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Abstract

We construct explicit isomorphisms between spaces of Maass wave forms and
cohomology groups for discrete cofinite groups I' C PSLao(R).

In the case that I' is the modular group PSLy(Z) this gives a cohomological
framework for the results in Period functions for Maass wave forms. I, of J. LEWIS
and D.ZAGIER in Ann. Math. 153 (2001), 191-258, where a bijection was given
between cuspidal Maass forms and period functions.

We introduce the concepts of mized parabolic cohomology group and semi-ana-
lytic vectors in principal series representation. This enables us to describe cohomol-
ogy groups isomorphic to spaces of Maass cusp forms, spaces spanned by residues
of Eisenstein series, and spaces of all I'-invariant eigenfunctions of the Laplace
operator.

For spaces of Maass cusp forms we also describe isomorphisms to parabolic
cohomology groups with smooth coefficients and standard cohomology groups with
distribution coefficients. We use the latter correspondence to relate the Petersson
scalar product to the cup product in cohomology.
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Introduction

These notes proceed from the ideas and results of [21]], in which Maass forms
for the full modular group were studied, but now treating arbitrary Fuchsian groups
and stressing the cohomological interpretation. They can be read independently
of [21].

The classical theory linking holomorphic automorphic forms to cohomology
starts with Eichler [10], and Shimura [31]. To an automorphic form F' on the upper
half-plane with even weight k£ > 2 one associates a cocycle with values in the space
of polynomial functions of degree at most k—2 by 1 (t) = jfle (t—7)*"2 F(r)dr,
with a base point zy in the upper half-plane. If F' is a cusp form, one can put the
base point at co. The coefficients of the resulting polynomials are then values of
the L-function of F. All this has important number theoretical consequences. (See,
e.g., Manin [23].)

With the base point at oo, the cocycle is, in the case of the modular group

SL2(Z), determined by its value on S = ((1) 75) ,

Vs(t) = /Om(t—T)’f-2F(T) dr

called the period function (or period polynomial) of F, and the condition of being
a cocycle is equivalent to the two functional equations

(1) 1/f(t)+t’“*2¢(—%) =0, w(t)+tk*2¢(1—%)+(1_t)k*2¢(1#_t) = 0.

In this case, it is also known that the map assigning to a cusp form F(7) the odd
part of the polynomial 1g is an isomorphism between the space of cusp forms of
weight k and the vector space of odd polynomials ¢ (¢) satisfying (Il). An elementary
argument shows that this latter space can be characterized by a single functional
equation
V() = Yt+1) + " 21 +1/t).

The starting point of [21] (see also the survey paper [20] and §2 of [33]) is the
observation that this functional equation is identical in form to the relation
(2) B(t) = (t+1) + 2P+ 1/)
that occurred in the work of the second author [19], which gave a bijection between
the space of even Maass wave forms with spectral parameter s on the full modular
group and a class of holomorphic functions satisfying (2)). Since () is just the
cocycle condition for SLo(Z), this immediately suggests the possibility of describing
Maass forms for arbitrary Fuchsian groups by an appropriate generalization of the
functional equation (2)) having an interpretation in terms of cohomology.

The principal goal of these notes is to carry out this generalization by con-
structing explicit isomorphisms between, on the one hand, spaces of Maass wave

vii
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viii INTRODUCTION

forms on discrete cofinite groups I' C G := PSLy(R) and, on the other, certain
cohomology groups of I'. Recall that a Maass wave form (or simply Maass form)
on I' is a I'-invariant function on $ satisfying Au = Au for some A € C, with poly-
nomial growth. Here §) is the complex upper half-plane with the usual action of
G and A is the hyperbolic Laplace operator A = —y*(92 + d;). The Maass wave
forms which are small at the cusps (this is relevant only for I'\$) non-compact) we
call Maass cusp forms The eigenvalue A is most naturally written as s(1 — s) for
some s € C (spectral parameter), and our cohomological description of Maass wave
forms will depend on picking one of the two roots of this equation. We assume
throughout that 0 < Re(s) < 1.

In [21] we studied the case of the full modular group I := PSLy(Z) in detail
and showed that the Maass cusp forms with eigenvalue s(1 — s) are canonically in
one-to-one correspondence with the real-analytic functions ¢ : (0,00) — C which
satisfy

(3) W) = bt ) + @) () @>0

and for which both 9 (z) and x?*y(x) are bounded. It turns out that any such
function can be written (non-uniquely) as

(4) U(z) = h(z) — 27> h(=1/x)  (z>0)

for some real-analytic function A : R — C and that, when we do this, the map

(5) (2‘3) -0, (éi) o (2 Bz + 1) — h(z))

extends to a cocycle on Iy with values in the analytic vectors V of a model of the
principal series representation V,. Changing the choice of h changes this cocycle by
a coboundary, and we get an isomorphism between the space MaassS(Fl) of Maass
cusp forms on I and a specific subspace of H'(I'; V). Our goal in these notes is
to give an analogous result for all T".

To achieve this, we will use several descriptions of the principal series: The
model indicated above consists of functions on the boundary P} of the upper half-
plane. We shall also use models of the principal series in functions on §) itself. The
relevant investigations led to the paper [4]. We shall recapitulate the results we need
in Sections 2 and Bl Specifically, the well known Poisson transformation realizes
the principal series representation with spectral parameter s as the space & of all
solutions on $ of the differential equation Au = s(1 — s)u. For the construction
of the map from cohomology to Maass forms, we introduce a transverse Poisson
transformation PI, which provides us with a model of the principal series in a
space of solutions of Au = s(1 — s)u near the boundary of § in P{. Both Poisson
transforms are given by integration against the kernel function R(-;2)!~%, where
R(t;z) =Im (2)/(t — 2)(t — ), the integration being over P4 for the usual Poisson
transformation, and from z to z for the transverse one. We also need the inverse of
the Poisson transform. It can be given explicitly by integration of the differential
form [u, R(t; -)?®], where [u,v] = %v dz + u% dz is the Green’s form, already used
in [21]), which is closed if u and v are eigenfunctions of A with the same eigenvalue.

Hn [21] the word “wave form” was used for cusp forms only.

Licensed to Max-Planck Institut fur Mathematik. Prepared on Fri Mar 27 11:48:34 EDT 2015for download from IP 192.68.254.102.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



INTRODUCTION ix

These facts are reviewed in Chapter I See §I.3] for the Green’s form and
Section [Z for the principal series. The Poisson transformation is recalled in §2.2]
and the transverse Poisson transformation is defined in §3.21

In Chapter 2 we suppose that the discrete subgroup I' C G is cocompact.
Here, Maass_ (") is just the space E of all T-invariant solutions of Au = s(1 — s)u.
Our first main result relates it to cohomology groups with values in the spaces of
analytic, infinitely-often, and finitely-often differentiable functions in V.

THEOREM A. For cocompact ' C G and s € C, 0 < Res < 1, the space EL
is canonically isomorphic to the cohomology groups HY(T;V¥), HY(T;V>), and
HY(D;VP) forp e N, p> 2.

To describe this isomorphism we associate to a given Maass form u the analytic
cocycle

©) ) = 1 wRe ),

i,
depending on a base point zg € §. In the other direction, the value of the Maass
form u(z) associated to a given analytic cocycle {p.} is given in any compact subset
of $ by an explicit finite sum of terms of the form Pi(¢.) |y with v, v' € T.

Bunke and Olbrich, [6], [7], proved that &I = HY(T;V*) =2 HYT; V™) in
a more general setting (for automorphic forms on rank 1 symmetric spaces and
torsion-free discrete cocompact groups). Our approach is more concrete and gives
the isomorphism £ = H(T';*) much more explicitly. The integral in (@) gives
the map from Maass forms to cohomology. For the map from cohomology to Maass
forms, the starting point is the model W} of the principal series in the solutions of
Au = s(1 — s)u near the boundary. We use a space G¥ of functions on the whole
of $ such that G¥ — WY is surjective. The kernel N of this morphism consists
of compactly supported functions. A 1-cocycle on I' with values in WY gives rise
to a 2-cochain with values in N'*. Evaluation of this 2-cochain on a 2-cycle that
represents the fundamental class in Hy(T'; Z) provides us with an element fo € N¥,
which is unique up to linear combinations of the form f|(1 —~) with f € N* and
v € I'. The locally finite sum u(z) = > fo(72) is independent of all choices,
and is the Maass form we looked for.

The construction of maps in both directions between £ and H!(I'; V) is the
main result of Chapter 2l

Chapter B presents results concerning H!(A;V*) and related cohomology
groups for infinite cyclic subgroups A C PSLo(R). It turns out, for instance, that
the restriction map from H'(T;V*) to H'(A;V¥) in the theorem above, where A
is the subgroup generated by any element 9 € I' of infinite order, is injective,
so that a Maass wave form u € EL can be reconstructed from the single element
Ty, € V3, without knowing the rest of the cocycle. The results for the case that
A is generated by a parabolic (rather than a hyperbolic) element of PSLo(R) are
used in the following chapter.

In Chapter [l we consider groups I' with cusps. Here the spaces Maassg(F) C
Maass,(I') C EL of, respectively, Maass cusp forms, Maass forms (at most polyno-
mial growth), and arbitrary invariant eigenfunctions, are all different. The dimen-
sion of ! is infinite, while the other two are finite dimensional. The approach used
for cocompact groups has to be modified in several ways, as follows.
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x INTRODUCTION

We have to look at more general cohomology groups. For I'-modules V', the
parabolic cohomology group Hgar(l’; V) C HY(I'; V) is given by cocycles {¢,} that
are of the form ¢, = ar |7 — a, for all parabolic 7 € T', with a, € V. For the
mized parabolic cohomology group H;ar(F; V, W) the cocycle {1} has values in V'
and the a, are in a I'-module W D V.

The example of the period functions for Iy = PSLy(Z) leads us to the space
sz*voo of “semi-analytic vectors” in the principal series. This is a ['-module sat-
isfying V& C VS‘*’*’OO C V>, consisting, in the standard model of the principal
series representation (functions on P}), of smooth (C°°) functions on P} that are
real-analytic except for finitely many points.

