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OT U3JATEJIbCTBA

Mu mpogmosxaem Hamy cepuio «IlomyssipHass mare-
MaTHKa» nyO0JuKanued mnepeBofa CcOOPHHKA, KOTOPBIM
OTKpHJIaCh HOBasi cepus «MaremaTnueckne MHHHATIO-
pbI», BHIIyCKaeMas uU3gaTeJbCTBOM Dbupkxoiizep. B aTom
COOpPHHKEe IIpeJCTaBJeHB MATh JEKUHH MAJs IIHPOKOH
NyOJ/IMKH, [POYUTAHHBIX NPH BCTYIUIEGHUH B [JOJIKHOCTb
NATbIO JOOouLeHTaMH bDoHHCKOro yHuBepcurtera. Ilompo0-
Hee 00 3TOM pHTyaJle TOBOPHUTCS B OTKphIBatoleM cHop-
HHK I@PEeIUCJOBHH H3BECTHOIO HEMEIKOro MaTeMaTHKa
npogeccopa bonuckoro yHuBepcurera . Xupuebpyxa.

IIpencraBneHHbllt B COOPHUKE MaTepHaJs MNPaKTHUECKH
OTCYTCTByeT B HAYy4yHO-NONYJSPHOH JUTepaType Ha pyc-
CKOM SI3BIKE.

JKuBoe M mOCTyNHOe H3JIOXKEHHe, yAauHOEe COYeTaHHE
3JIeMeHTapHBIX (aKTOB ¢ pe3yJbTaTaMu TJyOOKHX HC-
C/IeIOBAHUH MeJIaloT KHUTY HHTEPECHON W MOJIe3HOH IJIs
CaMOro IIHPOKOTO Kpyra JIMIL— OT LIKOJBHHKOB OO0 Ipe-
nojaBaTeseli HHCTUTYTOB.

Mpl HagmeeMcsl, UTO YUTaATE/Nb MOJYYHUT YAOBOJIbCTBHE
OT 3HAKOMCTBA C 3THMH MATbI0O NPEKPaCHbLIMH MHUHHA-
TIOpaMH.



NPEANUCIIOBUE

PHuTyan BcTymileHHs B psABl mpemnojaBaTesell — cra-
pas Tpaauuus HeMmenkux yHuBepcuteToB. Ilocse mnpu-
Cy:KJeHHs] y4eHOH CTemneHH AOKTOpa OyAyLIHH npenona-
BaTeJb NMPOJOJXKAET HAYUHYI0 paboOTy U yepe3 HeCKOJbKO
JeT NpelacTaBJjseT PakyJabTeTy 6oJiee OGIIHNPHBIH TEKCT —
auccepraunMio nJs noayueHus Venia Legendi— npasa
CaMOCTOSITeJIbHO 00y4YaTb CTYAEHTOB H YHUTATh JIEKIIUH.
Huccepranus mokgagblBaeTcss Ha 3acefaHHH COBeTa (¢a-
KyJbTeTa, Ile ¥ NPOHUCXOLUT ee HayuyHOe OOCYyXKIeHHE.
Uepes HECKOJBKO HeJEJb pPHUTyaJ 3aBeplllaeTcs CBOEH
KyJbMHHAUEH — OTKPBLITOH BCTYINHTEJbHOH JIEKIUEH.

B HeKOTOpHIX YHHUBEPCHTETaX BCTYNHUTEJbHBIE JIEKIIHH,
KaxKercs, yTepsJHu cBoe 3HaueHHe. B bBoHHe ke MBI moO-
CTapaJIuCh COXPaHHUTb TPALMIHIO B CHAeJaTh BCTYNHTEJb-
Hble JIEKIMHM OJHOH M3 BaXKHBIX COCTaBHBIX yacTe#l Hayu-
HOHM KHU3HH. Ha 3THX JeKuusix cepbe3Hass H 3HAUHTEJb-
Hasg TeMa JOJKHA OBITb H3JO0XKeHa Tak, UTOOhl He
TOJbKO MaTeMaTHKH, HO KM INpPEeACTABHUTENH LPYTrUX ecTe-
CTBEHHBIX HAyK, a TakKXke MU CTYIEeHTbl MOIJIH CJEIHTb
3a XOIOM pacCyxAeHUH. B JeKnuum HaJZ0 OCBETHUTbL HCTO-
pHIO BOIIpOCA, CBA3b pa3leJIoB MAaTeMAaTHKH MeEXAy CO-
O00# u ¢ IpyruMu Haykamu. Kpome TOro, Hy>KHO, 4TOOBI
cJaylmiateJu XoTs Obl B HEOOJIbLIOH CTeNeHH IO0YYyBCTBO-
BaJIU OYyapoBaHHe MATEMATHKH H SICHee IOHSJH €€ POJib
B NIYXOBHOH KH3HHU 00IleCTBA.

B sTtoM HefoJbLIOM COOpPHHKE NYOJHKYIOTCA MATDH
BCTYNHUTEJbHBIX JIeKIHH, NPOYNTAHHBIX B DOHHCKOM YHH-
Bepcutere B 1974—1979 rr.; BCe OHH HAYT HOA OOIIUM
neBusoM «Uwmcaa». §1 cumralo, uTO H3ZaHHE ITOro COHOP-
HHUKAa BIIOJIHE ONpaBIaHHO, TaK KaK KaXJAbli H3 aBTO-
POB H3SIIHO H YBJEKaTeJbHO H3Jaraer H30paHHYIO UM
TeMy H Jaxe OTKphIBaeT Iepell 4YHTaTeJeM NaHOpaMy
COBpeMeHHHX HuccaenoBanuii, Hapgeroch, uT0 mosiBe-
HUe HacTosiuledl KHUTH OyHeT CHOCOOCTBOBATL BHINYCKY
H JPYyruX COOPHHKOB BCTYNHUTEJNbHHIX JIEKIHH.

Boun, oxts6pb 1980 D. Xupyebpyx



BCTYTJIEHUE

Kaxb#i U3 NSATH aBTOPOB 3TOH HeGOJBIIOH KHHKKH,
pacckaspiBasgs 00 H30paHHOH UM MaTreMaTHUYECKOH TeMe,
crapaJjics IOOUTbCSA TOro, 4roObl OOBIUHBIe YHCJA MNpe-
CTaJIH Tepeld, 4YuTareJeM Kak Kuble. Moxer OHTL, ©
ITIOMOIILIO 3TUX NATH MHHHATIOP YAACTCA XOTS OBl B Ma-
JIOH CTelNleHHU NepefaTh HEKOTOPBIM UHTATEJSIM OIIYIeHHE
yap MaTeMaTHKH, KOTOPOE€ HCIBITHIBAIOT T€, KTO H30paJ
ee CBOSH CIenuaJbHOCThHIO.

IIyTb K XHUBHIM COBPEMEHHBIM MAaTeMaTHYECKHM HC-
CJleOBaHuAM, pasyMeercs, AoJor. IIatp ThICsSUe eTHH
NOHANOOHUJIOCh HA HEro 4eJJOBEUECTBY, MSTh JIET HYKHO
CerofHsl CTyfeHTaM. Tak Kak 3Ty KHHXKEUKY MOXKHO
IIpOYeCTb 3a NATh YacoB, TO He CJeAyeT OXKHUZATb OT
Hee OOJIbIIEro, HexKeJH OerJioro Iokasa OTHeJbHBIX yac-
Te€H JajJibHed M TPYZHOH ZOpOru. YIOGHOTO <IapCKOro
IyTH» B MaTeMaTHKe HeT.

Mbl npurgamiaem uynTaTte]st Ha NATh HeGOJBIIHX IKC-
Kypcu#i B MHD uHcesJ. Ilo KpacUBBIM H Pa3HOOODPAa3HBIM
MeCTaM OHH BeAYT K HEeCKOJbKHM BO3BBIIIEHHOCTSM, C
KOTOPBIX MOXKHO YBHJAETbL BJaJiu IlepBble TOPHBIE Bep-
IUNHBI HOBBIX HcCcJaenoBaHHi. Kaxknas u3 HpPOryJoK Ha-
YHHaeTCsl «BHU3Y B JIOJIHHe», T. €, ¢ NOHATHH M 3ajady,
JJIs1 TIOHHMAaHHSI KOTOPBIX [LOCTaTOYHO LIKOJBHHBIX 3Ha-
HHi: IpOCTBIE YHCJA, CYMMBl geautelei, Teopema Iluga-
ropa, kKpusble, pa3bueHus. OpHakKo HOTOM TO TYT, TO
TaM NONajfarTCs MecTa, IJIsl NPeoLoJIeHHsT KOTOPBIX Tpe-
OyloTCS KOe-KakHhe aJbIHHHCTCKHE HaBBIKH, 4TOOHB H 0+
Jiee ONBITHBIM YyYaCTHHKAM IIOXOZAa He OBLIO CKYYHO.
Bnpouem, KaxIplfl caM JIErKO YCTAHOBHT, TJe €My HaJO
Oymetr o0odTH Napy TpyAHbBIX MecT. Ho Ko Bcem rJaas-
HBIM BO3BBILIEHHOCTSIM, C KOTOPBIX OTKPBIBAIOTCS BHU/HI,
NyTelleCTBeHHUKYU OYAYyT OOCTaBJIEHBl N0 KaHATHOH [10-
pore M TeM H30aBJEHH OT TsdAXKKOIO TpyAa HOABEMA —
J0Ka3aTeJbCTB.



& BCTYIJIEHUE

PacckaxeMm Tenepb KOPOTKO O KaxKIOM H3 IATH Map-
HIPYTOB.

[lepBBIff TPOXOAHMT NIO COBCEM JErkoH, POBHOH TpO-
NMHHKe MeXIY CyMMaM# AeJutesjedl U KPUTepPUSAMH IpO-
CTOTHl uMcJja. JIMlUIb B KOHIE CTaHeT BHUAHO, YTO OHA
BJHMBAaeTCsI B BaKHOe HalpaBJieHHe COBPEeMeHHOH Mare-
MaTikd. BaabTep Dopo pacckasmBaer Ham 3ame-
YaTeJbHYI0 UCTOPHIO O OpYXNCecTB8eHHbLX HUCAAX, KOTOpas
BeleT M3 JABOopLa OargalIckoro xaJjué¢a B COBpeMeHHBIe
BBHIYHCJUTEJbHbIE HeHTPbl. Mbl T03HAKOMHMCS C OTHHUM
U3 CTapblX MaTeMaTHYeCKHUX BHIOB CIOpPTa — OXOTOH 32
JApYKeCTBeHHBIMH YHCJaMH, B KOTOPOM HeNpeB30HAeH-
HBIM YeMIIMOHOM MHpa JoJiroe BpeMsi Obla JleoHapsh
Diaep.

Hon Llarup npenbsiBjsier HaM CIOHCOK MHPOBBIX
PEKOPIOB — HAaHOOJBIINX H3BECTHBIX MPOCTBIX YHCEN, H
MBI C OLHOTO B3rJsla ybexmaeMmcs, UTO IPOCTble UYHUCJA
cJelyeT NMPU3HAThL CAMBIMHU KAaNpPHU3HBIMH H CTPOITHBBIMH
H3 BCeX OOBEKTOB, KaKHe TOJNbKO H3Yy4aloT MaTEeMaTHKH.
N tyr XKe oH ybexngaer HaC B NPSIMO IPOTHBOIOJIOK-
HOM — 4TO IPOCThle YHcCJa Oe3yCJOBHO M UYYyTh JH He
C TNelaHTHYeCKOH TOYHOCTBI NOAUHMHSIIOTCS OIpeneseH-
HHM 3akoHaMmM. Oco0eHHO wu3yMmJsier siBHasi dopmyJa
Pumana pas umcaa st(x) OpOCTBIX YHCEJ, He MPeBOCXO-
IAIUX x. A 3areM CHOBA BBISIBJSIETCS CTPONTHBOCTh
IPOCTBIX YMCeJ IpPH CPAaBHEHHHM ACHMITOTHYECKHX (op-
myJa Jlexanzapa, 'aycca m Pumana aasa m(x) ¢ daktu-
UeCKHM paclpeleseHueM nepsgsix 50 MuUsAUOHO8 HPO-
CTblX 4ucen, IPUBOAAILIEM K IUKO CKauylled KpHUBOH, MO-
X0XKell Ha TeMIlepaTypHYIO.

IOpren Poasrdc pacckaspiBaer HaM 0O Cymmax
0syx ksadparos. Ero mapuipyr HauumHaercs ¢ nudaro-
POBBHIX TPOEK YHCeJ, AJS KOTOPHIX BMHUT BBIBOLUTCSI 06-
nasa gopmyaa. Begden 3a aTuM ompenensieTcss YHCJO IH-
(aropoBBIX TPEYTOJBHHUKOB, y KOTOPBHIX JMAJHHA THIOTe-
Hy3bl He IpeBbLIUIaeT 3aJaHHOH BeJUuHHBL. [Ipu 3TOM
OKa3blBaercsl, 4To TeMa NHU(aropoBBIX TPOEK He TOJbKO
He 3aBeplIaeTrcsl C OTKphITHeM OOmeld dhopMmyJb, a Ha-
000pOT, JHLIb IOCJe 3TOrO CTAHOBUTCS IO-HACTOALIEMY
nHTepecHOH. KoHuaercsa nyreumiecTBHe 3ajaueil U3 ¢u-
3HKH O paclpoCTpaHeHHH Telljla [0 ClacaTeJbHOMY
Kpyry (Topy) H3 TOHKOH KeCTH. DTO pacCIpOCTpaHeHHe



BCTYIIJIEHUE 9

onuchiBaercsd Au¢@epeHnuaJbHEHM ypaBHeHHMEM B YacT-
HHX [POU3BOAHHIX, HPH pELIeHHH KOTOPOTO KJIOUEBYIO
poJib urpaeT uucJao v(m) MNOpeACTaBJeHHH uucaa m B
BHIEe CyMMBI JBYX KBaJpatoB. TakuMmM oOpasoM, 31ecCh
TEOPHS YHCEJ M MaTeMaTHUYeCKHH aHaJu3 TeCHO CBsA3a-
Hbl MexXAy cOoOOH.

Xancnetrep Kpadr BBogur Hac B o6JacTb, rle
Hepa3phIBHO IepelJeJUCh TeOPHs YHUCesJ M TeOMeTpHs, —
anrzebpaudeckue Kpusole U OuUODAHTOBLL YPABHEHUS.
M 3rta 3kckypcus HaumHaercs ¢ GopMmyasl aas nuda-
TOPOBBIX TPOEK, KOTOpas BBIBOAUTCS C IOMOIIbIO TI€o-
MeTpuueckoro merona Jmodanra. TouHO Tak Ke MOIKHO
pelIuTh OOJiee OOUIyI0 3aJauy O HaXOXKIEHHHU BCeX TO-
YeK C panuOHAaJbHBIMH KOOpAMHAaTaMH, JieXallux Ha
KPUBOH BTOpPOro Hopsaka. AHaJOrmyHass 3ajaua JJd
KPHBOH TpeThero IMOpsiiKa OKa3blBaeTCsl HeCpPaBHEHHO
0oJlee TPyAHONH W HHTepecHOH. Ham aeMOHCTpHpYyIOT
TeOMETPHUUYECKHH MeTOJZ, KOTOPbIM MOXKHO NOCTPOHTbL BCE
HUCKOMbBbIE panHOHAaJbHBIE TOUKH, HCXOXS H3 HEKOTOPOrO
KOHEUYHOTO MHOIKeCTBa TakHX Touek (Teopema MopreJ-
Ja). B panbHeitlieM Xole 3KCKYPCHM MBI y3HAaeM H elle
MHOTOe JApyroe o0 3JUIMNTHYECKUX KPHUBBIX; IpaBla, pac-
CKa3 O TOYKaX KPYUYEHHSI U TOCJeJHHX pe3yJbTarax
b. Masypa paccuuTaH y:Ke Ha 4HTaTeNsl, HECKOJBKO Ce-
MeCTPOB H3YyUaBILIEr0 MaTeMaTHKY.

U B 3akaiouenne EHc Kapcren fdunmen 3Hako-
MHT HaC C JesITeJIbHOCTbIO CIenHaJuCTOB IO KOMOHMHa-
TOpHKe — JII0JeH, KOTOpble HeJaloT ¢ KOHEUHBIMH MHO-
JKeCTBaMH BCE& MBICJUMOE H HeMBICIHMOe, a IO0TOM
crnpalmuBaioT cefsl, CKOJbKHMH CIOCO6aMH 3TO MOKHO
crenatb. OH pacckaspiBaeT HaM O IlepeCTaHOBKax H
pa3buenusix, auarpammax IOHra m KaHOHHYECKHX Tab-
JHUIAaX, a Takxke 00 YIUBUTEJbHOH CBA3HM MEXKIAY 3THMH
KOMOMHATOPHBIMH MOHATHAMH. 3aTeM Mbl Yy3HaéM, ueM
3aHUMAIOTCS CHENHMAJHUCThl N0 TEOPHH NPENCTABJECHHH H
CKOJIb MHOTHM 00s3aHbl ClenuaJucTaM IO KOMOHHATO-
pHKEe Te, KTO H3yyaeT INpeACTaBJEeHHS CHMMETPHUUECKUX
HJH OOWIHMX JHHeHHBIX rpynn. M HakoHeu, HOBBLIH HOBO-
POT TeMBl O €B8:A3U Teopuu npedcTasrerull ¢ Kombuna-
TOPUKOU: TeopHusl NMpeACTaBJeHNH BO3BpallaeT JOJT KOM-
6uHaTOpPHKEe, YHUDHUIUDPYSA B oOoCuiasi 3HaMeHHUThIe TOXK-
mecrsa dijepa, 'aycca u JIkoOu nJsa CTelNeHHBIX PALOB.



10 BCTYIIJIEHUE

HUtak, 3KCKypCcHH NpPOBOAATCS IO OSTH COBEPIIEHHO
pa3JIUYHLIM MapumpyraM, Ja elle MBI HMeeM JeJ0 C
NATbI0O HECXOXHMH HHAUBHAYAJbHOCTSIMH H TeMIepa-
MEHTaMH 3KCKypPCOBOJOB, TaK UTO JOPOKHOHU CKYKH OIa-
caTtbcd He npuxoxutcs., IIpm BCEM TOM BHHMAaTEJbHBIN
YuTaTeJb 3aMETHUT, YTO MAapLIPYThl 2KCKYPCHH NOCTOSIH-
HO CONMpPHKACaloTCHA U IepecekaroTcd.

Hanpumep, ToxapectBo JIKO6H AJSA CTENeHHBIX PAAOB
BCTpeyaeTcss He TOJBKO y JSlHLeHa, a na3eTa-QpyHKIHS
Pumana ne Toapko y Llarupa—wu 1O W apyroe ynoMH-
HaeTcs, NyCcTb U MUMOXonoM, y bopo u Poabdca. Cym-
MBI JETHTEJEH TMOSBJSAIOTCA He TOJbKO B IIepBOH, HO M
B TpeTbell 3KCKypcuH. KoMy XOThb pa3 HOBeJOChH IOrpy-
3UTBCA MOIVIyO3Ke B MHD MAaTE€MAaTHUKH, H3BECTHH TaKHe
HEOXKHJAHHbIe B3aHMOCBSA3H., 3a4acTyl BBISABJAIOTCSA
CBSI3M MEXIy ee pasjaejaMH, He UMEIOUIUMU Ha IePBHIH
B3I/ abcomtoTHO Huyero obmiero. M 310 — He Kakag-
HHOYAb TaM 3K30THKa HJH CJydaiiHoe nepudepHiiHOe
fIBJIeHHe, a TUIUYHAs uyepTa BCAKOH Hactodmed mare-
MaTukn. MajieHbkHe HEOXKHJIAHHOCTH, C KOTOPHIMH MBI
3/1eCb CTOJIKHEMCSl, COBEPILUEHHO «HEBHHHBLI» II0 CpaBHe-
HHIO € (paHTACTHYECKHMHU CIOpPIpH3aMHu TakKoro pojaa, ToO
H J€JI0O BCTPEYAIOUIUMHUCH B MaTeMaTHYECKHUX HCCJeL0Ba-
Hus1X. OGHapyXKeHHe TaKUX HEOXHJAHHBIX, OYeHb YacTo
IJIYyOUHHBIX CBS3€H NPHUHAMJNEXKHUT K CAMBIM BOJHYIOUIHM
COOBITUSIM B KH3HH MaTeMaTHKa.

OnHako nopa HaM KOHYaTh CO c6opaMH H OTIpaB-
JATbCsl B popory. O6paTuMcs K CaMUM YHCJIaM.

Baasrep bopo

Enc Kapcren fnyer
Xancnerep Kpagr
IOpeen Poasghc

Hon Laeup



BannTep bopo

APYXECTBEHHbLIE YUACTIA.
ABYXTbICAYHEJIETHASA UCTOPUS
OAQHON APUDMETUYECKOM 3ALAUN

STO HCTOPHS ABYX UHCEJ]

A =90 2364653062 3313066515 5201592687 0786444130 4548569003
8961540360 5363719932 5828701918 5759580345 2747004992
7532312907 0333233826 7840675607 3892061566 6452384945

H

B =286 2593766501 4359638769 0953818787 1666597148 4088835777
4281383581 6831022646 6591332953 3162256868 3649647747
2706738497 3129580885 3683841099 1321499127 63800310353,

B kaxnaom u3 Hux 152 nudpsl. ¥ nepsoro 800 pasnuy-
HBIX AeJuTenelt, y Broporo — 3200. Uucnia A u B obna-
LAIOT CJeAyIOIIUM 3aMedaTeJbHBIM CBOHCTBOM: CyMMa
779 cobcTBeHHBIX menutenein!) A paBHa B, CJI0XHUB Ke
3199 coGcTBeHHBIX AenuTeded B, mbl noayuum A. Oty
HHTepeCcHYI0 napy Hawen B 1972 r. amcrepmaMckKui
mateMaTuk XepMaH Te Pwujae. Ero OoTkKphHITHIO Tpenlle-
CTBOBaJa AOJIrasi HCTOPHS, HAauaJo KOTOpOH TepsieTcd B
r1yO6nHe BekoB. C 3ToH ucTopuel s M XOoTeJ OBl Bac
II0O3HAKOMHTh.

IIpn 2TOM $1 mombiTaloch (B MOJIHOH Mepe 3TO B JIH
BO3MOXKHO) VIOBJETBOPHTh KaK MaTeMaTHKOB, TaK H
HeMaTeMaTHKOB. B HHTepecax moOCJeIHHX MBI [0 BO3-
MOXKHOCTH IlocTapaeMcsi 06XOguTbcst 6e3 (opmyJ, Teo-
peM H [OOKa3aTeJbCTB, 32 YTO S 3apaHee IPHHOLIY H3-
BHHEHHS KoJJjeraMm-npodeccuonasam. HemaTeMaTHKOB
JKe § MpoIUy NMPOSIBJSATh TeplieHHe B TeX PelKuX caydasx,
KOrJla BCE Xe IOSIBUTCSA Kakas-Hubyap ¢opmyJa HJIH
KOrfga s I03BOJIIO cebe HeOOJblLIOe OTCTYIJIeHHe, MOHSIT-
HO€ TOJIbKO CHEeLHaJHCTY.

1) To ecrb JHeautenedl, OTJAHYHBIX OT camoro uuciaa. — Ilpum.
nepes.



12 BAJIBTEP BOPO

M3BecTHO, uTO B ApeBHeM BaBu/jioHe OCHOBaHMEM CH-
CTeMBI CUMCJIEHHS CJYXKHJ0 uuciao 60, o yeM 1no cux mop
HanoMHuHaer o6biuail meautb yac Ha 60 munHyr, a MHu-
HyTy Ha 60 cekynna. M1 xoTs mpocThle JIIOJU U B TO BpeMH
NOJIb30BAJUCh JECATHUHON CHCTEMOH CYHCJEHHSI, Mare-
MaTHKM NPHMEHSJIH ILIecTHAecsiTepuunyto. [ejJo B TOM,
UTO JEHCTBHS C APOOSIMH He MOJIb30BAJHCh Y HHUX 0O0Jb-
IIOH NONYJSAPHOCTbIO (KaK M Yy CEroAHSIIIHHX IIKOJbHH-
koB). Ilosromy umcio 60, cpaBHHTeJbHO HeGOJbIIOE H
HMelollee MHOTO JeJIuTesel, OKa3aJoch HAeaJbHBIM OCHO-
BaHHeM CHCTeMbI cuHcJeHHsl. VI3 nBeHamuaTa pas3JHYHbBIX
nejuresed yucjga 60 GOJBUIMHCTBO MOJIYYHJIO JayKe OCO-
Oble Ha3BaHHUs, BOUIEALIHe B SI3bIKH PasHbIX HapOLOB.
HanpuMep, HemelnKHe KpecTbsiHe M cefiyac OXOTHO YIIO-
TpeOJSAIT NpH cueTe ArOXKHHBL (12), mamgenan (15) m
Konbl (60) — BCE HMe/NUTENH LISCTHAECITH.

AHTHYHBEIe MaTeMaTHKH BOOGIle CUHTAJH OU€Hb BaK-
HBIM paccMaTpuBaTh BMECTe C KaxKJAbIM UYHCJIOM BCE ero
nesutesu. Uucsa, uMeroline MHOrO JIeJHTesed, Ha3blBa-
Jucb «abundant» (M36BITOUYHBIMH), a HMEIOIIHe MaJo
IDenutenel, — «defizients (HemocrarounmbimMu). Ilpu aToM
B KayeCTBe MeEpHl HCIOJb30BAJIOCh HE KOAUYECTB80, a
CyMMa COOCTBEHHBIX JeJHuTeJiell, KOTOPYI0O CpaBHHBAJH
C caMMM uyucJOM. Tak Hamnpumep, AJsT HeCAITH CyMmMMa

JeJuTeliel
1+24+5=8 menpme 10,

TaK YTO HOeJHTeNedl «HelfocTaTokK». I/ ABEHaALaTH Ke
1+2+4+344-+4+6=16 6oapuie 12,

T. e. JeJuTelel «u30bITOK». [Toatomy 10 — «HemocTarTou-
Hoe», a 12 (M yxk tem Gojee 60) — «H36BITOUHOE» UHCJIO,

Berpeuaercs u «nOrpaHUyHBbIA» ciayual, KOrga cymma
cOOCTBEHHBIX JdeJUTeNledl pasHa camomy uucay. Hanpu-

Mep, IJIs1 LIeCTH
1424 3=6.

To xe niaa 28:
14+2+44+74 14= 28.

Takue umcia ApeBHHe TI'pekH OCOGEHHO IEHHJIH H Ha-
3BaJIU UX cogepuierHoimu. TOUHO HEH3BECTHO, KOTJa H
rie BhnepBble OOpAaTH/IH BHHMaHHE Ha COBEpLIEHHBEIE YH-
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cina. IlpennmosaraioT, 4To OHH OBIM H3BECTHBHI YyXKe B
IpeBHeM Basusone u npeBHeMm Erunte. Bo BcsikoM cay-
yae, BIUIOTb AO D-r0 Beka H.3. B Erunrte coxpansiics
naJspleBbi cyeT !, Ipu KOTOPOM pyKa C 3arHyThiM Ge3bl-
MSHHBIM TNaJbleM H BBIIPSIMJIEHHEIMH OCTaJbHBIMH H30-
Opaxkasna 6 — mepBOe COBEpIIEHHOE YHCJIO. TeM caMbM
3TOT maJiel] Kak OBl caM CTaJ IpHYacTeH K COBEpIUEH-
CTBY H MNOTOMY HOJIYYHJ NPHUBHJETHI0O HECTH Ha cebe
koJbio (doto 1). TakoBo onHO M3 OOGBSICHEHHH TOrO

doro 1. YKe B IpeBHHE BpeMeHa CyLIeCTBOBaJa TPAaAMIHs HOCHTD
KOJIbLO HAa Oe3niMsiHHOM manbne. Pyka Adpoauts. bponsa, I'penus,
3-d—2-# B. 10 H. 3. My3eii «¥Ypenmyseym» B Bymneprase. (dPoro-
rpajus BOCOPOM3BOAMTCA C JI06e3HOro paspeuieHuss M. AbGenepa.)

OTMEUAaeMOro CHeUHaJUCTaMU 10 HCTOPHH KYJbTYpPH
(haxkTa, YTO MOYTH Yy BCeX UHUBUJIH30BAHHBIX HapOLOB
CylllecTByeT OOBIUalf HOCHTb KOJIBII0O MUMEHHO Ha O0e3Hl-
MSIHHOM MaJibLE.

IlepBoe JOKa3aHHOe YTBEPKIEHHE O COBEPILIEHHBLIX
yycJax NpHHamJexuT IBKAULY (nmpumepHo 300 r. nmo
H.3.). B ero «Hauamax», BeIepxKaBLWUX nocje O6ubJuH,
MoK aJy#, HauboJblllee YHCJIO H3LAaHUH, MH HaXOOHUM B

1) OGo3HayeHHe 4YHCEJ NpH I[OMOLIM NajbLeB; CM., HaIpHMEp,
Henvan H. $1. Hcropus apupmernkn. — M.: Yunenrus, 1959. —

ITpum. nepes.
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kaure IX teopemy 36, ycraHaB/HBaIOULyI0 COOCOO MOJIY-
YeHHUSI COBeplLIeHHBIX yuces. Ha coBpeMeHHOM sI3bIKe OHA
3BYYHUT TaK:

Teopema IdBkauna. B rex cayuaax Koeda uucio
p=14+2+4+4+4+84 ... 2t =211
— npocroe, 2" p A6AAETCA COBEPULEHHLIM.

JJas mokaszaTelbCTBA 9TOTO YTBEPKIEHHS IBKJIHL
HCIIOJb3YyeT CBOIO TeopeMy 35 — (popMyJly CyMMBI UJICHOB
reomerpuueckoit mporpeccun. ITosgnee Hukomax u3 Ie-
pacel ykasaJs HepBble coBepliueHHBIe yucsaa: 6, 28, 496 u
8128. Bce onu moJsyuaioTcs mo cnoco0y IOBKAHLA.

Bosbuioe BHHMaHHe yAEeNSJIM B aHTHYHBle BpeMeHa
u uyucaaMm 220 u 284, y KOTOPHIX OBLIO NMOJAMEYEHO CJie-
AyIolllee YAMBHTEJbHOE CBOHCTBO: CyMMa COOCTBEHHBIX
nenutened umcaa 220 paBHa 284 u, Hao6opoT, cyMMa
cobcTBeHHHX pgenutenedl 284 pasra 220. Mx wasBauau
Opyocecrgenroimu. Cilelbl 5THX YHCEJN TOXKe TepsIoTCs
BO TbMe BeKOB. BecbMa BepOSITHO, YTO MepBBIM OOpaTHI
na Hux BHHMauue [lugaeop (cMm. taba. 1). Bmpouewm,

Tabauya 1. XpoHonorayeckas TaGamupa,

ok. 500 o H.s. | ITudarop 1636 ®epma
ok. 300 1o H.9. | IBKIHA 1638 Jekaprt
ok. 1750 ditnep
oK. 100 H. 9. Huxomax 1830 Jlexannp
ok. 300 SImBanx 1851 YeGhmsn
1911 Jinkcon
836—901 Cabur 1929 Ilyne
1946 DCKOTT
HOH XaJlbAyH 1968 Jln
1007 anb-MamxpuTH 1972 Te Pune
1256—1321 | uGH anb-Banna

HEKOTOPBIe CCHIJIAIOTCA Ha TO OoJiee JpeBHee MeCTO B
6u6Jiuy, rae rosopurcd, uto MakoB B 3HaK NMPHMHPEHHSA
nozapus McaBy poHo 220 oBenm m 220 ko3. CpexHeBe-
KOBbIE KOMMEHTaTOpbl 6ubJyuu OOBSICHAIN CBOUM UHTATE-
JSIM «TalHy», 3aKJOUYeHHYI0 B uyucje 220, B CYHUTAJH
HeNpeJIOXKHBIM (PaKTOM, YTO Ha MaruuyecKylo CHJY 3TOTO
yHucJa M pacCuuThiBaJg XUTpoyMHBIH HMako. C moMolubto
AaHaJIOTHYHBIX YJOBOK Hallu npeikd OyaTo OBl 3aBOEBHI-
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BaJIl TakKXke CHMHOATHH KOpoJieH W CaHOBHHKOB. B 06-
meM, 00 3TOM KaxKIBH BOJeH MUMETb COGCTBeHHOE MHe-
HUe, a MepBBEIM He AONYCKAOUWIHKM JIBYCMBICJEHHOTO TOJ-
KOBaHHsI JOKYMEHTOM, COLepKalldM YyIIOMHHaHHe O JpY-
JKeCTBeHHBIX Yucaax, spgasgercsa «H3noxkenune mnudaro-
peHCKOro yueHHsI» — TPAKTaT, HANHCAHHBIH B 3-M Beke
H. 2. HekuM SfmBauxom u3 Xampnuca. Iludaropefickas
LIKOJIa NMOJIyYHJia LHIMPOKYI H3BECTHOCTb HE TOJIbKO 6J1a-
rorapsi NpHCTPACTHIO ee YJeHOB K MHCTHKE YHCEJ, HO U
6marogapss ToMmy, 4TO OHH BBICOKO LEHHJH APYKOY. SIM-
BJUX pacCKa3wmiBaeT, Kak OIHaXAbl BeJukuid Iludarop
Ha BOIPOC, KOrO CJeLyeT CYUTATb JLPYrFOM, OTBETHJI:
«Tozo, KTO sBAAeTCA MouMm 8TOpbIM 2, Kak 4ucsa 220
U 284».

Hekoropbie ncropuku He cuutamwr JIMBJAHXa HLOCTOMH-
HBIM JnoBepus. OHH XoTesqu GBI pacrnoJiaraTb CBHIETEJNb-
cTBaMH coBpeMeHHHKOB IIudaropa. K coxaJsenuio, ¢ Ta-
KUMH CBHJIETeJbCTBAMHU JeJia 0OCTOST HEBAXKHO, TaK Kak
nu@garopeickas HIKOJAa Hapsily C YHCJOBBHIM MHCTHIIH3-
MOM H KYyJbTOM JpYyxkO6bl CJaBuJach ellle H INPHUBepKEH-
HOCTBI0O K TaMHCTBeHHOCTH. Pasriaurenne DOOBITHIX Ma-
TeMaTHYeCKNX 3HaHHUA CcunTajJoch KoumyHcTtBoMm. Coxpa-
HUJIOCh, HAllpuMep, NpefaHHe O TOM, KaK IOCJe OTKpHI-
tusi [IudaropoM pomekasapa OAWUH HU3 ero YYEHHKOB
YCTAaHOBHJI, YTO 3TOT MHOTOrpaHHHMK MOIKHO BIHCAaTh B
urap, W, BOIPeKH TPaLULHSM IIKOJBI, 0OOHAPOLOBAJ CBOE
OTKPBITHE. 3a TAaKOH «OGOTrOXYJbHBII» MOCTYIOK OH NOHEC
HaKa3aHue — yTOHYJd B mope. Moxer ObITh, HO3TOMY HC-
THUHHBIH NEePBOOTKPBIBATE/]b APYKECTBEHHBIX YHCeJ Ipe-
noyeJ OCTaTbCsd Heu3BeCTHhIM... CaM $ cYuralo, 4TO
Npollle BCE-TaKM BepUThb JIMBJMXY M CUHTATh IEePBOOT-
KpbiBateaem Iludaropa.

Eciou He yuuTBHIBATH COBepIIeHHBle YHCJa (ApyXKe-
CTBeHHBbIC, TaK CKa3aTb, CaMHM cebe), TO B JpPEBHEM
MHpe Oblla M3BeCTHAa €IMHCTBeHHasd INapa ApY¥XKeCTBEH-
HeIX uncea —mapa Iludaropa, co cCaeaymoliuM mpen-
CTaBJeHHEeM B BHJE TNPOHM3BeIeHHS IPOCTHIX ! guces:

220=2*.5-11,
284=2%.71.

1) OnpeneneHre NPOCTOro YHC/AA HANOMHHAeTCd B Hayajde BTO-
poro nyrewectBud. — I1pun. peo.
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YKa3aTb KakoH-HHOYZb OOLIHII Cnoco6 MOJNyYeHHS
IpYyXkKeCTBEHHBIX 4YHCeJ, MalollMid 3Ty Hapy H IpYTHe,
}KeJaaTeJbHO B 0eCKOHeYHOM KOJHYeCcTBe (UTO IJs CO-
BepUIeHHHX 4YHCeJ YyHaJoCh cAeJaTh IBKJIHAY)— 3ala-
ya, NpeAcTaBJAiollas 3HauuTeJbHbie TPYALHOCTH U B Ha-
iy guu. IlpaBma, omauH cmoco6 Takoro pojxa ykasad
enle B 9-M Beke apabckuil maremaruk Cabur uén Kop-
pa. Ilycte oH npocTuT MeHs, HO 51 He OyAy Ha3bIBATh
ero NOJIHHIM HMeHeM: abOy-Xacan Cabutr ubu Koppa ubH
Mapsan anp-XappaHu, KOTOpPOe CerojHsi MpeaCTaBJs-
€TCsl HEeCKOJIbKO IJMHHOBaThbiM. Cabut OBIJI BpauoM H
aCTpOHOMOM H B TO Xe BpeMs OJHHM H3 CaMbIX BbIJa-
IOIUXCST MYCYJbMaHCKHX MareMaTukoB. O xujd c¢ 836
no 901 r., mocJexHiol YacTh XKHU3HH — B Dargane, riue
OblJ1 JOBEPEHHLIM JIMIIOM H COBETHUKOM XxaJauda aJlb-
Myraguna. Halinennsrit CabutroM crnocob moJyueHus: Apy-
JKeCTBEHHHIX 4YHCeJ 3BYYHUT Ha COBPEMEHHOM SI3BIKE TakK:

Teopema Cabura. Ecau sce tpu uucra p = 3-27-1 — 1,
g=3-2"—1 u r=9-22""1—1—npocrele, To 4ucra
A=2"p.qg u B=2".r
— Opyacecraexnbsie.
[Ipp n =2 yucaa p=3>5, g =11 u r =71 — upo-
CThie, H TOJIyuaerTcss Tapa umces, HaiimeHHas Iludaro-

poM. OnnHako Tteopema Cabura [gaetr ApyKeCTBeHHbIE
ypcJaa M Npu APYTHX #, HalpuMep npu n =4 u n=1717:

n=2 n=4 n=17

p= 5 p= 23 p= 191
qg= 11 q = 47 q = 383
r= 171 r = 1151 r= 73727
A= 220 A= 17296 A=9363584
B = 284 B = 18416 B =9437056

B Hacrosimee BpeMsi HM3BeCTHO, UTO 3THMH TpeMs CJy-
yassMH HCuephnbIiBaloTCs Bce 3Hauenus n << 20000, npu
KOTOPBIX YKa3aHHBIH CHOCO0 paer ApYyXKeCTBEHHBIe UYHC-
Ja. HMcnonpzoBan su cam CaGutr cBOlO TeopeMy IJsd
OTBICKAHHS JPYyXKeCTBEHHBIX YHCeJ INpH 1 > 2, HeHu3s-
BecTHO. OTKpeiTHe BTOpPOH (n=4) u Tperbei (n=7)
nap ApyXKeCcTBeHHBIX yupces NPHIHCHIBAJoCh paHee Pep-
Ma u [Hexapty coorBercTBeHHO. OIHAKO HELABHO B OX-
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@oro 2. CrpaHuna pyKOmHCH apabcKoro Ma-
teMaTuka HOH aJub-bDanubl (1256—1321), co-
JepaxKaliasi BbIBOJ, BTOPOH Maphl APYyKECTBEH-
HBX yuces 17296 u 18416, OoTKpEHITHE KOTOPOH
10 cux nop mnpunuceBasoch Pepma (1601—
1665). (HactHoe coGpanue mpodeccopa (puJo-
JIOTHYecKoro (akyJbrera TyHHCCKOTO YHHBEp-
cuteta Moxammena Cyuccu, KOTOPOMY MbI
OnarofapHbl 3a Ji00e3HOe paspelieHHe IoMe-
CTHTb 37€eCh 3TO (paKCHMHJIE.)
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HOM H3 TPaKTaTOB MAapOKKaHCKOrO Yy4YeHOro HOH aJib-
Dannbr (1256—1321), cela apxuTekTOpa, OGBIH OGHa-
pyXeHBl caeayoiue crpoku (doro 2): «Uucaa 17296
u 18416 sBasiloTcs HpyKECTBEHHBIMH; OMHO M3 HHX H3-
OBITOYHO, Jpyroe HeZOCTATOYHO. AJIJIaX BCEBeLYLI».

C Teuenmem BpeMeHu ¢dopmyssl, npennoxennsle Ca-
OMTOM, ObIIH 3a6LITH, a €ro KHHTY OTKPBLIM 3aHOBO
Jumb B 19-m B. Bnpouem, MHOrMe aHTHUHBle H apab-
CKHE€ YydYeHble, & TaKXKe YyuYeHble CpeIHEBEKOBbsl MOCB-
aJu B CBOHX TpakKTaraX OLHY H3 TJaB COBeplLIeHHLIM
U JpYyxXKeCTBEHHBIM uyucaaM. OxHako GoJblIeH YacCTblO
B 3THX TpPakKTatax OHIJIO MaJjiO HOBBIX CBEJEHHH U MHOTO
omnGoK. Kpome TOro, coppeMeHHOro 4uraressi HeCKOJb-
KO YIAHBHT TO IOpa3uTeJbHOE eIMHOAYIIHe, ¢ KOTOPHIM
aBTOPHl 3THX COYMHEHHMH HACTAaHBAlOT Ha BO3MOXKHOCTH
NIPaKTHYECKOTO HCIOJb30BAHHUSI APYKECTBEHHBIX YHCeJI.
Hamnpumep, u61 XanapAyH mpujaraer K CBOeMy TPaKTaTy
PYKOBOACTBO IO H3TOTOBJIGHHIO TaJUCMaHa ApYy¥KObl, a
MaApHIACKHH YyueHBIH agab-Mapxpuru (ym. B 1007 r1.)
INPHBOJAHT peLeNnT, NO3BOJAIONINN MOOUTbCS B3aUMHOCTH
B JIIOOBH: HaZO 3amnucaTh Ha 4eéM-aub6o uucnaa 220 u 284,
MeHblllee JaTh CbeCTb INpeAMeTy CTpacTH, a OoJbliee
CbeCTb CaMOMY,; y4eHHIH no0aBJjseT, YTO AeHCTBEHHOCTH
3TOTO cnocoba OH NPoBepHUJ Ha cebe.

