by a simple argument.

Let us exploit once again the simple observation that the probability that a given 
integer a is divisible by the prime p is 1/p. Therefore the joint probability that another 
number b is also divisible by p will be 1/p2, and the probability Pcoprime that both a and 
b are not divisible by the same set of primes9 p is then

( ) 

⎛
⎝
⎜

⎞
⎠
⎟∏ ζ π

− = = =� �P
p

1
1 1

2

6
0.607 927

p

coprime

prime
2 2 (31)

Notice that equation (31) involves the same value of the Riemann zeta function obtained 
earlier in (28). Given that (q  −  1)2 is the total number of elements present in the matrix 
Φ, equation (31) leads to the following estimates of the densities ρ0 and ρ1 of 0’s and 
1’s in the coprimality matrix

( ) ( )
ρ ρ=

−
= = =

−
= − =� �

N

q
P

N

q
P

1
0.607 927 ,

1
1 0.392 073 ,0

0

2 coprime 1
1

2 coprime

 (32)

where N0 and N1 are the total numbers of 0’s and 1’s in Φ. These predictions can be easily 
tested by performing numerical experiments on the matrix Φ by varying its dimensional-
ity: some of the results that were obtained with the aid of a computer are shown in the 
table 1, while a more extensive analysis is reported in figure 4. As one can convince him-
self, the agreement between the probabilistic estimate based on the independ ence among 
the primes and the actual values of the densities is reasonably good, of the order of few 
percent, particularly in light of the simple probabilistic argument used for this estimate.

Graphical representation and Fourier transform. It is interesting to associate 
to the pair of natural numbers (a, b) a point on the first quadrant of a cartesian plane. 
Notice that the two integers a and b are coprime if and only if the point with cartesian 
coordinates (a, b) is ‘visible’ from the origin (0, 0), namely there is no point with integer 
coordinates lying on the segment that connects such a point to the origin. This interpreta-
tion in the cartesian plane suggests a graphical representation of the coprimality matrix, 
where all the entries equal to 1 are coloured in black, while leaving white all the 0’s. The 
result is shown in figure 5 compared with an analogous picture for a random matrix with 
entries 0 and 1 that has the same density ρ0 of vanishing elements and all entries equal to 
one along the main diagonal. By looking at these two pictures, one can identify a certain 
degree of order in the coprimality matrix—order that is on the contrary absent in the 
genuine random matrix with the same density of 0’s. For spelling out in greater detail 
the texture of the coprimality matrix, let us first extend its linear dimension to arbitrarily 
large values of q: in this case it is easy to see that the matrix elements satisfy

( ) ( )Φ = Φa b a b, , ,m n
 (33)

for any integer values m and n. The property (33) appears as a sort of multiplicative 
periodicity of the coprimality matrix; however in this matrix there are more interesting 

9 Assuming one again weak correlations among the primes.
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additive periodicities, although approximate. Imagine to consider the matrix element 
( )Φ a b,  where a is one of the l primes, say pf, in the interval [2, q] while b is coprime with 

a. If b is itself another prime pk, with ≠p pk f , it is obvious that we have the following 
additive periodicity properties

( ) ( ) NΦ = Φ + + ∈p p p np p mp n m, , , , ,f k f f k k (34)
as far as ( )+ ≠n p1 k and ( )+ ≠m p1 f . Consider now the case when a is once again one 
of the l primes, pf, while b is a generic composite number, although coprime with pf. In 
this case we have the property

( ) ( ) NΦ = Φ + ∈p b p np b n, , ,f f f (35)
as far as ( )+ ≠n p1 s, where ps is one of the prime present in the decomposition of the 
number b. These two approximate periodicity conditions seem to be responsible for 
the pronounced peaks along the diagonals of the absolute value of the discrete Fourier 
transform (DFT)10 of the coprimality matrix shown in figure 6. Notice that, by con-

struction, the DFT ( )Φ� u v, , defined by

Figure 3. Number of equivalence classes versus q of the coprime chain. The 
dimension of the coprimality matrix Φ is ( ) ( )− × −q q1 1 .

Table 1. Series of trials in order to test the goodness of the theoretical estimate of 
the total number of 1’s present in the coprimality matrix Φ.

q Numbers of 1’s   Estimate of ρ1

100  3913   0.399 245
150  8785   0.395 703
200  15 537   0.392 339
250  24 453   0.394 397
300  32 205   0.393 788
350  47 841   0.392 79
400  62 645   0.393 496
450  79 233   0.393 019
500  97 769   0.392 645

10 The first paper where the DFT of the coprimality matrix was studied is [26].
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( ) ( )( )/( )∑ ∑Φ = Φπ

=

−

=

−
+ −� u v a b, e ,

a

q

b

q
ua vb q

2

1

2

1
2 i 1

 (36)

shares the symmetries

( ) ( ) ( ) ( )Φ = Φ Φ = Φ − −� � � �u v v u u v u v, , , , , . (37)

Therefore, the absolute value of ( )Φ� u v,  is symmetric about the line u  =  (q  −  1)  −  v as 
well. This means that the fundamental domain of this function coincides with one of 
the four triangles identified by the two main diagonal, say the lowest one, the rest of 
the figure being simply a kaleidoscope eect. Understanding in detail the various peaks 

of the module of ( )Φ� u v,  is a task that goes beyond the present work. Here we would 
like simply to underline that the series of the peaks (of decreasing amplitude) along the 

diagonal are placed at the frequency positions ( )( ) ( )− −
,

q

p

q

p

1 1

i i
 where pi are the consecu-

tive prime numbers = …p 2, 3, 5,i .
In figure 6 we show, for comparison, the absolute value of the DFT of a random 

matrix that shares with the coprimality matrix the same density of 0’s: in this case, 
there is no sign of any particular frequency, i.e. the Fourier transform shows just white 
noise.

Eigenvalues of the coprimality matrix. There is a very interesting arithmetic pat-
tern which emerges in the limit → ∞q  for the coprimality matrix, its eigenvalues and 
eigenvectors, as discussed in great detail by Don Zagier in the appendix C of this paper. 
From the results of the appendix C one can see that the lower and highest eigenvalues 
of the coprimality matrix, both in the ferromagnetic and anti-ferromagnetic case, scale 
with q. This permits to divide all eigenvalues by q: these new set of values (here called 
the normalised eigenvalues) live then on compact intervals which are

( )
( )

= −
= −

I

I

0.007 35 , 0.5464

0.259 37 , 0.6787

f

af
 (38)

Figure 4. Density ρ1 of the 1’s versus q for the coprimality matrix Φ. The red line 
shows the theoretical value ρ � 0.3920...1
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for the ferromagnetic and anti-ferromagnetic cases respectively. In both cases, the 
spectrum is highly degenerate, with many zero eigenvalues. The histograms of the nor-
malised eigenvalues of both cases (for q  =  500) are shown in figure 7. Later we will use 
this information on the spectrum of the coprimality matrix to get various properties of 
the coprime quantum chain.

4. Classical ground states of the ferromagnetic chain. I

Setting to zero all the couplings βα relative to the operators ( )αGi  in the quantum 
Hamiltonian (12), we essentially convert the original quantum chain to a one- dimensional 
classical model, with Hamiltonian given by

( )∑= − Φ
=

+H n n, .
i

M

i icl

1

1 (39)

Studying the classical Hamiltonian (39), we can identify the underlying structure of 
the vacuum states of the coprime quantum chain and, as we will see, this will turn out 
an interesting problem in itself. The ground states of the classical model are of course 
modified when we switch on the coupling constants βα in (12) although the conclusions 
contained in the next three sections can serve as a good starting point for characterising 
the actual vacua of the quantum Hamiltonian (12) as functions of the parameters βα.

Notice that the coprime classical chain appears to be a generalisation of the 
(q  −  1)-state Potts model, with classical Hamiltonian

( )∑ δ= −
=

+H n n, ,
i

M

i iPotts

1

1 (40)

Figure 5. (a): Graphical representation of the coprimality matrix Φ in comparison 
to (b) a similar representation of a random matrix with the same density of 0’s.
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with an important dierence, though: while in the Potts model only equal occupation 
numbers at neighbouring sites have minimum energy, in the coprime chain instead 
minimal energy is assigned to all states with next neighbouring occupation numbers 
that share a common divisor. Even though this may appear only a slight modification 
of the Potts model, yet it has profound consequences on the the vacuum structure, as 
discussed below.

A first look at the exponential degeneracy of the classical ground state 
energy. The minimum of the classical Hamiltonian (39) is obtained by satisfying, for 
each pair of next-neighbouring sites, the condition

( )Φ =+n n, 1 .i i 1 (41)
The requirement (41) forces two next-neighbouring occupation numbers to have at least 
one common divisor. Apart from the simplest coprime chains corresponding to q  =  2 
and q  =  3, for q  >  3 there are several ways to satisfy (41) and this in general leads to 
an exponential proliferation of the ground states. Consider, for instance, the case q  =  5: 
for this value of q, the local constraint ( )Φ =+n n, 1i i 1  is verified by the following pairs

( ) ( ) ( ) ( ) ( ) ( )2, 2 , 2, 4 , 4, 2 , 4, 4 , 3, 3 , 5, 5 . (42)
Once we have fixed the occupation number at the first site to be for instance 3, i.e. 
n1  =  3, to realise a ground state compatible with this condition, the remaining occupa-
tion numbers on all the other sites must be 3 as well. Hence there is a unique possibility 
to construct a ground state with an occupation number equal to 3 and it is

…3 3 3 3 3 3 3 . (43)
The same happens if we start with 5 at the first site of the chain: in this case, we end 
up with a unique ground state given by a sequence of occupation numbers all equal to 5

…5 5 5 5 5 5 5 . (44)

Figure 6. Absolute value of the DFT of (a) the coprimality matrix Φ compared 
with (b), the DFT of a random matrix with the same density of 0’s. For both 
matrices, q  =  200.
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However the situation changes for the other two values {2, 4} of the occupation num-
bers: indeed, since they belong to the same equivalence class, they can be traded one for 
the other on each site without altering the energy of the state. This hints at an expo-
nential number of ground states which can be built by means of arbitrary sequences of 
2’s and 4’s, such as

…2 2 4 2 4 4 2 . (45)
The multiplicity of the ground states that contain only these two occupation numbers 
is easily computable: at each site we can have two possible choices (either 2 or 4) and 
therefore on a chain of M sites their number is 2M. Together with the other two ground 

states consisting of 3’s and 5’s, the total number ( )N qM
f  of classical ground states of a 

coprime chain with q  =  5 and M sites is then

( )= = +N q 5 2 2 .M
f M (46)

The reason of the superscript f in (46) is that this calculation was tacitly performed 
assuming free boundary conditions at the ends of the chain. Repeating the same analy-
sis for a q  =  4 coprime chain, one quickly realises that the number of ground states of 
this model grows as

( )= = +N q 4 2 1 ,M
f M (47)

simply because now the ground state made of 5’s solely will be missing. For q  =  2 and 
q  =  3 we have of course only 2 possible ground states for any number M of the sites.

The analysis of these two coprime chains, q  =  4 and q  =  5, turned out to be quite 
simple. However this simplicity is misleading, the calculation of the ground state degen-
eracy for higher values of q requires actually a more sophisticate set of mathematical 
techniques, especially those borrowed from graph theory.

Adjacency matrix and graph theory. In order to proceed further with the analysis, 
it is first convenient to extract the diagonal entries from the coprimality matrix and 
write it as

Φ = +1 A . (48)
The ( ) ( )− × −q q1 1  symmetric matrix A, whose only elements are 0’s and 1’s, is 
called the adjacency matrix of the coprime chain. It is easy to realise that the matrix A 
encodes the information about which pair of occupation numbers satisfy the constraint 

Figure 7. Histogram of the normalised eigenvalues of the coprimality matrix of 
the ferromagnetic case (a) and anti-ferromagnetic case (b) for q  =  500.
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(41) and can therefore be neighbour in a ground state configuration. We can then asso-
ciate to each possible value of the = …n q2, ,i  the vertex of a graph, the so-called inci-
dence graph11, and connect by a line those vertices whose matrix element of A is equal 
to one. An example of this graphical construction with q  =  14 is shown in figure 8; 
notice that the labels of the vertices are actually the occupation numbers. As we will 
see, we can use the incidence graph to infer some important features common to all 
the coprime chains for various values of q, features which will help us to carry on the 
general analysis of these models. For convenience, basic elements of graph theory that 
will be useful in such a study are collected in appendix A.

Local, maximum and average degree. Each vertex a of a graph, see figure 8, has 
its own local degree da which is the total number of lines coming out from it: in turn, 
the local degree is simply the sum of all elements of the adjacency matrix A along its 
ath row ( ⩽ ⩽a q2 )

∑=
=

d A .a

b

q

a b

2

, (49)

Therefore in the example of figure 8, the vertex a  =  2 has degree d2  =  6, the vertex 3 
has degree d3  =  3, etc.

Figure 8. Incidence graph of the ferromagnetic coprime chain with q  =  14. Vertices 
are numbered from 2 to 14 and are connected if they satisfy the local constraint 
(41).

11 All the possible vertices can be conveniently represented as lying on circle and will be ordered as in figure 8.
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For any graph, we can also define two other useful quantities, the maximum degree 
dm—which corresponds to the maximum among all the local degrees—and the average 
degree d , defined as the average of the local degrees

( ) ∑= =
− =

d d d
q

dMax ,
1

1
.m a

a

q

a

2
 (50)

Therefore referring once again to the example of the graph in figure 8, we have dm  =  8, 
which corresponds to a  =  6, while =d 4.307 69....

Recalling the approximate calculation of the density ρ1 (see section 2, equation (32) 
in particular), it is easy to argue that the average degree for the q-coprime chain shall 
scale with q as

( ) ⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠ρ

π π
− − −

…

− −

…

� �

� ���� ���� � ���� ����

d q q1 1 1
6

0.392 073

2
6

1.392 073

.1 2 2
 (51)

Concerning the maximum degree of the q-coprime chain, its explicit computation for 
several values of q reveals that it also grows linearly with q: up to q  =  2500, the best fit 
of the slope extracted from figure 9 is

�d q0.772 312 .m (52)
However it is better to state straight away that the value 0.772 312.. given in (52) is 
not the correct value of the slope since this quantity is strongly aected by finite size 
eects in the size of the adjacency matrix. In particular, with a little bit of eort one 
can check that such a value tends to increase considering larger intervals [2,q] and 
indeed, as shown in appendix B, for → ∞q , the slope is predicted to be exactly equal to 
1; namely for large enough q we should expect

�d q .m (53)
Eigenvalues and characteristic polynomials. An important tool to evaluate the 
number of the classical ground states of the coprime chain is provided by the spectrum 

Figure 9. Maximum degree of the coprime chain versus q, up to q  =  2500. We can 
see a jump in the maximum degree at �q 2300, it corresponds to a value where the 
highly composite occupation number = × × × ×2310 2 3 5 7 11 becomes allowed.
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of the coprimality matrix Φ. Notice that, from the relation (48), the eigenvalues λi of Φ 
dier from those ηi of the adjacency matrix A simply by 1

λ η= + 1 .i i (54)
In other words, the characteristic polynomials ( )C xq  of the coprimality matrix Φ are 
obtained from the characteristic polynomials ( )P xq  of the adjacency matrix substituting 

→ −x x 1,

( ) ( )= −C Px x 1 .q q (55)
For any given incidence graph of the q-coprime chain, the characteristic polynomials of 
its adjacency matrix are special polynomials ( )P xq  with integer coecients whose first 
representatives are given by

⟶ ( ) ( )
⟶ ( ) ( )
⟶ ( ) ( )
⟶ ( ) ( )
⟶ ( ) ( )
⟶ ( ) ( )
⟶ ( ) ( )

= = −
= = −
= = − − +
= = − − +
= = − − +
= = − − + + +
= = − − + + + − −

P

P

P

P

P

P

P

q x x x

q x x x

q x x x x x

q x x x x x

q x x x x x

q x x x x x x x

q x x x x x x x x x

4 1

5 1

6 4 2 1

7 4 2 1

8 7 8 2

9 9 10 9 18 7

10 14 22 16 54 28 8 7 .

4
2

5
2 2

6
4 2

7
2 4 2

8
2 5 3 2

9
2 6 4 3 2

10
8 6 5 4 3 2

 

(56)

Notice that, from a purely algebraic point of view, the eigenvalues of the adjacency and 

coprimality matrices have the amazing property to give rise to integer numbers NM
cyc 

whenever we take the sum of any integer power M of them as, for instance

∑ λ=
=

−

N .M
i

q

i
Mcyc

1

1

 (57)

As shown below—see the relation (77)—the integer nature of NM
cyc simply comes from 

the observation that the total number of ground states of the coprime chain with peri-
odic boundary conditions has to be a natural number for any length M of the chain. 
However, this is a physical explanation: staring at this result from the bare point of 
view of the roots of a polynomial, it seems instead a pretty remarkable mathematical 
fact since such a property could be immediately spoiled, for instance, by just changing 
one coecient of the polynomials listed above.

Let’s now focus the attention on the eigenvalues of the adjacency matrix A for the 
simple reason that the spectral theory of this kind of matrices is a quite well developed 
mathematical subject. In particular, there are interesting bounds on the largest eigen-
value ηmax given in terms of the maximum degree dm and the average degree d  of the 
graph associated to the adjacency matrix [41]

⩽η<d d .mmax (58)

Since both d  and dm scale with q, we see that also the maximum eigenvalue ηmax of our 
coprime chain must scale with q. Hence, for large q, we have λ η η= + �1max max max and 
therefore
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λ λ� q ,max 0 (59)
where, using both equations (51) and (53), we arrive to the inequalities

⎜ ⎟
⎛
⎝

⎞
⎠π
λ− < <1

6
1 .

2 0 (60)

A direct numerical evaluation of the maximum eigenvalue gives, as the best values of 
the fit, the linear behaviour

λ � q0.546 36 .max (61)
As one can learn reading the appendix C, the exact value of the slope is actually 

�0.546 378 925 029 40 .