With these modifications one has the following analogue of Theorem [Al for cusp
forms on non-cocompact groups:

THEOREM B. For cofinite discrete subgroups T' C PSLa(R) and 0 < Res <
1, the spaces Maassy(I"), HY, (T; Ve, Ve o), HL (T; V<), HL (T;V), and
Héar(I‘; VP) with p € N, p > 3, are canonically isomorphic. The relation between

Maass cusp forms and the associated analytic cocycle has the same structure as in
Theorem [Al

e FEzample. In the case Iy = PSLy(Z), the cocycle determined by () represents
a class in the mixed parabolic cohomology group Héar(I‘l; Ve P o0): its values
are in V¥, and its value on the parabolic generator T' = :i:((l) }) € I is of the form
h|T — h, with h € V;’*’ °°. The period function 1, on the other hand, is related to
a class in Héar(l"; V@5 20) Tt determines a cocycle with values in V¥ °°, defined on
the standard generators by

- i<0—1>H{ _¢(x) if >0, 1(11>H0.

10 —lz|7%Y(=1/z) ifx<0; 01
This cocycle vanishes on the parabolic element :I:((l) }) Finally, the last isomor-
phism in Theorem [B] applied to the modular group, implies that any C'*°-function
on (0, 0o) satisfying ([B]) and the growth conditions given there is in fact real-analytic,
giving a strengthening of the main result of [21].

We prove most of the isomorphisms in Theorem [Blin Chapter @l The isomor-
phism with H}, (T;V>°) and H},, (T; VP) is established in Chapter Bl

If s # %, the correspondence between Maass forms and cohomology classes
in the Theorems [Al and [B] can be extended to the whole of L. To do this, we
introduce two further spaces V"¢ 5 V¥ and VS“’D’ ¢ 5 Y. The first consists of
functions on P§ which are real analytic except for finitely many points and have
singularities of a special type (Definition @I7)) at these points, and the second is
the same except that the finitely many singularities must all be at cusps. Then we
have:

THEOREM C. For cofinite discrete subgroups I' C PSLa(R) and 0 < Res < 1,
s # &, the spaces EL, Héar(F;Vs“’,sz*’exc) and Hgar(F;VS“O’eXC) are canonically
isomorphic.

For the modular group we show in Proposition T how H},, (T'; Ye'iexe can

be described as a quotient of the space of all holomorphic functions on C \ (—o0, 0]
that satisfy the three term equation (B). In Proposition [43] we show that the
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INTRODUCTION xi

mixed parabolic cohomology group H}%ar(I‘l; Ve, VS"’*’ €X¢) is a genuine subspace of
H(T'1; V%), We discuss briefly a notion of “quantum Maass forms” which provides
us with a space of objects with a modular flavor that corresponds bijectively with
HY(Ty; V).

If T has no cusps then parabolic cohomology is standard cohomology. Theorems
Bl and [ give no more information than Theorem [Alin the cocompact case.

Bunke and Olbrich have shown that the space Maass.(I') (which is equal to
EL for cocompact I') is isomorphic to H!(T;V,">°), where V,”°° denotes the space
of distribution vectors in V,. In Chapter [0l we give an explicit realization of the
isomorphism on the cocycle level and use it to express the Petersson scalar product
in cohomological terms (Theorem [T9:1]).

e Holomorphic automorphic forms and Maass forms. We have mentioned at the
start of the introduction that the classical theory of cohomology classes attached
to holomorphic automorphic forms has similarities to what we do in these notes.
There are also many differences, due in particular to the anomalous behavior of the
principal series representation of SLs(R) when the spectral parameter is an integer.
We refer to Chap. IV, §2 of [21] for a discussion of the similarities and differences
in the modular case.

One of the differences is that here we need infinite-dimensional modules for
the cohomology, in contrast to the the spaces of polynomials in the classical the-
ory. Infinite-dimensional modules are also needed by Knopp [16], for the cocycles
attached to holomorphic cusp forms of arbitrary real weight.

. Selberg zeta function and transfer operator.  As is well known, the values
of the spectral parameter s for which the space of Maass cusp forms is non-zero
occur among the zeros of the Selberg zeta function. The relationship between this
fact and the functional equation (@), in the case of the full modular group, can be
seen using the transfer operator of Mayer [24]: on the one hand, the Selberg zeta
function can be expressed as the product of Fredholm determinants built with this
operator, and on the other hand the solutions of (@), i.e., the period functions of
even Maass forms, give rise to eigenfunctions of this operator with eigenvalue 1 (or
—1 if the plus sign in (@) is changed to a minus sign, corresponding to odd Maass
wave forms). These connections are discussed in detail in [20], [21] (Chap. IV, §3),
and [34].

For a number of families of other Fuchsian groups, including the congruence
subgroups I'g(p) of the modular group and the Hecke triangle groups, Moller and
Pohl [25] and Pohl [27, 28, 29] have obtained a similar relationship between the more
general period functions of Maass forms considered in these notes and eigenfunctions
of appropriate transfer operators. For the case of the full modular group again,
the paper [5] relates cocycles for the group to the eigenfunctions of a transfer
operator different from Mayer’s original one. It would be interesting to have a
similar relationship for general Fuchsian groups between the Selberg zeta function,
eigenfunctions of transfer operators and cohomology classes.

e Acknowledgements. The preparation of these notes has taken many years.
The Max Planck Institute in Bonn and the College de France in Paris have en-
abled us many times to work on it together. The two first-named authors thank
both institutions for this support and the excellent working conditions that they
provided.
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xii INTRODUCTION

. Notations and conventions. ~ We work with the standing assumption that
s € C satisfies 0 < Res < 1, and use Ay = s(1 — s). By N we denote the set
{ne€eZ : n>0}.

We denote by G the Lie group PSLy(R) = SLy(R)/{+Id}, and denote by [¢ Z]
the element j:(‘z Z) of G. We shall use various right representations of GG, and use
g:v—v|g as a general notation for the action of G in a right G-module.
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CHAPTER 1

Eigenfunctions of the hyperbolic Laplace operator

This chapter has a preliminary character. It discusses concepts and results
needed in the next chapters. In Sections [IH3] we recall results concerning eigenfunc-
tions of the Laplace operator and principal series representations that we treat in
more detail in [4]. The averaging operators in Section M form another important
tool used in these notes.

1. Eigenfunctions on the hyperbolic plane

Maass forms are functions on the hyperbolic plane that satisfy Au = A;u and
are invariant under a group of transformations. We define in this subsection the
space of all such eigenfunctions of the Laplace operator and introduce several related
spaces. An important result is Theorem [Tl which plays for eigenfunctions of A
the role of Cauchy’s theorem for holomorphic functions.

1.1. The hyperbolic plane. By H we denote the hyperbolic plane. We
use two realizations as a subset of Pl. The first is the upper half-plane model
H={z==x+iy : y > 0}, the other the disk model D = {w € C : |w| < 1}. In the
upper half-plane model, geodesics are Euclidean vertical half-lines and Euclidean
half-circles with their center on the real axis. In the disk model, geodesics are given
by Euclidean circles intersecting the boundary D = S! = {¢ € C : [¢] = 1}
orthogonally and Euclidean lines through 0. The real projective line P = RU {co}
is the boundary of the upper half-plane. See Table [I.1] for a further comparison
between both models.

) The space of eigenfunctions. By Es; we denote the space of solutions of
(1.1) Au = Agu in H, As =s(1—3s).

The Laplace operator A = —y?92 — 3?02 is an elliptic differential operator with
real-analytic coefficients. Hence all elements of £ are real-analytic functions. This
operator commutes with the action of the group G (on the right) given by

(u9)(z) = ulgz).

(We will use z to denote the coordinate in both $ and D when we make statements
applying to both models of H.) Obviously, & = & _s. If U is an open subset of
H, we denote by &,(U) the space of solutions of Au = Asu on U, thus defining
Es as a sheaf on H. We will refer to elements of & = &;(H) and of & (U) as
As-eigenfunctions of A.

So & denotes a sheaf as well as the space of global sections of that sheaf. For
other sheaves we will allow ourselves a similar ambiguity.

1
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2 1. EIGENFUNCTIONS OF THE HYPERBOLIC LAPLACE OPERATOR

model of H L) D

coordinate z=x+iy= Z}ir_z w— z_ﬁ

Laplace operator A —y2 (02 + 02) —(1- |w\2)28w<9u—,
= (2 —2)%0.0;

infinitesimal distance v\ /(dn)? ¥ (dy)? | 2L e e

hyperbolic distanced

p(-,-) = cosh(d(-, ) 1+ L=zl 1+ o s
volume element dpu % 4 d(l;ie - llizl)gl w
fsometry group G=PSL,(R) | G=PSU(L1)
lepl=Ldleai 3t | [Calemed | [5A]:w— 5228
maximal compact subgroup K PSO(2) PSU(1)
point fixed by K i 0
boundary OH o9 =P} oD =St

TABLE 1.1. Upper half-plane model and disk model of the hyper-
bolic plane H.

1.2. Examples. The functions is0(z) = y°® on § is an element of & that
occurs in the constant term of Fourier expansions of Maass forms. That term is a
linear combination of i0 and i1, or of i1/5 and £ /99(2) = y/2Iny if s = %
This function /5 is the value at s = % of the family ¢, 9 = 23%1 (15,0 — t1-5,0)
of N-invariant elements of £. The other terms of those Fourier expansions may

contain the following elements of &;:

ks,a(z) = \/stfl/Z(|a|y) eioz;c7

(1.2) , I(s+1 .
Zs,oz(Z) = |OKEZ|T?/)2\/§IS_1/2(|Q|ZJ)EZQI7

for @« € R~ {0}, with the modified Bessel functions I,(-) and K,(-). These
functions on $) transform according to the character [(1) ﬂ — el of N = {[(IJ ﬂ }
c G.

The group K = PSO(2) C G has characters [_‘;‘i)zz ;‘)’Zg] = 2 with n € Z.
Functions transforming according to such a character are easiest described in the

disk model, with Legendre functions or with hypergeometric functions:

L+72\ 00
(o)

Psm(reie)
(1.3a)

I'(s+mn) In| r?
PR i S R -
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§1. EIGENFUNCTIONS ON THE HYPERBOLIC PLANE 3

% n 1+T2 mn
Qun(re”) = Qi (1) €

1™ I'(s) T
— ( 2) (S)I‘(éss)—’— n) r (1 —TQ)SQH(S—H,S;QS;l —7‘2) .
(Note the shift in the spectral parameter in P ; and P, ,,.) Wehave B, ,, = B_;,, €
Es and Qs € E5(D N {0}).

Section A.1.3 in the appendix of [4] gives also formulas for elements of &, that

(1.3b)

transform according to a character of the group A = {[ylo/z y,olp] Ty > 0} C G.
Of these functions we will use ff, and fZ,. See @2).