B nauajge 17-ro B. 1Ba (ppaHIy3CKHX MaTeMaTHKa —
[Ibep ®epma B 1636 r. u Pens Hekapr B 1638 r.— He-
3aBUCHMO Apyr ot Apyra U or Cabura NOJYUYUJIH Te Ke
¢opmyael. O marax u 06CTOSITENHCTBAX 3THX OTKPBITHMH
HMEIOTCS caMble TOUHBle CBeleHHs. XOTS H B TO BpeMs
npobJjemMa ob6MeHa HOBBIMH 3HaHUAMH ellle He Oblja pe-
lleHa — U3JaHHe KHUT 3aHHMAaJO MAJUTeJbHOE BpeMs, a
MaTeMaTHYeCKHX XYpHaJOB He CYIIeCTBOBAaJO, — TE€M He
MeHee JeJJ0O OOCTOsJIO 3HAUUTEJNbHO Jydllle, YeM BO Bpe-
MeHa [lugaropa: ydyeHble MHCbMEHHO COOOIIAJH O CBOHUX
OTKPBITHAX mnatepy Mepcenny !, m Takoe H3BellleHHe
OBLJIO paBHOIEHHO IHCbMY, OTIpaBJsIEeMOMY B HacCTOfl-
Ilee BpeMsi B pepakuuio «Mathematischen Annalens 2.

1) Ussecruwiit ¢panuysckuit matemartuk (1588—1648). — ITpun.
nepes.

2) Tlepnomuueckoe H3paHHe, CoOQlialomEee 0 MaTeMaTHYECKHX OT-
KpuiTuax. — Ilpum. nepes.
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®epMa m ekapt Takxke HanucaJu MepceHHY, KOTOPHIH
B INpPeIUCJOBUH K CBOeH OJmxKaluiedl KHHre HasBaJ HX
OTKPBITHE KPYNHBIM JOCTHXKEHHEM TIeHHAJbHBIX MaTeMa-
THKOB.

B xonme cBoux ucciegosanuit @epma m ekapT BH-
BeJiM GopMyay, NAOLIYI0 CyMMYy JeJuTeNed Yucaa 1o
ero NpeJCTaBJIeHHIO B BHJe NPOH3BEAcHHUS CTEIeHEeH Mmpo-
CTHIX YHCeJ. DTy (POPMYJy JIerko MOJYUHUTb, HCXOLS H3
CJeAYIOIIUX ABYX TOXKJECTB:

(1) o(B-C)=0(B)-0(C), eciu B u C B3aHMHO IIPOCTHI;
@ o) =14p+p+t... pr=L =

p—1
e€CJIH p — MPOCTOE.

L]

3nech uyeped o(A) oGo3HaueHa cymMMa 8cex HejuTeseil
yucna A, Tak 4YTO CyMMa ero COGCTBEHHBIX JeJHTeseil
paBHa o(A)— A. CremoBaTesbHO, ycJoBHe TOro, uro A
u B — npyXecTBeHHble UHCJIa, MOXKHO 3amHCcaTh B BHIE

6(A)—A=DB u ¢(B)— B =A,
HJH
(3) o(A)=A 4 B=0o(B).

OTH TpU GHOpMYyJBl YIOOHB! IJsl BhiuuCaeHHH. KpoMe TO-
ro, paBeHCTBO (2) mnpeAcTaBJsieT HCTOPUYECKHH HHTe-
peC, Tak KakK OHO CHOCOGCTBOBAJIO OTKPBITHIO 3HAMEHH-
TOH Mmanoil Teopemol Pepma:

Ecau wucro n -+ 1 — npocroe, To oHo ss8asaerca
deautesem p*— 1 npu 21060M HATYPANGHOM P.

B rmnpomecce MmouCka COBePUIEHHBIX H JPYKeCTBEHHBIX
ynceJ Pepma (kKak 3TO mo3xke B GoJsblieM o6beMe Cle-
JlaJg DHJgep) cocraBasaJ TabJuLBl pas3jokKeHHs Ha Ipo-
CThle MHOXKHTEJH BeJHUHHBI O(p?) M NpPH 3TOM HEH3-
6e3KHO <«IOJKeH» OB OTKPBITh CBOIO MaJylo TeopeMy.

[Tocne mepuojma MaJio3Hayamux paboT, MOCJeIOBAaB-
mero 3a patoramu ®epMma u Jlekapra, CyleCTBEHHOrO
IIPOJBHIKEHHSI B PELIeHHH NPOOJEeMbl JPy*KeCTBeHHBIX YH-
cesa pobuiacs Jleonapd IJisep. C npucyuieft eMy OCHO-
BaTeJBbHOCTbIO M 2Heprueil HayaJ OH IUTYPM 3TOH
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3ajaud. M3joxeHne pesysbTaToB DitNlepa MOXKHO HaHTH
B MHOTFOTOMHOM H3JaHHH IOJIHOTO CO6paHHS €ro COYH-
HeHHu# 1,

[Ipexkne Bcero, DHyep moKasaJ, 4ToO MO CNOCOGY IB-
KJIMAA MOJY4YaloTCsl 8Ce HeTHble cOBeplleHHble UHCJa, a
He#eTHvle COBepUIeHHBbIe 4YHCJIa (eCJH TakKOBble BOOGILe
CyIIeCTBYIOT) AOJI)KHBI HMETb HEKOTOPBIH CHellHaJbHbII
Bua. OrmeruMm, uro yxke JlekapT 0O6CTOSITEIBLHO 3aHH-
MaJics BOINPOCOM O CYLIECTBOBAHHH HeUEeTHBIX COBep-
leHHBIX uuceJ. OmHAKO, HECMOTPS HAa TO UYTO 3TOMY
BOIIPOCY INIOCBALIEHO OO0JIbLIOE KOJHUYECTBO paboT — U
MOYTH KaXKJLIH TOJ MOSBJSIOTCS HOBBIE, BONIPOC 3TOT HE
pelieH IO CHX HOP.

Hanee Ditjiep 3aHsAJACT APYKECTBEHHBIMH YHCJaMHU
BHZIA

A=2"p.qu B=2"r

C NPOCTBIMH p, ¢, r. (YCJA0BUMCS, UTO 3aMUCh HPOH3BE-
neHus1 abc ¢ TOUKaAMH MeXAY COMHONKHUTENSIMH, T. €.
a-b-c, 03HauyaeT B3aHMHYI0O MPOCTOTY COMHOKHTEJEH.
I10 m36aBHUT HAC B JAaJjJbHedlIeM OT TPOMO3AKHX (op-
MYJIHPOBOK.) JDHJep MNOJIYYHJ yTBepXKAeHHe, OUeHb HO-
xoxxee Ha Teopemy Cabura, HO uUyThL OoJiee oOIIee.
IIpaBma, ¢ HOMOIIBIO CBOEro OOOOIIEHHSI OH He CMOT
HalUTH HOBBIe JpYy¥XKeCTBeHHbIe YHCJA, TaK KakK B TO Bpe-
Ms TabJuIbl NPOCTBIX YHCEJ OBIJIH COCTaBJIEHBI TOJIBKO
1o 100000. Jiuuwe Jlexkxanap u YeObIméB, HCHOJAb3YS
HOBBIA KPUTEPHUHA HPOCTOTHI YHUCEJ, CyMeJd OOHApYXKHTb
C NOMOULIBI0 TeOpeMbl JHJjepa ellle OAHY Napy LpyxKe-
CTBEHHBIX uHcCes. B Hacrosllee BpeMs NpuMeHeHHe DBM
MO3BOJIMJIO TOJIYUHTh 3THM METOAOM M JpYrUe Haphl.
Hakonen, d#jep HcKaJ APyXKeCTBeHHble YHCJIA H CO-
BepLIEHHO HWHOTO BHJAA, YeM €ero IMpeAlleCTBEHHHKH, B
YaCTHOCTH HeuerHble. OH 3aluCHIBaJ X, HAIPEMep, TakK:

A=a-p-qu B=a-r (p,q, r— npocroie)

n Jub0, 3a4aBIINCh OOUIMM MHOXKHTeJNeM @, MNoJydaJl
11 onpenesieHus p U ¢ AUOGaHTOBO ypaBHeHHe BTOPOH

1) Opera Omnia; cm. pasneas: De numeris amicabilibus (O apy-
XKECTBEHHBIX YHcaax) u De summis divisorum (O cymmax geswure-
Jieii).
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CTeneHy, Jnb0, 3alaBUIUCL ABYMS M3 TpeX NPOCTHIX UH-
cesl p, g, r UJIN BCEeMH TpPeMs, HCKaJ HNOAXOASIIHA 00-
U MHOXXHTEJNb @. BTOPBHIM MeTOAOM HM OBbIJIM Halije-
Hbl, Hampumep, CJleAylOllHe MNapel He4eTHulx LpyxKe-
CTBEHHBIX YHCEJI:

32.7.13.5-17, 3*.5.11.29.89,
32.7.13.107, 3*.5-11.2699.

B cBoux pa6orax Ditjep uasjaraer IaTh pas3jHyHbIX Me-
TOLOB JJISI OTBICKAHHUSl JIPYKECTBEHHBIX UHCeJ; HeMOH-
CTPUPYS BHPTYO3HOCTb B BBIUHUCJEHHSX M TepIEeHHe, IO-
KasbiBaeT Ha OOJIbLIOM KOJIMYECTBe MPHUMEpPOB, KaK IIpHU-
MEHSITb 3TH METOAbl, U B 3aKJ/IIOUeHHe [LapUT H3yMJIEH-
HbIM COBPeMEeHHHKaM (3aHHMaBLUIMMCSI TOH ke MNpoOJe-
MOH NpPHMEPHO C TaKHM XKe yBJeueHHeM, HO IOUTH Oe3-
pe3yJsabpTaTHO) nmoutu 60 HOBBIX map.

Mue He xoOresnoch Obl MOJAPOOHEee OCTaHaBJIHBATHLCS
Ha Meromax OJuJjepa. Bce OHHM CBOASATCA K TOMY, UTO
YacTb pasJiokKeHHUs] HCKOMOrO Yucja Ha IpOCThle MHO-
JKHTEJNH JOJIKHA OBbITh NIPOCTO yeadaxa, B uUeM Cyllle-
CTBEHHYIO IIOMOILIb OKa3bIBAIOT UHTYHUIHS, MaCTEPCTBO H
ONBIT, a 3aTeM [JIsI ONpeAesIeHHs] NPYTHX COMHOXKHTeJeH
HeOGXOIMMO peIIUTb HEKOTOpOoe ypaBHeHHue. IIpu 3TOoM
BO3HHKAIOT [Be pasjinuHble NpoOJieMBbl, Ka)Kjasl H3 KO-
TOPBIX Ha CBOH JIaJi BeCbMa TpPYyZAHA: BO-NEPBHIX, pelle-
HUe ypaBHeHHs B LeJbIX yucjaax (AunopaHTOBa ypaBHe-
HHUS) M, BO-BTOPBIX, IPOBEpPKa TOrO, SIBJSIOTCS JIM YHCJIA,
KOTOpBI€ [OJIZKHBI ObIThb NPOCTBIMH, Ha CaMOM JeJle Ta-
KOBBIMH.

Crnenyer OTMETHTb, UTO mpobJjeMa JpPYyKeCTBEHHBIX
yucesl Guarogapsi paboram OIiinepa mnpuobpesia coscem
Opyeotl xapakrep, Hexceau npobarema COBepUIEHHbIX Yl
cen. $1 nuiieH BO3MOXKHOCTH CHCTEMATHYECKH H3JIOXKHTb
IaJbHeHlIyIO, MOJIHYI0O COOBITHH HCTOPHUIO O0€HX 3anad
CO BpeMeH JDiljiepa A0 HAlIUX JHeH, OTpazKeHHYI B COT-
HAX nyo/jaukauuid. OZHAKO s XO0TeJ Obl B CaMbIX OOIIHX
ueprax OOpPHUCOBATH pa3HULy MexXAy HuMH. Iloucku #ér-
HbLX COBepUleHHblX yUcens TIPEBPATHIIUCL B BBICOKOTEXHH-
yeckuil BHA crmopra (IO YeTKMM MNpaBHJaM OIBKJHMA).
Kaxnoe HOBOe MOCTHIKeHHe 3[eCh OblJIO OJHOBPEMEHHO
¥ HOBBIM MHPOBBIM PEKOPAOM B 0XOTe Ha OOJIbIUHE IPO-
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cTHle uyncja., Co COIHCKOM PEKOPACMEHOB B 3TOH 006/aCTH
nosHakOMHT Bac Jlon Ilarup Bo BpeMsi 3KCKYpCHH K
OpPOCTBIM uHCJaM. PaGoTH, MOCBAIEHHbIE HeuEéTHbIM CO-
BePUICHHbIM YUCAAM, HATIOMHHAIOT OXOTY 3a NMPH3PaKOM:
HUKTO HHKOrJa ero He BHJaJ, HO I[POBeLEeHO MHOIO
OCTPOYMHBIX HCCJeJOBaHUH TOro, Kak OH He MOKEeT BbI-
rasipeTb. JdadbHeRUIylo HCTOPHIO JPYKECTBEHHBIX UHCEJI
f Obl, HGllpOTHUB, CPaBHHJ C OXOTOH 3a 3K30THUECKHMH
0a0oukaMu: HAHTH HOBBIH 3K3eMILISIP Upe3BLIYAHHO TPYI-
HO, HO eCJIH BOOPYXKHUThCSI NMPaBHJLHOH METONUKON H He-
OOXOAMMEIMH NO3HAHHSIMH M TPOSBHTh JOBKOCTb W Ha-
CTOMYHBOCTb, TO HHOIIA BCE 3Ke yHaeTCsl ero MmoHMarb
(ecam K TOMY ¥Ke ellle H IIOBE3ET).

OuapoBaHue TakOH O0XOTbl M pPagOCThb NPH KaxKAOH
yiaue, OUeBHJHO, H MOOYKHaJu DHjepa He HOBOJBLCTBO-
BaTbCSl TPeMs, UeThIpbMS IpPHMepaMH, a UCKaTh BCe HO-
Bole M HOBBIe UHCJa. DTH UYYBCTBa, KpoMe JOBIOB 0a-
O0ouek, MOIyT, MOXKaJyH, BINOJHE MOHATH ellle JHUIb Ma-
TEeMAaTHUKH, BTSAHYBILIHECHd B OXOTY 3a KOHEUYHBIMH IpO-
CTBIMH TIpynnamMu (u copalluBamolue cedsi, MNOLOOHO
b. ®umepy, cymecrtByer JH elle OIHH <«peGeHOK-
MOHCTpP»). OIUH W3 MaTEeMaTHKOB, OTKPBIBIIUX HOBBIE KO-
HeyHble NPOCTBIe TPYNNHbl (a MMeHHO, rpynnsl «tuna Gy»),
aMmepukanell JI. JIMKCOH, OXOTHJICS TakK¥}Ke H 3a ApyxKe-
CTBEHHBIMH uncJaMd. OH HCINOJIB30BaJ MeTOABl JDHJjepa,
HO JOOHBIJ TOJBKO JBE€ HOBblE MapHhl.

Boo6uie, kak BUAHO u3 TabJ. 2, B KOTOPOH yKasaHO
UHCJO HaHJeHHBIX KaxKIbIM MaTeMaTHKOM Iap ApyikKe-
CTBEHHBIX uHcCeJ, JHJep — NpPU3HAHHBIA BCEeMH aBTOPH-
TET — OCTaBaJICsl HENPeB30HIEHHBIM BIJIOTh JO MOCJEN-
HUX fecatuieruid. [lepBoIM mo6uJa pekopn Jitjepa Gelb-
ruiickuii MmateMmatuk Iloaps Ilyne. Ero aByxTtomHasi Mo-
HOorpadus MO TeOpUH 4YHucCeJ Obla u3gaHa B 1929 r. B
Dproccesie moj MHOrosHauuTeJbHBIM Ha3BaHHeM «La
chasse aux nombres» («Oxora 3a uucaamms). Kpome
BCer0 Mpoyero, B Hell mpuBedeHbl 62 HOBBle mapbl APY-
)KecTBeHHBIX yucesa. Ilpu srom Ilyne— kak panee Jle-
KaHap U YeOblléB — mouiesJ MO NYTH CO3MaHUS HOBBHIX
KPUTEpHUEB MPOCTOTH UHCeJ., 3HauHuTeJbHAss YacThb €ro
UCCJeTIOBAHUH TMOCBSIeHA Pa3BUTHIO HAeH (PpaHIY3CKO-
ro MareMatnka JIokKa, OTKDBHIBIIEr0 B BBICIIEH CTEIEHH
9 ¢ekTHBHEIC KPHTEPHH IPOCTOTHI.
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Tabauya 2. MaTeMaTHKH, OTKPHIBIIHE Napel APyKeCTBEHHBIX
YHCEe.

B ra6auume nepeydcAeHH BCE MATEMAaTHKH, OTHICKABIIHE IapHI
IPYIKECTBEHHBIX YHCEJ; YKa3aHbl KOJHYeCTBO HAHAEHHBIX Iap ¥ TOA
otkpuitus. (ITo craree D. Ox. JIu, Journal of Recreational Mathe-
matics, 1972; nomo/iHeHO aBTOPOM.)

ITudarop 1 — 500 Byabd 4 1950
u6GH anb-Banna 1| ok. 1300 || I'apcua 153 1957
Jekapr 1 1638 Poabd 1 1965
iinep ——> | 59 | 1747—1750|| Ope, Anawnes,
Jlexxaunp/UYe- CreMmu 9 1967

OBILIEB 1| 1830/1851 || Bopo 41| 1967—1974
IMTarannnu 1 1866 JIg —— | 390 | 1968—1972
3eenbxodpd 2 1884 Bpatiy,
JIuKCcoH 2 1911 Mak-Kei 14 1968
Mosiicon 14 1921 KosHn 62 1970
IMyne —— [ 108 | 1920—1948 || Tonnx 12| 1971—1972
Xepapnsu 9 te Puae 4 1974
Bpayn 1 1939 Bopo, Xodod-
AckoTT —> | 219 1946 MaHH, Heo6-

reH, PexkoB | 25 1979

HoBH#i «MHPOBOH pekOpA» OB yCTAaHOBJEH aMepH-
KaHlleM O, DCKOTTOM, a 3aTeM pPEKOpJ Iepelle] K ero
COOTeueCTBeHHHKY IJBHHY J[kK. JIu. Ilo cyulecTBy OHH
TakKi¥ke I0JIb30BaJUCh MeToAaMHu JDijepa, XO0Td H B yCO-
BepIlleHCTBOBaHHOH ¢opMe. Kpome toro, JIu mpuber-
HyJ — BIepBBEIe B CTOJIb OOJBIINX Macllrabax — K Ho-
Mouin DBM.

C HacrynjenneM 3pnl DBM BO3HHK HOBBIH MeTOJ,
O KOTOpOM Ji#Jiep He MOT H NOMBILLISATh, — NMepedupaThb
BCe YHCJa MOAPSN, NMOKAa XBAaTHT MAIIMHHOTO BpeMeHH.
Hamaucer JomH, KOTOpBIE, BHAHMO, TOJBKO H XKIaJH,
KOTJIa TMOSBHTCS BO3MOXKHOCTb INPOU3BOAUTH TPOMAaJgHBIE
BoiyncaeHusi. OHH 3aHHMAJIUCh HMH B TeUueHHe JIBYX JeT,
He CUYHTasCh C 3aTparaMHu, W JH00paJuch, Kaxercs, IO
JeCATU3HAUHBIX YyucesJ. Kak OTHOCATCA K 3TOMY rpy6oMy
HAaTHCKY KOHKYPEHTOB TOHKHE HCKYCHBbIE JIOBIIBI, OXOTS-
1mpecs 3a uucjaaMu nomob6Ho igaepy, Ilyae u Jiu?
Tpynno nmepemarth ux uyBcTBa. IIpencraBrTe cebe CTpacr-
HOTO pBIGOJIOBA-JTIOOUTENSI, HEOXKHAAHHO 3aMedarollero
Y pyubsl JIIOAEH, KOTOPBIE MPOCTO OCyWAIOT PyClo H 3a-
TeM CIOKOHHO coOuparor prib6y! Brnpouem, mpm 3ToM 06-
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Hapy»KHJOCh, YTO PBHIOOJOBH YAHJH BeCbMa YCIEUIHO H
BBJIOBHJIK MOYTH BCIO pPHIOY, TaK YTO «OpakOHbepaMm»
J0CTaJiach JIMIIb JOBOJBHO CKPOMHas A00BIYa.

B Hacrosmee BpeMsi M3BeCTHO B OOGINeH CJIOXKHOCTH
okoJo 1100 map mpyxecrBeHHBIX uucesJ. MX noJHBIHA
CnuCOK Obl onyOJaukoBaH B 1972 r. B xypHaJte «Jour-
nal of Recreational Mathematics» («MaremaTtuka Ha
nocyre»). Ero cocraBuiu o6namaresb MHPOBOTO PEKOPAA
. JIu u u3narenp xypHasa [Ixk. Msgsum. ITapsl pac-
NOJIOJKeHBl B IOPSIIKe BO3pacTaHHWsl HaUMeHbIIEro 4YHC-
Ja. Cnucoxk HaumHaercs Tpex3HauHo# mapoit ITugaropa
M KOHYaeTCs 25-3HayHO# Napoi, HaigeHHOH DCKOTTOM.

IToka HeHM3BecTHO, KOHEUHO JIH MHOXKECTBO Iap JIpy-
JKECTBEHHBIX YHCeJ, U JUYHO s AyMaw, YTO 3TO, MOIKeET
OBITb, TAaK HHKOTHAA H He OyIeT H3BECTHO. BrmpoueM BeH-
repckui Marematuk Ilayap IDpaém pokaszaJ, 4Tto Lpy-
XKECTBEHHble YuCJa HMEIT MJIOoTHOCTL 0, T. e. HX J0Jd
Cpeln YuceJ, He NPeBOCXOAAIHX x, cTpeMurcsi K 0 ¢
poctoM x. Bpaynmseiirckuii maremaruk Xanc-Moaxum
Kanosnpn ycraHoBWJ, uTO B JI060H mape ApyKeCTBeH-
HBIX YHCeJ] OJHO YHUCJO NOJIKHO HMeThb N0 KpaWHed Mepe
TPH Da3JIMYHHIX NPOCTHIX HeJNHUTeNsl, H MO3TOMY TeopeMa
Cabura gaer camble IPOCTBle Mapbl APYXKECTBEHHBIX UH-
cea. CaMm g pmokasaJ, uro nap A, B npy:KecTBEHHBIX YH-
ceJl, Y KOTOpPHIX mnpousBelenne AB uMeer 3aaHHOE KO-
JIUYECTBO @ IPOCTHIX JesJuTesel, CyHmecTByerT JHIIb KO-

HeYHOe UHCJO, a HMEHHO He GoJjee uyeM w? . OIHAKO Ha
S5THX M HAa MHOTHX IPYTHX OTHEJbHHIX pe3yJbTaTax Teo-
PEeTHUYECKOTO XapakTepa s He XoTeJ OBl 3JeCh OCTaHaB-
JIMBAThCSl, TAK KAaK CUMTAl0, UTO AyXy paccMaTpHUBAaeMOM
3aja4u ropasfo GoJsblile OTBEYAET MOCTPOEHHE KOHKPET-
HBIX YHCJIOBBIX IIPHMEpOB.

[TosToMy B 3akJ/IOUeHHe HALIEro NyTEIIeCTBHS S NPH-
rjauial0 Bac OTHPABUTLCS BMeCTe CO MHOH Ha OXOTY 3a
APYXKECTBEHHBIMH UHCJIaMH, BOODYKHBIIHCH METOLOM,
CYIIEeCTBEHHO OTJHYAIOMIHMCS OT MeTOZOB JiJepa. Peub
uaer o6 OJHOM peleNTe, M0 KOTOPOMY H3 Y¥Ke H3BeCT-
HBIX JIPYIKECTBEHHBIX 4YHCeJ MOXKHO H3TOTOBHTH HOBBHIE,
3HAUYHTEJHHO IPEBOCXOMAAIINE HCXOLHLIE IO BeJHUYHHE.
S1 cnepBa coofIly BaM caM pellenT, 3aTeM JaM HeCKOJIb-
KO TNPOOHHIX NPHMEPOB €ro NPaKTHYECKOro IPHMeHeHHs
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M, HaKOHell, HaMeuy BKpaTlle, KaKk NPHHATH K TaKOMy pe-
1enTy.

Peunent. Bossmure mapy Apy:KeCTBeHHBIX YHCeJ BHAA
A=a-u, B=a-s ¢ IPOCTHIM S,

IIposepste, sBasercss Ju yucao p =u -+ s-+ 1 mpo-
CTBIM.

Ecau na u ecqm He okaxercss (BCsiKkOe ObIBaeT), UTO
@ JeJuTCs Ha p, TO npu n=1,2,3, ... CIpaBelJuBO
claenymoliee

IIpasuno: ecau 06a uucaa

gi=(u+1)p"—1un g=@w+1)(s+1)p—1

— IIPOCTHIE, TO YHCJIA

B1 :A.pn.ql )5 82 :a.pn.q2
— IPYKeCTBEHHBbIE.
IIpumep 1. Bo3pmem napy Iludaropa:

220 =292%2.55 284 =22.71

A=a-u B=a-s

Uncna s=71 u p=u-+s-4+1=55+72=127 — npo-
crtele. IloaTOoMy MOKHO HCHNOJB30BaTh YKa3aHHOe IIpa-
BuJsio. Ilpun n =1 uucna ¢q;, g, He SIBJSIOTCSI NPOCTHIMH,

HO yKe IpH n =2 MBI NOJydaeM Napy APyxKeCTBEHHBIX
YHCeJT

B, =220 .1272.903223,
B,=4.127%.65032127.
OTH, oueHb GoJsblliMe UMCJA, NMOJyueHHble M3 mapel 220,

284 moutm Ge3 BCAKHX BBIUHUCJIEHHUH, 1O CHX NOP He OBLIH
M3BeCTHBHI!

I[Ipumep 2. BosbmeMm mapy Ditsnepa
A=3*.5.11.29.8)=q-u,
B=3%.5.11.2699=aq"-s.

3nech Takxke uucaa s =2699 u p=u-+ s+ 1= 5281

SIBJISTIOTCS TpocThIMH. Takum o06pas3oM, mo 3TOH mape
Oilepa TOXKe MOXKHO INOCTPOHThH COOTBETCTBYIOIee «Ipa-
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Bujo Cabura». B 3atoM ciayuae yxe npu n =1 uuncia
g1, g2 OyRAYT NpPOCTBIMH, H MBI I[IOJly4aeM [ApPYyKeCTBeH-
HBle YUCJIa

B;=3*.5.11.29 .89 -5281.13635541,
By=3*.5-.11.5281 -36815963399.

Tenepy s xoTes1 GBI HAMETHTL HYyTh, KOTOPHIH MOIBO-
AHT K YKa3aHHOMy penentry. (I'yiaBHOe — «HamacTb» Ha
Takod penent. JlaTh «I0OKa3aTeJbCTBO» MJs MaTeMa-
THKa — 3TO y3Ke UIrpyulku.) DBynem nckarh 6ecKOHEUHYIO
NOC/JeI0BATEeJbHOCTL APYXKECTBEHHBIX UYHCEN CJelylo-
111ero BHIA:

(4) Bi=b;-prq;, i=1,2

(npennosiaraercsi, 4To umcyaa g, g, p— npoctuie). ITo-
yeMy HMEHHO TakKoro BHJa —Ha 3TOM MHe He XOTe-
JJocb OBl cefiuaCc OCTaHaBJHUBAaTbCs. BribuparoTcsd u (pHK-
CHPYIOTCSI TpPH uYHucJda by, by, p, H NPH KAXKIOM h =
=1, 2,3,... umyrca g; u ga. Tor dakr, uro By u By —
ADY¥KeCTBeHHble YHCJa, O3Hayaer (corJacHo (3)), 4TO

o(B1)=B1+ By =0(By),
OTKyZa
B, B,

o (BY) T o(Bs) .

Hcnonwsys (1) u (2), Haxomgum, 4To

B, b. p" q.
l: —_tr  — 4 . . i )
i=zl.2 *(5) i=Zl,2 o(b;)  ptt! _l 1 g;+1
p —

3aMeTuM, YTO NPH n—>00 UYHC/A §; H gy TaK¥Ke CTpe-
MATCSI K OecKOHeUHOCTH. TakuMm o6pasoM, Hepexoass B
IOC/JAeHEM PaBEHCTBE K MpefeJy IOpU n—- oo, MOJydaeM

(5) IZZ b; P_l.

iTTe o (b;) P

[locnenHee COOTHOLIEHHE CBSI3LIBAaET TpU uuciaa by, by
M p, KOTOpHle CJiefAyeT IOACTaBJSTb B HCXOLHYIO (op-
MyJay (4). OreickuBasi mpocrefiliie pelleHHS ypaBHe-
HUS1 (D), yHAOBJIETBOPSIOIIKE YCJOBHIO 3afauH, Mbl IOCJE
HEKOTOPBIX TIOILITOK JOBOJbBHO OLICTPO IPHIEM K 4HCJIaM
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by =220, b,=4 u w3 (5) wafizeM nns p 3HaueHue 127.
Tem caMblM MH TOJyYnM Tapy, yKa3aHHyI0 B mpumepe l.
ITpn 3TOM — Ha mepBBI# B3rJIsAA CJAy4alHO — MOSIBHJIOCH
yncsio 220, camo gBJasoouleecs ApyxKecTBeHHHM. [lo-
CKOJIbKY Mbl KaK MaTE€MaTHKH HEOXOTHO BE€PHM B CJYy-
YaHHOCTb, INOHILEM MNpHYHHY. TyT MBI H OOHApYKUM
VKa3aHHBIH BHIIEe OOLIMH «pelenT», Kak MO yXke H3BeCT-
HBIM JPYXKECTBEHHBIM YHCJaM CTPOHMTh IpaBHUJia THIA
npasusa Cabura, namouHe HOBBle Hapul JPYyXKeCTBeH-
HBIX YHCeJ.

B Jureparype BcTpeuaercs (mo MeHbIIeH Mepe)
67 map ZIpy»XecTBeHHBIX uHucesJ TpebGyemoro Buaa. s
22 u3 HHUX 4YHCJO p=u-+ s+ 1 HeACTBUTEJbHO OKa3H-
BaeTcs NpocThiM. TeM caMbiM Ha#igeHo 22 «CaOHTOBHIX
npasuJay. IlosicHeHHble YHCJEHHBLIMH IpUMepPaMH C HaH-
MEeHbIINMH BO3MOXKHHMH 4HCJaMH, OHH OBLIH ONYOJHKO-
BaHbl MHOB B 1972 r. B xypuase «Mathematics of com-
putation» BMecTe ¢ npu3bpBOM K clenuaJjJHcTaM IO MPO-
CTBIM YHCJaM IpOCUHTATh JAaJjJbHeHIllHe IpHMEpPH Ha
OBM.

3mech 51 XoTeJ Obl CKa3aTh HECKOJBLKO CJOB O TOM,
KaK TPYAHO peuIuTb, fABJSETCS JH 3aJaHHOE YHCIO g
npocTeiM. TpHUBHAJBHBIE CHOCO0 — HeJUTh ¢ Ha BCE UH-
cJia, He NPEeBOCXOAsIIIKE KBAAPATHOrO KOPHS U3 g, — Tpe-
oyer «\/q apudMernueckux Aeficreuil. IIpuaymaHo MHO-
IO OCTPOYMHBIX yCOBEpPUIEHCTBOBAaHHH 3TOr0 Me€Troxa, HO
B GOJIbIIMHCTBE H3 HHX, KaK OOHapy:KuBaercs NpPH BHHU-

—\1
MaTeJbHOM pacCMOTPEHHH, TPeOYIOTCS Te Ke 0(+/q) )
apudmernueckux omnepauuit. HeraBHO ynanoch CHH3HTH

o 4 /™
YHUCJIO OoIepanuit 10 O(«/q) 6Jaromapsi TOHKOMY Me-
tony M. IlIsHkca, mo KOTOpPOMY cliepBa OIpeAeJsIeTCs
YHCJO  KJAacCOB  MHHMOIO  KBaJpPaTHYHOrO  IOJ

Q(4/—¢ ). — Ecan 6m 3HaMeHuras runotesa PuMaHa
0 HyJasax asera-GyHkuuum (a TOuHee ee 00O0OLIEHHE IJIS
L-¢yuknuit JlupuxJje) oxkasajach CHpaBenJHBO#, TO
MOXKHO OHIJIO OBl JOKa3aTb, YTO OJIS pelleHHs BOIpOoCa,
siBJsgeTcs JH ¢ TPOCTBIM  YHCJOM, JOCTaTOYHO
O((Ing)3Ininlngq) onepammii. Angpe Beitno B 1948 r.

1) To ectb, rpy6o rosopd, ¢4/¢, TAe ¢ — HEKOTOpas KOHCTaH-
1a,— Ilpum. nepes.
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yLaJoCh JOKaszaTbh aHaJor rHmnoresbl Pumana pi4
L-bpyukuuit anre6panuyecKux KPHBBIX HaJ KOHEUHBIMH
IOJIIMH; OCHOBBIBasicb Ha 3toM, M. Bépaxecc u I'. MuJa-

Jiep MokasaJu, 4TO JAOCTaTOYHO O(W) apudMeTHIEeCKHX
olnep anui.

OpHako cuTyanusi TMOJHOCTbIO MEHSIETCS, €CJH H3-
BECTHO pasJioKeHHe 4ucjga g -+ 1 Ha mpocTble MHOXKH-
TeJU. A WMEHHO, HCIOJNb3Yysi KpuUTepHH Jlioka — Jleme-
pa (mpemyoxeHHBI# . JIloKka H yCOBepLIEHCTBOBAHHBIH
B 1930 r. I. Jlemepom (cm. Annals of Mathematics))
MOXKHO, B OOJILIIMHCTBE CJIy4aeB, YykKe C IOMOIIbIO
O(Ing) apudmernueckux omnepauuii yCTaHOBHTb, SIBJISI-
€TCs JIH ¢ TNPOCTBIM. TO eCTh KOJHMYECTBO Ollepalluii, He-
O00XOAMMBIX AJI TaKOH NMPOBEPKH, PACTET JIHLIb IpPONOp-
LIUOHAJIbHO 4HCaYy nudp uucaa g. 1or PpaHTACTHUECKHUH
pesyJbTaT eliBa JK MOXKeT OBITh YyJyulleH. Brpouew,
IIpH OLleHKe TpeOyeMoro o0beMa BbLIUHC/IEHHH (H3Mepsie-
MOro, CKaxeM, B CeKyHJaX MAaIIMHHOI'O BPeMeHH) CJie-
AyeT IPHHUMATb BO BHHMAaHWe, 4YTO YHCJAA C TaKHUM
OOJIBILIMUM KOJIMYeCTBOM IH(pP 2, KaK paccMaTpHBaeMbie
3J1eCb, — He3aypsiiHble OOBEKTH JaxKe naJs COBpeMeH-
HeiXx OBM. Ilpm uX mNepeMHOKEHHH BBIYHCJIHUTENbHOE
YCTPOUCTBO OKAa3bIBaeTCs 3aHSTHIM HEBEpPOSITHO JHOJI-
ro—B TeUeHHe BpeMeHH, Tpebylomerocs naaa O (z2)
OOBIKHOBEHHBIX YMHOXKeHHH (3TO, HmpaBia, NPH TpPaLu-
IIHOHHOM CHocobe YMHOKEeHHSI; NPH NPHMEeHeHHH HOBO-
ro, HCKYCHO IOCTPOEHHOrO aJiropuTMa OBICTPOrO YMHO-
)KeHusl OoJibLINX uuceJ, n3obpereHHoro A. IlIénxare u
®. Illrpaccenom, mocratrouno O(zlnzlnlnz) oOBKHO-
BEeHHBIX YMHO:xKeHHi). Ho maxke eciiu MBI OLleHHM JeH-
CTBUTEJIbHBIH 00beM BBIUYHCJEHHH C HCIOJb30BAHUEM
kpurepusi Jlroka — Jlemepa, O((Ing)?), To Bcé xe 3TO
oureJIOMJsOILle OBICTPBIA CHOCO6 BBISICHEHHUSI TPOCTOTHI.

C oxHoro B3r/isgna Ha MOJyUeHHbIE TI0 HalleMy pelen-
Ty CaOWTOBBHI INpaBWJa SICHO, UYTO OHH CJIOBHO CO3JaHbI
IJisi npuMeHeHHd Kputepus Jlwoka — Jlemepa. Xorta 3Ta
0COOeHHOCTDb NMPHUCYIIA TaKXKe NpaBuiy camoro Cabura u
ero o0oO1IeHnIo — NpaBuJy Jijepa, ofHAaKO Haum ¢op-
MYyJIBl HMEIOT N0 CPaBHEHHI0O C HUMH ellle ABa BaKHBIX
JOCTOMHCTBA: BO-II€PBLIX, OJHOBPEMEHHO IOJI3KHHI OBITh
NPOCTHIMM JIMLIb 08Q, a He TPH OOJBIIHX YHcJaa H, BO-
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BTOPBIX, HAalIUM CIOCO60M MOIKHO NOJYYHTb IIpH XKeJa-
HHH MHOTO HOBBIX aHAJOTHYHBIX NpaBHUJ, €CJH TaHHOe
IpaBHJIO HEZOCTAaTOUHO «IPOU3BOTHTEIBHOY.

Moii npu3bIB K BHIUKCJHUTENSIM Halllesg OTKJAUK. [Ipas-
Ja, HX TeplieHHe NOLBEPIJIOCh CYPOBOMY KHCHBITAHHIO, TaK
KakK BHayaJie OLHO U3 OOJBLIMX YHCEJN ¢, U ¢z BCE BpeMd
OKa3blBaJOCh COCTaBHBIM. Broporo oxkta6psa 1972 r.
XepmaH Te Puse nanucan Mue, uto 1mo ¢opmyJae, IpH-
BelcHHOH B KauecTBe NpuMmepa 2, Juuib npu 7 =19
CHOBa MOJYYalOTCAd YHCJIA §;, @2, NO MeHbIIeH Mepe
ncesdonpocroie (NCEeBIONPOCTHIM Ha3bIBAETCS YHCJAO ¢,
JJIT KOTOPOTO BHINOJIHAETCA 3aK/IUeHHe MaJiod Teo-
peMbl Pepma, T. e. g peaut a?~!—1 npm HekoTOpOM
a > 1). Takue uyuciaa He 00s3aTeJbHO SIBJSIOTCA INPO-
CTBIMH, OJHAKO 3TO BechMa BeposiTHO.— Yepe3 ueThipe
nHsl Te Puie coobumug mue, uro Kpurepuit Jlroka — Jle-
Mepa JAaJ NOJNOXKHUTeJNbHBIE pe3yJsabTaT — 00a yucJja Ipo-
cthle. Takum o6pasoM u Oblla OOHapy:KeHa Ta @apa
152-3HaUHbBIX APYKEeCTBEHHBIX YHCeJ, C KOTOPOH A HayaJl
CBOH pacckas.

& * &

BoT u BCA HCTOpHS, KOTOPYIO s XOTesJ BaM paccCKa-
3atb. Kak W3 KaxKmo# crapoil UCTOpHUH, U3 Hee CJelyeT
H3BJeYb mopass. HekoToppiM BIOJHe XBaTaeT HEBHH-
HOr0 YIOBOJBLCTBHS, AOCTaBJsieMOro NonbOpKOH Kypbe-
30B U aHEKJAOTOB. 1eX Ke, KTO CTPEMHTCS K Cepbe3HBIM
3HAHHUSM, s X0TeJ Obl MO3HAKOMUTHL C MHeHHeM Jleonapra
Dfiepa, BhICKa3aHHHIM BO BBeleHHH K ero pabote «De
numeris amicabilibus» («O ApyXeCTBeHHBIX YHCJIAX»):

«Inter omnia problemata, quae in Mathesi tractari
solent, nunc quidem a plerisque nulla magis sterilia
atque ob omni usu abhorrentie existimantur, quam ea,
quae in contemplatione naturae numerorum et diviso-
rum investigatione versantur...»

«H3 Bcex mpobJseM, paccMaTpuBaeMbiX B MaTeMaTHKE,
HeT TaKHX, KOTOpble CUMTAJUCh OB B HacTosllee BpeMsd
6oJiee 6eCIVIOLHBIMH H OecCIloJIe3HBIMH, YeM MpoOJIeMHl,
Kacamoluecss npupodsl wuces m ux Oeauresed. B stom
OTHOILIeHHH HBIHEIIHHE MAaTeMAaTHKHU CHJIbBHO OTJHYaIOTCS
OT JpeBHHX, NpHAaBaBLIMX ropasfio OoJibliiee 3HaUeHHe
HCCJEIOBAHUAM TakKOro pojxa.. A HMeHHO, OHH H€ TOJb-



30 BAJILTEP BOPO

KO CYHTAaJIH, YTO OTHICKAHHe MCTHHEI NOXBaJIbHO CaMoO IO
cebe H JOCTOHHO YeJIOBEUECKOrQ MO3HaHHS, HO, KpOMe
TOr'0, COBEpIIEHHO CIpaBedJIMBO T[IOJlarajiH, 4Yro IMpH
9TOM 3aMedartenbHbeIM 00pa3oM pasBHBaercss usobpera-
TeJIbHOCTh M Iepel YesJOBEYeCKHMM pasyMOM pacKpbiBa-
I0OTCSI HOBbIE BO3MOXKHOCTH pellaTh CJOXKHBIE 3adayH...
Maremarnka, BepOsITHO, HHKOTJa He JOCTHIJIAa OBl Ta-
KOH BBICOKOH CTeleHH COBEpIIeHCTBAa, €CJH Obl JpeBHHE
He TNPHJIOXKUJIU CTOJNBKO YCHUJHH [J5 H3YUeHHsI BOMIpO-
COB, KOTOPBHIMH CerofHsl MHOTHe NpeHeOperaroT H3-3a HX
MHHMOH OeCHJIOLHOCTH.»