Inert vertices. By looking at figure 8, we see that the vertices associated to the 
occupation numbers ni  =  11 and ni  =  13 are not connected to any other point: for any 
graph, vertices of this kind will be called inert. It is easy to identify them for a q-coprime 
chain. The inert vertices are labelled by to those primes pi which satisfy the condition

⩽<
q

p q
2

,i (62)

since in the interval [2, q] there are no integers that can share a common divisor 
with them. Indeed, the smallest composite number which contains them as factors is 
˜ = ×n p2i i, but ˜ >n qi  because of (62). A rough estimation of the number of inert vertices 
present in a q-coprime chain can be given in terms of the prime counting function ( )π x :

( ) ( ) ⎜ ⎟
⎛
⎝

⎞
⎠π π= − �N q q

q q

q2

log

2 log log
.inert

q

q
4

2

 (63)

This formula predicts that the total number of inert vertices is larger than 2 for q  >  17 
but one can directly check that this is already true for q  >  6. While this result will 
be important later, for the time being notice that inert vertices give rise to vacuum 
configurations that are simply obtained repeating them. Using once again q  =  14 as an 
example, the two ground states produced by the sequences of inert vertices 11 and 13 are

…11 11 11 11 11 11 11 (64)

…13 13 13 13 13 13 13 (65)
For an algebraic characterisation of the inert vertices, notice that their values label the 
rows of the adjacency matrix A with all entries equal zero, since they are disconnected 
from all the other vertices.

Vertices with the highest local degree. In a generic q-coprime chain it is also 
easy to spot which vertex has the highest degree: it will be labelled by the number h 
obtained as a product of the first consecutive s primes

⩽= × × ×�h p q2 3 .s (66)
The number h, indeed, has common divisors with all multiples of 2, all multiples of 3 
etc, and therefore the vertex associated to it maximises the number of links with all the 
remaining vertices of the incidence graph. Equation (66) in particular implies that there 
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will be jumps in the value of h each time q could be written as a product of consecutive 
primes, namely

⩽
⩽
⩽
⩽

= <
= <
= <
= <
� �

h q

h q

h q

h q

2 , 2 6

6 , 6 30

30 , 30 210

210 , 210 2310

 

(67)

The analysis done so far, however, does not exclude that there may be other vertices 

with highest degree as well. Indeed, those are the vertices labelled by the values h̃c that 
have the same prime-number vector as the occupation numbers h in (67). It might also 
happen that many of such numbers will be present for a given q. Summarizing, the 
values of h reported in equation (67) correspond to the minimum label of the vertex 
with the highest possible degree, while at fixed q we could have many other occupa-

tion numbers ˜ >h hc , labelling vertices that also have degree dm. In figure 10 there are 
shown the minimum (red dashed curve) and the maximum (blue solid curve) values 
of the occupation numbers with maximum degree as functions of q. As argued above, 
figure 10 confirms that in general more vertices share the same highest degree.

Classical free energy. The transfer matrix of the classical one-dimensional ferromagn-
etic coprime chain is given by

( ( ))β= Φ = …T a b a b qexp , , , 2, 3, .ab (68)
Hence, the partition function (with periodic boundary conditions) is expressed as

( ) [ ] ( ) ( ) ( )β β β β= = + + +�Z T t t tTr ,M
M M M

q
M

2 3 (69)

where > … >t t tq2 3  are the (q  −  1) eigenvalues of the matrix T(a, b). Hence, the free 
energy per unit site of the one-dimensional classical model reads

( )β β= −f tlog .q 2 (70)

As shown in figure 11 and as expected, the one-dimensional free energy exhibits no sign 
of non-analyticity, i.e. there is no phase transition for finite values of β. Notice that 
taking the limit →β −∞, the only matrix elements of the matrix Tab which are dierent 
from zero (and equal to 1) are those relative to the numbers which are coprime. Hence, 
in this limit the transfer matrix Tab coincides with the coprimality matrix Φ of the 
antiferromagnetic case defined in equation (19) and correspondingly, for →β −∞, the 
eigenvalues ( )βti  go to the eigenvalues of the antiferromagnetic coprimality matrix Φ. 
As discussed in the next section, this means that in the limit →β −∞ the partition 
function (69) provides the number of ground states of the classical antiferromagnetic 
coprime chain of M site with periodic boundary conditions.

Vice-versa, if we start with the transfer matrix of the one-dimensional classical anti-
ferromagnetic coprime chain

( ( ( )))β= − Φ = …T a b a b qexp 1 , , , 2, 3, ,ab (71)
it is easy to see that in the limit →β −∞ this matrix reduces to the coprimality matrix 
Φ of the ferromagnetic case and therefore in this limit the partition function simply 
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site with periodic boundary conditions.

5. Classical ground states of the ferromagnetic chain. II

In this section we address the exponential degeneracy of the classical ground states in 
the ferromagnetic case postponing to the next section a similar analysis for the antifer-
romagnetic case.

In the ferromagnetic case, all vertices that are not inert give rise to an exponen-
tial degeneracy of the classical ground states built out of them. The reason is that 
the interaction allows us to freely substitute at each site any possible value a of the 

Figure 10. Minimum value h (red dashed line) and maximum value h̃c (blue solid 
line) of the occupation number labelling a vertex with the highest degree dm, as 
discussed in equation (67), versus q.

Figure 11. Free energy of the 1d classical coprime chain versus the inverse 
temperature β. The points are the numerical data obtained from exact 
diagonalization of (68). The solid curve represents the free energy of the 1d Ising 
model at zero external field.
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occupation number with any other value b provided a and b share at least a common 
divisor. The classical ground states of the chain can be conveniently associated to a 
path on a Brattelli diagram. The diagram contains on the horizontal axis the sites i of 
the chain with ⩽ ⩽i M1  and on the vertical axis the corresponding occupation number 
ni, ⩽ ⩽n q2 i . Starting from a given value n1 on the initial site of the chain, at each 
later step the path can either stay constant or jump to another value that is connected 
to the previous one by the adjacency matrix A. As an example consider the adjacency 
matrix of the q  =  6 case

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=A

0 0 1 0 1
0 0 0 0 1
1 0 0 0 1
0 0 0 0 0
1 1 1 0 1

. (72)

A possible Brattelli diagram for a q  =  6 coprime chain is depicted in figure 12. 
The green dashed line denotes the constant path associated to the ground state …555  
whereas the red solid line corresponds to one of the exponentially numerous classical 
ground states, namely the sequence starting as …364 .

For an open chain of M sites, the total number of classical ground states (including 
those coming from the inert vertices) corresponds to the total number of paths that can 
be drawn in the Brattelli diagram. The number of these paths can be easily computed 

with the aid of the coprimality matrix Φ. To this aim, let us denote by ( )Nt
a  the total 

number of paths which have value ⩽ ⩽a q2  at site t. In terms of these quantities con-
sider the (q  −  1)-dimensional vector

⟩

( )

( )

( )

( )

( )

( )

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

| =
−

−

�N

N

N

N

N

N

N

,t

t

t

t

t
q

t
q

t
q

2

3

4

2

1

 (73)

with some initial boundary vector ⟩|N1 . The vector ⟩|Nt  evolves through multiplication 
by the matrix Φ

⟩ ⟩Φ| = |+N N .t t1 (74)

Indeed each of the new components ( )
+Nt
a

1 at site (t  +  1) is obtained by summing over the 

paths ( )Nt
b  at site t whose final vertex b is connected to a, i.e. those with ( )Φ =a b, 1. The 

total number of ground states for an open chain of M sites (and M  −  1 links) is then

( )∑=
=

−N N .M

a

q

M
a

2
1 (75)

When M  =  1, the number of all classical ground states is simply equal to (q  −  1), i.e. the 
number of all possible values of the occupation numbers. For a generic M the number 
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of ground states can be easily extracted by noticing that the the matrix element [ ]Φk
ab 

of the k-power of the matrix Φ has the following interpretation

[ ]  Φ = k a b# of paths of length starting from the vertex and ending at the vertex .k
ab

 (76)
It will be important though to take into account the boundary conditions imposed at 
the ends of the chain. Let us discuss now some of them.

Cyclic boundary conditions. In this case, what matters are the diagonal matrix 
elements [ ]ΦM

aa, corresponding to the paths that start and end at the same value, and 
the sum thereof. Since there are M links, the total number of ground states is given by

[ ] [( ) ]∑ Φ Φ= =
=

N Tr .M
a

q
M

aa
Mcyc

2
 (77)

Some values of NM
cyc varying the number of sites M are collected in table 2. The number 

of ground state grows utterly fast and becomes soon exponentially large. In fact, we can 
rewrite (77) more explicitly as

[( ) ] λ λ λΦ= = + + … +N Tr .M
M M M

q
Ncyc

2 2 (78)

It is then obvious that for large values of M the trace of ( )Φ M is dominated by the 
largest eigenvalue λ λ≡2 max. Using the scaling law (61) established in appendix C, we 
conclude that the number of ground states has for large q asymptotically the exponen-
tial behaviour

( )�N q0.546 36 .M
Mcyc

 (79)

Finally let’s notice that since the characteristic equation of the q-coprime chain is 
a polynomial of order (q  −  1), it is enough to know the trace of the first (q  −  2) powers 
of the matrix Φ to know all its higher powers. Consider, for instance, the case q  =  5: 
from the characteristic polynomial of this model and its secular equation we have the 
relation

= − +x x x x4 5 2 ,4 3 2 (80)

which is equivalent to the matrix identity for the matrix Φ

Φ Φ Φ Φ= − +4 5 2 .4 3 2 (81)
Therefore the trace [ ]Φ=t Tr4

4 , is fully determined by the trace of the lower powers 
of Φ, i.e. Φ=t Tr1 , [ ]Φ=t Tr2

2  and [ ]Φ=t Tr3
3 . Hence, for this model it is enough 

to know these three integer numbers t t,1 2 and t3, in order to compute the trace of any 
other integer power of the matrix Φ. For instance, to get [ ]Φ=t Tr5

5 , it is sucient to 
multiply the left and right terms of (81) by Φ and take the trace: in this way we get 
immediately the relation which links t5 to the previous quantities t t,4 3 and t2.

Fixed boundary conditions. We now compute the number of classical ground states 
which start with n1  =  a and end with nM  =  b. As shown in equation (76), the number 
of classical ground states in this case is given by

→ [ ]Φ= −N .M
a b M

ab
1 (82)
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We can further elaborate on (82) introducing the boundary states ⟩|a  and ⟩|b  that cor-
respond to the two chosen boundary conditions: ⟩|a  and ⟩|b  are (q  −  1) dimensional vec-

tors with components ⟨ ⟩ δ| = −j a j a, 1 and ⟨ ⟩ δ| = −j b j b, 1, for ⩽ ⩽ −j q1 1. In terms of these 
vectors, the number of classical ground states with fixed boundary conditions a and b 
at the two end-points can be written as

→ ⟨ ⟩Φ= | |−N a b .M
a b M 1 (83)

Let U be the unitary matrix that diagonalises the coprimality matrix Φ�

†

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

λ
λ
λ

λ

Φ = =DU U .
.

.

.

q

2

3

4 (84)

Hence, we have (with standard labelling of the matrix elements of U  )
→ ⟨ ⟩ ⟨ ⟩

⟨ ⟩

† †

† †∑ λ

Φ Φ= | | = | |

= | | =

− −

−

=
− −

−
− −

N

D

a b a UU UU b

a U U b U U .

M
a b M M

M

j

q

a j j
M

j b

1 1

1

2

1, 1
1

1, 1
 (85)

This formula can be further simplified in the limit → ∞M , when the sum above is domi-
nated by the largest eigenvalue λ λ≡max 2

→ →† λ λ= ∞− −
−�N AU U M, .M

a b
a b

M
ab

M
1,1 1, 1 2

1
2 (86)

where ( )† λ= − −
−A U Uab a b1,1 1, 1 2

1 . Therefore also in this case we have an exponential 

degeneracy of the number of classical ground states. Notice that

→
=

N

N
A ,M

a b

M

abcyc (87)

Figure 12. Brattelli diagram. Green Curve: path corresponding to the ground state 
of the inert vertex 5. Red Curve: path corresponding to one of the exponentially 
numerous ground states generated by the other non-inert vertices.
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it is an universal ratio, which depends however on the boundary conditions a and b 
chosen at the end of the chain.

Free boundary conditions. Choosing free boundary conditions at the ends of chain, 
the number of the classical ground states can be conveniently computed by means of 
the free boundary state

⟩
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟| = �f

1

1
. (88)

Indeed analogously to the case of fixed boundary conditions, we have

⟨ ⟩ ⟨ ⟩

⟨ ⟩

† †

† †∑ λ

Φ Φ= | | = | |

= | | =

− −

−

=
− −

−
− −

N

D

f f f UU UU f

f U U f U U .

M
f M M

M

k j l

q

k j j
M

j l

1 1

1

, , 2

1, 1
1

1, 1
 (89)

This formula simplifies when the chain is very large, since in the limit → ∞M  we have

∑λ λ−

=

−

�N U .M
f

j

q

j
M

2
1

1

1

1,

2

2 (90)

Hence, the exponential growth of the number of classical ground states with free bound-
ary conditions gives rise to the universal ratio

→
∑λ= =

∞

−

=

−

R
N

N
Ulim .

M

M
f

M j

q

jcyc 2
1

1

1

1,

2

 (91)

The plot of this quantity as a function of q is given in figure 13. The numerical extrapo-
lation of the asymptotic value for → ∞q  of these data, ∼∞R 1.294, nicely matches with 
the theoretical value (C.17) reported in the appendix C. Let’s note, en passant, that in 
the graph theory jargon (see appendix A) the quantity

∑β =
− =

−

q
U

1

1
,r

j

q

r j

1

1

, (92)

is also called the rth angle of a graph.

Table 2. Number of ground states with cyclic boundary conditions for various q-coprime 
chains by varying the length M of the chain.

Sites M 1 2 3 4 5 6 7 8 9 10

( )=N q 5M
cyc 4      6       10   18       34    66       130     258   514 1026

( )=N q 6M
cyc  5   13 35 105 325 1021 3225 10 209 32 345 102 513

( )=N q 7M
cyc 6 14 36 106 326 1022 3226 10 210 32 346 10 2514

( )=N q 8M
cyc 7 21 73 285 1147 4665 19 033 77 733 317 575 1297 581

( )=N q 9M
cyc 8 26 92 362 1478 6158 25 922 109 730 465 914 1981 586

( )=N q 10M
cyc 9 37 159 769 3859 19 717 101 537 524 817 2717 349 14 081 317
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Frustration. The ferromagnetic coprime chain can display the phenomenon of frustra-
tion, namely the impossibility to solve the conditions ( )Φ =+n n, 1i i 1  for all the links, 
since there may be obstructions coming from the boundary conditions. This is par-
ticularly true in the case of fixed boundary conditions. Using what we learnt before on 
the relation between ground states and paths on Brattelli diagrams, it is easy to give an 
algebraic characterisation when a frustration is going to occur. Such a characterisation 
involves the coprimality matrix Φ: for fixed boundary conditions of type a and b, and 
for an open chain of M sites there will be frustration when

[ ]Φ =− 0M
ab

1 (93)
Geometrically the relation (93) expresses the absence of any path in the incidence 
graph starting from a vertex labelled by a and ending to a vertex labelled by b in 
exactly M  −  1 steps. It is easy to see that there will be frustration each time a will 
label an inert vertex, while b will be any other number ≠b a: for example if q  =  14, 
a  =  13 and b  =  6, there is no path that can connect the corresponding vertices on the 
incidence graph.

For the ferromagnetic chain we expect to have no frustration for both periodic and 
free boundary conditions. Namely, we expect that the equation

[ ]Φ =Tr 0 ,M (94)

relative to the periodic boundary conditions, as well as the equation

⟨ ⟩Φ| | =−f f 0 ,M 1
 (95)

relative to the free boundary conditions, will never have a solution. Indeed, among the 
configurations that contribute to equations (94) and (95) there are always the trivial 
ground states obtained repeating the same value of the occupation number on each lat-
tice site: the existence of these paths makes both the expressions (94) and (95) strictly 
positive.

Figure 13. Universal ratio R defined in (91) versus q.
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6. Classical ground states of the anti-ferromagnetic case

Let us now turn out attention to the classical anti-ferromagnetic case of the coprime 
chain. The classical Hamiltonian of the one-dimensional chain of M sites is given by

( ) ( ( ))∑ ∑= − Φ = − Φ
=

+
=

+H n n n n, 1 , .a

i

M

i i

i

M

i icl
1

1

1

1 (96)

This time the Hamiltonian favours next-neighbouring occupation numbers that are 
coprime, i.e. ( )Φ =+n n, 0i i 1 . The incidence graph in the anti-ferromagnetic chain is the 
complement graph of the ferromagnetic chain (see appendix A): namely a graph with 
the same number of vertices of the ferromagnetic graph but with edges along the pairs 
(i,j) which were originally missed, see figure 14 and compare with the previous figure 8.

In contrast with the ferromagnetic one, the anti-ferromagnetic incidence graph does 
not posses any inert vertex. Moreover, its vertices have, in general, higher degree: indeed, 

as shown in section 2, the probability that two random integers are coprime is />
π

1 2
6
2 . 

Roughly speaking we should expect that the ground state degeneracy will be larger now 

than with ferromagnetic interactions. This is indeed the case, as shown by the values in 
table 3 and further confirmed by the scaling law of the highest eigenvalue of the anti-
ferromagnetic coprimality matrix, here denoted as ξmax. In the limit → ∞q  ξmax can be 
computed exactly in terms of an expression which is an infinite product over primes

( )( )
→  

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟∏

ξ
λ≡ =

− + − +
=

∞
�

q

p p p

p
lim

1 1 3

2
0.678 462 252 434 655 707 28

q p

max

prime

 
(97)

We call the number λ the Zagier constant. For a proof of equation (97) and other inter-
esting related number theory results we defer to the appendix C.

