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1. Statements of the results

Let Mg , denote the moduli space of complex algebraic curves of genus g with n distinct marked points, and Qg , the
moduli space of pairs (C, q), where C € Mg , is a smooth algebraic curve and g is a meromorphic quadratic differential
on C with only simple poles at the marked points. This moduli space of quadratic differentials Q, , is endowed with the
canonical symplectic structure. The induced volume element on Q, , is called the Masur-Veech (MV) volume element.
Denote by Vol Qg , the volume of Qg ,; see e.g. [11,20,24] for its meaning. Recently, Chen-Méller-Sauvaget [8] proved
that the volumes Vol Q; , with 2g — 2 4+ n > 0 can be expressed in terms of linear Hodge integrals as follows:

6g—6-+2 g Y V)
8-0+2N(4g — 4 +n)! / MV Vi sionsj
i—0 Y Mg.3g—3+20j

(6g — 7 + 2n)! (3g —3+n—j) M

Vol 9, , = g2 +17

where Mg denotes the Deligne-Mumford compactification [13] of Mgk, ¥; denotes the first Chern class of the iy
tautological line bundle on Mg , and A; denotes the ji, Chern class of the rank g Hodge bundle E; x on Mg ;. The goal of
the present paper is to study the numbers Vol 9, , by using the Chen-Méoller-Sauvaget (CMS) formula.
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For g, n > 0, we define

g 2
0 a3 g s sy MVna1 Vg 3in g 28 =241 >0, 2)

a =
g.n .
0, otherwise.

Note that the ag , are rational numbers, and differ from Vol Q; , only by some simple factors. Define a generating series
H(x, €) for the numbers qg ,, called the MV free energy, by

)= Z 62‘s’PZ%Gg,n- (3)

g.n>0

The first result of this paper is then given by the following theorem.

Theorem 1. The series H(x, €) satisfies the following two equations:

2
[0y — HO] + 2(Hs +H_) = ?)2( (4)
2

1 €? 3 € 3
<ea + Zxax — ﬂa )(H+ —H) + E[ax(ﬂ+ -n.)]" =0, (5)
where Hy = H(x £ £, €).

A statement equivalent to Eq. (4) is given by the following corollary.

Corollary 1. For all g > 0 and n > 2, the numbers ag , can be uniquely determined by the following recursion relation

q! Z (_1)i1+j2ag1 n10gy,ny

a = —
S 422, + 1)(20; + DI — 21 — 2)!(ny — 2j; — 2)!

g1+8+H1 =8
nq+ny=q+4+2(1+ip)

l)/a _
— Z g JQ+2.I+2 + (Sq,](sg’o (6)

along with the boundary condition ap ; = 0 (cf. (2)), where q > 0.

Another corollary of Theorem 1 is the following non-linear differential equation for the series .
Corollary 2. The series H = H(x, €) satisfies the following equation:

2
€0 (H) + X7 (H) + %ax(y) - %[af(m] - ﬂax( ) = 0. (7)

The proof will be given in Section 3. We also show there that Eq. (7) implies a recursion given by Kazarian in [27] for
the Hodge integrals

(5 =3 -j)58 =5 —)J) /
(3g =3 -J)! M

A third corollary of Theorem 1 (which apart from the boundary conditions is in fact equivalent to Eq. (7)) is the
following recursion for the numbers ag ;.

)vjl/f%"'lﬁfgfg,j, 0 §j§g~

g.38-3j

Corollary 3. Forallg > 0 and n > 1, the numbers ag ,, are given recursively by

1 n—T1Y\ dgn0gn 1 dg—1n43
wmg BT () ®
2 CBa0 M2 AR0.3i=12 n—2/4g—4+n 12 4g—4+n
811+82=8 nq+ny=n+3

if2g—2+4+n>0,(g,n) ¢{(0,3), (0,4)}, ap3 =aps =1and ap; = apr = a_y, =0.

