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Introduction

For over a hundred years it has been known that there exist identities
expressing the coefficients of certain modular forms as finite sums involving
class numbers of imaginary quadratic fields; these identities, the so-called
"class number relations,” arose classically in the theory of complex multipli-
cation but have reappeared since in several other contexts, e.g. in the Eichler-
Selberg formula for the traces of Hecke operators and in the calculation of
intersection numbers of curves on Hilbert modular surfaces {8]. Recently
Cohen [3], using Shimura's theory of modular forms of half-integral weight,
coustructed modular forms whose Fourier coefficients are given by finite sums
similar to those occurring in the class number relations, but with the class num-
bers replaced by values of Dirichlet L-series (or equivalently, of zeta functionms
of quadratic number fields) at integral arguments. In this paper we construct
modular forms whose Fourier coefficients are given by infinite sums of zeta
functions of quadratic fields, now at an arbitrary complex argument., The
result includes both the classical class number relations and the modular forms
constructed by Cohen, and further provides an expression for the latter as
linear combinations of Hecke eigenfunctions f£(z), the coefficients being certain

o0
2
values of the associated Rankin zeta functions g, Eﬁ%l_. (where f£[T(n) =
n=} n

a(n)f ). From this we obtain formulas for the values of the Rankin zeta function

at integral values within the critical strip, a typical identity being

N 2 20
w2 4 29 Z(9)
B 20 345 20T T Ty LB

n=1 n
o0
. . . 2Minz
where Z(s) 1is the Riemann zeta functiom, A(z) = (n) e the
n=}
discriminant function, and (4,A) the Petersson product of A with itself. As
another corollary of the main identity we obtain a new proof of a recent result

of Shimura [21] on the holomorphy of the Rankin zeta function. Finally,by combin-
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ing the method developed in this paper with the results of {24} we obtain
applications to the Doi~Naganuma lifting from modular forms of Nebentypus to
Hilbert modular forms in two variables and also to the mapping in the other di-
rection which was constructed in [8] in terms of the intersection numbers of
modular curves on Hilbert modular surfaces. In particular, we give partial re-
sults in the direction of the conjecture made in [8] that these

two maps are adjoint to one another with respect to the Petersson scalar product.,

In § 1 we describe the main result of the paper, namely the comstruction of
a modular form whose Fourier coefficients are infinite linear combinations of
zeta functions of quadratic fields (with Legendre functions as coefficients)
and whose Petersson product with an arbitrary Hecke eigenform is the correspond-
ing Rankin zeta function. We also show how this can be used to obtain identities
for special values of the Rankin zeta function like the one cited above and discuss
the relationship between these identities and other known or conjectured
results on the values at integral arguments of Dirichlet series associated to
cusp forms., In § 2 we reduce the proof of the main result to the evaluation
of an integral involving kernel functions for Hecke operators. This integral
is calculated in § 3, while § 4 contains the properties of zeta-functions and
Legendre functions which are needed to deduce identities like (1) above. 1In
§ 5 we describe an alternate method for proving such identities by expressing
the product of a theta series and an Eisenstein series of half-integral weight
as an infinite linear combination of Poincaré series. The applications to
Hilbert modular forms are contained in § 6.
Note: The identities expressing Xa(n)2n_5 for special integral values

of s in terms of (f,f) and values of the Riemann zeta function have been

discovered independently by Jacob Sturw (Thesis, Princeton 1977).
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§1 Identities for the Rankin zeta function

We use the following notation:

H={z =x+ iy!y > 0} the upper half-plane, dav = éﬁiél the invariant metric
y

on H,

i Grs2) = (cz + 01)“k (y= (z 2) €5L,R), k€27 z€H),

(fikY)(Z) = jk(y,z) f{yz) (f any function on H).

Throughout §§ 1 -~ 4 we restrict ourselves to modular forms for the full
modular group [ = SLZ(Z)/{il}; the results could be generalized to arbitrary
congruence subgroups, but this would involve considerable technical complication
and no essentially new ideas. We denote by k an even integer >2, by Sk
the space of cusp forms of weight k on I, equipped with the Petersson

scalar product

(f.8) = f £(2) 3@ 5 av (£, g €5,
I'\H
and by {fi} the basis of Sk consisting of normalized Hecke

<igdi
I€igdim Sk

eigenforms, with

o
n
£, (2) ; a,(m) q°, a (1) =1, £|T@) =a, @) £,
2riz s . n
(where as usual q = ¢ ). TFor each normalized Hecke eigenform f£(z) =:Z:a(n) q
we set
2 -s,~1 - 8.1 - Nt |
@ o = [[O-a e e ap D0 -ag e Rels) > 1,

P
where the product is over all primes and ap’ &§ are defined by

—- - k-1
+ = 3 =
a, * a, (», a, &, =P

(by Deligne's theorem, previously the Ramanujan—Petersson conjecture, the numbers

ap and Ep are complex conjugates). The function Df(s) is related to the

Rankin zeta function by



Za-5

109
e 2
- L(28-2k+2) a(n)
@ De(e) = S n};; 5

and hence, by the results of Rankin [17], has & meromorphic continuation to

the entire complex plane, satisfies the functional equation

-s_",-3s/2 I'(s) T s-l;+2

) Df(s) = 2 ) () = DJ(2k-1-5),

and is related to the norm of f 1in the Petersson metric by

) &5H - ZT-Q;—%T D (k).
T

For the statement of the main identity we will also need a certain zeta
function, defined as follows. Let A be any discriminant, i,e. A €2 and

AZ0 or 1 (mod 4). We consider binary quadratic forms
_ 2 2
¢(u,v) = au” + buv + cv {(a, b, ¢ € 2)

with discriminant [¢] = b2 - 4ac = A, The group I operates on the set of
such forms by Yo (u,v) = ¢(au + cv, bu + dv) (Y= (: 3) € '), the number of
equivalence classes being finite if A # 0. We define

6)  z(s,p) = Z Z ! (Re(s) > 1),

?modl" (@,n)€ 22/Aut ($) ¢(m,n)°
¢2- A ¢{m,n)> 0

where the first sum is over all TI-equivalence classes of forms ¢ of discriminant
A and the second over inequivalent pairs of integers with respect to the group

of units Aut(9) = {y€T|y¢ = ¢} of the form. If A is the discriminant of

a (real or imaginary) quadratic field K, then 4(s,A) coincides with the
Dedekind zeta function CK(s) (the first sum corresponds to the ideal classes of
K, the second to the ideals in a given class, with ¢(m,n) = N(ovr)), while

L(s,4) for A=1 and A =0 is equal to ;(s)2 and to (s) 5{(2s-1},
respectively., If A = sz, with D equal either to 1 or to the discriminant

of a quadratic field and £ a natural number, then (s, &) differs from

%(s,D) only by a finite Dirichlet series. Thus in all cases 4(s,d) is
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divisible by the Riemann zeta function, i.e.
€)) g(s,48) = z(s) L(s,d)

where L(s,A) is an entire function of s (unless A is a perfect square, in
which case L(s,A) has a simple pole at s = 1 with residue % if A=0
and residue 1 otherwise).

2

Finally, for real numbers A and t satisfying A <t and s € € with

LD Re(s) < k we define

2
<« o©
k+3-2
Ik(A,t;s) = b dx dy
0 == (x2 + y2 + ity - %A)k
(8) ®
Lind k+s=2
r(k 2()1;(2) J y — 4,
Ik . 1, k=5
o? + ity - 78) 2
where the second integral converges absolutely for 1 - k < Re(s) < k (unless
A =0, in which case we need % < Re(s) < k) and can be expressed in terms of
the associated Legendre function PE:; €2§) (see § 4). We can now formulate the

main result.

Theorem I: Let k > 2 be an even integer. For m = 1,2,.,, and s € £ set

]

e (s) = m! 2 [1 @? - 4m,e38) + 1 (c% - 4m, -t;s):I L(s,t? - 4m)
™ L
" k/2  T(k+s-1 ~s=1 2
(9) S e I LI TR
+ 2 m I'(k)
(o] if m is not a perfect square,

where L(s,A) and Ik(A,t;s) are defined by equations (6), (7) and (8). Then

i) The series (9) converges absolutely and uniformly for 2-k< Re{s)< k-1;

ii) The function

(10) 9 (2) = 2 e (s) e2™MBZ (e W, 2-k<Re(s)< k - 1)
w=1

is a cusp form of weight k for the full modular group;

ifi) Let f € 5, be a normalized Hecke eigenform. Then the Petersson product
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of 4; and f 1is given by

an @,.6) =c, ) p (ouen),
@m®
where Df(s) is defined by (2) and
M2y
“® % T 3 ey
2 (k-1)
We must say a few words concerning assertion 1i). If t? - 4m is a perfect

square, then L(s, t2 - 4m) has a pole at s = 1, as mentioned above. However,
for t2 - 4m > O the coefficient [Ik (t:2 - 4m, t; 8) + Ik(t2 - 4m, -t; si

has a simple zero at s = 1 (or any other odd integral value between O and kJ},
as we will show in § 4, so the expression [Ik(t2 - 4m, t; s) + Ik(t2 - 4m, ~t; si
L(s, tz - 4m) makes sense even at s = |, and the sum of these numbers as t
runs from -° to * is absolutely convergent. Similarly, if m is a square
then the second member of (9) has a simple pole at s = %, but in this case the
terms t = *2/m in the first sum involve the function

F(s-3) T(k-s)

s—k
i t
r&) re)

(13) Ik(O;t;s) + Ik(O,-t;s) = 2'rr(~-l)k/2 cos %;
which also has a simple pole at s = %, and the two poles cancel; then 1)

states that the sum of the other terms of the series (9) is finite. Thus the
expression defining cm(s) is holomorphic in the region 2~k < Re(s) < k-1.

From equation (11) we deduce that Df(s+k~1) is also holomorphic in this region.

On the other hand, the Euler product defining Df(s) is absolutely convergent

for Re(s) > k, so Df(s) is certainly holomorphic in this half-plane and, by

the functional equatiom, also in the half-plane Re{s) < k~i. Theorem | therefore
implies the following result, which was proved by Shimura [21] in 1975 by a different

method.

Corollary | (Shimura): The function Df(s) defined by (2) has a holomorphic

continuation to the whole complex plane.
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Secondly, we observe that statement 1ii) of Theorem | characterizes the

cusp form és' since the space S is complete with respect to the Petersson

k

metric. Indeed, since the eigenfunctions fi form an orthogonal basis of Sk’

equation (11) is equivalent to

dim Sk
[ (s+k-1) 1
(14) 9 _(z) =C, ———nrt e D_{s+k-1) £.{2)
s ko (amys*! ; Gt :
or to
dim Sk
I (s+k-1) a;(m)
(15) ¢ (s) = ¢ Llerkol) D_(s+k-1) .
" koumstl 4 (£5.£) 5

In particular, if we take s = | and use formula (5), we find
. dim Sk
Q(16) () =35 ¢ E a; (m).

i=1

On the other hand, the Fourier coefficients ai(m) of the functions fi are

at the same time their eigenvalues for the o Hecke operator T{(m), so

dim S

k
‘zgj ai(m) = Tr(T(m), Sk)'

i=1

Thus Theorem | includes as a special case a formula for the trace of T(m). To see
that this agrees with the well-known formula of Selberg and Eichler, we must inves-
tigate the various terms of (9) for s = 1. If t2 - 4m is negative, then (as

we will show in § 4)

¢! a7 [ (Pt t51) + 1 (e Pam 1))

k
(17)
= 2 Veme? p (t,m),
4 k,l

where

128 1(t;,m) = coefficient of :v:k—2 in ! 2

’ 1 - tx + mx
(18) pk-! _ =k~
=—_iL—-- (p-l»—p': t,ppzm)

P~ P
and

(19) LQ1,t2m4m) = mhmt?) T Hamet2y,



Za~9
113

where (with the same notation as in (6))

Y
(20) H(n) = shir B (n > 0).
|$]=—n

—n J£2
(This equals ZEEZh( n/fz » Wwhere the sum ranges over f > O such that len
w{(-n/f¢)

and -n/f2 is congruent to O or 1 modulo 4 and h(4), w(A) denote the

class number and number of units, respectively, of the order in Q(ﬁ&) of dis—~
criminant A.) If t2 - 4m > 0, then the coefficient Ik(tz-dm,t;s) +
Ik(tz-ém,~t;s) vanishgs at s = 1, as mentioned above, so the contribution of (9)
is 0 unless L(s,tz—am) has a pole at s = |, i.e., unless t2—4m is a perfect

square., In this case, we will show that

S 28 2 . 2 . 2_
;i? Ck m [Ik(t -4m,t;s) + Ik(t ~4mrt,s)] L(s,t"~4m)
21)

~1
- -1 (.LEL:_U) (t%-4m = w2, u > 0).

4 2
Notice that there are only finitely many t with tz-ém a perfect square, and

that they are in 1:1 correspondence with the positive divisors of m:

t2 - 4n=u? e m=dd', d, d' =

Therefore the series (9) for s = 1| becomes a finite sum and we obtain

Corollary 2 (Eichler, Selberg): For k > 2 an even integer, m> 1,

Te(T(m), S.) = —% ; Py, 1 (65 H(4n-t2) - % ;_ ., min(d,d")¥!

2 dd'=m
t <4m d,d'>0
kol uk—2 if m= u2, u> 0,
12 —
+
0 if m is not a perfect square,

where Py l(t,m) and H(am—tz) are defined by equations (18) and (20).
ZRERE , 2ac and

It is perhaps worth remarking that we could have obtained the trace formula
by specializing Theorem | to s = O instead of s =1, At s = 0, the co—

efficient [Ik(tz-ém,t;s) + Ik(t2~4m;t;s)] does not vanish for any t, but
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2 . . i .
L{t"-4m,0) 1is zero whenever cz-ém is positive and not a square, so again we

get a finite sum,

If we specialize Theorem ! to s =r f{or s =1 -r), where r is an odd
integer between | and k - I, then again the terms with t2-4m2>0 vanish
(including those for which t2~4m is a perfect square, if r > 1), and the series

defining cm(s) reduces to a finite sum. In this case we recover the modular

forms constructed by Cohen [3]. We recall his result.