Starting from the As-eigenfunctions of A considered up till now, we can produce
other ones by translating them. If g-0 = w’ for g € G and w’ € D, then r = |g~lw|

satisfies }J_r:z = p(w,w"), with p as in Table [T} The functions

ps(w’w/) = PS70(gilw) = F;()—l(p(w7w/))v

qs(w,wl) = sto(g_lw) = S,l(p(w,w’)),

are point-pair invariants, i.e., they depend only on the hyperbolic distance between
w and w’. Hence they are symmetric in w and w’, and satisfy for all g € G:

(1.4)

(1.5) ps(92,92") = ps(2,2"),  as(92,97") = ¢s(2,2).
They are As-eigenfunctions of A in both variables. One calls ¢, the free-space
resolvent kernel. We have ps(-,w’) € &, and ¢5(-,w’) € (D ~ {w'}) for fixed

w' € D.
Shifting i, : z — y° by [_(1) 1], with t € R, gives
1 \s y®
L6 Ry = () = Y
(16) (#2) e [t — z|?s

We have R(t; - )® € &. Moving t off the real line gives rise to a multivalued function
v
(C—2)(C—2)
For ¢ € C it is an element of &(U) for simply connected U C $ not containing ¢

or (. We choose the branch such that arg(¢ — z) + arg(¢ — 2) = 0 for ¢ € R.
For a € R and Res > %, we can integrate e'® R(t; z)* over R to obtain

(1.7) R(G;2)” =

T(s—%) .
. oo S dt s 2° 91_s0(2 a=0),
(18) ewzw/ ezat Y _ \/_ T'(s) |3711/2)0( ) ( )

e BV e ey N O B CE AR

This continues meromorphically, holomorphically in s if « # 0, and having in the
region Re s > 0 only a first order singularity at s = % if a=0.

1.3. Green’s form. We recall the bracket operation from [21], already men-
tioned in the introduction. There are two versions, which differ by an exact form:
(1.9) [u,v] = uyvdz + uvzdz, {u,v} = 2ifu,v] — id(uwv).

These formulas make sense in both the upper half-plane and the disk model of H,
and have the properties

(1.10a) [uog,vog] = [u,v]Jog foreachgeG,
(1.10b) [u,v] + [v,u] = d(uv),
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4 1. EIGENFUNCTIONS OF THE HYPERBOLIC LAPLACE OPERATOR

1
(1.10¢) dlu,v] = Z(uAv—vAu)d,u,
(1.10d) {v,u} = —{u,v}.
So [u,v] is a closed 1-form on U if u,v € E(U) for an open U C H.
The bracket with g5 gives for elements of £, a substitute for Cauchy’s theorem:

THEOREM 1.1. Let C' be a piecewise smooth simple closed curve in H and u
an element of E;(U), where U C H is some open set containing C and its interior.
Then for w € H~ C we have

(1.11) / [ (- w)] miu(w) if w is inside C,
’ u, s\ 7w = . . .
¢ ! 0 if w is outside C,

where the curve C is traversed in the positive direction.

See Theorem 2.1 in [4].

2. Principal series

All the coefficient modules used in the cohomology groups mentioned in the
introduction are spaces of vectors in the principal series representation associated
to the spectral parameter s. The standard realizations of the principal series rep-
resentation use spaces of functions on the boundary OH of the hyperbolic plane.
With the Poisson transform we can also use a realization in &.

We write V, to denote “the” principal series representation when we do not
want to specify precisely the space under consideration. Spaces V™ and V¥ of
smooth and analytic vectors are identified with the appropriate superscript.

In [4] we treat the material in this section in more depth. In particular, we
study the various models more systematically. Each of the models of V, has its
advantages and disadvantages.

2.1. Models of the principal series on the boundary of the hyperbolic
plane. We list some standard models of the principal series.
e  Line model. In the introduction we already mentioned the well known model
of V., consisting of functions on R with the transformation behavior

ab axr+b
2.1 - =2 ( )
(2.) o B [ R e e
under [’Z Z} € G. To get a sensible result at z = —%, we need to require that ¢

behaves well as |z| — co. By V°, the space of smooth vectors in V, we denote the
space of ¢ € C*°(R) that have an expansion

(2.2) plt) ~ (172 et
n=0

as [t| — oco. Similarly, the space V¥ of analytic vectors consists of the ¢ € C¥(R)
(real-analytic functions on R) for which the series appearing on the right-hand side
of [Z2)) converges to p(z) for |x| > z¢ for some xy. Analogously, we define VP,
p € N, as the space of ¢ € CP(R) satisfying ([2:2]) with the asymptotic expansion
replaced by a Taylor expansion of order p.

We call this the line model of V,. It is well known and has a simple transforma-
tion formula (2] that reminds us of the transformation behavior of holomorphic
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§2. PRINCIPAL SERIES 5

automorphic forms. It has the disadvantages that we need to specify the behavior
as |z| — oo separately, and that it requires some work to check that the spaces V¥,
V°, ... are preserved under the action of G.

Often we shall write ¢ | g instead of ¢|a5 g if there is no danger of confusion.

e  Projective model. The relation

(2.3) Pi(t) = (L+82)%(1)

gives a model for which V¥, V>, and the VP correspond to respectively C*(P),
C>(P}) and CP(P}) of respectively real analytic, smooth and p times continuously
differentiable functions on P;. The action of G is described by the more complicated

formula
P [ab t+1 s rat+b
24 t) = .
(24) Tl [cd]() <(at—|—b)2+(ct+d)2) f(ct—l—d)
The factor (m) is real-analytic on the whole of P4. Thus it is immedi-

ately clear that the action of G preserves real-analyticity, smoothness and p times
continuous differentiability. A drawback is that the point ¢, corresponding to the
choice of K as maximal compact subgroup, plays a special role. In §1.1, [4], we
mention the plane model of the principal series that does not have this drawback.

. Clircle model. The circle model is directly related to the projective model by

the inverse transformations £ = ? and t = z 5 ,in ]P’(lC , identifying the projective

line PL to the unit circle S' in C. This leads to the circle model of V,, in which

the action of g = [‘Zb] € PSLy(R )1s described by g = [1_1 ]g H_ii]*l = [gg] in

PSU(1,1) C PSLy(C), with A = (a+ib—ic+d), B=1(a—ib—ic—d):

LB (=),

S
2.5 = g+ B (5
(25) a0 (€) = 14+ B2 (H—
The factor | A + B is non-zero on the unit circle, since |A|>—|B|? = 1. The relation
with the previous models is given by

(2.6) PS(e72) = @P(cotﬁ) = |sin @] p(cot 9).

e Realization of Vi in holomorphic functions. The restriction of a holomorphic
function on a neighborhood of S' in C to S! is real-analytic, and since every real-
analytic function on S! is such a restriction, C“(S') can be identified with the
space 11_m> O(U), where U in the inductive limit runs over all open neighborhoods

of S and where O(U) denotes the space of holomorphic functions on U. One
can rewrite the automorphy factor in ([ZF) as ((A + BE)(A+ B£™1)) ™", which is
holomorphic near S'. It can be extended to a holomorphic and one-valued function
on a neighborhood of S! in P}, in fact, outside a path from 0 to —B/A and a path
from oo to —A/B. In other words, in the description of V¥ as ll_rn> O(U), the action

U
of G becomes

(2.7) lss9 (w) = [(A+ Bw)(A+ B/w)] " ¢(juw) .

Licensed to Max-Planck Institut fur Mathematik. Prepared on Fri Mar 27 11:48:34 EDT 2015for download from IP 192.68.254.102.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



6 1. EIGENFUNCTIONS OF THE HYPERBOLIC LAPLACE OPERATOR

In the projective model, we have similar descriptions. Now U runs through
neighborhoods of P} in P{.. The action (Z4) can be rewritten as

(28) fI5, [iﬂ() = (a2+cz)S(Z_Zg__f(,-))s(Z_Z:i_i))sf(Zis)-

This unwieldy formula shows that the automorphy factor is holomorphic on P

minus a path from i to g~1i and a path from —i to g=1(—1).

° Topology. We have not yet discussed topologies on the spaces in V,. For the
cohomology groups, we will use V', V>, and other spaces in V,, algebraically.

The natural topology on VP is given by the finitely many seminorms | ¢||;,
0 < j < p, where

(2.9) lell; = sup |plos W (2)],
r€OH

and where W = L(l)(ﬂ in the Lie algebra of G. By ¢ — |25 W we denote the
corresponding action in V,. In the circle model, W corresponds to the differential
operator 2i & J¢, in the projective model to (1 + %), and in the line model to
(1 + 22) 0, + 2sx. The natural topology on the space V> = ﬂpEN VP is given by
the collection of all seminorms || - ||,, p € N.

The topology on V& = h;n> O(U) can be defined as the inductive limit topology

given by the supremum norms on the sets U. The inclusion V* — V™ is continuous
with dense image. With these topologies, V¥ and V,° are irreducible continuous
representations of G. Here the restriction 0 < Res < 1 is essential. Irreducibility
does not hold when s € Z.

) Hyperfunctions. We put

(2.10) H(S!) = lim O(U ~ sh, H(PL) = lim OV~ PL)
U 14

where U runs over the neighborhoods of St in C and V' over the neighborhoods of
P} in P}. The spaces C~“(S') and C~(P}) of hyperfunctions on S', respectively
P}, are the quotients in the exact sequences

0 — C¥(S) — H(S') — C“(S!) — 0,
0 — C*(Pg) — H(PL) — C~“(Pg) — 0.

See, e.g., §1.1 of [30]. Actually, the quotients O(U~S!)/O(U) and O(V ~P%)/O(V)
do not depend on the choice of U, respectively V, so they give models for C~(S!)
and C~%(P}) for any choice of U, respectively V. Intuitively, a hyperfunction is
the jump across S', respectively P}.

The actions in ([27)) and (Z.8]) make sense on the spaces of holomorphic functions
in deleted neighborhoods O(U ~\ S!) and O(V ~\ P}). This gives an action of G
on H(S!) and H(PL), and hence on the corresponding spaces of hyperfunctions.
We call Hy the space H with this action, in the realizations H(S') and H(P}),
and V, ¢ the resulting representation of G in the hyperfunctions. Thus we have an
exact sequence of G-modules

(2.12) 00—V —H, —V“—0,

(2.11)

realized in the circle model and in the projective model. The line model is incon-
venient for hyperfunctions.
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§2. PRINCIPAL SERIES 7

We can embed the space C“(S!) of analytic functions on S' in the following
way:

pw) fwel, lw <1,
2.13 ceoU) w —
(2.13) 4 ) v { 0 ifwel, |w>1.

