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ABSTRACT: A diagrammatic expansion of coefficients in the low-momentum expansion of
the genus-one four-particle amplitude in type II superstring theory is developed. This is
applied to determine coefficients up to order s R* (where s is a Mandelstam invariant and
R the linearized super-curvature), and partial results are obtained beyond that order. This
involves integrating powers of the scalar propagator on a toroidal world-sheet, as well as
integrating over the modulus of the torus. At any given order in s the coefficients of these
terms are given by rational numbers multiplying multiple zeta values (or Euler-Zagier sums)
that, up to the order studied here, reduce to products of Riemann zeta values. We are
careful to disentangle the analytic pieces from logarithmic threshold terms, which involves a
discussion of the conditions imposed by unitarity. We further consider the compactification
of the amplitude on a circle of radius r, which results in a plethora of terms that are power-
behaved in r. These coefficients provide boundary ‘data’ that must be matched by any
non-perturbative expression for the low-energy expansion of the four-graviton amplitude.

The paper includes an appendix by Don Zagier.
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1. Introduction

The low-momentum expansion (or o’ expansion) of string theory scattering amplitudes
produces an infinite sequence of stringy corrections to Einstein supergravity. Although the
coefficients in the momentum expansion of tree-level amplitudes are easily obtained to all
orders, it is far more difficult to obtain the coefficients in the expansion of higher-genus
contributions. Knowledge of such terms might be of use in constraining non-perturbative
extensions of string amplitudes. However, determining these coefficients is technically
challenging, as we will see.

We will here be interested in the low-momentum expansion of the genus-one scattering
amplitude for four particles in the massless supergravity multiplet. Each external particle
is labeled by its momentum p, (r = 1,2,3,4), where p?> = 0, and its superhelicity ¢,
which takes 256 values (the dimensionality of the maximal supergravity multiplet). The
genus-one amplitude has the form [fl],

genus—1

_ 4
Qe = TR 6o (1.1)

where [ is the integral of a modular function,

2
I(s,t,u) :/ d—;F(s,t,u; T), (1.2)
F T2
where F(s,t,u;7) is defined in eq. (R.1)) and s, ¢, u are Mandelstam invariants! and 7 =
T1+i79 and d?7 = dr1dry = drd7/2. The integral is over a fundamental domain of SL(2,7Z),

defined by
F=A{lnl <L, >1}. (1.3)

The kinematical factor in ([[.])) is given by (see (7.4.57) of [{])

R, 6coca(P1,02,03,04) = (VP SO PP Kapep Koo (1.4)

where the indices A, B on the polarization tensors CfB run over both vector and spinor
values (for example, the graviton polarization is (*¥, where pu,v = 0,1,...,9) and the
tensor K K is defined in [Bl. In the case of external gravitons R reduces to the linearized
Weyl curvature, R0 = —4p, (yjjo Py, and the kinematic factor is R*, which denotes the
product of four Weyl curvatures contracted into each other by a well-known sixteen-index
tsts tensor defined in appendix 9.A of [f. The integrand in ([[.1)) is given by the expectation
value of the product of the vertex operators for the four external states integrated over
their insertion positions on the toroidal world-sheet of complex structure 7.

The expression (|L.1)) is free from divergences. We can anticipate it has a low-momentum
expansion that is the sum of an analytic part and a non-analytic part associated with
threshold singularities,

I(s,t,u) = Iun(s,t,u) + Lnonan (S, t, u) . (1.5)

!The Mandelstam invariants are defined by s = —(p1 + p2)?, t = —(p1 + pa)? and u = —(p1 + p3)? and
satisfy the mass-shell constraint s +t¢ 4+ u = 0.



As shown in [[], the analytic part can be expressed in a power series in the Mandelstam

Ion(s,t,u) ii JPa) (1.6)

p=0 q=0

invariants,

where

o 2 o 3 o 3
Gy = <Z> (+2+u?) 3= (Z) (s +t° +u®) =3 (Z) stu,  (L.7)

and J®9 are constant coefficients that are to be determined. The series ([.f) is the most
general power series in Mandelstam invariants that is symmetric in s, ¢ and u, subject to
s+t +u =0, as follows by making use of the identity,

R o -1 (3 1 (- KR

2p+3q=n

Each term in the series is a symmetric monomial in the Mandelstam invariants of order
r = 2p+3q. For r < 6 there is a single kinematic structure (a single term for a given value

of r), but there is a two-fold degeneracy for r = 6, associated with J (3.9) and J©:2)

, and
thereafter the degeneracy of the kinematic factors increases sporadically.

The nonanalytic terms have branch cuts with a structure that is determined by unitar-
ity. These singularities arise as infrared effects of internal massless states (i.e., supergravity
states) in the loop. The discontinuities across these branch cuts are given by products of
string tree-level amplitudes integrated over the phase space of the (massless) states. The
lowest order term is the one-loop contribution of maximal supergravity, while higher-order
nonanalytic terms arise as stringy effects from higher-order terms in the expansion of the
tree amplitudes. As will become apparent later, the resulting structure of the nonanalytic

contribution to I(s,t,u) is given by a series of terms,

Inonan(57 t, ’LL) = ISuGRA + Lnonan (4) + Inonan (6) + Inonan (7) Tt (19)

where Isygra is the integral that arises in one-loop maximal supergravity. This has a
complicated set of threshold singularities, that have discontinuities in a single Mandelstam
variable, as well as terms that have multiple discontinuities (as will be reviewed in detail in
section ) The nature of the singularities of I,,onen depends on the space-time dimension.
In ten dimensions the higher-order threshold terms, I,,,4n (), have logarithmic branch
points, schematically of the form s" In(—a’s/u,.), where p, is a constant scale. After
compactification on a circle to nine non-compact dimensions they are half-integer powers,
schematically of the form (—a’s)*+1/2 with integer k.

One motivation for evaluating the constants J®9 is to constrain the complete, non-
perturbative, expression for the low-energy expansion of the four-particle amplitude. For
example in the IIB case the exact SL(2,Z)-invariant amplitude must have analytic pieces
of the form

D Epa)(Q,Q) PPN I5IRY, (1.10)
p,q=0



where Q = Q; 4+ iQy = C© + je=? is the complex coupling constant that is given in
terms of the Ramond-Ramond pseudoscalar, C(?), and the dilaton ¢. The explicit power
of the string coupling constant g, = e?® disappears in the Einstein frame and 5(p,q)(Q, Q)
is a modular function that contains both perturbative terms (that are power-behaved in
Q5! = g, for small g,) and non-perturbative (instantonic) contributions (that behave like
e~2m/9s). The genus-one terms arise in (LI0) from the piece of & 4) proportional to
e(1=2p=340)¢/2 j(0:9) " This amplitude may be interpreted in terms of a local effective action
which can be schematically written in the form

o /dl% PP 301912 /G g (Q,Q) DYRY, (1.11)

In this expression the derivatives are contracted into each other and act on the curvature
tensors in R* in a manner that is defined by the functions of the Mandelstam invariants
given in ([L.10). The functions &, 4y are known for (p,q) = (0,0), (1,0), (0,1), and there
are various conjectures at higher orders [§]. In order to test conjectured forms of Elp,g) it
is helpful to have as much information from string perturbation theory as possible.

The aim of the present paper is to develop the expansion of the genus-one amplitude
more systematically in order to explicitly evaluate the coefficients of higher momentum
terms. Since the type ITA and IIB theories have identical massless four-particle scattering
amplitudes up to at least genus three, the calculations in this paper apply to both types
of theory. In section J| we will begin by reviewing the procedure of [[f]. This involves
integrating powers of propagators on the world-sheet torus with fixed modulus 7 = 7 +i79,
followed by an integral over 7.

The ten-dimensional theory is considered in section [, where the analytic terms in the
expansion of the amplitude up to order s R?* are evaluated. In order to analyze these terms
we have to separate the nonanalytic threshold singularities in a well-defined manner. Such
terms arise from the degeneration limit of the torus, in which 7 — oo, so we will divide
the integral over F into two domains: (i) Fr, where 79 < L; (ii) Ry, where 79 > L, with
L > 1. Integration over the truncated fundamental domain F, is carried out in section [
by making use of a theorem of harmonic analysis [ff], and gives rise to the analytic terms
together with an L-dependent piece.

The integral over Ry, considered in section [|, generates the nonanalytic threshold
behaviour as well as canceling the L-dependence of the Fj integral. The lowest-order
threshold behaviour is the same as in the supergravity field theory one-loop amplitude and
has the schematic form o' slog(—a’ s/u1) + o' tlog(—a’ t/p1) + o’ ulog(—a’ u/p1) where s,
t and u are Mandelstam invariants and p is a constant scale. The precise form of this
threshold term is considerably more complicated, as will be seen in detail in section [.2.1],
but it still possesses the property that the scale of the logarithms cancels (using s+t+u = 0),
so there is no ambiguity associated with the normalization of the logarithms. However,
an important new feature at order o/t 1R is the occurrence of the second nonanalytic
massless threshold singularity, I,,,qn (1), that arises via unitarity from the presence of the
tree-level R* interaction, which will be discussed in section E.1. This is again a symmetric
function of the Mandelstam variables and has the schematic form o/* s* log(—a/ s/p4)+. . . ,



where f14 is another normalization constant. Changing the value of 114 changes the definition
of the coefficient of the analytic terms of the form s* +..., so the precise value of ju4 has to
be determined. We will also determine the terms at order s> R* and s® R*, where the next
threshold singularity arises. We will also discuss partial results for terms at order s’ R?,
and s® R*. These ten-dimensional results are summarized in section K3

In section ] we will study the compactification of the loop amplitude on a circle of
dimensionless radius r to nine dimensions. The threshold singularities are now half-integral
powers of s,t and u, and can be uniquely disentangled from the contributions analytic in
s, t and u, that give rise to the local effective action. The expression for the compactified
amplitude depends on 7 as well as on the nine-dimensional Mandelstam invariants. Since
T-duality equates the ITA theory at radius r to the IIB theory at radius 1/r and the
four-particle genus-one amplitude of the ITA and IIB theories are equal, the compactified
genus-one amplitude is invariant under » — 1/r. The coefficient of a generic term of order
sF R* in the analytic part of the compactified genus-one amplitude contains powers ranging

1=2k plus exponential terms O(exp(—r)). The term linear in r survives the

from 721 to r
ten-dimensional limit 7 — oo. The infinite series of terms proportional to r2*=1 s* for k > 1,
diverge in the ten-dimensional r» — oo limit. However, these can be resummed and thereby
convert the nine-dimensional normal thresholds, which contain half-integer powers of the
Mandelstam invariants, into the ten-dimensional thresholds containing factors of log(—a' ),
log(—a’t) and log(—c’ u) [f], §]. In addition there are terms of the form s* log(r2), which
are analytic in s but not in r. The many coefficients of the low-energy expansion of the nine-
dimensional and ten-dimensional genus-one amplitude that we determine have the form of
rational numbers multiplying products of Riemann zeta values. These nine-dimensional

results are summarized in section f.3.

2. The general structure of the genus-one four-particle amplitude

Here we review the general structure of the genus-one amplitude in ten-dimensional Minkowski

space and its o’ expansion. The dynamical factor F in ([.9) is given by an integral over

(4) (4)
+ i,

the positions v = v of the four vertex operators on the torus,

d21/(2 ’ ’ ,
F(s,t,u;7) H/ P (x12X34)"° (x1ax23)" " (X13x24) " *
T

2. ,(%) 2.,(1)
/de /de exp(a/sAg + d'tAy + udy), (2.1)

where @2y = dyfi)duéi), v@® = 7. and
D =d'sA; + o'tA; + ' ul\,, (2.2)

with
Ay = log(x12X34), Ay = log(x14x23), A, = log(x13X24) (2.3)



and log x;; = log P(v¥) — v)|7) where

_ Lo
PUD =1 lgom | e (24)

is the scalar Green function on the torus. These Green functions are integrated over the
domain 7 defined by

1 1
T:{—§§I/1<§,O§V2<T2} (25)

Since Inonan has logarithmic branch points associated with thresholds for intermediate
on-shell massless states, it has singularities in s, t and u that must be extracted from the
complete expression before the analytic terms can be determined. These thresholds arise
from the region of moduli space in which 75 — oo, which is the degeneration limit of the
torus. Our procedure for separating the threshold term will be to treat the region with
79 > L separately from the region 7 < L, where L > 1. In other words, we write the
integral over the fundamental domain as the sum of two terms,

I(s,t,u) = Ir, (L;s,t,u) + Ir, (L; s, t,u), (2.6)
where
d? d?
Ir, (L;s,t,u) = / —27— F(s,t,u;7), Ir, (L;s,t,u) = / —;—F(s,t,u; 7). (2.7)
Fr T2 Re T2

The first term on the right-hand side is integrated over Fr,, which is the fundamental
domain cut off at 75 < L, and the second over Ry, which is the semi-infinite rectangular
domain 7, > L, —1 < 7 < 1. Clearly, the dependence on L cancels from the full amplitude.
The first term contains the analytic part of the amplitude, together with an L-dependent
piece, which is also analytic in the Mandelstam invariants,

Ir, (L;ys,t,u) = Inn(s,t,u) + R(L; s, t,u). (2.8)

The L-dependence is contained in the function R(L;s,t,u), which has an expansion of the
form

R(Lis,t,u) = > (L7 4+ dsL7 4o d] g log(L/pe)) 8™+ (2.9)

where ... denotes terms involving ¢ and u. The second term on the right-hand side of (P.g)

contains the nonanalytic piece of I, together with an L-dependent piece that cancels the
L-dependence of the first term,

Ir, (L;s,t,u) = Inonan(s, t,u) — R(L; s, t,u). (2.10)

The integrand of Ir, can be evaluated by substituting the large-mo approximation and will
give rise to the nonanalytic pieces, whereas the integral over F, contains purely analytic
pieces.

The low energy expansion of the analytic part, I, , in (.7) is obtained by expand-
ing the integrand F(7,7) in (R.I)) in powers of the scalar Feynman propagator and then



integrating over the toroidal world-sheet. However, in order to treat the thresholds con-
sistently we will separate them by dividing the integral into the two pieces given in (.4).
The resulting expansion of the analytic piece is contained in

Ir, (L;s,t,u) = Ipn(s,t u)—I—R (L;s,t,u)

LS e

The quantity D is the linear combination,

D = o's(P 1) + P |r) = PI|r) — P 1))
+a't(P@ ) + P|r) - P |r) — Pw|r)), (2.12)

where P(v(")|7) is defined in (B4) and can be written as [

. 1 T2 271 _
P(V!T)—47T( %;(OO) e O | S mam = (mm )|+ C(nT), (2.13)

where C(7,7) cancels out of the SL(2,Z)-invariant combination in (.13). It can also be
written as

P(vr) = PP (v|7) + P(v|r) (2.14)
where P> = lim,, ., P(v|7) is proportional to 75 and is given by
e2i7rn 12

“ oo T 772 (.9 . 1
P (V‘T) = E Z D) = T <I/2 — ‘VQ‘ + 6) 5 (215)

n
n#0

where 05 = v/ and the second expression is defined in the range —1 < 7 < 1 and is

periodically repeated outside this range. The quantity p(u|7’) in (R.14) is given by

F)(V|7_) Z |m| 227rm(k7-1+1/1) —27r7—2\mHk 1/2\ (216)

m;ﬁ()
keZ

The decomposition (R.14) will be useful for expansions at large 7o.