For r > 1, r odd, Cohen defines an arithmetical function H(r, N) which
generalizes the class number function H(N) = H(l, N) introduced above. The

function H(r, N) is defined as ¢(1 - 2r) if N =0 and as a simple rational
00

multiple of # © Z ('n—N) nt if N>0,NZO0 or 3 (med 4). It is related
n=i
to the function L(s,A) defined above by

)2y, Nr-%

(22) H(r, N) = L(r,-N) (rz | odd, N3 0)
r-1 _r
2 m

or, even more simply, by

(23) H(r, N) = L(l - r, -N) (r>1o0dd, NE€ 2).

Then:

Theorem {Cohen fi}, Theorem 6.2): Let 3 g rg k-1, rodd, k even, and set

@) o () = 2.2 p (6w H(rbmt?) | 2T @ em,
’ m=0 teZ ’

t2\< 4m

where Py L{6m) is the polynomial defined by
s

(25) Py r(t,m) = coefficient of = ™! in L
14

(1 - tx + mxz)r

(Gegenbauer polynomial). Then Ck r is a modular form of weight k for the full
i

modular group. If r <k - 1, it is a cusp form.

We shall show in § 4 that, for r = 1,3,5,...,k-1,
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¢! ot [ (Pt tsr) + 1 (Pt -sn))

(26)

_ oz (x+1)/2 2.t~} T(k-r) T(r) 5 +2 <
-9 (4m-t”) “Ta=D pk,r(t’m) if t 4m,
0 if t2 > 4m.
Together with (22), this shows that the series ¢r(z) defined by (10) is a
multiple of the function (24) if 3¢ r< k-3, For r =k -1 we are on the
edge of the strip im which the series (9) is absolutely convergent, We will
show in § 4 that
k
F+1
. (‘l)2 wk § 2
lim cm(s) = o 2 Hk~1,4mt%)
s>k-1 27 k-1t £ € 4m
(21)
1 1
_ 2n_ I'(k-7) T(z) z(2k-2) (m)
=1 T O
(where ok_](m) = zz: dk-l as usual), so that in this case the cusp form
d}m
r _,(2z) = 1im ¢_(z) is a linear combination of Cohen's function C and
k=1 s*k-1 S %, k-1

the Eisenstein series of weight k. Thus Cohen's theorem is a consequence of

statement ii) of Theorem 1, while statement 1ii) implies the following result:

Theorem 2: Let r, k be integers with 3 g rg k-1, r odd, k even. The

Petersson product of the modular form C defined by (24) with an arbitrary

k,T
Hecke eigenform f € Sk is given by
_ (e+k-2) 1 (k=2)1 1 _
(28) & G, = (or-1)1 o7 Zeeet DTk D,
where Df(s) is the function defined by (2).
Since the Fourier coefficients of Ck . Bare rational numbers, Ck r is a
’ »

linear combination of eigenforms with algebraic coefficients, and we deduce:

. : 2s~k+1
Corollary: Let f be a Hecke eigenform in § The values of Df(s)ﬁn

ko«

for s =k, k +2, k +4,..., 2k - 2 are algebraic multiples of (f, £).

(The case s = k is a consequence of equation (5) rather than (28).) By virtue

of the functional equation (4), the numbers Df(s)/ns(f,f) (s = 1,3,5,0..,k = 1)



Za—-12 116

are also algebraic.

Example: For k = 12, the only normalized eigenform in S5 is the discriminant

function © o«
T oo . 2

Az = q a-qH* - @) o
n=1 n=|

The number r in Theorem 2 must be 3, 5, 7, 9 or 11. By computing the first few

Fourier coefficients of Cohen's functions Ck Ve find
3
- - 18 = - - -
Cip3= " F & €12,5 2104 , €12,7 11204 ,
_ 77683 _ 7 x 10!
Ci2,9 207365, Cyy 4 12x23 P12 T 73 x 691 2
w
where Exz =1 + 6ggf0 ZE: Ul!(n) qn is the normalized Eisenstein series. Thus

n=!

from (28) we get five identities like (1), namely

o0
. 2 8 - _
(29) :E: ji%l_ = a éT L2571 %%%E“:l%%T {(a,A) (s = 14, 16, 18, 20, 22)
n=l n
with
a = ] a =l a =-L. a s__g.. a = 77 = 7 x 11
14 Y16 6 Y18 0 30 20 2457 Y22 31786 2 x 23 x 691 °

The numerical values of the series om the left-hand side of (29), calculated

by taking 250 terms of the series, are
1,06544, 1.0109865184, 1,00239992152, 1.00056976587, 1.00013948615,

Substituting any of these values (except the first, where the series converges

toc slowly to give 12-digit accuracy) into (29) we obtain the numerical value

(A,A) = 1.035 362 056 79 x 1076

for (the square of) the norm of A in the Petersson metric. The previously

6

published valued 1.035 290 481 79 X 10 ° (Lehmer [12]), obtained by integrating

th

{A(z)iz yIO numerically, is false in the 5 decimal place.

Finally, we make a few general remarks about values of Dirichlet series
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attached to modular forms. The series Df(s) can be thought of as the

"symmetric square" of the Mellin transform

o

-s - -s,~l,. _ - -s.~1
GO L) ; a(a) n =U (-ap ' -ar®! e 0

of f, which is an entire function of s with the functional equation

k/2

a1 LEs) = @M% T(s) Le(s) = (1) L:(k*'s).

By the theorem of Eichler-Shimura-Manin on periods of cusp forms (cf. Chapter V
of [11]), the ratios L:(l) : L(3) se.e: LE(km1) and LY(2) : L;‘(A) teat L’f*ae-z)
are algebraic (and in fact belong to the number field generated by the Fourier

coefficients of £). For f = &, for example, there are real numbers w, and

w_ with
Yy = LX) =202 0 16y = 159) = 48w, 1¥(5) = L) = B
LD = LD = ga7 by 1y @) = LyO) = 35 0,0 1,6) = 1) = 355 04
(32)

¥(2) = L*(10) = 234
LX@) = LX(10) = =

w_, Lz(é) = LZ(B) =40 w_, L:(s) = 32 w_;
where by calculating the values of LA(IO) and LA(II) (which are the most
rapidly convergent of the series) numerically we find

w, = 2.144 606 670 68 x 10 %, y_= 14.827 748 001 x 107>,

On the other hand, Rankin ([18], Theorem 4) showed that for any normalized eigenform

f €8 and any even integer gq with k, 2<q<k-4 one has

k 2
* * q/2 k-3 Bq Bi-
(33)  Li@LiGk-1) = D72 —q‘lﬁ (£,8, Beg)

where Ei is the normalized Eisenstein series and the Bi are Bernoulli numbers,
so the product of the two independent periods of L?A is an algebraic multiple
of (f, £). For f = A, for example, (33) says

7680

L¥(11) L*(8) Zor (48

or, using (32), that

w, W, = (A,A) .
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We can therefore restate the Corollary to Theorem 2 as saying that the values

of Df(s) for s = 1,3,5,...,k-1, k, k+2,...,2k~2 are of the form
n
(algebraic number)-u%uLn ,

while the result of Eichler-Shimura-Manin says that the values of Lf(s) for

s = 1,2,...,k~1 are of the form (alg-)~u%ﬂn or (alg.).utnn, Both statements
fit into a general philosophy of Deligne that, if L(s) = zg:cn % is any
"motivated" Dirichlet series (i.e., ome arising from a natural mathematical object
such as a number field, a Galois representation, an algebraic variety, or a

modular form) and satisfies a functional equation of the form
L¥(s) = y(s) L(s) = wL¥(Cs)

with some [-factor +Y(s), then the value of L(s) at any integral value of s
for which neither s nor C-s 1is a pole of 7vY(s) should be given by a "closed
formula" L(s) = A'w, where A 1is algebraic and ® 1is a "period" about which
something nice can be said (for instance, the twisted functions LX(s) =

EZ:ch(n) n ® should have values AX-w with the same period w, and the
algebraic numbers AX should have nice p-adic properties as X varies). Now the

series Lf(s) and Df(s) are just the first two cases of the Dirichlet series

m . s
D S S N
Lm,f(s) 'p] ]_JO (1 ap (lp p ) (Re (s)>> 0)

attached to the symmetric powers of the representation associated to £, and
these functions are conjectured [19] to be holomorphic and to satisfy the functional
equations

Be() = V() Ly () =Ll (GmDari=s),

"

-rs

(27 T(s~j(k~1)) if m = 2r-1,

~1
j=0
el r(z FS) vy it

In a letter to the author (February 1976), Serre suggested that, in accordance

i

Yu(8)

1]

2r.

with the above philosophy, the values of Lm f(s) may be given by a formula
»
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a n

of the type L (s) = {(alg.).0, w_ © , probably with a+b=m, possibly with

f
L]
|a-blg 1, for those integral values of s for which ym(s) and ym((k—1)m+1—s)
are finite. For f=A and m=3 or 4 this would mean that there are identities

) 22
L3’A(s)= Awthnn (s=18,19,20,21,22), Lh’A(s)= Awlwn” (s=2h,26,28,30,32)

with A€Q, nelN. (We have given only those values of s for which the
Dirichlet series converge sbsolutely.) However, the numerical computation of
the values in question {done by G.KSckritz and R.Schillo on the IBM 370/168
at Bonn University, using 32-digit accuracy and over 1000 terms of the Euler
products) did not lead to any simple values of A and n satisfying these
formulas., At the Corvallis conference (July 1977), Deligne gave a revised and

sharper conjecture for the values of Lm (s) : if £ is an eigenform with ratio-

£
b
nal Fourier coefficients (i.e. k=12,16,18,20,22 or 26), then one should have
_r{r-1),. .y rlr+1) r(r-1)
L (s) = (rat.)om)™S™ — 2 (&) o 2 (r=1<e g1, (-1)%=21),
2r-1,1 + = k=1
rs-r(r—1)(k~1) r(;+1) .
(rat.).(2m) (C+C_) (r-1<E:T<zg s odd),
L (s) =
2r,f (r+1)s-r(g+1)(k—1) r(;+1) ]
(rat.).(2w) (C+C_) (r-<k‘_‘1 Sr+l, s even),

where C+ and C_ are real numbers depending on f but not on r or s. For

k=12, f= A, and m=1 or 2, for instance, we have

s @™ r(s)n, ,(s) s | (e e, (s
6 1/2x3x5 C 12 1/2 c.C
2 * + -
T 1/2%71 c_ 1k 1/2x%T c,c.
8 12%3 ¢ 16 1/2%3 c,c
2 * 2 .3 A
9 1/2x3 c_ 18 1/2%3%5  C.C_
10 2/5° c, 20 1/2x5% 77 cC_
11 2x3%5/691 c_ 22 7/25% 23x691 c,c_

where C+= 2q<3x5 w_, €= 25/3x5 @, . The computer calculation gives
C+ﬁ50.0h6 346 380 811 850 816 182 4, C_m 0.045 751 608 975 539 581 T4,
c,c_= 2”(A,A)N 0.002 120 k21 k92 335 249 248 968 328 831 L38
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and suggests overwhelmingly the following identities (in accordance with

Deligne's general conjecture) for m=3 and b :

s (21:)'25”%(5)1,3’6(5) s (2n)"3s+33r<11)"1r(s)r(s—n)Lh’A(s)
18 s e 2l 273 o33
19 3/7 c,c2 26 2% 3x5 c3c3
20 1/5 o 28 2% 23x601/7° c2¢3
21 5/7° c,c? 30 23653 c3c?
22 2x3/5%23 cf 32 2a3x34891/7 ci z’

§ 2. An integral representation for the coefficients cm(s)

In proving Theorem 1, we will reverse the order of the statements i) - iii).
For s € € with Re(s) > | the numbers Df(s+k*l) are finite (since the series

in (3) is absolutely convergent in the half-plane Re(s) > k) and so there

exists a unique cusp form @; € Sk satisfying
(34) 3,6 = ¢ LD 5 )
s’ k Cn )s+k- f

for all eigenforms £ € Sk’ namely the function given by the right-hand side of
equation (14). We define 3&(5) (m=1,2,....) as the mth Fourier coefficient
of 6; (= the expression on the right-hand side of (15)) and must show that
E;(s) = cm(s). To do this, we will write E;(s) as an integral involving a

certain kernel function @ which was first introduced by Petersson.

We recall the definition of the kernel function. As in § 1, we fix an even

integer k > 2 which will be omitted from the notations. For m = 1,2,¢.. set

35)  wlz,z') = ‘ (z, 2' € H).
a,b,c,d€Z (czz'+dz'+az+b)k
ad~bc=m

The series converges absolutely and therefore defines a function holomorphic in

both variables, and one can see easily that it transforms like a modular form of
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weight k with respect to the action of [ on each variable separately. One

also checks easily that Wy is a cusp form.
Proposition | (Petersson [16]): The function C;l mk—l wm(z, ~z") (C as in

k
equation (3)) is the kernel function for the mth Hecke operator with respect to

the Petersson metric, i.e.