The recursion relations (6) or (8) both give rapid (polynomial-time) algorithms for computing a; , forn > 2 orn > 1,
respectively. The first few values a, , are given by Table 1.

The following proposition describes the property of Vol Qg 5, which will enable us to determine also ag o and a; ;
from (4), and ag o from (5) or (7).

Proposition 1 (/5,6,8]). The following properties of the MV volumes hold:

n2n76

Vol Qg, = on—5

, vn>3; (9)

Please cite this article as: D. Yang, D. Zagier and Y. Zhang, Masur-Veech volumes of quadratic differentials and their asymptotics, Journal of Geometry and
Physics (2020) 103870, https://doi.org/10.1016/j.geomphys.2020.103870.




GEOPHY: 103870

D. Yang, D. Zagier and Y. Zhang / Journal of Geometry and Physics xxx (Xxxx) Xxx 3
Table 1
The numbers a; , with0 <g <4and 0 <n <6.
n=0 n=1 n=2 n=3 n=4 n=>5 n==~6
g=0 0 0 0 1 1 3 15
_ 1 1 11 21 163 1595
g=1 0 7 H % T 5 5
-2 1 29 337 319 10109 42445 620641
&= 9% 640 1152 128 384 128 128
g=3 575 20555 77633 1038595 16011391 31040465 201498115
- 21504 82944 27648 27648 27648 3072 1024
—4 2106241 1103729 160909109 14674841399 99177888029 442442475179 10765584400823
&= 7962624 294912 2654208 13271040 4423680 884736 884736
Vol 0 o om o 2n Vn>1 (10)
oldin = , n=1;
3 \@n—1!! = @2n-—1)2"
6g—6+2n _ | 3g—3—j -
VOl Q h = 22g+]+nﬂ (4g 4 + n)- ()‘j > 5g 5 ] (]])
R - . k]
€ (6g — 7 + 2n)! Z(3g—3—])z 2 .

whereg > 2,n > 0, (b), :== b(b+1)---(b+n—1) denotes the increasing Pochhammer symbol, and we used Witten’s notation:
for a cohomology class y € H*(Mg n; C),

i i . .
(Vfil"'Tin>g3=/7 Yy, i, i 0.
Mg

The explicit expression for Vol Qg ,, n > 3 was conjectured by Kontsevich, and was proved by Athreya-Eskin-
Zorich in [6]. The formula (10) was conjecturally given by Andersen et al. [5], and the formula (11) is equivalent to the
Conjecture 5.4 of [5] (to see the equivalence, cf. [8]). A proof of Proposition 1 was given in [8]. In this paper we give a
different proof of this proposition based on the following lemma.

Lemma 1. Let T = +/1 — 2x. Define the power series Hg(x), g > 0 by
) = Y (). (12)
220
Then we have
1 T? T4 T3

Ho(x) = — — — 4+ — — —, 13

W= " BT T T (13)

H(x)—ll 1+1(1 T), (14)
W= 52"% T T 5

Ha(x) = L R (15)
2 1440 T5 ' 1152 T* ' 5760 T3

In general, we have the following expression for Hg(x):

Z L =2 (16)
(3g—3—1)'T5g51 5=

We give in Sectlon 2 a proof of Lemma 1 by using the CMS formula (1) and the Dubrovin-Zhang formalism [15,16,18]
on Hodge integrals. Substituting the expansion (12) into (7) we find

1
XHy + (g—f) - = E Hy, Hg, 7 a1 = 0. (17)
£1.82=0
g1+82=¢8

Here, the prime “ ’” denotes d/dx. It turns out that this formula together with Lemma 1 determines g, g > 0, and
therefore the ag ,, uniquely for all g, n > 0.

Recently, Aggarwal, Delecroix, Goujard, Zograf and Zorich [4] proposed a conjectural formula for the large g leading
asymptotics of Vol Qg , (the conjectural formula was given originally in [11] for n = 0). The ADGZZ conjecture was very
recently proved in [1]. Our next result is a refinement of the ADGZZ conjecture to the following more precise asymptotic
statement.