One way of evaluating the coefficients J(©9) J(1.0) jO1) .. ig to consider the deriva-
tives of I, in the small s, ¢t and w limit, as was done in [[[]. Thus, the coefficients in the
power series expansion

m+n g
Ion(s,t,u) = ZZI’”“( ) — (2.17)

m=0n=0

are given by

d*r
g = [ S ), (218)



where

flmn) (7 7) = amat F(s,t,u;T)

s=t=u=0

CAAL)™ (44, — AA,)" (2.19)

with Ag, A; and A, are defined in (P-3).
Defining the quantity j®% (7, 7) to be the integrand of J(p e , so that

2
J0a) _ /f d_; ) (r 7, (2.20)

(b

and comparing (P.I7) with ([.G) leads to the implicit relation between the integrands
fo™ (r,7) and j®9) (7, 7),

5P 59 5 (Pa) — N o\ s (m,n)
Z 6h59 j > T — = Fm. (2.21)
p,q=0 m,n=0
We note further that ([[.6]) implies
1 1
0.0) — 7(0.0) (1,0) _ [(2 0) o1 — _2 702 (20) — L 7(4,0)
J ? J 4 an ? J 6 an ? J 96 an ?
1
wy_ L ey 30 _ _L 1) 02 _ _L 760 999
J 144 79 / 2880 an’ > 5760 " (222)

3. The analytic terms in the ten-dimensional genus-one amplitude

In this section we will formulate the diagrammatic expansion for determining the coeffi-
cients, J®9_ of the higher derivative terms starting from (B17). This will then be used to
determine the coefficients of terms up to o/ s 6 56 R, These coefficients are obtained by inte-
"5 that have m+n = 2p+3q,
and are defined in (P-I9). In other words, the coefficients are given as integrals of products

grating the j®9)’s, which are linear combinations of the fan

of powers of propagators between different vertex operators attached to the torus.

A term at order o/" is represented by a sum of ‘Feynman’ diagrams with a total of r
propagators joining pairs of vertices. Any propagator can join any of six distinct pairs of
vertices separated by v(#) = p() — () (1,7 =1,2,3,4). A diagram is therefore labeled by
a set of six numbers,

6
{6}2{61,62,...,&3}, Zlk:T, (31)
k=1

which define the number of propagators that join each pair of vertices. The labeling of
the diagram is indicated in the figures in appendix [§. Each diagram is associated with a
scalar function Dy (7, 7) that is determined by integrating the positions, v using the
representation (R.13) of the propagator, which is periodic in both V%i) and Véi), leading to
conservation of the torus momentum, p = m + nr € Z + 77, at each vertex. The result is



a function that depends on the topology of the diagram — i.e. on the £;’s — and is given
at order /" by

Ty Z H?:1 5(23'@11- Pj)

Dipn(7r,T) = ——
@7 =1 DI ?

e , (3.2)

P1,.-sPr€Z+TZ
where the topology of the diagram is subsumed in the values of the sets I; with ¢ = 1,2, 3, 4.
The momentum conservation d-function is understood to mean

d(p1 + p2) = 0(my1 +ma)d(ny +n2). (3.3)

This condition eliminates all one-particle reducible diagrams. In appendix [ we will derive
some detailed properties of the Dy ’s that contribute to the expansion up to order SR
The net result is that j% (7, 7) is a linear combination,

JP0(r7) =Y B Dy (r,7), (3.4)
©

where e&i}q) is a set of constant coefficients and the sum is over all diagrams with 22:1 lp=m.

In order to evaluate the integral of j®%(r,7) in (P20) we would like to make use of
a theorem reviewed in [f] and restated in appendix [A.d. This theorem states that any
function that is square integrable on F is the sum of three terms: (i) a function whose zero
mode with respect to 71 vanishes; (ii) a constant; (iii) a linear combination of incomplete
theta series’. However, j(p’q)(T,T') is not square integrable as it stands, since it is easy to
see that it has a large-m» expansion of the form

) — a(()m) 722p+3q i a%m) 7.22p+3q—1 TR az(lp+)6q 1 21—2p—3q + O(exp(—72)), (3.5)

2p+3q
. (p7q) B . . . . . . .

in a manner consistent with modular invariance. This can be achieved by subtracting a
2

where a J#9)_ We can, however, proceed by subtracting the positive powers of

suitably chosen quadratic form in nonholomorphic Eisenstein series,

PPO({E,}) Zd(”q : (3.6)

where dgz’,q) are constant coefficients and
. i ACT(s) L, 2A@s— D=1 .
b= (4m)s Z Im +nr2s e/ ™+ o—1/2 =T+ 0(ET)

(mm)#(0,0)
(3.7)

(some properties of nonholomorphic Eisenstein series are reviewed in appendix A.T). In
other words we choose the polynomial, P9 so that it reproduces the terms with positive
powers of 75 in (B.H), so that

jP0 = pPI((E.}) 4 JPD 4 50 (3.8)

2This quadratic form may not be unique but any ambiguity is irrelevant in the following.



where J9 is a constant and 659 — 0 as 75 — 00. Since ;P9 is square integrable in
the fundamental domain F, the theorem applies to it, and since we also have

% a2p+3q+1
/ dry 500 = LDy g6 ]2 O exp(— ) £ 0, (3.9)
_% T2 ’
the theorem implies that
d2
/ _27' 5iPa) = 0. (3.10)
F T3
Therefore, after cutting off the fundamental domain at large 79 = L we have
d*r ™ d*r -
TPV = / — J00 = 00 ¢ / —5 PPO({Ey}) +O(1/L) (3.11)
Fr "2 Fr T2

(where we have used the fact that [ d?7/73 = 7/3).

The function P®9 and constants J®9 that arise up to order order s® R?* are given
in (C2)-(C.H) in appendix [J. The integral of PP?({E,}) over the fundamental domain
can be reduced to a boundary integral by using AE, = s(s — 1) E, and integrating by
parts, as is reviewed in appendix [A.1. This leads to the following results.

e At order R?. In this case j(®0 =Dy = 1, so JOO) = /3, as it is given by the volume
of a fundamental domain for SL(2,Z).

o At order o/? s2R* it is easy to see that j10) = Dy = By (as was found in []).
Substituting AEy = 2 Ey for P19 in the right-hand side of (B.I1]) gives a purely
boundary contribution proportional to L

Je0 = L. (3.12)

This L dependence is canceled by the contribution from the region 7 > L, so the

result is
JO — . (3.13)

o At order s® R*, using ([C.3) results in

oy _ 7B 7 o,

=—-2—=+_——=1L 1/L 14
which reproduces the result in [[f]. The L? dependence is canceled by the contribution
of the amplitude from the region 7 > L, which was given in (3.24) of [} and has the
form

3
. _ T 2 A
SHEO Lionan (3);RL (37 t) T 567 L7 63 + O(l/L) : (315)

At this order there are no threshold contributions 8o 1,4y, (3) = 0, and the coefficient
multiplying s® R* in the ten-dimensional effective action is
¢(3)

89 (3.16)

(o1 _ T
J 3 3

— 10 —



At order o/* s* R?, using (C-3) and ([A.10) we find

(2,0) 47t
T 49595

where the scale [i4 is given by

I3+ 22 ¢(3) log(L/jia) + O(1/L), (317)

_ 1 ¢B), d(4)
log figy = —= +log(2) — + .
2 H1e ) =) T
The occurrence of the log L term originates from the presence of E% in the expression
for 529 in (C3), together with the use of the integral (A.§). In section the L3

and log(L) contributions will be shown to cancel with the contribution from 75 > L.

(3.18)

In particular, we will see that

. Amt 3 2w - .9
SHEO Lionan (4);RrL (37 t) = Lnonan (4) (37 t) - 42595 L+ E C(3) log(L/u4) 02,
(3.19)
where (3
Lyonan (4)(8,t) = —% ot st log(—a’s/p4) + perms. (3.20)

We will derive the coefficient of this term (which was also derived from the unitarity
argument in the last subsection), as well as the value of u4, in section f.2.3. Since
there is no constant L-independent term in (B.17) (apart from the log jisy associated
with the log L) we find

JE0 —q. (3.21)

At order o/’ ° R, using (C4), we find

ay w97 LA 7d L2 ¢(3)
= 1/L) . 22
Tr 3 1080 6)+4mma)+ 378 +0@/L) (3.22)

The power-behaved L* and L contributions will again be seen to cancel the contri-

bution from the 75 > L region,

L'7®  L7*((3)
400950 378

hmo Lnonan (B5)RL (37 t) == < + O(l/L)> 0203, (323)

s,t—
but there is no 6963 log L term. This is in accord with the earlier unitarity argument,
which shows that there is no threshold at the order s° so I,,,nan 5)(8,t) = 0. The
genus-one contribution to the ten-dimensional action at this order is given by the

constant term in (B.29),
J(l,l) o ™ 97

= 3 T0%0 ¢(5). (3.24)

At order o/%s®R? there are two independent tensorial structures. For &3 R*, us-

ing (C.4) and (A.11), we find

JB0 _T ((3)?
Fro 330
270 I 27r3g(3)L2 1r

4729725 Ton Lt Gy loe(L/is) ¢(5) + O(1/L).

(3.25)

+
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Figure 1: Unitarity equation relating the two-particle s-channel discontinuity of the amplitude
to the square of the four-particle amplitude, integrated over the phase space of the intermediate
particles and summed over the species of these particles.

For 62 R*, using (C-§) and (I1)), we find
J0.2) _ 61¢(3)°
Fro 3 1080 (3.26)

1744 7° 873 ((3)
L L+ - log(L/ 1/L).
3102564375 © T 1ams Y T g lee(l/ie) C(5) + O(1/L)

The scale fig in both of these equations is given by

¢(5)  ¢(6)

7
log fig = —— +lo + . 3.27
2t " T ) (327
In this case the log L terms originate from E2 terms in j9 and jO2) together

with the integral in (A.§). The L-dependent terms in these equations Will again be
seen to cancel with contributions from the 7 > L part of the integral, resulting in a
net nonanalytic term of the form k(%) (s, ¢, u) log(—a’ s/ug) + perms, where h(®) is a
monomial in s, ¢ and u of order six (defined by (f.13). We see from (B.2) that the
coefficient of the analytic 63 R? term is

™ ((3)?
JGB0) — 3 T30 (3.28)
while from (B-26)) we see that the coefficient of 63 R? is
2
Jo2 _ T 61¢(3)° (3.29)

3 1080

4. Ten-dimensional threshold terms

We now turn to discuss the nonanalytic terms in the low-energy expansion of the ten-
dimensional amplitude. These are characterized by branch cuts with imaginary parts that
are determined by unitarity in a standard manner that we will review in the following
subsection. The scales of the logarithms are more difficult to evaluate and will require a
direct calculation of the genus-one integral in the region 7 > L section [£.3.

— 12 —



4.1 Two-particle unitarity

Unitarity identifies the discontinuity of the amplitude across the s-channel two-particle cut
(when s > 0, t < 0) with the product two amplitudes integrated over the phase space for
the intermediate massless two-particle states and summed over the superhelicities of these
states (as illustrated in figure []).

Our normalisations for the string S-matrix are such that the tree-level and genus-one
terms in the amplitude enter in the combination?

1
A=y ot (LA™ +20a 0l (a.1)

s

where /1%10) = 2677 o/* and A¥®® has the form shown in ([£7) and A9emus—1 = Agenus—1

Agerus=l At Jowest order in the string coupling constant the unitarity relation has the

form

2
. enus— Faoy m dlok
DISCS AZI7C2,C371C4(p17p27p37p4) =1 ;/) 5 / (27T)10 5(+) (k2) 5(+)((q - k)z)

Z A_Erlec(;crcs (p17p27_k7 k_Q) AZI;;CCZCTCS (p37p47 ka q— 1k) )
{C’NCS}
(4.2)

where ) (s} denotes the sum over all the two-particle massless N = 8 supergravity
states, and 6(F)(p?) = 6110 (p?)0(p®) imposes the mass-shell condition on each intermediate

massless state,
k> =0, (q—k)?=0. (4.3)

Expanding both sides of ([£.) in powers of o/ determines the discontinuity of the genus-one
amplitude in terms of the square of the terms in the tree-level expansion.

The discontinuity of the genus-one amplitude is obtained by substituting the tree-level
scattering amplitude into ([L.J). Recall that this amplitude has the form [g]

tree

4
AC1,<27C3,<4 (p17p27p37p4) = C(Sa t7 U) RC17C2,C37C4 (p17p27p37p4) 9 (44)
where s,t,u are Mandelstam invariants, satisfying the mass-shell condition s 4+ ¢ 4+ u = 0,
P () r(-=)
0(87 t7 ’LL) = -

D(1+2)T (1+24)0 (1+ 9%’

The unitarity relation takes a very special form in maximal supergravity (as it does in

and

(4.5)

maximal Yang-Mills), because of the self-replicating relation derived in [f],

> R 102k —q,—k)RE e o (kg — k.ps,pa) = s*RY, ¢, ¢, ¢, (192,03, 4)

{Grts}
(4.6)

3In the S-matrix there is a power is g for each external state. Here we are considering the four point
amplitude, leading to an overall factor of g%.
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(¢ = p1 + p2), which simplifies the left-hand side of ({.9) drastically.
The low-momentum expansion of ([.J) follows by substituting the expansion of A"
in the right-hand side (see, for example, [}]),

3 2 20(2n+1
Atree _ = exp <_Z C( n+ )5'2n+1> R4

03 ot 2n+1

= (2 +266) + C)52 + 563)%a + 56(7)33 + 3000
+ %g(g)&g + 237 (2¢(3)* +¢(9)) 63 + - > R*. (4.7)

We see that the left-hand side of ([.f) is identified with the lowest order term in the
integrand on the right-hand side of ([3) since A" ~ R?/stu. This means that, to lowest
order in o, Discg A9~ i5 given by

Discs A9~ (1, o, p3, pa) = —is

2 K10 T / 4% 5 (k)5 ((q — k)?)

o 2 ) (2m)0 (p—k)2(ps+k)2(p2—k)2(ps+k)2
(4.8)

where we have used the expressions for the Mandelstam invariants of the tree amplitudes
on either side of the intermediate states,

t'=—(m —k)?, U = —(p2 — k)2, " =—(ps +k)?, v = —(ps+ k). (4.9)

This reproduces the s-channel discontinuity of the massless box diagram, which is of order
s. In section we will find the complete expression for the genus-one contribution,
which is the supergravity contribution, Agygra.