All computations relative to the number of ground states with dierent boundary 
conditions proceed in complete analogy with the ferromagnetic case with the only replace-
ment →Φ Φ in the coprimality matrix. Also in this case there exists the universal ratio

˜( )
→

∑ξ= =
∞

−

=

−

R
N

N
Ulim .af

M

M
f

M j

q

jcyc max
1

1

1

1,

2

 (98)

where Ũ  is the unitary matrix which diagonalises the antiferromagnetic coprimality 
matrix Φ. The plot of this quantity as a function of q is given in figure 15. The numer-

ical extrapolation of the asymptotic value for → ∞q  of these data, ( ) ∼∞R 1.3580af , nicely 
matches with the exact theoretical value (C.24) derived in the appendix C.

Frustration. Contrary to the ferromagnetic case, the anti-ferromagnetic chain for 
q  >  6 does not generally display frustration. The reason is basically the following: 

for q  >  6, there are always at least two primes p and ′p  which fall in the interval12 

12 A slightly dierent viewpoint is to observe that the values at the end-points are not divisible by the largest 
prime pmax that is certainly bigger than q/2. On the other hand, these two numbers cannot be divisible further by 
all the primes smaller than pmax if q  >  6. It is not dicult to see that this circumstance leaves room for eliminating 
completely frustration in the antiferromagnetic case.
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( )=I q,
q

2
: these two primes cannot enter as divisor of all numbers belonging to the 

range [2, q]. In other words, each of these two primes can be followed by any other 
number in the range [2, q] keeping the condition of minimal energy of the antiferro-
magnetic interaction intact. In particular, p can be also followed by ′p  and vice-versa. 
It is easy to show that these conditions automatically ensure that there could be no 
frustration for any choice of fixed boundary conditions selected for a system of length 
M (and, a fortiori for periodic and free boundary conditions). But, how do we know 

that there are always at least two primes in the interval ( )=I q,
q

2
 for q  >  6? Because 

there is a theorem, due to Nagura [31], which along the line of the Bertrand’s theo-

rem, ensures that for ⩾q 25 there are at least three primes in the interval I . For all the 
finitely many cases with q  <  25 not covered by the Nagura’s theorem, one can make an 
explicit analysis and check that indeed for q  >  6 there are always at least two primes 
in the interval I .

We now discuss separately the lowest cases q  =  3, q  =  4, q  =  5 and q  =  6.

=q 3 case. For q  =  3, the anti-ferromagnetic coprimality matrix 
( )Φ� af

 is given by

( )Φ = 0 1
1 0

, (99)

and therefore [ ]Φ = 1N2  while [ ]Φ Φ=+N2 1 . In both cases there are matrix elements 
which are 0 and therefore, according either to equation (93) or equation (94), one can 

Figure 14. Incidence graph of the anti-ferromagnetic coprime chain with q  =  14.
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have frustration. In particular, if the chain has M  =  2n  +  1 sites (and therefore 2n 
links), choosing as boundary conditions n1  =  2 and nM  =  3, we will have frustration. 
Vice-versa, if the chain has M  =  2n sites (and therefore 2n  +  1 links), there will be frus-
tration if we choose n1  =  2 and nM  =  2 or n1  =  3 and nM  =  3.

=q 4 case.For q  =  4 and an open chain with M  =  2k sites, all the classical ground 
states with free boundary conditions must necessarily have an alternating pattern of 
the type

…n n n n3 3 3 3 ,1 3 5 7 (100)
where each number ni can be either 2 or 4. There is of course an additional symmetry 
under the exchange of the two numbers, namely the sequence …n n n3 3 3 32 4 6  is also 
a possible ground state. Hence, overall we have

( )= = +N q 4 2 ,M
f k 1 (101)

possible ground states. For M  =  2k  −  1, the number of possible classical ground state 
is × −3 2k 1. These considerations imply that, in the presence of certain fixed boundary 
conditions, there will be frustration: for instance, this will be the case if M  =  2k and 
if we choose as initial and final values n1  =  2 and as nM either 2 or 4. With periodic 
boundary conditions, the q  =  4 chain displays the same degeneracy of the free bound-
ary conditions when M is an even number, while it will be frustrated for M being an 
odd number.

=q 5 case. In this chain there are always two primes, 3 and 5, that do not divide the 
other numbers of the chain. Therefore, as the general case discussed above, the q  =  5 
antiferromagnetic case can never be frustrated.

=q 6 case. This is an interesting exceptional case: when q  =  6 there is only one prime 
in the interval ( )=I 3, 6 , namely p  =  5. Notice that in order to avoid frustration the 
number 6 can only be followed by 5. Therefore, if we enforce fixed boundary conditions 
that cannot meet this requirement, we will have frustration. By inspection, one can see 
that this can happen only for small chains. If M  =  2 we can exhibit many examples, for 
instance n1  =  2 and n2  =  6 is one of those. More in general it is sucient to spot the 
vanishing elements of the square of the antiferromagnetic coprimality matrix given by

Table 3. Number of ground states for = …M 1, 2, 3, 10 for various q-coprime chains with 
antiferromagnetic interactions for free (upper values of the columns) and periodic boundary 
conditions (lowest values of the columns).

Sites M 2 3 4 5 6 7 8 9 10

( )=N q 5free 10 26 66 170 434 1114 2850 7306 18 706

( )=N q 5cyc 10 12 50 100 298 700 1890 4692 12 250

( )=N q 6free 12 34 88 242 640 1736 4632 12 492 33 456

( )=N q 6cyc 12 12 64 120 408 952 2800 7104 19 792

( )=N q 7free 22 88 338 1326 5146 20 082 78 146 304 538 1185 906

( )=N q 7cyc 22 48 250 860 3562 13 468 53 250 205 860 804 922
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( )

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

Φ =�

0 1 0 1 0
1 0 1 1 0
0 1 0 1 0
1 1 1 0 1
0 0 0 1 0

.
af

 (102)

For M  =  3, the only frustrated configuration is the one with fixed boundary conditions 
n1  =  5 and n3  =  6, because whatever the value of n2 will be, it would be impossible to 
minimize the energy of all the two links. When M  =  4, the only frustrated configuration 
starts with n1  =  6 and ends with n4  =  6 and finally for M  >  4 there will be no longer 
frustration. The simplest way to prove the last statement is to observe that the matrix 

elements of ( )Φ k, for k  >  3 are all positive integers.

7. Reaching criticality in the coprime quantum chain

Switching on the operators αGi  in the quantum Hamiltonian (12), the structure of the 
classical ground states previously determined changes quite drastically, in particular 
their exponential degeneracy generally disappears. However peculiar situations might 
arise when performing a fine-tuning of the couplings of the operators αGi . Rather than 
embarking on an exhaustive analysis of the coprime quantum chain, here we will focus 
only on those cases where it will be possible to reach various types of familiar criticali-
ties: notably those of Ising or Potts quantum chains!

In the following we will mainly consider the ferromagnetic coprime chain with 
q  =  5, for several reasons: firstly, because it is the simplest case where the coprimality 
interaction gives rise to non-trivial eects, secondly because it is a case still manage-
able from a numerical point of view. Indeed, the exponential growth of the Hilbert 

space of the coprime quantum chain with the number of sites M, ( )= −d q 1 M
H , makes 

prohibitive any exact diagonalization procedure for large value of q even for small M. 
In this respect, the dimension =d 4M

H  of the q  =  5 coprime chain permits to push the 
numerical analysis to suciently large M and to extrapolate reliable properties in the 

Figure 15. Universal ratio ( )R af  defined in (98) versus q.
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thermodynamic limit through finite size tecnhiques. With this in mind, we also chose 
to work always with periodic boundary conditions13.

The simplest class of universality which can be realised in terms of the coprime 
quantum chain is the one of the quantum Ising chain. In order to appreciate this point, 
let briefly remind its essential properties.

Ising chain universality class. In a nutshell, the class of universality of the quantum 
Ising chain consists of two phases, separated by a critical point in between: the low-
temper ature phase, characterised by two degenerate ground states; the high temper-
ature phase characterised instead by only one ground state. Such a scenario can be 
explicitly realised in terms of the Hamiltonian

[ ˆ ˆ ˆ ]∑ σ σ σ= − + ∆
=

+H ,
i

N

i
z

i
z

i
x

1
1 (103)

which involves the Pauli’s matrices14. For ∆ < 1 this Hamiltonian has two degenerate 
ground states which in the limit →∆ 0 can be written as

⟩ ⟩ ⟩ ⟩|⇑ = ⊗ | ↑ |⇓ = ⊗ | ↓, ,i i i i (104)

where ⟩| ↑ i and ⟩| ↓ i are the two eigenvectors of the σ̂z operator at the site i. For ∆ > 1 
the model is instead in its high temperature phase with only one ground state: when 

→∆ ∞ this ground state can be explicitly written and it is given by

| ⇒ = ⊗ | → | → = | ↑ + | ↓,
1

2
.i i i i i〉 〉 〉 ( 〉 〉 ) (105)

Approaching the value ∆ = 1, this model undergoes a quantum phase transition which is 
signalled by the closure of the gap in the energy spectrum. The critical point of the Ising 
model is well known to be described by the simplest minimal model of conformal field 
theory whose central charge c is 1/2 [32]. Since the lattice model can be solved exactly [33, 
34], the central charge at its critical point can be inferred in many dierent ways, as for 
instance finite size scaling of the ground state energy [35, 36]. However, in order to com-
pare later with the central charge characterizing criticality in the coprime chain, we found 
convenient to estimate c numerically through the ground state entanglement entropy.

Central charge and entanglement entropy. As shown in [27–29] and in par ticular 
in [30], for a critical one-dimensional spin chain of M sites with periodic boundary 
conditions and bipartite in two subchains A and B whose length is m and M  −  m, the 
entanglement entropy of the ground state reads

( ) ˆ ˆ ⎜ ⎟
⎛
⎝

⎞
⎠ρ ρ π

π
= − = +S m

c
M

m

M
Tr log

3
log sin constA A A

 
(106)

where c is the central charge and ρ̂A the ground state reduced density matrix of the 
subsystem A

ˆ ( ⟩⟨ )ρ = | |GS GSTr .A B (107)

13 A potential critical behavior cannot not be aected by the boundary condition employed. Periodic boundary 
conditions are simply a way to make the finite size scaling as fast as possible.

14 Each operator σi
aˆ  has to be meant as in equation (8), namely σ̂ σ= ⊗ ⊗ ⊗ ⊗ ⊗

↑
� �1 1 1 1 1 1i

a a

i -site

.
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This formula can be used to fit numerical data for fixed number of sites M or, for fixed 
size of the subsystem, choosing m  =  M/2 and varying M.

Ising critical point of the coprime chain. In the q  =  5 coprime chain let us switch 

on the local operators ( )Bi
1  and ( )Bi

2 , with the associated matrices given by (see the nota-
tions of equations (8) and (9))

( ) ( ) ( ) ( ) ( )

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

= ≡ + = ≡B D D B S

1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

,

0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

,1 1 2 2 12
 (108)

so that the Hamiltonian of such a coprime quantum chain can be written as15

[ ( ) ]( ) ( )∑= − Φ + +
=

+H n n g B g B, .
i

M

i i i i
1

1 1
1

2
2

 (109)

Moreover, we assume from now on all the couplings to be non-negative. We firstly con-
sider the case in which g2  =  0: since the operator ( )B 1  consists of the two magnetic fields 

( )D 1  and ( )D 2  which have the eect to lower the single-site energy of the two states ⟩|2  
and ⟩|3 , globally this leads to a reduction of the exponentially large number of the clas-
sical ground states to just two degenerate ground states, namely

| = | … | = | …2 2 2 2 2 2 and 3 3 3 3 3 3 .˜〉 〉 ˜〉 〉 (110)

It is natural to think that these two degenerate states may play the same role of the 
two degenerate ground states ⟩|⇑  and ⟩|⇓  of the Ising chain in its low temperature phase. 

The energy of the ground states ˜⟩|2  and ˜⟩|3  depends on λ1, being ( )= − +E g M1GS 1  but 
their existence does not rely on the actual value of g1 as far as g1  >  0. The value of g1 
also enters the first excited level: indeed the natural candidates for the first excited 
states are the N-fold degenerate states

⟩| … …2 2 2 4 2 2 (111)
whose energy is ( )= − − −E M M g11 1, and the M(M  −  1)/2-fold degenerate states with 
two domain walls

⟩| … …2 2 2 3 3 2 (112)
whose energy is ( )= − − −E M Mg22 1. Then if g1  <  2 one has <E E1 2 and the first 
excited states are (111), while if g1  >  2 the states in (112) have smaller energy. Thus, 
the gap of the coprime Hamiltonian (109) when g2  =  0 is given by

( )
 
 

⎧
⎨
⎩

∆ = − =
<
>

 
 E g E E

g g

g
, 0

, if 2

2, if 2
.1 1st GS

1 1

1
 (113)

Let now us switch on the operator ( )Bi
2 : notice that, at each site of the lattice, the corre-

sponding operator ( )Bi
2  mixes locally two states (here associated to the vectors ⟩|2  and 

⟩|3 ), as it also does the operator σi
x in the Hamiltonian of the quantum Ising chain (103). 

15 Here and after, the gi’s are obviously linear combinations of the previous coupling constants βα introduced in 

equation (12).
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Therefore, one could expect that by varying the coupling constant g2 in (109) one could 
come across a quantum phase transition in the Ising universality class. This is indeed 
the case and by exact diagonalization it is possible to show that the ground state degen-

eracy persists (up to terms exponentially small in M) until g2 reaches the critical value 

/=∗g 1 22 , irrespectively of the value of g1. For = ∗g g2 2 the ground state is no more degen-
erate and the gap of the Hamiltonian (109) closes, namely ( / )∆ =E g , 1 2 01  for any g1.  
When g2  >  1/2 there is an unique ground state, as in the paramagnetic phase of the 
Ising chain (103). Part of the numerical analysis is reported in figure 16, where the gap 
is plotted as a function of g2 for fixed g1.

Once the critical point has been located, we can proceed to identify its universality 
class by calculating the ground state entanglement entropy. As shown in figures 17 and 
18, the quantum critical point corresponds to a second order phase transition, since the 
entanglement entropy diverges logarithmically with M, and the central charge that is 
extracted from (106) is c  =  1/2, i.e. the one of Ising universality class.

In summary: starting from the highly degenerate set of ground states of the clas-

sical coprime chain with q  =  5, by means of the operators ( )Bi
1  we can firstly remove 

the original degeneracy and remain with only two ground states. Switching on after 

the other operators ( )Bi
2  and increasing the value g2 of their coupling, we can reach a 

critical point ∗g2 where the mass gap of the system closes while for > ∗g g2 2 there is only 

one ground state. The features just described are the same of the quantum Ising chain 
and indeed the numerical determination of the entanglement entropy confirms that the 
critical points of (109) and (103) are in the same universality class.

Universality class of the 3-state Potts chain. Let us now show that it is possible 
to use dierent operators in the q  =  5 coprime quantum chain to reach another critical 
point, this time associated to the class of universality of the 3-states Potts model. We 
briefly remind [37] that the class of universality of this model consists of two phases: 
a low temperature phase where there are three equivalent ground states, here denoted 

as ˜⟩|R , ˜⟩|G  and ˜ ⟩|Y  (for Red, Green and Yellow), and an high temperature phase where 
there is an unique ground state, here denoted by ˜ ⟩|W  (for White). The two phases are 

Figure 16. Gap of the quantum Hamiltonian (109) of the coprime chain q  =  5, for 
two dierent fixed values of g1  =  1.0 and g2  =  3.0 and varying g2. The finite size 
scaling shows the closure of the gap when /�g 1 22 , independently of the value of g1.
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separated by a critical point where the mass gap closes. Such a scenario is encoded into 
the quantum Hamiltonian symmetric under the permutation group Z Z= ×S3 3 2 [38]

[ ˆ ˆ ˆ ˆ ˆ ]† †∑ ττ τ τ η= − + ++ +H g ,
i

i i i i i3Potts 1 1 (114)

where the operators τ̂i and η̂i have the general form of eq (8) and are expressed in terms 
of the matrices

/

/

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟τ η= =π

π

1 0 0

0 e 0

0 0 e

,
0 1 1
1 0 1
1 1 0

.2 i 3

4 i 3
 (115)

For →g 0, the so-called low-temperature phase, there are three degenerate ground 
states of the Hamiltonian (114) expressed in terms of the eigenvectors ⟩|R , ⟩|G  and ⟩|Y  
of the τ matrix

˜⟩ ⟩ ˜⟩ ⟩ ˜ ⟩ ⟩| = ⊗ | | = ⊗ | | = ⊗ |R R G G Y Y, , .i i i i i i (116)

For → ∞g , the so-called high-temperature phase, there is instead an unique ground 
state fully symmetric under the S3 group

| = ⊗ | | = | + | + |W W W R G Y,
1

3
.i i i i i i

˜ 〉 〉 〉 ( 〉 〉 〉 ) (117)

Figure 17. Finite size scaling of the entanglement entropy of the coprime chain 
for q  =  5 with Hamiltonian (109) near the transition point g2  =  1/2. The scaling of 
the data in the plot in the middle fits the entanglement entropy formula (106) with 
c  =  0.49.., when either g1  =  1.0 or g1  =  3.0. As soon as g2 detaches from the critical 
value the entanglement entropy saturates very rapidly to a value proportional to 
the logarithm of the correlation length.
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Between the low and high temperature phase there is a phase transition which occurs 
for the critical value g  =  1. At the critical point the model is described by a conformal 
field theory with central charge c  =  4/5 [39]. It is worth to underline that, contrary to 
the Ising chain, the 3-state Potts chain with Hamiltonian (114) cannot be solved exactly.