Conjecture 1. For any fixed n > 0, we have the asymptotic formula:

_ 0o
212g+4n 10 mk(n)

34g+n—45 k
k=0 g

Vol Qg , ~

, g§— o0, (18)
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where each my(n) is a polynomial in n with coefficients in Q[x?], with the first four values (with M = —n?/144 for
convenience) given by

mo(n) = 1, my(n) = M,

- M 5, 3M 2+4M_27M2 +M+19M2
myn) = —n” — —n n s
2 24 8 6 2

8M +27M* ,  17M +65M? ,  860M + 1890M? — 14256M> ,
ms(n) = — n° — n

288 48 576
104M — 373M? — 6156M3 55M — 3615M? — 28650M° + 126846M*
+ 48 " 180 '

The asymptotic formula (18) with Y>> my(n)/gk replaced by 1 is the ADGZZ conjecture. We refer to [2,3,9,10,12,21,
33,34] for the analogues of the ADGZZ conjecture and Conjecture 1 (cf. also Conjecture 2 in Section 4) for the MV volumes
and for the related area Siegel-Veech constants associated with the moduli spaces of abelian differentials [20,30], and the
proofs of these analogues via different approaches; see also [31]. Conjecture 1 can also be stated in terms of the numbers
ag  defined in (2) as

_ (6g —7+2n) 2%+ o Mi(n)

(4g 4+n) 34g+n—4,;6g—-5+2n kg(; gk

. g 0. (19)

Qg n

Conjecture 1, like the related Conjecture 2 which will be stated in Section 4, is completely empirical. Specifically, we
computed the values of ag , numerically for g < 100 and a number of small values of n, then interpolated by the numerical
method explained in [36], [25, Section 5] and elsewhere to get an asymptotic power series in 1/g with coefficients known
to high precision, and then used polynomial interpolation and the LLL (Lenstra-Lenstra-Lovasz) method to recognize the
coefficients as polynomials in n with coefficients in Q[2].

Remark 1. It would be interesting to investigate the following generating series:

= Zezg’zag,n, n>o0. (20)
=0

In other words, #H(x, €) = Zn>0 21 Cn(€). Eq. (7) then implies the following relations for Cy(e):

Cn1 +2 Cﬂz +2

n>0. (21)
nqy!ny!

24 2n+1
Crea = Gy + 1275 —Coya — 6! >
ni+ny=n
Similarly, Eq. (5) implies relations for the analogue of C,(¢) for H, — #H_. Understanding of C,(¢) or its analogue might
be useful for proving the Conjecture 1.

The paper is organized as follows: In Section 2, we review the Dubrovin-Zhang theory and give a proof of Lemma 1.
In Section 3, we prove Theorem 1. In Section 4, we refine the conjectural formula for the large genus asymptotics of the
area Siegel-Veech constants.

2. The Hodge free energy
In this section we first give a short review of the Dubrovin-Zhang approach to Hodge integrals [7,14-16,18], and then

specialize our discussions to linear Hodge integrals and prove Lemma 1. Recall that the genus g Hodge free energy #,(t; s)
is defined by

=, Z Lokl Vy Y (22)
k>0 iy,...,ix>0 Mgk
Qg 1(8) = exp( Zszjq Cth—l(Eg,k)> . (23)
j=0
Here g > 0, t = (to, t1,...), S = (51,S83,...), to, t1, t2, ..., S1,S3, ... are indeterminates, and chy, chs, chs, ... denote
components of the Chern character of Eg x. Define the total Hodge free energy # by
H o= HEsie) = Y Hy(t;s)e 2,
g20

Let v € C[[t]] be the unique power series solution to the following equation:

ti .
Zlf:vl = V. (24)

i>0
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It is well known that this unique power series v = v(t) has the explicit expression

=Z% 3 %i' (25)

k=1 P1seP=0 Px
p1+-+pE=k—1

Denote
vp(t) = ng(u(t)), m=>0. (26)