Let [f] € C~%(S!) be the hyperfunction represented by f € O(U ~ S'). Then
[f] € C¥(S') if and only if the restrictions of f to UN{|w| < 1} and U N {Jw| > 1}
both extend holomorphically across the circle. In the projective model we have a
similar embedding.

e  Duality. Let ¢,v € H(S') be represented by f, h € O(U ~ S!) for some
neighborhood U of S'. There is an annulus e~® < |w| < e* contained in U. Let C
be a contour |w| =c4 € [e7%, 1) encircling 0 once in the positive direction, and let
C_ be a similar contour |w| = c_ € (1,e%]. Then the integral

(2.14) o) = o (/C + /) () 22

is independent of the choice of the contours, as long as they are continuously de-
formed within U ~. S'. So the actual neighborhood is not important. Moreover, if
f and h are both in O(U), then Cauchy’s theorem gives (p,1) = 0. Thus, we get
an induced pairing C*(S!) x C~%(S!) — C, which we denote also by (-, -).

The description in the projective model is

(2.15) e %(/“d_/c‘)

~p(2) g(2) H—Zg )

where ¢ € O(U) for some neighborhood
U of P} in PL, and g € O(U \P}) rep-
resents ¢ € C~“(PL). The contours
Cy CHNU and C- C H NU are
homotopic with ]PﬂlQ. The orientation in
C of Cy is positive and the orientation
of C_ negative. It turns out that for all
ge G

(2.16) (Pla—2s g, Y25 9) = (p,9).

Thus, we have a bilinear invariant pairing V¥, x V,;“ — C.

From (2.14) we see that for fixed h € O(U~S') the map f + (f, h) is continuous
with respect to the supremum norm of f on U. Thus ¢ — (p, 1) is a continuous
linear form on V¥  for fixed ¥ € V,"“. It turns out that this gives an identification
of V7% with the continuous dual of M} .

It may happen that ¢ — (p, ) can be continuously extended to V> for the
topology on V>°. Such linear forms are distribution vectors in V,. The space V,”*°
consists of the distribution subspace of V7. It can be identified with the continuous
dual of V..

e  Basis. There are elements e, , € V¥, n € Z, such that (e1_5.n,€sm) = 0n.—m

- eontt) = (217 ()",
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8 1. EIGENFUNCTIONS OF THE HYPERBOLIC LAPLACE OPERATOR

t—i\"

2.17b enl(t) = ( ) ,
(2.17b) et = (5
(2.17¢) ein(€) = €.
Fourier theory gives an expansion ¢ = Y.~ ¢, €4, of each element ¢ € V,“.
We have

Ve = {Z cnesn : cn=0(e ") for some a > 0},

V2 =D cnen t ca=0((1+n|)~") forall A >0},
(2.18)

0

0
Vo< = {Z Cne€sn @ ey =0((1+|n|)*) for some a > 0},

O

—w . .
V. :{E Cn€sn @ Cp=

e Isomorphism. For 0 < Res < 1, the G-modules V, ¥ and V,_% are isomorphic.
The intertwining operator I, : V7% — V% can be given on the basis vectors in

R.19):

(219) Ises,n =

eAInl) for all A > O} .

I(s)T(1—s+n) o
F1—s)D(s+n) 5"
e  Sheaves. The definitions of V¥, V> and the VP, are local. We can form

the corresponding sheaves. We shall use this often for V;”. We formulate this for
the projective model and leave the analogous definitions in the other models to the

reader.
For each open set I C P}, we define
(2.20) VD) = lim O(),

U

where U runs through the neighborhoods of I in P{. Note that we allow ourselves
to write V¥ instead of V¥ (Pg).
We also use the notation

(2.21) VOIF] = V2 (PN F)

S

where F is a finite subset of Py. We will simply write V*[¢1,...,&,] instead of
Ve, ..., &) If we impose a condition on the sections of V2 at the points &; we
write Yeeond(g 0 €, ]. For instance, ¢ € V¢, ..., &,] is an element of V>
with analytic restriction to Pg \ {&1,..., &}

The G-module VY is naturally included in the G-module

w* 1 w 1
(2.22) Ve = lim) (PN F) ,
F
where F runs through the finite subsets of Py. So V¥ can be viewed as the union of
all V¥[F], with identification of f € V*[F;] with its image in V*[F] if F; C F. The
space VS‘*’* is not a subspace of V,*. We call VS‘”* the space of semi-analytic vectors
in the principal series representation. With an additional condition we write
2.9 w™,cond - 1 w,cond Pl ).
(2.23) v $V (Pi ~ F)

By BdSing (f) for f € V¥ we denote the minimal finite set {&;,...,&,} C Ph
such that f € V¥[&, ..., &,]. We call these &; the singularities of f.
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§2. PRINCIPAL SERIES 9

. Terminology. Usually one denotes by VP the space of p times differentiable
vectors in a Hilbert space VSL2 in V,, for which the e, ,, form a complete orthogonal
system. We use VP to denote functions that are p times continuously differentiable
in the projective of circle model. This space is smaller than the space of p times
differentiable vectors in VSLQ.

Our spaces V¥, V> coincide with the spaces of analytic and smooth vectors
in VSL2, and similarly for V,"* and V,”“. It seems hard and hardly interesting to
characterize spaces like V¥~ in terms of the Hilbert space VSL2. To summarize: our
upper indices in V* refer to the behavior of functions in the circle and projective
model, not to the behavior of vectors in a representation.

2.2. Poisson transform. The Poisson transform in this section provides us
with & as a realization of V7. It and its inverse can be described with the function
R(t; 2)*~* in ([L0) as the kernel function. (For more details see §2.3 of [4].)

On V2 the Poisson transformation is the linear G-equivariant map given in the
line model by the simple formula
(2.24)

Pa(z) = l/w ((t_x)2+1)571y—1+sa(t) dt = /oo R(t;z)l—sa(t)%

T J—co Y —o0

The image is in &, since R(t; -)17% is in & for all t € R. Since R(-;2)!7% is an
element of V¥ (line model), the G-equivariance follows from

(2.25) R(-;92)|2sg = R(-;2)° forallgeI.
A comparison of this invariance property with (LH) shows that R(-; -)® is similar
to ps and gs.
We can write the Poisson transform as
(2.26) Poa(z) = (R(-;2)' 7%, a).

This can be used to define the Poisson transformation as a linear map Py : V% —
Es, satistying Ps(a|g) = (Psa) | g for all g € G. The following diagram, involving
the isomorphism I in (ZI9]), commutes:

stw

\P:
(2.27) ils b E=Ei
Vlfs
We also have
(2.28) (PR(-52")°)(2) = ps(z,2);
(2.29) I R(-;2')° = R(-;2)'°.

(See (2.25) and (2.32) in [4].) In the other models, the Poisson kernel has the form:
.\ 1—s .\ 1—s 1-s
_ _ - +1 R((;2)
2.30a RF(Ci2)'™ = o 1(C Z) (C _) _ ( : ,
(230 G ) R(G:)

(2.30b)  RS(&w)'Tt = <(1 _;é)z‘ﬂ_wg)) _
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10 1. EIGENFUNCTIONS OF THE HYPERBOLIC LAPLACE OPERATOR

e  Bijectivity. Crucial for these notes is that P, : V7 — & is an isomorphism
of G-modules. This follows from the next result of Helgason (Theorem 4.3 in [13])
and the G-equivariance of P.

THEOREM 2.1. The Poisson transformation Py : V, — &4 is an isomorphism of
G-modules for all s € C with 0 < Res < 1.

Thus, & is a model of the principal series representation. This model has
several advantages: the action of GG involves no automorphy factor at all, the model
does not give a preferential treatment to any point, and all vectors correspond to
actual functions, with no need to work with distributions or hyperfunctions.

Theorem 3.2 in [4] and the discussion preceding it give an explicit way to
describe the inverse of the Poisson transformation:

THEOREM 2.2. Letu € &, and zy € . Then the hyperfunction o on 85 = Py
represented by the following function g on U NP} for a neighborhood U of Py in PE

Slu BRG]+ ulz) RR(G)  ifCes,
C[RR(G ), ifCesn.

is independent of the choice of the base point zg, and u = Psar.

9(¢) =

e  Polynomial growth.  We define £;7°°, £3° and £ as the images under P
of V7>, V> and VY, respectively. For £7°° we can indicate here an indepen-
dent characterization: We say that a function f on D has polynomial growth if
(1- |w|2)af(w) = O(1) as |w| 1 1 for some a € R. For functions on $), this

corresponds to z — (ﬁ)af(z) being bounded for some a.

THEOREM 2.3. (Lewis; Theorem 4.1 and Theorem 5.3 in [18]) Let 0 < Res <
1. The space £;°° = Ps (VSOO) consists of the functions in Es; having at most poly-
nomaal growth.

3. Boundary germs and transverse Poisson transform

In a comparison of the eigenfunctions F, ,, and Qs introduced in (L3]), a nice
property of F, , is that it is defined on the whole of D, whereas (s, has a sin-
gularity at 0. On the other hand, near the boundary 9D the expression in (L3h)
of Qs in terms of a hypergeometric function implies a simple asymptotic relation
Qsn(re??) ~ c(1 —1r?)*e™? as r 1 1, whereas P, ,,(re?) has a more complicated
behavior at the boundary. We can observe a similar distinction between the eigen-
functions i, o and ks o, with a # 0, in (I.2). The asymptotic behavior of the mod-
ified Bessel functions implies that ks (z) is quickly decreasing as y — oo, whereas
is,o(2) has exponential growth. Near R C 9§) however we have i o(z) ~ €% y* as
y | 0, whereas ks , has a more complicated behavior.

We capture the special boundary behavior of is o and Qg , by defining in Sub-
sectionB.]a space of eigenfunctions on 2N$ for a neighborhood 2 of OH in P{ with
a special behavior near the boundary. Actually, we use germs of such eigenfunctions
by taking an inductive limit over all such neighborhoods Q2. In this way we define
a space of boundary germs W’ isomorphic to V;’. The isomorphism V;* — W is
described explicitly in Subsection by an operator that we call the “transverse
Poisson transformation”. In our study of cohomology groups the space WY will
turn out to be an excellent model of V.
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§3. BOUNDARY GERMS AND TRANSVERSE POISSON TRANSFORM 11

For cohomology with coefficients in V> we shall also need an isomorphic space
W2, This cannot be a space of germs of eigenfunctions. In Subsection B3] we will
define it as a space of expansions.