S xotes 6Bl K 3THM cjaoBaM dilnepa H06aBHTb JHILb
HECKOJIbKO TNPHMepOB, BecbMa YyOeIUTENbHO NOATBEpPIK-
AaloIMX ero MHeHHe. Tak, ellle W CEroJHs BOCXHILAET
pekyppentHas gopmyra ddrepa 0ra cymmol Oesurerel

(1) 0(A)=0(A—1)4+0(A—2)—0c(A—5)—

_G(A_7)+ o0y
KOTOpYIO 60Jiee TOYHO MOKHO 3aIIHCATh B BHJE

> -1y o4 tr) o

fn=—o0

37leCb CYMMHpOBaHHe BeleTcs 10 BCeM IeJIbLIM 3Haue-
HHUSAM 7, IpUYeM cuutaercs, uro o(2)=0 npu BceX OT-
punarteapHbix 2, a o0(0)=A. Oty 3aBUCHMOCTb Diyep
HauleJ] SMIUPUYECKHU TPH NPOBELEHHH CBOHX OOILUHPHBIX
BHIYHCJICHUH, CBSI3aHHBIX C JpY:KE€CTBEHHBIMH UYHCJIaMH.
A oTbICKHBas J0Ka3aTesJbCTBO, OOHAPYXKHUJ 3HAMEHHTOE
ToxcdecT80 Jiirepa

) 700 1 14y
a  Jla=s= Y (=12
n=|\

n=—o0

M3 KOTOpOro IocJje JiorapupMHpPOBaHHSI H CpPaBHEHHS
KospPunuentos noayuaercs (I). Cymma B mpaBoii uac-
th (II) npexcraBnsier coboff Tak Ha3bIBaeMyI0 T3Ta-
(GYHKLHIO, U 3TO OBIJIO CAMBIM IEPBbIM IHOSIBJEHHEM TITa-
(PYHKUMH Ha MaTeMaTHYeCKOH apeHe, a MpPOH3BEIEHHE
C/IeBa — C TOYHOCTbIO JO0 MHOKHTENS x1/?% meqeknHIOBa
sra-pyHKuud. CaMo TOXKIECTBO SIBJSETCS YaCTHBIM CJy-
yaem (npu y=x3 z=x""1) ¢popmyarol AKkobu Oara TITCQL-
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Qpyuxyuil (1828 r.)
1) ] =y —yra)(l —yr='z-) =
n=1

o0 1
= > (=g
n=—0o0

Hrpaloliefd BaxXHYIO POJb B TEOPHH SJJIUNTHYECKUX QYHK-
uud. Hakonen, stu ¢opmyast B 1972 r. npuBenu Mak-
JOHAaJbJa K OTKPBITHIO IIeJIOH CepHUH TOXKAECTB HJs 3Ta-
¢yuakuun JJemeknnna — 0 OJHOMY IJIs KaXXJ0H NpOCTOH
rpynnel JIm G (3HameHuTasi CTaThsd B KypHaJe «In-
ventiones mathematicae»). ®opmynnr Ditiepa u JKobu
BXOAAT B ToxmectBa MaxknoHajpga Kak NpOCTeHIIHH
yacTHbIl cayyait (G =SLy). ¥ HCTOKOB Xe 3TOH 3BO-
JIONIMH CTOHT, HECOMHeHHO, JHJep cO cBoell ¢opmy-
jao# (I) mnsa cymmer geauteneit., Man ITudarop?

Bnéanorpaduueckne 3aMeuaHnss U JAONOJHEHHS

CaMplfi HcuepmbIBAIOMIHA H3 BCeX KOrjaa-iu6o omny6/JHKOBaHHBIX
JAOKYMEHTOB, KacaloLIHXCsl APYKECTBEHHbIX YHCeJ, — 3TO BbIMICAINAS
B Tpex vyactax crarba JIlu u Magsun [12] . B npuBeneHHOH Tam
npeBocxonuoil GuGauorpadmuu, comepxaileli 67 HaHMEHOBaHHH, Npen-
CTaBJIeHbl OpHTHHAaJbHbIe paborel BmJorh no 1971 r., Tak uro g Mmory
N0 CYIIeCTBY OTPAHHYHUTBbCA OTAEJbHbIMH OHOMHOTpadHYECKHMH JO-
NOJHEHHAMH H 3aMeyaHusimMd. ['aBHoe BHuManHe JIm u Maasum [12]
VAENAIOT JOCKOHAJbHOMY IIPOTOKOJIHPOBAHHIO BCeX YHCJEHHBIX pe-
3yJbTaTOB C YKa3aHHEM MOJYYHBIIHX HX MAaTEMaTHKOB H HCIOJb3O-
BaHHLIX MeTonoB. K HMX mepeuHio cienyeT ROOABHTb JIHIUb ONHCAHHBIH
Bhime HoBHIE Metod [1] u ero mpumenenne te Puae [18] Henpasno
Mon cryneHTsl X. Xo¢pdmarnn, D. Hebrer u P. PekkoB noarsepauin
M CYINECTBEHHO pacCIUHpWIH pe3ynabratel Te Puae (Bynmeprass,
1979 r.; cm. [36], [37]).

Tor, KOro 3aHHTEpPECOBAJIH AHTUYHAA H apabcKas raaBbl 3TOH
HCTOPHH, MOXET COBEpPLIHTb YBJEKAaTeJbHOE NYyTeLeCTBHE K HCTOKAM
¢ nomoulbio yersipexroMHoro TpyAa M. Kanropa «Hcropua marema-
THKH» [4]; B HEM cOJepXHTCA He TOJbKO 0OJbInOoe KOJHYECTBO CBe-
JEHHA O COBEpIUEHHBIX H JAPYXKeCTBEHHbIX HHCJaX, HO H OYepK KyJb-
TYPHOH M HCTOPHYECKOH OOCTAHOBKH, a TaKxke JaJibHeHLIHX pe3yJibTa-
TOB. YKa3aHHe o6 ynomuHaHuu yucjaa 220 B GubGauu (Kaura DBoiTHS,
XXXII, 14) umeerca y Hukcona [5], koTophii B CBOKO Oyepelb CChI-
JlaeTcd Ha KOMMeHTaTopa OmGiunm AGpaxama Asynes; TOT Xe UHTH-

1) Ynpcna B KBajgpaTHHIX CKOOKAaxX OTCHIIAIOT K CIHCKY JHTEpa-
TYPH B KOHLI¢ CTaTbH.
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pyer koMMeHTatopa 9-ro B. HeKoro Pay Hakcxona.— Jlu u Msasun
[12] coobuiaor, uro no MueHuio Il. Tannepu uucao 220, BO3MOKHO,
OLIJIO «OTKPBHITO» y2Ke B ApeBHeM Erumre.

O. Bekkep BBICKa3aJ HHTepecHble cOOOpaxeHHs o (opmyae IDB-
KJIH[a AJs YETHBIX COBepIUeHHBIX uHcesa [23]; OH cuHTaeT ee H3Ha-
YaJbHOH <«LEJbI0 H BEHLOM YyyeHHS ODBKJHAA O YETHBIX H HEYETHHIX»
H OOBsCHSIET, KaK MOXKHO OBLIO NPHATH K €€ OTKPHTHIO, OTTaJXH-
BasiCb OT NPHEMOB cyeTa Ha YNOTPeOJasABIIMXCS B apeBHeH I'penuu
abakax V. Kpome toro, O. Bekkep BBICKa3blBaeT H NBITAETCS OGOCHO-
BaTb CBOe MHeHHe, OyIATO [10KAa3aTeJbCTBO TeOpeMbl Jijepa O TOM,
YTO BCE YeTHbIE COBepLIECHHbIE UYHC/Ia JNOJIKHBl NOJYdYaThCs MO CIO-
co0y OIBkauzAa, OblJIO H3BECTHO yXe B JPEeBHOCTH, — HOpPMYJHPOBAJ
ke SIMBaHX 3Ty TeopeMy Disepa. AHanH3UpPYys TEeKCT Tpakrara SIM-
Bauxa, @. Xymapy [26] menaer naxe BBIBOA, 4TO SIMBJHX «B pe3yJib-
TaTe Jid COOCTBEHHBIX BBIYHC/ICHHI, H3 IPEKHHX JH HCTOYHHKOB 3HAJ,
yto u 8191, u 131071 — mpocTele yncaa» (3TH YuCaa PaBHBl COOTBET-
CTBeHHO 213 -—1 u 217 — 1), u yTO, CJeHOBaTe/]bHO, B aHTHUHbIE Bpe-
MEHa 3HaHHA O OOJbILIMX NPOCTHIX H COBEPLIEHHBIX YHCJAAX HAXOMH-
JHCb HA 3HAYHTEJbHO O0OJiee BBICOKOM YDOBHE, 4e€M 3TO NPHHATO
CYHTATD.

JLOKa3aTeJbCTBOM TOrO, 4TO apabaM ObLJIO H3BECTHO O COBEpIIEH-
HBIX H JPY>XECTBEHHBIX yHCJax 0oJiblue, HEXEJH [0 CHX IOp NpeAano-
Jlarajs, Mol o0si3anbl npodeccopy TyHnucckoro ynusepcurera Moxam-
meny CyHccH, KOTOpBI HeZaBHO mepeBen H onmy6uamkoBaa [32] ymo-
MHHABIIEECS pAaHEE COYHHEHHe HOH aJnb-DaHHBI O COBepLIEHHBIX H
APYXeCTBEHHbIX 4HCJAaX. Kpome TOro, rpynma COBETCKHX HCTOPHKOB
u3 Cpennelt Asum [38] oGHapyxuna B pykomucsax KyrGaamuna Iu-
pasn (XIII B.) u 3namenuroro [Ixemwnga anp-Kamu (ym. B 1430 r.;
B mocieande roaul pa6oran B CaMapkaHACKOH 0GCepBAaTOPHH) IpPH-
M€uYaTe/IbHble PACCYXJACHHS O JAPY¥KCCTBEeHHBIX yHcjaX., COrJIacHO HX
AaHHBIM, uyxcaa 17296 m 18416 Obiiu u3BecTHHI Kak B Mapokko
(anb-Banna), tak u B Mpane (KyT6sa4uH) 3a TPH C IOJOBHHOH CTO-
qetus n0 Pepma. Anp-Banna mawmen o6a uncna (cMm. ¢oro 2), cie-
Ays ofuemy mnpaBuay, (HOPMYJHPOBKA KOTOPOrO TAK TOYHO COBIA-
naer ¢ ¢opmyanposkoit CabHTa, 4yro 3TO, IO-MOeMY, AOKAa3bIBaeT
3aMMCTBOBAHHE €€ Yy MOCJeAHero (B NPOTHBOMOJIOXKHOCTb MHEHHIO
Cynccn). Anb-Kaium, HAnpoTHB, 1aeT HECKOJBKO HHYIO (HOPMYJIHPOB-
Ky, OAHAKO JOmyCKaeT NOpPH 3TOM OWIHOKY, nmoJaras 0e3 NPOBEPKH
YHCJIO r npocThiM (0Go3HayeHHsi mpexuue). [Tostomy OH owmHGOYHO
cuntaer 2024 m 2296 BTOpOH mapoit ApyXKeCTBeHHHIX yHced. §I yKa-
3bIBAIO 311eChb HA 3Ty OWIHOKY, Tak Kak B [38] ona He Gblia 3ameueHa.
Hanee, s xoTes Gbl OTMETHTb, YTO GOJiee MO3JAHHE HCJAMCKHE aBTOpHI
He NPHBOASIT HHUKAKOTO JOKa3aTeJbCTBa MIJs1 H3JjJaraeMoro crnoco6a,
B TO BpeMs kak CabHT Hamucaj cBOE TEOPeTHKO-YHCJIOBOE COYHHE-
Hpe, no obpasuy «Hauan» DBK/IHIA, COBEPIIEHHO CTPOTO H NMOTPATHI
Ha JIOKa3aTe/JbCTBA HEMAJIO YCHJIHIL.

1) TIpuGop THma pyccKHX cueroB; cM., Hanpumep, Henman M. .
Hcropust apupmeruku. — M.: Yunearus, 1959, uau Boirogckuii M. §1.
Apudmernka u anre6pa B mApeBHeM Mupe.— M.: Hayka, 1967.—
ITpum. nepes.
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Knura AGy'nb-Kacum Macaama u6H Axmel anab-Maaxputu (HIH
aab-MaalmpuTH), OTKpPBHIBIIErO JIOOOBHOE BO3AEHCTBHE [PYXKECTBEH-
HbIX uHces, HasbiBaercsa «llenp MyJApena» u noApoGHO ONHCAHA
Mrainmmainepom [33].

Xors counHenre KanTopa 0XBaThiBaeT KakK CpeJAHHe BeKa, TaK H
Hogoe spemsa 10 1799 r., oAHAKO NPHUMEHHTE/NbHO K Hallled TeMme Cy-
IleCTBeHHO CoJsiblidii MaTephaa (Za emie BnsaoThb A0 1919 r.) comep-
)ut kuura JI. Jlukcona [5], HaunHawmasics 50-10 CTPAHHIAMHU CKPY-
NyJE3HOH XPOHHKH COOBITHil, pe3y/JbTAaTOB U NyO/JIHKaUHi B 00JacTH
COBEpILEHHBbIX U APYXEeCTBEHHBIX YHCeJ H BbI3BaHHBIX HMH HCCJSHOBa-
HU#, NOCBSIIEHHBIX cyMMaM Jeautenell. B orauune or Kanropa uk-
COH OTPAaHHYHBAETCH CYXUM IepeyHeM JAaT u (PaKTOB.

Yrolnl moJyuHTb KHBOe BleuaTsieHHe o paGorax Pepma u [e-
Kapra, pekoMeHAyeM INOJHCTaTb nepenHcky Mepcenna [15]. B mpe-
IUCJIOBUH K CBoeit «Bceobuieét rapMonnu» MepceHH nuuier:

«Or, si je voulois parler des hommes de grande naissance ou
qualité, qui se plaisent tellement en cette partie des mathématiques
qu’on se sgauroit peut-étre leur rien enseigner, je répéterois le nom
de celui & qui le livre de l'orgue est dédie [E. Pascal] et ajoute-
rois Monsieur Fermat, Conseiller au Parlement de Thoulouse,
auquel je dois la remarque qu’il a faite des deux nombres 17296
et 18416, dont les parties aliquotes se referont mutuellement,
comime tout celles des deux nombres 220 et 284... Et il scait les
régles infaillibles et I’analyse pour en trouver une infinité d’autres
semblables.»!)

31-ro mapra 1638 r. Hekapr nuumer Mepcenny: «Leur autre
question est ce probléme: trouver une infinité de nombres, lesquels
estant prix deux a deux, 'un est égal aux parties aliquotes de
I'autre, et reciproquement 'autre est egal aux parties aliquotes de
premier. A quoi je satisfait par cette regle:? Si sumatur binarius,
vel quilibet alius numerus ex solius binarii multiplicatione produc-
tus, modo sit talis ut si tollatur unitas ab ejus triplo, fiat numerus
primus, et denique si tollatur unitas ab ejus quadrati octodecuplo,

1 «Opnako ecam Obl s 3axX0Tes HA3BATh JIIOAEH 3HATHOTO POAa
HJId BLICOKHX JOCTOMHCTB, KOTOpble A0 TOrO YBJIEKJHCh 3TOH 00-
JACTbIO MATEeMAaTHKH, YTO HX, [OXKaJayl, HHKTO He Mor Obl 31ech
HAay4iTh HUYEMY HOBOMY, TO $1 NOBTOpPUJ Obl HMS TOLO, KOMY 3Ta
KHHTA TOpXecTBeHHO mocBsimeHa [3. Ilackaab], u HasBaja O ellle
r-Ha @epma, uneHa Tyuay3ckoro mapaameHra, O KOeM 1 MOrYy 3ame-
THTh, YTO OH HalleJ JABa uyucJaa, 17296 u 18416, AeanTean KOTOPLIX
HaxoAsATCsd APYr K APYry B TAKOM XK€ OTHOLIGHWUH, Kak H JeJHTEJH
uypcen 220 u 284 ... V1 oy 3Haer u yMmeer 000CHOBATh BepHhHIE IIpa-
BUJA, KaK HAUTH OeKOHEeYHOe KOJIHYECTBO APYTrHX TaKux map.» (cra-
po-(hpanty.)

2 «[pyrum Bamum Bompocom Owulna 3anava: HaiTH OecKOHeY-
HOe KOJIMYeCTBO YHCEJ, CTPYNNHPOBAHHBIX B NApbl, B KaXJOH M3 KO-
TOpbIX OJHO HYHCJO DABHO CyMMe JeJUTeJNed JApyroro, H HaobopoT,
BTOpOE pAaBHO CyMMe JeJquteseir mepBoro. Moii orser — cielylomiee
npasuio:» (crapo-¢ppany.). IlpaBuno Hekapt ¢opmynanpyer Ha Ja-
ToiHU. — [Ipum. ped.
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fiat numerus primus; ducaturque hic ultimus numerus primus per
duplum numeri assumpti; fiat numerus cujus partes aliquotae
dabunt alium numerum, qui vice versa partes aliquotas habebit
aequales numero praecedenti. Sic assumendo tres numeros 2, 8 et
64, habeo haec tria paria numerorum.

Takos pekaproB Bapuanr mpasusa Cabuta. Bor pycckuil nepe-
BOJ:

«bepercst unci0 2 WM YHCJIO, MOJyyaloOmeecss DOBTOPHBIM yMHO-
XKeHueM 4HcJa 2 camoro Ha cebs H obJajalouiee TeM CBOHCTBOM, YToO
IIPH BBIYMTAHHH €JMHHUIEI H3 €ro TPEXKPaTHOrO HJH LIECTHKPATHOrO,
a Tak¥Ke H3 BOCEMHAJIATHKPATHOrO €ro KBaApara BCSKHHA pas ocra-
erca nmpocroe. Torma mnocaefHee YHCIO, YMHOXEHHOE Ha YABOEHHOE
B35TO€, [AcT YHCJIO, CJOXKEHHEeM JMACJNHTeNeH KOTOPOro ImoJyyaercs
YHCJIO € CYMMOH JeJsiHTeNel, COCTAaBJSIOMEH INpeablAyilee YHCJIO»,

STU CBelEHHS NpHUBEAEeHbl B BeimIeAuIed B 1723 r. craTbe HEKOEro

b. Borapxa 0 «TOYHOM HO3HAHWH YHCEJ», B KOTOPOM TaK¥Xe NOApos-
HO pAacCMOTPEHB COBEpLICHHble H ApYy’KecTBeHHble yucaa. OHA Oblia
ony0JIHKOBaHA B CaMOM, IOXKaJyi, CTapOM MaTeMaTHYECKOM XKypHaJie
«IInoner uckyccrBa» 'amOyprckoro mareMaTHYecKoro oOHIecTBa, HO-
CHBILErO TOrAa Ha3BaHHe «TOBapHILECTBO JIOOSAMIHX H 3aHUMAIOMIHXCS
HCKYCCTBOM BBIYHCJ/ICHHH» H ABJAIOLIErOCs CAMBIM CTApPbIM H3 NOHLIHE
CYUIECTBYIOIIHX B MHPE MaTeéMaTHYeCKHX oOwmecTB. §I ynoMsiHys 31ech
3TO COYHMHEHME He TOJbKO B KAueCTBE NMPHMepPA HCTOPHYECKHX PEJHK-
BUA BpeMeH OJilyiepa, HO NpexJe BCEro NOTOMY, YTO OHO YCKOJIb3-
Hysn0 or BHHMaHHs Jlukcona [5], JIu u Msasun [12] u nosBosser
BHeCTH monpasky B [12] (cTp. 79, JeBas kosn0HKA, cTpokH 29—31).
Jlukcodg BpsA auM M MOr HaiiTh cratbio Bomapxa — Beib TOM CYH-
Taincs B I'amOyprckomM martemMaTHyeckKoM obmiectBe yrepsHHbiM! Tak
Kak JIIOOHTEJNSAM HenpocTo OyAeT AOCTaTh 3TOT €NHHCTBEHHBIH 3K3eM-
nJIs1p, HawWweALHics O6jarogaps CAy4yadHOCTH, IO3BOJIO cebe NPOLMTH-
pOBaTh ewe HEeCKOJbKO MECT:
«KeM OBlajen0 NpHYyIJHBOE KeJAaHHE HCKATh COBEPUICHHble YHCJA,
TOMY NOHAaJOOHTCA JJsi 3TOH paGOTHl 3HAHHE INPOCTBIX. YIOMSHY-
THIX COBEPUICHHBIX YyHCeJ ObLJIO OTKPBITO IO CHX IIOP TOJIBKO 8 ...»
«He B MeHbuwielt Mepe norpeGyercsi 3HAHHE MPOCTHIX IJISI OTHICKAHHA
JpYKECTBEeHHbIX UYHceJ. Takoro poja uYHceJ OO0 CHX NOp OBbLIO H3-
BECTHO JIHUIb TPH mapeul, a HMeHHO nepBas napa — 220 u 284, ...»
«[TocTpoenue Takux yHCeJ NPH NOMOLIH PA3JHYHBIX AaJre0paHyecKux
METOJO0B OTHOCAT K OGJIACTH BBICOKOTO MAaCTEpCTBa H HCKYCCTBA 3HA-
MEHHTble MYXH, 8 HMEHHO MHOIOKPATHO YNOMHHABLIHACS BbIllE IIPO-
¢eccop Ilpecrer BO BTOPpOM TOMe CBOHX «3JIEMEHTOB MAaTEMATHKHY,
paBHbIM o6pa3oM mpogeccop ¢on Illoren B cBomx «MartemarTnueckux
OTKPBITHSAX», 4 TAaK¥kKe BBILIEYNOMAHYTbIH XeJNHHry3pdd B CBOHX
«BHCKOHCHHCKHX OTKDPbITHAX». Beanku#i Jlexapr naer caeaylomee 06-
[[ee NPaBUJIO BBIYHCJIEHHS TAKHX YHCEJ:»

Hlanee cnexpyer HuTHpOBaHHas paHee Bepcus npasuia Cabwura,
a 3areM HEKOTOpble MpHMEpbl BBIYUCJICHHIH.

«..H BINIOTb A0 46-ro 3HaueHus mnosaydasn s BCE€ BpeMsl COCTaBHbBbIE
UHCJA H TEM CaMbIM He HAauleJ IOAXOASILIEro yHcJja, KOTOpOe MOTIJIO
6bl naTh YeTBepTYI0 Hapy ApykKectBeHHbix uuces. Ilpm 46-m o6pa-
IIEHHH K TPaBUJY IMOCJE YKAa3aHHbIX YMHOMXKEHHH INOJYdYaroTCs YHC/a
211106232532991 u 422212465065983, HO mMHE yXKe HE XOUYeTCHA yT-
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pyxzaaTb ce6sl MpOBEPKO#A TOro, npoCTHl JH OHH. 60 ecam okaxercs,
yTO 06a OHH NPOCThiE, TO HaA0 OYAET €ile OPOBEPHUTb HAa IPOCTOTY
yucao 89131682828547379792736944127, kakoBylo paGoOTy MHE XO-
TEJIOCh Obl OCTABHUTb JIIOOUTEJAM...»

«Ilockosbky Bc€ e 0cOoGof NHOJb3BI OT 3THX Belllefl HeT, s cyel
BO3MOXKHbLIM OCT2HOBHTBCS HA 3TOM; M TaK y¥X S NOTPYAMJICH HOCTa-
TOYHO, 2 C HalpacHOH pabOTON XOTes Obl TOBPEMEHHUTD.»

CorslacHo 3TOMYy BBICKa3biBaHHIO, Bogapx mnpoBepus dopmyay
Cabura BnjOTh A0 45-rO 3HAYEHHS 7, T. €. 3HAUHTEJbHO AaJbllie, yeM
3TO cAenanu mnosaHee Junep (no 8), Jlexanmp (mo 15; 1830 r.) m
Jle JTaccép (mo 34; 1908 r.), xoTs H He Tak HaJjieko, Kak yKepapasH
(mo 200; 1908 r.) u Puseap (mo 1000; 1969 r.); cp. [12]. Cryzmentsl
V. Byap u 3. MepreHc u3 MOero Kpy:XkKa MO 3JEMEHTapHOH TeopHH
yHnces BBIAICHHJH, yTO (opmyna CabHura HE paeT APYruX map ApyxKe-
CTBEHHLIX YHUCEJ, KpOMEe Tpex H3BECTHHX, HaxKe BIIOTh A0 n = 20000
(cm. [36], [37]). ITpu atom, kpome umcaa 3-212676 — 1 — poHCTpA H3
3817 nudp, OKa3aJHChb NPOCTHIMH e€lle POBHO 30 MEHbUIMX YHCEJ
paccmarpuBaemoro B crnocobe Cabura BHaa 3-2% — 1.

Paboror Jiisepa O HHTEPECYIOMEH HAC TeME HaCTOJIbKO OGLIHp-
Hbl, MHOTOCTOPOHHH M OCTPOYMHBI, YTO H TE€NEPb HX CTOHUT YHTATH B
opuruHase [7]. ITocko/bKy ynayHbldi 06G30p €ro BaXHEHIUHX HAEH H
meronoB umeercss Kak y Jlmkcona [5], Tak u y JIu u Mapsuu [12],
S CYHTal0 BO3MOXKHBIM He OCTaHaBJIMBaTbCs 3JE€Chb HA 3TOM INOAPOO-
Hee. Uto KacaeTcsi MOero yNOMHHAHMS B KOHIlE 9KCKYPCHH O peKyp-
pentHOil ¢opmyne Dfnepa () mnas cymMMmbl jgenuTesied, TO OHO OCHO-
BaHO HEIOCPEACTBEHHO Ha NOJAPOOCHBIX ODHIHHaJIbHBIX paboTax JiJe-
pa [7]. Bupouem, y Cxpu6a [19] (ctp. 127—129) MoXHO HafiTH H
CBOJKY p€3yJbTaTOB OJiljiepa, COCTABJIEHHYI0 Ha OCHOBE IIEPEIHCKH
Oinepa ¢ Toababaxom. Ie-ro mexnay 21 mapra u 1 anpens 1747 r.
Diinep numer IospabGaxy: «HenaBHo s o6HapyxHJ BecbMa YAHBH-
TEJIbHYIO 3aKOHOMEPHOCTDb JJ/1Sl YHCEJ, NPEACTaBJSIOUHX COO0H CyMMbl
JeJIHTEeIeH HATypaJsbHBIX YHCeJ. DTa 3aKOHOMEPHOCTb KaxKerTcs MHe
TeM GoJjiee CTPaHHOH, YTO OHa OKa3aJaChb TECHO CBSI3aHHOH ¢ MpO-
ctoiMH yHcaamuy. [Tostomy mpowy Bamy cBeTIOCTb yAOCTOHTH 3TY
JOrajiky HEKOTODbIM BHHMaHHEM.» ... «[IpHYHHY 3TOH 3aKOHOMEpHO-
CTH NMOHATb TEM TPYHHEE, uTO HesICHO, Kak uyucaa 1, 2, 5, 7, 12, 15
U T. A. CBg3aHbl ¢ jgeautensiMd. M s He mory moxBacraTtbes, 4TO
HMeI0 ee CTporoe aokasarenbcTBo. Ho ecam 6Gbl 1 maxe He HMed
HHUKAKOr0 OOOCHOBAHHSI NMOJMEYEHHOH 3aKOHOMEPHOCTH, H TO MOXKHO
OblJI0 6Bl HE COMHEBaTbCSl B €€ CIPaBEAJIMBOCTH, HOO OHAa BBINOJI-
usercs 6oJee yeMm a0 300. Mexay Tem s MOry BHIBECTH 3Ty TEOpPEMY
M3 cjepylouiero yrBepxaeHus.» — Janee nper roxjaectso (II) mas
CTEmeHHOro psifa (B TO BpeMs eme He NO0Ka3aHHOE), Ha KOTOpoe
Dfinep HATOJNKHYJCS B CBSI3H C pa3OHEHHeM 4Hcea!) H KOTOpOoe OH
CMOT A0Ka3aTh JHIIb rof cnycrs. O toxjaectBax Diniepa, Jlexannpa,

1) Pas6uenneM HaTypaJibHOIO YHCJa Ha3blBaeTCcsl NpeJACTaBJIEHHE
€ro B BHIE CyMMH n=n +nz-4 ...+ ns, rae ny =0, ng=0,...
..., ns = 0. DuemenrapHoe noka3ateabctBo ¢opmyanr (II) mMoxHO

HaiTH, HanpuMep, B KHure: Bunenkun H. {l. KomGunaTopuka.— M.:
Hayxka, 1969, c¢. 116—120.— I pum. nepes.
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laycca u §Ixo6u (B yacTHOCTH, O TOXJAecTBaX M3 Tpakrata «Funda-
menta nova» NocCJeqHero) MOXHO MOYyHTaTh Takxke B [19]; no mo-
BOJAY HOBeiiurux o6GoGmenuit Maxnonasnbia M Kaua, nonyyeHHBIX C
IIpHBJiedeHNeM TeODHH NpeJCTaBjeHHH anare6p JIH, oTCHJAI0 YHTaTE/IS
K OpPHrHHaJbHOH paGore MaxkgoHasapia [13], a TakkKe K 3KCKypcHH
Enca Kapcrena $IHueHa B o6sactb TeOpHH NPeACTaBJeHHH H KOMOH-
HATOPHKH H YKa3aHHOH TaM JuTepaTrype.

OxuBNeHHH} U HauGoJjiee GOoraThifi pe3yJabTaTaMH IePHOJ «OXO-
Thl HAa INPH3PAKa» — MOHCKOB HEUETHLLX COBePULEHHbLX HUCeA —— IIPH-
XONHUTCA HAa Halle CTOJIeTHe M He OXxBauyeH XpoHuko# Ilukcona [5];
OLHaKO HMeercs mMOApoOHbit 0630p Il. Mak-Kapru [14], B KoTopom
NpeJCTaBJeHE pe3yJabTaTbhl, IOJYyYeHHHe 3a mnepuox ¢ 1919 no
1957 r. ITo noBony GoJsiee MO3AHMX HCCJAEeJOBAHHN COUILIIOCH, HAIpPH-
Mep, Ha opuruHajibHele paGorel Xefimkuca [8] u PoG6unca [17] u
YVKa3aHHYIO TaM Jaurepatypy. CCbIKH Ha Apyrue HHTepeCHble palOTHI
IO 3TOMY BONIPOCY MOXKHO HaiiTu B 00630pHO#i Jexkuuum Kammca [9],
npounutaHHoii B 1975 r.,, KOTOpasi HHKAaK He ONHpaercs Ha 0030Dp
Maxk-Kaprn u B0OGule HOCHT COBEpIIEHHO HHOH XapakTep, TakK Kak
obpallleHa HCKJIOUHTEJIBHO K Hemarematuxkam. B 3roit mnpexpacHoi
BCTYNHTEJbHOA JIEKI[MH, NPOYMTAHHOH B YHHBepcHTeTe ropona Kow-
CTaHIlla, TOBOPHTCS TaK¥XKe O 4ETHbIX COBEPUICHMbIX HUCAQX U O CBS-
3aHHOM C HUMH IIOrOHe 32 PeKOPAHBIMH IO BeJIMYHHEe NPOCTHIMH YHC-
Jamu. MHoro HOBeIX (DakTOB 00 3TOH OXOTe 3a peKOpAAMH, HAauHHAs
c Jlioka (1876 r.), npuBeneHo B «peitze» Iouna llarupa mo mepsbiM
50 MuaHOHAM NpocThix uyuces. C XPOHHKOH INpellIeCTBYIOLLEro Iie-
puojga MOXHO O3HakoMHTbcs nO [lukcony [5]. O mnocnemnem ) pe-
kopae kKaaudOpHUHCKHX WKOJbHHKOB Hukkena u Houana, 6533-3Hau-
HOM npoctoMm umciae 221701 — 1, rasera «Siiddeutsche Zeitung» wusse-
CTHJIA CBOMUX uyuTartenedt 17 Hoa6ps 1978 r. mon 3arosoBkom: «Hawu-
GoJiblllee IPOCTOE UYMCJAO NOHMAHO pelleTOM IpartocdeHna ’» (xopo-
asi WyTKa, TaK Kak peleTo DpaTtocdeHa ToAUTCS IJs OTBICKAHHS
TakdxX OOJIbIIMX MPOCTHIX YHCeJ NPUMepPHO Tak XKe, Kak TONOp AJd
paculenyieHust aromioro siapa). PaxkchumujiIe aMepHUKAHCKOro IOYTO-
Boro mramna <«2!1218 —1 is prime» («2!1213 —]1 — npocroe uyucJa0»)
BMecTe ¢ BblgaHHO# DBM pacneuatkoit atoro 3376-3HauHOrO uyHcJa
MOXKHO HAaHTH cpelu APYTrHX Kypbe3OB Ha CTpaHHUIAX pa3iesa 3aHH-
MaTeJbHOH MaTeMaTHKH xKypHajaa «Scientific American» 3, kKoropnie
Maprun T'apaHep nocBsitusn «0ecnmoJie3HOH KpacoTe» COBepILIeHHBIX
U JIpyKeCTBeHHbIX uucesa [24].

D Tlo camoim nocarednum cBelleHHSIM NPOCTHIMH SBJASIOTCS TaK-
ke yncsaa 228209 — 1 (Houn) u 244497 —1 [31]. [B simBape 1983 r.
NOSABUJIOCH COOOIeHHe, YTO NPOCTHIM fABJseTCd U 25962-3HauHOe yHC-
Jo 2824 — 1 yajinennoe JI. CJOBHHCKHM; CM., HanpHMep, XYpHaJa
«KBant», 1983, Ne 7, c. 16.— Ilepes.]

2) Pemero dpatocheHa —OAHH H3 CIOCOOOB HAaXOXKAEHHS MPO-
CTBIX YHCeJl, IPAKTHUYECKH NPHUTOAHBIA 1Jis CPaBHHTEJbHO HeOOJBLINX
yuces. Cum., Hanpumep, Byxmraé A. A. Teopus umcen. — M.: ITpocse-
nienue, 1966. — Ilpum. nepes.

%) TlepeBonsuterocs ¢ 1983 r. usgateabcTBoM «Mup» Nojx HasBa-
nueM «B mupe Hayku». — ITpum. ped.
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Tot, KTO HHTepecyeTcs npoBepkoL OOJbIIMX 4YHCeJ HA NPOCTOTY
H, MOXeT OBbITb, ellle He 3HAKOM C KpHTepHeM JIIOKa 1/ TpPOCTHIX
Buna 2° — 1 (OCHOBAaHHOM HAa BapHaHTe MajioH Teopembl Pepma aJs

yucesn u3 moseit Q(4/5) mam Q(«\/§)), JIErKO MOXKeT TMOJYUYHTH
npeJacTaBjeHde 06 3TOM BOIpPOCe IO KJIACCHYECKOMY yueOHHKY Xapad
u Paiita no teopuu uucen ([25], § 6.14 u 15.5) mam mo cBoeoGpa3s-
HOH kHuXKeuke JI. Illsukca «PelleHHble W HepelleHHble MPOGJEMbI
Teopuu uuces» [30], JeATMOTHB KOTOpPOH — cOBeplIeHHble umcaa. Te,
KTO XOTes OBl TOYHO 3HAaTh, KAK CaMblM pAaIHOHAJbHBIM 006pa3oM
IPAaKTHYeCKH IPHCTYIHTb K JeJy B Cjayuae MOsIBJeHHS (IPH IpHMe-
HeHHH cnoco6a Cabura) GOJIBIIKX YHCEN §1, §2, MOTYT O3HAKOMHTHCH
no pa6ote [37] ¢ yIpolIeHHHIM BapHaHTOM KpuTepHs JIOKa, KOTO-
pbii OueHb NOAXOAMT [Jis 3ITOH ILeJH; NONYTHO TaM JaHO 006CTOA-
TeJIbHOe O0lllee BBelleHHe B TEOPHIO KPHUTepPHeB NPOCTOTH Tuma JIloka.
CBOi HOBBI KDHTePDHH IIPOCTOTHl, TPeOYIOWIHA MAJs JIOOBIX YHCEJ

0(5\/(]) BBIYHCJIHTE/IbHbIX ONepalMd (KPYyXKHBIM IyTeM, Yepe3 BbI-
yucJeHMe yucaa knaaccoB mopnyJaeit), . Illsukc npensoxua B [30];
MeXJy IIPOYMM, 3TOT CIOCO0 HMeeT IIO CPaBHEHHIO CO MHOTMMH ApPY-
THMH TO [PeHMYILeCTBO, UYTO IO3BOJISeT IPH HEOOXOAMMOCTH SIBHO
ONnpeleJuTb MHOXHTeJH yucaa ¢g. O TOM, Kak TeOpeTHUYeCKH OLEHHTL
KOJIM4eCTBO apH(PMeTHUYeCKHX ONepalHi, ¢ NOMOUIbIO KOTOPBIX HeKHH
KPUTepPHUH NPHUBOAUT K UeJH (B IPeANOJOXKeHHH, 4TO OO0OOUIeHHAs
runore3a PuMana BepHa), MOXHO mpouutath y M. Munborra [27], a

KaK MOJIy4aeTcs OIeHKa O({/q) —y I'. Muanepa [28]. Bcé ato —
JIMLIb OTAEJIbHble IPHMepbl H3 OrPOMHOrO IIOTOKA HOBBIX OPHUTHHAJb-
HbIX PaboOT, NOCBSALIEHHBIX PA3JIOXKEHHI0O HA MHOXKHTEJH U INPOBepke
6osbLINX YHCeJ HA INIPOCTOTY, CHCTeMaTHYeCKHH 0030p KOTOpBIX MO-
TpeboBas Obl OTIEJNbHOH JieKIHHU 1),

[Toxaay#, 31ecb He OyZerT JIMLIHAM OTMETHTb OLIMOOYHOCTH MO-
BOJIBHO PAacCHpPOCTPAHEHHOIO MHEHHs, OYATO JaHHAsi TeMa — 3aHsATHue,
NOAXOAsILee JHIIb AJs TYNbIX BBIUHUCJAHTeNeH, a AJS HACTOAMNIMX Ma-
TeMaTHKOB CJHLIKOM CKy4HOe. JI He MOry yCTOATb nepej HCKyILIeHHeM
IPOLMTHPOBATb II0 3TOMY NOBOAY HeCKOJbKO ¢pa3 u3 «Disquisitiones
Arithmeticae» («Apudmernueckne ucciegosanusi») K. Iaycca [40]:
«Yro 3azaya pas3nanyaTb NPOCTHle M COCTABHBle 4YMCJA, a MOCJAELHHE
pasjaraTb Ha INpPOCTble MHOMKHTeJH, NPUHALJEXHT K BaXKHeHIIHM H
noJie3HeHIIMM 3ajayaM BO BCeH apudpMeTHKe H YTO OHA 3aHHMaJ/a
YyM KaK JpeBHHX, TaK U COBPeMEHHbIX MaTeMAaTHKOB, HACTOJDLKO H3-
BeCTHO, YTO OblI0 Obl H3JHUIHAM TPAaTHTb Ha 3TO MHOro CJaoB. Tem
He MeHee cJelyeT IIPHU3HATb, YTO BCe O CHX NODP NpelJIOXKeHHble
METOABl HJH OrPAHHYMBAIOTCH YACTHBIMH CJAYYasiMH, MJH HAaCTOJIbKO
IPOMO3JKH H TPYJLOEMKH, 4YTO ... B OCHOBHOM enBa JH MOILyT ObiTb
NPYMEHHMH ... K OGOJIbIDHUM YHCJAM ...; AOCTOHMHCTBO HayKH Tpelyer,
yTOGbl NPHJEKHO YCOBEepILIEHCTBOBAJUCh BCe BCIOMOraTe/ibHble Cpej-
CTBa, MOTryllHe [OMOYb B pelleHMH 3TOH 3HAMEHHTOH NpobJeMbl.»

1) HemaBuno V. Boabdapt xax pas mpounTans Takyl BCTYNHTEJb-
Hyio Jekuuo. Eme 6osee noApoGHbIE 3ameuaTesibHbIH COBpeMeHHbIH
00630p 3rtoif oO6gaacTH —co 100 JHuTepaTypHBIMH CChIJIKAMH — HaJ
X, Yunbamc [39].
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N Taycc BHOCHT B pelleHHe npoOJieMbl CBOH BKJAJZ, mpelJaras
JBa NPHHLUHOHAJbHO HOBBIX MeTO/a, HCHIOJb3YIOIHX B KayecTBe BCIIO-
MOraTe/JbHOTO CPEACTBA €ro TEOpHI0 KBaApaTHyHHIX (opm (raasHad
teMa «HcciepoBannii»). OHH 0Ka3bplBalOTCA CTOJb MOMHBIMH, YTO
OGHIYHO CTOJIb CTPOTHH H HeMHOrocJoBHH# I'aycc paspaxkaercs Ue-
Joii tupagmoi: «Ilo camofi npupone 3anaun Ji060H METOJ CTAHOBHTCH
Bce 0oJjiee TPYAOEMKUM IO Mepe YBeJHU€HHs YHCeN, K KOTOPHIM OH
IPUMEHSIeTCA; ONHAKO MJ5 ONHCHIBAEMBIX HHXKE METOLOB CJIOXKHOCTDb
BO3pacTaeT OYeHb MENJIEHHO, U OHH NPHUMEHHMBl K 4YHCJaM, HMeIo-
LM ceMb, BoceMb H jgaxe OoJee HHOP, ... C HEH3MEHHBIM YCIEXOM
H CO BCEHl BO3MOXKHOH CKOPOCTbIO, Ha KOTOPYK TOJIbKO MbI BIIpaBe
HaJesiTbCd MOJsI CTOJNb OOJIBIIHX YHCeJ, HPH HCHOJb30BAHHH BCEX
JPYTHX 0O CHX IOP H3BECTHBIX MeTOAOB TPeOyIOIIUX HEBBIHOCHMOMH
paboThl naxKe OT CaMOr'0 HEYTOMHUMOI'O BBIYHCJHTEJIS.»