Theorem A ([15]). The genus 0 and genus 1 Hodge free energies have the expressions

1+2 1+1+1
Ho(t; s) = 27
o(t; 5) l,(l+2+ Z”z+;+1w (27)
Ha(t: s) ]10 (®) + Lot (28)
;8) = — logv —(t).
! 24 & 24
For g > 2, there exist elements
Hg(zy, ...,2332;51,83,...,S4-1) € C[ZL ey Z3g-2, 27 51,83, 52g—1]
satisfying the conditions
3g-2
Zmzm— = (28 — 2)H,, (29)
m
3g 2 g
> m—-1)z L D @iy = = (3g — 3)Hy. (30)
m=2 j=1 9s ZJ 1
j
such that
He(t; ) = Hg(Ul(t), ooy U3ga(t); 51,83, .., Sngl) . (31)
This theorem was proved in [15]; see also [16] for a straightforward proof.
Define
2H(L; s;
u = u(t;s; €)= e2g , (32)

atg

then according to [15], u satisfies an integrable hierarchy of tau-symmetric Hamiltonian evolutionary PDEs, called the
Hodge hierarchy, which is a deformation of the KdV hierarchy [29,35] and has the form
du sh
o poh g (33)
oty Su(x)
Here P = 9, + ---is a Hamiltonian operator, hy, k > 0 are Hamiltonians.
In [17] Theorem A was applied under a particular specialization of t, s, which gives the classical Hurwitz numbers
according to the ELSV formula. In this paper, we consider a different specialization. Firstly, we specialize s to s = s* as
follows:

Shq = (2k — s k>, (34)

Denote by Ag k(s Zg Aj s/ the Chern polynomial of Eg . Applying the relationship between the Chern classes and
the Chern character, and using Mumford’s relations [32]

Cth(Eg.k) =0, m=>1,

we obtain £2; y(s = s*) = Ay k(s). So we have

=2 2 AgalS) 97 - (35)
n>0 iy,...,.in>0 : Mg.n
Secondly, we specialize t to t = t* given by
tg =x, tf =0, t7y =1, tf =0(i=>3). (36)

Substituting (36) into (35) we arrive at

no g . )
He(t'ssT) = 3 Y 4 o 20 ,>f. (37)
| & !
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From the definition of a, , given in (2), it follows that the MV free energy is a specialized linear Hodge free energy. More
precisely, we have the following lemma.

Lemma 2. For any g > 0, the following identities hold:
He(X) = Hg(t"; s )s=1, (38)
where Hg(x) is the gu-part of the MV free energy (12). Equivalently, we have
68—=6+2n(4g — 4 + n)!
(6g — 7 + 2n)!

Let us now apply Theorem A to the computation of H.(t*; s*), which, due to (39), gives rise to Vol Qg . Substituting (36)
into (24) we find that v = v(t*) satisfies the following quadratic equation
2
v
X — =v. 40
+ 5 (40)
By solving this and observing that the power series v starts with x, we obtain

V() =1—+/1-2x.

T
Vol 9, = 2%7! o (Hg(t"; S*))}x:&,s:l' (39)

Denote
T:=+1-2x. (41)
Then by noticing dy = —#0r we find
L @em—3)n
Um(t ) = W + 3m,0; m=>0. (42)

Lemma 3. The power series Hg(t"; s*) of x, t are given explicitly for g =0, 1, 2 by
1 T2 T

Hot;s%) = — — — + — — —, 43
o) =" 12T s 1 (43)
H (t*'S*) — llO 1 + i(]_T) (44)
1S =529 1 T g ’
7 1 5 s 7 s?
ot §7) = 1 S s 45
A0S0 = o T T2 T 5760 T (45)
In general, for g > 2, Hg(t*; s*) has the following expression:
g 3g—3—j i
A s
Ho(t*;s*) = A7y )e g>2. (46)