This whole section is a brief presentation of results discussed in much more
detail in §4 and §6 of [4].

3.1. Boundary germs. We turn to A,-eigenfunctions only defined near the
boundary JH of the hyperbolic plane. Our aim is to use such functions to define a
space W isomorphic to V.

° The space of all boundary germs. Put

(3.1) Fs = lim & (QNH) ,
—
Q

where () runs over the neighborhoods of JH in P(lc. This is a large space. The action
of the group G is induced by f|g(z) = fog(z) = f(gz) on representatives f. We
identify & with its image in Fj.

Functions representing an element of F; may grow fast near the boundary. We
define a subspace W by prescribing the boundary behavior:

DEFINITION 3.1. The space Wy is the subspace of F, represented by functions
f € £(QND) for some neighborhood Q of S* in P such that f(w) = 272*(1—|w|?)”
f5(w), where fS € C¥(9Q).

In the projective model there is a similar definition, with f(z) = (#)sfp(z)
where fF is real analytic on a neighborhood of Pt in P%. The space W is invariant
under the action of G in Fj.

The definition can be localized to define W (I) for open sets I C OH. Then f°
or f¥ is real analytic on a neighborhood © of I in P{. For I C R, the line model
is most convenient. Then each element of W¥(I) is represented by f € E,(Q2 N 9H)
for a neighborhood Q of I in C, and f(z) = y*f(z) on QN § for some real analytic
function f on €.

We use the notation W [F] = W« (H\ F') for finite subsets F' C 9H, and define

(3.2) W = lim W (H N F),

—

F
like in (ZZI) and [@22). For a given f € W', the set of singularities BdSing f
is the minimal finite set F' C OH such that f € W*[F]. The Bd in this notation
reminds us that we consider singularities on JH, and not at points of H near 0H
where the functions f° or f¥ may have a singularity.
e Decomposition. Suppose f € E(U), with U ={weD : 1-6 < |w| < 1},
represents a germ in F,. Taking a closed curve C' in the annulus U going round
once in the positive direction, with the Green’s form in (L9]) we form the integral

/C[f,qs<-,w>1.

This integral represents functions u € E,(I) and v € E;(F), where I is the region
inside the curve C, and F the annulus outside C. In Proposition 4.2, [4], we show
that v represents an element of W, which vanishes if f € £&. Moving the curve C
closer and closer to S' = 9D, we see that u extends to ID and is an element u € &.
Theorem [[.1] shows that %f = u —v. Thus we have obtained Fy = & + W¥. If
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12 1. EIGENFUNCTIONS OF THE HYPERBOLIC LAPLACE OPERATOR

the original function f is in &, then v = 0 and u = %f, also by Theorem [Tl So
Es N WY = {0}, and

(3.3) Fs = EsWY.

) Restriction to the boundary. If w represents an element of WY, then
fw) = (1 — |w|?)®f3(w) near the boundary, with f° extending analytically across
the boundary. Thus p,f(£) = f5(€) is a well defined analytic function on S, which
is an element of the circle model of V. This restriction map ps intertwines the
actions of G in W* and V*. We should note that f° is real analytic on a neighbor-
hood Q of S' in P{, and that ¢ = psf is a real analytic function on S' extending
as a holomorphic function on some neighborhood €2; of S' in P}. These functions
¢ and f coincide on S*, not on the whole intersection Q; N €.

In the upper half plane model of H, we obtain p,f = f¥ in the projective model
of V¥ on PL. The restriction ps also gives linear maps ps : W*(I) — V(1) for
open I C OH. In particular, for I C R, we obtain psf = f in the line model.

3.2. Transverse Poisson map. The restriction map ps : W — V& is bijec-
tive. In §4.2 of [4] we explicitly describe the inverse, in two different ways.
One way is by an integral transform, with the following expression in the three

models:

(3.49) (L)) = 530 [ RGwl0)dc,
(3.40) () = i [ B G0 s
(3.4c) (Ple®) (w) = 2b1(8) /wl/w Rs(n;w)l’swg(n)%n,
(3.4d) where  b(s) = B(s,%) - I‘{Z—i(?)

An element ¢ € V¥(I) for some open I C JH extends holomorphically to some
neighborhood € of I in P%. The integrals in (34) define Piy on QN QN H, repre-
senting a germ that can be shown to be an element of W*(I). (By Q we denote the
image under complex conjugation.) On the other hand, Theorem 4.7 in [4] gives
also an integral representation of ¢ in terms of u = Ply, showing that if (in the
line model) v = y*A with A real analytic on a simply connected open set = Q
intersecting R then ¢ is holomorphic on €.

The integral transformation in (3] has the same kernel function as that in
the Poisson transformation. The path of integration is different. We call P the
transverse Poisson transformation.

THEOREM 3.2. The restriction map ps : W¥(I) — V¥(I) is an isomorphism
for each open set I C OH. Its inverse is given by Pi.

The other way to describe the transverse Poisson transformation works locally
with the line model. The action of G allows restriction to an interval I C R. Any
feW(I) is of the form f(z) = y®A(z), with A real-analytic on a neighborhood €
of I'in R. Let ¢ = psf. Then it turns out that the fact that f € £,(Q N $H) implies
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that A has the expansion

S (/4P T(s+3) o

(3:5) KIT(s+ 5 +k)

() y°" .

M

k=0

(See Theorem 4.6 in [4].) If Q, C Q is an open neighborhood of z € I on which
the power series of ¢ at = converges, then ([B.5) converges on €, as well.

This relation between the expansions of A and ¢ illustrates that being a As-
eigenfunction of A is a very strong property. Note that the description in (84 shows
that if ¢ is holomorphic on €, then A is real-analytic on €2, but that conversely if A
is real-analytic on €21, we know only that ¢ is holomorphic on some neighborhood
Q of I that may be much smaller than ;.

e Ezamples. For the functions in ([2), (L3al), (I6) and (T4]) we have:

(3.6a) Pleior = i, , on R in the line model,
(=)"T(s+3)

3.6b Pleg, = —2—" 220, ., OH,

(36b) =©s, VaTl(s+mn) @, o

(3.6¢) PLR(-;2)% (') = b(s) Lqs(z,2) on R in the line model.

The first two examples are easily checked by computing the restriction p, of the left
hand side. The third example is equation (4.19) in [4]. See §A.3 in the appendix
of [4] for more examples.

o Splitting of E¥. For s # %, Proposition 6.3 in [4] gives the following description
of £ = P,V

Pop = c(s) Pl +c(1— )Pl L,
(3~7) tanms

cls) = ().

with the intertwining operator I in (2.19)), and b(s) as in (34d). This implies that
each of the isomorphic G-spaces £, Wy’ and W, is contained in the sum of the
other two, and that each two of these spaces have intersection {0}.

e  Duality. The G-invariant duality of V¥ x V[~ — C in ([2I4) can be trans-
ported to a G-invariant duality WY x £_5s — C by

(38) <PT()07 Pl sa> = <50a Oé> (Oé € Vl_—U; 2B sz) .

In Proposition 4.8 in [4] it is shown that for u € &_s and f € W* we can
describe this duality with the Green’s form of §L.3t

(3.9) (fouy = 2O 1 - ) w1

™ Yy

where C' is homotopic to OH in the domain of a representative of f, going around
once in the positive direction. Actually, [,[f,u] is well defined for f € F,, u € &1,
being zero for f in the component £ = &;_, of the splitting Fi_s = &5 ® W,
in B3). The second equality in (3.9)) follows from (LIOD) and the fact that C is a
closed curve.
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3.3. Boundary jets. In Chapter Bl we study cohomology with differentiable
coefficients. We need a substitute WP for p = 2,3,...,00 for the space W of
boundary germs. In §4.4 of [4] we have constructed these spaces as a quotient. We
recall the definitions and main results. For p = 2,...,00,w we consider the space of
functions f € C%(D) for which f(w) = (1 — |w|?)~*f(w) extends to a CP function
on some neighborhood of S! in C. By A, we denote the differential operator on f
corresponding to A — A on f. We define G and AP as the subspaces of functions

f = (1 —|w|?)*f that satisfy the conditions
o((1—|w]?)?) ifpeN,
(3.10a) Asf(w) = ¢ o((1—|w?)?) forallge Nifp=oo,
0 ifp=w,
respectively
o((1—|w|?)?) ifpeN,
(3.10b) flw) = o((1—|w|?)9) forall g€ Nifp=oo,
0 if p=w,
as |w| — 1 in some annulus 1 — ¢ < |w| < 1. In [4], Lemma 4.10 it is shown that

NP C GP. We define the space of boundary jets WP as the quotient GP /NP for
p=2,3,...,00, so that the following sequence is exact by definition:

(3.11) 0— NP — G — WP —0.

For p = w this agrees with our previous definition of W because a function f € G¥
is in N = C2(D) if and only if it represents the zero element of W*. The group
G acts on GF and NP by (f|g)(w) = f(gw). This induces an action in WP.

These definitions also work locally. For I C S open we define GP(I), NP(I)
as above (with f still defined on all of D) but with the extendability across S
and the growth conditions (B.I0) near S' required only near I. Thus, G? and
NP are sheaves on S'. We define WP as the quotient sheaf. One can show that
WP(I) = GP(I)/NP(I) for all I. In the upper half plane model we have correspond-
ing definitions with the factor (1 — |w|?)® replaced by (ﬁ)s (or simply by y* on
I C P} with oo ¢ I).

We define G-equivariant sheaf morphisms ps : G» — VP by sending f € GP(I)
to the restriction to I of a CP extension of 22%(1 — |w|?)~* f(w) (resp. of (y/|z +

z|2)_gf(z)) In Theorem 4.11 of [4] we prove:

THEOREM 3.3. The restriction ps induces a sheaf isomorphism ps : WP — VP
forp=2,..., 00,w.

Notice that we have global representatives in GP(I) C C?(H) of elements of
WP(I), even if I C OH is a tiny interval. We impose twice differentiability in all
of H in order to be able to apply A freely. Even in the analytic case p = w the
representatives f € G¥(I) need not be analytic on all of H, and satisfy Af = Asf

only near the boundary.

DEFINITION 3.4. For any f : H — C the set of singularities Sing f of f is the
complement of the maximal open set U C H such that f € & (U).