CONN S j £(2) u(z, =) y° 4V = (E|T@) () VEeEs, z' < H.
H

Equivalently, wm(z,z') has the following representation as a linear combination

of Hecke eigenforms:

k-1 SF % a; ()
1 ¥
(37) m wm(z,z ) = Ck & m fi(z) fi(z ).
Proof: The equivalence of (36) and (37) is immediate from the fact that the

eigenforms fi form an orthogonal basis of Sk' Also, it is easily seen that
mk-! mm(z,z‘) is obtained from ai(z,z’) by applying the Hecke operator T(m)

with respect to (say) the first variable, so it suffices to prove (36) for m = i.
We can write (35) for m =1 in the form
i

ad-be=1 (, az+b>k
z +
cz+d

w (z,2") = (cz+d) ¥,

For fixed ¢, d € Z with {(ec,d) = 1, the pairs of integers a, b with ad-bc =1
are all of the form a + nc, bo + nd (n € Z), where as bo is any fixed
solution. Thus o

1 aoz +bo -k
wl(z,z‘) = : _— z (?' —_— o+ n) .

c,d€Z  (cz+d)¥ new cz+d

(c,d)=1

Using the identity

=, . ik i .
(38) 2 LI S N % E o1 amiet cem,

n=-— © H =i
we find -

¥ - 2mira’
- o f27i) z k-1 ,

(39) wy (z,2") =2 ot r G (2) e

r=1
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where G _(z) 1is the Poincaré series
a_z+b
§ 2Tir ———
1
(40) Gr(z) == ‘“‘—L—_Q e cz+d (r=1,2,..., z€H
2 dEZ (cz+d)
(c,d)=1

(with a , b
[o] [¢]

invariant notation G _(z) =
£ Yel NT

repregsentatives for the right cosets of T, =

is well known (see, for example [b], p. 37),

and satisfies

(e-2)t a(r)

41
4kl

(£,6,)

(this is proved in the same way as Rankin's identity below).

m =

again representing any integers with aod - boc =

3k(Y;z) e2n1r¥z

{ follows immediately from equation (39) and (41).

l1; in a more

, where the summation is over

{z (l "y|nez in T). But, as

G_ is a cusp form of weight k

r
for f£(z) = Z am) ¢" € Sy

n=]
Equation {(36) for

(For a different proof

of Proposition 1, not using Poincare series, see [25]

The other main ingredient for the proof of Theorem ! is Rankin's integral

representation of the function (3), namely

£(25) F(s+§k1) E

(4m)

a(n)

(42) skl

\f lf(Z)}z E(z,s) yk av
T\H

(valid for any cusp form f£f(z) = E:: a(n) qn €.Sk and s € € with Re(s) > 1),

E(z,s) is the Epstein zeta-function

1

where

3) E(z,8) = 35° ‘

n,n€2 ]mz+n|

(z = x+iy € H, 5 €€, Re(s) > 1)

(here E denotes a sum over non-zero pairs of integers). This is a special

case of a more general identity, namely that
j’ «©

h(z) E(z,s) dV = ;(2s) f
T\H o]

(44)

S h(xriy) yo 2
0

dx dy

for any T[—invariant function h on the upper half-plane for which the integrals

in question converge absolutely. To see this,

we write each pair of integers



Za-19
123
my, n in (43) as rc, rd with r >t and {c,d) = 1 and note that there is a
2 : 1 correspondence between the pairs ¢, d and the right cosets of Fm

in T, so

s
E{z,s) = Z Z D A— z(2s) Z m(yz)5.

rel ¢,d€Z  r>%|cz+d|?® YELAT
(c d)=]
Also, if F 1is a fundamental domain for the action of ' on H, then vF
YELNT
is a fundamental domain for the action of . Hence

z(2s) f >, In(yz)® hyz) v

J h(z) E(z,s) dV

T'\u F YET\T
= r{2s) z i Jﬁ Im(z) h{z) dv
YELNT
= r{2s) h{z) Im(z)s dav,
T NH

and (44) follows by choosing the fundamental domain {z € H jO & x < 1} for the

action of T_ . Equation (44) says that h(z) E(z,s) dV is ©(2s) times
o -2 I\u

the Mellin transform j‘ha(y) ys dy of the'constant term' ho(y) in the

0

Fourier expansion
o

h(z) = Zg: hn(y) e21Tinx

ns:mm
of the function h (which is I' - invariant and hence periodic). Equation (42)
now follows by taking for h the T-invariant function

hiz) = if(z) k Z 2 a(n) a(m) e?'ﬁ(n“m)xe-zMmm)y

=1 n=]

g

vith h (y) = D lamy| 2 4™,

If f is a Hecke eigenform, then the series in (42) is related to Df(s)
by equation (3) (note that a(n) is real in this case, so a(n)2 = Ia(n)]2
Therefore (42) permits us to deduce the meromorphy of Df(s) and the two formulas
(4) and (5) from the corresponding properties of E(z,s), namely that E(z,s)

extends meromorphically to the whole s-plane with a simple pole of residue g
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(independent of z!) at s =1 as its only singularity and satisfies the
functional equation
45) EXz,8) = 1 °I(s) E(z,8) = E"(z,1-s).

Putting together equations (37), (3) and (42), we obtain the integral

representation

(46) z(s) EQ(S) = o} gzﬂ wm(z,~§) E(z,s) yk dav (m=1,2,..., S€EFE)

for the function E;(s) defined by the right-hand side of (15), In the next para-
graph we will compute the integral on the right-hand side of (46), thereby com-

pleting the proof of Theorem 1.

§ 3. Calculation of Jq w_(z,-z) E(z,s) yk dv
—_— \g ™

The computation of the integral in equation (46) will be carried out by a
method similar to that used in [25] for the simpler integral

[ g ¥ av
I\H

(which, by virtue of Proposition 1 above, equals Ckm.

k+1 times the trace of the

Hecke operator T(m) on Sk)’ The extra factor E(z,s) in the integrand will
actually simplify both the formal calculation and the treatment of convergence,

which was handled incorrectly in [25] (see Correction following this paper).

The definition of mm(z,z'), equation (35), involves a sum over all matrices
of determinant m. We split up this sum according to the value of the trace of
the matrix and observe that there is a 1 : | correspondence between matrices of
trace t and determinant m and binary quadratic forms of discriminant tz = 4m,
given by

(2 2) = ¢(u,v) = cu? + (d-a) uv - bvz,

1
_ 2 2 s(t-b) - ¢
$(u,v) = au” + buv + cv® ( s Leesn) ) .
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Therefore ©
k
k -
v ow (z,72) = Z Z 7 z K
t==® a,b,c,d€Z (c|z]|® + dZ - az - b)
ad-bc=m
a+d=t
(47) id
= :E:j ) :E:: Ri(z,t),
r=—o I¢Ic:2~4m ¢

. . : . : - 2
where the inner sum is over all quadratic forms ¢ of discriminant t"-4m
and where we have written

k

48) Ry (z,t) = 5 > (z=x+iy€H, tER)
(afz]| + bx + ¢ - ity)

for a form ¢, ¢(u,v) = au2 + buv + cv2. The sum (47) converges absolutely for

all z €H, and we have

Proposition 2: For s€ 6 with s #1 and 2 - k < Re(s) < k - 1, we have

2 j{E(z,s)I ’ Z Ry (2,8)

> dv < » .
t=—o T\H |9]=t"~4m

By virtue of this proposition, which we will prove at the end of the section,
we may substitute (47) into (46) and interchange the order of summation and

integration to obtain

©

z(s) 'E'm(s) = o Rg(z,t) E(z,8) dV (2-k < Re(s) < k-1).

t== N\H | 9]ac?~4m

Theorem 1 is then a consequence of the following result, which is of interest in

its own right.

Theorem 3: Let k be an even integer > 2, A a discriminant (i.e. A €2,
2

A=z0 or 1 (mod 4)), t a real number with t° > A, For each binary quadratic

form ¢ of discriminant A let R¢(t,z) (z € H) be the function defined by (48).

Then for s €C with s #1, 1 - k < Re(s) <k,
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S R¢(z,t) E{z,s) dV
T\H \ |¢}=4
(49)
= 1(s,8) {T, (B,t58) + L (8,-t;8)} o+

(_l)k/Z T(s+k~1)L(s}5(2s) lt‘_s—k+l

o if A=
@m” "Tk)

0 if A40,

where r{s,A) and Ik(A,t;s) are Eiven by (6) and (8), respectively.

Proof: We observe first that

RY¢(Z,C) = R¢(tY2,t) (yeTl, ty = transpose of Y ),
so that the (absolutely convergent) series %;:; R¢(z ,t) defines a function
in the upper half-plane which is invariant under [ . Moreover, this function is

O(y ) as y = Im(z) >, as we will show in the proof of Proposition 2 below,

while E(z,s) = 0(y"2x(®1-9

} for y *® (0 = Re(s)). Hence the integral on
the left hand side of (49) makes sense and is holomorphic (for s # 1) in the
range specified. On the other hand, (s, also has a holomorphic continuation
for all s # 1 and the integral defining Ik(A,t;s} converges for I~k <0 < k
(unless A = O, in which case the integral has a pole at s = % compensating
the pole coming from Z(2s) in the expression on the right-hand side of (49)).

It therefore suffices to prove (49) under the assumption 1 < ¢ <k and then

extend the result to | - k < g <k by analytic continuation.

Suppose, then, that Re(s) > 1. Written out in full, the expression on the

left~hand side of (49) is

(50) % S Z z R(z:)—-—?——dv

T\H  |¢j=A mn€Z mz+n | 28

The action of [ on 2z €H permutes the terms of this sum, transforming the
form ¢ and the pair :(m,n) e(z? - {(,0})/ {+1} in such a way that ¢{(n,-m)

remains invariant. 1In particular, the sum of the terms with ¢(n,—m) > O in the
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integrand of (50) is T-invariant. Also, the group I acts freely on the set of
pairs (¢, (m,n)) with &é(n,-m) > O. Therefore, ignoring convergence for the
moment, we have

DD

(z,t) —m-L— av

T\H |¢|=4 m,n ¢ lmz+ni
$(n,m)>0
(51)
E E S Ry (z,t) ——-—L— av.
+{m,n) 'mz+ni

é(n “m)>0

mod T
1

nz - 3bn + cm

Making the substitution 3z~ —ee———— ——u ( which maps H to H if

1
-mz + an - zbm

an2 - bnm + cm2 > 0), we find

§ * P a1 e
H (aiz}2+bx+c—ity)k imz+n128 (anz-bnm+cm2)s 31 ([z]z-éA—ity)k

so that the right-hand side of (51) is equal to Z(s,A) Ik(A,t;s). Since the

sum defining g(s,A) and the integral defining Ik(A,t;s) converge absolutely for
1 < Re(s) < k, it follows g_gosteriori that the expression on the left-hand side
of (51) was absolutely convergent in this range. The terms with ¢(n,-m) < O

can be treated in a similar manner (or simply by observing that R 4(z,t) =

R¢(z,-t)) and contribute 7(s,d) Ik(A,-t;s).

Finally, we must treat the terms in (50) with ¢(n,-m) = O, They occur only
if A is a perfect square. These terms are not absolutely convergent in (50) (if
we replace each R¢(z,t) by its absolute value, then the sum in the integrand
converges for each 2z but the integral diverges). We argue as in the proof of
equation (44). First, by removing the greatest common divisor of m and n, we
can write (50) as ([(2s) times the corresponding sum with the extra condition
(myn) = 1. Since any relatively prime pair of integers (m,n) is T-~equivalent

to the pair (0,1) by an element of T which is well~defined up to left multi-

plication by an element of T[,, the terms of (50) with ¢(n,—-m) = 0 give
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r(2s) g Z R (z,t) y° av
TNE  ¢j=0 9
T $(1,00=0
S ‘ :
I'\H a,b,e €2 (a|z|“+bx+c-ity)
® b2-4ac=A
a=0
(52} = z(2s) jP § —————l————g ys“‘bk_2 dx dy.

bl=p e=—w {bx-ity+c)

The sum over ¢ can be evaluated using (38) and equals

oo
ri)k g k-1 2mir(sbx + iltiy)
(C P €
if #t > 0 (note that t2 >A and A is a square, so t # 0). If A # 0,
then this expression involves only terms e2Tinx with n # 0, so the integral

(52) is identically zero. For A = 0, the expression (52) becomes

sy k
(27i) Jﬂ E k-1 ~2nritly s+k-2 (an) T(s+k~1)
T(28) wmtie e Hidy dx dy = —— 2s)g(s) ————mi
DT Y =1 e @nle ST

This completes the proof of Theorem 3.

Proof of Proposition 2: We choose for ['\H the standard fundamental domain

jz} 2 1, Ix|g %} . Since E(z,s) = 0(y% #+ yl—c) as y = Im(z) » = , where

0 = Re(s) it will suffice to show that

L ¢

(53) Z j j Z R (z,6) | y7 2 dax dy <=,
- -2 | |¢l=t"-4m

for 0 <k - |. Also,the gbhove proof shows that the integral occurring in (53)
is finite for each fixed value of t (even in the larger range ¢ < k), so we
can ignore the finitely many values of t for which tz—ém is a perfect square.