Let us now see how we can realise such class of universality in terms of the q  =  5 
coprime quantum chain. First of all, we can add to the classical Hamiltonian of the 

model (131) the operators ( )Bi
3  made by the one-site matrix ( )B 3

( ) ( ) ( ) ( )

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

= ≡ + +B D D D

1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 1

.3 1 2 4
 (118)

The presence of the magnetic fields ( )D 1 , ( )D 2  and ( )D 4  into the quantum coprime 
Hamiltonian

[ ( ) ]( )∑= − Φ +
=

+H n n g B,
i

M

i i i
1

1 3
3

 (119)

immediately reduces the exponentially large degeneracy of its classical ground states to 
just three states, given by

| = | … | = | … | = | …2 2 2 2 2 2 , 3 3 3 3 3 3 , 5 5 5 5 5 5 .˜〉 〉 ˜〉 〉 ˜〉 〉 (120)

These states can be put in correspondence with the three degenerate ground states ˜⟩|R , 
˜⟩|G  and ˜ ⟩|Y  of the 3-state Potts model.

Next, we can switch on the additional operators ( )Bi
4  whose associated one-site 

matrix is the linear combination

( ) ( ) ( ) ( )

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

= ≡ + +B S S S

0 1 0 1
1 0 0 1
0 0 0 0
1 1 0 0

.4 12 14 24
 (121)

Figure 18. Entanglement entropy for the coprime chain q  =  5 with Hamiltonian 
(109) and M  =  10 sites, by varying the size m of the subsystem A at the transition 
point g2  =  1/2. The fit with (106) produces the value of the central charge c  =  0.510 
both when g1  =  1.0 and when g2  =  3.0.
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These operators mix symmetrically on each site the occupation number ⟩ ⟩| |2 , 3  and ⟩|5  
and therefore we expect that increasing the value of their coupling constant g4 in the 
quantum Hamiltonian

[ ( ) ]( ) ( )∑= − Φ + +
=

+H n n g B g B,
i

M

i i i i
1

1 3
3

4
4

 (122)

we shall meet a quantum phase transition. This is indeed the case and numerically 

we estimated that the model is critical for /=∗g 1 34 , irrespectively of the value of g3. 

As in the Ising case, the mass gap of the chain closes for such a value of the coupling 
and the central charge extracted at this critical point from the entanglement entropy 
is perfectly compatible with the value c  =  4/5 of the 3-state Potts model. The numer-

ical results are reported in figures 19, 20 and 21. For > ∗g g4 4, the original three ground 

states disappear and the system presents only one ground state, exactly as the physical 
scenario of the 3-state Potts model.

No quantum phase transitions with an exponential number of ground states. 
In the previous examples, making use of appropriate operators we have first reduced 
the exponentially large number of ground states of the classical coprime chain (39) to a 
finite value. The final degeneracy could be then completely lift by another operator, a 
phenomenon that leads eventually to a quantum phase transition. A natural question 
is now: what happens if we only partially reduce the original degeneracy of the coprime 
chain, still remaining with an exponentially large number of ground states that can be 
further perturbed? Does the system reach criticality or not? Let us examine the q  =  5 

coprime chain once we add to its classical Hamiltonian the operators ( )Bi
5  containing 

the one-site matrices

( ) ( ) ( )

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

= ≡ +B D D

1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

.5 1 2
 (123)

Figure 19. Gap of the quantum coprime Hamiltonian q  =  5 with B(3) and B(4) 
switched on. The data are for two fixed values of g3  =  1.0, g3  =  3.0 and varying g4. 
The finite size scaling shows the closure of the gap when /�g 1 34 , independently of 
the value of g3.
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The two magnetic operators ( )D 1  and ( )D 2  privilege the occupation numbers ⟩|2  and ⟩|4  

and therefore they remove only the states | = | …3 3 3 3 3˜〉 〉 and | = | …5 5 5 5 5˜〉 〉 from 

the infinite set of the classical ground states.
We can still mix the (exponentially degenerate) ground states left by means of the 

operators ( )Bi
6  expressed in terms of the one-site matrix

( ) ( )

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

= ≡B S

0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

.6 13
 (124)

The final Hamiltonian is

[ ( ) ]( ) ( )∑= − Φ + +
=

+H n n g B g B, .
i

M

i i i
1

1 5
5

6
6

 (125)

Will be possible varying the corresponding coupling constant g6 to reach now a quant um 
phase transition? The answer is negative: contrary to what happened in the Ising and 

Potts chains this time the ordered phase characterised by the exponential ground state 

degeneracy is completely unstable under the mixing term ( )Bi
6 , namely it disappears for 

arbitrarily small values of g6. This is shown in in figure 22 where we computed the mass 
gap of the theory. The non-existence of a stable low-temperature phase under the switch-

ing of g6 can be explained already at first order in perturbation theory, considering the 

term with ( )∑ Bi i
6  as a perturbation of the Hamiltonian [ ( ) ]( )= − ∑ Φ ++H n n g B,i i i 1 5

5

( )∑δ = −
=

H g B .p

i

M

i6
1

6
 (126)

It is easy to compute the matrix associated to this perturbation in the 2M-degenerate 
ground state subspace, composed of all the factorized states which are product of ⟩|2  
and ⟩|4 : apart from the overall factor (−g6), such a matrix—which is the one that 
determines the splitting of this energy level—is nothing but the adjacency matrix of 

Figure 20. Finite size scaling of the entanglement entropy of the q  =  5 coprime 
chain at the transition point g4  =  1/3. The fit with (106) gives a central charge 
c  =  0.7876, independently of g3.
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a regular graph of degree M. Indeed, acting with (126) on a state that contains 2’s 
and 4’s, one obtains M dierent states belonging to the same degenerate subspace16. 
Then each row of the perturbation in this subspace will contain M non-zero entries, 
all equal to (−g6) and the remaining 2M  −  M entries equal to zero. Since the regular 
graph associated to this matrix is also connected, it follows, via the Perron–Frobenius 
theorem, that the lowest eigenvalue is unique and equal to  −Mg6. This implies that the 
first order correction completely removes the ground state degeneracy, explaining the 
sudden opening of the gap as soon as ≠g 06 . It is worth noticing that this behaviour is 
in contrast to what happens when the ground state subspace has only a finite degen-
eracy in the → ∞M  limit, as in the case of the Ising and the 3-state Potts chains. In 

Figure 21. Entanglement entropy for the q  =  5 coprime chain of M  =  10 sites 
for the two values g3  =  1.0, g3  =  3.0, varying the size m of the subsystem A at 
the transition point g4  =  1/3. The fit with (106) produces the value of the central 
charge c  =  0.8194 both when g3  =  1.0 and when g3  =  3.0.

Figure 22. Gap of the q  =  5 quantum coprime Hamiltonian with the operators ( )Bi
5  

and B(6) switched on, for fixed g5  =  1.0 and varying g6, on a chain of M  =  10 sites. 
A gap opens immediately as soon as g6 is non-zero. Moreover ∆E depends linearly 
on g6 as ∆ =E g2 6, indicating that perturbation theory is exact at its first order.

16 The states are obtained exchanging in only one of the M possible site a 2 with a 4 and vice-versa.
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these latter models, the perturbing operator has only zero entries in the two-fold and 
three-fold degenerate subspaces relative to the lowest eigenvalue of the unperturbed 
Hamiltonian: thus degeneracy is not lifted in first-order perturbation theory.

Although the graph theory argument given above is pretty elegant and concise, it 
gives no information on the gap of δHp in the thermodynamic limit. Indeed one could 
think that the spectral gap of a regular graph might even close when the number of 
vertices goes to infinity. However in this case it is easy to write down the whole spec-
trum of δHp in the degenerate subspace for every M. First observe that Hp restricted to 
the ground state subspace is simply given by

∑δ σ= −
=

H g ,p

i

M

i
x

GS 6
1

 (127)

where σx is the usual Pauli matrix whose eigenvectors will be denoted

( ) ( )⟩ ⟩|+ = |− =
−

1

2

1
1

1

2

1
1

. (128)

Then we can construct the spectrum of δHp starting form the product state ⟩|+ + + +� , 
which is the unique eigenstate associated to the lowest eigenvalue  −g2M, and flipping one 
spin at a time. In this way it is easy to realise that all the eigenvalues are organised as

( )

( )

( )

⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝
⎜

⎞
⎠
⎟

~

~

~

~

~

= −
= − −

= − −

= − −

=

+ + + +

+ + + − + +

+ + + − − + +

+ + + − … − + +

− − − −

� �

� �

�

� �

� �

� �

�

E g M

E g M M

E g M
M

E g M p
M

p

E g M

1-fold degenerate

2 -fold degenerate

4
2

-fold degenerate

2 -fold degenerate

1-fold degenerate

6

6

6

6

6

Thus the gap is given by ∆ =E g2 6 for any M. Moreover from the data in figure 22 
we can see that this does hold to all order. In conclusion, in presence of the two set 
of operators B(5) and B(6) there is only one stable phase of chain, its high temperature 
phase, and therefore we cannot have phase transition.

8. Classical two-dimensional model and Hamiltonian limit

In this section we describe how to identify the quantum coprime Hamiltonian which 
is associated to the homogeneous classical two-dimensional coprime model with 
Hamiltonian defined later in equation (131), compare also with equation (39). We will 
also examine how to use this mapping in order to infer some properties of the spectrum 
of the coprime quantum chain.

For this purpose consider the operators ( )Bi
7  and ( )Bi

8  expressed in terms of the 
matrices
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( ) ( ) ( ) ( ) ( ) ( ) ( )

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

= ≡ + + + = ≡B S S S S B S

0 1 0 1
1 0 1 1
0 1 0 1
1 1 1 0

,

0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

.7 12 14 23 24 8 13

 

(129)

The close expressions of these two matrices for general values of q can be written as 
follows

[ ] [ ]( ) ( ) δ= − Φ = Φ −B B1 .a b a b a b a b a b
7

, ,
8

, , , (130)

Let us show that the coprime quantum chain with these operators included has an 
Hamiltonian related to the homogeneous two-dimensional classical coprime model (131) 
on a square lattice. This correspondence is via the so called Hamiltonian limit [33]. The 
2d classical coprime model is defined by the classical two-dimensional Hamiltonian

({ }) ( )
⟨ ⟩
∑σ σ σ σ= − Φ = …H J q, , 2, 3, ,
i j

i j

,
 (131)

that is an obvious generalization of equation (39). The form (130) of the transverse 
operators comes out starting from the quantum Hamiltonian and ‘Trotterizing’ the 
finite temperature quantum partition function
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(132)

The two-site diagonal matrix Φ +n n,i i 1
 then gives the coupling in one of the two directions 

on the 2d lattice, while the transverse part can be obtained matching the last line of 
this equation with the statistical partition function whose Hamiltonian is (131) with 
dierent couplings in the two directions

{ }

( )
( )∑ ∏=

∑

σ

σ σ
σ σ

Φ

=

Φτ

=

= +
+Z e e .

J

i j

M N
J

, 1

,

i j i j
M N

x i j

M N
i j i j

i j i j

, , 1
,

, 1

,
, , 1

, 1, (133)

Comparing (132) and (133) we obtain for the matrix elements of the αB

⟨ ¯⟩( ) ( ¯ )( ) ( )
σ σ| | =

β
φ σ σ+ τAe eM

g B g B J ,7
7

8
8

 (134)

where A is a positive constant. To obtain now the exact expression of the αB  operators, 
we consider the so-called Hamiltonian limit [33], / →β M 0. In this way, taking

β β
= = =−τ τA

g

M

g

M
e 1 e 1J J7 8

 (135)

we reproduce exactly the operators in (130). Note that g7 and g8 are both positive in 
the quantum to classical correspondence.
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The absence of a quantum phase transition in the coprime quantum chain which 

contains both the operators ( )Bi
7  and ( )Bi

8  with positive coupling constants can be argued 
on the basis of a Peierls argument for the classical two-dimensional coprime model. This 
argument, in its most concise form, goes as follows. Consider one of the configurations 
{ }σ  of lowest energy, in which the spin variable σ is the same on all the lattice sites. 
They will be of course the only relevant ones at zero temperature. As soon as we move 
from zero temperature, we have to determine which are the typical configurations 
which aect the thermodynamics and whether the original ‘magnetization’ still persists 
or not, for certain non-zero range of values of the temperature. The first guess is to 
excite the ‘ground state’ configuration by placing an island of dierent numbers in the 
middle. Let L be the length of the domain wall, the free energy dierence is given by

∆ = − ∆F LJ T S2 (136)
Here is the key point: in the case of the Ising model the entropy dierence is given 
underestimating the number of this simple excited configurations with 2L, so that

⩽ ( ) ⩽ ⩾∆ − = − ⇒ �F LJ T L J T T
J

T2 log 2 2 log 2 0
2

log 2
L

c (137)

Thus the excited states becomes relevant only at a finite value of T. However in the 
coprime model (131) the excited states are exponentially many more and their entropy 
dierence with the ground state do not scale as the length L of the domain wall, but 
as the area of the island inside the wall. Indeed let us consider the coprime statisti-
cal model with q  =  5. Pick up the ground state made up e.g. of 3s. The latter can be 
excited with an island composed of all equal integers sharing no common divisors with 
3. However, since the coprime interaction makes no distinction between 2 and 4, there 
are 2V possible excited states composed of all possible combinations of 2 and 4 (see 
figure 23), where V is the number of sites inside the domain wall. Then for fixed length 
L the entropy dierence can be underestimated as

⩾ ( )
→

∆ ∼
∞

S Llog 2 2 log 2L V

L

2
 (138)

Going back to (137) it is thus clear that the entropy contribution becomes dominant in 
the thermodynamic limit as soon as the temperature is switched on. Then the trans ition 

Figure 23. For fixed length L of the domain wall, there are 2V possible configurations 
having the same energy dierence with the ground state energy, being V the 
number of cells inside the contour. Thus the number of states made of one Peierls 
island of length L is always greater than 2 2V L, where ∼V L2 in the limit → ∞L .
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temperature Tc shrinks to 0 when the length of domain wall is sent to infinity and the 
model is always disordered.

The absence of phase transition on the 2d statistical model can be numerically 
checked by computing the specific heat as a function of the temperature T

( ) ⟨ ⟩ ⟨ ⟩ ⟨ ⟩
=

∂
∂

=
−H H H

c T
T T

.
2 2

2 (139)

The latter is easily obtained by sampling the Boltzmann distribution using a simple 
Metropolis algorithm [40] in which the move consists of changing randomly the integer 
on a random site. The presence of a critical point would be signalled by a spike in the 
graph of c(T) for some value of T, representing a divergence of this function with some 
critical exponent α. The results are shown in figure 24. The specific heat per lattice site 
exhibits a maximum for a value of β between 1 and 2, but no sign of divergences, there-
fore the two-dimensional statistical coprime model is always in its disordered phase.

Coming now to the coprime quantum chain, the numerical study of the mass gap 
of the quantum Hamiltonian

[ ( ) ]( ) ( )∑= − Φ + +
=

+H n n g B g B, ,
i

M

i i i i
1

1 7
7

8
8

 (140)

for arbitrary sign of the two coupling constants is shown in figure 25. This figure is 
interesting because it shows that in first quadrant (when g7  >  0 and g8  >  0) the is sys-
tem is gapped, as predicted by the Peierls argument for the classical model. However, 
there are two lines, respectively in the third and four quadrants where, instead, there 
could be a vanishing mass gap. This results seems to originate in these cases from a 
competition between two interactions with coupling constants of opposite sign. For 

Figure 24. In both plots the samples are taken from a single stochastic chain 
starting from a random configuration. The samples are taken after a Monte Carlo 

time = ⋅t N10eq s
4 , one each time interval of length ∆ =t 600, to ensure their 

independence. Here Ns is the number of lattice sites. Each average necessary to 
compute the specific heat is performed over 3000 realizations of the Boltzmann 
distribution. The plot on the left shows the specific heat per lattice site as a 
function of the inverse temperature β for fixed Ns and varying q, while the finite 
size scaling for fixed q is shown on the right. The absence of a continuous PT is 
made evident by the analyticity of the numerical curve.
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the classical two-dimensional statistical system the absence of phase transitions can be 
explained in terms of the failure of the Peierls argument.

9. Conclusions

In this paper we have introduced the coprime quantum chain: a strongly correlated 
bosonic system characterised by local interactions sensible to the prime number back-
bone of the single-site occupation numbers. We have initially showed that at the clas-
sical level the model has a number of ground states exponentially large. Their actual 
value depends on the boundary conditions and can be computed exactly using a blend 
of spectral graph theory and number theory. This is particularly evident in the limit 

→ ∞q , a situation analysed by Don Zagier in appendix C. We have also shown that 
in the ferromagnetic case there could also be frustration phenomena. At the quantum 
level, the most important property that emerges from our analysis is the possibility to 
come across several quantum critical points in the phase space of the coprime chain. 
These critical points are characterised by their corresponding class of universality and 
can be clearly identified by calculating the ground state entanglement entropy. We 
have discussed, in particular, the emergence of the classes of universality of the Ising 
and 3-state Potts chains and we expect that, with a proper tuning of the coupling con-
stants, one should be able to reach the critical point of the Zn quantum chains.

Figure 25. Magnitude and contour lines of the gap of the quantum Hamiltonian 
with the operators (130) as a function of the two coupling constants. Dark colors 
stand for lower value of the gap. The data are taken from a chain of N  =  8 sites, 
varying g1 and g2 on a square of size ×7 7 with a step ∆ =g 0.1. When >g g, 01 2  
it is evident that the gap is non-zero, as discussed in the text. It is interesting to 
notice the presence of two lines over which the gap seems to close. However these 
lines lie into regions of the plane where the correspondence with the classical model 
ceases to apply.
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There are many unexplored features inherent in the coprime quantum chain that 
would be interesting to investigate in the future. First of all, it is important to estab-
lish the existence of lines of integrability in the parameter space of the coupling con-
stants βα of the Hamiltonian (12). If those lines exist, one can expect to solve exactly 
the model through Bethe Ansatz techniques. This could lead in particular to an exact 
expression for its free energy and possibly also for its correlation functions.