The next term in the o/ expansion is obtained by substituting 2¢(3) o/ 3R* in one of the
factors of A% on the right-hand side of the unitarity relation and the lowest-order term
in the other. This amounts to multiplying the right-hand side of (f.§) by 2¢(3) ¢ 3 st/
and so the expression for the discontinuity at this order is obtained by multiplying the
integrand of ({.§) by the same factor. The integral is proportional to ¢(3) o’ s5(0,0,1,1)
that is evaluated in appendix [, giving

Di Agenus—l _ . _4W<(3) o's ! 4 4
18Cs A (y) (p1,p2,P3, 1) ——2Z7TT e R, (4.10)

with similar expressions for the t-channel and u-channel discontinuities. This implies that
A (4) has the form

_ ar¢(3) [/ \ 4 a's o't a'u
Agenus ] __ O (s* 10 (=2 V444 108 (=22 Y rut 1og (- 24 ) )R
(4) (p17p27p37p4) 45 <4 s log [i4 +t" log 114 +u” log [ia R,
(4.11)

where the scale, p4, inside the logarithm is yet not determined — this must await the more
detailed analysis of the amplitude in section [£.2.2
There are no contributions to the discontinuity at order (a/s)

5 gince there are no

terms in A" of order o/ s R*. The next contribution is a discontinuity of order o/ 66 R,

— 14 —



obtained by expanding one of the A™® factors on the right-hand side of (.2) to the next
non-trivial order, which means substituting the ¢(5)5,R* term of () into (J). The
resulting integral is proportional to ¢(5) (22 5.5(0,0,3,1) + (o’ 5)2 5(0,0,1,1)) that is also
evaluated in appendix [H, giving

. enus— . T 5 O/ 6
Discs AL (o1 pavp ) = ~2im S0 () (70 st - RE (122

which is attributed to a function of the form

6
Agenus—l(pl P2, D3 p4):_ L@ ﬁ, (8736+34(t—u)2)10g _OZ_IS
(6) P20 P 2520 \ 4 He

/

/
+(87t0+t1(s—u)*) log <_ a_t>+(87“6+u4(s—t)2) log <_ ﬂ>> R,
He 16

(4.13)

where t-channel and u-channel contributions have again be added. The scale ug can again,
in principle, be determined by explicit evaluation of the loop amplitude as in section
(although in this case we will not complete the evaluation).

At order o7 s7 log(—a’ s), and beyond, contributions of a new type arise. These come
from the presence of higher-order terms in both factors of A" in the unitarity equation.
They correspond to terms in which there are stringy corrections to both propagators in
the ¢ and ¢ channels. For example, the total (a’s)” contribution is proportional to the
sum, ¢(3)? (o’ 5)?(25(0,0,2,2) + S(1,1,1,1)) in the notation of appendix [H.

For future reference it is interesting to note that the overall coefficient of log 14 in (E-§)

w(3)

is

o 53, (4.14)
while the overall coefficient of log s in (E.9) is
) R .
—”53(0) (1163 + 1462) log 6 - (4.15)

These are the same as the coefficients of the 7 s* log(r?), s® log(r?) and s° log(r?) terms
that arise in the compactification on a circle of radius r to be considered in section [f] and
summarized in (.27). The necessity for such a cancelation is discussed following (f.2§).

4.2 Low-momentum expansion of threshold terms

The constant scales inside the logarithms are not determined by unitarity, but by a direct
calculation of the amplitude in the large-mo region, which we turn to next.

The singularities due to massless two-particle thresholds arise at genus one from the
degeneration of the torus in the limit 75 — co. As indicated in figure fJ(a), the zeroth
order contribution is simply the type II supergravity box diagram with massless states
in all four internal lines, where the threshold behaviour of the S-matrix has the form
ay o s log(—a’ s/p1) RY. The constant py cancels out using s + ¢ +u = 0. Figure fi(b)
shows the discontinuity receives higher derivative corrections on one side of the cut, due to
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t-channel

.

s-channel __

(a) (b) ©

Figure 2: Degeneration limits of the genus-one string amplitude. (a) The limit in which all internal
legs are massless propagators. This is the limit that gives the one-loop ten-dimensional supergravity
contribution. (b) The triangle limit, in which there are three internal massless propagators. (c) The
bubble limit in which two massless propagators are picked out. The blobs in (a) and (b) represent
higher derivative contact interactions induced by stringy corrections.

R*, s R*, and higher-order contact interactions indicated by the blob. These correspond to
threshold terms of the form o/? s% log(—/ s/p4), &'® s5 log(—a! s/ pg), o/ s log(—a/ s/ 7),
.... There are also corrections with higher-order contributions on both sides of the cut, as
seen in figure Pl(c). These lead to higher-order threshold terms.

An important and well-known technical problem in the analysis of these threshold
contributions is that the integral representation ([[.3) is not well defined for any values of
the Mandelstam invariants since the branch points in the s, ¢ and u channels coincide. This
is remedied by splitting the integration range of the vertex operator insertion points into
three regions 7y, 7,5 and Ty, that generate cuts in the (s, t), the (s,u) and (¢,u) channels,
respectively. The integrand in the 7 region is real for s,¢ < 0 (so that v > 0) and may be
defined in the physical s-channel region (s > 0, ¢ < 0) by analytic continuation. Similarly,
in the 7,4 region the integrand is defined for s,u < 0, while in the 7, region it is defined
for t,u < 0. Further discussion of the integral representation of the genus-one expression
may be found in [Ld].

4.2.1 The massless supergravity amplitude

In the limit 7 — oo the leading contribution in the 7; region is given by the integral [f]

3
Ood’rg ’
Ir, = / -2 / dw; e T2 Q) 4.16
=% 10 (1.16)

t =1
where 73 = {0 < wy < w9 <wsz < 1}, with w; = I/éi)/Tg. The expression for Q(s,t)
Q(s,t) = swi(ws —wa) + t(ws —wi)(1 — ws), (4.17)

arises by taking the asymptotic limit of the propagators, lim,, .o As = AYX = 7500(1/(12)) +
P> (v3Y), in the expression (B.1)) for the one-loop amplitude (with s and ¢t negative). We
need to add the contribution to the amplitude in the regions 7,5 = {0 < wy < wy < w3 < 1}
with Q(s,u) = s(wg — w1 )ws + u(w; —we)(1 —ws) and Ty, = {0 < wy < w3 < wy < 1} with
Q(t,u) = u(wy — w1)wy + t(ws — w1)(1 — wy). This is equivalent to evaluating the sum of
the supergravity box diagrams figure fJ(a) in the (s,t), (s,u) and (¢,u) channels.
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It is very complicated to evaluate the detailed form of this term using the cutoff
at 7o > L, so we will review the method used in [LI]] for evaluating the integral using
dimensional regularization. This will generally give a different definition of the scale, w1,
in terms of the form s log(—a’s/u1). However, in this case the scale cancels out (using
s+t+u=0) and so the result is identical. In D — 2¢ dimensions, the one-loop amplitude

becomes?

/ %—5—3
P o) = (o) [ g COOTT D CAMIZOTE

where b (D )
Fr4—L24+eorE —-2-¢

D.e) = pz4¢ 2 2 ) 4.1

D) =72 TG — 2T (D — 1= 20 (4.19)

In order to perform the € expansion we separate the integral into the two contributions

TP (5, 1) = K (s, ) — Ko(s,1), (4.20)

where 1 D3 73
KS(S,t) = c(D, 6) /0 d¢ (—a Sf) ;,t - a—/(i——’_at)sg*) 2

with & = t/(s + t). In this manner it is clear that the integral over ¢ does not develop a

(4.21)

singularity in the limit ¢ — 0 as long as D > 4. In such dimensions € singularities can only
arise from the factor ¢(D,€). These correspond to ultraviolet divergences that first arise
as a € pole in ten dimensions, ¢(10,e) — —n/(5l€) as € — 0. For D < 4 the integral may
diverge at the £ = 0 endpoint, leading to infrared divergences that are seen as singularities
in the € — 0 limit. We now consider the ten and nine dimensional cases separately.

e In ten dimensions we have

—10—9%¢ 1 4 !
I(Tc?flo 2 )(s,t) = e e EE <1 + —12 e+ O(e )) <_a2u —eIM 4 0(62)> (4.22)
s €
o’urm 1 46 d=10
:_2406+%au7r<7}3+10g7r—1—5> 5'I(T )(s,t)—l—0(62)’

where g is Euler’s constant. The full result is given by adding the (s,t), (¢,u) and (s, u)
contributions and using the on-shell condition. The pole in € cancels in the sum, leaving
the ultraviolet finite result for the full amplitude in the ¢ — 0 limit,

d= d= d= d=
Lo (s, tu) = I8 (s 0) + 1970 (1) + 15" (u5) (4.23)

(d=10)

where the function I, is given by

1
7 500) = | e (-0t =6) og(—a/H(1-€)— (—os6)? lox(—a's6)] - (424

4We have made use of the change of variables w1 = né1, w2 = (1 —1)(1—&)+né and ws = 1 —n+né1.
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This expression is real in the region s < 0, t < 0 and has the appropriate imaginary
part in other regions of the Mandelstam invariants. For example, in the physical region,
s> 0 and t,u < 0, the integrand in (§.24) is nonsingular in the whole range of &, so the
only singularities are branch points due to the explicit log(—a’s) factor. The pole of the
denominator at £ = —t/u is canceled by a zero in the numerator and the integrand is
finite in the range of integration, as is evident from the form of K,(s,t) in (f.21)). Other
singularities with double discontinuities can be found by analytic continuation.
Evaluating the integrals in (.24) explicitly leads to

(d=10) _du st , 82(s + 3t) log(—a’s) + t2(t + 3s) log(—a't)
ITst (s,t)—T—Faﬂ—Fa 2u2
2,42
5T _u _u

v () e (). i

where )
Lo(z) = Lig(z) + log(x) log(1 — x) = i Lis(1 — z) (4.26)
is a real function for all x > 0 [[J]. Although Ié-f t:m)(s, t) is a complicated expression it is

easy to see that it has the important scaling property

/

I%zt:w) (Ls,Lt) = LIW(s,t) — % Llog(L), (4.27)

which ensures that the scale of the logarithm does not contribute after summation over the
(s,t), (t,u) and (s,u) terms.

e For completeness, we also include the case of nine dimensions, where there are no
divergences when ¢ — 0 and we can set ¢ = 0 directly in the expression for the amplitude,
giving
(—0/8)3/2 + (—0/75)3/2 2(—0/8)3/215 + (—O/t)?’/28

1= (s,1) =

2
3 a'u a'u?
3(—a's)32(—a/t)*? log [ (V=T Valu)(V=d’s — Va'u) (4.28)
(a'u)3/2 (V=adt — Va'u)(vV=d's + Valu) | ©

_l’_

Once again the full expression for L({iﬁg)(s,t,u) is obtained by adding the contributions

of I%lu:lo) and I%i:lo) to I%jlo).

4.2.2 String corrections and higher-order massless thresholds

At higher order in the derivative expansion there are further massless threshold effects
due to the higher-order contact terms in the blob in figures P(b) and fJ(c). These lead to
factors of the form s” log(—s/u,), where the scale of the logarithm does not cancel. Luckily
the threshold structure of these terms is much simpler than that of the box diagram in
figure ff(a) since they only possess singularities in s rather than overlapping singularities. So
we can go back to the cutoff procedure outlined earlier in order to evaluate the expressions,
taking care to verify that the dependence on the cutoff L indeed cancels.
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The supergravity contribution considered in the last subsection was obtained by re-
placing the propagators in the exponent of (R.1]) by their leading form in the large-75 limit.
In order to analyze threshold terms at higher-order in the momentum expansion we need
to keep non-leading terms at large 7. To do this we write

Ay~ AX 40, , (4.29)

where the correction, ds, to the asymptotic value is given by the k = 0 part of P(V]T)

defined in (R.16),

5, = Z 1 <e2in(mu§1z)+i|muél2)|) + e2i7r(mu§34)+i|m1/£34)|)) (430)
o 4m 7

with similar expressions for d;,. In the 9 > L region the terms with k # 0 are suppressed
by powers of e~L. The asymptotic formula for the amplitude is therefore given by A,

et = [T [ H TV exp (o's(AF - AT) + t(AF - AT))
st

exp (a 5(0s — 6u) + /t(6y — bu)) - (4.31)
The higher-order threshold contributions containing factors of log(—sL) are obtained by
expanding the integrand in powers of 8, e*% = 14 o/ + o 252 /2 + .... The factors of
e® A% in the integrand contribute to terms with positive powers of L.

In particular, the terms of order o/ g4 log(—a’s/py4), which will be denoted I @ s
obtained from the 62 contribution of the integrand in ({.31)). Neither &; or &, contributes
to this threshold behaviour term (although ¢; does contribute to the analogous ¢-channel
term, o* t4 log(—/t/pu4)). This gives

1 *d
1%27RL (S,t) _ 5 Z T2 e 'r12Q(8,t) —4m|m|Ta (w2 —w1)
+1 dT2 o' 12 Q(8,8) —Amt|m| 2 (1—w3)
2 st =1
(—0/8)2 (4)
= Z 59 (L;s,t), (4.32)
o (4m)

where we note that the two terms on the right-hand side of the first equality are equal and

oD (L s,1) = / dra / iy dérdgy (1 — ) €@/ TRsN ~Arlmim(1-&)(1-n) (4 33)
Noting further that @ is given in terms of the variables 7, & and & by
Qs,t)=sn(l—n)&&+tnl—n) 1 -&)(1-&), (4.34)

and performing the & integral gives

dr e 'wsmon(1-n)é1 _ e—47rm7-2(1—17) ea’mﬁmn(l—n)(l—&)
g (L;s,t) / - / dn d - (435
(Lis, L T ndSi anm(sér —t(1 —&1)) +4mm (4.35)
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The term of order s* in the amplitude comes from the O(a/ 3) correction to the tree
amplitude represented by the blob in P(b). This is obtained by expanding ¢¥) to O(s?).
At this order it is easy to see that the term proportional to e~4mm72(1=1) i the numerator
of ([3§) is proportional to e~ and is negligible. The term of the form s?log(—a' s) arises
by expanding e® ™sm21(1=M& to quadratic order and replacing the denominator by 47m. As
a result we find the O(s?) terms,

1 (os7)?