1f tz—Am is not a square, then
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> > >

R (z,t) = 2 Re
|¢i=t2-4m ¢ b2-4ac=t’~4m (a|z|2+bx+c—ity)k
a>0
(54) -
K 1 b .2 2 c2-4m] *
(S T St
a=] @ b(mod 2a) n=— o 4a

b2zt%-4m (mod 4a)

But it is easily shown that

Z [am? + 1277 = o™y

n= -

uniformly for x €R and L € € with Re(L) bounded away from O. We apply this

2- ;
with Lz-yz-il:y~t bm ( -}-524-2—. Since m is fixed and a2 |,
&32 2a a2

t+ oo, y-> o in the sum (54), we can write

o0

. 2 ~k . —2k+] 1
- k4
E [(x+.l>.,+n)2+y2_1_§z_t___42] = ol - i =0((y2+t2/az)kr).
2a a 2 2a
n=— o b4a
Also, the number of solutions b(mod 2a) of the congruence bz ES t2 - 4m (mod 4a)

is 0(a®) as a+ o for any ¢ > O. Therefore (54) gives the estimate

1
Xz: Ry (z,t) =0 ¥ Z £ P v FrahRz
1¢[= tT=4m a=]

where the constant implied by O{ ) depends on m and k but not on y or ¢,

This expression is O(yl_k) in the range y 2> t and O(y_et—k+l+€) for t> vy,

as one checks by splitting up the sum according as a < t/y or a > t/y. Hence

Rl 1 L]
H
j f, Z’ R (z,6) | y7 %ax ay = O(tkk*e _r v ey J y km_]dy)
I -3 =t“-4m ¢
3| (¢ 1 t
= 0%,

so the sum {(53) converges for k ~ g > 1.,
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§ 4. Properties of the functions [(s,A) and Ik(A,t;s)

. In order to deduce from Theorem | the various corollaries discussed in § 1,
in particular the trace formula and the formula for the Petersson product of an
eigenform with the modular forms constructed by Cohen, we will need various
properties of the functions z(s,A) and Ik(A,t;s) defined by Equations (6)

and (8). We begin with the zeta—-function.

Proposition 3: Let (s, be the zeta-function defined by (6), where A E Z,

s £¢C, Re(s) > 1. Then

i) z(s,A) = z(2s) :E: n(a) , where n(a) is the number of solutions b (mod 2a)

A (mod 4a).

it

of the congrueunce b2

ii) ¢(s,A) has a meromorphic continuation to the whole complex plane and,if

A # 0, satisfies the functional equation

Y(s,4) z(s,d) y(1-s,8) z(i-s,p), where

en™® 18%/% r(s) if A< o0

Y(s,4)

-s s/2

5,2
r’_
L A (2)

iii) 1z(s,A) can be expressed in terms of standard Dirichlet series as follows:

0 if A= 2 or 3 (mod 4)
g(s,p) = T(s) t(2s-1) if A=0
D, ~s £ . _
£(s)Lp(s) %‘,fu(d) SREIC PG if Az 0 or 1 (mod4),A#0,

where if A= O or 1 (mod 4), A # 0 we have written 4 = sz with £ EN,

X
D the discriminant of Q(/A), (?) the Kronecker symbol, LD(s) = :S;(g) n S
na

the associated L-series, and oy(m) = :%;; 4y (m € W), v €C). In parti-

d>0

cular, the function L(s,A) defined by (7) is entire except for a simple pole

(of residue if A =0 and 1 if A #0) if A 1is a square.

N b=
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iv) For A <0, the values of L(s,A) at s =1 and s =0 are given by

m m

L(1,A) = f_A—I—’ L(O,A)a/“Ti H(A]),
|

where H(n) 1is the clags number defined by equation (20). More generally, if

r is a positive odd integer then L(r,A) and L(i-r,A) are given by

equations (22) and (23), where H(r,N) is the function defined in [3]

Proof: i) This identity is equivalent to the main theorem of the theory of
binary quadratic forms (cf. [10] , Satz 203), according to which n(a) is the
number of SI..2 {Z) - inequivalent primitive representations of a by binary
quadratic forms of discriminant A. We can prove it directly by arguing as for the
proof of (44) or (52): Let ¢ denote the set of binary quadratic forms of dis-
criminant A and X = (Z2 - {0,000}/ {#1}, For ¢ € ¢ and +(m,n) € X

set ¢ + x = ¢(n,~m). Then I acts on ¢ x X preserving the pairing ¢ * x

and we can write (6) as

T(s,A) = Z Z (¢.x) ° = Z ¢« % °

QED/T x€X/Ty (6»%)E(xX) /T

= Z Z (6 x°

x € X/I' $€d/ 1,

where I‘¢, Fx denote the isotropy groups of ¢ and x in T. The orbits of X
under T are in 1:] correspondence with the natural numbers, since *(m,n) is
I'-equivalent to *(0,r) (r = g.c.d of m and n), and the isotropy group of

+(0,r) is T_. Hence

©

gls,p) = Z Z -

r=1 ¢ea/T  ¢(r 0°

= 7(2s) z Z a®,

a=1 bf(mod 2a)
b2 = 4 (mod 4a)

ii) This follows from iii) and the functional equations of Z(s) and LD(s).

However, we can also deduce it from Theorem 3 together with the easily-proved funct-
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ional equations of E(z,s) (equation (45)) and H{Q,t;s) (Proposition 4, iii))
so that Theorem 3 gives as a corollary new proofs for the functional equations of

the zeta functions of both real and imaginary quadratic fields.

iii) This can be deduced without difficulty from i).The details are given in [8],

Prop. 2, pp. 69 - 71 (our n(a) 1is denoted there by r;(f,a), where A = sz).

iv) From iii) and the Dirichlet class~number formula we get

L) = Ly() % w@ & a7 @
d

2r  h(D) Z D, €
- s @e 2
4D| w(D) cdlf H (d £
21 h(D) z e D, !
= —— (l - (_) P ) =
fa] wo et }EE P (e=cd)

2 Z h(e?) _

L H(ja)).
Aol et we?) Aal 4}

The general case follows similarly from ii) and iii) and the formula given by

Cohen in [3], ¢), p. 273.

Proposition 4: Let A,t be real numbers with A < t2. Then

i) The first integral in (8) converges absolutely for s € ¢ with

i -k if A<oO

k > Re(s) > 0 if A>0
172 if A =0

and is then equal to the second integral.

(o
s
St

For A # O, the second integral in (8) converges for s € € with

1 - k < Re(s) < k. The function Ik(A,t;s) which it defines has a mero-

morphic continuation to all s whose only singularities are simple poles at

s =k, k+1,k+2,.., and s = ~k + I, -k, ~k = I,.0..,

and which satisfies the functional equation

1
G

2
L (b,t58) = (%IA} ) L (8,e51-s) if A <o,

__ s*i .
[Ik(A,t;s)+Ik(A,~t;s) ] = cot 5 G [Ik(A,t;s-s) +Ik(A,—t;|-s)] if A > 0.



Z8~29
133

iii) For A= 0, %t > 0 one has

I'(3) T'(s~7) T(k-s)

L©,t;s) = eié?A(s'k) TS ltl“k+s
iv) For A <0 and O <r < k, one has
t_z_}é)w [Ik(A,c;x-r) + L ,t;1n)] = (_%E:?lﬂ I'(k;lél)(g(t) pk’r(t’ﬁ;_A)
where Pe,r is the polynomial defined by (25).
v) For A >0
£§; Ik(A,t;O) = i sign (t) Ik(A’t;‘) - (’l)klzﬂ N

k-1 (ffl */E)k-l

Proof: i) The integrand ylﬂs_2 2

dzl

poles in the upper half-plane H but grows on the boundary of H like

+ ity - %‘A)"k {(z =x + iy € H) has no

lzl_k+°-2 as z »iw
KT L,
]z - a]c_z as z—+a if A = 4a2 >0
972 2)E a5 20 if A =0

where 0= Re(s). The assertions about the convergence follow. The equality of

the two integrals in (8),granted the convergence, is a consequence of the identity

i - rH 13 v
(55) 5 &)™ ax —“fz?v’i"‘z" a (a €€ ~(~=,0], Re(y) > ).
ii) Set
( " xk+s“2 dx e ( .‘)
(56) I (&) = —_— X (1~k < Re(s) < k, z £C - (==, =1]) ;
k,$ 0 (x2+2xz+l)k-!i2 !

this is related to the standard Legendre functiom Eis (z) ("associated Legendre

function of the first kind") by
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1 k-1

-k 1 -
L@ = 2L g a9 G 2 plRe) (2 € e(=,41])

I (k-3)

(cf. [5], 3.7 (33), p. 160). For A < O the substitution y = % /TKT x in (8)

gives
sk N N .
(57 T(At;s) = (2 jap 2 L&) 1@ it .
K 2 14| (<) s Tal

For A >0 we can also express Ik(A,t;s) in terms of Ik s(z). Indeed, since
’

tz >A >0 we have t # 0, If t is positive, then the poles of the integrand

in the second integral of (8) lie on the negative real axis, and by shifting the

: . P . . : . : 1
path of integration to the positive imaginary axis and substituting y = ;v@rx

we obtain

sk i

—— = (s-k) 1 1

. e (day 2 2 Tk=3)1(3) t
( 58a) Ik(A,t,s) (“A) e ————W— Lk’s<—/—g_> (A >0, t »0).
Similarly, if t < O
1 _S;k —i;‘s"‘) I(k-3)_T(3) ¢ | (A>0, t <0)

(58b) Ik(A,t;s) = (30) e ——If,—(kT-Z-— Ik,s(y@- \)

The assertions about Ik(A,t;s) (A #0) now follow at once from the corresponding

properties of Ik s(z) ¢ the function Ik s(z) satisfies the functional equation
’ ’

Ik S(z) = Ik l-s(z) (as one sees by making the substitution x*™ x—1 in (56)) and
’ ’

has a meromorphic continuation to the whole s—plane whose only singularities are
simple poles of residue -dn(z) and +dn(z) at s =k +n and s =1-%k - n,
n 2 0, where dh(z) is the polynomial of degree n defined by the asymptotic

expansion

1 o]
(1 + 2xz + x2) 2 ~ :g: dh(z) « (x> 0).

n=0

iii) For 4 = 0, the same argument as for A > 0O gives

o

L Oe5s) = (i1 ©) tin(si)/2 IGch) rd) j x5 7324y

—_—— 1
(k) 0 (x+|t‘.l)k_I

which is equivalent to the formula given.
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iv) We have to prove that

o

( - )k lf YT kel 1 Gen) o £
A Py PR A ey P, r \Es

= (yPeive-ba) N 4
This follows by comparing the coefficients of uk-r-‘ in the two sides of the
identity
= 1 -r
2., Tty 3 2_ 2 -r
[yt St oy - LO2D (2] (e 222) 7
4 4 1 4
—_ f(r+'2')

which in turn can be proved by taking

2 2
- A tT-p 2 - 1
a - (1 + tu + z ¢ ), v r + 3
) . e | t2o
in (55) and making the substitution x = y + i(i + ——Z——u).

v) These formulas (which are equivalent to one another by virtue of (58) and

the functional equation Ik S(z) = Ik !_S(z)) follow from the identities
£ 4 3

o0 oo

{ dy I y-hit l I S N
2, 1..3/2 2 —

0 (y +ity-tp) €0 f2uiey-ta 0 VA B+t

2 . 1 ® “ “

5 y dy - 4 -§1ty+;A { _ T2 sign {(t)

4]

2 - /— Tt
. -A f2.. 0 s
(y2+1ty-%&)3f2 t -A y2+xcy~§a + it

by differentiating k - 2 times with respect to t. This completes the proof

of Proposition 4.

We can now prove the various assertions made in § I about special values of
the series cm(s) defined in (9). Consider first s = 1. The contribution of
the (finitely many) terms in (9) with t2 < 4m can be calculated from equations
(17) and (19), which are special cases of Prop. 4, iv), and Prop. 3, iii),
respectively. The contribution of the (finitely many) terms with c2 - 4m a

non-zero square is given by (21), which is a consequence of Prop. 3, iii) and Prop.

4, ii) and v). The contribution of the two terms with t2 - 4m = Q0 when m 1is
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a square can be calculated from equation (13) (which follows from Prop. 4, iii))
and the equation L(s, 0) = [(2s~1} (Prop. 3, iii)). Finally, the (infinitely
many) terms with t2 - 4m a positive non-square in (9) give O for s = 1
because L(1, t2 - 4m) 1is finite and Ik(c2-4m,t;l) + Ik(t2~4m,—t;l) vanishes

(by virtue of the functional equation, Prop.4,ii)). Putting all of this into the

formula for cm(l) we obtain from (16) the Eichler-Selberg trace formula.

For s =r ¢ {3,5,7,..., k = 3} the calculation is even easier, since the

terms in (9) with tz -~ 4m = u2

> 0 now give no contribution (the factor
Ik(c2~4m,t;s) + Ik(t2~4m,-t;s) is again O because of the functional equation, but
L(s, tz—hm) is now finite). From equations (9), (22) (= Prop. 3, iv)) and (26)

(which is a consequence of 1ii) and 1iv) of Prop. 4) we obtain

T+l r-1
— —— r-1 r
Rt g (15115 W R e A R T
t < 4m
K4y
2 r+l k-r-1
(-1) (k;fgz)!" L z(1-2x) if omosul
(59} 25 “k-1)t Qr-1)
+
0 if m # square
1 I(k-r) r 2
= - = T P (t,m) H(r,4m-t")
Fo% TeD T 7o Per
or (with the notatioms of (10) and (24))
- - JTler) - -
¢ (2) e ] n’ck,r(z) (r = 3,5,.,,,,k-3)

This together with Theorem | shows that C is a cusp form of weight k whose

k,r

Petersson product with an arbitrary Hecke eigenform £ 1is given by (28).

For s = r =k -~ | the same calculation shows that the value of the series
(9) is given by equation (59), but the function (10) is no longer a modular form
since we have left the region of convergence. On the other hand, it follows from

ii) and iii) of Theorem | that the function
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¢k_l(z) = lim @s(z)
s+k~1
is a cusp form of weight k satisfying
(60) G D = C 33—%2(%2 D (2k-2)
(4m)

for each Hecke eigenform f € Sk' We want to show that the mth Fourier coeffi-
cient 3;(k°l) of g;—l is given by equation (27). Each term of the series (9)
is continuous at s = k-1, and each term with |t] > 2/m has the limit 0

as s *k - 1, Therefore

~ . k-1 2 b4
(61) € (k-1 = ¢ (k~D)+lim{m :E;: L (t%~4m,t;k-1-e)+L (t —4m,-t;k—l-€)}
n n vo( lel>2/@ [ k

,,L(k-he,cz»m)) .