Secondly, it would be useful to study (even numerically) the coprime quantum 
model defined on higher dimensional lattices and check whether also in higher dimen-
sions there is the possibility to drive the system toward criticality by switching on 
proper operators.

Thirdly, it is intriguing to determine the surfaces (in coupling constant space) where 
the mass gap of the theory vanishes, as it happens for instance along some lines shown 
in figure 25.

Finally it would be relevant to look deeper into the quantum properties of the coprime 
chain. The diagonal coprime interaction term ( )Φ +n n,i i 1  has the peculiarity of being 
sensible to the prime content of the occupation numbers, a circumstance that, as we 
have at length discussed in this paper, leads to an exponential degeneracy of the ground 
states, contrary to more familiar quantum one-dimensional chains. Out-of-equilibrium 
protocols such as global or local quantum quenches could be realised without too many 
dierences respect to what already considered in a well developed literature, see for 
instance the papers published in the special issue of JSTAT Quantum Integrability in Out 
of Equilibrium Systems [42] and references therein. The chain could be prepared in one of 
its ground state and its time-evolution studied switching on some of the parameters βα. 
It will be then possible to analyse problematic connected with relaxation toward equilib-
rium, entanglement spreading and energy transport, mimic previous studies in the Ising 
spin chain, [43–48]. Unfortunately it is not clear whether answers to these questions can 
be formulated with techniques based on integrability or one has to necessarily resort to 
DMRG simulations. In this latter case however truncation of the one-site Hilbert space 
might actually be implemented quite easily as routinely done when dealing with dynam-
ics in the Bose–Hubbard model [49]. Let us also mention that the function Φ could be 
generalized further to include k-site interactions based on pairwise coprimality conditions.
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Appendix A. Basic elements of graph theory

In this appendix we recall some basic ingredients of graph theory used in the main text.

Main definitions.

 •	 An (undirected) graph G is a set of of vertices { }= …V n1, ,  and edges E that 
connect them. An edge is a pair of vertices (i, j), chosen among the total number 

of possible pairing ( )n

2
.
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 •	 The degree of a vertex i is denoted by di and it is the total number of edges 
touching it. Two vertices can be connected by multiple edges, if the number of 

edges connecting vertex i to vertex j is dij then clearly = ∑d di j ij.

 •	 A graph G is fully specified by its adjacency matrix A with elements =A dij ij, 
⩽ ⩽i j n1 ,  and the convention that dij  =  0 if two vertices are disconnected.

 •	 A graph is called regular (or otherwise irregular) when every vertex has the same 
degree di  =  k, ∀ = …i n1, , .

 •	 The complement graph Ḡ of G is the graph with the same vertices V and that 
contains as edges the pairs (i, j) missing in the graph G. Obviously the complement 
of a regular graph is regular with degree n  −  1  −  k. Finally, if we denote by J the 
matrix with all entries equal to 1 and I the identity matrix, the adjacency matrix 
of the complement graph Ḡ is ¯ = − −A J I A, being A the adjacency matrix of G.

As an example we consider the graph G showed in figure A1. Such a graph contains 6 
vertices and 10 edges, its adjacency matrix is given by

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

=A

0 1 0 1 1 0
1 0 1 0 1 0
0 1 0 1 0 1
1 0 1 0 1 1
1 1 0 1 0 1
0 0 1 1 1 0

. (A.1)

The graph G is irregular, since in general dierent nodes have dierent degrees: 
= =d d 44 5  and = = = =d d d d 31 2 3 6 .

Spectral problem for the adjacency matrix. The adjacency matrix of an undirected 
graph G is a symmetric non-negative ×n n matrix and its spectral problem is a classical 
problem in graph theory (see for instance [41]). Let us start by considering the case of a 
regular graph G of degree k. For simplicity we will also assume the graph to be connected, 
meaning that there is always a path connecting two arbitrary vertices: in this case the 
adjacency matrix A is irreducible and Perron–Frobenius theorem can be applied.

Figure A1. An example of an undirected graph G with 6 vertices and 10 edges 
and its complement Ḡ.
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It easy to show that the n-dimensional vector ⟩| f , with all entries equal 1

⟩

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

| =f

1
1
..
..
1
1

 (A.2)

is an eigenvector of the adjacency matrix A with eigenvalue k. Since all components 
of this vector are positive, ⟩| f  is actually the (unique) Perron Frobenius eigenvector 
of A and therefore k is also the largest eigenvalue of the matrix A. Moreover the one-
dimensional eigenspace generated by ⟩| f  is orthogonal to all other eigenspaces of A 
(being symmetric). If ⟩|v  is an eigenvector of A with eigenvalue θ< k then we also have

¯ ⟩ ( ) ⟩ ( ) ⟩θ| = − − | = − − |A v J I A v v1 . (A.3)

Hence note that we have

¯ ⟩ ( ) ⟩| = − − |A f n k f1 . (A.4)

If the n real numbers

⩾ ⩾ ⩾θ θ θ> −�k n1 2 1 (A.5)
are the spectrum of A, then the eigenvalues of Ā are

⩾ ⩾ ⩾θ θ θ− − > − − − − − −− − �n k 1 1 1 1 .n n1 2 1 (A.6)
This observation furnishes an equation satisfied by the characteristic polynomials PG(x) 
and ( )¯P xG  of the adjacency matrices of G and Ḡ. The characteristic polynomial of G is 
indeed

( ) ( ) ( )∏ θ= − −
=

−

P x x k x ,G

i

n

i

1

1

 (A.7)

and one obtains

( ) ( ) ( )¯ = −
− + +

+ +
− −P x

x n k

x k
P x1

1

1
1 .G

n
G (A.8)

Unfortunately the simple analysis outlined above for the spectral problem of a 
regular graph does not apply to the graph whose adjacency matrix A is the coprime 
matrix since this graph is irregular. Instead of presenting the complete analysis for the 
spectral theory of the irregular graphs, here we simply quote the results relative to the 
largest eigenvalue ηmax of the adjacency matrix as well as the result which concerns  
the characteristic polynomial of the complementary graph.

The largest eigenvalue ηmax of an irregular connected graph A (that is unique and 
positive by the Perron Frobenius theorem) is bounded by the average degree d̄ of the 
graph and its maximum degree dmax

¯ ⩽ ⩽ηd d .max max (A.9)

Notice that for a regular graph G of degree k, ¯ = =d d kmax  and therefore we recover 
the previous result.
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Let us now state that it is possible to generalize equation (A.8) also to irregu-
lar graphs. Firstly we observe that ⟩| f  is no longer an eigenstate of A but we can 
nevertheless define the so-called main spectrum of the graph G as the vector space 
M generated by all the eigenvectors of A that are not orthogonal to ⟩| f . The main 
spectrum of a regular graph would be one-dimensional and would coincide with the 
eigenspace of ⟩| f .

If ⟩ ⟩| … |v v, , m1  are the vectors of an orthonormalized basis for the main spectrum 

M, namely ⟩ ⟩µ| = |A v vi i i  and ⟨ ⟩| ≠v f 0i , it is customary to introduce the angles βi of an 
irregular graph as

⟨ ⟩β = | = …
n

f v i m
1

, 1, , .i i (A.10)

Starting from the definition of the characteristic polynomial of the complementary 

graph Ḡ, ( ) ( ¯ )¯ = −P x A xIdetG  and using the spectral decomposition of A, together with 
definition of Ā, it is then possible to show that

( ) ( ) ( )¯
⎛

⎝
⎜

⎞

⎠
⎟∑

β
µ

= − − − −
+ +=

P x P x n
x

1 1 1
1

,G
n

G

i

m
i

i1

2

 (A.11)

an equation that generalizes (A.8).

Appendix B. Maximum degree of the coprime graph in the limit → ∞q

It is possible to estimate the rate of growth of the maximum degree of the coprime 
graph with the number q based using as hypothesis the statistical independence of the 
primes. The argument goes as follows. Given a number q, let us firstly determine which 
is the maximum index s such that the number made of the product of the first s con-
secutive primes is less than q

ˆ = × … × <n p p p q .s1 2 (B.1)
Such number n̂ is associated to one of the vertices with the maximum degree in the 
range [2, q]. In fact, this number divides all numbers multiples of p1  =  2, all those which 
are multiples of p2  =  3, all those multiples of p3  =  5, etc. We now estimate how many 
numbers have common factors with n̂ using a probability argument.

The total number of numbers that are divisible by 2 is given by q times the prob-

ability that a number is divisible by 2, which is 
1

2
, so ×q

1

2
. The total number of those 

which are divisible by 3 are given, naively, by ×q
1

3
. However this is an over-counting 

since among these multiples of 3 there are those we have already counted as divisible 
by 2 (as, for instance, the number 6) and therefore we have to subtract them. So the 
genuine numbers which are divisible by 3 but not also by 2 are given by q multiplied 
for the probability p̂3 that a number is divisible by 3 but not by 2

ˆ ⎜ ⎟
⎛
⎝

⎞
⎠= −p

1

3
1

1

2
.3 (B.2)

Analogously, we can count the genuine numbers divisible by 5 but not divisible for 2 
and 3, in term of the corresponding probability
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ˆ ⎜ ⎟⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠= − −p

1

5
1

1

2
1

1

3
5 (B.3)

and, more generally,

ˆ
⎛
⎝
⎜

⎞
⎠
⎟∏= −

=

−

p
p p

1
1

1
.k

k m

k

m1

1

 (B.4)

In this way, we predict that the maximum degree grows as

ˆ∑∼
=

d q p .
k

s

kmax

1
 (B.5)

Notice that the number of terms included in the sum depends on the number q itself: 
therefore there will be a sequence of discontinuities of the corresponding slope each 
time that q overpass the values

…2, 6, 30, 210, 2310, 30 030 (B.6)
associated to the sequence of numbers n̂. This explains why the slope of the maximum 
degree changes by increasing q, giving rise to a pronounced finite-size dependence as 
discussed in the text.

However, in the asymptotic limit → ∞q , we have that also the maximum index s 
goes to infinity, → ∞s , and therefore the ratio /d qmax  is given by the infinite series

→

⎛
⎝
⎜

⎞
⎠
⎟∑ ∏∼ −

∞
=

∞

=

−d

q p p

1
1

1
q

n n m

n

m

max

1 1

1

 (B.7)

The series is convergent since

⎛

⎝
⎜

⎛
⎝
⎜

⎞
⎠
⎟
⎞

⎠
⎟

⎛

⎝
⎜

⎞

⎠
⎟∑ ∑ ∑ ∑ ∑− < − <

π

=

∞

=

−

=

∞

=

−

=

∞

p p p p p p

1
exp 1

1 1
exp

1 1 e

log
,

n n m

n

m n n m

n

m n n n1 1

1

1 1

1

1

2

6
 (B.8)

where the last inequality follows from the fact that the truncated sum of the reciprocals 
of the primes is bounded by

∑
π

> −
< p

n
1

log log log
6

.
p n

2

 (B.9)

The series in the last member of (B.8) converges as a consequence of the prime number 
theorem, which states that the magnitude of the nth prime number goes as

→
∼

∞
p n nlog ,n

n (B.10)

so that the general term behaves asymptotically as

( )→
∼

∞p p n n

1

log

1

logn n n 2 (B.11)

which is enough to make the series convergent.
Since the maximum degree of a graph cannot exceed the number of vertices of the 

graph, the series (B.7) must converge to a value smaller or equal to 1. As a matter of 
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fact the result is exactly 1, as the truncation of the series (B.7) can be put in the tele-
scopic form

→
( )→

⎛
⎝
⎜

⎞
⎠
⎟

⎛
⎝
⎜

⎞
⎠
⎟

⎛
⎝
⎜

⎞
⎠
⎟

⎛
⎝
⎜

⎞
⎠
⎟

⎛
⎝
⎜

⎞
⎠
⎟

∑ ∏ ∑ ∏ ∑ ∏

∏ ζ

− + − = − − −

= − − − =

= =

−

= =

−

=

+

=

−

= ∞

p p p p

p

1 1
1

1
1

1
1

1
1

1 1
1

1
1

1
1

n

N

n m

n

m n

N

m

n

m n

N

m

n

m

m

N

m N

1 1

1

1 1

1

2

1

1

1

1

where

( ) ( )∏ζ = −
=

∞
− −z p1

k
k

z

0

1
 (B.12)

is the product representation of the Riemann Zeta function, whose only pole is z  =  1.
In summary, for asymptotically large values of q the maximum degree of the coprime 

graph scales exactly as q

→ ∞�d q q,m (B.13)

Appendix C. Eigenvalues of the coprimality matrix by Don Zagier

Let N be a natural number and define an ×N N  matrix C  =  C  (N ) by

 ( )
 ( )

( ⩽ ⩽ )
⎧
⎨
⎩

=
=
>

C
m n

m n
m n N

1 if , 1,

0 if , 1,
1 , ,mn

i.e. as the top ×N N  part of the infinite matrix ( )∞C  whose (m, n)-entry is 1 if m and 
n are coprime and 0 otherwise. The matrix C (N) is real and symmetric, so has N real 
eigenvalues, and since the sum of the entries of each of its rows is of the order of N, 
it is natural to suppose that these eigenvalues also grow roughly linearly in N. In fact 
numerical experiments suggested that the eigenvalues of ( )−N C N1  converge to a well-
defined spectrum as → ∞N . In this appendix we will first discuss these computations 
and then use an Ansatz suggested by them to derive a formula or the limiting eigen-
values and the corresponding eigenvectors. We then show that after a suitable choice 
of basis the matrices ( )−N C N1  themselves converge pointwise to a well-defined infinite 
matrix having the predicted eigenvalues and eigenvectors, and finally describe the 
corre sponding results for the complementary matrix ( )C N  whose (m, n)-entry is 0 if m 
and n are coprime and 1 if they are not.

Since the results of this appendix may be of independent interest to number theorists 
or others not familiar with statistical models, we have made the text self- contained, 
giving all needed notations or definitions from scratch rather than quoting them from 
the main text or appendix A of the paper, and giving references where needed to 
related results or discussion in the main text. We have also changed some notations 
and terminology to be more conformal with standard number-theoretical practise. For 
instance, the number we call ‘N’ is denoted by ‘q’ in the main paper, and what we 
call the coprimality matrix and the complementary coprimality matrix are referred to 
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in the paper as the coprimality matrices for the antiferromagnetic and ferromagnetic 
cases, respectively.

C.1. Numerical results

We first discuss the Perron–Frobenius eigenvalue, since this is the easiest one to calcu-
late numerically. Recall (see appendix A) that the Perron–Frobenius theorem says that 
a square matrix with strictly positive entries has a unique eigenvector with positive 
entries and that the corresponding eigenvalue is real and is larger than the absolute 
value of any other eigenvalue. The same theorem holds for a matrix that has non-
negative entries and is ‘primitive’, meaning that some power of it has strictly positive 

entries. The matrix C  =  C(N) is primitive because ( ) ⩾= ∑ ==C C C C C 1mn k
N

mk kn m n
2

1 1 1 , so 

it has a Perron–Frobenius eigenvalue λPF and eigenvector vPF, which can be calculated 
easily by starting with the vector ( )= …f 1, , 11  and applying C to it repeatedly, renor-
malizing each time to make the leading coecient equal to 1. This process converges 
very quickly, with 20 iterations sucing even for =N 10 000 to give 9-digit accuracy for 
the eigenvalue and the first few components of the eigenvector. The Perron–Frobenius 
eigenvalues for a few values of N are given by the table

and the beginning of the (normalized) Perron–Frobenius eigenvectors for 

=N 10, 10 , 10 , 102 3 4 by

These tables strongly suggest that the limiting value of λPF exists and equals roughly 
0.6785 and that the corresponding normalized eigenvectors also converge to a vector 
close to the one for =N 10 000.

For the other eigenvectors and eigenvalues the calculation is slower and we only 
went up to N  =  1000, calculating the characteristic polynomial of C(N) and its roots in 
each case. The eigenvalue 0 occurs with a high multiplicity (this is obvious, because 
if en denotes the standard nth basis element of ZN then − ′e en n  is in the kernel of C(N) 
whenever n and ′n  have the same prime factors), and there are many more eigenval-
ues whose quotient by N tend to 0 as N grows, but for fixed i the ith largest and ith 
smallest eigenvalues of ( )−N C N1  seem to converge numerically to well-defined non-zero 
limits:

N   100 200 500 1000 2000 5000 10 000

( )( )λ −N C N
PF

1 0.676 43 0.681 39 0.679 04 0.678 69 0.678 72 0.678 53 0.678 46

N v1 v2 v3 v4 v5 v6 v7 v8 v9

10 1.0000  0.6057  0.7293  0.6057  0.8103  0.3923  0.8724  0.6057  0.7293 
100 1.0000  0.6162  0.7310  0.6162  0.8250  0.4463  0.8715  0.6162  0.7310 
1000 1.0000 0.6179 0.7320 0.6179 0.8281 0.4520 0.8734 0.6179 0.7320
10 000 1.0000 0.6180 0.7320 0.6180 0.8284 0.4524 0.8730 0.6180 0.7320
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In the rest of this appendix we will identify all of these numbers and discuss some 
related results.

C.2. Exact results

The numerical data given above is confirmed by the following more precise statement, 
in which we have used the standard number-theoretical notation |a b to mean that the 
integer a divides the integer b.