OGsopa Teoperuueckux uccaedosaruii no OpPYHECTBEHHbIM HYUC-
AQM, KOTOPbIH CBOAHJ Obl BOEIMHO pe3yabTaThl IpeXae BCero mno-
CJeIHUX JAECATHJETHH H, CTaJO ObITb, CJYKHJ CBOEro poAa HponoJ-
JKeHHeM o6G3opa Mak-Kapru [14], moka uto Her. ¥ Jlu u Mansuu [12]
BO TJIaBY YIJ/ia IIOCTABJIEHbl YHCJACHHbIE PE3YyJbTaThl, H XOTA y HUX H
MePEeurcIeHbl TeopeTHueckue paboTel, onybaumkoBaHHble mo 1971 r,
OZIHAKO HAa HX OOGCYXK/IEHHH OHH IIOUTH He OCTaHaBJHBaloTcs. [Ipuee-
JleHHble B MOeH JIeKIIMH B KaueCTBE IPHMEPOB TEOPEeTHUECKHE pe-
s3yabraTel MoxkHO Hafitu B [2], [6] u [11]. Unraremo, uHTEpecyOlLe-
MyCsl 3THM HampaBJIeHHEM, CJeLYyeT TaKKe O3HAKOMHTbcH ¢ [3], rae
yJayudiueHsl pesyJbraThl AprioxoBa [35] H, coBcem rpy6o rosops, mo-
Ka3aHo, YTOo, eC/IM He CYHTAThb HEKOTOPOro KOHEYHOro YHcJia HCKJIoyYe-
HUH, BCe APYIKECTBEHHbIC YHCJA C 3aJAHHBIM KOJHYECTBOM Pa3JIHYHBIX
IOPOCTHIX JeJUTeNIe MNOJKHB YHAOBJIETBOPATh HEKHUM «CHUJbHO 0600-
meHHbM npaBusam CaGura». PekoMmMeHAyeTCs TaKXKe IIPOCMOTDETh
pabornl KaHosbza H XeHIKHCa, KaK BKJ/IOYEHHble B MPUBOAHMBIf
HHIXKe CIOHCOK JIUTepaTyphl, TaK M JNpyrue, ykasanusle B [12]. Pesyib-
tar dpaéma [6] 06 aCHMNTOTHUECKOM paCHpeleJeHHH APYKEeCTBEH-
HblX unces Gbl1 HemasHo yayumieH K. Ilomepancom [41], noxkasaBuum,
YTO CyMMa BEJIHYHH, OOpPATHHIX APYKECTBEHHbIM HHCJIAM, KOHEYHA.

B saxsioueHne s xoTes Obl elle OTMETHTb 8aCJYXKHBAIOLLYIO BCS-
yeckoro BHUMaHHuA Jekuuo Kanoubna [10] o coBepuieHHBIX u Opyoce-
CTBeHHbIX 4HucAax, KOTOpasd, Kak H Jekuusa Kawmnca, obGpaumeHa wuc-
KJIOUHTEJIbHO K HeMATEeMATUKAM, XOTS IpecaeayeT HECKOJbKO HHbIe
nesau, yem Kamnca u mosi. B nmoJiHyo0 npoTuBOomoJioxkHOCTh JIu u Ms-
Joun [12], KaHOoJbA NOYTH NOJHOCTBI) HTHOPHPYET KOHCTPYKTHBHBIH
H BLIYHCJHTEJbHBIH acnekTbl TeMbl. OnHAKO, mO-MOeMy, TakuM o6pa-
30M MOXKHO pacCKasblBaTh JHMIUb HCTOPUIO COBEPIICHHBIX, HO HE ApPY-
JKECTBEHHbIX YHCEJ, TAaK Kak 5Ta BTOpPas B 3HAUYHUTEJbHOH CTENEHH
CBsi3aHa C KOHKPeTHBIMH NpHMEpaMH (Hrpa ¢ YHCJAMH, NOCTpOEeHHE
yiuces, «0XoTa 3a yucaamu»). Takum B3rJasSAoM si U PYKOBOIACTBO-
BaJICf NPH COCTABJEHHMHM IJIaHA HACTOSIIEH SKCKYPCHH, H 3TO MO-
2BOJIIET MHE HaZesATbCs, YTO MOSI BCTYIMTENbHAs JeEKUHMs Kak pas
3anoJHHT npobes MeXAy JHoKaagom KaHdosabaa u xpoHuko#t JIn u
Mapsun. IlopGop marepuana, CTHJb H3JOXKeHHs, OOLIHA 3ambicea H
pPaccTaHOBKY aKILEHTOB CJeAyeT pacCMaTpHUBaTh MMEHHO Ha (oHE yiKe
CyuecTByionlel 0630pHO# AMTEpPATYpPH, KOTOPYI0 f B 5THX DpHMeda-
HUAX M NOCTapaJica npejcTaBuTh BO3MONHO IOJIHEE.
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Hdoun Uarup

MEPBLIE 50 MUJIJTMOHOB MPOCTLIX YACETN

Mue xortesoch ObI MOrOBOPHTH C BaMH 00 OLHOH IIpO-
O6JeMe, KoTtopasi, XOTs caM § Haj Hed m He paboral,
BCerja MeHs Upe3BblUaWHO NpPHBJEKaJa W KOTopas oua-
pOBHIBaJla MaTeMaTHKOB, MOXKaJdyH, C JLOHCTOPHYECKHX
BpeMeH M A0 HalluX JAHe#l, — a MMeHHO o mpobJieMe pac-
npefeseHus IPOCTBIX YHUCEI.

BaM, KOHeuUHO, U3BECTHO, UTO NMPOCTHIM YHCJOM Ha3HI-
BaeTcsl OTJIHYHOe OT 1 HaTypaJibHOe YHCJO, He deJsliee-
C HH Ha KaKHe HHBle HaTypaJbHbIE YHCJa, KpoMme 1;
BO BCSIKOM CJiyuae, HMeHHO TaKOe OIpeJeseHHe HaloT
crmenuaJJucThl nmo Teopum uucesd. IlpaBma, mpyrue mare-
MATHKH HHOTJAa HCIOJBb3YIOT W HHBIE OmlpeaeeHHs. Tak,
IJIsl CIlellHaJIuCTa MO TEOPHH (PYHKLHMI IPOCTOE YHCJIO —
5TO LEeJOUYHCJEHHBH HYJb aHAJHTHYECKOH (PyHKIUH

sin aﬂ‘és)
] —

.
Sin —
S

Jlas anarebpancra — 3TO

«XapaKTEePHCTHKA KOHEYHOro IoJs» 1),
UJIH

«TOYKa H3 spec Z» 2,

HJIH
«HEeapXHUMeI0BO HOPMHpPOBaHHE» .

1 Cwm., nanpumep, Kypom A. I'. Kypc Bucueit anreGper. —M.:
Hayxka, 1968. — IIpum. nepes.

2) Cwm., Hanpumep, Jleur C. Anre6pa.— M.: Mup, 1968. — ITpun.
nepes.

% Cwm., nanpumep, KoGauu H. p-aguueckne yucna, p-agudeckuil
aHanu3 ¥ j3era-pynxkuun.— M.: Mup, 1982, — ITpun. nepes.
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Jlna cmenuanucra nmo KOMOMHATOPHKE MPOCThiE YHCJHA
onpefie IAI0TCS PEKyppeHTHOH dopmyaon [1]1

P+t = [1 — log, (";‘ + Z Z p,-(':.lz: )]
r—1]1,

r=1 1<i<...<i,<n 2 !

rae [x]—uenas uvacte umcaa x?. M, makoHell, JIOTHKH
ONpeNeJsIOT B INOCJHELHEe BpeMsl NPOCThle YHCIAa Kak
MOJIOKATENbHbIE 3HAUEHHST MHOTOUJIeHa [2]

F@,b,c,d e fghijklmnopaqrstuv,wxy,sz)
=&+ {l—Wz+h+j—q) —Qn+p+q+z—e)
_ (aZyZ _y2 + 1_x2)2 —({64 +2 63}{d + 1}2 _02)2
— (16{k+1P {k+2} {n+1}* + 1 —f%)?
— ({(a+ u* —uPa)* =1} (n+4dyy* +1—{x +cul?)?
—(aitk+1—1—10)?
— ({gk+2g+k+1} {h+j}+h—2)?
— (1677p%* {a* — 1} +1—u?)?
—@—m+Il{a—n—1}+b2an+2a—n*—2n-2))>
—@—pm+pla—p*l+t{2ap—p* —1})*
—(@—x+y{fa—p—1}+s{2ap+2a—p*—2p—2})°
— (@ =P +1-—m?)? —(n+1+v—y)}.
Ho s nymaio, BBl BHOJHE YAOBJIETBOPEHBI NEPBBIM H3
NPHBEJEHHBIX MHOH OIpeJe/eHHH.

Hmelorcss nABa TrJaaBHBIX (akra O pacnpeleleHHH
IPOCTHIX YHCEJ, O KOTOPBIX s HaleloCh paccKa3aTb BaMm
Tak, YTOOb! OHH HaBEK 3amneyaTrJieJuCh B Balledl MaMsTH.
[TepBulfi: mpocThle 4YHCJIa, NPH CBOEM TaKOM IIPOCTOM

onpefieJleHHd H ITPH CBOeH DOJIM KHPNHYHUKOB, M3 KOTO-
DLIX CTPOSITCSI BCe HaTypaJbHbe 4YHcJIa?, SBAAIOTCA

1) Yycya B KBAJPATHBIX CKOOKAaxX OTCLIJIAOT K INPHMEYaHHSAM B
KOHIle SKCKYDCHH.

29) To ectp HauOGOJblIEE UEJOE YHC/JAO, HE HNPEBOCXOJAsIee X.—
ITpum. nepes.

8) Besikoe HATypaJsibHOE YMCJO, OTJIHYHOe OT 1, MOXKHO mpexacra-
BHTb (M HPHUTOM €IMHCTBEHHBIM 00pa3soM) B BHJE NPOH3BEACHHs IPO-
cThix uHcen. JlOKa3aTeNbCTBO CM., HampHmep, B KHure: Kamyx-
nun A. A. OcuoBHas Teopema apudMmeruku.— M.: Hayka, 1969.—
ITpum. nepes.
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CaMBbIMHU KanpPH3HBIMU H yIPSAMBIMH U3 BCeX 00bEKTOB, BO-
of0lle mn3yyaeMblX MarematukaMu. OHH pacTyT cpelH
HaTypaJbHBIX YHCeJ KaK CopHas TpaBa, He MOAYHHASACD,
KaXkeTcsl, HHYEeMYy, KpoMe cJyyas, M HHKTO HE€ MOXKeT
npenckKasaTb, Ifie B3OHAeT ellle OAHO IPOCTOE, a, YBHU-
JeB 4YHCJIO, — ONpeJeJIUTh, IPOCTOe OHO HJH HeT. [Ipy-
roi ¢gakr osagaunBaer elle OoJbllle, TaK KakK OH CO-
CTOUT B IPsSIMO IIPOTHUBOIOJIOXKHOM YTBEpPKIACHHH, a
UMEHHO: MPOCTbie YHCJa AEeMOHCTPUPYIOT YIAHBHTEJbHYIO
peryJisipHOCTb, OHH IOJYHMHSIOTCS 3aKOHaM, H MNPHUTOM
C NOYTH NeJAaHTHYHOH TOUHOCTHIO.

UTo0Bl NOSICHUTH MNEPBOe YTBEPKAEHHE, S TNOKaXKYy
BaM CIHCOK IPOCTBIX M COCTaBHBIX YHCEJ, HE IPEeBOCXO-
aswux 100 (ra6a. 3), mpuyeM, 3a HCKJIIOYEHHEM YHC-
Ja 2, TpUBEeLEHBl JHIIb HeYeTHble YHUCJIA, a 3aTeM CIH-
COK TIPOCTHIX M3 CTa HaTypaJbHBLIX UHCeJ, NpeJlIeCTBYIO-
mux u caenywomux 3a 10000000 (Taba. 4). Iloaararo,
BBl COrJIaCUTeCh, YTO HET SIBHO BHUAMMOH NPHUYHUHBI, IO
KOTOPOH OJHO YHCJO SABJSETCS MNPOCTHIM, a Apyroe-—
Her. Hanporus, npu B3rgasime Ha 3TH TaGJHIBI BO3HH-
KaeT oOllylleHue, OYATO CTOHLIb Iepel HEeNOCTHUKUMOMU
TadHO# TBOpeHHs. UTO M MareMaTHKH OO0 CHX NOp elle
He pacKpblIM 3Ty TalHy, NOXKaJayh, HaumboJiee yOelu-
TeJbHO NOATBEPKAAET TO yCepAHe, C KOTOPHIM OHH H

Tabauya 3. lIpocTeie W (HeuyeTHbIE) COCTaBHbIE
yucaa oT 1 mo 100,

IIPpOCTHIC COCTaBHbIC
2 43 9 63
3 47 15 65
5 53 21 69
7 59 25 75
11 61 27 77
13 67 33 81
17 71 35 85
19 73 39 87
23 79 45 91
29 83 49 93
31 89 51 95
37 97 55 99
41 57
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Ta6auya 4. MpocTele uncaa B HHTepBaaax aamub 1000
caeBa M cnpasa oT 10 MHINIHOHOB.

MexNy ME:KIy

9999900 = 10000000 | 10000000 = 10000 100

9999 901 10 000 019
9999 907 10 000 079
9999 929
9999 931
9999 937
9999 943
9999 971
9999 973
9999 991

MOHbIHE HUIYyT BCe G6GOJblune mpocTele. s uymceds, pac-
TYIIUX 3aKOHOMEPHO, HampuMep MHJs KBaJpaTOB HJIH
cTelneHe#l IBOHKH, ObLIO OBI, KOHEYHO, HeJeno pPa3bICKHU-
BaTh 3K3eMIISIp, NPEBOCXOAALIMiI BCe H3BeCTHHe. Jlas
MPOCTBIX Ke YHces, HalPOTHUB, NPHJIAraloTcs rpoMajHble
ycHJIHS, YTOOBI HMEHHO 3TO H cHAejaaTb. Hampumep B
1876 r. Jlioka mokasaJ, uto uucio 2127 — 1 — mpocroe,
u 75 JeT OHO OCTaBaJoCh HaHOOJIBIIMM H3 H3BECTHBIX
NPOCTHIX UHCEJ, YTO He NOKAaXKeTCsl yAHBHTEJNbHBIM, €C/IH
B3IVISIHYTh Ha HEro:

2127 — 1 = 170141183460469231731687303715884105727.

Tosabko B 1951 r.— nocjie BO3HUKHOBEHHS 3JIEKTPOHHBIX
BBLIYHCJHTEJIbHBIX YCTPOHCTB — HALIM OO0JiblIee IPOCTOE
yncyio. CBelleHHsT O CMEHSIBIIMX APYr JApyra 4ucjaax-pe-
KopACcMeHax Bbl Hafilere B Taba. 5 [3]. B macrosiee
BpeMsl peKopAcMeHOM sBJjsgercsa 6002-3HauHOe YHCIO
Q1997 ] (g Obl He XOTeJ ero 3Jechb BHINHUCHIBATD);
CUaCT/IMBUMK, OHO MOKeT TOPIHUThCS CBOeH cJaBoi b.
KTo cOMHeBaeTcss B CKa3aHHOM, MOXKET CIPaBUThCA B
KHUTe MHPOBBIX pekoploB I'mHHecca.

OnHako ropasfo MHTepeCHee BOIPOC O 3aKOHaX, KO-
TOpDLIM MOIYHHSIOTCA MNpOCTHe uYHuciIa. Sl mpuBes Bam

1 C rtex mop 3TOT pekopn Obll HEOJHOKPAaTHO NOOHT; CM. J10-
6aBJeHHe 2 B KOHIE 3KCKypcuu. — [lpum. nepes.
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Ta6iuya 5. HauGoablee H3BECTHOE NPOCTOE YHCJO.

YUucCcJao rox KTO
p IJ.'I/l(bp B OTRPbITUA OTRPBLJ
qucie p
2127 —1 39 1876 |JIroka
(2" +1)/17 44 1951 |Deppne
114 (2% —1) +1 41
180 (2127 —1)? +1 79} P51 |Munaep + e
2521 1 1573
2007 —1q 183
212 1 386 ¢ | 1952 |JIemep + Pobuncon
27203 1 664 +SWAC
22281 _1q 687
24217 _1 969 1957 | Puzear+BESK
24233 1 1281 }
94423 _ 1 1332 1961 | Xypsurii+ Cendpumx
294 1 2993 } 1963 |T'mnsmc +ILIAC 2
1213 _1 3376
217 1 6002 1971 |Takkepmoan +IBM 360

paHee B Ta6Js. 3 cnucok npocthix yuces mexnay 1 u 100.
Ha pmc. 1 ta xe uHpoOpManua npencraBjeHa rpadu-
yeckd. PyHRuuMsA m(x), 0O KOTOpOH Temepb MNOHLET peub,
BHIpAXKaeT KOJHYECTBO MPOCTHIX UYHCEJ, MEHbUINX HJIH
paBHBIX X; CJE€NOBAaTeIbHO, B HYyJe OHa HMeeT 3Hauye-
Hue 0 M CKaykoM yBeJHYHBaercsd Ha 1 B Toukax x —
—2,3,5 U T. 1., T. €. KOTAa X PaBHO IPOCTOMY YHCJY.
Ve u3 sToro rpadmka BHIHO, YTO pacTter n(x), He-
CMOTPsSI Ha MaJbe JOKajdbHble KojebaHus, B o00uleM,
IIOBOJBbHO peryJaspHo. Eciau xe yBequuyuTb 006/1aCTh H3-
menenus x mgo 50000, To peryaspHOCTb 3Ta CTAHOBHTCA
HaCTOJbKO OTYETJNHBOH, YTO AYX 3axBaThiBaerT (puc. 2).
ITo-MoemMy, NJaBHOCTb, C KOTOPOH IOAHUMAaeTCsd 3Ta
KpHBas, CJAeAyeT OTHECTH K YHCJY YIAUBHTEJbHEHIIHX
(bakTOB MaTeMaTHKH.

Ho rne 3akKOHOMEpHOCTb, TaM H YUYeHBIE, KOTOpHIE
NBITalOTCA ee pasrajgath. WM nmamHBIA cayualfl He craa
uckiaouenneM. HerpynHo HalTH sMnHpHUecKylo ¢opmy-
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20F 7t (x)
15}
10}
5_
| | x
0 50 00
Puc. 1.
6000}
5000 7t (x)
4000}
3000}
2000}
1000}
X
| | 1 | | )
0 10000 20000 30000 _ 40000 _ 50000

Puc. 2.
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JIy, XOpOILIO ONHCHIBAIOILYI0 POCT KOJIMYECTBA IPOCTHIX
yucea. Ot 1 po 100 umeercsa 25 mpocTBIX yucesa, T. e.
yeTBepTh BCeX uucesa; no 1000 ux 168, T. e. oKoJIO OX-
Hoii mrecroit; mo 10000 mx 1229, T. e. npuMepHO OAHA
BocbMad. Ilponomxasa Beiuncaenus go 100000, 1000000
H T. I. H onpelensisi KaxkKAblH pa3 OTHOLIEHHe KOJIHye-
CTBA MPOCTHIX K KOJHYECTBY BCEX HATypaJbHBIX YHUCEJ,
NOJNyYllM JAHHBIE, NpUBeleHHbIE B Tabua. 6. (Tak ckpowm-

Tabauya 6.
X 7t (x) x/70(x)
10 4 2,5
100 25 4,0
1 000 168 6,0
10 000 1229 8,1
100 000 9592 10,4
1 000 000 78 498 12,7
10 000 000 664 579 15,0
100 000 000 5 761 455 17,4
1 000 000 000 50847 534 19,7
10 000 000 000 455 052 512 22,0

HO BBIUCAHHBIe B Hel 3HaueHusd ft(x) norpeGOBaJH THI-
CsY YacOB TPYAOEMKHX BBIUHCJeHHH.) BuAHO, YTO OTHO-
mieHHe X K f(x) IOpU mepexofe OT NAHHOH CTeleHH Ie-
CATH K IOC/JAeLyOllell BCe BpeMs YBeJHYHBAETCs IpH-
MepHO Ha 2,3. MartemaTtuku cpasy y3HawoT B uyucae 2,3
qgorapudpm 10 (pasymeercs, no oCHOBaHHIO e). B pe-
3yJbTaTe BO3HHUKAET NPEAINOJOXKeHHe, YTO
a ()C) ~ Tnx’

npuyeM 3HaK ~ O3HauyaeT, YTO OTHOLIeHHe COeIUHEHHBIX
UM BHIDa)K€HHH C pOCTOM X cTpeMmurcad K 1. 10 acum-
IITOTHUYECKOE pPaBEHCTBO, BIlepBhle JOKa3aHHoe B 1896 r.,
Has3LBaeTCs B HacToslllee BpeMs 3aKOHOM pacnpelese-
Hus npocrolx uuces. I'aycc, BeJuyallInil U3 MaTeMaTH-
KOB, OTKDPBIJI 3TOT 3aKOH B NSITHAANATHJETHEM BO3pacTe,
u3yyas TaGJHIBl NMPOCTHIX YHCEJ, COAepKaBUIHeCd B IIO-
JlapeHHO# eMy 3a roj [Io TOro TabJHLe JIorapu@MmoB.
B Teuenme Bcell cBoelt xku3HU ['aycc KHMBO HHTEpECOBaJI-
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Cf pacnpeleseHueM NPOCTHIX YHCEJ U NPOBOAMJ OOILIHP-
Hble BBIUHCJIEHHS JIJ/1s1 BBISICHEHHSI 2TOr0 Bompoca. B cBoem
nucbMe K OHke [4] Taycc omuceBaer, Kak OH «O4YeHb
YacTo ynoTpebJisii cBOOOAHBIe YeTBepTb Yaca, YTOOHI TO
TaM, TO 3JecCh INPOCUHTATh XHJAHany» (T. e. HHTepBaJ
B 1000 umcen), m Tak OO Tex IOp, MOKa OH He Hallel,
HaKOHell, Bce MpPOCThle, MeHbIIHe TpeX MHJJIHOHOB (!),
H He CPaBHHJ IOJyYeHHble pe3yJbTaThl ¢ NpeAnoJarae-
MOH (OpMyJIOH HX paclpeneseHHs.

3aKOH pacnpenesieHHss NPOCTHIX YHCeJ YTBepKAaerT,
uTo GyHKIHA 5t(X) aCHMNOTOTHYECKH (T. €. C OTHOCHTEJIb-
Ho#t morpemHocTbio ¥ 0%) paBHa x/Inx. OxHako ecau
MBI cpaBHHM rpaduxkn ¢yHkuuit x/lnx u m(x), To yBH-
IHM, 4TO, XOTS (GYHKIHS X/InXx KayeCTBeHHO H OTpa-
JKaeT IoBeleHHe m(X), HO BCE Ke Corjaacyercsa C Hed
He C TakKo#l TOYHOCTBbIO, KOoTOpas I03BoJHuJa OB 00bsAC-

\

6000} P
5000}
4000}
3000}
2000}
1000

X

1 1 1 1 1 )

0 10000 20000 30000 40000 50000

Puc. 3.

HUTh I1aBHOCTb rpaduka m(x) (puc. 3). Mrak, crenyer
IIOCTAaBHTbL BoIlpoc O JyulieM npubnuxenuu. [TocMmorpes
CHOBAa Ha Ta6JHIly OTHOIIeHHH x/m(x), MBI YBHIHM, 4TO
3TO OTHOIIEHHe IIOYTH TouHO paBHO Inx— 1. IlpoBens
Gosiee TIIATeJbHble H IIOJHBIe BBIUHCJAeHus, Jlexkanap
[5] B 1808 r. o6HapyxmuJa, YTO OCOGEHHO XOpollee INpH-

1) OTHOCHTebHOM IOrPelIHOCTbIO HA3hBAETCS OTHOUIEHHE MOAY-
ns1 (a6COMIOTHO! BeJMYMHBI) Pa3HOCTH NPHOJIMKEHHOIO 3HAYECHHA H
TOYHOrO 3HAYeHHA K MOAYJIO mocaexHero. — IIpum. nepes.
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O/uXKeHHe IoJIyuaeTcs, eCJH BhYecTh U3 Inx He 1, a
1,08366, T. e.

X
In x — 1,08366 °

Ipyroe ouenp xopomiee npubmauxenne s(x), BIEpPBHIE
yKa3zaHHOe ['ayccom, MOXHO MOJNYYHTb, HCXOAS U3 TOTO
SMIHPHUYECKH YCTAHOBJEHHOro ¢hakta, YTO IJIOTHOCTH
NPOCTHIX BOJM3H OYeHb OOJBIIOTO YHCJAA X MOYTH TOYHO
paBHa 1/Inx. IToaToMy KOJMYeCTBO NPOCTHIX YHCEN, HE
IpeBOCXOAALINX X, NPHUOJU3UTEJNbHO BBIpAXKaercsd .402a-
pugmuuecxkol cymmod

Ls(x)_ln2+ln3+ S ol s

HJIH, UTO IIPHMEpPHO TO Ke camoe [6], unreepassHoim
Aozapupmon:

ni(x) ~

lnx

Ll(x)—Sd—tt
2

CpaBuuBass rpaduku Li(x) m m(x), nmpuBeneHHBIe Ha
puc. 4, MBI BHAMM, YTO B pacCMaTpPuBaeMOM JHala30He

\

6000
7t (x)
5000 ( \t
4000} .
N\\Li(x)

3000

2000

1000}

1 1 1 1 1 x
0 10000 20000 30000 40000 50000 -

Puc. 4.

B IIpeleslaX TOYHOCTH PHCYHKa OHH IPOCTO COBIAJalOT.
Kaptunky nag npubankenus Jlexxanapa He CTOHT Jaxe
OKa3blBaTh, TAK KAaK B YKa3saHHOM JHalla3oHe 3Haye-
HHUH X OHO elle Jydyllle.
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CyuiecTByer ellle OAHO NPHOJHKEeHHEe (YHKIHH 5t(X),
O KOTOpPOM d XOTes OB ynoMsHyTb. MccaemoBanus Pu-
MaHa IO NPOCTHIM YHCJaM HaBOAAT Ha MBICJb, UYTO Be-
pPOAATHOCTHL TOTO, UYTO OOJbLIOE YHCJIO X ABJSETCA IpO-
CTBIM, OyneT C OOJIbIIIeH TOYHOCTBIO 3aJaBaTbCAd (PYHK-
nueit 1/Inx, ecam yuyutbiBaTh He TOJBKO CaMH IPOCTHIE,
HO W UX CTeneHu, NIpUYeM KBajapaT NMpPOCTOrO YHC/JI4 CUH-
TaTb 3a IIOJIOBHHY IIPOCTOrO, TPETbIO CTENEeHb— 3a
TPeTh U T. A. DTO NPHUBOAHT K CJASAyIOIleMYy NPUOJIHKEH-
HOMY paBEHCTBY:

n(x)+ 7o) + g a@E)+ ...~ LiW),
HJIH, €CJH «00paTUTh» 3Ty 3aBUCHMOCTD
n(x) ~ Li(x) — + Li(Wx) — + LiY/x) — ... [7].

®yukuu0, CTOALIYI0 B MNpPaBOH YacTH MOCJECJHETO pa-
BeHcTBa, 0603HauuM (B uectb Pumana) uepes R(x). Kaxk
puggo u3 Tabua. 7, OHaA IMpeAcTaBJseT COOOH yAHBH-

Tabaruya 7.
X () R(x)
100 000 000 5761455 5761 552
200 000000 11078937 11079090
300 000 000 16252325 16252355
400 000 000 21336326 21 336185
500 000 000 26 355867 26355517
600 000 000 31324703 31324622
700 000 000 36252931 36252719
800 000 000 41146179 41 146248
900 000 000 46 009 215 46 009 949
1 000 000 000 50847534 50847455

TeJbHO Xopollee npuGaukeHHe K wm(x). Huraremio, ne-
MHOTO 3HaKOMOMY C TeopueH (yHKLIHH, MOry CKasarhb,
yto R(x)— nesas ¢ynkuus ot Inx, 3agaBaemas OBICTPO

CXONAIIUMCS CTENEHHBIM pPALOM

(In x)*

N 1
R(x):1+nz=l ng(n41) =a! ’
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rae §(n + 1)— n3era-dpyukuns Pumana [8] V.

Bnpouem, Hal0 NOAYEPKHYTb, UTO MpHOALHKeHHS [ a-
ycca u Jlexanapa anag m(x) GbLIH MOJyYeHB YHCTO M-
NHPHYECKH M 4YTO Jaxe PumaH, KOTOpHH mnpuilesa K
croeit ¢yHKnMH R (Xx) C MOMOIIBIO TEOPeTHUECKHUX pac-
CYyKJeHHUH, He [0Kasa/j AaCHMNTOTHYECKOTO 3aKOHA pac-
npeles/ieHUs] NPOCTHIX 4YHCesa. IDTo OBUIO chesaHO (Ha
OCHOBe HccaenoBanuiét Pumana) gaump B 1896 r. Ana-
MapoM u (He3aBucuMo) Bange Ilyccenom.

I xoren OBl ellle NMPHUBECTH HECKOJBKO UYHCJEHHBIX
NPHUMEepPOB, NMOKAa3bIBAIOIIUX BO3MOXKHOCTh MpeACKa3aHHs
(akTOB O NPOCTHIX 4ucaax. Kak yxe OBIJIO OTMeUEHO,
BEPOATHOCTh TOTO, UTO YHCJO NOPSAAKA X SBJSETCS IpPO-
CTHIM, NpHOJAU3UTeJbHO paBHA 1/In x; 3T0 o3Hauaer, UTO
KOJIMYeCTBO NPOCTBIX B HHTepPBaJie AJUHBI @ MOOJHU30CTH
OT X JOJIXKHO OBITb NPUMEPHO pPaBHO a/ln x, BO BCSIKOM
cJayyae ecJHM JOJHHA HHTepBaJsa JHOCTATOYHO BeJIHKA,
gTOOBl HMeJO CMBICJ 3aHHMAaTbCSl CTATHCTHKOH, HO JO-
CTaTOYHO MaJja MO CPaBHEHHIO ¢ BeJuunHON x. Hampu-
Mep, B HHTepBaJie MeXJy CTa MHJJIHOHAMH H CTa MHJI-
auoHamu muoc 150000, caenyer oxXunath NOSBJIeHHS
0kK0J10 8142 npoCTHIX, TAK KaK

150000 150000
In 100000000 _ 18,427...

~ 8142.

COOTBETCTBEHHO BePOSTHOCTb TOrO, 4TO JABa 3aJaHHBIX
yucsaa BOMH3M x 00a OKaxXyTrcd MNPOCTHIMH, NPHOJIH3H-
teqbHO paBHa 1/(Inx)2 IlosToMy oxXuIaeMOe KOJHYe-
CTBO NPOCTHIX 4YHCeJ-0/u3HenoB (T. e. map NPOCTHIX, OT-
JUYaIuXcad poBHO Ha 2, Bpome 11, 13 umm 59, 61) B
HHTepBaje OT X MO0 X-a TpUOGJHU3UTEJbHO pPaBHO
a/(Inx)2 Ha camom pese oxujpaeMasi BeJHUYHHA He-
MHOro 00Jbllle, IOCKOJBbKY €CJH yKe H3BEeCTHO, UTO YH-
CJI0 n SIBASIETCS NPOCTHIM, TO 3TO HECKOJbKO H3MeEHSeT
LIAaHCBl, YTO U n -} 2 OyleT NPOCTHIM; Hanpumep, #n -+ 2
B 3TOM CJydyae 3aBeJOMO HeuyeTHO. Hec/0KHble 3BPHCTH-
yeCKHe paccyxkaeHus [9] MOKa3bIBAIOT, UTO OXHAAEMOe
KOJIMUECTBO IPOCTHIX UHCeJ-OJIM3HENOB B HHTEpBAaJe

1) C onpeneneHueM H cBoOHCTBAMH (-GYHKIMHM MOXHO HO3HAKO-
MHTbCs1, HanmpuMmep, no kHure: Turumapuw E. K. Teopus asera-¢yHk-
uvu Pumana. — M.: WJI, 1953. — IIpum. nepes.
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Tabauya 8. TIpocTele H npocThle-0aH3Henbl B 8 HHTepBaJax
pauubl 150 000,

U0 9UCTO
MPOCTHIX NPOCTHIX-0JIN3HEIOB
VHTEPBAJ
oxkupae- | darkru- | okupae- | darru-
Moe q4ecKoe Moe 4ecKoe
100 000 000—
100 150 000 8142 8154 584 601
1000 000 000—
1000 150 000 7238 7242 461 466
10 000 000 000—
10 000 150 000 6514 6511 374 389
100 000 000 000—
100 000 150 000 5922 5974 309 276
1 000 000 000 000—
1000 000 150 000 5429 5433 259 276
10 000 000 000 000—
10 000 000 150 000 5011 5065 211 208
100 000 000 000 000—
100 000 000 150 000 4653 4643 191 186
1000 000 000 000 000—
1000 000 000 150 000 4343 4251 166 161

[x, x+ a] paBHo Ca/(In x)2, rne C — nocTosiHHad, NpH-
O6a1u3uTenbHO paBHas 1,3 (Tounee C =1,3203236316...).
Tak, mexay umcaamu 100000000 u 100150000 mosmxk-
HO ObITb mpuMepno 1,32 ... X 150000/ (18,427 ...)*=
~ 584 npocThiX unces-6/u3Hen0B. B TabJj. 8 4 NMpHBOXKY
noayuenHele JIkoyHsom, Jlaqmom u bBaanmonom [10]
ILaHHBble O HeHCTBHTEJbHOM KOJHYECTBe MPOCTHIX YHCeJ
H INPOCTHIX 4YHCeJa-OJM3HENOB B 3TOM H B HEKOTODHIX
JAPYTHX MHTepBa/jax TOH Ke AJHMHBI OKOJIO OOJBLIMX CTe-
nmeHe#l HecsATH. BHAHO, YTO peasbHble 3HAYeHHUSI OYEHb
XOpOLIO COrJacyioTCl C OKHAAeMBIM pe3yJbTaToM. IJTO
O0COGEHHO YAHBHTEJNBbHO HOJS TNPOCThIX-O0JIM3HELOB, TakK
KaK NOKa He yIaeTcsl JoKas3aThb Aaxe TOT (akT, 4TO HX
GeCKOHEeYHO MHOIO, He TOBOps yiKe 06 aCHMOTOTHYECKOM
3aKOHe HX pacnpeleseHHs].

B kauecTBe NOCJIeIHEr0 mpuMepa Ha TeMy O NpeacKa-
3yeMOCTH CBOHCTB INpOCTBHIX YHCeJl YMOMSIHY ellle Mpo-
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OJgeMy O «mpoBasax» Mexkay HuMmH. PaccmaTpuBasi Ta6-
JIUIy HPOCTBIX 4YHCEJ, MOXKHO 3aMeTHTb, YTO HHOrJa
BCTPeYaIOTCs 0COOEHHO GOJIbIlIHe HHTepBaJsbl (HalpHMep,
mexkay 113 um 127), coBceM He cojnep:Kalllue NPOCTHIX,
[Tycts g(x)— mauna Hau6GoJsblliero M3 HHTEPBAJIOB MeX-
oy 1 m x, He comepxkauux mpocTeix uHces . Hanpumep,
Ina x = 200 caMbIM AJIHHHBIM H3 HHUX $SBJAETCS TOJIBKO
4TO ynoMsHyTHIl HHTepBaa ot 113 mo 127, Tak uro
g(200) =14. Beanuuna g(x) pacreT, padyMeercs, oueHb
HepaBHOMEPHO, OJHAKO HEKOTOpble 3BPHCTHUECKHE CO00-
paxenus [l1] DpHUBOAAT K aCHMITOTHYEeCKOH ¢opMyJe

g(x) ~ (Inx)%.

Hackoabko BCE-TakH XOpOMIO COrJacyeTcsli ¢ OxKHJae-
MBIM IOBEJeHHeM JaxKe 3Ta Upe3BbIUAHHO CHJABHO CKa-

yymast GyHkuua g(x), BUAHO H3 DHC. d.

700
600

500

(In x)?
400

300 g(x)

200

0 | | | | ] | | | | |
110 10%2 10% 10* 10° 10% 107 108 10° 10'0 10™ 10"
Puc. 5.

JLlo cux mop s ryiiaBHOe BHHMAaHHe yJessili 060CHOBa-
HHIO YTBEPKIEHHS O TOCIOACTBYIOLIIEM CpelH IpPOCTHIX
yhceJ MOPSAKe, HexedH OGOCHOBAHHIO yTBepXKAEHHS 00
uX cBoeBOJuH. KpoMe Toro, s elle He MmoOKasal, Kak

1) OGo3nauenre NPOMCXOAMUT OT AHIVIMHCKOTO gap — Npomyck,
npo6eJ, pa3puiB. — Ilpum. nepes.
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\

71(x)+300

(x)+200

7t(x)+100

n(x)

nt(x)—100

Puc. 6. I'paduku npudmuxennir [aycca (1), Jlexauapa (2) u Pu-
MaHa (3); 3HAueHHS X OTJOXKEHBH B MHJIJIHOHAX.

O6bl710 06elllaHO B Ha3BaHHWH JIEKIHH, NepBble 50 MHJIHO-
HOB IIPOCTBHIX, a IpHBeJ MOaHHble JHIIb O HECKOJbKHX
THICIYaX IpocThiX. Tak BOT, Ha puc. 6 rpaduyecku
npencraBgeHa (QyHKOUA m(x) B CPpaBHEHHUH ¢ NPUOJIHU-
xkenusimu Jlexannpa, I'aycca m Pumana npu wusmeHe-
Hun x g0 10 muanauoHoB [12]; Tak Kak rpaduku 3THX
yeTbIpeX (PYHKLUH NOYTH COBIAZAIOT MeXKAy Co00H (Kak
MBl 3TO y3Ke BHIeJHU Ha puc. 4), To Ha puc. 6 npusene-
HB rpad)uKH COOTBETCTBYIOIIUX pa3HOCTeH.

Hywmalo, yxKe OqHaA 3Ta KapTHHKa SICHO IOKAas3bIBaer,
yTd OKHZaeT TOro, KTO pellaeTcsl H3y4aTh IIPOCTHIE
yHcaa.

Kak BHIHO H3 pHCYHKa, npubmauxkenue Jlexanmpa
x/(Inx—1,08366) npum HeGOJBLIUX x (IPUMepHO IO
1 MuAJMOHA) 3HAYUTEJbHO TOYHee NpuOIMKeHHua ["ayc-
ca Li(x), ogHako HauMHas ¢ 5 MUJIJHOHOB TOYHee CTa-
goButcsl Li(x) ¥ MOXKHO MOKasaThb, UYTO C JajJbHeHLINM
pPOCTOM X 3TO CTaHOBHUTCSl BCE BepHee.

Jo 10 muanuonoB umeercss npumepHo 600000 npo-
cTelXx yucesa. UYUro6bel INpeacTaBUTh BCe oOOellaHHBIe
50 MHJIJIMOHOB NPOCTHIX, CjaelyeT HOHTH no 1 muaauap-
na. I'paduk pasHoctu R (x)—m(x) B 3TOH o6JsacTu mO-
kKasaH Ha puc. 7 [13]. Kone6anuss dyuruun R (x) — rm(x)
CTAHOBSITCSI C POCTOM X BCE 0oJiee CHUJIBHBIMH, OJHAKO
HE INpPEBOCXOAAT HECKOJNbKHX COTeH Jaxe IpH TakKHX,
I0YTH HeBOOOpPAa3HMMO OOJIBIIHX X.

3mech MOMKHO YIOMSIHYTh elle OAUH (hakKT O (PyHK-
nun sw(x). Ha puc. 6 npubnuxkenue I'aycca Li(x) Bcro-
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600
3001

-300

Puc. 7. Tpaduk passoctu R(x) — 7 (x)
Ha uHTepBate 0 << x << 1000 000 000.

ny 6boasvtuie m(x), B 3TO OCTaeTCsl CIPABEMJHBBIM H JO

MHJIIHApRa, KaK $BCTByeT H3 pHC. 8 (HAa KOTOpOM
JAaHHBIe OTJIOXKeHBl B JorapupMuueckux mxagaax?l),
Ilocoennuit rpaduk, HECOMHEHHO, CO3LaeT BIeUaTJ/eHHE,
yTO pa3HocThb Li(x) —m(x) ¢ poctoM x cTpeMHuTcs K Gec-

)

2000} Jfl

1000

500}

200}

100 1 1 ] 1 ] 1 1 1 x
10 20 30 50 70 100 200 500 1000

Puc. 8. 3HaueHus x OTJOXKEHbH B MHJJHOHAX.

KOHEUHOCTH, T. €. YTO HHTerpaabHblil Jorapudpm Li(x)
IPHHIUIINANBHO IepeOleHNBaeT KOJNHUYECTBO MPOCTHIX, HE
InpeBoCXoadAWNX X (M Tak Kak R(x) Bcerma MeHbllle
Li(x), To 3TO CcOOTBeTCTBOBasO Gbl yTBEPXKAEHHIO, UTO

1 To ectv no ocsim oTnoxens! (B BbIGPAHHOM MacuitaGe) He
CaMH yucJaa, a ux Jjorapudmel. — I1pum. nepes.
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R(x) naer nyumee npu6auxkenue, ueM Li(x)). Onmako
IeJI0 OOCTOUT nHaue. MOXKHO J0KasaTh, YTO CYyLIECTBYIOT
TOYKH, B KOTOPHIX T(X) H3MeHSeTCs HaCTOJBKO pe3KOo,
uTO cTaHOBHTCA GoJbiie Li(x). Takue umcia n10 cHX mop
He HaHJeHBl M, MOXKeT OBITh, HHKOrAa W He OyLyT Hal-
JeHBl, HO JIUTTJBYA moKaszaJs, UTO OHH CYLIECTBYIOT, a
Ckbi03 [14] ycraHOBuMJ make, YTO OJHO H3 HHX He Ipe-
BOCXOJHT

101010

(ITo moBozy atoro uucsa Xapau 3aMeTHJ, UTO OHO, IIO-
X)ajay#, HauboJbllee M3 BCeX, KOraa-Jub0 CJAYKHUBLIHX
B MaTeMaTHKe KaKOH-HUOyAb ompeleseHHOH ueaun.) Bo
BCAKOM CcJydae, 3TO yb6eJHUTeJbHO MOKa3biBaeT, KaK He-
PasyMHO J[eJiaTh BBIBOAB O CBOHCTBaxX INPOCTHX, OCHO-
BHIBASICh TOJBbKO Ha UHCJAEHHBIX JaHHBIX.