(4)L- t) = —
g (List) = = s

(log(—a/smL/c.) —2/5) L + O(s*, L"), (4.36)

where ¢, = exp(—vg). In obtaining this we have used the fact that

> dt 1 2
lim0 3 ett=_—_ 2% % (log(xL) — 3/2 + ) + o(x?). (4.37)
r— L

Substituting (f:36) into ([£:39) gives the contribution

2m¢(3) (a'\* )
If) r, (5:8) = — Wié ) (%) s*log(—a/s L/fug) + -+, (4.38)

where the scale of the logarithm at this order is given by
2
log fiqa = ET log(m/ce) - (4.39)

The ellipses indicate that a similar contribution that arises by using the 67 term in the
expansion of e®%  which gives a threshold singularity in the ¢ channel in which figure fi(b)
is transformed by interchanging s and ¢. There are similarly contributions from 7,s; and
7., regions containing analogous terms with s, ¢ and u-channel thresholds.

Therefore the total contribution from the upper part of the fundamental domain 7 > L
to the terms of order s is given by the sum

4 4 4 4
L) (st u) I (5,8) + 1) o (tw) + I o (u, 5)

4¢(3) <a

! A / (4.40)
T —> s* log(—a'sLw/c.) —2/5) + (s = t) + (s — u).

4

The dependence on both L3 and log(L) cancel in the sum of this contribution and the
contribution from 75 < L given in (B.17), giving

I\ 4
Itnan(s,t, 1) = — ity <ﬁ> [s* log(—a's/pa)

5\ 4 (4.41)
+t* log(—a't/pa) + u* log(—au/ps) — 6/5]
where 0 ) (3 ”
log py = log jig — log fig = T log <7Tce> + i((?))) — i((4)) , (4.42)

which is the sum of the scale from the lower part of the fundamental domain, given in (8.1§),
and the scale in the logarithm obtained from the above computation from the large-5 part
of the fundamental domain (}.39).
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Contributions to terms of order s® arise both from expanding the function ¢(¥ (L;s,t)
to one further order in s and by bringing down one further power of ¢ from the exponential
in (.31)). In this case the there are no terms proportional to log L, which reflects the fact
that there is no threshold term at this order, as follows from the unitarity argument in
section [L.1. In order to evaluate the thresholds at order o 6 6 log(—/s/pg), it is necessary
to expand 9(4)(L; s,t) to two further orders in s, which is fairly complicated. In addition,
there are contributions from yet higher powers of . Although we have not evaluated these
terms, in principle, they will determine a scale log ji (analogous to log fi4 in ({.39)) that
combines with log jig (B.27) to give the scale log .

At higher orders in o/ string corrections arise on both sides of the threshold disconti-
nuity as we saw in section .1 The qualitative structure of these threshold contributions
matches that of the discontinuities that we determined earlier from unitarity. Firstly, there
are contributions from the triangle diagram in figure P(b) beyond the ones considered
above. The first of these is of order o/ s”log(—a’ s). In addition, a new class of contribu-
tions arises, in which both the propagators on the left and right of the s-channel cut are
canceled and the result is the diagram in figure fJ(c), which has two blobs representing the
higher derivative vertices.

4.3 Summary of the expansion of the ten-dimensional genus-one amplitude

To put these results in perspective we will here summarize the low-energy expansion of the
genus-one contribution to the analytic part of the amplitude up to order s® R*. At tree-
level and genus one, type IIA and type IIB massless four-particle amplitudes are completely
equivalent, so the results apply equally to both cases.

The analytic terms to this order are summarized by

A5y, 63) = % (Z Jro 5565) R!
p,q
T R ¢(3) . R 97 o
= g <1 + 069 + TOB +005 + _1080 C(5) 0203
4t C(3)%63 + ig(z&)%? +--- | R? (4.43)
30 2 71080 3 ’ '

(where we have indicated explicitly the vanishing 64 and 63 coefficients), while the nonan-
alytic terms are contained in

genus—1/~  ~ _ A genus—1
A (02,03) = ASycra

N\ 4 / / !
+<ﬁ> 4C(3)7T<84 log <— E) +t4 log (— a_t> +ut log (— ﬂ)) R*
4 45 Ha 4 4

o'\ ¢(5) o's
+<Z> 2590 ((8786 + st (t —u)?) log(— E)
! a'u

+ (876414 (s—u)?) log <—Z—§>+(87u6+u4(s—t)2) log <_E>> R
(4.44)
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where Ag%"é‘;;l is the result obtained in ten-dimensional maximal supergravity that we

described earlier where we also discussed the scales u4 and pg. Notice that the terms in
equations (f-49) and ([E.44)) satisfy a ‘transcendentality condition’ in which (k) is associated
with a weight k, 7 has weight 1 and log(x) also has weight 1. The total weight of a term
of order (/)7 is ¢ + 1.

Clearly, the separation of the amplitude into A, and A,,,nqn depends on the definition
of the scales inside the logarithmic terms in ([£44). The sum of the terms that depend on

pa and pg is

4mC(3) . ¢(d)m . .
- 45( ) 62 log g R — ((STE) (110%’ + 140'32,) log g RY. (4.45)

Notice that although changing the scale inside the logarithms alters the analytic part of the

amplitude, the pattern of Riemann zeta values is different in the coefficients of the terms
in A9"s=L from those in A9“"“s=1 1In this sense, there is an objective meaning to the
separation between the analytic and the nonanalytic parts as given in ([.43) and ([.44). For
example, at order (o’ 5)% one has a finite piece proportional to ¢(3)? while the logarithmic
term is multiplied by ((5) in agreement with the ‘transcendentality’ property noted earlier.
So our choice of scale in the argument of the logarithmic terms is not only the natural scale
that arises from the calculation of section [, but is natural if ¢(3)? and ((5) are considered

to be distinct coefficients.

5. The genus-one four-particle amplitude in nine dimensions

We now turn to consider the compactification of the amplitude on a circle of radius r
so that nine-space-time dimensions are non-compact. We will specialize to the case in
which the momenta of the scattering particles, p}’, have zero components in the compact
direction, so the external states are Kaluza-Klein ground states. In nine dimensions the
genus-one normal thresholds have square root singularities instead of logarithms. This
separates the threshold terms in the amplitude from the analytic terms in a very clear
manner. The massive Kaluza-Klein modes also generate massive square root thresholds
that are expanded, when o/s > 1/r%, in an infinite series of terms of the form (o/sr?)"
and therefore enter into higher order terms in the low energy expansion. The logarithmic
singularities characteristic of ten dimensions are recovered in the ten-dimensional limit by
a condensation of these Kaluza-Klein thresholds [f].

5.1 General method

The expression for the integral I in the compactified genus-one amplitude ([[.T]) now has
the form

_ d?
199 (s, t,usr) = | = V7 Dy (r) Fls tui ), (5.1)
F T3
where the lattice sum factor is given by [[L1]

VERTuyr) =vm Y e ), (5.2)

(m,R)€Z?
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The loop amplitude can now be expressed in terms of an expansion in half-integer
powers of /s, o/t and o/u. We can separate this into two terms,

19N (st usr) = IS (5,8, us ) 4+ 19 (508, u;r) (5.3)
The analytic part has an expansion with integer powers of the Mandelstam invariants of
the form
IY9=9 (s ¢, uyr) Z JPD(r) 6554 (5.4)
P,q=0

and is analytic in s, t and u. We will see that the coefficients can be expanded at large r
as sums of powers of r, together with rlogr? terms and exponentials,
JPa) (r) = Jl(p,q) pAp+69—1 Jz(p’q) pAp6g=3 Jier%q —4p—6g+1
+KPD rlog(r?Agprse) + O(e™™), (5.5)

where the A\;’s are constants. In the ten-dimensional theory only the term linear in r

survives with coefficient Jggf%q The nonanalytic part has the form

189 (5,6, us) = bis? + bys? + -+ (5.6)

where terms involving ¢ and u have not been included. The coefficients b; are independent
of r. In the following we will be interested in determining the coefficients JT(,p D i the

expansion of I, (%:9)

, but will not consider the coefficients b,, of the non-analytic terms in
any detail (although they are relatively easy to extract).
We will first reexpress the lattice sum by a Poisson resummation that replaces the sum

over m by a sum over p and two relatively prime integers (1, 7),

o o |mtar|?

\/— Z —7r7'2 +(ﬁ7’)2)+2i7r7'1mﬁ — Z e TP Ty (57)

(m,n)eZ? (mﬁ,fez)Z:1
Thanks to the modular invariance of the kinematical factor F'(s,t,u;7), after separating
the zero-winding term (p = 0) one can unfold the integral onto the semi-infinite strip [,
which gives

73

o dT2 —ap2r %
+r Z/ — € P dry F(s,t,u;T) . (5.8)

572070 T2 -1
The first term is the zero-winding term, which is the term that survives the » — oo limit,

s =1
r F(s,t,u;m)=rl (s,t,u), (5.9)
F T3

where the low-energy expansion of (=10 (s, t,u) was considered in sections [ and fi.
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(d=9)

Proceeding as for the ten-dimensional amplitude in section [, the integral I 50 Ccan be

split into an analytic and non-analytic parts by dividing the 75 integral into two domains,

so that I(4=9) = I((f)zg) + I((;)Zg), where

[NIES

=r Z/ ) e_ﬂp dr F(s,t,u;T) (5.10)

[NIES

contains the analytic part of the amplitude, and

1
Z/ de e /2 dry F(s,t,u;7), (5.11)

[N

contains the non-analytic threshold terms. As in the ten-dimensional case, the L depen-
dence will cancel from the final expressions.

The analytic contributions in equation (p.1(J) can be analyzed by expanding
[ dr F(s,t,u;7) in powers of 65 and &3,

[e.e]

+
/ ’ dri F (s, t,u;T) Z (5.12)

[N

As in section [ the coefficients at any order in s, ¢, u, are determined by properties of the
D% functions determined in appendices [f and [0. In those appendices we expanded these
functions in powers of 1/75. In the simplest cases we displayed all power-behaved terms
while in others we only displayed the positive powers and constant terms.
For the terms that are constant or negative powers of 79 — i.e., of the form ay Tf with
k < 0 — both the 2 integral and the p sum in (p.1() are easy to evaluate. For these terms
we may simply take L — oo and I ((;): 9 i (p-11)) is zero. The result is a succession of terms
of the form
bl S a0k, (5.13)
k<0

with £ < 0. The contribution J; (P:9) i5 the ten dimensional contribution J®® discussed in
section .

The terms in the expansion of [ drF(s,t,u;7) that are positive powers of 75 of the
form ay, Té“ with k > 2 have to be treated separately since, in the limit 7 — oo, the p sum
in (f.10) and (p.11]) contains the factor e~ ™"r*/™2 . 1, s0 it needs a Poisson resummation.
This involves first adding and subtracting a term with p = 0. The subtracted term,

d=9 dr.
I = / 2 / dry F(s,tusT), (5.14)
2

is precisely the term studied in the last section that has thresholds of the form
sk log(—a’sL/fi1,) with a coefficient that ensures that it cancels the s* log(—a’ s/uy,) thresh-
olds contained in the term r I1¥=19) in (5.§). This ensures that there are no log(—«’ s) terms
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in the nine-dimensional expression, in accord with unitarity. After the Poisson resumma-
tion the integer p is replaced by the integer p and we have

1
(d 9) dT2 —7rp 2 .
Iy g / /1 dr F(s,t,u;7). (5.15)

pEL 2

The p = 0 contribution,

dT2
(2 e 0 / /1 dr F(s,t,u;7), (5.16)
2

5)F*+1/2 which we will not be

contains the nine-dimensional threshold terms of the form (—
considering in any detail in the following. For the p # 0 terms we can again take L — o0,
in which case I ((;): 9 vanishes and I ((f): % gives a series of terms of the form (p.13) with
k> 1.

The terms that we have calculated of the form (5.13) will be summarized in (§.27) in
subsection p.3.

However, there is a subtlety in considering the 7 integral of terms that are linear in
T2, i.e., terms of the form [dr F(s,t,u;7) ~ a172 in (.§). To see this note that in this

case the p = 0 term we need to add and subtract before doing the Poisson resummation in
I ((d): 9 s
1

(d=9)

L
- dr
Lo = alr/o —, (5.17)

T2

which diverges. This means that for terms linear in 75 we cannot perform a Poisson

9 but we still have to perform a Poisson resummation in 1 ((g): % since

r2
72 ~ 1 at large 7o. Explicitly, we have

resummation in 1 ((f):

a2
each term in the p sum has a factor e ©

d= dTg _7r132ﬁ 2
(1 a1 =apr Z = =ayr f1(L/r?), (5.18)

P70

where we have rescaled 75 in order to write the expression in terms of a function f;(L/r?)
(d=9)

which will be of later use. After a Poisson resummation, the p # 0 terms in [ 2):a1

are
given by

I((d 4?7&0 ar ‘”Z/ d17/22 TR = arfo(Lfr?), (5.19)
p#0
where we have again rescaled 7o in order to write the expression in terms of a function
fo(L/r?), which will be of later use.
The dependence on L/7? in f; in equation (f.1§) will cancel with that of the term fo
in equation (5.19). To see this, consider the derivatives of these terms with respect to L.
We have

ofi(L/r?) T _np2r
re =1 Ze : (5.20)
P70
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On the other hand Poisson resumming the integer p in (f.19)
r an(L/T2) o _Ll Z e_WPQT.%

oL L2 p#0
1 r T —ap2r
:E_Z_fze T (5.21)
p#0
In order to see what this means we can use the fact that
0 [ (d=9) (d=9) af1(L/r?) dfa(L/7?) ai r
Z?L(I( )p¢0a1+1(2)p¢0a1) =ar = +ayr 5L =iz Mg (5.22)
Integrating over L, we find
1
d=9 d=9 L2 N
I(( )p;é)o a1 I((Z)p720a =ar <27 +log A + 10g(7“2/L)> : (5.23)
where the constant A can be determined by integrating between r2 and L,
lo 5\—_2+/1ﬁze—ﬂpz/t_‘_/ooﬂze—ﬂ'th (524)
BA T ot 1 Ve '
p#0 p#0

= v — log(4m) .
So the L-dependent terms cancel, apart from —aqr log L and 2a; L'/2. These two terms can-
cel with the L-dependent parts of the p = 0 threshold terms that subtract the log(—a’ s) ten

dimensional thresholds and the p = 0 threshold terms in (b.16) that add in the (—¢/ s)_%
thresholds.