By (59) the first term on the right is equal to the first term on the right-hand

side of (27). From (58) we find

2 2
Ik(t =4m,t;k-1-€) + Ik(t -4m,~t;k~1-£) =

1+¢

2 2 1 1 1
. aQ+e)  (to-4m I (k-9T (z) [e]
2 cos =5 ) L k-1-¢ (

4 k) /t2-4m

1
- oy LT

T (x) k,k-l(l) et-l-e(l+0(€) + o(t"))’

with

8
—

2k~3 5
X dx 2k~-3 1 X
= u du = = ==,

] (x2+2x+!)k 0 k=2 x4

L1t =

Also L(t?-4m,k-1-€) = L(t?-4m, k-1) + 0(e), with both terms uniformly bounded

in t. Therefore the second term in (61) equals
GHr@) k-1 z,

__m_ IiET3ITiZ) n liml € i

— L1, t2-4m)).

(62) Py R ) &0\ |el>2/@ !

On the other hand, Prop. 3)i) gives
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o

1 L2 . L(2k-2) Z 1 2. .2
L(k-1,t“~4m) (D L ak_l#‘-'{b (mod 2a)|b° = t“~4m (mod 4a)}

2k-2 i -
C§,<k-1§ ;’ R #{d (wod a)| d(t~d) = m (mod a)},

where in the last line we have set d = E%E . The condition d(t-d) = m {(mod a)

depends only on the residue class of t (mod a), and for a fixed residue class

to (mod a) one has

lim (¢ ZE: —%:E = 5 lim gg(l+e) = § ’
€0\ jep>ovam ¢ &0
tEto (mod a)
so (62) equals had
2 DIy g(2k-2) k-l z p(a)
(63) 1 @ zan 4Ly Tk

where p (a) = #¥{d,d' {mod a) Edd' = m (mod a)}. The function a= p{a) is
multiplicative and for a prime power a = p’ is given by p(pv) = (p-'l)p\)—1
if p+ m and by

0’y = LU if 0g vgu

w+) @ - p°7h ify>yp

in general, where p¥ is the largest power of p dividing m. Hence

2 -1
@ (] ezl veme [T oz, vl g’

s

k , Tk : k
a=l a prm P pok pHim P P o
u
o e ogengt |
(ntDk v
p
-k - - -
=‘I_I l_ET:k . ! 1+ pl ko, pz(l k) Fooat pu(, k))
p I-p P Um
uz
k-1
k1) o, (@),

(k)
and substituting this into (63) we obtain the second term in equation (27). There~

fore
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0

. k/2+1
~ ~ 2Timz ("‘]) N
%, (@) =§ 2 (k-1)e LD 1 (@
k=1 £ Cn ey kel
_ak/2,. 1k
(64) - LD B0 raehrd) gk B )
k/2+1_k
S Gl D M - (-
= [ck,k_‘(z) LG-20 £ ()]

where C {z) is defined by (24) and
ky k-1

-]

k/2 k .
- =D """(2m) E 2Mimz
E (z) =1+ T £ Op— (M e

is the normalized Eisenstein series of weight k (the formula H(k-1,0) =
£ (3-2k) implies that the constant term on the right-hand side of (64) is zero).
Equations (60) and (64) and the fact that Ek is orthogonal to all cusp forms

imply that equation (28) holds even in the case r =k - |, when Ck . is
’

not a cusp form.

Finally, we should say something about the case k = 2, Up to now we have
excluded this case because it presents the most awkward convergence questions
and because there are no cusp forms of weight 2 on SLZ(Z) anyway. However, the
case k = 2 1is also important, both for the generalization of Theorems | and 2
to congruence subgroups and for the applications to Hilbert modular forms given in
§ 6. For k > 2 the interesting range of values for s was 1 < Re(s) <k -1,
and the two extreme values s = 1 and s = k — 1 created extra terms (and
extra difficulties) as given by formulas (21) and (27). For k = 2, the only
interesting value is s = 1, and one has all of the convergence difficulties
which occured previously for s =1 and for s = k - 1, and some new diffi-
culties due to the fact that the series expression (35) for the kernmel function
wm(z,z’) is no longer absolutely convergent, so that at first sight the whole
method of proof appears to break down. To get around this, one must define

w as lim w_ , where
) m,E
0 :
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mm’e(z,z') = Z (czz‘+dz'+z=1z+b)“k |czz'+dz"' +az+b €
ad~bec=m

("Hecke's trick"). As in Appendix 2 of [24] , one can show that w is a cusp
form of weight 2 with the properties given by Proposition | (of course for SLz(Z.)
this simply means w, = 0). Then one carries out the whole calculation of
§§ 2 - 4 with W instead of Wy taking in Theorem 1| a value of s with
I <Re(s) <1+ €, and at the end lets & tend to O. I omit the calculation,
which is awful. The result is as simple as one could hope: for k = 2 and
s =1 the mth Fourier coefficient E’m(l) of the cusp form gl defined by (34)
is given by the sum of the expression previously obtained for %k > 2, s = 1

(i.e. for the trace formula) and of the extra contribution previously obtained

for k> 2, s =5k-1 (second term of (27)), i.e.
20T . 3
Em(l) = 5 ) H{4m~t") + min(d,d') - 20, (m) .
t S4m dd "=m
d,d'>0

Since 5’](2) is a cusp form of weight 2 on SLZ(Z) all coefficients must be

zero and we obtain the class number relation

ZZ H(lbm—tz) = Z max (d,d")

t <4m dd'=m
d»0

due to Hurwitz [9] If, nowever [’ C T is a congruence subgroup for which
there are cusp forms of weight 2, then we obtain an expression

for the trace of the Hecke operator T(m) on S2 o).
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§ 5. The series ;{;nk—l-s G 2(z) and the convolution of L-series
n

associated to modular forms

Let s be a complex number with Re(s) > ! and 58 the unique cusp form

in Sk satisfying (34) for all normalized Hecke eigenforms f € S Our

Y
~
starting point for the calculation of the Fourier coefficients of QS in §§ 2 -3

was the identity (3) expressing Df(s) in terms of the Rankin zeta-function
w

:E: a(n)zn_s (where £ = 2. a(n) qn). But Df(s) also satisfies the identity
n=|

De(s) = £(28-2k+2) Z a(a®yn’s,
n=l

as is well-known and easily verified using the multiplicative properties of the

~

a(n). Thus the equation defining @s is equivalent to

R S T S SRR e
(4m n=1

and since this equation is linear in the coefficients a(n), it must hold for

all cusp forms f = ji:a(n) qn €-Sk’ not just for eigenforms. Equation (65)

~

determines ¢ _ uniquely, and by comparing it with equation {(41) we obtain the

identity
©6) T () = ¢ LD £ (2s) Z K176 ()
(47)7 1{k-1) n=] n

~ - .
expressing Qs as an infinite linear combination of Poincare series.

It is now natural to ask whether one can obtain a proof of Theorem | (which
states that E; = ¢s for Re(s) < k - 1, where ¢s is defined by (9) and
(10)) by combining (66) with known facts about Poincaré series. Two methods
suggest themselves:

th

I. One can substitute into (66) the formula for the m Fourier coefficient

Bem of Gr(z), namely
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k-1
g = 6+ 200 @iy T Z i (r,m) L /7

rm k~1
c=]

(where 6rm is the Kronecker delta, Jk-l a Bessel function, and

§ e2ni(ra+md)/c

a,d (mod <)
adz! {(mod c)

€1 Lo

Hc(r,m) =

a Kloosterman sum), and try to show directly that the sum equals cm(s). 1
do not know whether this can be done, but it is amusing to note that the term

arm in the formula for g produces in (66) exactly the extra contribution to

™

cm(s) occurring in (9) when m 1s a square.

2. One can substitute into (66) the defining equation (40) of the Poincare
series and interchange the order of summation to obtain

- ) o .2
(67) T () =c_ _F(z"k—U £ (2s) z 5, () Z Jk-1-s 2minyz
(4m)” T(k-1) YET \T n=1

(this is certainly legitimate for Re(s) > 2, since the double series is ab-
solutely convergent in that regiom). Again, I have not been able to deduce from
. ~ '3 . '3 . -
this that @s = ¢s in general., But if k - 1 - s 1s a non-negative even in-—

. 2 . . .
teger, then the series Z:nk i Se2ﬂ1n z occurring in (67) is {(up to a factor)

a derivative of the theta-series

o0

A
2 .
o@z) = :E: L2Tin"z

n=l
and therefore transforms nicely under the action of the modular group, and in this
case it is possible to deduce from (67) the expression for cm(s) as a finite
sum of values of zeta-functions, thus obtaining a different (and conceptually
simpler) proof of Theorem 2 and of the identities for special values of Df(s)
discussed in § 1. To present the idea as clearly as possible, we begin with

the special case s =k - 1.

For r =k - 1, the modular form (24) figuring in Theorem 2 is given by
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6) ¢ @ = Do | D uaet . cPeam )eBTE o oy )T,
k,k—1 k-1 4

m=0 2!:61

tT L4m

where ?(r (r > 1) 1is defined by
H () = D acen & (@ = "M%

N=0

and U& is the operator which sends zg;a(n) qn to :E:a(kn) qn. In {3], Cohen

proved that 9{r is a modular form of weight «r + , namely

Ll % T

r+d
2

gt _
(69) H (z) = z(i-21) {Eii)i_ @ + -z W é” >

where
c, ,~4.~1/2
Er+— (z = T+i/2
2 ab (cz+d)
(¢ JELNT &)
1
2

modular forms of half-integral weight, see [20]). It follows that 7{k_l(z) 0(z)
th

is the Eisenstein series of weight r + on FO(A) (for conventions concerning
is a modular form of weight k on FO(A) having the property that its m
Fourier coefficient is O for all m = 2 (mod 4), and since one easily shows
(directly or using results in [13]), that U4 maps all forms on F°(4) with

this property to forms on the full modular group, one obtains Ch k=1 € Mk(SLZ(zD)-

b
We want to show how (67) implies that the cusp form Ck k=1~ z(3-2k) Ey is a
»
multiple of Qk-l'

Equation (67) for s = k - 1 can be written

B @ = g = AP — g ). i 0o doty) - )

£ wm™ reen Yer~r
_\k/2.k
- L0 e[k @ - Z 5 (2 Gw,z)]
27 TR YETNT
_sk/2 _k
LD T e | B @ ~Tr‘;( E 5, 020 )| -
2 k)

Yel‘m/r‘o(h)

4 . .
where TrI : Mk(Fo(é)) hd Mk(SLZ(Z)) is the map defined by
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rde) = Z £y - > g0+ > £ on
YE I‘o(lo)\I‘ n(mod 4) n(mod 2)
t. [13]). Also, for v = :)ero(z.),
otv2) = O ('t 0,
80
Z- i Lot = @ EY @),
YETNT, (4) k-3
Therefore
kv k-
4, (&) 2 X rao
Tr. (BE ) = E + (-1) — b .
R K o -21) k-1

Equation (64) can now be obtained from this by using equations (68) and (69)

and the explicit description of the way the series 0O and EIEZ?/Z transform under
the operation of (2 -(IJ) and of the matrices involved in the definitions of Tr[;

and Ua. We omit the details.

We observe that the argument used here for ZG 2(z) would apply to any
series Zb(n) G (z), where the b{n) are the Founer coefficients of a modular
form (here ©(z)). Since this principle is not very well known (although it
was already used by Rankin in 1952), we give a general formulation of it,

applicable also to forms of non-integral weight.

Let T'CT be a congruence subgroup and k > O a real number. We consider

multiplier systems v : ['— {c €¢ ||tl = 1} such that the automorphy factor
J(Y,z) = v(Y)—I(c:z'.+d)-k (y = (: 3)6 r'‘', z€ H)

satisfies the cocycle condition
JOYps2) = Iy 5v,2) Ty, 2) (;,v, €T', z € H)

and such that v(Y) = 1 for YE&€TI4{ = T'NT, (then J(Y,z) depends only

on the coset of Y in TA\T! i.e. on the second row of Y). We write Mg(T',v)
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(Sk(r’,v)) for the spaces of modular forms (cusp forms) on ' which
transform by
£(z) = J(v,z) £(Y2) (v €T', z € H).

(If k €%, then v is a character on ['' and this agrees with the usual

notation; if k € Z + %, then our notation conflicts with that of [21] but has

the advantage that the product of forms in Mk T',v.) and Mk (I'',v,) lies in
1 ! 2 2
Mk (''y,v.v,).) If k > 2, we have the Eisenstein series
1<l-k2 1°2
E'(z) = Z J{Y,z) € (r',v)
k YET I ’ %
and for each natural number n the Poincaré series
Gl = 10,2 e g 0ty
o YE T NI
o
where w = [I : I'] is the width of I'; the same proof as for (41) shows that
ok (=)
0 (£,6]) = £(2)6!(z) ¥ av = z""E?T a(n)
I‘Y\H (lwm)

=, .
for any form f = 2 a(n)eZTTmz/w

i ' . i ati we have:
3 in Mk(F ,v). With these notations we e

Proposition 5: Let Ji(Y,z) = vi(Y)“l(czni)-ki (i =1,2) be two automorphy

fuaoctors on I', where kl’kz are real numbers with k2 >’kl + 2> 2. Let f(z) =

4 X, .
Z a(n) e21r1nz/w and g(z) = Z b{(n) e21unz/w be modular forms in
n=} — n=0
S

k]+k2 (I",vlvz) and Mkl([",vl), respectively, and El'( (z) the Eisenstein series

in M (T',vz) as defined above. Then the Petersson product of g(2z) El'( (z) and
- 2 2

f(z) 1is given by

Tlk,+k,~1) k, +k E
' _ 172 | I a(n)b(n)
7y (f’gEkz) ) (znr)ﬁl’““z-l N anl o 1tR27!