Theorem 1. 

 a. The Perron–Frobenius eigenvalue of ( )−N C N1  converges for → ∞N  to the number

( )( )

 
∏λ =

− + − +
= �

p p p

p

1 1 3

2
0.678 462 252 434 655 707 28 .

p

1

prime
 

(C.1)

 b. More generally, the entire spectrum of ( )−N C N1  converges as → ∞N  to the count-
able subset { } {   }λ∪ |D0 squarefreeD  of R, where λD is an algebraic multiple of λ1 
given by

( )( )

 
∏λ λ=

− − + − +

|

p p p1 1 3

2
.D

p D p

1

, prime
 (C.2)

 c. The normalized eigenvector of C (N) corresponding to λD converges for → ∞N  to a 
well-defined vector ( ) R∈ ∞v D  with components given by

( )( ) ( )( )
( )( )

   
N

�

∏ ∏=
− + + − +

⋅
− + − − +

∈

| | |

v
p p p p p p

n
1 1 3

2

1 1 3

2
.D

n
p

p n p D

p

p n p D

prime

,

prime

,

 (C.3)
Before continuing we discuss the numerical values. The convergence of the Euler 

product defining λ1 is rather slow, but can be accelerated by a standard trick: if we 
define ( ) [[ ]]Z∈f x x  to be the power series

( ) ( )( )
( )( )

( )( )
=

− −
− −

⋅
− + − +

= − + +�f x
x x

x x

x x x
x x

1 1

1 1

1 1 1 3

2
1 12 28 ,

3 5 5

2 4 2
6 7

then we can express λ1 using the rapidly convergent infinite product

( ) ( )
( ) ( )

( )
 
∏λ

ζ ζ
ζ ζ

= f p
2 4

3 5
,

p

1

2

5
prime

N    (smallest three eigenvalues, ..., largest three eigenvalues)  

100 (− − −0.261 67, 0.185 33, 0.120 76, ..., 0.047 84, 0.070 35, 0.676 43)
200 (− − −0.260 37, 0.180 97, 0.117 08, ..., 0.045 97, 0.069 76, 0.681 39)
500 (− − −0.259 53, 0.181 46, 0.116 45, ..., 0.044 95, 0.069 63, 0.679 04)
1000 (− − −0.259 37, 0.182 06, 0.116 85, ..., 0.044 68, 0.069 49, 0.678 69)
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where now only a few thousand terms are needed to give the above 20-digit numerical 
value. The values of the three smallest and the two second largest eigenvalues λD are 
then given by

λ λ

λ λ

λ λ

λ λ

λ λ

= ⋅
−
+

= −

= ⋅
−
+

= −

= ⋅
−

+
= −

= ⋅
−
+

⋅
−
+

=

= ⋅
−
+

⋅
−

+
=

�

�

�

�

�

2

3 5
0.259 149 520 346 2274 ,

1

2 3
0.181 793 412 634 8665 ,

1

3 2 2
0.116 405 719 401 3901 ,

2

3 5

1

2 3
0.069 438 904 695 6844 ,

2

3 5

1

3 2 2
0.044 463 028 326 4479 ,

2 1

3 1

5 1

6 1

10 1

in excellent agreement with the values for N  =  1000 tabulated above. Finally, the first 
few components of the first eigenvector v(1) as given in part c. of the theorem have the 
exact and numerical values

( )( )( )

( )

( ) =
−

−
−

−
− −

−
−

− …

…�

v 1,
5 1

2
, 3 1,

5 1

2
, 2 2 2,

5 1 3 1

2
, 15 3,

5 1

2
, 3 1,

1.000 00, 0.618 03, 0.732 05, 0.618 03, 0.828 43, 0.452 43, 0.872 98, 0.618 03, 0.732 05, ,

1

in perfect agreement with the values for =N 10 000 given above, while the second 
eigenvector begins

( )( )( )
( ) =

− −
−

− −
−

− − −
−

− −
− …v 1,

5 1

2
, 3 1,

5 1

2
, 2 2 2,

5 1 3 1

2
, 15 3,

5 1

2
, 3 1, .2

C.3. Ansatz via Dirichlet series

We begin by giving a heuristic argument leading to the results stated in the theo-
rem above. Based on the numerical data, we assume as an Ansatz that the Perron–
Frobenius eigenvalue of ( )−N C N1  has a limiting value λ λ= 1 as → ∞N  and that the 
corresponding eigenvector vPF, normalized to have first component 1, has a limiting 

value ( ) R= … ∈ +
∞v v v, ,1 2 . Then for each fixed integer ⩾m 1 we have

( )
→ ⩽ ⩽

( )

( )

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

∑λ = =
∞

=

v
N

v vlim
1

: Av ,m
N n N

m n

n
m

1
, 1

 (C.4)

the ‘prime-to-m average’ of the infinite vector v. For m  =  1 this says in particular that 
the partial sum = + +�S v vN N1  equals ( )λ +N No  as → ∞N , and therefore that the 
Dirichlet series

( )
( )

( )⎛

⎝
⎜

⎞

⎠
⎟∑ ∑ ∑ ∑

λ
= =

−
= −

+
=

+

=

∞

=

∞
−

=

∞

=

∞

V s
v

n

S S

N
S

N N
s

N

1 1

1

o 1

n

n

s
N

N N

s
N

N s s
N

s
1 1

1

1 1
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converges for s  >  1 (or for C∈s  with ( )R >s 1) and satisfies

( ( )) ( ( ))ε ε λ= + =
ε

=
↘

V s VRes lim 1 .s 1
0 (C.5)

From (C.4) it follows that vm depends only on the prime factors of m, i.e. =v vm D where 
D is the radical of m (defined as the largest squarefree integer dividing m, or as the 
product of the prime divisors of m). As a second Ansatz, again based on the numer-
ical data (e.g. ≈ × ≈ ≈v v v0.6290 0.7320 0.45242 3 6), we assume that these numbers are 
multiplicative, i.e. that

∏ α=
|

vm

p m

p

for some positive real numbers αp. (Here and from now on we make the convention that 
the letter p always denotes a prime, and no longer write this in the products.) Then for 

( )R >s 1 we have

( ) ( )
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟∏ ∏ ∏

α α α α
ζ

α
= + + + = +

−
= +

−
�V s

p p p p
s

p
1 1

1
1

1
,

p

p

s

p

s

p

s
p

p

s
p

p

s2 3

and together with (C.5) this implies that the infinite product ( )∏ + α −
1p p

1p  converges 

and equals λ. The same argument applied to (C.4) with ⩾m 1 arbitrary gives

( ) /
⎛

⎝
⎜⎜

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
⎞

⎠
⎟⎟

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟∏ ∏ ∏λ α

α
λ

α
= − +

−
= +

−| |↘ �

s
p p

lim 1 1
1

1
1

.
p m

p
s p m

p

s
p m

p

1

Since λ≠ 0, this equation is consistent if and only if αp for every prime p is the positive 
root of the quadratic equation ( /( ))α α+ − =p1 1 1, i.e. if and only if we choose

( )( )
α =

− + + − +p p p1 1 3

2
.p (C.6)

This gives the result stated in the theorem for both λ λ=1  and the corresponding eigen-
vector v(1). The general case follows the same way, since if λ is any limiting eigenvalue 
of ( )−N C N1  and ( )= …v v v, ,1 2  the corresponding eigenvector, then the entire argument 
goes through unchanged except that it is no longer required that the numbers vp are 
positive, so that we can choose β=vp p rather than α=vp p for finitely many primes p, 
where

( )( )
β =

− + − − +p p p1 1 3

2
p (C.7)

is the Galois conjugate of αp. If we denote by D the product of the primes for which we 
have made this alternative choice, then we get the further eigenvalues

( )
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟∏ ∏ ∏λ

α β
λ α= +

−
⋅ +

−
= −

| |� p p
1

1
1

1
1D

p D

p

p D

p

p D

p1

(in accordance with (C.2)) and corresponding eigenvectors v(D) as given in the theorem.
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Although the above argument was based on several heuristic assumptions, it is not 
hard to prove that it in fact gives the correct answer. First of all, each of the vectors 
v(D) that we produced satisfies the two Ansätze that we made, namely, that the nth 
component of the vector is the product over all primes |p n of its pth component, and 

that the averages ( )( ) ( )vAv m D  exist and equal ( )λ vD
D

m for all ⩾m 1, the latter statement 
being true because ( / )α = + p1 O 1p . Secondly, this averaging property implies that the 

truncated vector ( )( ) ( ) ⩽ ⩽=v vD N D
n n N

,
1  is a near eigenvector of C(N) with near eigenvalue 

λD, in the sense that ∥( ) ∥ ⩽ ∥ ∥( ) ( ) ( )λ ε−−N C v vN
D

D N D N1 , ,  for D and ε> 0 fixed and N 
suciently large, and this in turn implies that the matrix ( )−N C N1  has an eigenvalue 
near λD, because if …V V, , N1  denote an orthonormal system of eigenvectors of ( )−N C N1  
with corresponding eigenvalues ξ ξ…, , N1 , then from

∑λ ξ λ ξ λ− = − − ⋅−

=
N C v v V v, minN

D
D N

i

N

i D
D

i
i N

i D
D N1 , 2

1

2 2

1

2 , 2∥( ) ∥ ( ) ( ) ⩾ ( ) ∥ ∥( ) ( ) ( )
⩽ ⩽

( )

we obtain ⩽⩽ ⩽ ξ λ ε| − |min i N i D1 . This shows that the eigenvalues λD indeed belong to 
the limiting spectrum of ( )−N C N1 . To see that there are no others, we observe that

(( ) )
( )

( )( )

⩽ ⩽
( )

∑ ∑ξ
ζ

= = = +
=

−

=

N C
N

Tr
1 1

2
o 1

i

N

i
N

m n N
m n

1

2 1 2
2

1 ,
, 1

(where for the last equality we have used the easy and well-known fact that the proba-

bility of two large random integers being coprime is equal to ( ) ( )ζ∏ − =− −p1 2p
2 1), while

( )( ) ( )( )

( )

⩾
 

⎡

⎣
⎢
⎢

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎤

⎦
⎥
⎥

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

∑ ∏

∏

λ

ζ

=
− + − +

+
− − − +

= − =

p p p

p

p p p

p

p

1 1 3

2

1 1 3

2

1
1 1

2

D
D

D
p

p

1
squarefree

2

2 2

2

(where we have used the fact that ( ) ( ( )) ∑ = ∏ +f D f p1D psquarefree  for any multiplica-

tive function f(n)). The inequality of these two numbers show that no non-zero eigen-
values have been missed, since all of the ξi are real and therefore have non-negative 
squares.

C.4. Second approach via moments

The argument just given for the trace of ( )( )C N 2 can be extended to other powers. For 
⩾M 1 we set

(( ) )
→

( )
=

∞
t

C

N
lim

tr
.M

N

N M

M (C.8)

For M  =  1 this is 0 since C  (N) has trace 1, and for M  =  2 it equals ( )ζ −2 1 ( /π= 6 2), as 

we just saw. In general, it is not hard to see that the limit defining tM exists for any 
M and gives the probability that a cycle of M random large integers has every pair 
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of neighbors coprime. Since the coprimality of two integers is equivalent to the non-

existence of a prime dividing both of them, we have ( )= ∏t t pM p M , where the prod-

uct is over all primes p and tM( p ) denotes the probability that a random cycle of M 

integers (mod p) has no pair of adjacent 0’s, i.e. ( ) ( )/=t p N p pM M
Mcyc  where ( )N pM

cyc  

is the number of M-tuples ( )…n n, , M1  with ⩽ ⩽ −n p0 1i  and none of the M pairs 
( ) ( ) ( )… −n n n n n n, , , , , ,M M M1 2 1 1  equal to (0, 0). Similarly, the limiting value

( )
→

( )
=∗

∞

−

t
f C f

N
limM

N

t N M

M
1

1
1

 (C.9)

where ( )= …f 1, , 11  as before, exists and equals the probability that a random M-tuple 
(rather than M-cycle) of large integers has only coprime neighbors, which again factors 

as ( ( )/ )∏ N p pp m
M  with NM( p ) being the number of M-tuples of integers in { }… −p0, , 1  

with no two adjacent 0’s. Both ( )N pM
cyc  and Nm( p ) are polynomials in p, with the first 

values being given by
and the further ones by the recursive formula

( ) ( ) ( ( ) ( )) ( ) ( ) ( ( ) ( ))= − + = − +− − − −N p p N p N p N p p N p N p1 , 1M M M M M M
cyc

1
cyc

2
cyc

1 2

for all ⩾M 3. To see this, we denote by NM,a,b( p ) the number of M-tuples of integers in 
{( }… −p0, , 1  beginning with a and ending with b. Since this number only depends on 
whether a and b are equal to 0 or not, and is symmetric in a and b, we have

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ( ) ( ) ( ) ( ) ( )

⩽ ⩽
( ) ( )

⩽ ⩽

∑

∑

= = − + −

= = − + − +

−
≠

−

N p N p p N p p N p

N p N p p N p p N p N p

1 2 1 ,

1 2 1

M
a b p

a b

M a b M M

M
a b p

M a b M M M

cyc

0 , 1
, 0,0

, ,
2

,1,1 ,1,0

0 , 1
, ,

2
,1,1 ,1,0 ,0,0

together with the recursive formula

( ) ( ) ( ) ( )  
 

⎧
⎨
⎩

= − + ⋅
≠
=− −N p p N p N p

b

b
1

1 if 0,

0 if 0,
M a b M a M a, , 1, ,1 1, ,0

from which we obtain by induction on M the closed formula

( )( ) ( )
( ) ( )

⎛
⎝
⎜

⎞
⎠
⎟

⎛
⎝
⎜

⎞
⎠
⎟=

−
−

−N p N p

N p N p

p

p

1 1

1 0
1 1
1 0

.
M M

M M

M
,1,1 ,0,1

,1,0 ,0,0

2

Combining these formulas, we obtain the special values and recursions for NM( p ) and 

( )N pM
cyc  given above. As a further consequence, we also find

M   1 2 3 4 5

( )N pM
cyc p  −  1 p2  −  1 p3  −  3p  +  2 − + −p p p4 4 14 2 − + −p p p5 5 15 3 2

( )N pM p p2  −  1 p3  −  2p  +  1 − +p p p3 24 2 − + + −p p p p4 3 15 3 2
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)( ) / /
/

( )( ) ( )( )
⩾

 

⎛

⎝
⎜⎜
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎛

⎝

⎜
⎜
⎜

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎞

⎠

⎟
⎟
⎟

∏ ∏

∏ ∑ λ

= =
−
−

=
− + − +

+
− − − +

=

t
N p

p

p p

p

p p p

p

p p p

p

tr
1 1 1

1 1 0

1 1 3

2

1 1 3

2

M

p

M
M

p

M

p

M M

D
D

D
M

cyc

1
squarefree

for all ⩾M 2. This equality of traces gives another way to see that the limiting non-
zero spectrum of ( )−N C N1  is the set of real numbers λD. Finally, we can use the above 

formulas for ( )N pM
cyc  and NM( p ) to calculate the values of ( ( )/ )= ∏t N p pM p M

Mcyc  and 

( ( )/ )= ∏∗t N p pM p M
M  numerically by the same method as was used in section 2 for λ1, 

obtaining the approximate values

for small M, with / ( ) /ζ π= = =∗t t 1 2 62 2
2 and =∗t t4 3. We can also use them to give a 

closed formula for NM( p ) for any M by diagonalizing the matrix )⎛
⎝
⎜ −

−
p

p

1 1

1 0
, and from 

this deduce a formula for the ‘universal ratio’ ( / )→∞
∗t tlimM M M  as an Euler product, but 

this will be done in an easier way in the next section.

C.5. Third approach: change of base

Since the matrix C  (N) has all components equal to 0 or 1, the rescaled matrix ( )−N C N1  
tends pointwise to 0, even though its spectrum converges. However, we can make a 
change of basis over Z in such a way that new matrix of converges pointwise to a well-
defined operator of Hilbert–Schmidt type whose spectrum is the limiting spectrum of 

( )−N C N1 . Specifically, we denote by en ( ⩽ ⩽n N1 ) the nth standard basis element of ZN 
and by fd ( ⩽ ⩽d N1 ) the vector of length N with nth component 1 if |d n and 0 if �d n, 
the first few values being

( ) ( )
( ) ( )
( ) ( )

= … = …
= … = …
= … = …

e f

e f

e f

1, 0, 0, 0, 0, 0, , 1, 1, 1, 1, 1, 1, ,

0, 1, 0, 0, 0, 0, , 0, 1, 0, 1, 0, 1, ,

0, 0, 1, 0, 0, 0, , 0, 0, 1, 0, 0, 1, .

1 1

2 2

3 3

The relationship between the bases can be expressed algebraically as

( / )
⩽ ⩽ ⩽ ⩽
∑ ∑ µ= =

| |

��

�

f e e m f,d
n N
d n

n
m N
m

m
1 1 (C.10)

where in the second equation ( )µ k  denotes the Möbius function (equal to (−1)r if k is 
the product of r distinct primes and to 0 if k is not squarefree) and we have used the 
standard Möbius inversion formula. Hence the (d, m)-component of the matrix B(N) 
representing C  (N) with respect to the basis {fd} is

M   1  2 3 4 5 6

tM 0 0.607 927 101 85 0.286 747 428 43 0.217 778 716 62 0.142 364 144 03 0.097 875 645 75
∗tM 1 0.607 927 101 85 0.428 249 505 68 0.286 747 428 43 0.195 483 479 37 0.132 393 584 04
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∑ ∑ ∑µ µ µ= = = +

|
|

= | |

�
�
�

B m m m
N

m d
1

,
O 1 ,N

dm
n N
d n

m

n

n N
d n m n

1

, 1

1
,

( ) ( / ) ( ) ( ) (
[ ]

( ))( )

⩽ ⩽
( )

⩽ ⩽

where [ ]
( )

=d m,
dm

d m,
 denotes the least common multiple of d and m. Thus ( )−N B N1  conv-

erges pointwise to the infinite matrix ( )( )
[ ] N

= µ

∈
B

m

m d d m, ,
. The mth column of this matrix 

vanishes identically if m is not squarefree and its dth and ′d th rows are proportional 
if d and ′d  have the same prime factors, so the non-zero eigenvalues of B are the same 
as those of the 

∼
B  consisting of the rows and columns of B with square-free indices (i.e. 