5.2 Summary of the expansion of the nine-dimensional genus-one amplitude

By using the method outlined above and developed in detail in the appendices, we find the
following terms in the momentum expansion of the analytic terms in the integral, I, that
defines the four-particle amplitude in (1) up to order s® R* (with partial results beyond)

’r

Ic(fri 9)(rst)—rl(d 10) +2Z/ de TrpT (pq)agag

2

dr _"PT L (T ¢(3)
_ . 7(d=10) n, ™ 5
mlan” +2Z / [1“’2 <4572 + 7772)

e e 5<< )
+03( 751-677-2 + 3 + 47727'22 +0O(e ))

o3 (iC(él) 1y 20 KO @, D) +0(e7™))

TR BT T T o, T T e

o 521 B o)

o (1001“ 2 7572(53) R 11g§(§5) E C(?,?gs * O(TZ‘_l))

8 B ) B ]
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(p.q)

where I," (d=10) 18 the ten-dimensional integral considered in section ] (the coefficient of R?
in (.:43)). These expansions in powers of 1/7 are valid for large 72. We have displayed all
powers of 75 up to order 52, but at higher orders in s, ¢, u there are further inverse powers of
7o beyond the order displayed, which we have not calculated. There are also exponentially
suppressed contributions of order e~ at order 3 and above.

It is easy to integrate over 7o using the formula

Z/ Iy = 2 2m) (5.26)

where ¢*(x) = 7~%/2((x) T'(z/2). The contributions with 7 > 1 can be obtained by using
the analytic continuation (*(2 — 2n) = (*(2n — 1), which is equivalent to performing the
Poisson resummation described in section p.I. For terms linear in 75 (n = 1) the integral
requires greater care, as was also emphasized in section .1, where we were led to (5.29).
The result is

I19=9 (p: 5. 1) = g[r+7‘_1+6’2 (%?rg—l—%?r_g)

+&3<<é§)r5+g(33)r+4(2))3)7"_1—#%7*_5)

s T Ay

(S T D )

+673 <3§ééé) rH4 QC(S;E(E’) r’+ 11;1(05) rlog(r?Xg)+ Cg))zwr C;?E))2r_1+0(r_3)>

A S0 o S G
+O(r_3)> + O(e"")} (5.27)

Note that the r — 1/r symmetry is manifest only in the first two lines of this expression, in
which there are no e™" terms and each power of r is accompanied by a corresponding inverse
power of r with identical coefficient. At order 65 and beyond, there is no such pairing of
terms and here terms that are exponentially suppressed at large r play an essential role in
guaranteeing the r — 1/r symmetry.

The (o' 5)* r log(r? \x) contributions are the ones we found in (f.29) that arise when
there is a linear dependence on 75 and are connected with the ten-dimensional threshold
contributions discussed in section [l.2.3. The scale A in such logarithms is determined
by combining log(\) from (5.24) and the scale log(fi) of the non-analytic contribution
discussed in section [[.2.3,

log A\, = log(\/fix) - (5.28)

It is striking that the coefficients of the logarithm terms for 3, 53 and &§ agree with values
based on duality with eleven-dimensional supergravity compactified on a two-torus [f.
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The presence of the terms with coefficients 7 log 72 is essential in ensuring a smooth
ten-dimensional limit as » — oco. To see this, recall that in this limit an infinite series of
terms with positive powers of % s must resum in a manner that cancels the nine-dimensional
square root thresholds [[j], generating the ten-dimensional logarithmic thresholds, of the
form r s¥ log(—r2a’ s). The resummation therefore produces 7 log r? terms with coefficients
that are the same as the ten-dimensional massless threshold terms (f.44) computed in
section [ More precisely, the rlog r2 terms produced in the resummation must appear
with the same coefficients as log 4 and log g in ({.45). From (4.47) we see that these
rlogr? contributions are precisely canceled by the terms 63 r log(r?), 63 r log(r?) and
637 log(r?) in (b.27), as required.

The terms in equations (p.27) satisfy an extended transcendentality condition in which
a power of r*(1¥2™) (with m > 0) contributes weight —m and log(r?) has weight 1. As
before, ((k) has weight k£ and 7 has weight 1. The total weight of any term of order («/)?
is once again equal to g + 1.

Although we have displayed results up to order (o/ )% R*, we have also obtained partial
results at all orders. Thus, we have evaluated the coefficients of all terms of the form &%
(such as &5, which corresponds to one of the kinematic structures appearing at order
(o’ 5)8R%), in terms of harmonic sums or multiple zeta values, using general expressions
derived in the appendices. It is notable that, at least in all cases studied here, these reduce
to the product of Riemann zeta values. This leads to the interesting possibility that the
coefficients of the momentum expansion of the genus-one four-particle amplitude are all
rational numbers multiplying products of Riemann zeta values. Even more interesting is
the possibility (motivated by results from eleven-dimensional supergravity on S* and on
T2 [H]) that this property holds for all genera in string perturbation theory.

We have also determined the coefficients wuy, of terms of the form wuy (o s)F¢(2k —
1)r?~1 which contains the leading power of 7 for a given value of k. These coefficients
follow from the methods described in appendix D}, and the results agree with the type IIA
expressions derived by taking the one-loop amplitude of eleven dimensional supergravity on
T2 [13, §. The subleading contributions of the form vy, (o’ s)* 72*=7 match those obtained
from the two-loop amplitude of eleven dimensional supergravity on 72, at least up to (and
including) order (o/ s)S R* [f].
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A. Some mathematical background

A.1 Eisenstein series

The non-holomorphic Eisenstein Series F are defined by

E= Y _ (A1)

2s
oz M+

We will also use the notation B, = E,/(47)* and E* = I'(s)n—* E,. The function E* can
be expanded at large 1o as follows

EX(1,7) = 2¢C*(28) 75 + 2¢*(2s — 1) 15 * (A.2)
1 .
+4r15 Z |N|5_% F1—2s(|N) Ks_%(27T|N|7'2) 2 NT1
N#£0

where &5,(n) = 34, d"* is the kth divisor function of n, K,(z) are the Bessel functions of
the second kind, and

C*(S) _ 71.8/2/2 Z/ dt t% —mp3t . (A3)
1

This function satisfies the functional equation (*(s) = (*(1—s) as is easily shown using the
Poisson resummation formula [[4]. The function E obeys an analogous relation Ef = Ef_,
and satisfy the Laplace equation

ALEYN(7,T)=s(s— 1)EL(1,7) . (A.4)

In the main text we need to integrate the product of a pair of Eisenstein series that
appears in the integrals of the functions P9 ({E,}) over Fr. We may use ([A4) to replace
one factor of F in the integral by AFE, and then integrate by parts to give the result

1 d2r . Ls—i—s’—l Ll—s—s’ , Ls—s’ , Ls —s
W /]__L T—22ESES/ S+S,—1_S+S/—1¢(8)¢(S )+s—s’ P(s')— s _ o ;0(s)+o(1),
(A.5)
where
b(s) = C*(25 — 1) /C*(25). (A.6)
In section [Jl we need to use the special cases
_ mB3) _ 37¢(5)

For s > s’ and in the L — oo limit, the right-hand side of (A.§) contains two terms
proportional to L5T5'~1 and L5, respectively. When s = s the integral may be evaluated
by taking the s — s’ limit of ([A.5).

1 d2 0 L2s 1 L1—2s 5 ~
T fh S B = 5~ 5+ 2000) loa(Ln) +o1), (A9
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where

Lg(s)  C(25)  Tl(s—1/2) T'(s)
2 9(s)  C(2s) o(s—1/2) 20(s)’ (A.9)
For the cases of interest in the main text we need

(@) @

log(ﬂ2s) =

log jis = %—log(2) ) (A.10)
_ 7 ¢'(5)  {'(6)
g i = 15 ~1og(2) + 501 — S (A1)

A.2 Space of square integrable functions

Consider a modular function f(7,7) with the following zero mode expansion

o(m) = d7'1f (1,7) Z + Z Z bkﬂ'j_:” e~ 2Nl (A.12)

- k=1 N#£0 k=0

=

The sums over k are of finite range, n and m are in general different. The coeflicients ay
and bg(|N|) are constrained by the modular invariance of the function f(7,7). Prototypes
of such functions are the modular functions 679 arising from the derivative expansion of
the string loop amplitude, where all the positive powers in 75 in the zero mode expansion
have been subtracted by polynomials in the Eisenstein series as in appendix [J.

In this case the integral of f(7,7) over a fundamental domain of SL(2,Z) converges
since this function is square integrable in the fundamental domain. We apply the following
lemma given, for example, on page 256 of [f:

Lemma. The space of square integrable functions on L*(F) on a fundamental domain
F = SL(2,Z)\H is given by the orthogonal decomposition

LX(F)=LiF)aCab (A.13)

where

1/2
L(Q)(]:) ={fe L2(.7-")|/ drif (1) = 0for almost all 5 > 0} (A.14)
~1/2

and 0y denotes the closed subspace of L?(F) generated by the incomplete theta series,

T(z) = Z Y(Sm(y7)) for 7 € H and I'o = {=£ (1 n) |n € Z} (A.15)

YEL s \I' 01

such that p )
| G =0= [ Srue.
0 F T3
where 1 is smooth with compact support on RT.
Since 0 in (A.12) does not have any component on LZ(F) and does not contain any
constant term it belongs to the space #y. For any incomplete theta series in 0y the integral
over the fundamental domain vanishes. Therefore for any f € 6y we have

d2
/—;—f(T):O.
F T2
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A.3 Harmonic sums

In appendix [§ we will find different types of harmonic sums that arise upon integrating
over the vertex positions. In this subsection we start by discussing the simplest cases.

A.3.1 S(m,n) and S(ay, - ,an;3)

Consider the sum

Z 5(Zlgigm ki)

S 5 - )
(m,n) o Tl (] + -+ T

m>2. (A.16)
k17---7km5£0

As shown in section [A.3.7, this sum reduces to a sum over multi-zeta values (MZV’s), with
the result (for m > 2)

Stm,n)=m! > 2200420y, a,), (A.17)

aqyeeny ar€{1,2}
ay+-tar=m—2

where ((n1,...,n,) is a multiple zeta value of weight w =Y _;_; s; and depth r defined by

Cstyovsr) = 3 % , (A.18)

e nsT
n1>ng>-->np>1 L "

In general, {(m,n) does not reduce to a polynomial in zeta values.
In the following we give details of S(3,n), S(4,n) and S(5, 1), specializing to the cases
needed in the main text.

e S(2,n) is given by
S(2,n) =2""¢(n+2). (A.19)

e S(3,n) is given by

3

S(3,n) = 2"——2C(n+2’ 1)

= % <(n +2)¢(n+3) =Y ((n+2—k)¢(k+ 1)) . (A20)
k=1

which has been reduced to zeta values using the identity [[[5]

n—2
(1) = Be(n+1) — 5 S ln— K+ 1) (A21)
k=1
In particular, using various expressions for MZV given in the references [[[§—P(] we
have
S(,1) = 5 () (A.22)
$(3.2) = 6¢(5) — 3¢(2)¢(3) (A.23)
5(3,3) = 5¢(6) — 363 (A.20

where we have used ((2)((4) = 7¢(6)/4 and ((2)3 = 35((6)/8.
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e S(4,n) is given by

S(4,n) = s—i (C(n+2,2)+4¢(n+2,1,1)) .

In particular, we find

5(4,1) = 30¢(5) ~ 126(2)C(3)
5(4,2) = 2¢(6) ~ 18(3)”

5(4,3) = — £ C3) C(4) ~ 21¢(2)¢(3) +27¢(N)
504,4) = ~2¢(6,2) +3¢2)CB) ~ 15¢(3)¢(6) + o (9

(A.25)
(A.26)

(A.27)

(A.28)

In the last expression we see the appearance, at weight 8, of the MZV ((6,2) that

does not reduce to a polynomial in zeta values.

Another sum that appears is

1
Slat,...,an; B) = . A.29
Ordering the o; as a,, > anp—1 > -+ > a1 and introducing the variables p; = myq, and
My = pe_1 +my for 2 < r < n, this sum can be written as
S(a,. ., am: B) = 3 . . L . (A30)
Pn>php—1>>pu12>1 M”(:un - Nn—l) T (:u2 - Nl) 2#1
A repeated use of the identity [I]]
1 <r—1> (7’—1)
i—1 Jj—1 ..
i , i>0, A.31
e AP IS e A e (A1)
r,s;O !
gives, for a; > 0 and 8 > 0,
S(Oén,...,()él;ﬁ): Z Z Z
ritsi=agtrg rotsg=ag+try Tp—1tsp—1=an+rn_2
71,81>0 r9,59>0 Tn—1:5n—1>0
n—1
Ty — 1 Ty — 1
X 1) _ 1y
2-1;[1 [(an+1 - 1> i <rn_1 - 1” roa (U Tty Snoty o 81)
In the special case § =0 we find
n
S(an7"' ,011;0) = H <(a2) (A32)
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The n = 2 case gives the Witten zeta-function S(ag, a1, ) = W(az, ay, 3), with

[e.e]

1
W(Oé ¢ 76) - aanail
o m%;1m 2n1(m + n)P
- s )T e s
W(0,a,8) = W(a,0,8) =((B,0),  W(a,5,0) =¢(a)((B). (A.34)

If «; = 0 for p values of ¢ we have

S(anv"'aap-i-laow"ao;ﬁ) = C(ﬁvanv"'aap-‘rlaow"?o) (A35)

A.3.2 Evaluation of S(m,n) by Don Zagier

In this appendix we give a proof due to Don Zagier of the general formula (A.17) for the
values of the sums

(X 1<izm ki)
S(m,n) = e | . »
(m,n) N .%7&0 |k1 - k| (|k1] 4 - - + |km )™ (m,n ) ( )

(Note that S(m,n) = 0 if m < 2, since then the sum is empty.) Denoting by r and m — r
the number of ¢ with k; > 0 and k; < 0, respectively, and by [ the sum of the positive k;,
we can rewrite S(m,n) as

s (M = S (1) S (1)
S(m,n) = Tzz:o <r> ; I (A.37)
where
= > kllk (=0 if r=0). (A.38)

Observing that S,(1) is the coefficient of x! in the series expression of Lij(z)", where
Liy(2) = > > zF/k = —log(1 — z), we obtain

2" S(m,n) = Z lln Z <T:> coeff 1,0 [Li1 ()" Lit (y)™ "]
=1 r=0
= llncoeffxlyl [(Lis(x) + Lia ()] (A.39)

Hence the generating function ), -, .5(m,n) X™/m! is given by
. xm X1 , ,
2" 3" S(m,n) = =) o coeff 1 [exp (X (Li1(z) + Lis(y)))]
=1

=
m:
m>0

= Z li” coeff 1,0 [(1 — 2) ™ (1—y)~ ]
=1
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1 (X+1-1)?
2

0 X2 -1 X 2
=S am 1 (1+3)

~

=1 h=1
00 -1
X2 (X/2)°
= {14 X0 50
=1 h=1 ac{1,2}
4" X2 (X /2)m ot
= > Ty el (A.40)
P>0 I>hy>->he>0 1 T
ay,..., are{1,2}
Comparing the coefficients of X" on both sides gives the desired formula
m! 9
S(m,n)zm Z 2 C(’I’L—i—2,a1,...,a7«) . (A.41)

aq,eeey ar€{1,2}
ay+-tar=m—2

B. Properties of Dy, .. 4

The coefficients of the terms in the analytic part of the momentum expansion are deter-
mined in terms of the functions Dy, g (22:1 I, = r) associated with the diagrams shown
in figures . In the main part of the paper these enter in two separate manners.