Proof : B
Set k = k+k, , v =v,v,, J(¥,z) = v(Y)(cz+d) k- J,(v,2) J,(v,2).

1f k2> k1 + 2 , then
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]

g(z) Eéz(z) J,(Y,2) g(2)

)
m
-y
-
=

[Ts

J2(Y,z) 3, (Y,2z) g(¥z)

o

ZE: b(n) J0y,z) eZNLnYz/w
YETIN' n=0

<
m
—
b
Z

[

O

= b0 E (@) + ) b 6,

=1

because the double series is absolutely convergent; if kz = kl + 2, we obtain

. . . ~2E :
the same equation by multiplying JZ(Y,z) by yE |cz+d[ 2 and letting € * 0
(Hecke's trick). Equation (70) now implies the statement of the proposition.

k, /2

{The series in (71) converges for k, > 2 because a(n) = O(n Y and bn) =

k-1 2
a l

0( ).)

The method we have just described was used by Rankin (for forms on the full
modular group) in [181; his identity (33) is obtained by taking k1 =q,
<o

ky =k-q, gz) = E () = ) -2 o () efMPZ L4 £ =
q Bq = q-1

E:;a(n) eZWlnz € Sk an eigenform and using the identity

o

or(n) a(n) ) Lf(S) Lg (s71)

=f ns (25~r—k+1)

(Re(s) > r + 5%1 ).

(72)
n

We remark that equation (71) is in fact true under weaker restrictions than those
given. For example, Rankin's identity (33) is still valid for ‘=% {the reader cen
check this for k=12, f=A, using (32)})}. It is also worth remarking that the
identity (33), together with the non-vanishing of Lf(s) in the region of absolute
convergence and the fact that the Hecke algebra acts on Mk with muleiplicity 1,
imply that for gq 2 % + 1 the modular form Eq(z) E

module over the Hecke algebra. 1 do not know any elementary proof of this fact;

k-q(z) generates Mk as a

a direct proof in the case gq = % would imply the non-vanishing of Lf(kIZ).

We now prove a generalization of Prop. 5 which can be used to give another

proof of Theorem 2 (i.e. of the proportionality of ¢r and C and hence

k,r)

of the identities for Df(r+k-l), where r is an odd number satisfying
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1< r< k-1, To prove that Ck r is a modular form when r < k ~ 1, Cohen
Tk, Lk
defined bilinear operators F, = F\}l 2 v EH, k,,kz € R) on smooth functions

by the formula

Vv b V-l
Z vei e DO TGow)  97f, 5T
(73) F (£,6,){(z) = -n 4
vt/ tE = p TOoq) Thvan - o

and showed ([3], Theorem 7.1) that

74 BE Y Bl ) = FELD L sy T

1 2 1 72
for all v ¢ GL; (R). From this it follows that if fl and f2 are modular
forms on some group ['', with weights kl and k2 and multiplier systems v,

and Vs respectively, then Fv(fl,fz) is a modular form on I'' of weight

k1 + kz + 2V and with multiplier system v, and is a cusp form if v > O.

(Of course Fo(fl’fz) = fle') The fact that C (r <k - 1) 1is a cusp form of

k,r
weight k on SLZ(ZD then follows by the same argument as in the case r =k - 1

from the identity

I I Ve o _ kerel
(75) Ce,x = @) HOBI=3) F, (0, )(r)[UA (v 5 )

We now give a formula for FV(fl’fZ) when either Fl or F2 is an Eisenstein

series; this proposgition in conjunction with (69) and (75) can be used to

give another proof of the identity

1 I(k-r) r = -
h Ck T=T) T Ck,r(z) (r =3,5,..., k-3),

¢ () = -

which is equivaleant to Theorem 2.

Proposition 6: Let kl, kz P JZ’ g and Ek be as in Proposition 5, VvV a

non-negative integer, and f(z) = :;: a(n) eZﬂan/w a cusp form in Sk(F',v),
n=1
_ ‘ - . . . .
where k k1 + k2 + 2V and v ViV, Define Fv(g’ Ekz) as_in (73) Then
o0 JUS—
¢ FGeE ) = rpY TESATERM JV 5 e
2 {am) T(kz) n=} a 1772
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Proof: Let g}ukz) = iﬁi%ii). Then for Y = (: 3) cr
3z
)
. Tk +y) _ k. +yty
a0 Vo = v Y O iy o o s M.
H=0 1

This can be proved by induction on Vv (the case VvV =0 is just the transformation

law of g), wusing the identities

sV = er? £ eW o

4
dz
and

Y My PR f————r(k‘ﬂ)) ey

n F(kl+u) 1 -1 (k1+u-1) o F(klm) ’
we leave the verification to the reader. Let G&{z) be the Poincare series in

Sk(F', v)., Using the Fourier expansion

e

) )
eM@ = (-2%1) Z aVb(n) e2Tine/V

n=0
and (76) we obtain
- \) w(
(53?) Z Vb (a) G/ (2) = Z vV ezr) € g M vz
n=0- YETT
Y
(k. +v)
= wo__ LT (W § -1 V-u ~kg=V
S e ¢ @ SR vy e (eard)
Y
Tk, +v) rk,)
,;Z vy L G,y v 2 v ()
< (u) TG, 7 g Wz) « (-1 T, ro Ekz (2)
I (k,)

= F (g, E ),
I’(k2+ V) v kz
and this together with (70) implies the statement of the Proposition.

Applying Proposition 6 to the case I'' =T, g an Eisenstein series, and f
a Hecke eigenform, we obtain (using (72)) the following generalization of Rankin's

identity (33):

Corollary: Let kl’ kZ > 4 be even integers with kl # k2 and Ek;’ k2
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the normalized Eisenstein series of weight k Let v be a non-megative

l’kZ'
. i . . .
integer and £f(z) = :E:a(n) e2 inz a normalized eigenform in S

k =

k’

kl + kz + 2v. Then

-v ky/2 2k, 2k, T (k=1)
an  (mdY ¢ FE LB N = (12 L 2 TG
v R, B B X ra cony

* *,
x LECkv-1) Lk, ),

where Bk , Bk are Bernoulli numbers and L;(s) is defined by equations
1 2

(30) and (31).

Remarks: 1. If k2 >k, » 4, we prove (77) by applying Proposition 6 directly;

1

if kI > kz, we interchange the roles of k) and k2’

equation (31). As in the case V = 0, we observe that (77) remains

using the functional

valid also when kl = k2.

K Ek )} has rational coefficients, the left—hand side
1 "2

of (77) is equal to the product of (f,f) with an algebraic number lying in the

2. Since (2mi) ¥ F

field generated by the Fourier coefficients of f. For any k > 16 there are
sufficiently many triples (k;, kz, v) satisfying the conditions of the Corollary
to deduce that L?(a) L;(b) is an algebraic multiple of (f,f) whenever a and

b are integers of opposite parity satisfying % < a,b <k for simply 0 < a,b <k

if we use (77) for kl = kz). For example, if k = 16 and £ = A)6 is the unique

normalized eigenform in Sl6’ we find
* * »* #* *
L1713  LFa3) L¥00) 266 L;(15) LEG2)
* * b
XD ALy LX(10) LX(T5) 256
* %
e LEO) LEAO 1
X * x
LF(12) 1;(9) 21%¢£,6) LEQ&) Lz
ot 3617 357 2%3%03 1 s
7.3.5.13 © 2.3.7 “ 3617 T -2 T3

22
7
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Thus we obtain a different proof of the result of Eichler-Shimura-Manin on

periods of cusp forms mentioned in § 1.

3. For the six values of k with dim Sk = 1, equation (77) takes the form
k B B k B
ey k- = (-1)7%-_12k“2 _El.+ _EQ S EEL “EE (£,£)
£172 £ kl kz Bk kl k2 ’

if v = 0 (Rankin EXB}, Theorem 5) and

kz
2-1
. X, o nx k-2 T[(k-v-1)
Le(ky+v) Lo(k-v-1) = (-1) 2 TE-D
N I"(k|+\)) F(k2+V)
S D -————-r(klﬂ) Bkl +_T(k2+l) Bk2 (£,£)

if v > oO.

4. Proposition 6 is similar to a recent result of Shimura ([22], Theorem 2).
Also, the method sketched in this section for proving Theorem 2 is related to the

method used by J.Sturm (cf. note at the end of the introduction).
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§ 6 The Doi-Naganuma lifting and curves on Hilbert modular surfaces

In 1969 Doi and Naganuma [4} constructed a "lifting" from modular forms on
SLZ(ZD to Hilbert modular forms on SLZ(GO, where O 1is the ring of integers
of a real quadratic field K = (/D). Four years later, Naganuma [14] defined a
similar lifting from Sk(PO(D), (2)) to Sk(SLZ(U)); together, these maps give
the subspace of Sk(SLZ(O)) generated by eigenforms which are invariant under the
action of Gsl(K/¢). In {24} the author constructed a “kernel function' for the
Naganuma mapping, i.e. a function Q(z, z'; T) of three variables which is a
modular form of Nebentypus (g) with respect to T and a Hilbert modular form
with respect to (z, z') and whose Petersson product with any modular form
f(t) of Nebentypus is the Naganuma lift ?(z, z2') of £. The mth Fourier
coefficient of (z, z'; T) (with respect to T) 1is a Hilbert modular form
wm’D(z,z‘) defined by a series similar to that defining the function w, o=

mm,l of § 2. By replacing wo by wm’D in the calculations of §§ 2 - 3 of
this paper, we will obtain a theorem generalizing Theorem 1 and, as corollaries,
i) nev proofs that certain functions constructed in [3] and in [8], given by
Fourier expansions whose coefficients involve finite sums of values of
L-series at integer arguments, are modular forms;
ii) characterization of these forms in terms of their Petersson product with
Hecke eigenforms;
iii) proof that (?,g)/(f,f)2 is an algebraic number for any eigenform
£es @, A);
partial
iv) /fproof of a conjecture made in [8] expressing the adjoint map of the

Naganuma lifting (w.r.t. the Petersson product) in terms of intersection

numbers of curves on the Hilbert modular surface HZ/SLZ(G).

Some of the results have been obtained independently by T. Asai and T. Oda in the
period since the Bonn conference. In particular, both iii) and iv) overlap with

work of 0Oda.

We recall the result of [24]. We suppose throughout that the discriminant
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D of K is = 1 (mod 4) and denote by k some positive even integer. The
forms w are defined (if k > 2) by
m,D
¥
(78) W D(z,z') = Z (azz' + Az + A'z' + b)_‘lc (z,z' eH, m=1,2,...),
b

a,bezj
red
AA'—ab=m/D
where A' denotes the conjugate of A and - (VD) is the different of K;

one checks without difficulty that w is a cusp form of weight k for the

b
’
Hilbert modular group SLZ(G). The main result of ZZA} is that the function

el

(79) Q(z,2' 5 1) = mZ' o< W, p(zz") e

2 imt (z.2', T € H)

is a cusp form on FO(D) of weight k and Nebentypus (2) with respect to the
variable T whose Petersson product with any other cusp form f € Sk(FO(D); (2))

is given by

(80) 5 £(0) Qz,2' 3%y (Im T)FdV = <, \)E(;;-x () efmitve +v'zh)

NH v >>0

where Ck is given by (12) and c(oL) (0L an integral ideal) is an explicitly

given finite linear combination of the Fourier coefficients of f at the various

cusps of FO(D). It is also shown that, if D 1is prime and f a normalized

2wi(yz+ v'2)

Hecke eigenform, then z:c((u)19) e equals the Naganuma lift f of f

i.e. the coefficients c¢(?1) are multiplicative and satisfy

alp) it pp'- . & = 1,
2 k-1 . D
(81) () = a(p)® + 2p if P = (), (;) = -1,
a(p) + a(p) it pP= ), O = o,
(82) Z e(O) N(B)™S = Z a(n ® Z a(mn ® /.
[ 8 n=} n=1

Asai [ﬂ has shown that equations (81) and (82) still hold (for f an eigenform)

when D 1is not prime.

Finally, for our generalization of Theorem | we must define the analogue of (2)
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for forms of Nebentypus, Let f = Za(n)qn [ Sk(I‘Q(D), (-l.?)) and set

- 2 _ms.-1.. D = -s,~1 2 .8~
83  Dy(s) ]_p{ a-a p 7o - e @ p T (-2 )7
where ap, ap are defined by
D, - - k=1
84 + - = =
(84) ap %) a, a(p), a 8y P
or equivalently by
oo .
5 D a@a - l { L — -
n=l - o 1-(*) a
p p P ) (?) p P )
Then, with the same notations as in Theorem |, we have:
Theorem 4: Let D=1 (mod 4), D> 1, be a square—free integer and k > 2 an
even integer. For m = 1,2,... and s €¢€, 2 - k< Re(s) < k-1 sget
ko137 E 2 2 t2-4m
(86) cm’D(s) = m D [Ik(t -4m,t;s)+1k(t -Am,-t;s)} L(S,T)

2 t€Z
t“z4m (mod D)

k/2 [(stk=1) £Q@s)  k-s-I

2
1) — 2 if m=u", u>0,
22s+k 31;3 1 T (k)
+
4] if m # square.
Then the function
o
2mimz
QS,D(Z) ;é; cm'D(s) e

is a cusp form on I‘O(D) of weight k and Nebentypus (-.Q) and satisfies

I'(s+k~1)

@ s+k-1

£) = C

D.(s+k-1)
k 4m) f

s,D?

for any normalized Hecke eigenform f € Sk(I‘o(D), (9)).
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Proof: We would like to imitate the proof of Theorem | in § 2 - 3 with @ op
s

instead of w . We cannot use & D(z, -z) for this purpose, because (z,z') -

3

(z, —z') 1is not compatible with the action of the Hilbert modular group. We
can get around this by using w D(Ez, €'z) if K has a unit € with € >0 > €'
b}

and in general by using the function w_ D(z, zZ), where is obtained by

~m,D
replacing m by -m in (78) and is defined for ({z,z') € H X H_ (H_ = lower

half-plane). Writing c instead of b in (78) and setting A = %(b + 55,

we obtain
W (2,3 = > @lzl? + 2z + 22+ )78
’ a,c€Z
rew -t
AX'-ac=-m/D

= (a}zlz +bx + ¢+ iﬁr )

a,b,c,t€Z

%(bz—tZ/D)°ac=—m/D

or,with the notation (48},

Yo (2,8 = Z z Ry (z,0) .

teZ 2.)
t% 4m (mod D) i¢l:§1§J£

Theorem 3 (§ 3) now implies

_ s+k-l
@87) c () = ¢ b 2 k! w__ (2,2) E(z,8) y* av.
m,D ~m,D
™H
Hence
_s+k-1
-1 2 - k
88) ¢ (1) = z(s) ' D Q_(z,%; 1) E(z,s) y dV,
s,D n
H
where
0
Q_(z,z'; 1) = 2{: <! w_ D(z,z') ATimT (z, T €H, z'€H.).