This is a rather broad notion of singularity. It depends on the spectral pa-
rameter s, and even an analytic function may have singularities in our sense. For
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f € GY the set Sing f is a compact subset of H. This set may be empty. The
function i 0(z) = y® is an element of & and of G¥(R), with Singiso = 0. Note
that i, o represents an element of W*(R) which can be considered as an element of
We" | as defined in ([B2). As such BdSingis o = {oo}.

S

4. Averages

For v in any G-module V' all finite sums v |}, g; = >, v|g; converge. Some
infinite sums converge as well, for certain modules. In this section we discuss infinite
sums that will be used in the next chapters. It has turned out that these operators
form a useful tool when dealing with transfer operators. (See [5], [21].)

The infinite sums that we discuss in this section are

00 -1
4.1) AV = AT = — " V = AV ,
(41) Av) ;9 ; n;mg n;oog
for g € G with infinite order. If we can make sense of the convergence of such sums,
the one-sided averages Avq and AV provide us with a substitute for (1 — g)~.
The average Av produces a g- 1nvar1ant vector.

The elements of G of infinite order are either hyperbolic or parabolic. We treat

these two cases separately, and consider the one-sided averages and the spaces of
invariants for spaces in V,, in particular for V<.
e  Notation. We shall use both f | Avg and Avg( f) to denote the average of f
over the powers of g. The latter notation emphasizes the average as an operator,
whereas the former stresses that Avg is an element of the completion of the group
ring of T'.

4.1. Invariants and averages for hyperbolic elements. We start with
the easiest case, where ¢ is hyperbolic.

Any hyperbolic 17 € G leaves fixed two points of P{, which are situated on Pk:
The repelling fized point a(n) and the attracting fized point w(n). The latter is
characterized by lim,, . 7" = w(n) for all z € P4 \ {a(n)}. By conjugation in G,

we can arrange 1 = [‘62 1/(1/2] with ¢ > 1. Then a(n) =0, w(n) = co.
By V9 we denote the elements of V invariant under g € G for any G-module V.

PROPOSITION 4.1. The spaces (VP)" are {0} forp=2,...,00,w, and also the
spaces (V[0])T and (V¥ [oo])? are zero.

e (Z21)) for the definition of V¥ [£].

PROOF. It suffices to consider VO(R) = 1?[oo] and V2 (P} ~ {0}) = VO[0]. Let
f € V2(R) be given in the line model. Then t*f(tx) = f(x) for all x € R. There
is a periodic function p on R with period logt such that f(xr) = 2 °p(logz) for
x € (0,00). This implies that lim, o p(u) = lim, esuf e*) = 0. Hence
f=0o0n (0,00), and analogously on (—o0,0). Conjugate with [ | to obtain the
statement for VO(P§ ~ {0}). W

—1
1 0

With the isomorphism P, we obtain also that the corresponding spaces (WWP)"
all vanish.

For larger spaces in the principal series, the spaces of n-invariants are large.
They contain all functions transforming according a the character [\6_ 1 \/_] — gyt
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with o € %Z. For each @ € R we give in (A.20) of [4] functions f2, and fL,
in & that form a basis for the invariant functions for the character specified by a.

We have for z = pe’® € 9, p >0, 0 < ¢ < 27

(4.2)
o Vrl(s+1)
S},%a(pe ¢) - F(s+i§x+1)r(s—1‘2a+1)
2/70(s+3)

- W p'* cos ¢ (sin ¢)®oh (

o s s+ia s—ia 1
o (sin )"l (5 S s (cos o))

s+ia+1 s—ia+1'3
2 ’ 2 2

(c0s9)?)

and we obtain fﬁa by taking the sum of the two terms instead of the difference. We
have chosen the basis such that fa represents an element of WY (0, co) and fSL’a an
element of W& (—00,0). We have BdSing f, = {oo} U (=00, 0], and BdSing fL, =
[0,00) U {oo}. Note that the first term in (£2) is invariant under z — —Z, and the
second term anti-invariant.

Let ¢ € V. For large |z| it is of the form p(x) = |z|72*puo(1/2) With ¢ the
real-analytic function on a neighborhood of 0 given in [22)). For x # 0 we have

plaa " (2) = 1" p(t"2) = "] P gt ")

as n — oo. Since Res > 0 and ¢ > 1, the series > °  t"5¢(t"z) defining AV:(cp) (z)

converges with exponential rapidity for x # 0, so that this function is defined and
real-analytic on P; ~ {0}. It may have a singularity at 0, so in general it will belong
to the larger space V¥[0]. In fact, we may allow ¢ itself to belong to this larger
space, since then the convergence goes through. For AV; (¢) we proceed similarly.

Now the point co may be a singularity. We have obtained the following left inverses
of 1 —n:

(4.3) AV;r :VP[0] — V¥[0]  and Avn_ s VP oo] — V¥ [oo] .
If ¢ € V¥, then the total average Avn(go) = AV:(QO) - Avn_ () is defined and belongs
to V[0, co].

PROPOSITION 4.2. The following three statements are equivalent for ¢ € V¥:
(4.4) 1: AV:(QO) evy, 2: Avn_(go) evy, 3: Avn(go) =0.

Proor. (1) = (3): If Av;r(ga) € V¥, then Avn(<p) = Av;(ga) - Av;(ga) €

V¥[oo]" = {0}, by Proposition @Il (2) = (3) goes similarly. (3) = (1)&(2): If
Avn(go) =0, then AV:(LP) = Avn_(go) eVE0INV[oc]=VY. N

COROLLARY 4.3. The kernel of Av, : V. — V10, 00]7 is equal to V& | (1 —n).

PrOOF. Clearly, V¥ |(1 —n) C Ker Avn. It Avn(<p) =0, then p = | Avn+|(1 —
neVel(l-n). H
For other hyperbolic elements we have

+ . + to oA — Au—
(4.5) Avgng,1 .f|—>f|gAVn g, Avn,1 = 77Av77 = Av?7 7.

. Averages in GP.  With the transverse Poisson transformation these statements
can be transformed into analogous statements for G¥.
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For f € GP, with p = 2,...,00,w, we use that, in the line model, f(z) = y*
12|72 fo(1/2) on QN §H where fo, € CP(Q) for some neighborhood Q of 0 in C.
This implies that Av;'f(z) = Y2725 Y7t foo (1/1"2) converges absolutely,
uniformly on compact sets in ). We see that for each neighborhood € of oo in P
not containing 0 there is A € N such that for z € C' the function

2t fo (1/872)

is in CP(€;). This shows that Av:f € G?(Pk ~ {0}). Similarly we get AVn*f €
GP(R). Observe that Av:f is in general not an element of G? = GP(P}).

The following lemma will be needed for the proof of Theorem[A] (see Lemmal[7.T)).

LEMMA 4.4. Suppose that for f € G¥ the set Sing AV;rf is compact in §. Then
AV;r fegy.

ProOOF. The singularities of Av; f (see Definition [3.4)) are contained in

U n~"Sing f.
n<—1

Since Sing f is compact there exists € > 0 such that

SingAV;f c S = {zeﬁ Ty >e¢, 5<argz<7r—€}.

Se

—e/tane 0 e/tane
Decreasing € > 0 if necessary, we arrange that the compact set Sing Av;r f is also

contained in S.. So the n-invariant function Av77 f= Av;r f — Av_ f determines an

element h € E;($ \ S:), which satisfies h(tz) = h(z) whenever z,tz ¢ S.. Hence h
extends as an element of £ ($)7. Thus, h has a Fourier expansion with o running
through 2% Z:

logt
1 logt )
(4.6) h(z) = Z@:ha(Z) o hal2) = o [ e ) du
For each such «, the function h, is a linear combination of the functions S}?a and

L, in @2
The function h represents an element of W¥[0,00]. Hence near R it has the
form h(z) = y*h(z), with h real analytic on a neighborhood of R ~. {0} in C. For
2 > 0 and small values of § > 0:

) 1 logt L ]
ho(ze®) = (msin@)s@/ e~ p(etre') du
0

= (xsinf)® - (real-analytic on a neighborhood of (0, c0)) .

So h, represents an element of W (0, 00), and the coefficient of stﬂ is zero. Pro-
ceeding similarly near (—oo, 0) we obtain that the coefficient of S}?a vanishes as well.

This works for all o € %Z, and hence h = 0. This means that Av17 fegeR).
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Since AV?;f € G¥(R), we have also Av;r € GY(R). For all f € G¥, we have
Av:f € G¥ (P} ~ {0}). Hence Av:f eg¥P)=6*. N

4.2. Invariants and averages for parabolic elements. For parabolic el-
ements of G the invariants in subspaces of V, with high regularity vanish, like for
hyperbolic elements. The convergence of the averages is more delicate than in the
hyperbolic case.

Each parabolic element of G is conjugate in PSLy(R) to T = [(1) H or to T~ 1.

Parabolic elements have only one fixed point, situated on P%. The element T fixes
o € Pi.
PROPOSITION 4.5. The space (VP)T is zero forp=2,... 00, w.

PROOF. Each ¢ € VP (line model) satisfies p(z) = 27 2¢(1/2) = o(1) as
x — oo. If ¢ is also periodic, then it must vanish identically. W

For ¢ € VP (line model with p =2,...,00,w), the averages
o) -1
4 AT@E) = Ye@rn),  ACE@ = - 3 e+,
n=0 n=—0o0

converge if Re s > § or if Res > 0 and the number C' = ¢"(c0) vanishes. In general
we have p(z) = C|z|72% + O(|x|=2*71) as |z| — oo and we define (for Res > 0,

s 1)
A (@)la) = (ol +n) = o) + CC29).
(4.8) =0

A () = = D (e —m) - o) — 0c(2s).
n=1

Since differentiation only improves the convergence, we see that if ¢ € VP, then
AV;ﬂp is in C?(R). So we have Av; : VP — VP[oo] = VP(R), and more generally

(4.9) Av;f t VP((b,a)e) = VP(b,oo), Av, : VP((b,a)e) = VP(—00,a+1)

for a, b € R with a < b, where we use the convenient notation (b, a). for the “cyclic
interval” (b, 00) U {oo} U (—00,a) C PL. Tt is clear that these one-sided averages
satisfy

(4.10) Pl(1=T)| A = | AF|(1-T) = o.

Furthermore, if we denote by Cy, (0 < m < p) the coefficient of 2™ in the Taylor
expansion of ¢|as [(1) _(1)] (z), then using the Euler-Maclaurin summation formula or
arguing as in [21], Chap. III, §3, we find that the functions AV;(QO) and Av_ ()

have the one-sided asymptotic behavior

p—1
(411)  AS(p)(z) = [2[™> > Cra ™ + O(jz[ 7)) as 4z — o0

m=—1

(in the line model) with the coefficients C, in both cases given explicitly by

1
(—1)m+t s m+ 2s

(4.12) ch = —— E B Coy1-k ,
m + 2s P k
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where By, is the kth Bernoulli number. If p = oo or p = w, then ({II) must be
interpreted as an infinite asymptotic expansion (not necessarily convergent for any
x, even in the analytic case).