1) In section [J we considered compactification on a circle of radius r and considered
the coefficients of terms at each order up to s® that are power-behaved in r for large r.
In this case the coefficients are determined by knowledge of the terms in Dy, 4 that are
power-behaved in m for large 7. Such terms are obtained by expanding the 7,

DO () = ? D 7 B
{g}(7'2) = ) {Z}(Tﬂ') (B.1)
)

in powers of 7, ! This will also be carried out in this appendix for all the Dyp’s that enter
up to order s (although we will not evaluate the coefficients of the negative powers of r
at order s° and beyond).

2) In section B we saw that the values of the coefficients of terms in the low-momentum
expansion in ten dimensions are determined in terms of a constant that survives the 5 — oo
limit after subtracting the positive powers of 75 with a polynomial in Eisenstein series,
P®9({E,}). In this appendix we will here derive P9 and the value of the constant for
each Dyy function that enters up to order s8. In fact, the part of D¢y that has positive
powers of 7o, or is constant in the large-75 limit, is independent of 7 so it is also determined
by DE%.

For these reasons, our priority here is to compute the 71 zero modes of the Dy ’s. For
this purpose we will need to make extensive use of the representation of the propagator as
the sum P> (v) + P(v) given in (B.14). A few special cases were evaluated in [H].
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A

1

Figure 3: The two-vertex diagram with ¢; lines connecting the two vertices defines Dy,. Each line
is associated with a propagator on the torus with momentum p; = m; + n;7

(i=1,....0).

B.1 The two-vertex case

The two-vertex diagram with #; lines is associated with a modular function of weight /1,
which we will denote by
Dy, = Dyy,0,0,0,00 (B.2)

in which case we have
T2
Dp= Y Z p,) H ol e (B.3)
(mi,n:)#(0,0) r=1 i=

The zero mode is given by®

1
2 dy(l)dy(2)
pf) = [*an [ Pl (B.4)
14 dv® dz/(2 .
- Z (741)/ Tl/ (P33)" (Pr2)°

£, () [

r+s=~1

3 82 mi)o(> -, miks) o=2n72 3, k=252 |

45\myq - - - my|

l\.’)\»—t

A direct evaluation of the integrals using the identity

/01 dzy /Oxl dryf(x1 — 29) = /01 dz (1 —2z) f(z), (B.5)

with f(z) = (P (z))" exp(—277s > Imillki — x]), and using the periodicity of the asymp-
totic propagator 7500(:1:), leads to

TT2\ 01
D = (1—22) 2F1(L,—£1,3/2;3/2) + (B.6)

l1—2  1\k2 ' '
‘o Z Z (=) 412kt + k2)! (2m)ksh1—1

k IV e Voo ea
=0 kitho kot O (€1 — k)Vk1 kool kes!

xSl — k,2ky + ko + 1) + O(exp(—72)) ,

5In this section we use the condensed notation P;; = P(v("9)), 75;’;’ =P W) and Py; = P(v').
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where the sums S(m,n) are defined in ([A.1f) and evaluated in section [A.3.9.

Now we will write down the power-behaved terms in the large 75 expansion for some
particular cases. The first non-trivial case is Dy = Eg. The next cases are D3, Dy (called
By and Cy in [[]]). We will also need D5 and Dg. Their zero-mode expansions are given by

D!~ 1 [ootang+ = (5.7
D = o [ @r+wc)+ T o) (B:5)
r ﬂ.S 71.3 71.2 2 T
DY = o [10C(8) 7+ - (3) <02 522(3) +Z%}+0<e—ﬁ> (B.9)
DY = ﬁ _204(10)75 L 10 77277“3) 2P WZC@ (B.10)
©900¢(4)C(3)2 1057 C(7T) 135¢(2)C(3)C(5) 2257 ((9
N 4(72)4( i 47224( ) 135¢( )Tg( )¢6) 167451( )}+0(e—72)
7'6 7'('9 7'3 7T7
DO — (4;)6 [463756%(112) 5.5 227C(3)+2365C(6)((3)2+140 9((5) 72 (B.11)
~ 3m%(34020¢(4) ¢(3) + 42120 ¢(2) ¢(5) — 1171154(7))  12150¢(4) (3) ¢(5)
3271 7'22
+457T3 (2¢(3)° — 14¢(3)¢(6) +9¢(9)
27’23
4050¢(2) (¢(5)* +2¢B)C(TN)) 47957 (11
- ( 871 )+ 3255( )] TOE)
2 2

It is notable that all the coefficients appearing in this expansion are products of zeta values
multiplied by rational coefficients. Thanks to this, the positive powers of 75 in each Dy
function can be matched with a polynomial in Eisenstein series. We find

Dy = Ey (B.12)
3 in
Dy = Es+ <é4) +Dj (B.13)
D, = —30E, + 15 3 + DJ™ (B.14)
155 Dfin
Ds = —375 Bs + 175 By E + 1500 ((5) + Df (B.15)
| 8207625 - :
Dg = Eg + 4900 B2 + 8755 By + ——— ((3)2 + DJ™ (B.16)

691 4096

where D{lm is such that lim,,_,~ D{lm =0.

B.2 The three-vertex case

The three-vertex diagrams are associated with the functions Dy, ¢, ¢, = Dy, ¢,.05:0,0,0, Which
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(b)

Figure 4: The two possible three-vertex diagrams, with ¢1, f5 and /3 lines joining the vertices
defines Dy, ¢, ¢,. Setting I3 = 0 in (b) reduces the figure to the product of two two-vertex diagrams
Dy, 05,0 = Dy, X Dy, shown in (a).

has the form

Ly ls
Dfl,ég,fg = Z H 0 <Z p](ﬁr) B Zp ) H H A7 ’
k=1 k=1

2’
(m) n@)(0,0) 1ST<5<3 j=li=1 "+ iz

(B.17)
where p,(;) is the momentum of the kth line in the rth leg. Momentum conservation at each
vertex implies that when one set of integers is empty the diagram reduces to the product
of two two-vertex diagrams, Dy, 4, 9 = Dy, X Dy,. Some particular cases are

D111 = E3,
Doo2 = Fj, (B.18)
D0’273 = D3 X E2 .

For the general case where all the ¢; are non zero we extract the zero mode contribution

as in the previous subsection by splitting the string propagator into its asymptotic part
and the finite part at large 9. Starting with

dl/(l dl/(2 dl/( ) )
Zl,fzfg / L dTl / P P2§7D13, (B19)
2

where none of the integers n; is zero and splitting the propagator, we find the general
expression

41752,53_ Z H

- 's' / dV2 (Pg5)"™ (P53)"(P3)"™ x

bi=ri+s; i=1
(j)) 53, m(ij)k(ij))
7/ ZJ’l l l
X Z H (2] (37) 4s1+s2+s3 X (B'ZO)
m{i9) 1<z<]<3 |mszJ |
k(u)
 e=2772 SIm{ D ||kf D —o{ |
It is convenient to decompose this into different contributions:
(0) (a) (b) (e) (e) (e)
Dfllmfs DZl»ZZ b5 T Dfl £2,03 + D £1,€2,03 + D 01,02,03 + DZQ,Zl,Zg + D£3,£2,21 (B'21)
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where D™ represents the contribution where s; = 0 for all i = 1,2, 3, D@ and D® represent
the cases where s; > 1 for all ¢ = 1,2,3 and s; = 0 with s, s3 > 2, and D represents the
cases where s1 = so = 0, s3 > 2. The resulting expressions involve sums of the form

Z 5(Zj mzl - Zj m§)5(2] mzl - Zj m;’)
15 Im T2, 3] TT5L, Im3)
1
o+ T2 (2] + [22])°

S(s1,82;83;0, ) =

(m!,m2,m3)

(B.22)

where |mi| = Y y \mg\ This is not one of the expressions that we analyzed in the earlier
appendices.
For the term D7} ,, ,, we find

b123
o B T\ {123
Dé17é27€3 - 2 (7) Z H allb 'C | 66123 (B'23)
a;+b;+c;=¢; i=1
(2a2 + b2)!(2a3 + b3)! 1

(2(az + az) + ba + b3 + 1)! (2a123 + bi2s +2)

where we are using the compact notation,
T193 = T1 + T2 + 23, with x=a,b,corn. (B.24)

When all s1, so and s3 are greater than 1, or s71 = 0 and sy and s3 greater than 2 we have

b123
(a) _ (—1) -
DZM?,ZS B 44123 Z II 'b 'c 1 gz (27rg )28 M1287

y (2(13 + bg)'ll'lg

5 S(s1,82;83;01 + 1,10+ 1), (B.25)
q1:492:
where the summation is over
b =1+ 54, (B.26)
ri = a; + b+ ¢, (B.27)
q1 + q2 = 2a3 + b3, (B.28)
l; = 2a; + b; + q; , (B.29)
and
1)b123 |
(b) ) c123—a123—2 (2(13 + b3)
Dey oty = 45123 Z H al'b IC ! 60123 (2mry) e 019!

I
;1 !
X Z (_1)q2 1(27'4_7,)5(83,82;81;11 —r+Llh+r+1)
—0 r
+ (1 <2)] (B.30)

— 38 —



and when s; > 2 and sy = s3 = 0 in (B.19)

D(C) _ Z H ( 1)b123 (2 )0123 ai23—2 (B 31)
Lyl b3 45123 lb 'C 1 @Gezs Gk x )

sg= 021

s3= 0

(2&34‘[)3)! be 1 1
B AR S S VAR O R | 1) (2 2+

Xy [(CDR S ) (2nm2)

+ (11— (—1)b3) (2(1123 + b123 + 1)!1S(s1, 2a123 + b123 + 2)] .

Substituting these expressions for D, D@ DO and DO into (B-21) gives the expression
for Dy, ¢,e3. This completes the general expression for the three-vertex diagrams. We
list a few explicit examples obtained by using the above general formulas and simplifying
the harmonic sums (B.29). Thankfully, the functions S(s1, s2, s3;a, 3) that we have not
evaluated drop out, apart from the special cases « = 6 = 0 and a« = 8 = 1, which are
simple to evaluate directly. The result for the zero mode expansion of the three vertex

functions is

D, = (47lr) <2C() f%) (B.32)
D), = (4i)4 <§((8) e wf + 5”M

" <g<(2) 21048 > i% o CTQ >+O(e‘72) (B.33)
Dy = o (20000 + 2163060 73 + S c(ax¢ (5)) o(2) ma
D = o (50001 + 4m¢(3)6(0) 72 + 24mc(0)¢9)) +0( =) (B5)
DL = 7oy  pr c1278 + 140m )1 525%(5) (6)7

5 - T +o(£) (B.30)

D) = s ( gL 00278 + 307 + 1TTRC(BK (O

+945¢(3)%¢(6) — 1517;85275< > < (B.37)
D% = 7y  Gor <127 +30mCEKSE + TG00

+%(33g59g( 12¢(6 )-357504(12))) +0<T—12>. (B.38)

The notation O(1/72) indicates the presence of terms that are suppressed by inverse powers
of 75 that we have not calculated (and there are also exponentially suppressed terms which
are not evaluated).
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(b) (c)

Figure 5: The three possible non-degenerate four-vertex diagrams. (a) defines Dy, s, 0,.0,, (D)
defines Dg17[27[37[4;25, (C) defines Dg17g27g3;g47g57g6.

As before, we can associate a quadratic function of Eisenstein series that reproduces
the positive powers of 7 of these zero modes,

Dy = Ej (B.39)

D112 = —%E4 + %ES +D{7, (B.40)

32D1,1,3 — 24D1 2 = —¥ Es + 288 FoEs — %C(@ + 32D{f{fg - 24D{f§2 (B.41)
Di14+D222-2D193 = — 166295175 B + 60 B + 55 By iy — o 4577 <3 (B.42)

fi fi fi
+D17, + Dylyy — 2D1 5

B.3 The four-vertex case

The general four-vertex diagrams shown in figure | have between four and six non-zero
ly’s. We will begin by computing the general expression for the four-vertex function of
figure fl(a), in which ¢5 = £ = 0 and /1, fo, {3, {4 are non-zero and arbitrary.

B.3.1 l5=10;=0

In this case we define Dy, ¢, ¢50, = Do, 05.05,04:0,0, and each four-vertex diagram is the
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modular function

Iy ls £;
. 1
Pasee= 32 I (30 0 T o s
=1 j=1i=1 +n;

( (J) );é(O 0) 1<r<s<4

(B.43)
In the particular case where one of the ¢; is zero, say ¢4 = 0, this reduces to a product of
three two-vertex functions, Dy, 4,050 = Dy, X Dy, X Dy, as in figure fi(c), or Dy, x Dy, as

in f(a)
For the general case where all the ¢; (i = 1,2,3,4) are non zero we extract the zero
mode contribution as in the previous subsections. We write

1

0 2 dy(l)dy(2)dy(3) / ’ /. V)

D, = [ dn [ F o PP (B.44
2

with v4, = 0. Then we have to compute the integrals

D£1,52,53,€4 = Z H '3' / db (Z Pl2 )Tl (P23)T2(P34)T3(POO)T4 X

bi=r;+s; 1=1

S ] s ) B
1,5,0 171 1
: ..‘ (ij)‘ As1tsatsatss (B.45)

(7,]) 1<i<j< <4
k(u)

SZ]

=272 X Im{ P ||k —5{ D)

The final result can be separated into five contributions:
(0) (1) (a) (b) (c)
Dy o500 = D o500 T Dyt 500 D€17£2,Z37£4 + Dy vy 5.0 T Doyt 5.0 (B.46)

where D® accounts for the case where s; = 0 for all i = 1,2, 3,4; D(® contains the case
where three s; vanish; D® contains the case where two si, namely s; and s;y1, vanish;
D contains the case where s; and s;4o vanish; and D® contains all other contributions,
namely those where s; > 1 for all i = 1,2, 3,4 and those where one of the s; is zero.