The function §_ has properties like those of £, namely it is a cusp form of
Nebentypus with respect to T and satisfies an equation like (80) but with the

summation running over all v € Dk such that v > 0 > v'. (This follows
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directly from the results of [24] if K has a unit £ with € > 0> ¢g’,
since then Q_(z,z'; t) equals f(ez, €'2z';t ), and can be proved without this
assumption by making the obvious modifications in the proofs given in [24].) There-

fore (88) implies that b €S, T M, (?)) and that
Ss kYo
_ s+k~l

(0,00 £) = € TONE S he(2) E(z,8) 4V

I'\H

for any f € Sk(TO{D), (2)), where

hf(z) = yk :§:; E((v)l?) eZ“i(Vz *v'z) (z € H).

veg !
v >0>v’!
The function hf(z) is SLZ(Z)-invariant because _{z,2'; 1) is a cusp form of

weight k with respect to the action of SLZ(O) on (z,2z') € Hx H_.

Therefore we can apply the general principle (44) to obtain

' oo i
——————— . ] — - 1 -
& hf(z) E(z,s) dV = [(2s) Sji e( (V) eznl(v + VxR =Y )yyk+s 2dxdy.
T\H 0oy
The only terms that contribute to this integral are those with Vv + v' =0,
i.e. V= 5; with n € N, and we obtain the identity
D o0
I (s+k-1) r(2s) c((n))
(89) @ ,,f) = ¢ = ———
s,D k (4ﬁ)s+k 1 z(s) vyt ns+k i ,

valid for all f G,Sk(ro(D), (2)). If £ is an eigenform, then c((n)) = c((n))
and the series :E:c((n)) 2 ° has an Euler product whose terms can be computed
using (81); a short computation then shows that the expression in brackets

in (89) equals Df(s+k-l).

We can now deduce several corollaries exactly as in the case D = 1, First
of all, the functions Df(s) is entire {proved by Shimura, [21}, Theorem 1) and
satisfies a funectional equation(proved by Asai [1], Theorem 3). Next, by taking

s =r €{3,5,..., k - 3} and using (22) and (26), we find that

T
= - E_ I'(k-t)
o p(® 7 % Tae  Sk,r,0®>



Za—-52 156

where }
< 4m-t? 2mi
~ Tim
CkrD(Z) = Z Z P L (Em) H(x, mD ) e “
i o=C t€ 2 ’
£2 < 4m
t? Z4m {mod D)
For r =k - 1| we get an extra contribution which can be computed as in § 4, the

only difference being that the multiplicative function p(a) occurring in

equation (63) must be replaced by the multiplicative function

cz-ém
D

2

i

DD(a) = #{b,t (mod 2a) | b (mod 4a)}

= # (eo/as | AN Em (mod a) },

which is calculated in f24} (Lemma 3, p. 27). We obtain an equation similar to
(27) but with Ok_l(m) replaced by the mth Fourier coefficient of the Eisenstein
series E;(z) in the space M;(FO(D),(?)) consisting of those modular forms in
Mk(Fo(D),CE) whose mth Fourier coefficient vanishes whenever m is not a
quadratic residue of D (M;(TO(D), (E)) is the subspace of Mk(TO(D),(g))

fixed under all Atkin—Lehner involutions). Therefore Theorem 4 implies the result
of Cohen ([3}, Theorem 6.2) that the functions Ck,r,D are modular forms

(cusp forms if r < k - 1) and at the same time gives a formula for the

Petersson product of these functions with Hecke eigenforms. In particular, since
Df(r+k-l) #0 for r> 1, we deduce from the "multiplicity 1" theorem that each

D D .
Ck,r,D generates the whole of Mk(FO(D), (%)) (resp. of SR(FO(D), (<)) 1if

r <k - |) under the action of the Hecke algebra.

For r = 1, we again find an extra contribution (given by (21)) coming from

tz—ém

the terms in (86) for which 5

is a perfect square. In contrast to the case
D =1, there are in general infinitely many such terms, in 1 : 1 correspondence

with the integers of norm m in K, and we find

= -1 . )
(90) <I>1’D(z) = : ck Ck,I,D(z) k > 2)

with
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o0
DD [ PR [P
O Gp® = bl ez P, (T " Lgminaan e
t2: <4m A0
t % 4m {mod D) Adten
Finally, if k = 2 then we find (as in the case D = 1), that ¢l D equals
b4
K . +
. . . . €
3 C2,I,D plus a multiple of the Eisenstein series EZ(Z)' Thus CZ,I,D

+ D
MZ(PO(D), (3)) and Ck,l,D

siderably harder to prove directly than the modularity of C

€ SQ(TO(D), (?)) for k > 2. This result is con-—

K,r,D for > 1,

because the function ‘){r(z) = Z H(r:,N)qN used by Cohen is no longer a

modular form of half-integral weight when r=1. The fact that C2 1D &
LI

+ D .

ME(I‘O(D),(r)) was proved in [8], Chapter 2.

Equation (90) together with Theorem 4 characterize the function Sop
b 4

by the formula

4 T (k) D .
(92) (Ck,l,D’f) = -z ‘(T)k D (k) (f€ 5,0 (D), (*)) an eigenform).

To interpret this, we need some other product representations of I')f (s}, Let

a(n) and c(ot) be the Fourier coefficients of £ and of the Naganuma lift f,

P P
ideal) the numbers defined by

respectively, & , & the numbers defined by(85), and AP (? ¢ 0 a prime

(93) AP = if N(SD) = p.
Then (81), (82) are equivalent to the Euler product expansion

1

Z s _ -1 e -8, =
(94) o c (o) N(TU) g(l AZ?N(XD) ) q] Ag; N(XD) )

A
for the Mellin transform of £, and by applying the identity (3) (or rather its

~
analogues for forms of Nebentypus and for Hilbert modular forms) to f and £ we

obtain
Ly {s—k+l)
2 ~8 K
(95) ;c(M) N{7t1) = W D%\(S),

and



158

Za-5h
(96) ZE: .':1(:1)‘211_s - Llstk+l) TT (a + k"l*s)‘l D! (s)
T2s-2k+D) P £
n=} p!D
where
2 -s,~} - -s,~1 -2 ~5.—1
£ = b- - ApApN |- A ,
Df(s) T;) ( A?N(&)) ) (1 Ag) x) (X)) ) ( XDN(&')) y
and

-1

' D, .2 ~s.~I k~l-s, 1 _ /D, 2 -s
Dg(s) G a,p ) G-p y @ (p) a P )

[T o
P

(= the "twist" of Df by (2)). On the other hand, using (93) we deduce

after some trivial manipulations

97) Dg(s) = Df(s) Dé(s)'

Thus Df(s) is, up to a simple factor, the ratio of the Rankin zeta functions
Va3

associated to f and to f. The above formulas (and more general ones corres—

ponding to Hilbert eigenforms which are not liftings) have also been observed by

Asai [2].

”N
Using the analogue of formula (5) for f and f (i.e. comparing the resi-

dues on the two sides of equations (95) and (96) at s = k by Rankin's method)

we obtain
22k—1 1Tk+1 -1
1 B e —"
D} (k) o D (6D,
4k-1  2k+2
Dp) = AT pETL A,
f 2
k)
and hence, by (97),
D_(k) 2—21(___’2(:1 D’k (g’g) .
£ r(k) (£,1)
Substituting this into (92), we obtain
Theorem 5: Let D = | {mod 4) be a square-free integer > } and k an integer

> 2, Then the function Ck i D(z) defined by (91) is a modular form in
£ i 4

Mk(FO(D), (2)) (a_cusp form if k > 2). If £ € Sk(FO(D), (2)) is a Hecke



159 Z8-55

"~
eigenform and f € Sk(SLZ(G)) its 1lift under the Naganuma mapping, then

&5
R

(98) (€ f) = -

4
k,1,D’ Dk

Since C has rational Fourier coefficients we deduce
14

k,1,D

Corollary 1: Let D, £, be as in the Theorem. Then (£,£)/(f,£)> is an

algebraic number belonging to the field generated by the Fourier coefficients

of f.

Doi informs me that this result has also been obtained recently by T. Oda.
Secondly, since (?,?) and (f,f) are non-zero, we deduce from the

"multiplicity 1" principle:

Corollary 2: The modular form C together with its images under all Hecke

K, 1,D

D .
operators span the space SK(TO(D),(T)) (respectively the space

D . _
M, (T (D),(3)) if k=2).

This corollary was conjectured in the case D prime, k = 2 by Hirzebruch
and the author ([8], Conjecture 1', p. 108) in connection with the intersection
behaviour of modular curves on Hilbert modular surfaces. We devote the rest of
this section to a discussion of the relation between the above results and the

results of [d.

We suppose from now on that D is a prime. For each m 2 | define a curve

TmCHXH by

T = ((zz) | Jab, ez red wien ab-am' =03,

i.e. Tm is the union of the divisors of all of the expressions figuring in the

definition of w The curve Tm is invariant under SLZ(O)3 its image on

-m,D°
X = SLZ(GO\H x H being an affine algebraic curve (also denoted by T ) each of
whose components is isomorphic to the quotient of H by some arithmetic group.

It was shown in [8] that
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2
T, Z H(f‘-“%t—>

te
t2< émm
:2_ 4m (mod D)

Za-56

if m is not 2 norm in K. In general, we must compactify X to a smooth
surface X% (by adding finitely many "cusps” and resolving all singularities on the
resulting surface). Then the closure of Tm represents a homology class in

Hz(i) which we decompose as the sum of a class T; in Im(Hz(X) hd H2(§3) and of
a linear combination of the classes represented by the curves of the singularity

resolutions, and one has

T:GT: =§; (hm‘ —L—E win (A, A").
t€ 7D reo”
t? € 4m A>0
t2 = 4m (mod D) A=
Therefore we can write
X

- - Eg: [ 2nimz
C1,09 = ~37 ¢ e Ty 2T e .

The formula for T° o T® (n,m € N arbitrary) was also given in [8] and can be
n m
compactly summarized by

i
(99 > @ o1 e =, | ] TN (),

m=0

where Tg is defined as a certain multiple of the volume form on X and T+(n)

h Hecke operator on Mz(f;(n), (?)) with the

is the composition of the at
. . . D + D

canonical projection M,(T (D), (7)) » M, (T (D), 7))+ By using these intersection

number formulas in combination with a direct analytical proof (by means of non-—

holomorphic modular forms of weight 3/2) of the fact that C2 1.0 € MZ{PO(D), (2)),
4 *

the following theorem was proved in [8]:

Theorem ([8}, Chapter 3): For each homology class K € Hz(iﬁ €) the series

2]

b (2) = Z & - 15 2T (z € H)

m=0

. . + D PP .
is a modular form in MZ(FO(D), (¥)). The map ¢ : K~ QK is injective on the
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subspace of Hz(f; €) generated by the classes Tﬁ.

On the other hand, the map ¢ 1is zero on the orthogonal complement of a
certain subspace U of Hz(i; €) (defined in [7], p. 91) containing all the

c .
classes Tn’ with

D+19
24

dim U = [ 1= aimma @, O.

On the basis of this and of numerical calculations for D < 200 it was con-
jectured ([8], Conjecture |, p. 108) that the subspace of Hz(g; €) spanned by
the classes T; coincides with U and that the map ¢ : U > M;(FO(D), (2))

is an isomorphism. But ®(T§) = T+(n) by equation (99), so Corollary 2

CZ,I,D]

implies that the restriction of & to the space generated by the Ti is sur-

jective, thus proving the conjecture. We state this result as

Corollary 3: The subspace of Hz(i; C) generated by the homology classes

. . r . . .
T; has dimension anzg] and is mapped isomorphically onto M;(FO(D), (2))
by ¢.

By associating to a Hilbert cusp form F € SZ(SLZ(OO) the differential form

F(ez, €'z') dz Adz' + F(ez', e'z) dz'A d;]

N

.
L

( € = fundamental unit) and then applying the Poincaré duality map to the

cohomology class represented by this form, one obtains an injective map
j o SZ(SLZ(GD) -+ HZ(X; C)

(see[7] or [8] for details). Under this map, the codimension ! subspace
t°cu consisting of classes x with xTz = 0 corresponds to the subspace

S;ym c SZ(SLZ(G)) generated by Hecke eigenforms F with F(z,z') = F(z',z).