B nocnenneii wactm Moero cooGLIeHHS 1 XO4y pac-
CKa3aTb O HEKOTOPHIX TEOPEeTHUYECKHX pe3yJbTaTax, Ka-
caromuxca st(x), yTo6H y Bac He CJOXKHJIOCH BliedaTJe-
HUe, OYATO MCCJAEeNOBaHUA IO NPOCTHIM YHCAAM cJaenyeT
OTHECTH HCKJIOUHTEJbHO K O06JIaCTH 3KCIIepHMEHTaJIbHOH
MaTeMaTHKH. HenocBslleHHOMY MOXKeT I0Ka3aThCs, YTO
CBOHCTBO 4HcJa OBITb NPOCTHIM CJAHIIKOM CJOyYaiHO H
HCKJIIOYaeT BO3MOXKHOCTb [HOKasaTeJbCTBAa KaKHX-JIHOO
¢bakKTOB 0 TaKHUX 4YHCJAaX. DTOT B3IMVIAA ObLJI ONPOBEPrHYT
yxe 2200 ser ToMy Hasal IDBKJHIAOM, NOKasaBIIHM Cy-
IIleCTBOBaHHE GEeCKOHEYHOr0 MHOXKeCTBa IPOCTHIX YHCeJI.
Ero paccyxaeHHe yKJaAblBaeTcsl B OLHY (ppasy: ecyu Obl
HMEJIOCh JIMIIb KOHEYHOE YHCJIO IPOCTHIX, TO MOXKHO
O6b1J10 OBl X NMEePEeMHOXKHUTb H, NPHOABHB €IHHHILY, IOJY-
YUTb YHCJO, KOTOPOE He MAEeJHTCA HH Ha OJHO IPOCTOE,
4TO HeBO3MO3KHO. B 18-M B. Diijep nokazan 60Jiee CHJb-
HOE yTBepXKIeHHe, a UMEHHO YTO pSiA, COCTABJIEHHBIH W3
BeJMUHH, OOpaTHBIX NPOCTHIM, PacXOAMTCH, T. €. ero yac-
THYHBIE CYMMBI ! CTAHOBATCA C POCTOM KOJHMYecTBa CJla-

1) To ecTb CyMMbI
1 1 1 |
gt tstotoo

T€ Pn— 3TO N-e¢ mpocTtoe yucyo.— Ilpum. nepes.
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raeMbix Gousiblre J06GOro 3ajgaHHoOro ymcjaa. B ero (Tak-
JKe OuYeHb ImpocToMm V) mokaszartesabCTBe Oblaa HCIOJb30-
BaHa (GyHKUHUA

L) =145 4=+ ..,

poJib KOTOpo# nJsi u3yueHusi sm(x) OblIa IOJHOCTBIO
OLeHEeHa JHLIb MNo3AHee, Omaromaps pa6oraM Pumarna.
B 3TOfl CBSI3W CTOUT OTMETHTb, UTO, XOTS CyMMa BeJH-
ypH, OOpaTHBIX BCEM IPOCTBHIM, OeCKOHeuHa, OJHAaKO
CyMMa BeJHYHH, OOpaTHBIX BCEM H3BECTHBIM MNPOCTHIM
(1. e. mpuMepHo nepBbiM 50 MHJJHOHAM), MeHblle Ye-
Teipex [15].

Tonbko B 1850 r. UebbléBy ymaaoch chesaTh Iep-
BB Iar K JAOKa3aTeJbCTBY 3aKOHA paclpeieseHust
npocTthix yuces [16]. On mokasas, 4TO NpH AOCTATOUHO
OOJIbIINX X CIpaBelJNBa OLeHKa

X
Inx’?

X
0,89— < n(x)<l,l1

T. €. 4YTO 3aKOH pacnpeleseHds NPOCTHIX YHCeJ Cchpa-
BEeUIUB C OTHOCHTEJIbHOH IOrPeIlHOCTbIO, He IIPEeBOCXO-
qameir 11 9%. Ero JAokas3aTesnbCTBO, HCIOJBb3yIOuiee OH-
HOMHaJbHBIE KO3(HUIUEHTH ?, TaK KpacHBO, YTO g He
MOTY YCTOATb Ilepel HCKyLIeHHeM IpPUBECTH €ero yIpo-
LIeHHBIA BapuaHT (pasyMmeercs, BBHAY 3TOr0, C HECKOJb-
KO XYAIIHMH MOCTOSTHHBIMH).

IlokaxeM, 4TO BHIIOJIHAETCA TaKas OLEHKAa CBepXy:

7 (x) < 1,7 =

Inx *®

Ona HemocpeACTBeHHO npoBepserca aas x < 1200. By-

1 Coscem ssieMeHTapHOE N0Ka3aTeJbCTBO MOXKHO HAHTH, HANpH-
mep, B kuure: fArmom A. M, frnmom M. M. Hessnemenrapuble 3a-
Jaud B 3JIeMEHTapHOM H3JoxeHHH. — M.: Tocrexusgar, 1954. —
IIpum. nepes.

2 Ilo noBopy omnpenejeHds W HCHOJNBb3YEMBIX B JajbHEHIIEM
CBOACTB OMHOMHAJ/IBHBIX K03()(HIHMEHTOB CM., HampuMep, KHury: Bu-
neskun H. fI. KomGunaropumka.— M.: Hayka, 1969. Hapsany c uc-

n
N0Jb3yeMBIM aBTOPOM 0003Ha4eHHEM ( m) A1 OMHOMHAJIbHBIX KO03(-

(GuIHeHTOB ynoTtpebJasercs TakxKe 0003HAUeHHE C,T. — IIpum. nepes.
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JeM paccyxJaTh MO HHAYKUHH!) M NIPedloJOoXHM, YTO
Halla OLleHKa JoKa3aHa AJg BCeX x << n. Paccmorpum

2n
«LEHTPAJbHbIH» OHHOMHANBHEIN KO3 QHIHEHT ( )
n

[TockonbKy

ot — (1 + 1)2n=(2:)+(21n)+ s

() ()

oH, 6e3ycaoBHO, MeHblle 227, C ppyrofi CTOPOHHI,

28\ @)t @n)-@n—1)e...2:1
n) @2  (ne(n—1)reee+2:1)2°

Kaxkpoe mpocToe 4uciaO p, MeHbllee 2/, BXOJAHUT B YHC-
JINTEeJb, HO, €cJH p O6oJbllle £, He BXOAHT B 3HaMeHa-

2n
TeJib. Ilo3aTOMYy (n) JEJHTCA Ha KaxKJI0e IPOCTOeE,
Jgexaniee Mexny n u 2n: 2

I »

()
n<p<2n n

B npoussenenun chaeBa n(2n)—m(n) coMHOXKUTENEH,
KaXJbIfl U3 KOTOPBIX OOJIbIIE #1, MO3TOMY

o [ p()<2n

n<<p<n
[TposorapudmupoBas, MOJYyYHM

s1:(2n)-—-:n;()<2nm2 lnn

CorylacHO TPeJIIOJOXKEHHI0 HHIYKLUHH, TeopeMa BepHa
IJs n, T. e.

<1,39+—

:n(n)<17ln

n'

1) C 9TUM METOJOM MOXKHO TNO3HAKOMHThCS, HANPHUMED, MO KHH-
re: Comunckuii M. C. Merox mMatemarudeckod uHaykuuu, — M.: Hay-
Ka, 1974. — Ilpum. nepes.

?) 3anuch b|a osmavaer, uro a Hauesao pesurcs Ha b.— ITpum.
nepes.
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CkyanpiBasi ABa MNOCJAEIHHX HepaBeHCTBa, HaxoJuM, 4TO

n (2n) < 3, 09— < LT 57 (2 e (n > 1200),

T. €. TeopeMa BepHa u Anag 2n. Tak Kak

2
m(2n+ 1) <m(2m) 4+ 1< 3,00 o+ 1< 1,7 =2t
(n > 1200),

TO OHa CIpaBenJuBa U AJs 2n - 1, yeM u 3aBepiuaercs
war UHLYKIHH,

i nosydyeHus OLEHKH CHH3y HaM IIOHaJoOHTCA
cienyiomas npocras JeMMma, KOTopas Jerko BBIBOAUTCS
H3 H3BECTHOH (POpPMYyJbl IJd INOKa3aTessl CTeleHH Ipo-
CTOrO YHCJa, ¢ KOTOPBIM oHO BXoxuT B nl [17]:

JIEMMA. Ilycre p— npocroe uucro. Ecau p?s — Hau-

n
boablias cTenens p, KOTOpas 8X00UT 8 ( b ), TO
pr<n

CJIEACTBUE. Lasa awboco 6unomuarsnozo xoagpgu-

n
yuenra ( P ) cnpasedausa OyeHKa

(3)- 1L .

psn

IIpuMeHUB yTBepKIeHHE 3TOI0 CJAEACTBHS KO BCEM
O6UHOMHUAJbHBIM KO3 duUueHTaM C 3agaHHBIM 1 H CJO-
JKHB [IOJIyUCHHbIE HepaBeHCTBA, HalleM

t=(141)"= i(2)<(n+ 1)« pn(m,

k=0
HJIH, TIocJqe JiorapudMUPOBaHUS,

nin?2 In (n+1) 2 n
n(n)> Inn Inn >?lnn (n > 200).

B 3akjloueHHe s XOUy CKa3aTh HECKOJIBKO CJOB O pe-
syabratax Pumana. Xotrs PumMan u He [OKasaj acuM-
NTOTHYECKONO 3aKOHa pachpeneseHds IPOCTHIX YHUceJ,
3aTO OH CHeJaJ HEYTO ropasmgo 6oJiee yYAUBHUTENbHOE —
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nan TouxHyro dopmyay aag sm(x). dra ¢opMmyaa BHIIJA-
JUT TaK:

n(x) + 5 2Wx) + g @D+ ... =
= Li(x) — Z Li (x,),
0

rle CYMMHpPOBaHHe HJAeT 0O KOPHAM J3eTa-QyHKIHUU
t(s) [18]. KopHu 3TH (MOMHMO TaK Ha3blBaeMbIX «TDH-
BHAJbHBIX KOpHe#» p =—2,—4,—6, ..., BKIaJOM KO-
TOPBIX B OOLLYI0 CYMMY MOXKHO INpeHe6Gpeub) SBJSIOTCS
KOMIIJIEKCHBIMH YHCJaMH C BellleCTBEHHOH YacThlo, 3aKJII0-
yenHo#t mexny O u 1; nepBuie 10 u3 HUX Takosn [19]:

pr=TH+14134725), By= 114134725,
p2=3+21,022040i, P, = 12— 210220405,
p3= 2 +25,0108561, py= 2 — 25010856}
p4= 1 +30,424878,  By= 1 —30,424878;
ps=2+32,935057i, Ps= 2 —32,935057..

Jlerko mokasaTrb, YTO BMeCTe C KaxKJIBIM O B YHCJO KO-
Hell n3era-GyHKUHH 00513aTeJIbHO BXOLUT H KOMIIJIEKCHO-
CONpPSI2KEHHOe C HUM YHCJ0. A BOT 3HaMeHHTas THIOTe3a
PumaHa, 4TO BellleCTBEHHAasl 4acThb KOPHS Bceria B TO4-
HoCcTH paBHa 1/2, enle HHKeM He JOKa3aHa, XOTd ee HO-
Ka3aTeJbCTBO HMesO OBl AJS1 TEOPHH INPOCTHIX YHUCEN B
BhicIIeH cTeleHH BaxHoe 3HaueHue [20]. B Hacrosiuiee
BpeMsl THUNOTe3a INpOBepeHa AJjad 7 MHJJINOHOB KOpHeH.

C momouiblo BBefneHHOH BHIIe (GyHKmum R (x) ¢op-
MyJay PuMaHa MOXKHO 3anucaTh B BHJAE

()= R(x) — ). R(x").
Y
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ITO0 [gaeT B KayecTBe k-0 npubiauxKeHHsa K m(x)
(QYHKIHIO

R (x) =R (x) + T1(x) + To(x) + - . . + Tp (%),

rie I'p(x)=—R (x"n) — R (xpn) — cJjlaraeMoe, OTBeyYa-
olllee n-# mape KopHe#l n3era-pyHkuud; 1,(x) npu Jio-
O60M n sBaserTcs IVIAAKOH OCUHJNHpYIOLeH (yHKLHeH
ot x. 'padukn T,(x) nss nepBbiX 3HAUeHHH A MOKA3aHBI
Ha puc. 9 [21]. Bmectre ¢ Tn(x) m Rp(x) sBasiercd
ranagkol gpynkuuei npu jo6om k. C poctoM & 3Ta QyHK-
uus npubnauxaercs K s(x). Ha puc. 10 u 11 npusenensl
giasa uanoctpauuun rpaduku 10-ro m 29-ro npubanxe-
HHH, a eclM CPaBHHTb 3TH KPHUBbie C rpadukoM mt(x)

fﬂ WA
o J\/ VI

-0.3F Y v

Ty(x)

0.2 Ty(x)

+] \/Ui‘/\/ Vi

.l T5(x)

0.1F

1y o
UV VA

-0.2|

(=]

0.2} T4 (x)
0.1

! ”‘“VV v

0.2} T5 (x)
0.1

o N AV
—04} UUWOU Y \/ Rl

—-0.2}

(=]

(=]

Puc. 9.
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Ha uHTepBase oT 0 mo 100 (cm. pumc. 1), TO momyuurcd
KapTUHA, NpeNcTaBjJeHHass Ha pHUC. 12.

S Hageroch, YTO mocJe MOero pacckasa y BacC OCTa-
JIOCb HEKOTOpOe BIleuaT/JeHHe O 3aMeuyaTeJbHOH KpacoTe
NPOCTHIX YHCEJ H O TeX HEeHCUHCJIHUMBIX CIOpNpH3axX, KO-
TOpbIe OHH HaM [OTOBAT.

)

25+
20
15} :
10F
— m(x)
....... R,,(x)
St —— Ryg(x)
] L x P
0 50 00 o Lue 12
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1808, cTp. 3%4.

Tounee, uMeOT MecTo HepaBeHCTBA

Ls(x) — 1,6 < Li(x) < Ls(x),

T. €. passoctb Li(x) u Ls(x) orpannuesa. OTMeruM, yTo B Ha-
CTOsilllee BpeMsi HHTerPaJbHBI JiorapugM OObIUHO MOHHMAEeTCH
B CMBbICJIe IVIAaBHOTO 3HAYeHHS:

C at a T oat
ll(x)=P. V. Sm=slil;n0 S "'l'r'l"t_"[" S m ’
0 0 148

OZIHAKO 3TO OMpejieJIeHHe OTJHYaercsl OT NPHUBEJEHHOTO B TEKCTE
JIHUIb HA KOHCTAHTY.

n
Kosdduuuesr npu Li(4/x) onpenensercsa creayiomum oG-

pasoM: OH paBeH -1/n, ecim n ecTb NPOU3BEJEHHE UYETHOTO
yhc/Ja pas3MYHBIX NPOCTHIX, paBeH — l/n, ecim n — npousBefe-
HHe HEeUYeTHOIO YHCJIa pasJUuHbIX NpOCTbiX, M paBed 0, ecuad
n JeJHuTcs HA KBajJpaT Kakoro-HHOYAb IIPOCTOrO.

[8] D1y dpyHKLHIO MOXKHO NpPEACTaBHTb H HO-JPYroOMYy:

[o o]

t
R(x)= S (In x)? dt
0

trE+1)gE+1)

1) Cm. noxcTpounoe mpumeuanue na crp. 11.— Ipum. nepes.
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[9]

[10]
[11]

[12]

(£(s) — nsera-bynkuus Punmana, I'(s) — ramma-oynkius) uiu

R(eQ“x)#%{gz x 4 324 x3+—5~%zx5+ }=

2 {12x+40x3+—2-g-2—x5—l— }

om
(Br — 310 k-e uncno bBepHyanu; 3HaK = O3HAuaeT, 4TO pas-
HOCTb CO€JHHEHHBIX TAKHM 3HAKOM BHIpAXKEHHH cTpeMurcsa K ()
c pocToM x); oba mpeacTaBJeHHss yka3and Pamanyaxan., Cwm.
G. H. Hardy, Ramanujan: Twelve Lectures on Subjects Sug-
gested by His Life and Work, Cambridge University Press,
1940, ra. 2.
A umenHO: aas mapwel (m, n) cayyaiiHO BHIOPAHHBIX yHCEJ Be-
POSATHOCTb TOrO, yTo m H n 006a He cpaBHHUMEI ¢ 0 Mo MOAYJIO
p Y, oueBnako, paBHa ((p —1)/p)2, a ans onHoro ciaydyaiHo
BbIOPAHHOIO YHCJA 7 BEPOSITHOCTb TOTO, YTO N U 1 -} 2 o6a He
cpaBiuMel ¢ 0 nmo wmoayawo p, paBia 1/2 mpu p=2 u
(p—2)/p mpu p == 2. IloaTroMy BepOSITHOCTb TOTO, YTO 7 H
n - 2 npexcraBasor coboif mapy <«KaHAHAATOB B NPOCTHIE IIO
MOAYJIO p», OTJHYACTCS OT COOTBETCTBYIOILEH BEPOSITHOCTH AJA
JIBYX HE3aBHCHMBIX YHCEJ M H N MHOXHTEJEeM

p—2 _ p?
p (p—1)?

Npu p %= 2 u MHOxHTesneM 2 uan p = 2. Takum obpa3oM, HH-
Tepecylolas HAac BEpPOATHOCTb OTJIHYAETCH OT YKa3aHHOH B
TEKCTe HaJuyueM MHOXKHTeJs

2__9
C=2 ” P P _ 1,392032... .
S p?—2p+1

p— mpocTtoe
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R. P. Brent, The first occurrence of large gaps between suc-
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JauHole 151 aToro rpaduka B3sTH U3 TAGJHIBI MPOCTHIX YHCEJN
Jlemepa:

1) To ecrp He peaarca HA p. — IIpum. nepes.
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1inse55 less than a given limit, Math. Comp. 17 (1963), 179—
B ornnune ot mammeix JlemMepa, MCIOJIBb30OBaHHBLIX IPH NOCTpOE-
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101010964

?
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[15] BooGiue, uMeer Mecrto cooTHoulenHe (mpeanoJoxeHuoe B 1796 .
I'ayccom u nokasannoe B 1874 r. MeprencoM):

Z-—l’;=lnlnx+c+s(x),
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rie €{(x) >0 mpu x—>oo u C — KoHCTadTa, NPHOJH3UTEJHHO
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1) Ha pycckom cM., nanpuMep, Byxmra6 A. A. Teopua uncen. —
M.: TIpocBemenne, 1966.
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[17]

[18]

HauGonblas crenenb p, KoTOpas AeJur nl, ectb

IEanE-

rae [x] o6Gosnayaer LeJyl0 YacTb 4HCJIa X — HanboJbliee [eJoe,
HE NPEBOCXOAslIee X; MO3TOMY B O0O3HAYEHHSX JIEMMBI

o= Y 7] -1
p— pr pr pr .
r=1
B sroil cymme kaxnaoe caaraemoe pasHo 0, mam 11, mpuueM
3aBenoMoO paBHO 0 mpwu
Inn
r >
Inp

(rax xak torma [n/p"]= 0). 3nauur,

Inn
pg[ln p]9

OTKYZa M CJeAyeT yTBepKAECHHE JIEMMEL.
YKasanHoe paHee onpezle.neﬂne Q(s) B BHJE psina

+ +3S+

HMEeeT CMBICJ JIMIIb TOTJAa, KOja § — KOMIIEKCHOE 4YHCJO0, Belle-
CTBEHHAsi 4acCTb KOTOpOoro Oouspmie 1 (HGO TOJMLKO NPH TakKOM
ycaoBuu psax Oyner CXOAasluMcsi), m B 91O obsactu {(s) He
uMeeT HyJed. DPyHkuuio {(s) MOXKHO, OJHAKO, AOOMPEAENUTHb
JUIS BCeX KOMIJIEKCHBIX YHCeJl H pacCMaTPHBATb €€ KOPHHU B KOM-
NIeKCHOH nyockocTH. Pacmupenune obsactu ompenesesus §(s)
Lo muoaymiaockocru Re(s) > 0 moayuaercsas 0COOEHHO MPOCTO,
€CIM BOCIONIBb30BaTbCsl cHpaBeauBbiM npu Re(s) > 1 Toxze-
CTBOM

(1 =292 () =1+ g5+ 35 + ...

1 1 1 1 1
.—Z(E‘S—-I_F-l_gb——l—". =1—-—2-§-+—3‘§'-"--o

H 3aMEeTHTb, YTO CTOfALIMH clpaBa pAJ CXORHTCA NPH BCeX §,
HMEIOIUX NOJIOXKHUTENbHYIO BEelleCTBEHHYI0 yacTh, OTciofa Jerko
BBIBECTH, YTO «HHTEPECHble» KODHU n3eTa-(yHKIUH, T.e. KOPHHU
Buna p = P iy, 0 < B < 1, 3ajnalorcs aByMs ypaBHEHHSIMH

-1

Z( D™ cos(ylnn)=0,
n=1

X )n -1
Z sin(y In n) = 0.

1) Cm. TaMm Xe.
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Psip no xopusm p B popmynae PumaHa cXonuTcs HeaGCOJIOTHO,
H NO3TOMY ero uJeHsl CJAEAYeT pacmosaratb B HajJexalleM
nopsiake (no Bo3pacranuio abcosiorsHoro 3nauesus Im(p)). Ha-
KOHell, OTMeTHM, YTO ToyHas ¢opMmyJaa aasa m(X) OblIa Halijgesa

PumanoM emie B 1859 r., a jnokaszana MaHroJbaTroM Juiib B
1895 r.
[19] Dtu xopuu yxe B 1903 r. Buiuucaua ['pam:

J.-P. Gram, Sur les zéros de la fonction Z(s) de Riemann,
Acta Math. 27 (1903), 289—304.

Ouenb ynauynHoe u3/MOXKeHHe TeopHH A3eTa-(pYHKUHH PuMaHa u
METOJIOB BLIUHCJIEHUS €€ HYyJe#d NaHO B KHHUTe;

H. M. Edwards, Riemann’s Zeta Function, Academic Press,
New York, 1974.

[20] A umenno, u3 runortesn Pumana BmTeKaeT ciepyiolliee yTBep-
XKaeHue (BEpHO M OOpaTHOE): NMOTPELIHOCTb NPUGJIHNKEHHs It (X)
¢yukuued Li(x) se npeBocxoputr Cx!'/2In x, rae C — nekoropas
HNOCTOsIHHAsA; B TO e BpeMs HEeH3BEeCTHO, MeHblIe JH 3Ta INOo-
TPEIHOCTb X° HNPU KakoM-HHOGYyIb ¢ < 1.

[21] Dror rpajur, kak u TpH mOCAeAYIOUIMX, 3aMMCTBOBAH H3 pa-
60THI:

H. Riesel, G. Gohl, Some calculations related to Riemann’s
prime number formula, Math. Comp. 24 (1970), 969—983.

JloGaBaeHue

Tak kak npuBeneHHBIH BBIIIE TEKCT, MPELCTAaBJSIO-
IHH COO0H TOYHYIO 3aMUCh MOeH BCTYNHUTEJNbHOH JIEKIHH,
yXKe Obl onybaukoBaH paHeel), g mouésy 3a Jydllee He
NBITAThCSI «OCOBPEMEHHTH» TEKCT, a OCTaBHB ero 0e3 H3-
MeHEHHH, yNOMAHYTb Pe3y/JbTaThl HOBEHIIHX HCCAeN0BA-
HUH B 3TOM KOPOTKOM J100aBJIeHHH.

1. K cnucky HeoOBIUHBIX ONpeneseHHH NPOCTHIX YHU-
ceJsl, ¢ KOTOPOro Mbl HayaJiu Hallle NyTellecTBUE, CJAeAyeT
JJ06aBHTh elle OJHO, Ha 3TOT pa3 M3 TEOPHH UTp. A HMEH-
HO (mo KouBew), ormpaBasiich oT N =2, Ha KaxIoM
mare Mbl 3aMeHsieM N Ha olN, rie o — mnepBoe H3 ye-
THIPHAALATH PalHOHAJbHBIX YHCE

17 78 19 23 29 77 9% 77 1 11 13 15
91 8 ' 51’ 38" 33" 29" 23° 19’ 17’ 13’ 11’ 14°

15
'_2— ’ 55’

1) Elemente der Mathematik, Beiheft Ne 15, 1977 [anrauiickuii
nepesoa: Mathematical Intelligencer 0 (1977), 7—19].
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i Kotoporo uuciao alN — nesoe. das noayuaromiefics
npu 3TOM mocJeloBaTeJibHoCTH 2, 15, 825, 725, 1925, ...
BCe (urypupymouiue B Heil cTeneHHd ABOHKH OyALyT UMeTh
BUI 2P, TAe p — NPOCTHIE, HAYLIME B CBOEM eCTeCTBEHHOM
nopsiake! C NMOMOLIBIO XOpPOLIEro KajbKyJaTOpPa MOXKHO
TaKdM IyTeM 3a HECKOJbKO MHHYT OTBICKaTh NepBHe 4
HJIH O MPOCTHIX YHCEJI.

2. C 1971 r. yxe Tpu pasa OblJI MOGUT MHUPOBOH pe-
KOpJ HauOboJblIero M3BECTHOrO0 IPOCTOrO YHC/a; MO yKa-
3aHHOM B NPUMEYaHUH 3 NMpUUMHE KaxKABIH pa3 3TO ObLIO
cHoBa uyucyao Mepcenna 27 — 1, a umenno ¢ p= 21701,
23209 u 44497 Y. IMTonpobGuee 06 3ToM cKasaHO B O6ub-
Juorpauyeckux NpruMedyaHUsIX K MepBOH 3KCKypPCHH.

3. JlaHHHE O KOJUYeCTBe NPOCTHIX M IPOCTHIX-OJIH3-

HenoB (TabJj. 8) Temepb umerorcs po 10!1:
R. Brent, Tables concerning irregularities in the distribulion
of primes and twin primes to 10!!, 12 computer sheets depo-
sited in UMT File 21, Review in Math. Comp. 30 (1976) 379.

Oco6eHHO MHTepecHa ¢ 3TOH TOYKA 3DEHHUsI CTATh
R. E. Grandall, M. A. Penk, A search for large twin prime
pairs. Math. Comp. 33 (1979), 383—388.

B Heit He TOJIbKe yKa3aHa HauGoJiblllasi M3BeCTiHas mapa
O6ausnenoB (mo 303 uudpel B Kaxkaom!), HO U omucaHa
CTaTUCTHYECKasi MPOBEpKa AaCHMITOTHYECKOH (OPMYJIBI

1,32...
(uricyio 6JIM3HELOB MEeXIY X H X 1 a) ~——-—m—2—x—a—;

s 132947 cayuaiino BeIGpaHHBIX unces oT 10%° no 1054
npy oxXujaeMblx 245425 napax 6Ju3Hel0B (aKTHYECKH
6bl10 HalgeHo 249 map. B Hactosiiee BpeMs B 0 QYHK-
LU «IIPOBAJIOB» g (x) uMeeTcsl OoJibllle JAHHBIX, 4eM MO-

Ka3aHO Ha pPHUC. D; CM.
R. Brent, The distribution of prime gaps in intervals up to
106, Review in Math. Comp. 28 (1974), 331.

B kauecTBe ellle OZHOrO MpuMepa HEPeryJaspHOCTH pac-
npenesieHnst NPOCThIX YHCeJ CJAeLyeT YNOMSHYTb Pe3yJib-
tTaT be#isa u Xanacona o pasnHoctH A(x) =4 3(x)—
— 14, 1(X):

C. Bays, R. Hudson, Math. Comp. 32 (1978), 281—286.
(7a, 5 (x) oOO3HAUaeT uMCIO MPOCTHX BHAA an -+ b, He
NPEBOCXOAALIMX ¥.) ITa pa3HOCTb, KOTOpast IMpH

D CM. mepsoe NOACTPOuHOEe NpUMeYaHHE Ha cTp. 36.— ITpum.
nepes.
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MaJIbIX X BCerZa NOJIOXKHTENbHA H NPH BCEX X OueHb MaJja
(Tak, miq, 1(1019) = 227523275, a 14, 5(1019) = 227529235),
COrJIaCHO pesysabrTaTaMm beiiza ¥ Xazncona, ocraercss mo-
JOXKHUTeJbHOH A0 x = 950000000, 3a HCKJIIOUEHHEM MeHee
YeM OJHO# THICSAYM 3HaueHUH, oAHAKO g0 X = 2-1010 ecTh
o4eHb GoJsbmol wuHTepBasn [1,854-10!°, 1,895-101°], Ha
KOTODOM OHA4 OTpHIlAaTeNbHA, U e€ MHHHUMyM B 3TOH 00-
jgacta paBen A (18699356297) = —2719.

4. I'vmotesa Pumana mposepena yxe naas 150 Mui-
JINOHOB KOpHe#f, a HMeHHO AaJs BCeX p, y KOTOpPHIX
|Im p| < 32585736,4. Cwm.

R. Brent, On the zeros of the Riemann zeta function in the
critical strip, Math. Comp. 33 (1979), 1361—1372.



Oprex Ponbgc

O CYMMAX OBYX KBAAPATOB

sl pacckaxy o HATypaJbHBIX YHCJIaX a, b u m, yIOB-
JIeTBOPSIIOIKMX ypaBHeHH0 a2 b2 = m. C noMomibio
9TOH Ha NepBHIH B3rJAJL NPOCTOH TeMbl OYeHb YAOOHO
IPOJEMOHCTPHPOBATL PAA 3a4aY U METOJOB, HMEIOUIHX
OoJibllioe 3HAueHHe MAJd Bced
TeOpHH YHCell.

Oco6eHHO HHTepecHH (H,
BepOATHO, He TOJBKO MHe Ia- i,
MATHBI CO LIKOJIBHBIX JIET) TaK
Ha3blBaeMble nu@aropoBsl
TPOMKH HATypaJbHLIX YHCEJ ]
a, b, c ¢ a? - b2= c?% Takue /

TPOMKH IJI1 KPATKOCTH OyleM !
3anucheiBaTh B Buge (a, b, ¢),

npudeM TpoHku (@, b, ¢) 4

(b, @, ¢) CUMTAIOTCS OJHHAKO-

BeIMH. [IpuMepoM MoxeT cayxuTb Tpoiika (3, 4, 5),
KoTopass Obljla M3BeCTHa W NHChMEHHO IepelaBaJach
M3 IOKOJEHHS B IIOKOJeHHe BO BCeX pPAa3BUTHIX
IpeBHuX KyJaetypax [1]D (ctp. 49, 51, 96, 105). dra
TpOfiKa IpHMedaTeJibHA CBOHMM TIeOMEeTPpHYECKHUM COoJlep-
JKaHHeM — B Hel HaXOAUT apH(MeTHYeCKOoe BhLIpaxKeHue
IpeBHUH CIOCO6 MOCTPOEHHUS MPSAMBIX YIVIOB (CM. pHc. 13).
Eme B 14 r. 10 H. 3. pUMCKHH nucarteab ButpyBuii BoOC-
CJIaBHJI IIOCTPOEHHE IMPSAMOro yrja C MOMOLIbI0 TPOHKH
(3, 4, 5) kak Bejguuaiilee NOCTHKeHHE BCeH TOTAAIIHEH
mareMatdkd [1] (ctp. 326). Ilpenmomararr, uyro 6J1a-
rogaps HauJeHHON — BHayaJjie 3KCIepUMeHTaJbHO — CBSI-
34 Tpoiiku (3, 4, 5) ¢ NOCTpoeHHeM NPSAMOTO yrjaa U BO3-
HHKJa Boo6ule umesd TeopeMmbl [Iucdaropa. Ilnaron cum-
TaJ, 4TO0 TpohkKa (3, 4, 5D)—3TO CHMBOJ CYIPYKeCcTBa

Puc. 13.

1) Yucaa B KBaApaTHbIX CKOOKAaxX OTCHIJIAIOT K CIHMCKY JHMTepa-
TYPHl B KOHIE 3KCKYPCHH.
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[1] (ctp. 167). OH uCTONKOBHIBAJ KaTeT NJMHH 4 Kak
JKEHCKOe HayaJjio, BepTHKAJbHBIH KaTeT IJHHB 3 — KakK
MYKCKOE€ Hayajgo, a THUNOTeHy3y — KaK HX IOTOMCTBO.
Takoe wMucTHYecKOe TOJKOBaHHe HaM ceHyac wykKJIO
M coBeplIeHHO HemoHATHO. OMHAKO €ro CyllecTBOBaHHE
IIOKAa3bIBakT, Kakoe OOJblIOe 3HAauYeHHe IIPUIAABaJoOCh
Tpolike (3,4, 5).

JApPEeBHOCTH MNH(}aropoBel TPOHKH HCIOJb30B3JIHCD
Ha INpaKTHKe — B 3eMJIEMEDHOM Jejie B B apXHUTEKType,
Ha YTO HMeIOTCA naxe ykazaHusg B bubmauun. Tak Hanpu-
Mep, TaM CKa3aHoO, 4YTO NpPH NOCTPOEHHH CKHUHHU HCIOJIb-
30BaJINCh KOBDHl, OCHOBHOH KBaJpaT KOTOPBIX HMeJ H3-
Mmepenus 3 X 4 nokra (HMcxon, 37.10), a npu BO3BeneHHU
COJIOMOHOBA Xpama OBLJIM H3TOTOBJIEHH INOACTABKH JJI
JKepTBeHHHX 4Yam ¢ OOKOBBIMH TpaHSIMH pasMepoM
3 X 4 noxra (I ku. Hapcts, 7.27). §I nymalo, uto ynomu-
HaHHe 3THX YHCeJ B CBA3M C BEJHUKHUMU CBATHIHAMH
HyJeeB IOJIKHO BBHIpaxKaTh HeuTo 6oJiblliee, 4eM MPOCTO
TrOpJAOCTb INpPaKTHYeCKH IOJIe3HBIM 3HaHueM. B03MOKHO,
Tpoiika (3, 4,5) BOCIpHHHUMAaJach KaK MECTO COeJHHEHHS
MHpa AYXOBHOTO W MHpa MaTepHaJbHOTO, TaK 4YTO YIIOMH-
HaHHe ee B bubaun umeso riyO60KHH BHYTPpEHHHH CMBICI.

EcTecTBeHHO BO3HHKAaeT 3agaya — HaWTH Bce nudaro-
poBHl TpoHKH. Ilpu 2TOM MBI nophiBaem co cepoit npak-
THUECKOTO I pHUMEHEHHs], TaK KakK [Js IOCTPOeHHdA Mpd-
MBIX YTJIOB [JOCTaTOYHO, KOHEYHO, OJHOH-eXHHCTBEHHOH
nudaropoBoit TPOUKH, M HIleM TeOpeTHYECKHe 3HaHUsI
panyu HUX CaMHX.

Ecnn (a, b, c)— nudaropoBa Tpoilka, TO TaKOBOIO
6ynetr u Tpoiika (na,nb,nc) npu Bcex n=1, 2, 3, ... .
ITosToMy [nOCTaTOYHO HAWTH Te NHUPAropoBH TPOHKH,
y KOTOpPHIX HaHGOJbIINH 00mHui nenuTe]b a u b pasen 1.
Takue TpPOHKH HasbiBaloTca npocredwumu. YUyTb Jjerye
HafiTH TPOHKH, Ha3blBaeMble K8a3unpocretuiumu, y Ko-
TOPHX HanGOJbIINHA OOIIHH HeJHTeNIb @ H b He mpeBocC-
xorut 2. duodant us Anekcangpuun (300 Jer mo H. 3.)
NpeRJoXua ciaenyoulee pemeHne [1] (cTp. 485):

[Iycte (x,y) mpoberaer BCe mapbl B3aHMHO IPOCTHIX
(T. e. He MMeOIIMX OTJHYHBIX OT 1 O6GLIUX HenHTesel)
yHcesa, Takue, 4To X =>y. Ecaum B3siTh a = 2xy, b =
= x2 —y?, ¢=x?-}y? TO moJyuyaTcsl BCe KBa3HIPO-
cTedline nudaropoBsl TPOHKH M IIPU 3TOM Kaxkaas pOBHO
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onuH pas. Tpoiika (a, b, ¢) Torma u ToNbKO TOrAa Gyner
npocTenilen, KOrjaa OAHO U3 YHCeJ X H Yy YE€THO, a APYroe
HEUYETHO.

1 Xxoren Obl mnpuUBeCTH JABa OOOCHOBaHHS 3TOrO
yTBEPKACHHUS.

IIpocTeie cOOOpaxkeHHS AEeJHMOCTH IOKAa3bIBAaIOT, YTO
JleJI0 CBOAUTCA B CYUIHOCTH K HaXOXKJAEHHIO BCeX nap
(a, b) pauHOHAJBHBIX YHCeN, AJds KOTophix a? - b2 =1,
a0, b0 u Touka (a,b) nexur B NMEepBOM KBal-
panTte niaockoctu V. Pac-

CMOTPHM HPSIMYIO g C yT- A

JIOBLIM K03 (OHIHEHTOM g

m, NPOXOASUIYI0 uepes (. b)
toukn (a,b) u (0,—1) ’
(puc. 14). Eciu a u b —
pauMoHaJbHBIE YHCJIA, TO
Koa(pdunuesr m, oue- -
BHIHO, TaKXe palHOHa-
Jged. OOpaTHO, ecam m
pauunoHaJseH, TO KOOpPAH-
HaThl TOUKH NepeceueHus

IpsAMOH g ¢ yKa3aHHOH ~(0,-1)
Ha pHCYHKe eJIHMHHYHOMH
OKPYKHOCTBIO OIpene/is- Puc. 4.

IOTC KaK KOpPHH KBaji-
PaTHOTO YpaBHEHHS C palHOHAJBHBIMH KO3(pduuueHTta-
MHu. [Ipu 3TOM OLHO pellleHHe, COOTBETCTBYIOLEE TOUKE
(0, —1), HaM H3BECTHO, U OHO SIBJSETCS PallHOHAJbHBIM.
IlosaToMy m BTOpOe pellleHHe, COOTBETCTBYIOIIEE TOUKE
(a, b), Toxe OyneT pauHOHAJbHBIM. BBIUHCAECHHS HdalOT

2m m?—1
a=—, b—=——.
m* -1 m* -1
Ilonoxus m = x/y, nonyuaeMm TpeGyemble GOPMYJIH.
Ilpyroe o60CHOBaHHE, B MEHbIUEH CTENEHH HCIIOJb-
gylolllee reoMeTpuyeckue coobOpaxkeHHs, TakKoBo. IlycThb
a ¥ b— paluOHaJbHBIE MOJOXHTEJbHBIE UHCIa H a2 -

-+ b2 =1, Ilosnoxkum 2 = b +-ia, raei = +/—1. Torna

) To ecTs B nepBoii koopaunatoii uerBeptH. — ITpum. nepes.
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zZ2=1luld4z=224+2=2(Z+1),1¢

142 - ,
Z2=713 (Z %= — 1)

3nec 2= b —ia. Ilonarasa 1 42 = x 4 iy nas pauuno-
HaJbHBIX X U Yy, CHOBA MOJydYaeM HalJeHHOe paHee pe-
menne. CrenuaJHeTel 3aMeTAT, UTO 32 3THMH HECKOJBKO
¢opMasbHBIMH BBIKJAJKaMH CKPBIBAeTCS YAaCTHBIA CJy-
yai Tak HasbiBaeMo# Teopemu 90 I'mabbepra.

OueBHaHO, UTO B IpocTeHMKNX NHGAropoBLIX TPOHKAX
au6o a, mu6o b uétHo. YKaszaHHbIE GOPMYJH AAKOT TOJb-
KO Te TpOoHKHU (a, b, ¢), B KOTOPHIX YETHO Q.

Hanee, u3 ¢dopmysn BHAHO, UTO B Kaxjpol nudaropo-
BO#l Tpoiike a uau b penurca Ha 4. Kpome TOro, oxHo
U3 unucea a, b neaurcsa Ha 3. JeHcTBHTEJbHO, ecaH OBl
HH a, HU b He JEJUJOCh Ha 3, TO NPH HEKOTOpPHIX HaTYy-
PaJbHBIX YHUCJAaX j W & BHIOJHSJINCH OBl paBeHCTBA
a=3j+1, b =3k=+1, a Torna

a? 4 b2 = 3(3j% 4 3k? = 2j = 2k) 4 2.

Ho npu pmeneHnn KBajapaTa HaTypaJbHOrO YHCJIa Ha 3
B OCTaTkKe MoxKeT nmoayuutbcsi 0 mau 1, HO He 2. Takum
o6pa3oM, B 3TOM cJayuae cymma a? -+ b? He sBasiiach OBl
KBaJipaTOM, BOINPEKH YCJOBHK. AHAJOrHYHO O0Ka3bl-
BaeTcd, 4TOo OAHO M3 uuces a, b, ¢ jmenurca Ha 5. Ha
npumepe Tpoiku (3,4,5) BUAHO, UTO APYTUX aHaJOrHy-
HBIX YTBEDXKJAEHHH MOJYUYHTb HEJb3s, T. € UTO CIpaBel-
JIUB CJAeNYIOIHH pe3yJbTar:.

Uucaa 1, 2, 3, 4, 5 06pasyloT MakCHMaJlbHOe NOJAMHO-
’)kecTBo M MHOKeCTBa HaTypaJbHBIX YHcel, obJajaroliee
TaKHM CBOHCTBOM: JIJIsI KaXXJOro ajeMeHta n 3 M B Jiio-
6o#t nugaropoBoil Tpolike €CThb YHCJIO, AeJduieecd Ha .