We are interested in the contributions which are not exponentially suppressed, which
means that the integration region includes points where ) |ml(” )||k:l(ij ) ﬁéij )| = 0. Note
kl(ij) kl(ij)

that this is possible only if all , with a given (i) are equal to each other, i.e.
K9), for' (zg) = 12,23,34 and 14. As a result, 5(2@',3’,1 ml(”)kl(w)) becomes proportional to
(>, mgw )) so it gives no further restriction to the above sums in (B.46). Therefore, we have
to sum over four integers (K12, k(33 k34 £(9)  Since |1/(” | <1, the only contributions
come from the terms with k() = 0,1,—1. In order to identify such contributions, it is

convenient to decompose the integrals into four contributions:
(1) ( ) ~(1)

1 ,1 p1 1 12 1 D, 1
/ / / otV dp® i) = / diY / " dn? / dﬁ§3)+ / ditY / " an®? / i
0 Jo Jo 0 0 5%

(2)

12 1
/ i / P A / du2 / i /0 ©anl) / )
Vs

= +J+Jd3+ 0y (B.47)
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Now it is easy to recognize the possible contributions of (k(m), ACNACON k(14)). For ex-
ample, for .J;, the values of k() which will give rise to contributions to the zero mode that
are not exponentially suppressed are (0,0,0,0),(1,1,1,1),(0,0,1,1),(1,0,0,1),(0,1,0,1).
The next step is to consider each separate contribution and perform the integral. Com-
puting the integrals in all cases, we find an explicit expression for the general four-vertex
function. We will here omit the explicit expression since it is very cumbersome. The ex-
pression involves, in addition to the harmonic sums of the previous subsection S(m,n) and
S(s1, 82, 83; , 3), new harmonic sums that are given by

(32 mh — 3y m?) (33 m — 35 md)
2

4
(mm? m? m*) o (szl u ‘)
1

Hi(s1,s2,53,s4;0,0,7) =

(B.48)

|+ [ ) (1] + [m )P ([m?] + [mA])7
1 mAS(S.m3 =S .m4
Hj(s1, 82,83, 815, 3,7) = Z ooy = ?] ) 000, i — 3 m5)
(2 m? m*) [oms (Hj‘;l !m;”\)
1
B.49
M2l + e Q| + )P (] + . )
1 m2) S m3 =S md
H3(s1, 82,83, 805, 3,7) = Z oy = E:] ) 000, i — ¥ m5)
(m!,m?,m?,m*) [Tz (H]‘;l Im;”)
x ! (B.50)

(Im2| + [mA)*(|m| + [m2 )P (|m3] + [m?])7
where |m'| = Zj |m}2|7 im?| = Zj |m?3|7 im?| = Zj |m§"4|7 im?| = Zj |m]1-4|. In addition,
the result involves particular cases of these harmonic sums:
H(](Sl, 52; &, ﬁa/}/) = H3(07 07 51, 825 &, ﬁa 7) = H3(07 51, 07 5257, &, ﬁ)
50(31732;0475) = 5(0782,31;05,/8) (B51)

Running a Mathematica program with the complete expression, we find the following large-
To expansions for the zero modes,

D)1, = ﬁ (24(8)75l + 57;%”) (B.52)
D)1= s (25 + 200 — 5rCA0)

+217r<8<72§><<7> ) B | gy .

D)o = o (a2 (12 + I8 - 7CG)0(Om + 15 3%6)) +0 (£ ) (B0

D10 = s (g (12 + <) - mC3)e(O)m +216(3760)) +0 ) (B55)

D)1= o (o127 +20mCEIS) - T CEI O+ 5 C(3)%0)) +O<(j§> ,)

.06
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From these expressions we can determine the expression quadratic in E,’s that reproduces
the terms with positive powers of 79, so that,

Di111 = Ey (B.57)
Ihmgz—?%+@&+Dﬂl2 (B.58)
Dig12 = —% g — % 02 + §E2E4 + 1251?;))220 + D{gﬁm (B.60)
Dmyﬁvi%?&—gﬁ+uﬁuﬂ+ig;+Dﬂw (B.61)

We saw in section [f and in appendix [A.] that the constant part in the large 7 expansion
is needed in order to determine the coefficient of s* R* in the ten-dimensional theory.

In addition to the preceding results, which are needed in order to determine the co-
efficients of the terms up to order s® R* that are summarized in the main text, we have
also evaluated certain terms at higher order. For the vertex functions appearing in the
calculation of the genus-one coefficient of s” R* we find

) ‘ B 167 . ) 27 .
D - D S B.62
LLLA e 123863040 <(; LL23] e~ 82575360 <(0); (B.62)
727 0 733
pl© _ Y _
L213[ e~ 82575360 <(7); 1.2.2.2] st~ 61931520 <)
For s* R*, we find
(0) 223 (0) 173
D =——""__((3)(5 D =———_((3)¢(5 B.63
LLLS] ote 49545216C( NOX 2222 ste 15482880C( )¢(5) ( )
199 0 69
Dl _p _ Dl _
121, = Pri2al = o320 BNG) - Pitasl,,. = ~gisoan ¢ P O)
(B.64)
449 89
D) _ pl _plo _ '
13,13 cste 55050240<(3)<(5)’ 1223 ste ™ 2123 ose 10321920<(3)<(5>
(B.65)

These coefficients are strikingly simple — a rational number times ¢(3){(5) — even though
they arise after summing a huge number of terms.

B.3.2 /5 and/or /5 # 0

Let us now consider particular four-vertex diagrams where ¢5 and/or {g are different from
zero. In some cases, they reduce to products of lower-point vertex diagrams, as in fig-
ure fl(d), given by Dy, e, X Dy,.

More generally, the diagrams are those of figure f(b) and figure f(c). Although we
have not evaluated the D functions in these cases for arbitrary nonzero values of £,., we
have computed the positive powers of 7 and the constant part in two special cases that
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are needed for evaluating terms of order s* R* up to k = 6. One of these is the diagram in
figure fi(c) with all I, = 1, for which the zero mode is

0 1 138
D s = s (o S0 78+ 67 CEKOR +01/m)) . (B50)
which leads to the expression
2791 in
Diriiag = =<7 Es+2E3 + D71, (B.67)

The other special case that we have evaluated is that of figure f|(b) with ¢, = 1, for which
the zero mode is

o _ 1 4 )
Diii11 = Ay gC(lo)Tz + 30720 O(1/7), (B.68)
which leads to
Dl,l,l,l;l = 5E + % + D{717171;1 . (B69)

However, we will see in the next section that in order to determine j(%2) we also need
to evaluate D1 1.1,1.2 and Dy 1.12.1. These will be obtained by a slightly different procedure

yLy Ly

in appendix D}

C. Diagrammatic expansion of the coefficients

We will here present the expansions (B.4) of the j (P9)’s as linear combinations of Dygy’s for
values of p and ¢ up to order 2p + 3¢ = 8. We will also substitute the expressions derived
in the last section for Dy, in terms of Eisenstein series that are used in evaluating the
coefficients in the ten-dimensional case and the large-m9 power series expansions that are
needed for obtaining the r-dependent coefficients in the nine-dimensional case.

We will present the expressions for each j®% function in the form

- (
jP9 = Ze{if Dy
{6
= PPO{EY) + @9 4 5P (C.1)

where 879 decreases by at least a power of 75 at large 7. The first equality shows the
diagrammatic decomposition and the second equality shows how the positive powers of 7
are incorporated in a quadratic form in Eisenstein series and will be appropriate for the
ten-dimensional calculations. Furthermore, substituting the expansions of Dg)} derived in
the previous appendix into the first line of ([C.1]) gives the expressions contained in the

nine-dimensional case in (p.2§).

The list of functions of interest to us is the following:

. 43
4O = ol (8D1.11 + 2D3)

4 o, C3) (0,1)
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(c) (d)

Figure 6: This figure shows all the degenerate four-vertex diagrams that reduce to products of
two-vertex and three-vertex diagrams.

where the D3 contribution® is represented by the two-vertex diagram of figure f} of ap-
pendix B with ¢; = 2, and §5(®1).

. 44

(20 = 0 (9D3 4 6D1,1,1,1 + Dy)
44 : ;

_ (24E22 B 24E4) + 520 (C.3)

where Dy is the ¢; = 4 contribution to figure B

5 4°
j(l’l) = 6 5— (2D5 + 96D2D1 1,1 + 28D3Dy + 32D1 1,3 — 24D+ 2,21 24D1 1,12 — 48D171,17171)
5 4° 9864 - 9
== — (—Z="F5+ 1080E3Fy + —— YA C4
65!< 5 5 + 32+7680C()>+J (C.4)

where Dy, 05, Doy tot5.0, a0d Dy, py04 0,05 are defined by figure f(b), figure fi(a) and fig-
ure fl(b), respectively.

14ty

46
30 = — (—5D3+—D2D4+45D111+ D6+60D1113—90D1122+45D1212>

6!
46 9501120 -

= — E E2 1 2880 By By + —— i(3.0) .
o ( o1 s 1+ 3960E2 + 2880 Ey 4+512<()>+5J (C.5)

5Tn [E] D3 was denoted Bs.
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46 /2 100
§©2) =5 <§D6 + TD% — 10DyD,4 — 20D3 + 160D, 1,1 D3

+40(D222+ D114 —2D123) —20(38D1212 —12D1 122+ 4D1,1,13)

(C.6)
+80D1,1,1:1,1,1 +240(D1,1,1,1,2 — 2D111 2-1)>

bttty byt y by b4y

6! 691 6144
where Dy, 4,05 .04:05.05 15 defined by figure [(c)

All of the D functions that arise in these expressions were evaluated in appendix

46 12345120 - . .. 61
= ( — = E+ 5040 £ + 3840 Er By + —— g(g)?) 45502

apart from Dy 11,2 and Dy 1,121, which will be determined by a different procedure in
appendix D
We also note the sum of diagrams that arise at the next two orders, even though we
will not evaluate the D functions that arise in these cases in this paper. The coefficient
multiplying 63 63 R* is given by
§&D = IRE 24Dq 15 — 60D1 2.4 +40D1 33 +90D1 1,14 — 120D1 123 + 180D121,3
—9OD1,272,2 + 30D2(16D17173 — 12D17272 + 5D2D3) + 120D17171D4

+25D3Dy 4 39D2Ds + D7 — 480D1 11,31

IR ]

+360(D1,1,22;1 — D121,21 + D1,2,2,1;1)> : (C.7)

The coefficient multiplying 5‘21R4 is given by

48 128
j(4.0) =< 5 <D8 + 84Dy Dg — 56D3D5 + 105D + 1260D2D, — 560D, D3

+336D1115 — 1680D171’274 + 1120D1’173,3 + 840D191.4 (CS)

IR ] IR

—3360D; 223 4+ 560D 31,3 + 1680D2 1 2,3 + 630D2,2,2,2> .

The coefficient multiplying 6263 R is

48 128
(1,2) =3 T35 <D8 + 700Dy D3 — 420D3 D, — 35D3 + 420Dy 11 D5 + 1564 D3 Dj

+ 14Dy Dg 4 1680 D3 Dy 1 3 + 1260 D2 Dy 1.4 + 70Dy 1.6
—1260D3 Dy 95 — 2520D9 Dy 93

—210D195+70D134 + 1260 Dy Do g 0 4+ 210 Dg g 4

— 140Dy 33 — 84Dy 115+ 1470 D1 194 — 1120 D1 133

— 210Dy 914 +2940D1 953 — 140Dy 313 — 1680 Do 033

)Ly

—630D2222 +420D1 11,14 — 1680 D1 1,1,2,;3 — 1260 D1 221;2

yLsdy 14y Ly

4+ 3360D1 11 3:2 — 2100 D171,174;1 — 1260 D171,272;2 +840D1 19 31

PRkt ] )Ly

+2520Dq2,1,2,2 — 4200 D1 2,1,3.1 + 1260 D1 222.1 +840D1231;1

14y Ly

(C.9)

sLadyLtyly 94y Lyt ly

+1680D1,1,3:1,1,1 +1260D212.1.1,1 — 2520D221.1.1 1>
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All the D’s in the last two equations have been evaluated apart from Dy, s, r5:0, 05,0, and
Dy, 05 .05:04,05.06 With all £3’s # 0. These coefficients that have not been evaluated arise from
the ‘Mercedes’ diagram, figure fj(c)

D. The zero mode of Dy, ... by another method

The calculations of appendix [§ become very difficult at relatively low orders, as is evident
from the fact that we did not evaluate certain D functions that were needed in order to
determine (%2 in (B]). Here we will here present an alternative method for evaluating
these functions, even though this also has technical difficulties.

The different diagrams that arise in the low energy expansion can be computed by
using the representation (P.1J) of the propagator. We proceed by considering the following
generalization of the D functions,

N+1
Cs1,sg,...,sN+1 = Z H s + 10 T|2815<ka>5<znk> , (D.1)

(mi,mi)#(0,0) k k

where s; are integers and the sum over k involves a subset of the {m;,n;}, according to
the topology of the diagram, which needs to be specified in order to define this expression
completely. Certain special cases of these functions correspond to certain D functions. For

example, X 1
Ds = 0 s¢ D1 = 7755C D.2
3 (4m)3 L1,1s 1,1,1,151 (@) 2,2,1 (D.2)

(although information on the topology of the diagram needs to be specified in completely
defining the function Cy21).

D.1 Leading and subleading powers of m

We will start by determining the first two terms in the expansion of (D.J]) at large 2. To
illustrate the method, we start with a particular example,

S1+s2+s3

.
Copnss = D 2 -, (D.3)

il 0y M1+ T2 M + o722 [my 4 mg + (1 4 n2)T[?8
(mg,ng)#(0,0)

The zero mode expansion has the general form

0 $1+52+53 1 1+s1—s2—s3 2 14+s2—51—53
Csy)sa,s5 = sysass T + 5515253 2 + 05,5085 T2
3 1+s_ —S51—S8 1—s1—s2—s
+b518253 2 s + -+ Cs1s9s3 To 1meames + O(eXp(—CTg)) . (D4)

So we begin by computing as, s,s, and 5215253

The leading term comes by setting n; = ne = 0 in the sums. This gives

1
Gorsass = D
S$18283 i |m1|2sl|m2|2sz|m1+m2|233

= 2W(2$1, 259, 283) + 2W(282, 2s3, 281) + 2W(2$3, 251, 282) , (D5)
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where Z;nl’mQ excludes myma(my + ma) = 0 and W (a,b,c) is the Witten zeta-function

of ([A.33) whose values are tabulated using the methods of the appendix [A.J . For example,
one gets a1 1,1 = 2¢(6).
The term with coefficient b’

515283
Consider in particular the contribution with nq; = 0. This is given by

comes from n; = 0 (where we define ng = ny + ng).