~(3g —3 I TS

[

Proof. By substituting (42) into (27) and (28), we arrive at the formulas for Ho(t*; s*) and #4(t*; s*), respectively. The
formula for #,(t*; s*) can be obtained by using the algorithm of [15] with vy, (t*) given by (42). To show the validity of
the formula for Hg(t*; s*), g > 2, we first observe that, according to (31), (42) and the homogeneity conditions (29), (30),
the function Hg(t*; s*) can be written in the form

S Goyd
Helt'3s) = ) g 822, (47)
j=0

where G ; € Q. Therefore,
g .
Hg(t*; § )x=0 = Z Cg,jsj , &=2.
j=0

On the other hand, it follows from (37) that

g 3g—3-j
ATy dg

He(t"; 8 )|xm0 = E —= =y
—3_1)\

= g —3-J)!

By comparing the coefficients of §' in the two formulas given above we arrive at
3g—3—j
M5 ),

Coj = ,
T (Bg-3-))

j=0,....g, (48)
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where g > 2. The lemma is proved. O

Proof of Lemma 1. By putting s = 1 in Lemma 3, we arrive at the result of Lemma 1. O

Now let us give a proof of Proposition 1 based on Lemma 1.

Proof of Proposition 1. By using (13) and the fact that & = —1-Z we have
1 12 713 y
H()(X) = 5§ 2 + 3 HS(X) = u(t%), (49)
d"Ho(x) N (2n—7)!

X" = vpo(t’) = Trms n>3. (50)
Therefore, d"Zﬂ(") |x=O = (2n—7)!! 8,>3. Due to the definition (3) and the CMS formula this gives (9). Similarly, by using (14)
we obtain

dnH1(X) 8n>1 2”_1(n — 1)' (Sn 0 1 1 (2” — 3)” 6n 0
= 2= 7 Zlog - + ——0 2 51

dxm 24 1 24 BT T pm Ty (51)

from which we arrive at (10). Finally, by using (16) we have for g > 2,
d"Hg(x) _ i (575" )g T (58 — 5 —j + 2i) 52)
dxn (3g — 3 —J)! T5g—5—i+2n '

j=0

which yields formula (11). Proposition 1 is proved. O

Remark 2. The explicit expressions of the numbers ()\grzzg;j)g that appear in (11) of Proposition 1 are given by the
following A4-conjecture proven in [19,22]:

(AgT2% ) _ 9281 _ 1(4g _ 7 |Bog|
(28)!

(2g — 3)! 2281
where By, denotes the ky,-Bernoulli number. The number (r;g%)g for g > 2 has the expression [26]:

g=>2, (53)

(2 0y 2475¢,

(3g—3)  (5¢—3)5¢ —5)’
where ¢ are given by the recursion

g2

1
¢ = 50(g — 1% ceq + 2 > ncgn g3 (55)
h=2

together with co = —1, ¢y = 2, ¢c; = 98.
Proposition 1 and formula (54) imply immediately the following corollary.

Corollary 4. For any fixed g > 0, the following asymptotic formula is true:

g
ig2n
Vol Qg n ~ kg

T (n — 00), (56)
where
64702
kg = m Cq (57)
and cg are defined by (55).

The reader may notice that certain universality found in [17] about asymptotics of enumerations related to Mg ,
reappears in (56), (57). The first few «, are given by ko = 32/75, ky = 73 /3, ky = 775/1080, 13 = 245725/ /7962624

3. Relations for the MV volumes

The goal of this section is to prove Theorem 1 and Corollary 2.
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Proof of Theorem 1. It was shown by Buryak [7] that the Hodge hierarchy associated w1th A(s) is normal Miura
equivalent [15,18] to the intermediate long wave (ILW) hierarchy. To be precise, define @i = ii(t; s; €) by

Z e P (58)
22g (28 + 1)l pe”

where u is deﬁned in (32) with the specialization s = s*; then i satisfies [7] the ILW hierarchy, which has the first two
flows