KBasunpocrefimine nugaroposw tpoiiku (4, b, c), no-
JYUeHHbIe 110 MPUBELEHHBIM BhIlle GHOpPMyJaM [Js HEKO-
TOPBIX MaJIbIX 3HaueHHUH X W Yy, NpuBeleHH B Taba. 9.
Jlannble 9TOH TabJaHLBl MOMXKHO HArJsAHO NPEACTaBHTh
caenywowmum o6pasoM. IloctaBuM B COOTBETCTBHE KaXkKIOH
nugaropoBoit Tpofike (a, b, c) TOUKY NJOCKOCTH € KOOP-
nunatamu (a,b), ecoiu a >b, u (b,a), eciu b>a.
ITH TOUKH JIeXKaT B NEPBOM «OKTAHTe» IIJIOCKOCTH, T. €.
B TOM 4acTH IepBOro KBajpaHTa, rie abcuucca OoJblire
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opAMHATH. TOYKH INJOCKOCTH ¢ LEJOYHCJEHHBIMH KOOp-
AMHAaTaMM o0OpasyloT TaK Ha3biBaeMyl0 I€JOYUCJEHHYIO
«pewéTKy», M M3 TaOJHUIL BHAHO, UYTO MPOCTEHLINM
nu(aropoBuiM TPOHKAM COOTBETCTBYET CPABHUTEJbHO He-
60JIbIIOE  YHCJIO TOYEK Ta6auya 9.

I1eJIOYHUCJ/IEHHON pelIeTKH

B mepBoM okTaHte. Ja- * 7 ‘ b ¢
Jee 3T0 00CTOATeJNLCTBO 2 1 4 3 5
Oynetr wucciaenosaHo 6o- 3 1 6 8 10
Jiee moApo6HO. 32 12 5 13
Hrak, Bce nudaropo- : ; 23 1,5} ;;’
Bl TPOHKH HaM H3BECT- 5 10 24 2%
Hbl. Tenepr MOXHO H3Yy- 5 2 20 21 29
YaTp T€ TPOHKH A, KOTO- 5 3 30 16 34
pole o0JafalT KakuM- S 4 40 9 41
JU60 JONOJHUTEJbHBEIM 6 1 12 35 37
ceoficteom E(A), w npu 6 3 60 1 61
35TOM BO3HHKAaIOT HHTe- ; ; ;g :g gg
pecHHle 3alaym. 7 3 42 40 58
Hanpuwmep, sagamuM- 7 4 56 33 65
csl BompocoM, OeCKoHeu- 7 5 70 24 74
HO JIu MHOXKEeCTBo nuda- 7 6 84 13 85
TOPOBHIX TPEYTrOJNILHUKOB, 8 1 16 63 65
Y KOTOPHIX JJHHH Of- g g gg gg ;’g
HOrO KareTa H THNOTe- . 2 s 13
Hysbl Bhlpa)calorcs mpo- o 18 80 8
creiMH yucaaMu. Ecau 4 3% 77 85
(9, v, p)—Tpofika cmpo- o9 4 72 65 97
CTBIMH p U g, TO (p— 9 5 90 56 106
—v)(p+v)=4qg% Cne- 9 7 126 32 130
J0BAaTeNbHO, p—ov =1 13 f ‘23 ;’9’ :gf
n pto=g- Ilostomy ;5 60 91 109
2p—1=g¢° C mpyroit ;5 3 140 51 149
CTOPOHBI, €CJIH 2D =¢°+ 19 9 180 19 181

+1, 10 pP=¢q*+(p—
— 1)2 TakuM 06pasoM, 3Has pelleHHs ypaBHEHHS 2p —
= ¢* 41 B NpOCTBIX YHCJAAX p H ¢, MOXKHO HAHTH Bce
HCKOMBle TPOHKU. OZHAKO N0 HACTOSINIETO BpPEMeHH He-
HU3BeCTHO JaxKe, KOHEYHO HJH OeCKOHEeYHO MHOXKECTBO
pelleHud 3TOr0 VpaBHEHHS.

Jpyro#i npuMep BO3HHKAET U3 TOr0 3aHATHOrO HaG6JIIO-
JAeHus, 4To Hapsany ¢ (5, 12,13) nudaropoBoii TpoOHKOH
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apnserca rakxke (15,112,113). B. Jlesu mokasan [3],
YTO HMeeTc OeCKOHEUHO MHOro mudaropoBbIX TPOEK, H3
KOTOPBHIX TaKHM NPHIUCBIBAHHEM crepenn nudpe 1 cHOBa
nonsyuaerca nudaroposa Tpoika, a CaHnrano [6]— uto
9TO CHpaBeAJMBO IJ1A Kaxmod us uudp 1, 2, ..., 7.

¥YTounum moctaHoOBKY Bompoca. Ilycte E(A)— Hekoe
CBOHCTBO, KOTOpBbIM oOJsiafaer wiu He obJjajnaeT AaHHAA
nudaroposa Tpoiika A, u V — Hekoe mnpaBuJIO, MO KOTO-
pOMY KaxnoW nuparopoBoil Tpoike A CTaBUTCA B COOT-
BEeTCTBHE BellecTBeHHOe uncao V(A). PaccMoTpuMm ¢yHK-
nuio F, COMOCTaBMSIONIYI0 KAXAOMY Bel{eCTBEHHOMY YHC-
Jay v uucao F(v) nudparopoBelx Tpoek, o6JanaollHuX
cBoictBOM E(A) u yHOBJIETBODPSIOWINX HepaBeHCTBY
V(A) << v. B cokpauienHo# 3anucu

F(v)=#4{A| umeer mecto E(A), V(A)<<wv}.

Ecan ,,ll,nl F(v)= o0, TO HCCeLyeTcst aCHMITOTHUECKHH
poct F(v) mpm v—>oo, T. €. OTBICKHBAeTCS H JOKa3bl-
BaeTcsl paBeHCTBO BHpa F(v)=cuv*-+4 O(vh)D, rue c,
o, P -— BellleCTBeHHbIE YHCJA, npuueM o > > 0.

B kauecTBe mpumepa (3amMmcTBOBaHHOTO y JlamGexa
B Mosepa [4]) paccmoTpum QyHKIHIO
F(v)=4F{A = (a, b, ¢) | Tpofixa A — npocrefimas,

c << v}.

MeTo, ¢ MOMOLIBI0 KOTOPOr'O OHA HM3yYaeTCdA, HECJOXKeH
H yacTo ynotpebnsieTcsi B TEOPHH YUCeJ, ITIOSTOMY CTOHT
ero 37eChb NPOJeMOHCTPUPOBATh.

MBbl pacnosnaraem gopMmynaMu AJs1 HAXOXKIEHHS KBa-

3HNIPOCTeHIINX NU(PATOPOBLEIX TpOeK. B CBA3M C 3THM pa-
3yMHO BBECTH (PYHKIIHIO

Q(v)=FH{A=(a, b,c)| Tpofika A — KBasunpocreias,
c <<v}.

Tak kak Q(v)= F(v) 4+ F(v/2), TO MOXHO BBIPA3UThb
F(v) uepe3 Q(v):

F(v)=2(—1>"@(2—’:).

) Osnauaomee, uto |F(v) — cve| << AvB npn Bcex mocrarouro
OoJbIIHX U, Iie A — HEKOTOpasi NOJIOXKHUTeNbHAs NocTosAHHAA. — ITpum.
nepes.



78 IOPTEH POJIL®C

[Toutn Bce cJaraeMble 3TOH OGeCKOHEUHOH CyMMBI paB-
Hel 0. IlosoxkuM [/ BCAKOrO BeLleCTBEHHOTO HHCJIA
t>0

qg(t)=3{(x,y)| x, y — neable u B3aUMHO NPOCTHIe,
R < 2 x>y >0l
CorsiacHo paHee ckaszanHomy, Q(v) = ¢ (v'/2). IlycTs
()= #{(x,9) | % y—uemsie, x>y >0,
x4y < 12}
Torpa, oueBHIHO,
(7]

=7y a(%).

rae [f] o6Gosnauaer HauboJsbliee IlejiO€ YHCJO, He Tpe-
Bocxonsllee £, IlocsaenHee ypaBHeHHe MOXKHO Pa3peuluTh
OTHOCHTeJNILHO ¢ (f), UCMOJBb3Yysi TaK Ha3BIBAEMYIO (PyHK-
yuro Médbuyca p (cm. [5], (16.4)V). Ona onpenmensiercs
cjaefyloIIUM 00pas3oM: eclu 1= pipz ... pr — Pasjoxe-
HHE 71 Ha NpPOCThle MHOXHUTeJNH p;, TO p(n) =0, Koraga
B 3TOM PAa3JIOKEHHH €CTh JBa OJHHAKOBBEIX COMHOXKHUTEJS,
H wp(n)=(—1)", Korma Bce COMHOXKHTEJH PAa3/JHYUHHL
Ecau nosoxuts w(l)=1, to xaxupgomy n=1, 2, 3, ...
OyJZeT MOCTaBJeHO B COOTBETCTBHE POBHO OZHO H3 YHCEJ
—1, 0, 1. B pe3syabTare nosyuaercs

(7]
. t
g)=>) n@ (7).
i=1
Takum o6pasoM, AJs1 pellleHHs NepBOHAYAJIbHOH 3aJauH

cjaelyeT HaMTH acCHMNTOTHYECKOe BhIpaxKeHue aas [(f).
M5l yTBepxKaaeMm, 4ToO

14
() =5 124 0().
STO O3HAuYaeT, YTO NOTrpeHIHOCTh, BO3HHKAlOLLas Inpu 3a-

MeHe [(f) Ha (m/8)2, camoe GOJibIllee MPOMOPLUHOHAILHA
t. Jlns BeIBOLA NMOCJELHEr0 PaBeHCTBA CJEAYeT 3aMeTHTh,

D Uan Byxwira6 A. A. Teopus uucen.— M.: IIpocsewenue, 1966.
— Ilpum. nepes.
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YTO YHCJO BCeX Y3J/I0B IeJOYHUCJACHHOH pelIeTKH, JeXKa-
KX B MHOXecTBe M Touek (x,y) IJOCKOCTH, IJISI KOTO-
peix x=y=>=0 u x24y>2<<# (puc. 15), npub.u3u-

}

./

/ - *—=e * ® S—

Puc. 15.

TE€JbHO paBHO mJoliagu M, a Bo3HHKaloOUlas NPH 3TOM
NOTPEIIHOCTh NPONOPLUHOHAJNbHA YHUCJAY sS4eeK pelIeTKH,
yepe3 KOTOphble NPOXOMHUT rpaHuuna M. DTa MOrPeIIHoCTh,
OYeBHJAHO, NPONOPUHOHAJNbHA AJHHE I'PAHUIE], YTO U JaeT
YKa3aHHOE COOTHOUIEeHHE. DTO — KJIOUeBOH MOMEHT BCETO0
paccyxzaenusi). OHO HCNOJB30BaJoOCh B aHAJOTHYHOH
curyauuu yxe I'ayccom. Hrtak,

(£ [Z]
N TAAS t
1=, w05 (2 -z-o(;;)-
i=1 i=
Ho u3BectHO, uTO

o0

Z 1 = u (i) 6
nz 6’ 2 w2

n=l1

i=

M3 paBencrBa

(7]
Z,%= + 07

1) Bosee nmompoGHO 06 3toM cM.: Byxmra6 A. A. Teopus uuceus.
.. IIpocsewenne, 1966.
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C/JIedyeT, uTo
(7]

w(i 6 -
l(;) = — + O(f l).
i=1
Tak kak
[£]

Y —=lInt-+0(1),

i=l1
TO NpU ! = n? NpUXOAUM K PaBEHCTBY

Q(n) = —g%n + O(n'?lnn),

OTKy a4, YYHTbIBad, 4TO

C —i 2
2, =27 =5
i=0

noJiyyaeM HaKOHeEIll,

HM=%+OW%m)

Besauunny 2F (v) MOXHO HHTEPIPETHPOBATh KAaK KO-
JINYECTBO Y3JI0B LE€JOYHUCJEHHON PEIIEeTKH C MOJOKHTEeJb-
HHIMH H B3aHMHO NPOCTHIMH KOOpPAHHATaMH, pacCTOSHHE
KOTOPHIX OT HayaJjia KOODAUHAT €CTh HaTypaJibHOe YHCJIO,
He npeBocxojsallee v. Kak MB TOJBKO UTO BHAEJH, AJSA
yucsaa L (v) Bcex y3JIOB peLIeTKH B NMEPBOM KBaApaHTe,
paccTosgHHe OT KOTOPHIX 10 Hadaja KOOpAHUHAT MEHbIe
v, CIpaBEAJIHBO PaBEHCTBO

L(v)=-% v*+ O(o).

YactHoe 2F(v)/L(v), acumnrtoTHYeckd paBHoe 4/m2y,
MOXHO paccMaTpHBaTb Kak MpPHOJUKEHHOE 3HAYeHHe
NJIOTHOCTH TOYEK, COOTBETCTBYIOLLUX MPOCTEHINHM muda-
TOPOBHIM TpOHKaM, CpPedH BCEX y3JIOB LEeJOYHCJICHHOH
peIleTKH, JeXKallliX B NEepBOM OKTAaHTe Ha PacCTOSHUH,
MeHnblleM v, OT HayaJa KOOpAHHAT,
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Jlam6ek ¥ Mosep npoBesid aHAJOTHYHBIE pacCyxje-
HUS A5 QYHKIHK

Fa(v):

— #{A=(a, b, c)| Tpoiika A —npocreitmias, 3—'2—’)—<v}
H
Fp (U):

= F { A=/(a, b, ¢)| Tpoiika A —npocTefimas, a—l—b—}~c<v}.

Ecau pna dysknum F(v) HalgeHo acHUMNTOTHYECKOe
npeactaBaenre Bupa F(v) =cov*+4 O(vP), rme o>
>p >0, To Ha caeaywlieM 3Tane MOXHO HBITaTbCA
ONpelNeJIUTh  ACUMNTOTHYECKOEe TMOBedeHHe  pPas3HOCTH
F(v)—cv* npm Oombwiux v ®u T. A Jasg dysgouu
F = F, nauano Takux HcC/AeJOBaHHUH ObiJI0O IMOJOXKEHO
P. Yunnom [7].

Bo Bropoit uactH Hamell 3KCKYpCHH MBI pPaccMOT-
puM pemeHusi GoJsiee o6uiero ypaBHeHHss a? -+ b? =m
C LeJBIMH @, b u m. Ecayu HaTypanbHOE YUCAO m 331aHO,
TO HpeXOe BCero CJeAyeT BhISICHHTb, HMEeT JIH ypaBHe-
HUE BOOOLIE IeJIOYHCJAEeHHble pelieHus (HanpuMmep, NpH
m = 3 ux Het). Eme dunodantom u3 Asekcanapuu OHIO
3aMeyeHo, YTO 3TO YyPaBHEHHE HEpas3peuuMo, eCJH IpH
IeJIEHUH m Ha 4 moJyyaercs OCTaTOK 3, TaK Kak KBal-
paTel HaTypaJbHBIX YHCEJ MOTYT NpPH AeNeHHH Ha 4 Ja-
BaTh B ocTaTke Jullb 0 Hau 1, a caenosatenbHo, a2 -+ b2
MoxKeT jaTh B octatke 0, 1 mau 1-1= 2, HO HHKAK
He 3. McuepnbiBamolinii OTBET HA 3TOT BONPOC ObLI HaM-
IeH B 1638 r. ®epma. Oun nokasaxa ([5], § 20V), uto m
TOTJa U TOJNBKO TOrja MpeacTaBuMoO B Buae a? -+ b2 ¢ e-
JBIMH @ U b, Koraa BCe NPOCTHe IeJHTe]H m, Naloline
IpH [eJeHHH Ha 4 OCTaTOK 3, BXOAST B M B YETHOH CTe-
neHu. Kpome Ttoro, ®epma ypanoch Aaxe HauTH ¢op-
MyJy njg uuciaa v(m) pasauudbix nap (a, b) nmeabx
yHces, OJs1 KOTOphX a2 4 b2 = m. A uMeHHO,

v(m)=4(d(m)—ds(m)),

1) Cwm. rakxe Hassennopr I. Beicas apudmeruxka. — M.: Hayxka,
1965. — I pum. nepes.
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rae di(m) ¥ ds(m) — umcao penuTesell m, AAlOLHUX NPH
AeneHuu Ha 4 ocTaTku 1 u3 coorBercTBeHHO ([5], § 19.9).
Ecaun nonoxute §(d) = 0 npu g060M YeTHOM HaTypaJb-
HOM d, % (d) = (—1)(@=1/2 gpu HeuéTHOM HaTypaJbHOM d
M MCIIOJIb30BaTh 0603HaueHue d|m [Jisl 3allHCH BHICKA3bl-
BaHUs ,,Mm JeJHTCA Ha d’, TO MOXKHO TaKikKe HamucaThb

o(m)=4) x(d).
dlm

Korga m = p—nupoctoe u p = 4] -+ 3 npu HEKOTOpOM
HaTypajJbHOM j, MH noayuaeM v(p)=0; ecaun xe p=
—4j+1, o v(p)= 8. Uucao 8 ugerko 0OBACHHMO.
Ecin a2+ b2 =p =4j--1, 10 a 5= b u umeercsd 8 pas-
JWYHHIX pelrenuii: (a,b), (—a,b), (a,—b), (—a,—b),
(b’a)’ (_b’a)’ (b’ —'a)’ (—bs "'—a)'

ITonyyennyio nas v(m) ¢dopMyay MOXKHO HHTepIpe-
THUPOBaTh M CoBCeM HHaye. [lycTb ¢ npuHHMaer Belle-
CTBEeHHBle WJIH KOMILJIeKCHBle 3HaueHns B |g|<< 1. He-
IIOJIb3ysl U3BECTHOE BLIPpAXKEHHe IJS CYMMBI reoOMeTpHye-
CKOIl INporpeccusl, Jerko yb6emnuTbcs, 4To 3Ta ¢GopmyJaa
SKBHBAJIEHTHA CJIeAYyIOLIeMYy TOXKIEeCTBY nJis CTeleHHBbIX
PSAIOB:

st ot 2n+1

z v(m)g™ = Z (“l)n#’

m=1 n=0_0

Hurepecho, uto fko6u B 1829 r. nokaszasn 310 TOXAECTBO
COBEPIIEHHO IPYTUM NyTEeM, 3aHHUMasiCb TeOpHeH 3JIJIHII-
taueckux ¢ynkoui (cM. mo sToMy mosony [5], § 17
U YKa3aHHYI0 TaM JuTepatypy). Eciau moJsoxHTb

TO, OUEBHJHO,
0(gr=1+ ) v(mq™
m=1

TaK YTO Hallle yTBepXKJAeHHe O CyMMaX JBYX KBaJpaToB
MOXHO TpPakKTOBaTb KaK pas/joxeHHe TaK Ha3bHBaeMOH
TaTta-byHkuun 0(q)? B cremenHoét psx. Ilpm sTom Ha-
MpalInBalTCs pasnuuHble 0606menusa. Hanpumep, ecan
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JXKeJlaTeJIbHO OINpefesquTb KOJHYeCTBO c¢(m) Pas3MHUYHBIX
IIpeCTaBJEeHHH HAaTypaJbHOTO YHUCJAA M B BHIE CYMMBI
yeTbipeX KBAJApPaTOB LeJIBIX YUCEJ, TO HaJ0 «BCEro JIHIIb»
3HaTh passoxeHune GyHKuun 0O(g)* B cTenmenHolt psm.
$IkoGu HallleJi, UYTO

09/ =1+ ) c(m) q"=1+8Y, T2
m=1 n

3JeCh IITPUX O3HAYaeT, UYTO CYMMHpDOBAaHHE BeLeTCsd IO
BCeM HaTypaJbHBIM 4YHCJAM #, He JeasiiuMmMcsa Ha 4
(5], § 20). CpaBuuBasg kK0>(pPHUIHEHTH B JEBOH H mpa-
BOH 4acTSX IOCJTeNHEro paBeHCTBA, MoJydyaeM, 4TO ¢ ()
PaBHO CyMMe BCeX HIeJUTe/lel m, He AeJsliuxcsl Ha 4:

c(m)= Z d.
dlm, 44d

B yactHocTH, OTCloZa BBITEKAaeT 3HAMEHHTas TeopeMma,
chopmynupoBannas Pepma u BnepBble HOKaszaHHas Jla-
TPaHKeM: BCAKOE HaTypaJbHOE YHCJAO0 MOXKHO TpeAcTa-
BHTb B BHJIe CYMMHBI YeThipeX KBaApaToB.

$1 He Oyny meBITaThCA O6OCHOBATH BCE NEpPEUYHC/IEHHBIE
pesyJbTaTH, a XO4y B 3aK/IOUeHHEe YKas3aTb OAHY (PH3HU-
YeCKyI0 3ajady, IJsl pellleHHsl KOTOPOH HYXKHO 3HAarTh
LleJIOYUCIEHHble pellleHHs ypaBHeHus a? - b%2 = m. Ilpu
9TOM OKaxeTCsl, UYTO TEOPETHKO-UHUCJIOBHIE M aHAaJUTHYe-
CKHE BOIIPOCH «CaMH COOOH» CBOe0oOpasHO IepelJe-
TAIOTCA APYT C OPYTOM.

Paccmorpum amBymepuwii Top 7. HarasgHo ero
MOKHO MpencTaBUThb cebe Kak (NOJBIH) cracaTeJqbHBIH
Kpyr (puc. 16): dopmanbHo-MaTematuyecku I = (R/Z)X
X(R/Z), rne R/Z— untepBan [0,1] co CkJIeeHHHMH
toukamd 0 u 1, JomycTuM, 4TO Haml TOp H3TOTOBJEH M3
TOHKOH 3KeCTH M ero HepaBHOMEPHO HarpeBaloT Inasb-
HOH Jsamnoii. B mMomenT Bpemenu f= (0 yOepeM Jsamimy.
K aToMy MOMeHTy B KaxKAOH TOYKe p TOpa yCTAaHOBHUTCS
HekoTopasi Temmneparypa u(p,0) =u(p). OueBHaHO, YTO
BO BCsikH# OoJiee MO3AHHH MOMEHT BpeMeHH f TeMIiepa-
Typa B TOYKe p OyJeT MMeTb BIIOJIHE OllpelesieHHOe 3Ha-
yeHue u(p,t). Ero MOXHO omnpene/luTb He TOJNBKO H3Me-
peHHeM, HO H YHCTO TeOpeTHYeCKH. A HMeHHO, OyieM
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ONMUCHIBATh KaXIAyl0 TOYKY p Topa T AByMSl BellleCTBEH-
HBEIMM 4YHCJAaMH X, y (KOOpAHHATaMH), B3ATHIMH IO MO-
aymo 1D, Y3 ¢usuku u3BeCTHO, 4TO mpH BhIGOpe HajJie-
Xaulero Macmtaba BpeMeHH QYHKIHUS U SBJSETCS OLHO-
3HAYHO ONpeJesseMBIM pellleHHeM yPaBHEHHS TeIJIONpO-
BOJHOCTH
02
o T 3y )u+—u—0

C HayaJbHBIM ycaoBueM u(p,0) = u(p). Bynem cumrarts,
uTO PyHKIHA u(p, t) nepHomuyHa C nepuoaoM l mo kax-
HOOH M3 MNepeMeHHBIX X, y U yTO

GyHRIUIO p—>u(p, 0) MOKHO

pPa3JIOXHUTb B <«XOpPOUIO» CXOIS-

IuACs psaa BUAA

T:
u(x,y,0)= Z ga.b'fa.b(x’ y),
a,bel
Tle gq, » — KOMILJIEKCHBlE YHCIIA,
a fa, (¥, y)= exp (2ni(ax + by)) Puc. 16.

(Tragk HasblBaeMOe pPa3A0ONHteHue
6 psad Pypove). CTporo rosops, u(x,y,0) sanaercs Belle-
CTBEHHOH 4acCTbIO 3TOrO pfma HmeeMm

0?
axz ) fa, A'a,b‘ fa.b’

rhe Aq,» = (2m)2(a2? 4 b?). Haiinem Tenepb — COBepIIeH-
HO (OpMasbHO — pellleHHe YpaBHEHHS TeIJIONPOBOJ:
HOCTH:

u(p, t)= Z ga.b‘fa.b(p) * exp(_A'a.b‘ 1) =

a,bsl

SR st cxpl— o,

m=0 at+b*=m

Uucao
v(m)= F{(a, b)| a, b —uenvte, a2} b? = m}

MOXKHO Tellepb TPAaKTOBaTh KAaK pPa3MepHOCTb COOCTBEH-
HOTO MOANPOCTPAHCTBa JAUPPepeHLHaJbHOro omneparopa

DToemn 0 < x <1, 0<<y < 1.—Ipunm. nepes.
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—(0%/0x2 4 0?/0y?) wa T, oTBeualoilero COGCTBEHHOMY
3HaueHuw (2m)2m.

Cnektp oneparopa 02/9x2 4 02/0y?, a TOuYHee pac-
npenesesde ero CcoOCTBEHHBIX 3HAUYeHHH ONHCHIBaeTcs
byHK1IHEH

B(v)=4dF{m|m = a%4 b?, a,b—ueane; m << v}.

Ona 6b1a B 1909 r. uccmepmosana 3. Jlanmay ([2],
§ 183), koTopHhiit ycTaHOBHI, UTO

B(v)=(2 11 (1_p—2))""2- T (1+0(53)):

p==3(mod 4)

BosBpamasce K yPaBHEHHIO TENJIONPOBOJHOCTH, BBe-
JeM o003HaueHHe

F(p,v, )= Y fas(p)Fas(0) eXp(— Ra,p - ).

a,bel

Ilycte dv = dx /\ dy — snemenT noBepxHocTu Topa. He-
IIOCPEACTBEHHO TPOBEPSIETCsI, UTO

u(p, t)= S F(p, v, ?) u(v)dv npu t> 0.
T
Qyuknus F(,, ) Ha3biBaeTcss (pyHOAMEHTALbHLIM peuie-
Huem ypaBHEHHSI TEIJIONPOBOJHOCTH Ha TOpe; 3Hasa F,
MOXHO HAaHTH pelleHHe ypaBHEHHS TEeMJONpPOBOLHOCTH

C JIIOOBIMH 3aJaHHBIMH HaydaJbHBIMH YCJIOBHAMH. Oue-
BHJHO,

\ Fo,v,ydo=1+
T

npu t > 0. OyHkLIuS

t —> Z v(m)-exp(— (2n)* - m - ¢)
m=1
—9TO0 Kak OBl CTeHOTpaMMa, B KOTOPOH 3amucCaHbl BCe
v(m). IlomoxuB z=i-4nt, g = exp(miz), noayyaem
BMECTO IIOCJIEIHEr0 BHIPAXKeHHS

o0

Y v(m)g™

m=1

v(m)-exp(— (2n)®-m- )

NgE
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DTa cyMMa HMeeT cMblcs npu Im(z2) >0 u omnpepenser
B 3TOH 006/1aCTH aHaJHTHYeCcKYyl0 (QYHKIHIO (y»Ke BCTpe-
yaBIIYIOCA HaM MOA uMeHeM T3Ta-QpyHkuuu). Ecam co-
BEpPIIEHHO (POPMaJbHO COIOCTABUTb BBIPAXKEHHIO

o0

Y v(m)g™

m=1

(GYHKUHIO

o0

te)=y 2,

m
m=1

ONpEeAe/NIEHHYIO JJI1 KOMIIJIEKCHBIX S, Y KOTOpPBIX BE€UIECT-
BeHHasl 4yacTthb OoJiblie 1, TO, KaK MOXHO JOKa3arTh,

s =4][ U =u@)p™" - (1 =p=)7,
p

rie OeckoHeuHOe IpoH3BeneHHe OGepeTcs IO BceM IIpo-
CTHIM uucjaaM. OyHknus {(S) ¢ TOYHOCTBIO OO MHOXKH-
Teqass 4 mnpencraBiasieT co60f TaK HasblBaeMYK J3eTa-

dyukumo noas Q (4/—1).

Takum o6pas3oM, MBI BHJAHM, 4TO C ypaBHEHHEM Tell-
JIOIPOBOJHOCTH Ha TOPE TECHO CBSI3aHBI HEKOTOpHIE aHa-
Jutuyeckue QyHkuud. KX MOXKHO onpenenuTb, 3Has
GyHKRUUIO m—>v(m) u Ha000pOT.

Bce 3aTponyThie Bhillle BONPOCH! U 6erjo HaMeuyeHHbIe
CBSI3M UpE3BbIUAIHO JIETKO NMOAAAI0TCA OOOOLIEHHNIO H SIB-
JISIOTCA 4YacThio XKHBOH, NOJHOKpPOBHOK Teopuu. §I Ha-
JIeI0Ch, YTO MHe yJIaJ/i0Ch NMPOOYAUTH Balie JIIOOGONBITCTBO.
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XaHcnetep Kpadr

AJITEBPAUYECKUE KPUBBLIE
U ANODAHTOBLI YPABHEHUA

Te, xOMy NOCYACTAMBHJIOCH XOAUTH HAa YPOKH MarTe-
MATHKH ellle 10 BBeJeHHsS TEOPHUH MHOXKECTB B IIKOJbHYIO
IporpaMMy, HECOMHeHHO, MOMHAT Teopemy Iludaropa:

B npamoyzorvnom TpeyeosbHuKe cymma naioujaded
K8aodparos, NOCTPOEHHbLX HA KATEeTAX, pasHa nA0UA-
Ou Ksadpara, nocTpoenHo2o Ha eunorenyse (puc. 17).

//
F=F1+F2
I

/A P

Puc. 17. Puc. 18.

Ora TeopeMa Oblla U3BeCTHA B BaBUJIOHUH yXe BO Bpe-
mMena XAMMYPAIIH, a B03MOXKHO, ee 3HaJU U B APEBHEM
Erunrte, ofHaKo BlepBhle OHA Obljla J0OKa3aHa, MO-BHIH-
MOMY, B Iudaropeidckoi mkose. Tak HasblBaJach rpynna
HHTEPECYIOLHXCA MaTeMaTHKOH ¢GuIocoPoB OO0 HMEHH
ocnoBatensi mkoJanl ITMDPATOPA (ok. 580—500 r. no
H. 3.)— JIUUHOCTH AOBOJIbHO MH(HUeCKOH. DTO OBl MHC-
THK, YUEHBI# W IOJHTHK apUCTOKpaTHUuecKOro tonka. OH,
JOOJIKHO OBITh, MyTelleCTBOBaN N0 BaBunonuun u Erumnry,
a mosnHee Ha tore Mranuu, B Kporone, co6pan BOKpPYT
cebs1 KPYIKOK YBJIEUEHHBIX IOHOIIEH, U3 KOTOPOro H BO3-
HUKJA nudaropeiickas mkoJsa. B Hacrosiee BpeMs yxe

7 A
VFZ/%
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HEBO3MOXHO YCTAHOBHUTb, KaKHe MHOCTHXKEHHUsI nudaro-
peiilleB NpUHALJIeXAaT CAMOMY YUHMTeNI0, a KaKue CJaedyeT
NPUNNCATb €ro YYeHHKaM.

ITycTb HJIMHBI CTOPOH MPSIMOYTOJBHOTO TPEYTrOJbHHKA
ABC (puc. 18) o6osnauenn uepes a, b, ¢, IpUUYEM CTO-
pPOHA OJHHE ¢ HaXOLUTCSI HANPOTUB NIPAMOro yrJa. Teo-
pema Iludaropa yrBepiKaaer cnpaBeLJHBOCTh PaBEHCTBA
(1) a? - b2 = c2
OHo BHINOJIHSIETCS, HAIDUMED, €CJIH BMeCTo a, b, ¢ mon-
CTaBUThL uucaa 3, 4, 5, uau 5, 12, 13, unu 41, 140, 149.
Takue pemenus ypaBHeHus (1) B LENBIX IIOJIOKHTENb-
HBIX YHCJaX HallIW y:xKe nudaropeiipl, # NIOTOMYy TaKHe
pelIeHHsT Has3blBalOT nugazoposeimu Tpotikamu. Bnonane
BO3MOJKHO, 4TO TNOHCKH 3THX TPOEK M IIPUBEJH K TeO-
peme IIugaropa. Bnpouewm, tpoiika (3,4,5) Onlia usBe-
CTHA 3HAYHUTEJbLHO paHblle, 0 UeM CBHIAETEJNbCTBYeT, CKa-
KeM, Jomeduii L0 Hac guaJgor ummneparopa UXKOY-
IF'YHA (ok 1100 r. mo H. 3.) u yuenoro IIAH TAO
([2]1Y, crp. 54—65); Gosee moApoGHO O TpoOHKe
(3, 4, 5) pacckaswiBaeTcss B INpeAbAyLIel JIEKIHH
10. Poabdca.

3ajagumcs BONPOCOM, CKOAbKO CyIIecTByeT mudaro-
poBHIX TpoeK. OueBHAHO, YyMHOXas BCe TPH UYHUCAA HA
Jroboe I1enoe n, MOXKHO U3 TPOHKH (@, b, C) TOJYUHTb
OE€CKOHEYHO MHOTO HOBBIX TpO€K; H3 Tpo#ku (3, 4, 5)
BO3HHKaeT TaKHM 006pas3oM IOC/IeZ0BaTeNbHOCTh TPOEK
(3,4,5) (6,8,10), (9,12,15), (12, 16,20), ... . [Tostomy
YTOUHHM IIOCTaBJEHHHII Bompoc u Oyaem HCKATb npo-
crediwiue nugaropossl Tpoiku (a,b,c), T. €. Te, Yy KO-
TOpBIX HaHOOJBIIUH OCLINE HesiuTesb uucea a, b u ¢ pa-
BeH 1. Pemenue stofi 3amaum ykasaa emé JIMODPAHT
13 Anexkcanapun (ok. 250 r. H. 3.):

Ecau n u m— 0s8a s83aumuo npocreix yerolx (no-
NONCUTEAbHOLE) HUCAQ, PABHOCT6 KOTOPbIX N — m
noaoscuTeavHa u HeuéTna, 1o (2mn, n®—m?2, n? -+
-+ m?) — npocrediwan nugacoposa Tpoiika, u s0bas
U3 TaKux Tpoex modxceT 6ulTb Hali0eHa 3TUM Cno-
cobom.

1) YUpcsa B KBajJpaTHBIX CKOOKaxX OTCBIVIAIOT K CIHCKY JIHTEpa-
TYPhl B KOHLE 3KCKYDCHH.
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IlepBasg yacTb yTBep:KIEHUSI JIETKO NPOBEPSETCS HeNo-
CPEeICTBEHHOH TMOACTAHOBKOH; uYaCTHHIE CJAy4ad 3TOrO
«IpaBHJa MOCTPOEHHS» MH(PArOpOBEIX TPOEK OBLJIN H3-
BeCTHH W paHblie. boJsee ¢/10XHO J0Ka3aTh, YTO TAKHM
o0pa3oM noJsywamTcs 8ce mpocrteiiine Tpoiku. Ceituac
Mbl YCTAaHOBHM 3TO C IIOMOLIbI0O I'eOMETpHUECKHUX €000-
paxenul. PasnenuB paBenctBo (1) Ha c¢?, noJaydum

() + () -

IlostoMy kKaxpas nudaroposa Tpoiika (a, b, c) Haer pe-
IIeHNe ypaBHEHHS

(2) +yr=1

B payuoraabhoix uucsax (Lpobsx), a UMeHHO X = a/c,
Yy = b/c; Ha30BeM TaKylo Mapy payUOHAAbHbIM peule-

1Y g
/
/-"'
Py = (xa,9»)

Puc. 19,

Huem ypaBHenusa (2). Hao6opoT, u3 BCAKOro Takoro pe-
IIIeHus, €CJAU NPHUBECTH Apo6U x M y K obuleMy 3HaMe-
nHarento: x = a/c, y = b/c, roe a, b, ¢ — neave, ToTYAC
BO3HHKaeT Nu¢aropoBa Tpoiika. CjenoBaTesbHO, Halla
3ajaua CBeJeHa K OINpele/leHHIO pallMOHAJNbHBIX pelleHHuH
ypaBHeHHS (2). DTO ypaBHEHHE TaKxkKe XOpPOIIO H3BECTHO
U3 ILIKOJIBI — OHO 3aJaeT Ha 3BKJHAOBOH IJOCKOCTH
OKPYXHOCTh C IIEHTPOM B HauaJjJe KOOpAHHAT U panuy-
com 1 (puc. 19). Ecan paccmoTperh npsiMyio g € yrJo-
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lszM K)oaq)@;{uneHTOM A, TPOXOAAIIYIO Yepe3 TOUYKY
0,—1):
(3) g y=arx—1,

TO KOODpAMHATH oGenx Touek mepeceueHuss S = (0, —1)
U P) = (x,y,) OpsAMOll g C OKPYXKHOCTBbIO YIOBJIETBO-
paoT ypaBuenusam (2) u (3). IlomcraBasia (3) B (2),
noJayyaem

(4) (A2 4 1)x2 —20x=0,

OTKYJAa MOXKHO HAaHTH KOOPAHHATH (X3, y)) TOUKH P,:
2A A?—1

(5) xh:?\,Z——l—l’ y;uzkx,‘-—l:x‘,—_l_l.

(Jlerko yGeauThcs TNOACTAHOBKOH, UTO OHH SBJSIOTCS
peulenriem ypaBHeHHusi (2).) Ilpum paumoHanbHHIX A 3TH
pelrenusi, oueBHAHO, OyAayT panuoHasbHbBIMH. OO6paTHO,
ecan (Xo, Yo) — palMOHAJNbHOE pellleHHe ypaBHeHHs (2)
U Py— COOTBeTCTRYIOIASI €My TOYKA Ha OKPY:KHOCTH, TO
yrioBo# KO3((MHUIHEHT NPsIMOH, INPOXOAdlIled UYepe3
Touku (0, —1) u P, pannonanen: A = (yo -+ 1) /xo. Cae-
JO0BaTeNbHO, (Xo, Yo) €CThb pemienune Buga (5). Takum 06-
paszoM, [O0Ka3aHO, 4YTO BCe pAaIlHOHAJbHBIE pelleHUd
ypaBHeHHs (2) HaxozsaTcs mo ¢opmynaam (5H) ¢ panuo-
HasbHBIM A. Ecsam 3anmucate A B Bume apo6u: A =n/m,
TO GOpMyJH (5) mepenuuIyTcs Tak:
2nm _ on?—m?

Trm BT

Hrak, no6as nudaropoBa TpoiKa MpeicTaBHMa B BHIAE
(2nm, n?— m?, n? -4 m?), uyto u TpeGoBaJOCH JOKA3aTh.

X)—

IIpuBeneHHbIll pe3ysnbTaT — JHUIIL ONMH H3 MHOTUX,
conepxkamuxcs B «Apudmeruke» unodaunta. Lo Halero
BpEeMEHH COXPAaHHJIHCh 6 KHHI 3TOrO0 COYMHEHHS; 06 HX
o01eM YHCIe MOXKHO TOJbKO CTPOUTh Aorajnku. Hewusse-
CTHO TakKiKe, keM 6wl Ifuodant. Bo BcsgkoM ciayuae, ero
TPYA — OLHO K3 CaMBIX BEJHKOJIENMHBIX COYUHEHHH aHTHU-
HOH 3M0XH, B KOTOPOM COGpaHH BecbMa pa3HooOpasHbIe
3ajlayd H YacTO C Ype3BBHIUAHHO OCTPOYMHEIMH pelile-
HusMu. (Dosee moapob6HBle CcBemseHHS] HMHTEpeCyOLIUHCA
yuTaTesJb MOXKET HaiTH B yJauHOH KHUXKeuKe bamma-
KoBoit [1].)
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HNMvenno counnenue J{uoganra — usgannoe B 1621 r.
B nepeBofie Knona I'acnapa ne bBame ne ME3MPbJKA
(1581—1630) — nano mnoBox Ileepy PEPMA 3anucathb
Ha MOJIfAX IepeBoJa OJHO M3 CaMBIX JOCTONpHUMedaTesb-
HBIX H JaJjekKo MOBEJLINX 3aMeyaHHHd B HMCTOPHH MaTes
MaTHKH:

«Cubum autem in duos cubos, aut quadrato-quas-
dratum in duos quadrato-quadratos, et generaliter
nullam in infinitum ultra quadratum potestatem
in duas ejusdem nominis fas est dividere; cujus
rei demonstrationem mirabilem sane detexi. Hanc
marginis exiguitas non caperet.»

«HeBo3MOXHO pa3noxuTh Ky6 Ha ABa Kyba, HJIH
OnkBazpar Ha nBa OuKBajpaTa, HMJIH BooOlle CTe«
IeHb, OOJBIIYyI0 IBYX, HAa JBe CTEMEHH C TeM iXKe
CaMbIM IIOKasaTejeM; $§ Halleg 3TOMYy IIOHCTHHE
yyJlecHOe J0Ka3aTeJbCTBO, OLHAKO MOJA CJIHUIIKOM
MaJibl, YTOOB OHO 3]1eChb YMECTHJIOCHY,

TakuM obpasom, 6oasiian Teopema Depma yTBepKIaeT,
4YTO YypasHeHnue

(6) a" + b" =c"

HU npu Kakom HATypasbHom n, boabwuem 2, Hepaspes
WUMO 8 YeAnblX NOAOHCUTENbHBLE YUCLAX.

Ob1ee nokasaTesbCTBO CHPOPMYJIHPOBAHHOTO YTBEp-
XKIEeHHS He yIaJoch HaHTH 4O CHUX IOp, HECMOTpPs HA TO
YTO 3TUM 3aHUMAJIUCh IIOKOJIEHHS MaTeMaTHKOB. Be-
positHee Bcero, Pepma omwubascs, Opeamoaaras, uTo
pacnonaraetr peuesuem. B 1908 r. Ilayar BOJIb®-
CKEJIb 3aBemian npeMuio B CTO TEHICAY MapOK TOMY, KTO
IepBBIM TNPEACTABUT JOKasaTelbCTBo. B pesyJabrate
HHQUIALHY [TOC/Ie NepBOH MHPOBOH BOMHEI BEJIHUYHMHA Ipe<
MUH B HacCTosllee BpeMs COCTaBJAseT eIBa JecATYIO
yacTb MepBOHauajbHOH cymmbl (cm. [15], nexkmms 1,
nyHKT 7). K ToMy Xe, Kak ykasbBaer I'. daBap/c B cBoei
KHHre [5] o Teopeme ®epma, mpeMus Ha3HayeHa JHIIb
3a J0Ka3aTeJbCTBO NPEANOJOKEHUS — KOHTPIPHMED HeE
NpUHECET HU neHHHral

CnpaBegnuBocTh OosbLIoN Teopemu Depma s He-
KOTOPEIX YaCTHHIX Cay4yaeB Obljia yCTaHOBJIEHA yXkKe MO+
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BOJIbHO JHaBHO: caM Pepma H0KasaJa HepaspelIHMOCThb
ypaBuenus (6) npu n=4, JI. QUJIEP —npu n =3
(1770 r.), A. JIE)KAHOP—npu n=25 (1825 r.) #
I'. JIAME —npu n =7 (1839 r.). CaMble 3ameyaTesb=
Hble pe3y/abTaThl 3JeChb MPHHALJIEKAT, OAHAKO, D. KYM-
MEPY (1810—1893), KOTOpHIH CBOUMH HCCJIELOBAHUSIMHU
1o npobseme Pepma oxkaszaJ peliamplliee BJAUSHUE HA pa3-
BUTHE ajareO0panyecKOH TeOpHM udces. B HalieM CcTONETHH
€ro MeTOAbl OBbIJIM YCOBEPLIEeHCTBOBAHBI H JOIMOJIHEHBI
(1929 r. u mo3xe) mpexpge Bcero GJaaromapsi yCHIHUAM
Y. BAHOMBEPA, O. JIEMEPA u 3. JIEMEPA, Ttak
YTO K HACTOSLIEMY BPpeMEeHHU Hepa3pelIdMOCTh YpaBHEHH s

\y

Puc. 20.