( ) ) =
∼
B Bdm d m, squarefree . This reduced matrix 

∼
B  is simply the tensor product over all 

primes p of the ×2 2 matrix 
⎛
⎝
⎜

⎞
⎠
⎟−

−
p

p p

1 1

1 1

/
/ /  corresponding to { }∈m d p, 1, , and since the 

eigenvalues of this matrix are equal to 
( )( )− ± − +p p p

p

1 1 3

2
 we see that the eigenvalues of 

∼
B  are indeed precisely the numbers λD (D squarefree) defined in theorem 1.

The following theorem gives a more precise version of this. Recall that an operator 
on a Hilbert space is called Hilbert–Schmidt if the trace of its product with its adjoint 
(=the sum of the squares of the absolute values of its matrix coecients with respect 
to any orthonormal basis of the space) converges.

Theorem 2. 

 a. Let H be the Hilbert space defined as the completion of the vector space of finite lin-
ear combinations of vectors fn ( ⩾ )n 1  with respect to the norm defined by the posi-
tive definite bilinear form ⟨ ⟩ /[ ]=f f m n, 1 ,m n . Then the linear operator →H HB :  
defined by

( ) ( )
[ ]

( ⩾ )∑
µ

=
=

∞

B f
n

m n
f m

,
1m

n
n

1
 (C.11)

  is a Hilbert–Schmidt operator and the spectrum of ( )−N C N1  converges as → ∞N  to 
the spectrum of B.

 b. The eigenvector v (D) of B with eigenvalue λD (squarefree) is given by

( ) ( )( )

⩾
 

( ) ( )∑ ∏ ∏α β= = − ⋅ −
| | |

� �
�

v v f v, 1 1 .D

n
n

n
D

n n
D

p n p D

p

p n p D

p
1

squarefree
, , (C.12)

 c. The vectors v (D) are orthogonal, with the scalar product ⟨ ⟩( ) ( )=H v v: ,D
D D  given for 

D  =  1 by

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟∏

α
= +

−
= �H

p
1

1
0.499 578 992 264 678 470 66

p

p
1

2

 (C.13)

  and for general D by
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( )
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟∏ ∏ ∏

α β
α= +

−
+

−
= +

| |�

H
p p

H p1
1

1
1

.D

p D

p

p D

p

p D

p

2 2

1 (C.14)

Proof. The bilinear form in the theorem is positive definite because the scalar prod-
uct of the vectors fm and fn in RN as defined in (C.10) equals /[ ] ( )+N m n N, O  for N 
large and the number ⟨ ⟩f f,m n  is just the limiting value of 1/N times this as → ∞N . 
(In other words, if we rescale the scalar product in RN by 1/N then the vectors fn as 
defined in (C.10) have well-defined limits in H, which we have denoted by the same 
letter, whereas the original basis vectors en all tend to 0 in the limit.) The formula 
(C.11) for the matrix B with respect to the basis {fn} of H follows from the discus-
sion preceding the theorem. The matrix B is self-adjoint because ⟨ ( ) ⟩�B f f,m  is given 
by the sum ( )/[ ][ ]µ∑ =

∞ �n m n n, ,n 1 , which converges and is symmetric in m and � (its 
value, which will not be need, is ( ) / ( / )ζ ∏ +−

| p2 1 1p mn
1  if m and n are coprime and 0 if 

they are not), and is then of Hilbert–Schmidt type because ( )BTr 2  is given by the sum 

( ) ( )/[ ]⩾ µ µ∑ m n m n,m n, 1
2, which is convergent (with value ( / / ) / ( )ζ∏ − + =p p1 2 1 1 2p

2 2 ). 
It is perhaps worth noting that a direct proof of the positive-definiteness property, 
without using the interpretation of the fn as limits of rescaled vectors in RN, can be 
given by making the change of basis

( / )∑ ∑µ= =∗

| |

∗f n d d f f
n

f,
1

,m
d n

d n
d n

d

since a simple calculation shows that this new basis is orthogonal, with ⟨ ⟩ ( )δ ϕ=∗ ∗f f n,m n m n, . 
(Here ( )ϕ n  is the ‘Euler totient function’, defined as the number of residue classes mod-
ulo n prime to n or by the formulas ( ) ( / ) ( / )ϕ µ= ∑ = ∏ −| |n n d d n p1 1d n p n .) This gives 

an alternative description of H as the space of vectors ∑ ∗a fn n with ( )ϕ∑| | =a n 1n
2 . 

Another remark is that the operator B defined by (C.11) maps H to the subspace 
∼
H 

spanned by the fn with square-free n, so that the non-zero spectrum of B coincides with 

that of = |
∼

∼B B H . (Compare the discussion of 
∼
B  preceding the theorem, or the discussion 

of ‘equivalence classes’ in section 3 of the main paper.)
This completes the proof of part a. of the theorem. The formula in b. for the limiting 

value of the coecients of the eigenvector v(D) with respect to the basis {fn} is an easy 
consequence of equations (C.3) and (C.10), and is left to the reader. Equation (C.13) 
follows from (C.12) because

⟨ ⟩
[ ]

( )( ) ( )

⩾
 

( ) ( )
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

∑ ∏ ∏
α α α

= = +
−

+
−

= +
−� �

v v
v v

m n p p p
,

,
1 2

1 1
1

1

m n
m n

m n

p

p p

p

p1 1

, 1
, squarefree

1 1 2 2

(where the numerical value is computed by the same method as already used for λ1 in 
section 2 and for tM and ∗tM in section 4), and (C.14) is proved in the same way with 
αp replaced by βp whenever |p D. Finally, the orthogonality of v(D) and ( )′v D  for ≠ ′D D   
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follows because ⟨ ⟩( ) ( )′v v,D D  is given by an Euler product whose pth Euler factor for a 

prime p dividing exactly one of D and ′D  equals 
( )( )+ + + =α β α β− − − −

1 0
p p p

1 1 1 1p p p p .

We can use the results of theorem 2 to give alternative formulas for the traces tM 
and ∗tM considered in the last section. Indeed, by a calculation similar to the one for 

⟨ ⟩( ) ( )v v,D D  we find

⟨ ⟩( )

⩾
 

( )
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

∑ ∏ ∏
α β

λ= = +
−

+
−

=
|

�

�

v f
v

n p p
, 1

1
1

1
D

n
n

n
D

p D

p

p D

p
D1

1
squarefree

 (C.15)

for all squarefree D, and hence

( ) ⟨ ⟩
⩾

 
⩾

 

∑ ∑λ
λ

= = = =∗ −
+

t B t B f f
H

Tr , , ,M
M

D
D

D
M

M
M

D
D

D
M

D1
squarefree

1
1 1

1
squarefree

1

 (C.16)

(By (C.2) and (C.14) both of these numbers have Euler products that can be checked  
to agree with those given in section 4.) Since λ λ> | |D1  for all ≠D 1, this also gives the 
value

→

λ
= =

∞

∗

�
t

t H
lim 1.358 068 019 151 622 654 52

M

M

M

1

1
 (C.17)

for the ‘universal ratio’ mentioned at the end of section 4. □

C.6. Degeneracies

In the previous section we gave an algebraic proof of the orthogonality of the eigen-
vectors v(D) for distinct squarefree integers D. This orthogonality would of course be 
automatic from the eigenvalue property of the vectors v(D) if we knew that the eigen-
values λD as defined in theorem 1 are all distinct. Surprisingly enough, however, this 
‘multiplicity one’ statement is false, and in fact there are infinitely many degenerate 
eigenvalues, and almost certainly also eigenvalues having an arbitrarily large multiplic-
ity (degeneracy). Although it is something of a digression, we include a brief discussion 
of this phenomenon here, especially as the multiple eigenvalues of B play a role in the 
study of the spectrum of the complementary coprimality matrix considered in the next 
section.

The degeneracy of eigenvalues is a very rare phenomenon, the only example under 
250 000 being given by λ λ= ≈ − × −2.85 10207 949 238 141

6, and the only other examples 
with coprime indices under 10 000 000 being given by λ λ= ≈ − × −1.78 10479 695 492 331

6 
and λ λ= ≈ × −1.78 10420 595 561 511

6. (There are 35 other pairs of indices under 107 
with equal eigenvalues, but they are all multiples of one of these three pairs and 
are therefore not interesting, since if λ λ=D D1 2 for some squarefree numbers D1 and 
D2 with ( ) = >D D D, 11 2 3 , then /λD D1 3

 and /λD D2 3
 are already equal and λD1 and λD2 

are just obtained by multiplying them by /λ λD 13 .) To see why these examples hold, 
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we note that λD for general squarefree D equals ( )λ µ ε∏ |D p D p1  where εp is the qua-

dratic unit 
( )( )+ − − +p p p1 1 3

2
 of norm 1 and trace p  +  1. In the first example we have 

= × ×207 949 7 61 487, while 238 141 is prime, and also ε α=7 , ε α=61
2, ε α=487

3 and 
ε α=238 141

6, where α = −4 15, so that λ λ α α α λ α λ= − = − =207 949 1
2 3

1
6

238 141. In the 
second and third examples we have the prime factorizations = × ×479 695 5 197 487,  

= × ×492 331 7 61 1153, = × × ×420 595 5 7 61 197 and = ×561 511 487 1153 and also  

ε β=5 , ε β=197
3 and ε β=1153

4, where β = −3 2 2, so λ λ λ= = − =479 695 492 331 420 595  
λ λ α β− = −561 511 1

3 4.
The general picture is as follows. For any integer ⩾c 1 we denote by ( )N c  the set 

of integers ⩾n 1 for which 2Tn(c)  −  1 is prime, where Tn(c) denotes the nth Chebyshev 
polynomial (defined by ( ) θ=T c ncosn  if θ=c cos ). Standard conjectures of number 
theory imply that

 (a) the set ( )N c  is infinite for every c, and
 (b) any finite subset N⊂I  is contained in ( )N c  for infinitely many values of c.

Indeed, for (a) the standard heuristics of number theory imply that the probability of 
each number 2Tn(c)  −  1 being prime should be inversely proportional to its logarithm, 
which grows linearly with n, so that (assuming that these probabilities are indepen-
dent) the number of integers ⩽n n0 belonging to ( )N c  should grow roughly like nlog 0 
as → ∞n0 , while for (b) we use that any fixed finite collection of irreducible poly-
nomials in one variable are expected to have all of their values prime for infinitely 
many integer values of their argument (Hardy-Littlewood conjecture). Now if c is an 
integer for which the set ( )N c  contains (say) the set {1, 2, 3, 4}, which by (b) should 
occur infinitely often, then we have λ λ=p p p p1 4 2 3

, where pn for ( )∈Nn c  denotes the 
prime 2Tn(c)  −  1, because from the definition of the Chebyshev polynomials we have 

ε ε=p p
n

n 1
. This already gives us a conjectural set of approximately /( )/X Xlog1 5 4 pairs of 

squarefree integers ⩽ X with equal eigenvalues, and a larger set of expected cardinality 

about /( )/X Xlog1 3 3 can be obtained by taking c with ⊃( ) { }N c 1, 2, 3  and then using the 
equality λ λ=p p p487 4273 1 2

 (or λ λ=p p p427 4873 1 2
) if ∩ = ∅p p p, , 7, 61, 4871 2 3{ } { } . As a more 

elaborate example, we have that ( ) { }⊇N c 4, 6, 8, 10, 16, 18, 24, 36  for c  =  2870, so that 
we have λ ε λ=D

54
1 for each { }∈D p p p p p p p p p p p p p p, , ,18 36 6 8 16 24 4 8 18 24 4 6 8 36  and λ ε= −D

58 

for each { }∈D p p p p p p p p p p p p p p, , ,16 18 24 6 16 36 4 18 36 4 6 8 16 24 , where ε = − −2870 2870 12 . 
However, the indices of these multiplicity 4 examples are fairly huge, since the primes 

factors involved are large, ranging from =p 1085 544 213 969 6014  to ≈ ×p 2 1036
135, and 

the eigenvalues with these high multiplicities are corresponding tiny: ε ≈ −1054 203 and 
ε− ≈ − −1058 218. Finally, we note that (assuming the conjectural statement (b) above) 

we can get eigenvalues of large multiplicities either by taking c with ⊃( ) { }…N c k1, ,  
with k large or by taking many values of c with ⊃( ) { }N c 1, 2, 3  and multiplying the 
corresponding indices. But for the statement that there are infinitely many degenerate 
eigenvalues no conjecture is needed, since for this we can simply take any pair of the 
form ( )p p207 949 , 238 141  with p a large prime.
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C.7. The complementary coprimality matrix

So far we have been studying the spectrum of the matrix C  (N) for large N, corre sponding 
in the terminology of the main body of the paper to the ‘antiferromagnetic’ case. But 
one is also interested in the ‘ferromagnetic’ case, corresponding to the complementary 
coprimality matrix ( )=C C N  defined by

 ( )
 ( )

( ⩽ ⩽ )
⎧
⎨
⎩

= − =
=
>

C C
m n

m n
m n N1

0 if , 1

1 if , 1
1 , .mn mn

In this final section of the appendix we discuss the asymptotic spectrum of ( )−N C N1  for 
large N.

Since the first row and column of this symmetric ×N N  matrix vanish identically, 
we could omit them, in which case ( )C N  would coincide with the ( ) ( )− × −N N1 1  
matrix Φ studied in the main body of the paper (where N was denoted by q). The 
pth row and column of C  also vanish identically if p is a prime with / ⩽<N p N2 , so 

this matrix is not primitive (we have ( ) =C 0M
pp  for all m), but if we remove these 

oending rows and columns, which only removes some 0’s from the spectrum of C , 
then the resulting matrix is primitive (its 4th power has strictly positive entries, as 
one checks easily) and hence again has a Perron–Frobenius eigenvalue κ > 0PF  and 
eigenvector wPF. We can again find these rapidly even for quite large N, and again 
we find that the numbers /κ NPF  and the components of =w wPF (now normalized by 
w2  =  1, since w1 vanishes identically) converge numerically to the values 0.546 36 and 

( )= …w 0, 1, 0.5626, 1, 0.3003, 1.193 94, 0.2043, 1, 0.5626,  (again corresponding to 
=N 10 000, and where again the value of wn depends only on the radical of n). Similarly, 

by computing the characteristic polynomial of the whole matrix ( )−N C N1  (now only up 
to N  =  1000), we find that its eigenvalues and eigenvectors again converge, with the 
three smallest and three largest limiting eigenvalues having the approximate values 
( )− − −0.073 48, 0.046 05, 0.033 58  and ( )0.1264, 0.2041, 0.5464 .

We were not able to find any ‘closed form’ expression for any of these numbers. 
However, the following theorem and its proof give an explicit (and, as we will see after-
wards, numerically eective) description of the limiting spectrum of ( )−N C N1  and of the 
corresponding eigenvectors. To state it, we first observe that, by the same arguments 

as in the case of the original coprimality matrix, the limiting spectrum of ( )−N C N1  is 
the same as the spectrum of the map →H HB :  defined by

( ) ⟨ ⟩ ( ) ( )= − ∈HB w w f f B w w, ,1 1 (C.18)

which is again a Hilbert–Schmidt operator since it diers from  −B by an operator with 
a finite- (actually, one-) dimensional image. To describe the spectrum of this operator, 
we introduce the function

( ) /
∑
λ
λ

=
+

F x
H

x
,

D

D D

D

2

 (C.19)

with λD and HD as in theorems 1 and 2. (Here and from now on we write simply ∑D to 

denote a sum over positive squarefree integers D.) Since / ( / )λ =H DO 1D D
2 3 , the sum in 

(C.19) is absolutely convergent for \ { }C λ∈ −∗x D  and defines a meromorphic function in 
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C∗ with simple poles at the negatives of the eigenvalues λD and no other singularities. 
The spectrum of B  is then given as follows.

Theorem 3. The spectrum of B  consists of the roots κ of the equation ( )κ =F 1  together 
with the negatives of the of the multiple eigenvalues of B. Moreover, the eigenvalues of B  
are intertwined with the eigenvalues of  −B in the sense that in each connected comp onent 
of ( ) \ { }λ λ λ− ∞ − − …, , ,1 2 3  there is precisely one eigenvalue of B , with multiplicity one, 
while if λ≠ 0 is an eigenvalue of B with multiplicity ⩾m 2 then λ−  is an eigenvalue of B  
with multiplicity exactly m  −  1.

Proof. The Hilbert–Schmidt property of B  guarantees that H has a basis consisting 
of orthogonal eigenvectors for this operator. Suppose that w is an eigenvector with 
 eigenvalue κ≠ 0. We have to distinguish two cases, according as ⟨ ⟩w f, 1  vanishes or not. 
In the first case it follows from (C.18) that w is also an eigenvector of B, with eigen-
value κ− , so κ λ= − D for some positive squarefree integer D. This integer need not be 
unique, as we saw in the last section, but (since →λ| | 0D  as → ∞D ) there are at most 
finitely many indices …D D, , m1  with λ κ= −Di . By (C.15) we know that all of the ( )v Di  
have the same scalar product with f1, so w, which is orthogonal to f1 by assumption, 
belongs to the (m  −  1)-dimensional subspace of H spanned by the vectors ( ) ( )−v vD Di m  
with ⩽ ⩽ −i m1 1, and conversely any vector w in this subspace satisfies ( ) κ=B w w. 
This takes care of the cases in the theorem where the eigenvalue of B  coincides with 
some eigenvalue of  −B. We can therefore now assume that the scalar product ⟨ ⟩w f, 1  
is non-zero, and then by rescaling w that it is equal to 1. Write w in terms of the   

eigenbasis {v(D)} of H as ( )∑ c vD D
D  with coecients R∈cD  satisfying ∑ < ∞c HD D D

2 . 