- _ou Bag| g ¢ 1070
= i— S22 e , 59
o uato " ;(Zg)!e gzt 9
- _, 0l |Bag| aZgu 32g+1(ﬁ2)
i, = i’ + Z Zg’ s < Zg T
2" ot = @8 at aty
| 2g| €2 28
t2G o (60)
g>2

Let us now do the specialization (36) with s = 1, and denote the series u(t*; s*; €)|s—1, U(t*; s; €)|s=1 by u = u(x, €),
it = Ui(x, €), respectively. Then u(x, €) = €232(#(x, €)), and from (58) it follows that {i(x, €) and u(x, €) are related by

Z Ly (61)
22g (2g + 1)! 0x%8

Proposition 2. The series it = ui(x, €) satisfies the following non-linear equation:

~2
u 2ngzglagu -
x+5+§ opy o = & (62)

Proof. Recall that the Hodge partition function Z = Z(t; s; €) := e™(&%:¢) satisfies the string equation (cf. e.g. [15,16]), that
is,

Zt,+1 + —Z L 5,2 (63)
2¢? 24 dto
Dividmg both sides of (63) by Z and differentiating with respect to x we obtain
s 29(¢ & 29/(¢- o
We recall that
ezw = .Q,;o(u(t; S; €), Ux(t; s;e),...), i>0, (65)

at,-ax
where £2; o are certain differential polynomials [7,15] of u. Then by using the Miura transformation (58) we obtain

o0
Z t,-+1§,-,o (ﬁ(t; s; €), Uy(t; s; €), .. ) + x = u(t;s; €). (66)
i=0
Here f?,-,o, i > 0 are differential polynomials of #. Buryak [7] showed that the Miura transformation (58) transforms the
Hamiltonian structure P of the linear Hodge hierarchy to d,, in particular, i(t; s; ) satisfies the Hamiltonian system

w_y O (67)
o, su(x)’

where
(T Byl -
'= f (E " gz 2(2g)!””zg>dx'

=1

=N

Therefore, according to [15] we know that

~ (Sh] 12 2 |Bz | 9%
210 = = — g 28 . 68
YT s + Z 2)! 9x% (68)
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Thus Eq. (66) with the specialization s = 1 leads to (62). The proposition is proved. O

We are in a position of proving Eq. (4). Indeed, observe that

B | i i€o.
2g| Zg 2g _ L %
E =1 26 Oy e — 1’ (69)
g1

so it follows from (62) that
u i - i€dy .
X + 5~ 56 (1) — pe - ](u) = 0. (70)
By using the fact that ii = —ied (. — H_) we arrive at Eq. (4).
We will now prove Eq. (5). We first switch on the t;-dependence and denote it by t in the specialization (36). More
precisely, we consider

B D DL LM BEEL IR
H = H(x, t,€) 828N (71)
_ _ !
gn>010(3}g 34+n—j) n!
and denote Hy = H(x + ’5‘ t, e). Then by using Eq. (59) and an argument like the one we used above to derive
equation (4), we find that # satisfies the following equation:
€2 2 €? )
tf[ax(m - H_)] + eSO ) — (1= Diedy - 1) = x. (72)
Then by using Eqs. (60) and (72) we obtain the following equation for #:
i€d (Hy — H_) = B4 o@ 40 o — 2q ezﬂ + 2 te
Colite TS = g Ty R R TRT:
1+2t ., i3 3 €. 5
- Og(H_)+ —0;(H_) — —uds(H-). 73
2t6x()+4"()zx() (73)
Here we recall that &t = —iedy(#,. — H_), and we also used Theorem A to get the constant in x term —ie/4t. It is not
difficult to deduce from Theorem A the following homogeneity property for H:
OH OH OH 1 1 x2
t— X— — — = = — = — 74
at +( t)ax t e 24 24t 2% (74)
From Egs. (72)-(74) we arrive at Eq. (5). The theorem is proved. O
Let us proceed to prove Corollary 2.
Proof of Corollary 2. Differentiating equation (5) with respect to x we obtain
1 1., €., €’ 2ra2
€00 + S0 4+ ox07 — —=0f | (Hy —H_) + —[h(Hy —H)]| [07(HL —H-)] = O,
2 2 24 4
so from Eq. (4) it follows that
1 €? €?
€+ o a0y — 07 ) oy — ) — L[ (@300) - (200 ))7] = 0.
2 24 4
Observing that [xdy, ei€%/2] = /25, one can simplify this equation and find
ey iy 1 €? % 2
ez —e 2z B X0 — —07 ) o d(H) — —[32(H = 0. 75
( )[(e e+t 22 >ox() 4[X( )]} (75)
Since the operator (e$ — e‘$)/8X is invertible on power series of x, we find that Eq. (75) is equivalent to
1 €? €? 2
ax[<eae +3 + X9 — ﬁzﬁ) o dx(H) — Z[aj(y)] =0. (76)