) 7_81+82+83
Vies= >, > 2 : (D.6)
515283 ‘ml ’251 ’m2 + n27-‘282 ‘ml + ma + n27-‘283
mi,n2#£0 M2
Applying the Poisson resummation formula for the summation over my gives
Vl 7_281+32+83 /+oo J e27riw(u—n27—1) (D 7)
= g e i . . ~. :
818283 ‘ml ’251 oo ‘,U + 2n27-2‘282 ‘ml + L + 2n27-2‘283

mi1,n2#£0 W

—2miwnam - The zero mode is independent

Now the only dependence on 77 is in the factor e
of 71, so it arises from the w = 0 term in the sum. Introducing a new integration variable

v = p/(n21e) leads to

+oo 1
= d .
D T /. RGER (RS EE

m1,n27#0 naTe

7_21+81—52—83

Vl

515283

(D.8)

pert

We now consider the limit of large 75. When the sum over m; of 1/|m1|?*! is convergent
(i.e. s1 > %) the leading term of the expansion of the integrand in powers of 1/7, is finite.
For the leading term the integral reduces to

/+°° 1 Val(s2 + s3 — 1)

d —
My T(s2 + 53)

SO
g [(sg + 853 — 1)
vl . — 7y TS890 (261)2( (289 4 253 — 1 VT 2 D.9
158283 bert 2 C( 1) C( 2 3 ) F(SQ + 33) ( )
Therefore .
4y/7T(s2 + 83 — 3
b AV E 8 7 5) o as + 255 — 1) (D.10)

15283 F(Sg + 83)

As a check, we now compare with the expansions that were calculated earlier. For D:(,)O),

we find
(4r)* DY) = O | = 2¢(6)73 + 7°¢(3) + O(15%) (D.11)

in agreement with the expansion given in section B.. We have multiplied b%,l,l by
3 since there are three identical subleading contributions biLl’l, i = 1,2,3. Similarly,
we reproduce the leading and subleading terms of the diagrams Dy 112 = Ci13/(47)°,
Dy11,0,1 = Ca21/(4m)°.

We now turn to consider the more general modular function given by (D.I]). The
expansion now has the form

_ s1t+-+SsNt1 ij I4+s1+—si—sj+-+sNnt1
0317327~~~73N+1 - a317~~~73N+1 T + b817---,81v+1 2 + (D-12)
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where

1
o /
caSN41 T Z Imi25t - [my |28 [my + - + my 2N (D.13)

mi,...,mN
The second term arises by setting to zero all nj except n; and n; (with the understanding
that ny1 = >, ng). The corresponding contribution VI is the following one:

S1+-+s
T N+1

NN 2 : 2 : 2
81,0 SN41 251 ... 25N-1 25N ... 25N+1
e B |ma| |my—1] Imy+nNT|[?N|my+- - +my+nyT|
n N #0
(D.14)
Performing a Poisson resummation in my we arrive at
1+s1++sSN_1—SN—SN4+1 J
VN,N—I—I — E E Ty (D 15)
S15SN+1 251 ... 25N -1 2sN+2sn41—17 ’
¢ [ma | lmn 1] Iny|
per M1 y5eey,MN—170 N #0

+oo 1
J:/ dl/ 1 SN+1 °
o (21N (vt = (mi 4+ myo))? + 1)

naTt2

Now we would like to extract the leading term in the expansion in powers of 1/75 of J.
When s1,...,8y_1 > 1/2, the sums over m; of 1/|m;|>** are convergent and the leading
term is simply obtained by setting 7 = oo inside the integral. This gives

_ V/AD(sn + 5n41 — 3)

J
I'(sy + sn+1)
so that
QNﬁF(SN + sya1 — l)
N,N+1  _ + 2 _
1SN T(sw + 5va) C(2s1) - C(2sN-1)C(2sn +2sn41 — 1) . (D.16)

Applying (D.13) and (D.16), we reproduce the first two terms in the expansion of Dio)
given in section [B.1]

2 5
@r)'D” = | | =10¢(8)7s + % C(3)p + -+ (D.17)

We have included a combinatorial factor 4!/2!2! multiplying the subleading term, which
counts the number of identical subleading terms obtained by setting different n; to zero.
Similarly, we reproduce the first two terms in the expansion of D5 = C1 11,11/ (47)° and
Di13=Ci112/ (47)° (where the precise definition of these C' functions requires a specifi-
cation of the topology of the diagram in addition to the values of the integers s;).

The method outlined in this subsection is particularly useful for diagrams that cor-
respond to D functions of the general form Dgl)?ez,ég;&;,és,&; where five or six of the ¢; are
different from zero, for which we did not derive the general formula in section [B. As an
application we compute the first two terms in the expansion of Dg?%71;17171, defined as the

zero 71 mode of

LLLLLl = (4m)6 S~ |m1 + ni7|2|mo + no7|?|ms + na7|?|m1 + mo + (n1 + n2)7|?
19 1

1
X .
|m1 +mg + (n1 + n3)7|2|m1 + mo + mg + (n1 + ng + ng)7|?

(D.18)
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The expansion of the zero 7 mode has the form

0 1 _

The leading term arises by setting all n; = 0, giving the sum

1

>
mi,m2,ms m%m%m?}(ml - m2)2(m1 — mg)z(ml — Mg — m3)2

a =

(D.20)

The symbol Y indicates that the sum does not contain those m; where the denominator
vanishes. Computing this sum gives
138
a=—((12). D.21
The subleading term arises from four identical sums, in which: a) n; = ng = 0; b) ny =
ng = 0; ¢) n; = n3, nge = 0; d) ny = ng, ng = 0. Following the above procedure for case a)
we perform a Poisson resummation on msg, leading to the result

) 1 1 [fee L e
b=4 > . (n3)5/ dum_b‘ C(6)¢(5) . (D.22)

m1,maz,n3 -0
D.2 Systematic large-m» expansion

We return to the general modular function (D.1). The power-behaved terms of the zero
mode expansion are T§1+52+“'+5N“, - 7'21_51_82_"'_51\’“. In order to obtain the coeffi-
cients of these terms one proceeds as follows. The different contributions can be organized
in terms of the different subsets {ny} where all ny are zero (the most suppressed contribu-
tion is the one where none of the n; vanishes). These subsets can easily be visualized by
considering a graphical representation of the modular function (see figure f]) and remove
propagator lines in all possible ways leaving diagrams containing closed loops only. For
example, in figure fj(a) one could cut all propagators in ¢4 setting ny = --- = ng, = 0, as
long as ¢13 > 2 and /5 is either zero or ¢ > 2, so that only closed loops remain in the
diagram. For a given subset {nj} of vanishing ny, one performs Poisson resummation in
all remaining m; variables with ¢ # k. The resulting integral is then computed explicitly.
The next step is to perform the remaining summations explicitly. This step becomes more
complicated in diagrams with a large number of propagator lines. In this step one can drop
contributions which are exponentially suppressed at large 7.

As an example, we come back to (D.§) with s; = s3 = s3 = 1. Using

/+ood ! _ (D.23)
e TN a? 1) dta '

we find

1 2
ml%#o m2|na| 4ndr3 + m3
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Now use

3 ™ LA " coth(2ngmr) (D.25)
= — CO NnomT2) . .
oy mi(ndrd +-md) 1203 T 16ngr}  Buiry 2

Noting that ny 3 coth(2nymms) — |ng| =2, modulo exponentially suppressed terms, as 75 —
00, it is straightforward to perform the remaining sum over ns, giving zeta values. Adding
the multiplicity factor 3 and the leading 735 term, we obtain

7% 3n¢(5)

310 _ ~(0) _ 3 3
(4m)° Dy” = Cy 7, = 2¢(6)75 +7°C(3) — Gom T ar2

+ ‘/1/11 ) (D26)
where V]|, represents the contribution where none of the n; vanishes. This is computed as
follows. By performing Poisson resummation in m; and ms we find

3

“+o0
-
Vi, = // durdps - - 2 - +O0(exp(—2712)) .
1 mE;LQ —00 HAGH |,u1—|—m17'2|2|,u2+m27'2|2|,u1+,u2—|—z(n1+n2)7'2|2 ( ( )

(D.27)
Introducing new integration variables py = vq|ni|me and py = vo|ns|m and computing the
integrals, we find

72 372 6

Viyp=— 8(3,1) = =—(4) = —, D.28
=T 86,1 = 2c) = o (0.23)
where S(m,n) is defined in ([A1G) and we have used (A.29). Thus V{;; cancels the similar
contribution in ([D.26). The final result reproduces (B.§) obtained by using the asymptotic

form of the propagator.

279

We now calculate the first terms in the expansion of Dy 11 1,2 and Dy 1 12,1, which are

given by
6
Ditii2= 1 1 722 5
oy e g MR T[ Y mo 07 [ ms +naT 2 m +mo+mg+(n1+no+n3) 7|
n1,n2,Mn3
(D.29)
and
D > =
1,1,1,21 =
oy ey M1+ 1174 mg + naT[2fmg + naT|?
ni,ng,n3
1
(D.30)

X .
|my + ma + (n1 + n2)7|2|ma + m3 + (ng + n3)7|?

The leading term is of order 7'26 and arises from the contribution with ny = ny = ng = 0.
There are various contributions according to which n; are zero. Our aim is to compute the
expansion up to the term constant in 7o. Keeping only these contributions, we find

5047¢(12) 4

(478 Dyy110 = —o1 2t Vig + 4Viz 4+ 2Vi + O(15 1)
802((12 ~ ~ ~ ~ _
(471')6 D1,171’2;1 = % ’7'26 + V12 + 2V13 + ‘/23 + V1 + 0(7'2 1) (D31)
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Here V;; indicates the contribution with n; = n; = 0 and V; the contribution with n; = 0.
To compute the leading term of order 75 we have used (for m; # 0)

1 ke 6
Z (m1 —|—m2)2m% - 2 4

" my my
. 2(4) 82 15
> 13- 3 T 1 T %
. (m1 + ma)tms my my my
1 4¢(4 40¢(2 70
- (m1 + m2)*m; my my my

Next, for each V;j, TN/Z-]- we perform Poisson resummation in the my with k # 4,5 and
integrate over the resulting continuous variable v,. We find

'7'5 1
‘/12 =2 Z 4 24 2 9 5
m1,ma,n3 m1m2|n3| 4”37—2 + (m1 + m2)
Vi T 3 120373 + (my — mg3)?
>
s oty TS M| (AN3TE + (M1 — mg)?)?
Vie=2r 3 75 1
= zT
S I (TR T L TR R 2
Vig = 27 Z 7 m? +mj — mymg + 12n373
ma,ma,na mim3|na| (4n373 + m3)(4n375 + m3)(An3 s + (m1 — ms)?)
v T 7'5’ 12n%7'22 + m% 33
> |
2,5y (m2 = mg)2m3m3|n P (4nf73 + m3)?

Using the identities ([D.33) we find

6

Vis = SCB)CB)E — T(5)m + 1 d(6) + 07 )

6
Vis = 2 C(5)m — 2C(6) + O(r5")
B 6
Vi = O3S — T C(5)m + o (6) + Orz )
B 6
Vis = 2 C(5)m — C(6) + O(r5")
Tas = 2 ¢(5)m + Ol ") (D.34)

To compute the contribution V; we Poisson resum the integers ms and mg. This gives

= Y 1
1= — 2003 . . .
L |2 + inoTa| s + ingTe|?lmy + pg — ps + i(n2 — n3)72[?
(D.35)
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where we have dropped exponentially suppressed terms. After introducing v 3 integration
variables by g2 3 = v 3|n2 3|2 We get

too 1
= mZ m[na *ns] /_oo e PR+ D (2 +valna —valng P+ (ma—ns)?)
(D.36)
Since we are interested in the leading term O(79) we can set m; = 0 in the integrand.
The sum over m; then gives 2¢(4). Computing the integrals, one finds sums which can be
reduced to Witten zeta functions. The final result is

77‘(’6 6

Vi= 360 @C( ) (D.37)

Similarly, we find Vi=Wi.

To summarize, we have found

5047¢(12) 4 14m¢(8)C(3) 3 35m¢(6)¢C(5) 2¢(6)¢(3)?

Duitiz = Tuseor B Gmes 2T @mpz 2 (ampa 002
- 227097635 By + 365 Bt gE Ei - 2376;);(;1)2 +D{ 11
- _?234% B + g A‘% * 3 E2E4 - % {,?1,2;1 (D.38)

The results (D.3§), together with (D.19), (D-21), (D.23) are used in ([C.6) — combined with
the other vertex functions found earlier — to find the corresponding 63 terms in (f.25).

E. Phase-space integrals for two-particle unitarity

We will here evaluate the phase-space integrals that arise in the unitarity analysis of sec-
tion fl.]. This will involve a number of basic integrals that result from expanding the
tree amplitudes in ([E3) in powers of 64 = (o//4)% (s* + % +u'?), 64 = (o//4)3 3st'u,
&Y = (o/J4)2 (s + 1" + ") and 64 = (o//4)® 3st"u", where t' u/, t”, u” are defined in
terms of the internal and external momenta in ([.9). This leads to integrals of the general
form

S(a,b,c.d) = / dk 6 (k) 8 (pr + p2 — B)?) ()" ()P (E) T @), (B

where a, b, ¢, d are integers.

The 6() functions impose the mass-shell conditions. If we choose the centre of mass
frame in which ¢* = p{ + p = (S%,ﬁg) (where 0, is the k-dimensional zero vector) we can
write

5 ((q — k)%) = 2—186<k0 - % s%> N O %5(1@0 1R, (E.2)
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so that k* has the form

07 52 -
k= (k 7]{7) = 7 (1,119), (E?’)
where 7y is the unit nine-vector. The integral ([E.Il) may be evaluated by choosing the
momenta, which satisfy the on-shell masslessness condition, to take the following form,

1 1
S2 N S2 N
plf:_(leOS) pg:_(L _1708)
2 2
1 1
S2 — S2 =
Py = = (=1, cosp, sinp, O7),  pif == (=1, —cosp, =sinp, O7)
1
3
kH = % (1, cos @, sin O cos ¢, sin @ sin ¢ iiy) , (E.4)

where 7i7 is the unit seven-vector and the scattering angle, p, is given by

cosp = Lou (E.5)
s
Changing variables from k' (i = 1,...,9) to 6, ¢, i7, the measure of integration becomes
3
S . . S _.
Ak 6 ((q — k)?) 6 (k) = o (5in 0)7 (sin )% d6 do "y §(72 — 1) (E.6)

In this parametrization we have

| @»

' =2p1-k=—=(1—-cosf), t"=-2ps-k=—=(1+cosfcosp+ sinfcos¢sinp),

NSRRIV NNV

W =2py-k=—=(14cos), u’"=-2p3-k=—=(1—cosfcosp—sinfcosgsinp).

(E.7)

| w N

The integral over the seven dimensional unit vector 7y gives an overall factor of the volume
of the six-dimensional sphere vol(S%) = 1673 /15.

Substituting the term of order ¢(3) R* introduces a factor of st”u” into one of the tree
amplitudes on the right-hand side of ([.), with the lowest order term in the other, leading
to an integral of the form (E.I) witha=b=0and c=d =1,

5(0,0,1,1) = 2¢(4) s, (E.8)

which determines the coefficient of the threshold terms of order o/* s* log(—s/i4).
Similarly, substituting the expansion of one tree-level amplitude at order ((5) &2 R*
and the lowest order term in the other in (f.9) leads to an integral of the form (E.I) with
a=b=0and c=d=2,
4
5(0,0,3,1) = %6) s (318 + (t —u)?), (E.9)

which determines the coefficient of the threshold terms of order /% ¢ log(—s/ug).
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