(6) nokasana (c wucnosbzoBanueM IBM) pas Bcex
n << 125000 (3. BATHITA®®, 1976 r.; cM. Takxe [15],
Jgekuusa 2, «Ilociaennue pesyavrathi»). Ecan npuHSITH BO
BHUMAaHHe, 4TO yucjao 2!2°000 3amuchiBaercs mocpencTBoM
37628 nudp, ToO MOUCKH KOHTPHpHMepa K OOJBLIOH TEO-
peme @epma INPeACTABIAIOTCS COBEpIIEHHO Oe3Halex-
HBIM 3aHATHEM!

Paccyxnenus, aHaJOrHYHBle NPOBENEHHHIM MNpH Ha-
XOXJEeHHH NMHQAaropoBbBIX TPOEK, NMOKA3BIBAIOT, YTO HPOH-
JeMa @DepMa CBOIUTCH K ONPENEJIEHHIO PAYUOHAAbHbLX
peulenull ypaBHeHUS

(7) x4yt =1,

PaccMoTpeB Ha 3BKAHIOBOIM MJIOCKOCTH KpHBYIO Fp, 3a-
JAHHYI0O 3THM ypaBHEHUEM, IIOJYyYHUM JABE€ KauyeCTBEHHO
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pas3HYHble BO3MOXKHOCTH B 3aBHCHMOCTH OT UYETHOCTH
WJIH Heue€THOCTH n (cM. puc. 20), Kpusas F, Ha3bBaetcq
kpusoi Pepma nopsanka n. [lostomy rumortesa Pepma
O3HayaeT, 4To Ha Kpusod F, nopsadka 6biue 2 eOuH-
CTBEHHbIMU PAUUOHAAbHBIMU TOuKaMU (T. €. TOUKAMH
C pauMOHAJBHBIMHM KOODAHMHATAMH) ABAANTCA TOUKU he-
peceuenus ¢ ocamu Koopounar.

Cam coOofi HanpammBaercs caefylomuii obuuii BO-
npoc:
Kakosol payuonasvrole Touku Kpusol C Ha 98KAU-
0060# naockocTu, 3a006aeMOl NPOU3BOAbLHLIM Q-
eebpauveckum ypasreruem

(8) C: ), ai,xiyj =0
C YENOUUCACHHBIMU KOI(DDUYUEHTAMU Qif?

Ilopsdok xpusoit C, T. e. MakCHMaJbHasi H3 CTeHeHeH
i + j olHOUJNEHOB x'y/, BXoAAILUX B ypaBHenue (8), cay-
KUT rpyOoll Mepod cJoXHOCTH KpuBoi. OueBHIHO, YTO
yeM BHIIE MOPSAOK, TeM TPyLHee HalTH palHOHAJbHLIE
pewrennss ypaBHeHHs (8). DT0 0OCTOSAITENBCTBO HAXOLUT
Oosiee TOuHOe BhHIpaxeHue B eunorese MOPLEJIJIA:

Ha kpusoti, nopadok KoTopoii seiuie uiu pasen ue-
TolpEeM, UMEETCA AUULb KOHeYHOe 4UCAO payuoHanb-
HblX TOUEK.

34ech clelyeT cHesaTh OTOBOPKY, UTO pacCMaTpHBAIOTCH
KpHuBHE «o0uero Buma» ), a BHIPOXKIEHHHIE CJayuaH BO
BHUMAaHHe He NMPHUHHMAIOTCA.

OTHOCHTE/NILHO CHpaBeAJIMBOCTH rumoTe3dnl Mopnenna
H3BECTHO OUeHb MAaJIO; €JHHCTBEHHHIM OOLIHM pe3yJ/bTa-
TOM 3Jech saBJsieTcs Teopema SHUTEJIA ([16], 1929 r.):

Ha xpusoti obuwezo suda, nopadox koTopoti sviuie
2, NeHCUT AUULL KOHEeYHOe HUCA0 YeAblX ToueKk (TO-
yek ¢ IeJBIMH KOOpjUHATaMH), T. €. y COOTBET-
CTBYIOLLLETO ypaBHeHHs (8) cCyllecTByeT JHIIbL KO-
HEYHOE YHCJIO LEJOYHCIEHHBIX pelleHH .

1) dopmanbHO-MaTeMaTHYECKH 3TO 03HAuaeT OTCYTCTBHe OCOGeH-
HOCTeH y COOTBETCTBYIOLIEHl KOMIJIEKCHOH NMPOEKTHBHOH KPHBOH, Npel-
craBJsiolleli coGoll TeM caMblM TOBepxHOCTb PumaHa poaa g > L
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I KpUBBIX MaJjoro mopsiika d KapTHHA CJjenylolnas:
npu d =1 umeeM npsAMyl0 U Ha Hed OECKOHEYHO MHOTO
pallHOHAJBbHEIX (M mazke IeJblX) TOueK; npu d = 2 mo-
Jyuaercsl ksadpuka (3anumnc, napatosa, runepbosa); Ha
KBajpuke Jaubo coBceM HeT, JHO0 OECKOHEUYHO MHOTO
palMOHAJNbHBIX TOueK !, DTO NOKa3blBaeTCcs TeM 3Ke reo-
METPHYECKHM METONOM, KOTOpPHI BhIlie OblJ NpPHUMEHEH
IJisT HaXOXACHUS palMOHAJbHBIX TOYEK Ha eIHHHYHOH
OKPY#HOCTH M KOTOpHH, CorjiacHo naHHBIM bammako-
BOH, Takxke Bocxonut K Jluoganty ([1], § 5). U umenHo,
NPAMas € pAayUOHAAbHbIM YeA0B8biM KOIDPULUEHTOM,

}¢ 04
Q3
\ A SFoT x
s 0 -—
%2 g— g R
P 0 1
Puc. 21. Puc. 22.

npoxodaujan uepe3 payuonarbHyro Touky P readpuxu,
nepecexkaer ee 8 payuoxHasvrolx TOukax. IloBopaumuBas
NpsAMYI0 BOKPYTI TOYKH P, moJyuyaem OeCKOHEYHO MHOTO
pallHOHANBLHHEIX TOueK (puc. 21).

Cayuait d =3 dBJafercA B H3BECTHOM CMEIC/IE MPO-
MEXXYTOUHBIM MEXJY pacCMOTPEHHBHIMH. Kak MBI BHAEJH,
Ha kpuBoil Pepma Fs (puc. 20) Jexart JuIIb ABe paiHuo-
HaJlbHbIe TOYKH, a cedyaCc Mbl NpPUBEIEM MpPUMEP KPUBOH
TPETbEr0 MOpPSAKA, Ha KOTOPOH GeCKOHEYHOe YHUCJIO pa-
IIUOHAJIbHHIX ToueK. L/ 3TOro BOCHOJB3yeMCSsl CleAylo-
IIHM MeTOOOM CeKyujux, IpeacTaBIAdgIOUINM co6oi 06006-
IIeHHe YKA3aHHOr0 paHee cnocoba AJs KBAaApPHK (M 3TOT
MeTOoJ TOoxKe BCTpeuaercs y Huodanra; cm. [1], § 6):

1) Cayyau, KOrja KBaJpHKa BhIpOXKaaerTcs B TOUKY (Kak 3to Oy-
JleT, HanpuMmep, MJs1 KpHUBOH, 3ajaBaeMoi ypaBHeHHeM X2 4 y? = 0),
HEe NPHHHMAIOTCA BO BHHMAaHHE,
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Ecau P u Q— dse payuornarvusle Touku Kpusoii C
TpeTbeco nopadka u npamas, npoxodauias uepes P
u Q, nepecexaer kpusyro C euie 8 00HOL Touke R,
70 R Takoe A648€TCA PAYUOHANbHOLU TOUKOU

(puc. 22).
STO yTBepXKIeHHEe JOKa3blBaeTcsd OueHb mpocto. Ecau
(9) giy=rx+s

— ypaBHEHHe NPAMOH, Npoxolsulell uepe3 Touku P u Q,
TO r U §— palHOHaJIbHLIE YucJa, U0 UX MOXKHO BHIpa-
3UTh Uepe3 KOOpAHHATH (Xp, yr) U (X, Yq) TOuek P u Q
o gopmyJsiaM
r—= Yp yQ , S=yp—rxP:xPyQ nyQ.
xP — JCQ xP —_ xQ

IToncraBuB (9) B ypaBHeHHe KpHBOH C, MOJYYHM AJS X
YpaBHEHHE TpeThell CTelneHHu

(10) x34+ax2+bx+c=0

C pauMOHAJBHEIMU KO3(pduuuentamu a, b, c¢. Ilo ycmao-
BHIO KODHSIMH ero SIBJASIIOTCA a6CUMCCH TOUEK Iepeceue-
nug P, Q u R npamoit g ¢ kpuso#t C, T. e. Xp, Xg, Xgr-
OnHako, 3Hasi KOpHH ypaBHEHHS, MOXKHO HaHTH ero Ko-
3¢ QUIHUEHTH COBEpIIEHHO TaK e, KaK 3TO JejaeTcs
B INKOJIe [Jig KBaApaTHOTO ypaBHeHHsi. Hampumep, cym-
Ma KOpHeH, B3fiTasi ¢ MPOTHUBOMOJIOXKHLIM 3HAaKOM, paBHA
K03 PHUUEHTy mpH x2;

xp + xq + xp = —a.

Ilo npeAnoJIOXeHUI0 Xp U Xg palMOHAJBHBI, MO3TOMY pa-
IIMOHAJIbHBIM OYyJIeT U Xz, @ 3HAYHUT, U Ypr = rXg + S, T. €.
R — paumnorasnpHas TOYKa, UTO U TpeOOBAJIOCH NOKAa3aTh.

OnpobGyem atoT cmoco6 Ha KpuBoi E, 3amaHHOM
ypaBHEHHEM

(11) E: y2 = x3— 25z,

OTHpaBJgACh OT Touek P = (—5,0), Q = (0,0); R=(5,0)
M S=(—4,6) (puc. 23). CHauaJsa, HCIOJNb3YysI NMPIAMYIO
SQ, mosyuum Touky S; ¢ KOOpAHHATaAMU (6 %, —9—2—),
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3aTeM MOJYYUM TOUKY Sp= (——g-, -3 -%%), fajnee TOUKY
473 13790
(12 sor’ — 40 55797 <5797 ) B T+ A 13 ypaBuenus (11)

BHJHO TaKXe, 4YTO KpuBasg E cumMmeTpu4rHa OTHOCUTENAbHO
ocu x: BMecTe C Kaxjaod ToukoH T (xr,yr) Ha KpHBOW
JIEXKHUT U CHMMETpPUYHAs el OTHOCHUTEJbHO OCH X TOUKa
" = (xr, —yr), u ecau Touka T
panuoHaJsbHa, TO U T’ OyJlleT pa-
LLUOHAJNBbHOH. DTO MOXKHO MOJ0-
rHaTh IOJ ONHCAHHLIA BLILIE Me-
TOJA CeKyUIUX CuaelyrouiuMm obpa-
30M: JONIOJHUM KpUBYIO E «He-
cobcreernoi touxol» O B Ha-
npasJjeHuu ocu y. [Ipamele, npo-
xoxawue uepe3 O,—3TO nps-
Mble, NapaJJebHbie OCH Y, U Mbl
MOKeM I[I0Jy4uTh TOUKy I/ Kak
«TPETBIO TOUKY IlepeCeueHHsI»
npsAMOH, mnpoxoxasuied uepes O \Sa*
u T, c kpuBoii E. Jlasnee, MOXHO \
HCIOJNb30BaTh npedesbublit cay-
4al MeToda CeKyLHX — mMeTod
KQCcaTeAbHbiX: BMECTO MPSIMOH,
npoxojsulel yepe3 pamuoHaJbHBle TOUkH P u Q, 6path
KacaTeJIbHYIO { K KpUBOH B pauHOHAJNbHON TOuke P (cuu-
Tasg TO4kH P u Q coBnaBmuMHU). Paccyx)eHHsIMH, aHAJO-
TMYHBEIMH [POBEJEHHHIM paHee, MOXKHO I10Ka3aTbh, 4YTO
TOYKa IlepeCceueHHs NpsIMOH f ¢ KpUBOH E ToXe Oyler
panuoHanbHON (M omATb 3TO OBIIO M3BeCTHO yxkKe Jluo-
Gdanty; cM. [1], § 6).

B paso6GpanHOM BHIIIE IpUMeEpe CO3[aeTCsI — U COBep-
IIEHHO CIpaBeAJUBO — BIeUYaTJ/JeHHe, YTO MpPOBOJLHUMEIE
IIOCTPOEHHSI HHMKOrJa He 3aKAaHYHUBAIOTCH M MO3BOJAIOT
HAWTH 0ECKOHEUHO MHOT0 pAallMOHAJBLHHIX TOUEK Ha KpH-
Boi E. 3aTpyaHeHHUS MOTJIH Obl BO3HHUKHYTb, JIUIIL €CJIU
OBl MBI NOCJe KOHEUHOTO YHCJa LIaroB BEepHYJHCh K OJ-
HO¥l U3 paHee MOJIyYEeHHLIX TOYEK, HO 3TO MpeLCTaBJSETCS
BeCbMa MAaJIOBEPOSITHHIM BBHAY BCe YCJAOXKHSAIOLIUXCA
3HaMeHarTeJeH.

Caenympolee yTBepxkJaeHne 6bl10 BeickadaHo B 1901 r.
A. ITYAHKAPE (1854—1912) [14], a nokasaHO TOJBKO

Puc. 23.
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cnycra 20 ger (B 1922 r.) J1. MOPIEJIJIOM [19]:

Bce payuonaadrbole TO4KU KPUBOL Tperseco no-
pPAOKA MOJXMCHO NOAYHUUTb U3 HEKOTOPO2O KOHEUHO20
UX 4ucaa ¢ NOMOWbIO ORUCAHHO20 cnocoba ho-
CTpOeHU.

Kak u B Teopeme 3uressl, KpUBasg CUHUTAETCH «MOIOJHEH-
HOH» CBOMMH HeCOOCTBEHHBLIMH TOUKAaMH, U KpPOMe TOTO,
NpeanoJiaraeTcd, 4TO OHA SIBJAETCS KPHUBOH oO0Luero BHAA
(1. e. He uMeer ocobeHHOCTeill). Takue KpHUBHIE Ha3bi-
BAIOTCA dAAUNTUHECKUMU V.

CdopmynupoBanHas Bheille reopema Mopdeasa Gblna
o0o0uieHa B J[BYX pAasJUYHBIX HamnpaBJIeHHUSX: BMECTO
palHOHAJbHBIX TOYEK CTaJM pacCMaTpHBATb TOYKH C KO-
OpAHHATAMM H3 3aAaHHOTO YUCJOBOrO IOJS, a BMECTO
JIJIUNTHUECKUX KPUBBIX — IIOBEPXHOCTH I1POU3BOJIBHON
pa3dMepHOCTH (Tax Ha3blBaeMble abenesbl mMH02000pa3UsL).
Hauvano atum o6GoOuwenusam OwI0 monoxeHo A. BEM-
JIEM, u OKOHUaTeJibHBIH pe3yJbTaT HA3bBIBAIOT ceiyac
reopemoti Mopdeara — Betias.

B cBS3H C 3TUMH BONPOCAMHU O pallMOHAJBHBIX TOUKAX
3a nocJeanue 15 Jjer noaBuiacH pPsAL OTYacTH (PaHTACTH-
yeckux runores (b. BEPY, X. II. CYUHHEPTOHS-
JNAWEP, Ox. TOWUT, 3. OIT; cMm. 00630pHYI0 CTaTbO
[17]). CnpaBeLJUBOCTL HEKOTOPHIX H3 HHX HELABHO

D IIpoucxoxperre 3TOro Ha3BaHHs HMeeT AOJIYI0 HCTOPHIO. YKe
B 17-M cTO/leTHH TpH BHIYHCJIEHHH IJHH YT 3JUIMICOB H JAPYTHX
KPHBbIX MAaTeMATHKH CTOJIKHYJHUCH ¢ HHTErpajaMH BHAA

S dx
b
x
) Vi)
rae f(x) — MHOrousieH crteneHH He Bhie 4. Mccaeposanue atnx 3az-
AUNTUHECKUX UHTeepasos Hauan Dinep. ABEJIb u HeszaBucumo or
Hero JAKODBU paccmorpenn oOpaTHble (PYHKUHH IJisi 3THX HHTErpa-
JaoB. Cuenyst $IKoOH, UX CTaJW HA3LIBATb IAAUNTUHECKUMU (PYHKYUSI-
mu. BHISICHUJIOCH, UTO 3TO JIBOSKONEpPHOAHYECKHEe MepoMop(Hble (YHK-
uuH, yaosjersopsiomne aud@epeHLHaJbHOMY YPaBHEHHUIO BHAA

X?—f(X) =0.

Hcxonst M3 3TOro ypaBHeHHs, MOXKHO IIOKa3aTb, UTO 3JUHINTHYECKHE
(YHKIIHH — 3TO B TOYHOCTH (PYHKIHH, MepOMOp(HBIE HA 3JJIHITHYE-
CKHX KpuBbLIX (IIOHHMAaeMblX KAaK KOMIAKTHbie PHMAHOBBHI IIOBEpPXHO-
CTH).
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Oblyia MOATBepXKJAEHA B IPOJIOXKHUBIIEH HOBHIE NYTH pa-
6ore b. MA3YPA ([8], 1976 r.), Peub unér o Bompocax,
CBSI3aHHBIX C TaK Ha3bIBae€MOH <«TOHKOH CTPYKTYypOH»
pallHOHAJbHBIX TOYEK Ha 3JJIUNTHYECKOH KPHBOH, U 00
3TOM MHe XOTeJOoCh Obl HEMHOIO pacCkKa3aTh B 3aKJIlO-
yeHue.

PaccMoTpum sanunrtuueckywo KpuBylo E, 3aJaHHYIO
B KanoHuueckoti popme Bedepwrpacca, 1. e. ypaBHEHHEM
BHA

(12) E: y»=x34+ax2+bx-+c

C IeJOUHCIEHHBIMH KO3Qdunuentamu a, b u c¢. Kaue-
CTBEHHO BO3MOXKHBI JBa IIOKAa3aHHBIX Ha pHUC. 24 cayuad,

|y |v

N L s/ :
U |

Puc. 24,

B COOTBETCTBHH C TeM, OJMH HJH TPH BeElIECTBEHHBIX
KOpPHS HMe€eT MHOrowleH B mpaBoit uwactu (12) (3tm
KOPHH COOTBETCTBYIOT TOUKAM IepeceueHusi £ ¢ ochio X).
Bynem onaTe cuutath KpuUBYI0 E MOMOJHEHHOH HecoG6-
cTBeHHOH Touko#i O B HamnpaBieHuun ocu y. Cuaenys
A. Tlyankape [14], onpemenum Ha KpuBo# E omepamuio
P+Q: 0an awboix Towek P u Q rTouka P+ Q— 310
TpeTvs TOUKa nepeceuerusn npamot PQ ¢ kpusoil E, cum-
METPUYHO OTPAINCEHHASS OTHOCUTEAbHO ocu x (puc. 25).
Jlerko BuJeTb, YTO BBeJEHHAsi omepamuss KOMMYTa-
TusHa (T. e. P+« Q = Q+ P), uto Touka O sBjasercs IJs
Hee Hedrpasbuoim dnrementom (T. e. O+ P = P = P%0)
M YTO JUIST KaxKJo# TOYKH P cyluecTByeT ob6parHell dae-
MERT — CUMMeETpPHUYHAs €l OTHOCHTEJBHO OCH x ToukKa P’
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(1. e. P%x P’ = O = P’+ P). HeckoJbKO CJ0XHEe NOKa-
3aTh, UTO 3Ta onepauusa accoyuarusua (T. e. (PxQ)=R=
= P+(Q«R) mas nwobeix touek P, Q, R). Ha #a3bike
COBpPEMEHHOH MAaTEMAaTHKH 3TO O3HAudeT, UTO TOUKU KPU-
soti E 06pasytoT KOMMYTATUBHYIO epyniy OTHOCUTEAbHO
onepayuu .
M3 npeablaymux paccyxXIeHHH CJaedyeT, 4To JIJd
JIOOBIX OBYX paunHoHaJbHBIX Touek P, Q Touka P« Q
TaKKe pallHoHaJbHa, — COO-
}¢ =PQ CTBEHHO, 3TO H TNOCHYXKHJIO
HCXOAHBIM IYHKTOM HaIIero
METOJa CEKYUIHX AJs MOCTpPOe-
Husl pALHOHAJBHHIX TOYEK.
X Hrak, payuonassHble TOUKU
= E:at kpusoid E obpasyror noo-
epynny epynnet E. (Heco0-
cTBeHHass Touka O cunTaercs
P*Q pauMoHaNbHOM, )
HckymeHHBI I UUTaTe]b
JIETKO 3aMETHUT, UTO Teopemy
Puc. 25. MopOeara MomxHO Temepn
chopMyaupoBaThL TaK:

Payuonasvuole Touku sasuntuseckoll Kpusoll
00pa3ytoT KOHEUHO-NOPONCOEHHYIO KOMMYTATUBHYIO

epynny.

JTta (OpPMYJHPOBKA HMEeT OINpe[eseHHble INpeaMylle-
CTBa, TaK Kak AJi TAKHX TPYIN H3BECTHH CTPYKTypHHIE
TeopeMbl. Hampumep, rpynny E:,t MOXHO NPEICTaBHTH
B BHJE npouszsedetus HeKOTOpPoii Kouneuroi epynnet T
Il KOHEYH020 4YUCAQ OECKOHEUHbIX YUKAUHECKUX epyntl.
KosnyecTBO 0eCKOHEYHBIX HHK/JIHYECKHX COMHOXKHTEJEH
Ha3bIBAETCs pameom aasuntuueckoll Kpusotl E, a xoHeu-
Hasi rpynna Tgp— ee epynnod kpyuenus. O paHre Hus-
BECTHBl JO CHX IIOD TOJBKO OTHedbHBle (akTe. Tak,
A. HEPOH ([11], 1953 r.) nokasaj, 4To CylIeCTByeT
KpHBasg, pAaHr KoTopod He Menbmie 10, He NpHBend,
npaBna, aBHoro mprMmepa. A. BUMAH ([20], 1948 r.)
IIOCTPOMJl INpUMep KpuBoH panra =4, JI. TIEHHU
u K. [IOMEPAHC ([13], 1975 r.) nann npumep KpuUBOH
panra =7, a &, I'PIOHEBAJIbJ u P. LVMMMEPT
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([6), 1977 r.)— kpuBo#i panra =81; K YHCJIy KPHBHIX
paHra =8 OTHOCHTCSl, HampuUMep, KpHBas, 3ajaBaeMas

ypaBHeHHEM
y¥:=x34ax?4bx+4c

a= — 3%. 1487 . 1873,
b=25.3*.5.151 . 14551 - 33353,
c=2%.3.5%.7.151%2. 193 . 277 - 156307.

PaccmorperHas panee kpuBas (l11) (puc. 23) umeer
padr 1, coorBercTBylIlas OeCKOHeuHas LUKJINYECKAsd
IOArpyNna nopoxpaerca Toukoir S = (—4,6). dto ciae-
ayet u3 pesyasratoB P. BAXEHIOP®A ([19],1974r.),
KOTOPHIH HCCAeNOBaJ KpUBBIE, 3ajaBaeMble ypaBHEHHUS-
Mu BHAA y? = x% — p2x, rae p — MpocCToe.

[Ioka HesdaCHO, CyLIECTBYIOT JiH 3JJIUNTHUYECKHE KpH-
Bble CKOJb YroZHO OoJbmioro paHra (4To cuHuTaercs
BecbMa BepOoATHHIM). KI3BecTHO, OZHAKO, 4TO paHr oLe-
HiBaeTcss uepe3 KoahdunueHtni ypaBHenusi (12) (rou-
liee, yepe3 UHCJAO PAa3JHYHBIX HPOCTHIX COMHOXKHTEJeH
orAenbHBIX Koagdunrentos [18]). I[losromy HeymuBu-
TeJIbHO, YTO B MOCTPOEHHBIX MPHMEpPax KPUBBIX BBICOKOIO
paHra ypaBHEHHs HMeEIOT GoJibmive Kod(pdunuento, Co-
rJ1acHO OAHOU W3 YMOMSIHYTHIX Bblllle THIOTE3, paHr 3i-
JIUIITUYECKOH KpUBOH E paBeH KPAaTHOCTH HYyJs Tak Ha-
apiBaemMoro L-psina Lg(z) kpuBod E B TOoyke 2 =1
(bépu u Cyunnepron-Haiiep [3]).

PaccmoTpuM, HakoHel, epynny kpydenus Tg. Ona co-
CTOUT M3 pallUOHAJbHBIX TOYeK P KOHeYHOro mnopsika
(T. €. U3 TeX, NJAS KOTOPHIX n-KpaTHadgd KOMIIO3HLHUA
P+«P=x ... «P papHa O npu HEKOTOPOM n), HasbBae-
MHX (palMoHANLHBIMH) Toukamu kpywenus. Ilpexne
BCEro Ha OCHOBAHHUM CAMOrO BHAA KPHBOH MOXKHO 3aKJIO-
YHTb, YTO CNpaBEeJUBA ciaeAyolas obllas CTPYKTypHas
TeopeMa: epynna Tg aubo cama yuxkiuiua, AUOO ecTb
npoussedenue 2pynnvl Z,; nopadka 2 HA YUKAUUECKYIO
epynny. DTO MOXKHO 060CHOBATh CJaenyHOIUM 00pasoM.
Kpusas E (momoJiHeHHAasi) COCTOMT M3 OMHOH HJAH ABYX

C

1) Bumousmenus meton I'pionesanbna u Llummepra, K. HAKATA
HameJ HexasHo npuMep Kpusoil paura =9 (K. Nakata, Manuscripta
Math. 29 (1979)).
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3aMKHYTHIX JUHMH (cM. puc. 24), a MOTOMYy TOIMOJIOTH-
YeCKHM BHIJIAAUT KaK OJHA WU [Be OKpyxXHOCTH. [Ipu
aToM uyacTb EY comepxkamas (Heco6cTBeHHYI0) TOUKy O,
ob6pasyer noarpynny. MoxXHO noOKasaThb, 4To Jiobas KO-
Heynasg mnoxarpynna B E° nukauueckas (3To Hgenaercs
TOYHO TaK e, Kak JJis rPyNIbl BpalleHUH OKPYKHOCTH).
ChnepoBaTenbHO, €CaM TIpynna KpyueHUsSs Tg IE€THKOM
Jexut B E° 1o Tp— uukanueckas rpymnmna. B nporusHOM

cayuae Tr ecTh NpOM3BeneHHe 7y HA rpynny Tx TOueK
KpyueHus u3 E°.

O rpynne KpyueHusi Koe-4TO ObLJIO H3BECTHO yXKe J0-
BonsHO gpaBHo. Tak, T. HATEJIJIb ([10], 1935 r.) n,
no3guee, JI. JIVTLL ([7], 1937 r.) noayyuiam cjaenyro-
LM HHTEpPeCHLIH pe3yJbTaT, AAUHHA OLHOBPEMEHHO
METOJ MJI1 SBHOTO OIpeleneHHs TOYEeK KpYueHHs KOH-
KPETHLIX KPUBHIX:

Ecau P —(payuoHarbHas) TOUKA KPYHUEHUS 3AAUN-
Tuueckotl kpusoll E, 3adanHOil ypasrenHuem

y2=x3+ax24bx+c,

TO ee KOOpOUHATbL Xp U Yp ABAAIOTCA UCAbIMU HUC-
aamu, npudem Yp pasro uiu 0, usu xaxomy-Hubyde
deaurearo duckpumunanra D kpusot E.

(JlMCKpEUMHUHAHTOM KPHBOH HAa3BIBAETCS OINpeJeseHHbIH
MHOTOUJIEH OT KO3(P(QHUUHEHTOB ypaBHEHUS; B [LaHHOM
cjayuae AUCKPHMHUHAHT paBeH

D = 4a3c — a?b? — 18abc + 4b3 -+ 27¢2;

ycaoBue D %= 0 gBaseTcss HEOOXOLUMBIM U AOCTATOUHBIM
ycJoBHEM peryasipHoctd Kpusod £E.) Hanpuwmep, nas
KpPHUBOH

E: y? =x3—14x? 4 81x

rpynna kKpyueHusi Tp eCTb LIUKJAWYECKas rpynna mopsi-
Ka 8, nopoxaeHHass Toukoi P = (3, 12). I pyrum npume-
POM CJAYXKUT KpHBas

E: y> = x3—43x + 166

C LHKJHYECKOH TIpynno# KpyueHHs Mopsigka 7, MOPOXK-
AenHoil Toukoit P = (3,8). Becbma 3aHUMaTeNbHO M CO-
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BCEM HEC/OXKHO CaMOCTOSITeJIbHO IPHAYMaThb H HCCJIEH0~
BaTb JPyrue NpUMEpHI.

Yke NaBHO CyIHIeCTBOBAJIO NMPEANOJOXKEHHe, MOATBEP-
XJIaBlleecss BC& HOBBHIMH YHCJIEHHBIMH IpPHMEpPAaMH, YTO
MOPSIAOK rpynnel KpyueHus orpanvued. K 1960 r. 6ni0
M3BECTHO, UTO OH He MOXKeT NPHUHHUMAThb HEKOTOPHIX 3Ha-
yeHui, Hanpumep KpatHbix 11, 14, 15, ... (cM. [4]).

B 1976 r. b. Ma3syp cyllecTBeHHO NPOJABHHYJCSH BIIE-
pell, J0Ka3aB, UTO nopa0oK 8CAKOL PAYUOHAALHOU TOYKU
kpyuenus pasen 12 uau He npesocxodur 10 (310 yxKe
B 1974 r. npeanoaaran 3. Orr [12]). Tem caMmbiM Oblia
IIOJIHOCTBIO BHISICHEHA CTpPYKTypa rpynmnsl 7 g.

Hmeercs 15 soamoocnocrei: aubo Tp— yukauue-
ckasa epynna, nopadox koropoii pasen 12 uau He
npesocxodur 10, iubo oHa ecTe npousdsederue
epynnet 2o HQ YUKAUYECKYIO epynny nopaldka 2, 4,
6 uau 8.

Buipalouumcsa pesynbratoM b. Masypa 6nlsa 3aBepieHa
OLHA U3 IJIaB TEOPHUHU 3JJIHUITHUECKHX KDHUBHIX, NMpPHUUYEM
BeCbMa HEOXHUIAHHO Jaxe [AJs HEKOTOPHIX ClelHaJuc-
TOB, CUMTABIIHNX, UTO HAaJ 3TOH NpobseMOH NpHUIeTCAd pa-
6orath elie moJaroe Bpems. MoxKHO cMen0 yTBEpXKIATh,
YTO 3TOT PEe3YJbTAT NPHHALIEKUT K UHCIY HHTEPECHEH-
IIMX MaTeMaTHYeCKHUX pe3yJbTaTOB NOCJAeLHUX JeT. Pa-
3yMeeTcs, B paMKax HacTOALled JeKIHH HEBO3MOXKHO
yKasaTb faxe XO0Td OBl HAE MeTOLa [A0Ka3aTeJbCTBa
Masypa. Jla 3T0 ¥ He BXOAUT B MOIO 3ajauy.

51 XoTes TOJIBKO NONBITAThCA NPOHTH BMECTE C BaMH
HeOOJIbIIYI0 YacTh MYTH pPAa3BUTHSA OLHOH MaTeMaTHue-
ckoit nmpobaembl — ot [ludaropa uepes HJuodanra u ru-
notesy depMa K panHOHAJNbHBIM TOUKAM 3JJIHNTHYECKHUX
KPHUBBIX — H IIOKa3aTb, KaK B XOJe HCCJAELOBAHUS MPO-
O6JeMy BHIOU3MeHANH, 06001lany U CHOBA KOHKPETH3H-
poBaJIM, YaCTHYHO pelIaJd U BO3BOLUJH HA €€ OCHOBE
HOBble TeopHH. IlycTh HemMaTeMaTUKH NMPOCTAT MHe, UTO
BpeMsl OT BpeMEHH §1 BBIHYXKJeH Obli obpalllaThCsi K Ma-
TEMATHUYECKHM NOHATHAM U QOpPMYyJiaM,
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Enc Kapcren flHueH

CBA3b MEXXY TEOPUEN NPEACTABJEHUA
U KOMBUHATOPUKOM

Sl monmplTaloCh omHucaTh BaM B3aUMOCBSA3b ABYX o6.ia-
cTefl MaTeMaTHKU — TEOPHUH NpeACTaBJeHHHA U KOMOHHA-
Topuxku. HauneMm co BTOpo#, kak GoJsee npoctoit. Cnenua-
JIUCTH IO KOMOUHATOPUKE CHAuaJia IeJaloT ¢ KOHEUHBIMHU
MHOXECTBaMH BCE MBICJHMOE H HEMBICJHMOE, a 3aTeM
cnpamuBaoT cebsi, CKOJbKUMH crnoco6amMHu 3TO MOXKHO
caenaTtb. B KauecTBe KOHEUHBIX MHOXeECTB MH Oynem
paccmaTpuBaTh MHOXkecTBa Bujpa {1, 2, 3, 4, 5, 6, 7,
8, 9}, 1. e. MmHOXecTBa {1, 2, ..., n}, rae n— HaATypaJb-
HO€e 4YHCIIO0.

Camoe mpocToe, UTO MOXKHO COTBOPUTb C JAAaHHBIM
MHOKECTBOM — 3TO 3alHcaTh €ro 3JEeMeHTH B ApPYroM
IIOpsiIKe, CKAXKEM Tak:

0:3,2,59,1,8,7,4,6

HJH, B obmewm caydae, o(l), o(2), ..., o(n). Takue no-
CJI€I0BATEJbHOCTH Ha3bIBAIOTCH I€PEeCTAHOBKAMH MHO-
xecrBa {1, 2, ..., n}. Hrak, nepBuiii KOMGHHATOPHHIH
BOIIPOC: KaKOBO YHCJO BCEX BO3MOXKHBIX IIE€PECTaHOBOK
mMHoxectBa {1, 2, ..., n}? DT0 — nonyJasipHOe ympaxKHe-
HUe Ha NPUHNHUN MaTeMaTHueckKod MHAYKnuH V. OTBeTOM
CITY3KHT
1-2.,..-n=nl!

(tak uto npu n=9 umeercsa 362880 mepecTaHOBOK).
MoxxHO 3azaTh ellle HEeCKOJbKO [AaJIEKO BeIyIIUX BO-
IIPOCOB, HANpPUMEpP: CKOJbKO 3JE€MEHTOB B caMOH AJHH-
HOM BO3pacTalouled NOANOCJef0BaTEJbHOCTH IOCJIEeL0BA-
tTeabHOCTH 0(1),0(2), ..., o(n)? Kak HafiTu Takyw nos-
nocJeq0BaTeJbHOCTE? B paccMaTpuBaeMoM ciayuyae Ipu
n =9 yxkazaHHas JJiMHa paBHa 3, a MpuMepaMu Bo3pac-
TaIOIUX MOJANOCTEeA0BATENBHOCTEH AJUHH 3 sIBJASIOTCH |,
4, 6; 2,5,9; 3, 5, 8 u muorue apyrue. Hanpamupaercs

1) CM. nepBoe moOACTpOYHOe NpHUMeuaHHWe Ha cTp. 59.— Ilpum.
nepes.



106 EHC KAPCTEH SIHLIEH

H TakKo# BOIPOC: KAKOBO KoauuectBO N (n,r) mepecraHo-
BOK MHOxecTBa {l, 2, ..., n}, oI KOTOPHX YHCJO 3Je-
MEHTOB caMoO# IJHUHHOH BO3pacTarwllell moanocaensoBa-
TEJIbHOCTH paBHO r? Ecau paccMOTpeTh Bce BO3MOKHLIE
II€PECTAHOBKH, CKaxeM, Aad n = 9 (a ux, Kak yxe OBLIO
ckasano, 362880), To mosyuaTcsi 3HAu€HHS, yKa3aHHBbIE

B TabJa. 10.
Tabauya 10.

2 s | 4 s |6 |7 |8
N (9, r) ||1| 4 861 | 89 497 | 167449|83029 |16465 | 1513| 64| 1

O6wuii oTBeT Ha TIIepeuyHCc/eHHble BOMNPOCH HAIIeJ
B 1959—1960 rr. K. Illencren. 1,9 3TOro OH MOCTaBHJI
B COOTBETCTBHE KaXJIOH NepecTaHOBKE TPHU APYTHX 00b-
€KTa KOMOHHATOPUKH, a UMEHHO OJHO pa30HeHHe H IBe
KaHoHHueckHe Ttabaunbl. OO0bsicHUM 3TH noHsTuda. Pas-
OHeHHEM ILEJOT0 IMOJOXKHTEJBHOTO YHCJAA A Ha3blBaeTcd
BCSIKag HeBO3pacraloliasg MmoCJAeL0BAaTEJNbHOCTh A=
= (M, A2, ..., As) LEJBIX IIOJIOXKHUTEJbHBIX YHCEJ, CyMMa
KOTOpBIX paBHA fi:

Z1>K2>>LS>O, 7\,1+7\,2—l-...+?&s=n.

Hanpuwmep, (3, 3, 2, 1)—onno u3 pas6uenuil uyucmaa 9,
Bcero xe uX 30, a y umcaa 200 pasbueHunn yxe
3972999 029 388.

Hanee, pasbuenuro A= (A, Ag, ..., Ag) IOCTAaBUM
B COOTBETCTBHE TaK Ha3biBaeMyw auarpammy lOura (uau
IIPOCTO AHarpaMmy) THIa A: IOMECTUM B NepBOH CTpOKe
A1 KJIETOK, BO BTOPOH cTpOKe (mon mepBOi) Ae KIETOK,
B Tperbell CcTpPOKe A3 KJeTok u T. A. IIpu saToM mepBas
KJE€TKa JOJKHA CTOATh IOJ NEepBOH, BTOpas — MOJ BTO-
po# u T. A. Iuarpamma gag A = (3, 3, 2, 1) nokasana Ha
puc. 26.

1|57 134 216 |42
2|8 216 319
319 517 5111

Puc. 26. Puc. 27.
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Ecan B KaxAylo KJIeTKy AUarpaMMbl THIA A BIHCAaTh
10 OJHOMY UHCJy TaK, 4TOOH B KaxKJ0H CTPOKe cJeBa Ha-
IPaBO M B KaxJAOM CTOJIOIE CBEpXy BHH3 UHCJA CTPOIO
BO3pacraJy, To 3al0JHEHHAs TakuM o6pa3oM guarpaMmma
HasbiBaeTcs Tabauneidl (tuna A). Hanpuwmep, ma puc. 27
NpUBeAeHH TpH TaOaunb THHA (3,2,2). Tabmuma tunal,
rae A — pas3bueHue yHc/Ja 71, HA3LIBAETCS KaHOHHMYECKOH,
ecJqd B Hell comepxkarcsi Bce yucaa ot 1 mo n. K3 Tpex
TabJauL HA pHUC. 27 TOJBKO CpeAHAs SBJSETCI KaHOHHYe-
CKOH, HanmpoTHUB, Ha puc. 28 o6e talbaHnbl — KaHOHHYE-

114]6 1134

21517 216109 157

318 517 2|8

9 8 319
Puc. 26. Puc. 29.

ckie (tuma (3, 3, 2, 1)); Kak MB BCKOpe YBHAHM, 3TO
UMeHHO Te JABe TabJaunbl, kotopeie llleHcren craBHT
B COOTBETCTBHE IMEPECTAHOBKE O, YKa3aHHOH B caMOM
HauaJie B KauecTBe NnmpuMepa.