It follows that
2

24

2

a3> o (H) — S [0200] = Cle),

) Oy —
(e++x 2

where C(€) =} _,. €2672(, with C; being constants. It remains to show that C, all vanish. Indeed, forg =0 and g = 1,

this can be verified directly with the explicit expressions of #y and #; given in Lemma 1. For g > 2, by using Lemma 1
and the fact that oy = —%87 we arrive at C; = 0. The corollary is proved. O
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Let us now show that Corollary 2 implies Kazarian’s recursion on the linear Hodge integrals

(5¢ —3-j)5¢ =5 —))
(3g -3 _])‘ Hg@g,g,}'

MYt Wi

Indeed, differentiating (7) with respect to x we find that the series u = €292(#) satisfies the equation

1, 1,
2€u. + 2Xuy — u = Bx(iu) + Ee Uyxy - (77)
Denote
€)=Yy *ulfl(x). (78)
g>0

Then we can write (77) equivalently as follows:

d 1 d&
4o — 142 7) lgl) = (g1] (2] -1} ¢>0. 79
<g + i (™) 2dx< Z e 12dx3(u ) &z (79)

811t82=8

To proceed we note that it follows easily from Lemma 1 that u€l(x) has the expression

11 11
[0] _ [ _
ut'=1-T, u'' = ——, 80
1274 + 24 T3 (80)
g _3g-3j e .
U8 = Z (AT, )'g Hi:O(Sg 5 .]+21)’ g>2. (81)
= (3g =3 T8 1
Thus using the fact that % = —%% =: Dr we find that (79) is equivalent to
1 1
4g —1+(1-T*Dr)(u'®) = =D ulglyle2) —D3(uls™1). 82
(4g =1+ =TDr)() = e Y + 5D (u") (82)
£1,82=0
81182=8

Substituting (80), (81) into (82) we find

_gt+1—k (5 —6 —j)58 —4—])
G S5y 5wt T 12 Cg-1
1 .
+ 2 Z Ce1.j1Ce2.d2 g>21,0<j<g, (83)

g]egzzl.j_] Jz_ZO_
g1+82=8.j1+ti2=J

where the numbers ¢, ; are defined by

5 e
= (5¢ —5—j+2 84
Ca.j Bg—3_)) 1_[ g —Jj+2i). (84)

i=l

The recursion relations (83) for ¢, ; were obtained by Kazarian [27] from the KP hierarchy [28] satisfied by the linear
Hodge integrals.

It is not clear at the moment whether Corollary 2 and Lemma 1 imply Theorem 1.