For other parabolic 7 € G, we define AV:: by conjugation and the relations

AV:_1 = —7TAV7T_ and AV7T__1 = —W_IAV: = —AV:W.
Using the transverse Poisson transformation P! in §3.2] we can transport the
one-sided averages to WP = GP /NP for p = 2,...,w. But we can also define the

maps AV; directly at the level of G in the obvious way (for instance, AV;' f(z) is
defined as " 7 f(n+2z) if C = f¥(c0) vanishes and otherwise as > o (f(n+z)—
Cy®/(n+1)%*) + C{(2s)y*). We thus obtain maps as in ([@3) with V replaced by W
or G, still satisfying the relations ([@I0). The new aspect is that, as partners of the
asymptotic relations ([{IT]) on R, we get new asymptotic relations for AV;E flz+iy)
as y — oo.

LEMMA 4.6. Let f € GP(I), with p = 2,...,00,w, for some interval I C Py
containing co. For s # %, we have

(s
L VI8 oyt 4 O(s7 (e y™) + Ol

as y — 00, uniformly in x.

PrOOF. If fF(00) = 0, then f(z) = O(y*|z|~2*~1) for |z| large, so

> s o dt s
wii = 3 0( ) = o [ ryepem) = 007

n=0

AL f(2) =

To treat the general case, it suffices to consider one function f with f¥ (o) # 0.
We choose f = Fs, where Fy(z) = ys|z|’25. If Res > 1 we have

+ rz+n+1 df,
A - - @
) = Z( (@ +n)? + 42)° /m <t2+y2>s>
0
dt .
+ys/ (7+c(s)y1 )

2 4 2)s

where ¢(s) = [;°(t2+1)*dt = /7 I'(s—1)/2T(s). The sum on the right converges
for Re s > 0 and the formula remains true in this domain (for s # 1) by uniqueness
of meromorphic continuation. We then have the uniform estimate

0
+ 1-—s |I—|—7’L| + 1 s —2s
AT F(2) = e(s)y' ™ <y E CFTEESEnE + vy v dt

= O(y ) + O(xy °).

This completes the proof for AV; . The estimate for AV,; is exactly similar. W
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CHAPTER 2

Maass forms and analytic cohomology:
cocompact groups

In this chapter, we define a map from the space £} of I-invariant \,-eigenfunc-
tions of the Laplace operator to the cohomology group H'(I'; V). In Section 5] this
is carried out for any discrete I' C PSLy(R). If T has elements of infinite order, this
map is injective. In Section[flwe prove that the map is a bijection if I' is cocompact,
thus proving part of Theorem[Al As mentioned in the introduction, it is known that
EL and HY(T; V*) are isomorphic for cocompact I'. Here we construct a map from
cohomology to Maass forms explicitly. This also forms a preparation for Chapter (]
where groups with cusps are considered.

The constructions in Section [l require a description of the cohomology using a
complex based on the geometry of the action of I' on H. We discuss this description
in Section

5. From Maass forms to analytic cohomology

This section starts with a review of the standard definitions of group coho-
mology. In §5.2 we construct a map £ — H(I'; ) for any discrete I' C G =
PSLy(R).

5.1. Group cohomology. See, e.g., [I], Chap. I and Chap. III, §1, for a
general reference.

e  Resolutions. For the moment let I' denote an arbitrary group. We recall that
the homology and cohomology groups of " with coefficients in a (right) Q[I']-module
V' are defined with help of a projective resolution

I6] 1%} o

of the trivial Q[I']-module Q as the (co)homology of the induced complexes
%Fl ®Q[F]V£>F0®Q[F]V—>O,

0 1
0 — Homgry(Fo, V) -5 Homgyry (F1, V) -5 - -

namely

(5.1) H;(T;V) = Ker (8;) /Im (0;41) HY(T;V) = Ker (d*)/Tm (d"!).

We work with coefficients in Q because this gives us more freedom in the construc-
tion of projective resolutions (c.f. §6.IJ). These cohomology groups do not depend
on the choice of the projective resolution. If F'and F are two projective resolutions
of the trivial Q[I']-module Q, the identity map Q — Q can always be lifted to an

augmentation preserving chain map between the resolutions. This lift is unique up
to homotopy, and induces isomorphisms of the homology and cohomology groups

21
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22 2. MAASS FORMS AND ANALYTIC COHOMOLOGY: COCOMPACT GROUPS

determined by the resolutions. The construction of such a chain map F — F may
depend on many choices, so it may take work to describe the corresponding iso-
morphism of the (co)homology groups explicitly. For this reason it is important
for explicit cohomological constructions to choose a specific resolution with good
properties.

° Standard resolution. The standard model of group cohomology is obtained
from the standard resolution F®", where F?" is the free Q[[']-module Q[I'**!]. The
boundary maps 9;, the augmentation ¢, and the I'-action are induced by

87;(707"' 77Z> = Z(_l)J(r}/Oa 7%"" 777;)7

7j=0
6(]-—‘0) = 1, (70;"' a’yl)"y = (’707, ;717)

(5.2)

In this model, an i-cochain is represented by a I'-equivariant map ¢ : T%*! — V/,
which is then extended by linearity to ¢ : F*" — V. The equivariance implies that ¢
is completely determined by its restriction 1 to I x {1} € I'"*!  and one often uses
this inhomogeneous version. (The last variable is then omitted from the notation
and the definition of the coboundary map is modified in the obvious way.)

Each F}' is a free Q['-module. In dimension ¢ > 0 the rank is infinite if
IT'| = oo. In dimension ¢ = 0, the cocycles satisfy c¢(y) = ¢(1)v |, and hence are
determined by ¢(1) € V', and since there are no cochains in dimension —1 we have

(5.3) HO V) = VE = {veV :v|y=vforallyeT}.

For homology we find that Ho(I'; V) = Vr, where Vr is the submodule of coinvari-
ants V/(v|(1—7~) : veV,yel).

In dimension ¢ = 1 the standard model gives homogeneous cocycles (yo,71) —
c(v0,71) € V satisfying for all ,; € I':

c(v0,71) |2 = c(vwrz,mv2)  and  c(yo,7) + (1, 72) = c(v0,72) -

Such a 1-cocycle is a coboundary if ¢(vo,71) = f(v) — f(11) for some f:T' = V
satisfying f(v172) = f(71)|72. Going over to inhomogeneous cocycles v — ¥, =
c(v,1), we get the following well-known description of the first cohomology group:

HYT;V) = Z(T;V)/BY(T; V),
(5.4) Z'T;V) = {:T —V : thys =1y |5+ s for all 4,6 € T},
BYT;V) = {y—=uv|(y—1) : veV}.

5.2. From invariant eigenfunctions to cohomology. Let I' C G be an
arbitrary subgroup, provided with the discrete topology. We now shall explicitly
define a linear map r : &' — H(I;V¥), and show that it is injective if T’ has
elements of infinite order.

° Definition of analytic cocycles associated to invariant eigenfunctions.  Let
u € EI. We associate to it three inhomogeneous cocycles (r,) € Z1(I;V¥),
(py) € ZHT;€%) and (g,) € Z'(I'; W) which correspond to one another under
the isomorphisms V¥ = £ = W given by the Poisson transformation and the
transverse Poisson transformation. These cocycles are obtained by integrating the
[-invariant closed 1-forms

[’U,,R(C; )S} ) [u,ps(-,z)] ) [U7QS('72)] .
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§5. FROM MAASS FORMS TO ANALYTIC COHOMOLOGY 23

The T-invariance follows from (LI0a), [225) and (LI). We choose a base point

29 € H, and integrate over a path from v 'z to zo:
z0
(5.50) @ = [ wRG),
v~ 1zo

(5.5b) py(2) = / i [u, ps(+,2)],

_120

[ aa

Sory € VY, py € . We identify ¢, with the element of W’ represented by it.
Changing the choice of the base point changes the cocycles by a coboundary. Thus,
we find respectively ru € HY(T; V), pu € HY{(T;€¥) and qu € H*(T; W), which
depend linearly on u. Relations ([Z28)) and ([.6d) imply that

(5.6) p = Pr, q= b(s)Plr,
with b(s) as in (B.4d).

The Poisson kernel R in (B.5al) is considered to be general. Strictly speaking,
(5a) defines the cocycle v — 7 in the line model of V. In the projective model,

work with RF, and in the circle model with R® and a base point in D. See ([230).

. Symmetry s <> 1 —s. Since €Y = £, we can carry out the construction
with s replaced by 1 — s. Denote the corresponding cocycles by 7., -, and ¢,. For

s # & we have 7, = I,;ry, py = py, by 228) and ([Z29), and p, = 2275 (¢, — G,),
by B:6d) and (B.7).

(5.5¢)

LS
)
—
N
N
I

b(1—s)Pi_,
H' (T;0)) H' (T; W)

(13 ve) 2% gt (o)

o Formulation with hyperfunctions.  Another point of view uses the isomor-
phism £F = (V7“)! induced by the Poisson transformation. The short exact se-
quence (ZI2) induces a long exact sequence of cohomology groups, which gives a
connecting homomorphism (V%) = HO(T; V%) — HY(I; V¥). To describe this
map explicitly, we choose for a given a € (V,“)'' a representative g € H,. This
gives the inhomogeneous cocycle vy +— ¥, = g| (v — 1) with values in V2.

For a given u € L let a € (V,7“)! be chosen such that P,a = u. Theorem
gives an explicit choice (depending on u and a base point 2o € ) for a represen-
tative g of «, in the projective model of the principal series. Using the same base
point in (G.5al), we find for ¢ € ) near P} and v € I*:

278
U (C) = u(zo)RP(-;ZO)S\HSSW(C)Jr/ [u(z"), R (52") 557 ()],

Z0

¢
— u(z0) B¥(G; 20)° — / [u, B¥(¢; )]

20
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24 2. MAASS FORMS AND ANALYTIC COHOMOLOGY: COCOMPACT GROUPS

¢ ¢
— ) B (20 B -0 O+ [ 0BG - [ [0 RG]

= u(20) B (+520)° |, (v = 1) () +75(0).,

where we have used ([I0a), (2:28) and the I'-invariance of u. For ¢ in the lower
half-plane, near P, we also use (LY) and (LI0d) to find the following equality.