Thus ¢ can be identified with a map from S;ym to S;(FO(D), (?)). On the other

ol
hand, one has the Naganuma lifting v: £ + f going the other way. It was

conjectured in [81 (Conjecture 2, p. 109) that the two maps & o j : s;ym -+
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+ + .
Sz(yo(D), (?)) and 1 SZ(FO(D), (?)) - S;ym are, up to a constant, adjoint
maps with respect to the Petersson scalar product. From the definition of ¢ wvia

. : . c .
intersection numbers with the classes Tm and of 1 wvia the Petersson product

. TimT P .
with Q = EE:muﬁ D ez i one sees that this is equivalent to the statement
¥
. co
{(100) j(muh D) = {const) - Tm (m=1,2,... ),
where
[
(T- 1)
N
(To TO)
is the component of T; in ° (equation (100) 1is conjecture 2' of @], p. 110,

c . . :
except that there Tm was inadvertently written instead of T;o).

There are two partial results in the direction of (100) which can be deduced

from Theorem 5. First of all, a formal calculation using (80) shows that for

k-1 k-1 €k x
k > 2 the Petersson product of m w and n w equals = —— D times the
m,D n,D 2

mth Fourier coefficient of ¢( }T+(n) where T+(n) = S+(T (D), (?)) —
k,1,D 9 k' o
S;(FO(D), (2)) is the modified Hecke operator introduced above, while for

k = 2 the same is true if we remove from C2 1p 2 multiple of the Eisenstein
» »

. + N . . .
series E,{z) to get a cusp form. Using (99) and the equation j{(w Yy oo ilw )=
2 m, D n,D

—Z(u% D’OHLD) ([8}, p. 109, equation (17)), we can state this result for k = 2
4
as

. : . 2nZ o co

J(m&ﬁ,n) ° J(n“ﬁ,D) = 7D Tm o Tn ,

which is compatible with (100) and gives the value of the constant occurring there

as *wD. Secondly, by letting s -+ 1 in (87) and using

lim E(z,8)/ z(s) = 2
s+l 2

we obtain the formula

- T yk/2 k-l Sﬂ = k
cm’D(l) 2 D m Ny qn’D(ez, e'z) yo dv,

and for k = 2 this can be interpreted (using (90) and (99) and the fact that TI
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is the curve T\H CLSLZ(OO\HZ, embedded by the diagonal map) as the statement

co .
b Ti'rm = Tl o j(mua’n),

which is again compatible with (100) and now gives the value of the constant
exactly as 7D, It should be possible to prove this statement with T] replaced
by Tn using similar methods; by virtue of Corollary 3, this would suffice to

establish (100) in full generality.

We end this section by proving the analogue of (100) for forms of higher
weight, The principle is very general and should be applicable to any cycles on
automorphic varieties (i.e. quotients of bounded symmetric domains by arithmetic
groups) and automorphic forms which have the same formal relation to one another

The proof we give would probably be carried over to the

as Tm has to Wp o p*

case of weight 2 (proving (100)), by using the definition of W as

,D

lim E (azz' + Az + A'z' + b)-2 lazz' + Xz +A'z' + b S
5+0
a,b,A

(€24}, Appendix 1) and carrying out the limit in the integrals.,

Equation (100) (with the constant equal to 7D) is equivalent to the formula

= - ﬂ__,l_)_ 5 [y o

(101) CT ) 5 - 15 F(ez, €'2') dz A dz Gr € S,(SL,(©))) »
T
m

because the right-hand side is just - %"D times the intersections number of

F(F) with Tm (we can write Tm instead of T; or T;o because j(F) is

orthogonal to the curves of the singularity resolutions and to the volume form

). Let
[s]

rf%’ = {a en,®] A* A"},

d -b Y
—¢c a) and (z- 47

* . ab

where A and A' are defined for A (c dEMO® as (
respectively. The group G = SLZ(S)/{ti} acts on 04 by Mo A= MXAM'. Each
A €4 with det A >0 defines a curve in H x H, namely its graph {(z, Az)|

2z € H}, and T, consists of the images in SLZ(G)\HZ2 of these graphs for all A
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with det A = m. The components of ® correspond to the SL2 (9)-equivalence

a, b,
i

classes of A with det A = m. Let Ai 3(31" d-) (i =1,...,r) denote
i ®i

representatives of these classes and Gi {(i=1,...,r) the isotropy groups

G, = {Mec| MAaM = za }.
1 i i
Then r
v - U e,
m . 1
i=1
where the it component is embedded by z e+ (z, Aiz)’ and w_ p is defined by
’
= k/2
wy p(z,2") = pk/2 Z 2 . ¢M"A M'(Ez,e'z') (k>2)
’ i=l MEGAG i
r
= Z w2
i=] m,D
where
' [ v -2
b, . (2o2") = (czz’ - az + dz' - b)
(c d) i
- -2 v _ az+bh "
(cz+d) (z' = =3

(c£. [24], 11.4 - 5), and each function o'l

y .. -
', D is in Sk(SLz(Cf)). For k 2,

L. P i) .
one has a similar splitting of wm,D as Zwm,D . Then equation {100) states that

T X
2. @ wl) - ™) S (e;7+4)" Flez, e'Aiz) ax dy
i=1 ’ i=1 Gi\H

for all F & SZ(SLZ(G)). The analogue we prove for forms of higher weight is the

following.
Theorem 6: Let k> 2, m % | and Wy the Hilbert modular form {(78) Then
B4 = anag , 2nen
r
1 — -k —_— K
(Fy wp p) = ECka/z Z S (e;z+d) 7 Flez, ¢'Ay2) v dV
i=1 Gi\ﬂ

. k~1 .
for all F € S, (SL,(0)), i.e. the Petersson product of F with m @D 1S

proportional to the integral of F over the curve Tm in a suitable sense.
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Proof: We have
(F,m(l?) = S 3 F(cz, €'z') m(l)(ei, g'z") yk y'k 4v' 4v
m, D G\H2 m,D
(102)

-2 5 Y ren, @) e, @0t Ky e
G.\H2 i
i
Since Gi acts properly discontinuously on H, we can take for Gi\H2 a
fundamental domain of the form “F X H, where ¥ is a fundamental domain for the

action of Gi on H. Then the integral on the right-hand side of (102) equals

(103) g (c;z+d,) % S F(ez,e'27) (z'-hz) K y'& av' ]y av.
GAH : H N
1

But one has the identity
S fEa Y v =1 @ (a € H)
H

for any holomorphic function £ on H with Slf(z) 2 yk dav < ®  (cf. @5},
H

p. 46), so the inner integral in (103) equals

1 A
3 Ck F(ez, € Aiz).

This proves the theorem.

Remarks., 1. Theorem 6 is contained in recent work of T, Oda DS]. However,
the explicit working out of his very general results for the case of the curve

Tm has, so far as I know, not yet been given in the literature.

2. In the theorem we describe a way of integrating cusp forms of weight k over
certain curves of X, whereas one would expect such an integral to make sense
only for k = 2, Presumably there is some appropriate homology theory g{k(§3
which has a natural pairing with Sk(SLz(G?) and such that the curves in question
yield classes in ﬂﬂk' The bilinear form on ?tk corresponding to the Petersson
product in Sk(SLZ(Gé) should then have a geometrical interpretation, i.e. for two

compact curves Cl and C2 which meet transversally the intersection number of
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Cl and C2 in ?(k should be a sum of local contributions from the intersection

points of C. and C,. The intersection number of Tn and Tm in ﬁfk

1 2
(assuming that n or m 1is not a norm and (n,m) = 1) must be given by

k-1
E pk ! o ham-t?
)

t? < 4om p -0

t” Z4nm (mod D)

»

Anm-t2
(cf. (91)), where p+p = ~— pp = 1. Here EZH(——S———) is the number

of intersection points of Tn and Tm’ and from the description of the local
geometry near such an intersection point given in Chapter I of [8} we find that
the number p at a point x € Tn{\ Tm has a local description as the cross-
ratio of the four tangent directions in the tangent space TXX given by az ,az

1 2
and the directions of Tn and T 8t x. (This was suggested to me by Atiysah.)

3. For k > 12 the space Simej sk(SLz(a)) is no longer the image of the
Naganuma lifting 1 but the direct sum of this image with the image of the

Doi -Naganume lifting

5 ¢ Sk(SLZ(Z)) > Sk(SLZ(O)).

We can give a description of the adjoint map (w.r.t. the Petersson product) of

1 in terms of intersection numbers as follows: The curve T is gvl F 2 s
o m alm m/d

where F_ is defined in the same way as T, but with the condition that the triple
(a, b, X\) not be divisible by any natural number > 1. In a recent thesis
{("Kurven in Hilbertschen Modulflichen und Humbertsche Flichen im Siegel-Raum",

Bonn 1977), H.—G. Franke proved that, for prime discriminants D, the curve Fm

is irreducible if szm and has exactly two components if Dz}m. Call these

two components F; and F;; they are given by taking those triples ({a, b, )

in the definition of F_  for which (%) + (g) is positive or negative, res-—

pectively (note that ab = AA' (mod D) = (g) + (%) # 0). Set
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+ +

T = U F= 2,2
mb /T

R fzim /

+ = . .
(so that Tm and Tm are unions of components of Tsz, with TmDZ = Tm

+ - + .
+ . w

Tm Tm) We can break up meZ ’ as uﬁ,D + n,D + uﬁ,D in a parallel way,

’

and the proof of Theorem 6 again gives an interpretation of (F, uﬁ D) as an
s

+
integral of F over Tm . The relation to the Doi-~Naganuma mapping is given by

Theorem 7: Let k > 2. The function
o
P(z,2";0 = Z <! [w+ p (&:2") - w_ (z,Z')J 2T (52t € |)
=1 m, m,D

is a cusp form of weight k on SLZ(Z) with respect to ¥ and is, up to a

factor, the kernel function of the Doi-Naganuma lifting 1y ot Sk(SLz(Z)) -

Sk(SLZ(Sj).

I omit the proof, which is analogous to that in [24].



Za-6h 168

(1]

(2]

(4]

(5]

Le]

7]

(¢l

(9]

£10]

(1]

[12]
[13)

(1]

References

T. Asai, On the Fourier coefficients of automorphic forms at various
cusps and some applications to Rankin's convolution, J. Math. Soc. Japan 28
(1976) 48 - 61

T. Asai, On certain Dirichlet series associated with Hilbert modular forms

and Rankin's method, Math. Ann. 226 (1977) 81 - 94.

H. Cohen, Sums involving the values at negative integers of L functions of

quadratic characters, Math. Aan, 217 (1975) 271 - 285.

K. Doi, H. Naganuma, On the functional equation of certain Dirichlet series,

Inv. Math. 9 (1969) | ~ 14

A. Erdelyi, W. Magnus, F. Oberhettinger, F. Tricomi, Higher Transcendental

Functions, Vol. I, Mc Graw-Hill, New York—Toronto-London 1953.

R. Gunning, Lectures on Modular Forms, Ann. of Math. Studies No. 48, Princeton

Univ. Press, Princeton 1962.

F. Hirzebruch, Kurven auf den Hilbertschen Modulfldchen und Klassenzahl~

relationen, in Classification of algebraic varieties and compact complex

manifolds , Springer Lecture Notes No. 412, pp. 75 - 93.

F. Hirzebruch, D. Zagier, Intersection numbers of curves on Hilbert modular

surfaces and modular forms of Nebentypus, Inv. Math. 36 (1976) 57 - 113

A. Hurwitz, Uber Relationen zwischen Klassenzahlen bindrer quadratischer
Formen von negativerDeterminante, Math. Ann. 25 (1885). Math., Werke, Bd. II,
pp. 8 — 50, Birkhiuser, Basel-Stuttgart 1963

E. Landau, Vorlesungen iiber Zahlentheorie (Aus der elementaren Zahlentheorie),

Hirzel, Leipzig 1927,

5. Lang, Introduction to Modular Forms, Grundlehren der mathematischen Wissen-—

schaften 222, Springer-Verlag, Berlin-Heidelberg-New York 1976
D.H. Lehmer, Ramanujan's function r(n), Duke Math. J. 10 (1943) 483 - 492.
W. Li, New forms and functional equations, Math., Ann 212 (1975) 285 - 315.

H. Naganuma, On the coincidence of two Dirichlet series associated with cusp

forms of Hecke's '"Neben'-type and Hilbert modular forms over a real quadratic



[21]

[22]

[24]

[25]

Za-65
169

field, J. Math. Soc. Japan 25 (1973) 547 - 555.

T. Oda, On modular forms associated with indefinite quadratic forms of

signature (2, n-2), Math., Ann., to appear

H. Petersson, Uber eine Metrisierung der ganzen Modulformen, Jahresb. d.
Deutschen Math, Verein. 49 (1939) 49 - 75.

R. A. Rankin, Contributions to the theory of Ramanujan's function <t{(n)
and similar arithmetical functions, I, Proc. Camb. Phil. Soc. 35 (1939)
351 - 372.

R.A. Rankin, The scalar product of modular forms, Proc. London Math. Soc.
2 (1952) 198 ~ 217

J -P. Serre, Une interprétation des congruences relatives 4 la fonction <

de Ramanujan, Séminaire Delange-Pisot~Poitou, 9e année, 1967/8, 2° 14

G. Shimura, On modular forms of half integral weight, Ann of Math. 97
(1973) 440 - 481

G. Shimura, On the holomorphy of certain Dirichlet series, Proc. Lond. Math.
Soc. 31 (1975) 79 - 98

G. Shimura, The special values of the zeta functions associated with cusp

forms, Comm. on Pure and Applied Math. 29 (1976) 783 - 804

D. Zagier, On the values at negative integers of the zeta-function of a real
quadratic field, L'Ens. Math., 22 (1976) 55 - 95,

D. Zagier, Modular forms associated to real quadratic fields, Inv. Math.
30 (1975) 1 - 46

D. Zagier, Traces des opérateurs de Hecke, Séminaire Delange-Pisot-Poitou,
17e annde, 1975/6, n® 23; = The Eichler—Selberg trace formula on SLZ(Z),
Appendix to Part I of [1l], pp. 44 - 54,