We end this section with two remarks on the computational aspects. Firstly, as a consequence of Eq. (4) and Lemma 1,
the u'8! can be computed from the recursion

u = 1-1,
14, D21 (ul1)) D7 p¥2 (ule2l) (u[g =)

g
= Y (-3) GhaD@ Dl T g( ) @y

0=<gy gp=g—1
g1t+8&+i1t+ix=¢
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where g > 1. Then one can further compute #,, g > 2 from ul8l via

Cej coefficient of 1/T°¢~' in ulé! ,
Hg = 5= Gy = . - (0<j=<g). (85)
* ]:ZO (e (58 —3 - j)5¢ =5 —J)

Secondly, the series i (see (61)) also presents good properties. Denote
&)=Y e*il¥l(x). (86)
g0

If then follows from (80), (81) that @i8! has the expression

glol —q1_T1. gl 1 ;le! ~dgy
um=ash v = o U= ZTSg—l—j
j=0

(g=2), (87)

where d, ; € Q are constants. In terms of intersection numbers we have for g > 2,

g2 &g 3g—3g1—3—j 142 . .
qlel — Z —1¥ Z] M7, £ ]>g—g1 n1=0g1(5g — 581 — 5 —Jj+2i)
22g1 (2g1 + 1)! (3g —3g; — 3 —))! T5¢~g1—1-j

&1=

(—1)g 122 1 (—1¥(4g -3 5-2g 1

12 ﬁ 2286(2g +1)! 6 T4-1"
Substituting (86) into (62) we find that ¢!, g > 0 satisfy the following recursion
% = 1-T, (88)
g — L gi flegle—el | Z 1Bagy | e (@ee), g=1. (89)
2T —  (2g1)!

This recursion gives an algorithm for computing il. From (61) we know that

22-1_1|B
r e o D (@D,
S 2z (29)

g=1
Therefore, for g > 0,

228171 — 1 |Byg, |
el _ glel 811 p281 (fle—g1l
. +gZ e R
=1

So this gives rise to another algorithm for computing the MV volumes. One could also use (5) to study ii.
4. Asymptotics of the area Siegel-Veech constants

In this section we use Goujard’s formula to compute the area Siegel-Veech (SV) constants (cf. e.g. [20]) associated with
principal strata of moduli spaces of quadratic differentials. Indeed, according to Goujard [23] the area SV constants can
be expressed explicitly in terms of the number a, , as follows:

-2

T n
4ag,n (n(n - ])ag,n—l + Qdg—_1,n+2 + Z (nl _ l)ag1,n]ag2,n2> . (90)

£1,82=0,n1,n=1
81+82=8,nq+ny=n+2
3gj—3+n;>0(i=1,2)

Carea( Qg,n) =

The result in this section is a refinement of the conjectural formula for the large g asymptotics of Cyrea(Qg,n) given in [4,11]
to the following more precise asymptotic statement.

Conjecture 2. For any fixed n > 0, we have the asymptotic formula

o Ci(n)
K

Carea(Qg,n) ~ Z (k s g — o0, (91)

par
where each C(n) is a polynomial with rational coefficients in n and M = —m?/144, with the first four of them being
1 1 3 1-2M
GCn) = -, Gn) = —n® — — ,
om = 3. G = 7 T
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5+ 12M N 59 + 180M 2 11 + 24M — 72M? n 23 + 15M — 648M?

Gy(n) = _ n ,
2(n) 576 576 32 72
) 4+ 17M +54M% , 179 4 978M + 3564M2 | 929+5160M + 13554M2 — 42768M°
n)=—./m7ma—m—"n — n n
3 1152 3456 3456
989 + 4851M — 4428M? — 192456 M3 p g 295+ 1165M - 16140M? — 105300M3 + 253692M*
1728 720 ’

The asymptotic formula (91) with Z,fio Cy(n)/g* replaced by 1/4 becomes the ADGZZ conjecture for the area SV
constants. As we mentioned in the Introduction, Conjecture 2 is also not based on theoretical reasoning but on numerical
computations. Very recently Aggarwal [1] proved the ADGZZ conjecture for the area SV constants by showing that
the leading term asymptotics in (18) implies the leading term asymptotics in (91) with the knowledge of Goujard’s
formula (90). However, we do not know whether Conjecture 1 implies Conjecture 2 in the same way. This would be
an interesting point to investigate next.
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