Then equations (C.18) and (C.15) give

( ) ( ) ( )( ) ( )∑ ∑κ λ
λ

+ = + = =c v B w B w f
H

v ,
D

D D
D

D

D

D

D
1

from which we deduce κ λ+ ≠ 0D  and 
/= λ

κ λ+
cD

HD D

D
 for all D. Now substituting this form-

ula into the equation ⟨ ⟩ =w f, 11 , and using (C.15) once again, we find that ( )κ =F 1 as 
claimed. The fact that there is precisely one value of κ between any two consecutive 
distinct eigenvalues of  −B follows from the fact that ( )′F x  is negative whenever it is 
finite, so that F(x) is strictly monotone decreasing between any two consecutive poles 
and hence assumes the value 1 precisely once in any such interval. □

We can use theorem 3 to compute the first few eigenvalues κ. The sum (C.19) 
already converges like ∑ −DD

3, as mentioned above, but if we want to obtain the roots 
of F(x)  =  1 to high precision then this is not good enough. (For instance, with 10 000 
terms we would only get about 8 digits of precision, and to get 30 digits we would need 
an unrealistic 1015 terms.) To get faster convergence, we write

( ) ( ) ( )
( )

( ) ( ) /⎛

⎝
⎜

⎞

⎠
⎟∑ ∑ ∑ ∑

λ λ λ
λ

λ
λ

=
−

+
−

+
=

−
+

−
+=

−

=

− ∗ +

F x
H x x x

t

x x

H

x

1 1

D

D

D M

A
D

M

M

D
A

A
D M

A M
M

M

A

A
D

D
A

D

D

2

1

1

1

1 1

(here we have used (C.16) for the second inequality) for any integer A  >  0, where the 

infinite sum now converges like ∑ − −D A 3. We can now calculate F(x) to very high 
precision and compute the points where it takes on the value 1, finding in par ticular 
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that the largest one (Perron–Frobenius eigenvalue of B ) has the numerical value 
…0.546 378 925 029 402 757 790 447 81 , in very good agreement with the exper imental 

values quoted at the beginning of the section, and that the next five values are equal 
roughly to 0.203 916 198, 0.126 014 340, 0.090 504 259, −0.073 640 081, and −0.045 951 975, 
again in good agreement with the numerical data.

There is in fact yet another way to calculate F(x), in which the convergence 
becomes exponential rather than merely (inverse) polynomial, and we give this as well 
since it leads naturally to our last topic, the study of the moments of B . Denote by 

( ) ⩾= ∑∗ ∗T x t xM M
M

1  the generating series of the numbers ∗tM discussed in section 4. Since 

( )λ=∗t OM
M

1 , this series converges for λ| | < −x 1
1, and from equation (C.16) we find

( ) ( / )∑ ∑ ∑
λ λ

λ
= =

−
= − −∗

=

∞ +

T x
H

x
H

x

x
F x

1
1

M D

D
M

D

M

D

D

D D1

1 2

 (C.20)

for such x. We can then combine the two expansions by writing

( )
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟∑ ∑ ∑

λ
λ

λ
=

−
+ −

λ λ

∗

| |> =

∞
∗

| |>

+

T x
H

x

x
t

H
x

1c

D

D D M
M

c

D
M

D

M
2

1

1

D D

for any constant c  >  0, where the first sum is finite and the second converges with 

exponential rapidity for | | < −x c 1, making it evident that T *(x) has a meromorphic 

continuation to all of C∗ with simple poles at λ= −x D
1 as its only singularities. We end 

by showing how to use the function T *(x) to compute the cyclic and free-boundary-
condition moments

( ) ⟨ ⟩
⟨ ⟩
⟨ ⟩∑ ∑κ κ= = = =∗ −s B s B f f
w f

w w
Tr , ,

,

,
M

M

j
j
M

M
M

j

j

j j
j
M

1 1
1

2
1

 (C.21)

(the analogues for B  of the numbers tM and ∗tM studied in section 4), where in the second 
expression in each case {wj} denotes an orthogonal system of eigenvectors of B  with 
eigenvalues κj. A simple combinatorial argument (which we omit) starting with (C.18) 
shows that these numbers are computed in terms of the original moments tM and ∗tM by

( ) ( )
⩾

∑ ∑= − +
−

=

−

…
+ + =

∗ ∗�

�

s t M
k

t t1
1

M
M

M

k

M M k

M M
M M M

M M
1 , , 1k

k

k

1

1

1 (C.22)

and

( )
⩾

∑ ∑= −∗

=

−

…
+ + =

∗ ∗�

�

s t t1 .M
k

M
M k

M M
M M M

M M
1 , , 1k

k

k

1

1

1 (C.23)

Introduce the characteristic power series ( ) ( )λ∆ = ∏ −x x1B D D  and ( ) ( )κ∆ = ∏ −x x1B j j . 

From the expansion ( )− = − ∑xlog 1 M
x

M

M

 we deduce that ( )( )∆ = − ∑x texpB M M
x

M

M

 and 

similarly for ∆B  with tM replaced by sM, so multiplying (C.22) by ( ) /− − x M1 M M1  and 
summing over ⩾M 1 we get
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( ) ( ) ( ) ( ) ( ) ( ( ))∑∆ − = ∆ +
−

= ∆ + +
=

∞ − ∗
∗x x

T x

k
x T xlog log

1
log log 1 .B B

k

k k

B

1

1

or ( ) ( )( ( ))∆ − = ∆ + ∗x x T x1B B . This gives another proof of the theorem, since the zeros 
of ( )( ( ))∆ + ∗x T x1B  are the zeros of ( )∆ xB  with multiplicity reduced by 1 (an eigen-
value of multiplicity m of B corresponds to an m-fold zero of ∆B and a simple pole of 
T *) together with the zeros of 1  +  T *(x), which by (C.20) are precisely the roots of 
F(−1/x)  =  1. It also gives another way to obtain the eigenvalues κ numerically, since 
the function ( )( ( ))∆ + ∗x T x1B  is entire and hence has a power series expansion with 
coecients tending to zero more than exponentially quickly (as we can check numer-

ically using the values computed in section 4; for instance, the numbers t100 and ∗t100 
are of the order of λ ≈ −101

100 17, while the 100th coecient of the product of the power 

series ( / )− ∑ t x Mexp M
M  and 1  +  T *(x) is of the order of 10−186) and hence can be used 

to compute ( )∆ xB  accurately for any x. In the same way, multiplying (C.23) by (−x)M 
and summing over M we obtain the formula

( ) ( ) ( )
( )∑+ − = − =

+
∗

=

∞
∗

∗S x T x
T x

1 1
1

1k

k k

0

for the generating series ( ) ⩾= ∑∗ ∗S x s xM M
M

1  of the moments ∗sM in terms of the gen-

erating series T *(x) of the ∗tM. This in turn allows us to calculate the ‘universal ratio’ 

→∞

∗

limM
s

s
M

M
, since − ∑ −s xM M

M 1, the logarithmic derivative of ( )∆ xB , has a simple pole 

with residue 1 at its smallest singular point /κ=x 1 PF (inverse Perron–Frobenius eigen-

value) while ∑ ∗s xM
M has a simple pole of residue / ( / )κ− −′∗T1 1 PF  at the same point, 

giving

( )→ κ κ
=

−
=

′∞

∗

�
s

s F
lim

1
1.294 408 632 903 071 274 ,

M

M

M PF PF
 (C.24)

in good numerical agreement with the value obtained experimentally in the main body 

of the paper. More generally, from the expression 
/ ( )= ∑ λ

κ λ+
w vD

H DD D

D
 proved above for the 

v(D)-expansion of an eigenvector w of B  with eigenvalue κ, normalized by ⟨ ⟩ =w f, 11 , we 

obtain the formula ⟨ ⟩ ( )/
( )

κ= ∑ = − ′λ
κ λ+

w w F,
HD D

D

2

2  for any κ, so that (C.24) also follows 

from (C.21).

References

 [1] Ribenboim P 2004 The Little Book of Bigger Prime Numbers (New York: Springer)
 [2] Ribenboim P 2000 My Numbers, My Friends: Popular Lectures on Number Theory (New York: Springer)
 [3] Schroeder M R 1990 Number Theory in Science and Communications (New York: Springer)
 [4] Zagier D 1977 The first 50 million prime numbers Math. Intell. 0 221–24
 [5] Bateman P and Diamond H 1966 A hundred years of prime numbers Am. Math. Mon. 103 729–41
  Newman D J 1980 Simple analytic proof of the prime number theorem Am. Math. Mon. 87 693–6
  Zagier D 1997 Newman’s short proof of the prime number theorem Am. Math. Mon. 104 705–8
 [6] Young R M 1992 Excursions in Calculus. An Interplay of the Continuous and the Discrete (Dolciani  

Mathematical Expositions vol 13) (Washington, DC: The Mathematical Association of America)
 [7] Riemann B 1982 Ueber die Anzahl der Primzahlen unter einer gegebenen Grsse Gesammelte Werke  

(Monatsberichte der Berliner Akademie (Leipzig: Teubner)

https://doi.org/10.1088/1742-5468/aa5bb4
https://doi.org/10.2307/2974443
https://doi.org/10.2307/2974443
https://doi.org/10.2307/2974443
https://doi.org/10.2307/2321853
https://doi.org/10.2307/2321853
https://doi.org/10.2307/2321853
https://doi.org/10.2307/2975232
https://doi.org/10.2307/2975232
https://doi.org/10.2307/2975232


The coprime quantum chain

67https://doi.org/10.1088/1742-5468/aa5bb4

J. S
tat. M

ech. (2017) 033104

 [8] Hardy G H and Wright E M 1938 An Introduction to the Theory of Numbers (Oxford: Oxford University 
Press)

 [9] Baker A 1984 A Concise Introduction to the Theory of Numbers (Cambridge: Cambridge University Press)
 [10] Apostol T M 1976 Introduction to Analytic Number Theory (Undergraduate Texts in Mathematics)  

(New York: Springer)
 [11] Manin Yu I and Panchishkin A A 2005 Introduction to Modern Number Theory (Berlin: Springer)
 [12] Edwards H M 1974 Riemann’s Zeta Function (London: Academic)
 [13] Titchmarsh E C 1986 The Theory of the Riemann Zeta Function (Oxford: Oxford University Press)
 [14] Conrey J B 2003 The Riemann hypothesis Not. AMS 50 342
 [15] Bombieri E 2000 Problems of the Millennium: the Riemann Hypothesis (Cambridge, MA: Clay  

Mathematics Institute)
 [16] Sarnak P 2004 Problems of the Millennium: the Riemann Hypothesis (Cambridge, MA: Clay Mathematics 

Institute)
 [17] Mazur B and Stein W 2016 Prime Numbers and the Riemann Hypothesis (Cambridge: Cambridge  

University Press)
 [18] Polya G 1981–1982 unpublished (c. 1914) see A. Odlyzko, Correspondence about the origins of the Hilbert—

Polya conjecture www.dtc.umn.edu/?odlyzko/polya/index.html
 [19] Berry M V 1986 Riemann’s zeta function: a model for quantum chaos? Quantum Chaos and Statistical 

Nuclear Physics vol 263, ed T H Seligman and H Nishioka (New York: Springer) pp 1–17
  Berry M V 1988 Nonlinearity 1 399–407
  Berry M V and Keating J 1999 SIAM Rev. 41 236
 [20] Connes A 1999 Sel. Math. 5 29
 [21] Sierra G 2007 Nucl. Phys. B 776 327
  Sierra G 2005 J. Stat. Mech. P006
  Sierra G 2008 New J. Phys. 10 033016
  Sierra G and Townsend P K 2008 Phys. Rev. Lett. 101 110201
  Sierra G 2016 The Riemann zeros as spectrum and the Riemann hypothesis (arXiv:1601.01797 [math-ph])
 [22] Fran G and LeClair A 2015 Communications in Number Theory and Physics vol 9 (Somerville, MA:  

International Press)
  LeClair A 2013 Int. J. Mod. Phys. A 28 1350151
 [23] Schumayer D and Hutchinson D A W 2011 Rev. Mod. Phys. 83 307
 [24] Mussardo G 1997 The quantum mechanical potential for the prime numbers (arXiv:cond-mat/9712010)
 [25] Ramanujan S 1919 J. Indian Math. Soc. 11 181172
  Erdos P 1930–1932 Beweis eines Satzes von Tschebyschef Acta Sci. Mat. 5 194–8
 [26] Schroeder M R 1982 Math. Intell. 4 158–61
 [27] Holzhey C, Larsen F and Wilczek F 1994 Nucl. Phys. B 424 443
 [28] Vidal G, Latorre J I, Rico E and Kitaev A 2003 Phys. Rev. Lett. 90 227902
 [29] Korepin V E 2004 Phys. Rev. Lett. 92 096402
 [30] Cardy J L and Calabrese P 2004 J. Stat. Mech. P06002
 [31] Nagura J 1952 Proc. Japan Acad. 28 177–81
 [32] Belavin A A, Polyakov A M and Zamolodchikov A B 1984 Nucl. Phys. B 241 333
 [33] Kogut J B 1979 Rev. Mod. Phys. 51 659
 [34] Sachdev S 2011 Quantum Phase Transitions (Cambridge: Cambridge University Press)
 [35] Blöte H W J, Cardy J L and Nightingale M P 1986 Phys. Rev. Lett. 56 742
 [36] Aeck I 1986 Phys. Rev. Lett. 56 746
 [37] Wu F Y 1982 Rev. Mod. Phys. 54 235
 [38] Slyom J and Pfeuty P 1981 Phys. Rev. B 24 218
 [39] Dotstenko Vl S 1984 Nucl. Phys. B 235 54
 [40] Metropolis N, Rosenbluth A W, Rosenbluth M N, Teller A H and Teller E 1953 J. Chem. Phys. 21 1087
 [41] Cvetkovic D M, Doob M and Sachs H 1980 Spectra of Graphs (New York: Academic)
 [42] Calabrese P, Essler F H L and Mussardo G 2016 J. Stat. Mech. 064001 (Special issue on Quantum  

Integrability in Out of Equilibrium Systems)
 [43] Rossini D, Silva A, Mussardo G and Santoro G 2009 Phys. Rev. Lett. 102 127204
 [44] Calabrese P, Essler F and Fagotti M 2011 Phys. Rev. Lett. 106 227203
 [45] Fagotti M and Calabrese P 2008 Phys. Rev. A 78 010306
 [46] Eisler V and Peschel I 2007 J. Stat. Mech. 06005
 [47] Stephan J-M and Dubail J 2011 J. Stat. Mech. 08019
 [48] De Luca A, Viti J, Bernard D and Doyon B 2013 Phys. Rev. B 88 134301
 [49] Kollath C, Laeuchli A and Altman E 2007 Phys. Rev. Lett. 98 180601

https://doi.org/10.1088/1742-5468/aa5bb4
http://www.dtc.umn.edu/?odlyzko/polya/index.html
https://doi.org/10.1088/0951-7715/1/3/001
https://doi.org/10.1088/0951-7715/1/3/001
https://doi.org/10.1088/0951-7715/1/3/001
https://doi.org/10.1137/S0036144598347497
https://doi.org/10.1137/S0036144598347497
https://doi.org/10.1007/s000290050042
https://doi.org/10.1007/s000290050042
https://doi.org/10.1016/j.nuclphysb.2007.03.049
https://doi.org/10.1016/j.nuclphysb.2007.03.049
https://doi.org/10.1088/1742-5468/2005/12/p12006
https://doi.org/10.1088/1367-2630/10/3/033016
https://doi.org/10.1088/1367-2630/10/3/033016
https://doi.org/10.1103/PhysRevLett.101.110201
https://doi.org/10.1103/PhysRevLett.101.110201
http://arxiv.org/abs/1601.01797
https://doi.org/10.1142/S0217751X13501510
https://doi.org/10.1142/S0217751X13501510
https://doi.org/10.1103/RevModPhys.83.307
https://doi.org/10.1103/RevModPhys.83.307
http://arxiv.org/abs/cond-mat/9712010
https://doi.org/10.1007/BF03024248
https://doi.org/10.1007/BF03024248
https://doi.org/10.1007/BF03024248
https://doi.org/10.1016/0550-3213(94)90402-2
https://doi.org/10.1016/0550-3213(94)90402-2
https://doi.org/10.1103/PhysRevLett.90.227902
https://doi.org/10.1103/PhysRevLett.90.227902
https://doi.org/10.1103/PhysRevLett.92.096402
https://doi.org/10.1103/PhysRevLett.92.096402
https://doi.org/10.1088/1742-5468/2004/06/P06002
https://doi.org/10.3792/pja/1195570997
https://doi.org/10.3792/pja/1195570997
https://doi.org/10.3792/pja/1195570997
https://doi.org/10.1016/0550-3213(84)90052-X
https://doi.org/10.1016/0550-3213(84)90052-X
https://doi.org/10.1103/RevModPhys.51.659
https://doi.org/10.1103/RevModPhys.51.659
https://doi.org/10.1103/PhysRevLett.56.742
https://doi.org/10.1103/PhysRevLett.56.742
https://doi.org/10.1103/PhysRevLett.56.746
https://doi.org/10.1103/PhysRevLett.56.746
https://doi.org/10.1103/RevModPhys.54.235
https://doi.org/10.1103/RevModPhys.54.235
https://doi.org/10.1103/PhysRevB.24.218
https://doi.org/10.1103/PhysRevB.24.218
https://doi.org/10.1016/0550-3213(84)90148-2
https://doi.org/10.1016/0550-3213(84)90148-2
https://doi.org/10.1063/1.1699114
https://doi.org/10.1063/1.1699114
https://doi.org/10.1088/1742-5468/2016/06/064001
https://doi.org/10.1103/PhysRevLett.102.127204
https://doi.org/10.1103/PhysRevLett.102.127204
https://doi.org/10.1103/PhysRevLett.106.227203
https://doi.org/10.1103/PhysRevLett.106.227203
https://doi.org/10.1103/PhysRevA.78.010306
https://doi.org/10.1103/PhysRevA.78.010306
https://doi.org/10.1088/1742-5468/2014/04/p04005
https://doi.org/10.1088/1742-5468/2011/08/p08019
https://doi.org/10.1103/PhysRevB.88.134301
https://doi.org/10.1103/PhysRevB.88.134301
https://doi.org/10.1103/PhysRevLett.98.180601
https://doi.org/10.1103/PhysRevLett.98.180601