[TocTpoenre kaHoHHyeckKHX Tabnaun Illencrem nposo-
JIUT [O3TAIlHO: KaXXJOMy H3 IMOCJEJ0BATEJbHO YBEJHUH-
BaIOIUXCS <«HAyaJbHBIX OTPE3KOB» IOCJEeL0BaTEJbHO-
cTi (B paccMaTpHUBAaeMOM IIpHMepe KaxKAOMY H3 «OTpe3-
KoB» 3; 3, 2; 3, 2, 5; 3, 2,5,9;...) cTaBUTCA B COOTBET-
ctBue TabJsHma mno NpaBuIy, YKasbBalolleMy, KakK H3
TabJUIbl AJ8 OLHOTO HAYaJbHOTO OTpe3Ka NOJY4YUTh Tab-
auny auas ciaepytomero. [Iponecc HaunHaeTcs ¢ TaGJIHILBL
tuna (1), B €eIUHCTBEHHOH KJIETKe KOTOPOH MHUILETCS Iep-
BO€ YHCJO MocjenoBareabHocTd, CaMo mpaBuio o0bsc-
HuM Ha npumepe. Ilycth HauanbHOMY OTpE3Ky 3, 2, 5, 9,
1, 8, 7 yxXe mocraBjieHa B COOTBETCTBHe HekKoTopas Tal-
aupa (puc. 29). Torma Tabauna anas orpeska 3, 2, 5, 9,
1, 8, 7, 4 nonyyaercs Tak: GepeM HOBOe uucao (T. e. 4)
1 paccMaTpuBaeM MNepBYyw CTpPOKYy Tabmaunbl. EciaH OHO
6oJbllle BCeX uHCeJs, CTOSLIUX B CTPOKe, TOo HoOaBisieM
B e€e KOHIE elle OAHY KJeTKy, BNHChIBaeM TyAa B3sTOE
yycJao, u Tabauma rorosa. B npotHBHOM CJayyae (Kak
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y Hac, U3-3a HaJW4Yusl 5 ¥ 7) HAXOLUM B mepBOH CTPOKE
HaUMeHblllee YHCJIO0, NMPEBOCXOAsIlee HOBoe (T. €. H),
1 3aMeHsieM ero Ha 3To HoBoe (T. e. Ha 4). Temepsb
C «BBIHYTHIM» M3 INepBOH CTPOKU yuciaom m (T. e., B Ha-
eM CJayuae, 5) mepexoAMM KO BTOPOH CTPOKE; €CJH BCe
yyucsaa B HeH MeHbpllle /71, TO YAJUHSIEM ee HAa OLHY KJETKY,
BIUCHIBAEM Tyma m, W Tabjuna rorosa. B NpoTHBHOM
cayyae 6epeM HaWMeHbIEe YUCJIO BTOpOH CTPOKH, 00JIb-
mee n (B HallleM cayyae 8), 3ameHsieM ero Ha m (Ha 5)
U C H3BATHIM M3 BTOPOH CTPOKH YHCJIOM Iepex0oJHM
K Tperbedt (puc. 30). Ilpomecc mpomosxaercsi OO TeX

1|57 11417 1147 147
2|8 51 2| 8 2|5 2|5
319 319 8> 3|9 318
9
Puc. 30.

nop, NMOkKa, HaKOHel, K KakOH-HUOYAb cTpoke He Oyner
noGaBjeHa KJETKa HJH XKe MoKa He OyJeT H3BSITO UHCIO0
M3 MOcJeJHel CTPOKH (B paccMarpuBaeMoM npumepe 9).
B 370M cayuyae K tabaumme noGaBiasieTcsi HOBasi CTPOKA,
cocTofliasi U3 OLHOH-eIUHCTBEHHOH KJIETKH B IEPBOM
cToJI0ue, KyAa W BIHUCHIBAETCS YHCJIO, H3THAHHOE U3
nocjegHell CTPOKH ctapod Tabuauunl. Ha puc. 31

3112 |25 21519 (11519 |1]5|8

30 13 3 2 219
3 3
1157 1147 11416
2|8 2|5 21517
319 318 318
9 9

Puc. 31.
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npuBeJeHB TaOJ/HLIBl, NOCTPOEHHBIE TAKHM 06pasoM O HA
3a Apyro AaJsa mocJegoBaTeJbHOCTH 3, 2,5,9,1,8,7,4, 6.

HerpynHo 3aMeruTs, UTO mpu yKasaHHOH mpouepype
KaXIBId pas [NeHCTBUTENbHO BO3HHKaeT TabJHIla, T. e.
UYTO AJIHHA CTPOK CBepXy BHH3 He yBeJHUHBaeTCs, a B
KaxXJoM CTOJI0Ue CBepXy BHM3 W B KaxKJIOH CTPOKE CJeBa
HanpaBO YyHcJa BO3pacTaloT. B KOHLle KOHIOB BCe YHCJA
1, 2, ..., n 6yLyT uCuepmavbl U Mbl NOJYYUM KaHOHHYE-
CKyl0 Tabmauiy, kotopywo o6o3HauuMm A(c). [lpu sToMm
aBTOMaTHYECKH BO3HHUKAET €llle OJHA KaHOHHYeckKasi Tal-
auna B(o) toro xe tuna, uto ¥ A(c). A uMeHHO, GepeM
JuarpaMmmy, cOOTBeTCTBYwomyio tabauue A(c), U B Kax-
AVIO KJeTKy BIHChiBA€M HOMEp TOrO Ii1ara, Ha KOTOpPOM
aTa KJjeTka Oblja pobaBjaeHa n0pu nocrpoenun A(o).
Tab6auna B(c) nas paccMaTpuBaeMoro npuMepa H30-
O6paxkeHa HaA puc. 32.

114|6 113|4
21319
21517 216
A(o)= B(o)= A(c*)=| 4 | 5| 8
3|8 517
7
9 8
Puc. 32. Puc. 33.

Tenepp MOXKHO OTBETUTh Ha NEPBHIH U3 MOCTABJEHHBIX
BONPOCOB: YHCJO 3JEMEHTOB B caMOH IJHUHHOH BO3pac-
Talolled IOANOC/IeN0BATEJbHOCTH INOCJAEA0BATENbHOCTH O
B TOYHOCTH PaBHO YHCJY KJIETOK B IEPBOH CTPOKe TabJu-
usl A (o). Cama Takas mOANOC/TEAOBATENbHOCTDL (AJHHY
KOTOpOH OynaeM, Kak M mnpexiae, o603HauaTb uepes3 r)
MOKeT OBITb BBHIIMCAHA MO CJAELYIOIIEMY IpPaBHJAY: H3
TabJll, COOTBETCTBYIOUIUX pPAa3JHUYHbBIM HAYaJbHBHIM OT-
peskam ¢ (puc. 31), BeibupaeM n00yI0 U3 yiKe HUMEIOIIHX
B NEPBOH CTPOKe 7 KJIETOK (B HAlleM CJydae, CKawKeM,
NpeanocaeHI0n) U uepe3 a, 0003HaUaeM 4YHCJIO, CTOS-
niee B r-H KJETKe 3TOH NepBOH CTPOKH (y Hac a, = 7).
3areM BO3Bpaulaemcs K TabJuue, NOCTPOEHHOH OO BIH-
ChlBaHUA a, (B HalleM cJydae K LIeCTOH), M IoJjaraem
@r-1 PaBHHIM YHCJY, CTOALIEMY B Hell Ha (r—1)-M mecTe
nepBo#l cTpokH. [lanee Gepem Tabsuuy, HMeBIIYIOCS IO
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BIIUCHIBAHUSL @,—; (BTOPYW), U (r—2)-e 4MCJIO ee mep-
BOH CTPOKH Ha3blBaeM a,—p. [Ipojponkasa Takum o6Gpasom,
noJiydyaeM BO3pacTawILyi NOANOCAEL0BATENBHOCTL Qj,
Qy, ..., G, MOCJAENOBATEJbHOCTH ¢ (a MUMeHHO 2, 5, 7).
Jlerko moxasatn, uTo GoJiee JJHUHHOH BO3pacTaollell Mmoj-
MOCJE0BATENbHOCTH He CYLIECTBYET.

B paccmatpuBaemOM mpumepe nepBasi cTpoka TabJiu-
nsl A(o) (1. e. 1, 4, 6) cama mpexacrasiaser co6oii Bo3-
pacTamllyn NOANOCAEL0BaTEeNbHOCTE 0. OLHAKO 3TO CJay-
YaHHOCTb, €CJAH B3ATb, CKa>KeM, MOCJAeLOBATEeJbHOCTh

c*:6,4,7,8 1,95, 2, 3,

TO NOJYyYHTCH TabJaulla, MpUBeLeHHAs Ha puc. 33, u 1,
2, 3, 9 He Oyler BO3pacTamllell NOAMOCIEI0BATEb-
HOCThIO 0* (XoTda ew Oygner 4, 7, 8, 9). [locnenoBartennb-
HOCTb ¢* eCTb 0, 3amucaHHas B oGpaTHOM mopsigke. Pa-
3yMeeTcs, TaKyl ONepalyio MOXKHO NpojesaTh C JGoH
nepecraHoBkof MHOXectBa {1, 2, ..., n}, nu Ulencren
nokasan, uto A(c*) nosnyuaercsi u3 A(0) «oTpaxeHHeM
OTHOCHTEJIBHO JHaroHa/ju», T. e. NEPBHH, BTOpPOH, Tpe-
TUH, ... cTON60H A (0) CTaHOBATCS COOTBETCTBEHHO IEP-
BOH, BTOpPOH, TpeTheH, ... cTpokaMu A(o*). I[Ipumep Ha
puC. 33 HJMIOCTPHpPYET 3TOT pesyJabrar. Iloatomy, 3Has
A (o), MOXKHO HaHTH YHCJIO JEMEHTOB M CaMOH AJHHHOH
ybolsaroujeti MOANOCAEJ0OBATEJbHOCTH NMEPECTAHOBKH O —
OHO paBHO JJIMHe mepBoro cronbma tabauun A (o). Kak
nokaszan K. I'puH, MOXHO naTb KOMOHHATOPHYIO HHTEp-
npeTanuio AJUHE JIG0H CTPOKU U Ji06oro crosduna A (o).

HayuuBuiuch nasg w060 mepecTaHOBKU OINpenessiTh
caMyn JJIMHHYI0 BO3pacTamulyl0 HOANOCAeLOBAaTE/b-
HOCTb, MepelieM K CJAeLYIIeMy BONPOCY: KAKOBO UYHCJO
N (n,r) mnepectranoBok MHOxecTBa {1, 2, ..., n}, y Ko-
TOPBIX Takas MOANOCJAE€J0BaTEJbHOCTh HMEeT MAJHHYy r?
31ech GoJbllyro posab Oynetr Hrpatb BTOpasi KaHOHH-
yeckasg Tabauna B(oc). Ilpexnae Bcero, ¢ 0OIHO3HAYHO
onpefensiercs ynopsaoueHHoi mnapo# A(c), B(o). Tax,
B paccmaTpuBaeMoMm mnprmepe rtabmauna B (o) mnokass-
BAeT, YTO Ha IocJenHeM Liare noctpoeHus A (o) BTopad
CTpOKa yBeJHUMJIaCh HA OJHY KJeTKy. TeM caMBIM H3-
BeCTeH su0 npeanocaenseil Tabaunel, H MBl TaKXkKe 3HaeEM,
4TO BTOpas CTpPOKA, 34 HCKJWYEHHeM OIHOH KJIETKH,
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H BCe NOCJEAYIOIHEe CTPOKH Yy NMpPEANOCJeLHed U MOCae-
Hed Tabaun coBmajaioT. Kpome TOro, Mbl 3HaeMm, UTO Ha
ToC/JeAHEM IIare M3 IMepBOH CTPOKH OBLIO BBITECHEHO
YHCJIO 7, U TIPUTOM BBITECHEHO HAHGOJBIIHM YHCJIOM, He
TPEBOCXOAAILUM 7, COLEpXkKaUUMCSl B TEPBOH CTPOKE
nocjaenHen TabJauubl, T. e. 6-10. 3HaAuuUT, 6 — MOCJEIHEE
YHCJIO NepecTaHOBKH, M IepBasg CTpOKAa IpeAmOc/elHeH
TabMULBl NOJIy4aeTcsd U3 MEepPBOH CTPOKM MocjegHel Tab-
Junsl 3aMeHoi 6 Ha 7. Takum oOpasom, mpeanocyaefHsas
tabauna onpejesneHa MOJHOCTBIO, U MPOLECC MOXKHO aHa-
JIOTMUHO NPOJLOJKHUTh.

C moMomibl0 TAKOro pacCyKIeHUS YCTaHaBJAHMBAETCS
He TOJHKO €IHMHCTBEHHOCTb, HO H CYIIeCTBOBAHHE O.
Hrak, ecnu A— pasbueHue uucaa n U A, B — KaHOHHU-
yeCkHe TalbJJMIBl THOA A, TO HMeeTCsS OJHA M TOJBLKO
OJlHa mepecTaHoBKa o MHoxectBa {1, 2, ..., n}, miag
xotopoit A (o) = A, B(oc)= B. Takum oGpas3oM, cyiie-
CTBYeT B3aMMHO-OJHO3HAYHOE COOTBETCTBHE MEXIY MHO-
xKecTBoM &, BCex NepecTaHOBOK MHOxKecTBa {1,2,...,n}
H MHOXECTBOM Iap KAaHOHHUECKHX TaGJHI OAHHAKOBOTO
THIA A, rJie A npoGeraer Bce pa3GueHHsT UUCIA A.

Ecan gss nanHoro pasbuenusi A uepe3 N 0603HAUHUTD

2
KOJHUECTBO KAaHOHHMUECKUX Tabuum tuma A, To N, Oyner
paBHO uyuciay mnap Ttakux Ttabaun. I[Tostomy orBeT Ha
IIOCTABJIEHHBIH BOMPOC MOXKHO CHOpMYJHPOBATh CAEAYIO-

2
muM o6pa3oM: HckoMoe uucao N(n,r) paBHo ). Ny, rie

CYMMHpPOBaHUE BeLeTcCs 10 BceM pa3bueHusaM A=(A,As,...)
uncsaa n (A = Ag ==...), ¥ KOTOPHIX A= r.

Ot 3T0# QOopMyJIE GBIJIO G HEMHOTO TOJKY, €CJH OBl
He HUMeJOCh MPOCTOro cnoco6a aasi Beluncaenus N,. Ho
y llencrena 6ulia nox pyko# onyOaukoBaHHas B 1954 r,
pa6ora Hx. C. Ppsitma, I'. ne b. PobuncoHa ¥
P. M. Tponna, B KOTOpO# gaHa OueHb IpocTas popmyJa
ISl BoluMciaeHHus N,. A HMeHHO: KaXmo#H KJeTke aHa-
rpaMMbl THIIA A CTABHTCH B COOTBETCTBHE «YTOJIOK», CO-
CTOAILMHI M3 KJETOK TOH K€ CTPOKH, PaCMOJIOXKEHHBIX
IIpaBee JaHHOH, KJETOK TOro Ke CToabma, JexXamux
HUXe JaHHOH, M ee camoi. Ha pwuc. 34 cneBa 3amrpu-
XOBaH OJHH TakOH yrojok. KoJsHuecTBO KJIETOK B YrOJIKe
HasbIBaeTCsd €ro AJMHHOH. Takum 006pa3oM, KaxKa0H KJeT-
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Ke JHarpaMMbl THna A TOCTaBJieH B COOTBETCTBHE YTO-
JIOK, a cJaefoBaTeJbHO, M ero ajuHa. Ha tom Xke pu-
CYHKe CIpaBa MNpHBEIEHb [JHHB YTOJKOB MJIA A =
=(3, 3, 2, 1). Opoaiim, Pobuncon u Tpoan mokasa.nu,
YTO

nl
npousseaeHue MAJIHH BCEX YroJakKoB )

NA,=

Tak, B paccMaTpuBaeMOM HaMH mpHMepe

9!
Neson=3775.3.5.3 108

K coxaunenuto, Illencren He 3nan o Gosee paHHe# pa-
6ote I'. ne b. PoGuncona 1938 r. B He#t yxke Obla omu-
cad cnoco6 nocrpoenuss A(o) u
B(0), 1 n03TOMYy yKa3aHHO€ Bbl-
1ue B3aHMHO-OLHO3HAYHOE COOT-
BETCTBUE B HACTOsILlEe BpeMs Ha-
3bIBaeTCA cooTBeTcTBUEM PoGuH-
cona — [llencrena. Ognako Po-
OMHCOH HHTepecoBaJ/iCs BOBCE He
BO3paCTAOIUMH U yOBIBAIOLLUMHU
NOANOCJEe0BATENbHOCTSMH, a Puc. 34.
TeopHel NpeacTaBJeHUHd CUMMeT-
pHUUYECKHUX TPYIIN, U HMEHHO B CBfI3U C 3TOH TeOpHEeH U BO3-
HHUK €ro uHTepec K uucaaM N,.

HMrak, npumao BpeMs mepe#TH K TEOpPHH IpeacTaBJie-
Huil. [Ipaspa, Tenepr g [HOJ/KeH MpeAmnoJsaratb, 4TO Bbl
3HaeTe, YTO TakOe «Ipymma», W 3HaeTe, 4TO Ipymnny o6-
pasyeT, K INpuMepy, MHOXeCTBO &, BCeX IepeCTaHOBOK
mHoxkectBa (1, 2, ..., n) (OTHOCHTeJBHO OTepamuH
(0t)(j)=o0(t(j))) — 2T0 Tak Ha3plBaeMas CHUMMeTpHUecC-
cCKasi rpymnma -— ujau e MHOXKecTBo GL,(C) Bcex o6pa-
TUMBIX 71X n-MaTpull (d;;)i<i,j<n C KOMIUVIEKCHLIMH 3JI€-
MEHTaMH (OTHOCHTEJbHO MAaTpPHUYHOTO YMHOXKeHHs), Ta-
KUM o6pa3oM, HaM NOHAZO0ATCA CBEéLEHMs, cooduiaeMble
CTyJleHTaM-MaTeMaTHKaM B NEPBOM CeMeCTpe.

ITogx n-mMepHbIM (KOMIJEKCHBIM) TpeACTaBJIEHUEM
rpynnel § MOHHMaeTcs oToOpaKeHHe, CTaBsllee B COOT-
BEeTCTBHUE KaXKJAOMY 3JeMeHTy g rpynmsl (G HEKOTOpYIO

42
1

—_— W | | O
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matpuny M(g) us GL.(C):

[my(g) myp(g) ... myu(g) \

o> M(g) — mzl‘(g) m22‘(g) m2n.(g) =GL.(C)

My (€) Mus(g) ... mnn(g)
TakK, 4TO HpH BCEX g H h HMEET MECTO paBeHCTBO
M(g) M(h)= M(gh).

B gacthoctd, M(l) saBnserca eamnuunHo#t n X n-matpu-
neit (Mbl Bcerfia cuuraem, 4to n > 0),

IIpocrefilinMy npuMepaMu CJayxAaT TOXKAECTBEHHOE
npencrasiaenue rpynnsl GL,(C), onpemensieMoe COOTHO-
menuem M(g)= g, U <«TpUBHAJbHOE» n-MepHOE Ipen-
CTaBJIeHHe NMpPOU3BOJbHON rpynnsl G, 3amaBaeMOe paBeH-
ctBoM M(g)= M(1) nmns Bcex aseMeHTOB g u3 G. Eme
OIHHM, TakK¥Ke OYeHb MPOCTHIM NMPUMEPOM CAYKHUT n-Mep-
HO€ MpeJcTaBJ/ieHHe CHUMMeTpuuyeckou rpynnel &, crass-
Ilee B COOTBETCTBHE KaxXK/JOH NepecTaHOBKEe ¢ MaTpHLY
M(o), B kotopoit Ha o(i)-M Mecre i-ro croabua (1 <<
<L i<<n) CTOUT 1, a Ha Bcex OCTa/JbHBIX MecTax HYJIH.
Ecan xommiekcHywo #nX n-mMaTpully HHTEPIPETHPOBATH
Kax JuHeHoe oTobGpaxkenue (C"” na cebsi u uepes e,
€, ..., e, O003HAUUTL KaHOHHUECKUII Oasuc d%”, TO
M(o) (e:) = egyy. Ompenenurens matpunst M (o) Hasbi-
BaeTCsl CHTCHATypoO#d MepecTaHoBKH ¢ u o6o3HAyaeTcs ue-
pe3 sign(c). OrtoOpaxenne o—sign(c) sBasgercs ro-
MoMopdusMoM rpynnsl &, B MYJbTUNJIHKATHBHYIO TpyIH-
My KOMIIEKCHHIX uuces, T. €, B GL(C), u ero MoxHO
IIO3TOMY pacCcMaTpuBaTh Kak OJHOMepHOe€ TMpeacTaB-
Jgenue &,

Baxnyro uHPopmauuo o mpeacrasiaenHun g — M(g)
rpynnsl G HeceT ero XapaxTep ¥, T. €. KOMIJIEKCHO3HAu-
Haa QyHKuus Ha U, onpenensemasi GopMyJoi

n
(@) =tr(M(g)) =) mu(g).
i=1
B uacTHOCTH, pasMepHOCTH npencTaBieHus 7= Yy(1).
B npuBeJeHHOM Bbllie MpUMepe NMpPeACTaBJeHHS CHMMET-
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pHYecKo# rpynnsl y,(0) paBHO KOJHYECTBY TeX i B Ile-
pecraHoBKe O MHoxkecTBa {l, 2, ..., n}, &I KOTOpHIX
o({)=i. Y TpHUBHAJBHOTO MN-MEPHOTO MpPEICTABJIECHHUS
%u (g)=n npu Bcex g.

Xapakrep y, (a Takxke M caMo NpeACTaBJeHHe) Ha-
3bIBAETCS HENPUBOAUMBIM, €CJH HEe CYILIEeCTByeT APYTHX
XapakTepoB ¥, X. (HeoOXOAMMO SABJAIOLIUXCA XapakKrTe-
paM¥ @IpeJCTaBJCHUI MeHbIIeHd pa3MepHOCTH), AJA KO-
TOpEIX %y(2) = X1 (€) -+ X2(g) mpH Beex g us G. SlcHo,
YTO XapakTepsl OJHOMEpPHBHIX MpeACTaBJEHHH Bcerga He-
IPUBOAMMEL. Ecau y,— XapakTep n-MepHOro TpHUBHAJb-
HOTO mpejcTaBieHus rpynnsl G, To %,(g) = ny,(g); no-
3TOMY %, HENPHBOAMM JHllIp npu n=1. Xapakrep onu-
CaHHOro BhIIe mpencraBienuss rpynnsl &, npu n > 1
He ABJSETCH HeNpPUBOAUMBIM. JleACTBUTENBHO, €CJH
ONAThL paccMaTpuBath Matpuny M(o) Kak JHHEHHOE
npeobpasoBanve C" u mepeiitn K 06asucy e;-4es+ ...
veo F€n, €1—€y, €9—E€3, ..., €n—1 — €n, TO TOJYUYUTCH
MaTpHulla BHAA

0 0...0

M’ (o)

O e OO |+

[1pu atom o0—> M’(c) Oymer (n—1)-MepHBIM mpexacTas-
nenueM, H Yy (0) = Xu-(0) 4%, (0), roe x,— xapaxrep
OJJTHOMEDHOTO TPUBHAJBHOIO MNpEACTABACHUS. 3LeCh Mbl
HCNOJbL30BaNH TOT (DAKT, UYTO MPH MepeXxoje OT OLHOTO
G6a3nca K Jpyromy cjen He MeHseTc. A BOT Xapakrep
Yy yKe HempuUBOAUM. To Ke OTHOCHUTCA M K Xapakrepy
TOXKJECTBeHHoro npenacrassenus rpynnsl GL,(C). (Mul
JONyCKaeM JHIIb Takue npencrasjaenus GL,(C), y ko-
TOpbIX MAaTpHUHbIe KO3QPHUIHUEHTH m;;j(g) ABIAIOTCA
AHAJUTHUYECKHUMH (YHKIHUSIMH OT 3JEMEHTOB gk Mart-
PHIHL g.)

OaHa M3 OCHOBHBIX 3aJa4 TEOpPUH MpEACTABJECHHH —
HaXOXJEHUE BCeX HENPHBOAMMBIX XapaKTepoB (Npen-
CTaBjieHHWH) 3ajmaHHON rpynnsl. (Bce mpoune xapakrtepsn
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MoJy4aloTcsd KaK CyMMBl HeNmPUBOAUMBIX.) IlepBbiMH He-
TPUBHAJNBHBIMHU CJAyYasMH, L/ KOTOPHIX 3Ty 3ajady yjaa-
JIOCh PeIINTh, OBIJIIM — B Hayaje 3TOr0 CTOJeTHs — rpyIl-
nel &, u GL,(C).

I'. ®pobGenuyc H0Ka3aj, 4TO HENMPHUBOAUMBEIE Xapak-
Tepsl rpynnsl &, HaxXOAATCSI BO B3aHMHO-OJHO3HAYHOM
COOTBETCTBUM C pa3bueHUsIMH A uucaa n. Ecau o6o3Ha-
YUTb 4Yepe3 {, Xapakrep, COOTBETCTBYWOLIUH A, TO pas-
MEPHOCTb COOTBETCTBYIOILIer0 MPeACTaBJEHHUS paBHA
% (1)= N,. Otcioma BBHAY cooTBeTcTBUS PoOHHCOHA —
Illencrena BrITEKAET, UYTO

nl =) (1)),

T. €. MOpAOoK rpynnsl &, paBeH CyMMe KBaJAparoB pas-
MEpHOCTeH HeNpHUBOAMMEIX MpEeJACTaBAeHHHA, IDTO— 06-
Iasg TeopeMa AJs KOHEUHBIX rpymm. [as ciaydas rpynmnsl
©, ee 2JeMeHTapHOE KOMOHMHATOpPHOE J0Ka3aTeJbCTBO
II0JIy4aeTcs ¢ MOMOILLUbI0O METOLOB, ONHUCAHHBIX B NEPBOHA
yacTH Hamero pacckasa. ([Ipm oroGpaxkeHHH A—- Y,
pasbuenuio A = (n) COOTBETCTBYET, HAIpHUMeED, XapaKTep
OJHOMEPHOTO TPHUBHAJBHOTO pa3OMeHHs, a Y(n—1,1) PABHO
YIOMSHYTOMY BBIIIE Yz

daktnueckn Ppobennyc mnoayuua OoJsiee CHIbHBIH

pesyaptar. C KaxasM pa3buenHeM A = (A1, Az, ..., As)
(M=A>= ... =As) OH CBf3aJ JABe QYHKIHH OT
m > n nepeMeHHBX X1, Xa, ..., Xm

S

Si(XpXo, .., Xm) =] ] (X0 X+ ... 4+ x%)
=1
H

U}\'(X]_,X2, v o ,Xm) —

. A +m—1_ A, +m-1 Appt-m—1
Z Slgﬂ (T) X']}'}(l) XT%2) ) X'T:(m)

(X;— X))
1I<i<i<m

TEG,,

(npexamnosaraercsi, 4to A; =0 mpu j > ). OyHKUUE Sy,
u U) gBJAAIOTCA CHMMETPUUECKHMU MHOTOUJIEHAMH OT
X, Xo, ..., Xm (maa U, 310 cleayer U3 OXHOrO TOXKJIE-
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ctBa Jlko6u u Tpynu) u cBg3aHbHl OJHA € APYroid pas
BEHCTBOM

(1 $,= 2. %,
A

®pobennyc ykasaja AJs8 KaxIA0oH NepecTaHOBKH 0 < &,
Takoe pasbnenue u, uto ¥, (0)=1x% mnpu Bcex A. (Hano
3allUCcaTh G B BHAE NMPOU3BEHAEHHS IIHUKJOB, HE HMEIOUIHX
OGLIUX 3JEMEHTOB, €CJAH (U == Mg = ... == [s— HAJIHHbI
3TUX LHKJIOB, TO W = (M1, M2, ..., Hs)— HCKOMOE pas-
OueHue.)

CoorHomenne (1) MOXHO paccMaTpHBaTh Kak CH-
CTeMy YypaBHEHHH, KOTOpyl cJjaeayer peuurs, [lpu
u = (n) pelleHue Jerko HaXOANUTCH:

n
Sty = Z (=)' Un-1, 1,1, ..., 1)
i<0

OueBuaHo, 4TO0 Sy PaBHO MPOHM3BEAEHHUIO Sy y. IloaTomy
AN ompeneseHus y, B o6lleM Clydae MOJE3HO HMETh

dopmyny paa npousBeneHusa U,, a WMeHHO PaBEHCTBO
BHA

(2) UU, = Ev: ey U,

(ecoin A — pasbueHue uucaa n;, a w— pasbHeHHe 7y,
TO CYMMHpOBaHIE BEAETCS MO BCEM pa30bHEHHSIM v yHcJa
f1 - ng).

Cucremy ypaBHeHHH (2) XKejaTeqbHO yMeTb pellaTh
u no apyroit npuuune. M. Hlyp B 1901 r. nokasasa, uro

ecid A= (Ay, Ao, ..., As)—pa3bueHue c s < m, TO,
conocTaBuB Kaxaoil marpuue g uucao U, (&1, &2, ..., &Em),
roe &, &2, ..., Gm — COOCTBEHHBIE 3HAYEHUA g, MBI IO-

JAYUHM HelpHBOAHMBIH xapaxgtep rpynnsl GL.(C). Kpo-
Me TOTO, YKasaHHbIMH (YHKIHSIMH MO CYLIeCTBY HCUep-
MBIBAIOTCS BCe HENPHBOJHMbBblE XapakTephl [PyIIbl

GLn(C). IlosTomy uucna ¢} , MOXKHO TPaKTOBAaTh Kak

KPaTHOCTH B TEH30DHBIX NPOU3BEJNEHHUAX INpPEACTaBJACHHH
GLn(C). Takum obpasoM, cy , HAOMKHBI ObITb [eJbIMH

BEOTPHUILATEJNbHBbIMH,
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Uncaa CA ° BBI3bIBAIOT HHTEpEC elle U NOoTOMYy, 4YTO

OHY OMHUCBHIBAIOT YMHOXKEHHE B KOJIblle KOTOMOJIOTHH MHO-
roo6pasus I'paccmana.

[lepeiinem Ttenepr k ompenenendio ¢y . Ilpexne
BCEro, MOXKHO JAO0Kas3aTb, YTO ¢y, OTJIHYHO OT HYyJ,
JUIIb ecau A < vy, Ao <<y, ... . IlycTb 3TH ycaoBuSA

BbIIOJIHEHBI, TOrma MOKHO BBECTH MOHSITHE KKOCOH» Ka-
HOHHMYECKOH Tabaunbl THna v/A. Takue TaGJauUBl CTPOST-
csl caenymomuMm o6pa3om. B gmarpamme THma v or6pa-
CbIBaeM IepBble A; KJETOK IEepBO#l CTPOKH, INEePBHE Ag
KJIeTOK BTOPOH CTPOKM H T. n. (cM. pHuc. 35, rae v=

314
516
1
217
Puc. 35. Puc. 36.

= (5, 4, 2, 2), A=(3, 2, 1)). BnucaB B KJeTKH 3TOH
pmarpaMMbl uHcaa oT 1 mo (vi— M)+ (va—As)F ...
TakK, UTOOBl B KaxKJOM CTOJIOHE cBEpXY BHHU3 H B KaxKJI0H
CTPOKE cJieBa HallpaBO 4YHCJa BO3pacTaji, MNOJYUYHM KO-
CyI0 KaHOHHUeCKylo Tabauny tunma v/A (Aa8 yKa3aHHBIX
BBIIE v H A IpuMep TakOoH TabJUIBl NPHUBEAEH Ha
puc. 36).

Kocyio KaHOHHUecKyio TabJHny MOXKHO MpeoGpaso-
BaTb B 006buHy10. {5t aTOrO0 BeIGepeM B AUarpaMme THIA
). Kakyw-HUOYAb KJETKY, CTOSIIIYI0O Ha MOCJEeLHEM MECTe
KaK B CBOEHl CTpPOKe, TaK M B cBoeM crToJsbune. B nma-
rpaMMe THOA Vv/A COOTBETCTBYIOIIEE MECTO «BaKaHTHO»
(ckaxem, Ha puc. 36 BTOpOe MECTO BTOPOH CTPOKH).
Bo3sbmem Tenepb B TabaHulle THIA V/A TY H3 IBYX KJIETOK,
HaXOASIINXCS HEMOCPEeACTBEHHO clipaBa HJH Hemocpen-
CTBEHHO CHH3y OT pacCMaTpPHBAaeMOro BaKaHTHOTO MECTa,
B KOTOPOH 3alHCcaHO MeHblllee YHUCJAO (a ecJaH Takas
KJeTKa TOJBKO OJHA, TO €e caMmy), U CABHHEM €e Ha Ba-
KaHTHOe MecTo (cM. pHc. 37, rie BaKaHTHble MecTa 060-
3HaueHbl XUPHOU ToukoH). IIpum aTOM mosyuuTcss HOBOE
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BakKaHTHOe MecTo. EcjaM npaBee W HHMXKEe HEro HHUEro
HeT, TO MepPBBI¥ 3Tan 3aKOHYeH. B npoTtuBHOM cayuae Ge-
peM KJIeTKy HENOCPeACTBEHHO TIpaBee MWJH HEMOCpen-
CTBEHHO HHIKe, COAeprKallyl0 MeHbllee YHUCJI0 (HJIH eTuH-

314 314 314
e | 516 1|15|6 1 5]6
1 ° 7
217 217 2 | e
Puc. 37.

CTBEHHYI0), ¥ CABHMraeM ee Ha BaKaHTHOe MecTo. [Ipo-
IIeCC MPOJLOJKAEM IO TeX MOp, IOKA NpaBee H HHMKE BO3-
HUKAIONIEr0 BAKAHTHOTO MeCTa He OCTaHeTCs OOoJiblie
KJIeTOK. B pesysnbraTe BO3HHKaer HOBas KOcas KaHOHH-

3|4 e |34 e | 3|4
1156 1156 1|5
o |7 2|7 2|7
2
11314 e 1|34 11314
e |56 20516 215
2|7 7 7

Puc. 38.

yeckass Tabauuna (4Jas paccMaTpHBaeMOro mnpHUMepa —
tina (95,4,2,1)/(3,1,1); cm. puc. 37). Onucannyio npo-
IeLypy MOXKHO NOBTOPSATh, IIOKa He MOJYUYHUTCA OOLIUHASA
KaHOHHYecKas Ttabsauna. PesysnbTar He 3aBHCHT OT BHI-
0opa HayaJbHOrO BaKaHTHOrO Mecta. [IpomoJKeHune mpo-
necca JAJs Hallero nmpuMepa mokasano Ha puc. 38. Tak
BOT, CIIPaBENJIMBO YTBEpKAEHHE: YHUCJAO KOCHIX KaHOHHU-
YeCKHX TabJui THNa v/A, KOTOphe ONHCAHHBHIM CIIOCOGOM
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IIepeBOAATCS B 3a4aHHYI0O KAaHOHHUECKYIO Tab/july THIA

1, paBHO ¢y ue

B ¢QopMynupoBke 3TOoro yTBEpXKAEHHS $ CJACLAYIO
M. Il. Hlwotuenbepxke. A camM0 yTBep:KAEHHE BOCXOAUT
K . 9. Jlurtnyny u 3. P, Puuapacorny, KOTophe yka-
gaqau B 1934 r. npaBuao, mo3BoJsiolilee (B HalUleH TepMHU-
HOJIOTHH) SBHO OIHUCATh KOChle KaHOHHUECKHE TalJHuIHI,
npeobpasyioliuecsi B &TPUBHAJBHYIO® KAHOHHYECKYIO

o(n)

o(n—1)

0(2)

a(l)

Puc. 39.

TaGauny THIIA §, Y KOTOPOH B MEPBOH CTPOKE 3amHCaHH
yucaa 1, 2, ..., ui, BO BTopoil —umcaa w -+ 1, u+2, ...
veey W1+ wme u T. I B ux pabote mpaBuJO OBIO LAHO
6e3 [gOKasaTeJbcTBa., BmnepBbie ero mpueen B 1938 r.
I'. ne b. PoOGUHCOH B TO# e cTartbe, I'le ONHCAH U pac-
CMOTPEHHBIH B HadaJjie 3KCKypCHH CInoco06 MOCTPOEHHUS
tabaunsl A(o). Ilocaennuii MOXHO Temepp paccMmaTp-
BaTh KaK YaCTHBIH Cjay4yad HM3JIOXKEHHOH NPOLEAYpH: CO-
II0CTaBUB TEPEeCTAHOBKE O KOCYI0 KAHOHHUYECKY10 Tab-
auny tuna (n, n—1, ..., 1)/(n—1, n—2, ..., 1)
(puc. 39) u HCMoOJb3ys TOJIBKO UTO YKa3aHHBIH METOJ, IO-
nyuum A (o).

YrnoMsiHyTHIE 4O CHX MOp CBA3H KOMOHUHATOPHKH C TeO-
pHuell mpeAcTaBJeHU#H 3aK/II0YaJUCh B TOM, YTO KOMOUHA-
TOpPHBIE Pe3yabTaThl MOXKHO HCIOJb30BATb B TCOPUH NpPEA-
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CTaBJIeHHH, a MOCJeNHAS [JaeT HMMYJbC MJs KOMOHHa-
TOPHBIX HCCJIeLOBAaHMil, IpUYeM MOAYAC CNEUHAJUCTHI IO
TEODHH MNpPEACTABJEHHH HaXOJAT pelleHHe KOMOHHATOD-
HBIX BONpOCOB (mpumep — ¢opmyaa giasg N,). B nocien-
HHe roAbl OblJ1a oOHapy:KeHa HOBasi CBA3b MeXAY 3THMHU
06J1aCTSMH: ¢ TOMOIIBIO TEOPHHU MpPEACTaBJEHHUA yLaJ/0Ch
3aHOBO J0Ka3aTb HECKOJBKO CTapbiX KOMOGHHATOPHLIX
dbopMys U HAUTH OOJBIIOE YHCJI0 HOBHIX.

O6patumcs eme pa3 K ¢yakuusam U,. Kak mnokazan
Ulyp, oHu mO3BOJAIOT ONpeLeJUTh MO CYLIeCTBY Bce He-
npuBonuMmele xapaktepbl rpynnel GL.,(C). Ilpu stom
pazbuenue A= (0) oTBeuaeT TpPHUBHAJBLHOMY OILHOMEp-
HOMY IIpeJICTaBJEHHUIO, XapaKTep KOTOPOr0 TOXKAECTBEHHO
paBeH 1. [lTostomy Uy =1 1

[I ti—xp=

ISi<ism

. -1 -2 1 0
— Z sign (v) X7y X1@) . . . Xoem—-1Xzm)-

TEG,,

Ho 310 He 4TO MHOe, Kak ¢opmysa LJasi ONpeneTuTeNs
BangepMoHIa, KOTOPYI0O MB TeM CaMbiM 3aHOBO J0Ka-
3aJu OBl C NMOMONIBIO TEOPHUH MpeACTaBJeHHH, eCJdH 6Bl
3Ta (opMyJia He HCIOJb30BaJacCh CyIIeCTBEHHBIM 0Gpa-
3om B pa6ote Ilypa.

BMecto rpynnel GL,(C) wuau ee aareGpu Jlu
gl(m,C) (mans TeopuM mNpeinCTaBJEHHH pa3HuiIa HeBse-
JIUKa) MOXKHO PaccMOTpeTb HeJb# psan OeCKOHeuHOMeEp-
HBIX aqare6p JIu (3BkauzoBel aare6pn Kama — Myan,
KoTophle aABJsA0OTCA aarebpamu Jlu Ham C u mo cyuie-
ctBy yctpoeHsl kak g & C[X, X~!], roe g— Hekoropas
npocrass KoHeuHoMmepHasa anarebpa Jlu nag C, a X — ne-
peMeHHas). JHuag kaxaol Tako#t asare6pel Jlu moJy-
yaercd cBos (QopMmyJsa AJad XapakTepoB, KOoTopas, Kak
u B cayuae GLn,(C), maer cOOTBETCTBYIOILLEE TOKIECTBO
yXKe J[JI HECKOJbKHX TIepeMeHHBX (TaKHe TOXKJeCTBa
cnepBa Owiin HafigeHw WM. . MaknoOHa bI0M HECKOJIBKO
N0-MHOMY, a 3aTeM TakKUM BOT 00pa3oM HHTepNpeTHpO-
BaHbl Kanem u Myan).

IlopcraBnsgs BMecTo NMepeMeHHBIX NOAXOASIIIKE MHO-
roujieHbl OT OJHOH IepeMeHHOH X, MOKHO TMOJYyYaThb
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pasJyvuHble TOXJIecTBa AJAg QPyHKUUU DHJjepa

— ﬁ(l —X").
n=1

Diinep HccaenoBaJ 3Ty (QYHKUHUIO B CBSI3M ¢ HaHWJIeHHOH
UM ¢(opMyJioH
-1

(X)) = (1 -+ Z p(n)X“) ,

rie p(n)— KonudectTBO pasCHeHult yucaa n. KomGuaupys
5Ty QopMysay ¢ HmepBbIM U3 YKAa3aHHBIX HHXE€ TOXKIECTB,
MOXKHO TIOJYYUTb HTepalUoHHYIO ¢opMmyny aas p(n),
c noMmoubio Kotopoi Maiop II. Mak-M3foH BBIYHCJIHII
sHavenus p(n) pasa n << 200. M3 ero (ony0JHMKOBaHHOU
Xapaun u PamaHyaxanoM) Tabaunbel M 3aHMCTBOBAHO
yKa3aHHOe paHee 3HayeHue p(200).

C moMolbl0 YNOMSIHYTHIX BHIIE NOACTaHOBOK IOJY-
yaloTcsd (B TaK Ha3BIBAEMOM CJydyae «IepBOr0 MOPSAKa»)
cjaenyonine Toxaectsa aas ¢ (X):

P(X) =), (—1)rxOHHHE (itrep),
P(XP =) (4k+1) X" (SIko61),
:ﬁé—))g: :Z (—1)EX® (Fayce),
(pq())((;); =Z D G (T"aycc),
=D (= 1)@+ 1) X (Topaom),
q?((T)?;Z =Z (6k + 1) X CFHRE (Topron),

%(g;))gjgzgz :Z xORRR

L =X o

T (),

G Wi
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CymMUpOBaHHe Be3le BeJeTCSl IO BCeM LENbIM &;
n
B JBYX MNOCJIeIHHX (opMyJax ("3"‘)—3’1‘0 CUMBOJ Jle-

xkaugpal, 1. e. —1, 0 mim 1, cMOTpPS MO TOMy, C uYeM
CPaBHMMO 4YHCJO n mo Moxyaw 3. B ckoOkax cmpana
npuBeneHbH (GaMHUJIUU MaTEeMAaTUKOB, BIIEpBble OOHapy-
}KUBIIKX (opmyay. IloacTaHoBKy, NpHUBOAALIYI0O K TOXK-
JecTtBy $lkoOu, ykazan MakpoHaJnabl, a IOACTAaHOBKY,
C TMOMOIIBI0O KOTOpPOH TMOJyuaetrcss IepBOe TOXKIECTBO
[aycca,— Ix. JlemoBcku. IlomcTtaHOBKM g9 BceX
ocTaJbHBEIX ciayyaeB Hawea B. I'. Kam.

$1 Hajeloch, 5TH NpuUMeps yGeoUIU Bac, YTO TEOPHUS
IIpeCTaBJeHUd MOXKeT TNOJAPUTb KOMOHMHATODHKE He
TOJIbKO NIPOOJIEMBl, HO U UHTEpECHBIE Pe3yJbTaTHl.
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