() = / CIR By (O ()] / [RP(C: -)°,

~

¢

= 15(¢) +u(v " 20) BT (¢ 1 20)® — u(20) R (G 20)°
r5(C) +u(z0) R (+320)° |2 (v = 1) (€).,
which is the same expression as we obtained for ¢ € §). By holomorphic continuation

this description also holds for ¢ € Pg. Thus, the cocycle v + 1), represents the
same cohomology class ru as vy +— r,.

Z0

PRrROPOSITION 5.1. If the discrete subgroup I' C G is infinite, then r, p and q
are injective.

PROOF. For the injectivity it suffices to consider only r, since p and q are
isomorphic transforms of r. The formulation with hyperfunctions shows that r
corresponds to the connecting homomorphism ¢ in the part

— HD — ()" 5 BNV —
of the long exact sequence associated to ([ZI2). Hence it suffices to show that
HL = {0}.

We use the circle model. Let g = ¢° € HL \ {0}. Interchanging if necessary
the roles of the interior and exterior of S, we can assume that g is holomorphic
and non-zero on the annulus R = {¢ < |w| < 1} for some ¢ < 1. Then the 1-form
w = dlogg = gql((;j)) dw is meromorphic on R, with integral residues. Since D \ R

is compact and I" is infinite and discrete, we can choose v = [g g] € T" such that

RU~R = D. The T-invariance implies g(yw) = g(w)((A + Bw)(A+ Bw™!))", and

hence
worwm (b L1y
7 - \w+A/B w  w+BJ/A

near JD. It follows that w has a meromorphic continuation to all of D and has
integral residues everywhere except at w = 0, where its residue equals s. (Note
that the point —B/A = 710 lies in R.) This is a contradiction since 5= f|w\:c w=

21
%f‘wlzcdlogg €Zands¢gZ N

6. Cohomology for cocompact groups

The description of group cohomology in §5.1] with the standard resolution F'&
does not use the fact that I' acts on the hyperbolic plane. We will mention in §6.1]
and §6.2 several resolutions of geometrical nature, and describe group cohomology
with these resolutions in §6.31 There we also formulate the linear maps r, p and q
in terms of these geometrical resolutions.
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§6. COHOMOLOGY FOR COCOMPACT GROUPS 25

6.1. Projective resolutions of geometric nature. Group cohomology can
be computed based on a free action of the group on a contractible set. Here we
consider cocompact discrete I' C G, i.e., discrete subgroups for which the quotient
I'\H is compact. The space H is contractible. However the action of I' on H is not
free if T" has elliptic elements, which have finite order. We circumvent this problem
by working only with I'-modules that are vector spaces over Q.

First we discuss a resolution that is similar to F'8" in §5.0] but rather large.
More practical are smaller resolutions, based on a I'-tesselation of H.

° Chain complex on H. The action of I" on the contractible space H is taken
into account in the complex F™P defined by F/¥? = Q[Ht'], with boundary maps
0;, augmentation €, and group action determined by

82(P03,Pz) :Z(_l)j(POa"'apj,"‘;Pi),
(6.1) =0
e(P) = 1,

(P07""Pi)|7 = (7_1P07"'a7_1-13i)'

In low dimensions, we can think of the generators of Q[H!*!] as geometric objects:
(P) corresponds to the point P € H, and (P, Q) corresponds to the geodesic segment
oriented from P to @ (degenerate if P = Q). The generator (P, Q, R) corresponds
to a (possibly degenerate) triangle with a numbering of it vertices.

The Q[I']-modules Q[H*] need not be free if I has elliptic elements, which fix
points in H. To see that Q[H*"!] is a projective Q[I']-module, we have to show that
there is a Q[[']-linear lift s : Q[H!*!] — B for each given ¢ : Q[H!*!] — C in each
exact sequence of Q[I']-modules:

0 A B C 0

(6.2) ST /

Q[Hi'H]

This is done by taking lifts b, € B of t(z) € C for a set of x € H*! generating the
Q[I']-module Q[H**!], and determining s by s(z) = ﬁ > er, bz |7, where T is
the stabilizer of z in I". Then s can be extended Q[I']-linearly. See [1], Chap. I, §8,
for a further discussion of projective modules.

There are augmentation preserving chain maps F&" — F'™P and F™P — [er
that induce isomorphisms in the cohomology groups. The latter requires uncount-
ably many choices to be made. The former can be obtained with only one choice:
Take a base point Py € H. This leads to the explicit chain map induced by
(70;' o 771) = (’y(;lPOa"' 77;1P0)~

This description of (co)homology, with the chain complex on H as the projective
resolution, can be used to describe group cohomology for any discrete subgroup
I' C G for which the isotropy groups of elements of H are finite.

The symmetric group ;1 acts on Fihyp by m(Po,...,P;)) = (Proy---, Pri)-
Let F, ihyp_ be the subspace on which &, acts by the sign character. These spaces
form a subcomplex F™P~ C F™P which is also a projective resolution of Q. A
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26 2. MAASS FORMS AND ANALYTIC COHOMOLOGY: COCOMPACT GROUPS

chain map F™P — F™P~ is the antisymmetrization A, determined by

1 .
(6.3) AZ-;(.13(),...,171)%m > sign(m) (Pros- -, Pri)-
'ﬂ€6i+1

This variant F"™P~ (in which, for example, (P, Q, R) now corresponds to a triangle
which is still oriented, but no longer has a numbering of its vertices) is often more
convenient than the resolution F™P itself. (One could avoid introducing denomi-
nators by defining F"™P~ as a quotient complex rather than a subcomplex of F'P,
but in any case they do not disturb us since we work over Q.)

e Resolutions based on a tesselation. The models that we like best are geomet-
rical, and finite in two ways: Each F; is finitely generated as a Q[I']-module, and
F; vanishes for ¢ > 2. Here we use that I' C G is discrete and cocompact.

By a tesselation we mean a locally finite ['-invariant covering T of H by compact
polygons with geodesic boundary segments. The polygons overlap at most in their
boundaries. Such a covering gives rise to the set Xo = XJ of polygons of T
(with the orientation inherited from that of H), the set X; = X/ of oriented edges
of T (with each element of X; arising as a boundary component of two neighboring
elements of X5), and the set Xy = X of vertices. For vertices P we have £(P) = 1.
Each e € X; is the oriented edge ep,g (or e(P, Q) when we want to avoid subscripts)
joining some vertex P of 7 to a neighboring vertex Q. Thus eg p = —e in Q[X;],
so that we have chosen only one of the two possible orientations of the edge in
defining X;. We then define 0y : Q[X;] — Q[Xo] by d1e = (@) — (P). A polygon
V € X5 has vertices Py, -+ , P;, ordered corresponding to the orientation of H. The
boundary is 02V =ep, p, +€p,.p, +---+ep,_,.p, +ep, p. The I'-action is induced
by P+ v~ 1P in H. In this way, we have for each tesselation 7 a resolution ET:

(6.4) 0 — Q[X5] 2 Q[X1] 2 Q[Xo] =5 Q — 0

of the trivial Q[I']-module Q. So F] = Q[X;] for i = 0, 1, 2, and F/ = {0}
otherwise. As above, we can check that the Q[X;] are projective.

Iff=>,qx € FiT with x; C B for all [ for some subset B C H, then we say
that f is supported in B. The support Supp f of f is the intersection of all such B.
It is a compact subset of H, or empty if f = 0.

It is clear that F7 is a complex. We check the exactness. We pick a base point
P € Xy. Suppose that f = Zpexo ap (P) is in the kernel of e. If f # 0, take

P € Supp f with maximal distance to P, where the distance is computed along
edges in X;. If there is a neighbor Q of P with smaller distance to P subtract
01 (ap eQ7p) from f. This removes P from the support of f. Otherwise, choose an
ordering of the points with maximal distance to ]5, and remove them successively.
(Each of them has a neighbor that has at most the same distance from P.) This
process stops when f = 0, or Supp f C {P}, and then ef = 0 also implies f = 0.
We call a 1-chain an element C' =} ace € Z[X1]; so all a. € Z. We may
view C as a (possibly non-connected) path in H along edges of T, with integral
multiplicities. If 0;C = 0, we call it a 1-cycle. In this case, the number of times
that a point P € XJ occurs as the terminal point of an edge in C (counted with
multiplicities) is equal to the number of times that it occurs as the initial point of
an edge in C. Thus, a 1-cycle corresponds to a combination of closed paths along
edges in X7 . To each z € H not on the edges in C is associated a winding number
mc(z) € Z of C around z. This function m¢ has bounded support, and is constant
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§6. COHOMOLOGY FOR COCOMPACT GROUPS 27

on the interior of the polygons in XJ . The 2-chain D = Yvex,mc(V)V € Z[XJ]
satisfies oD = C. In particular, the kernel of 0; : Z[X;] — Z[X,] is equal to
0»7Z[X5]. Since Z[X;] has no torsion, tensoring with Q gives the exactness of F'7
at dimension 1.

If f=3 yex,avV € Q[Xz] is non-zero, consider an edge e in the boundary
of Supp f. So e is a boundary segment of only one V' € X5, and ay # 0. In Osf,
this edge occurs with coefficient ay or —ay . This shows that 05 is injective.

If the tesselation S is a refinement of the tesselation 7, there is an augmentation
preserving chain map F7 — FS, where each = € XZT is mapped to the sum of the
y € X¢ into which it is subdivided. This induces an isomorphism in homology and
cohomology. Since any two tesselations have a common refinement, this permits an
explicit identification of the (co)homology groups constructed using the resolutions
coming from distinct tesselations.

A triangulation is a tesselation for which all polygons V € X, are triangles.
Any tesselation can be refined to a triangulation. By A(P, @, R) we denote the
triangle with vertices P, Q and R ordered by the positive orientation of H.

Let 7 be a I'-invariant triangulation. An augmentation preserving chain map
a.: F7T — F™P~ can be defined by

ao(P) = (P) (P e Xo),
1 1
(6.5) ajepq = §(P7 Q) — §(Q,P) (epq € X1),
asA(P,Q,R) = % > sign(m) (rP,7Q,7R)  A(P,Q,R) € X).
TESS

Since every tesselation can be refined to a triangulation, this gives explicit chain
maps between any F7 and FP.

Next we discuss an augmentation preserving chain map f. : F& — F7 for
any tesselation 7. Choose a base point Py, € XJ, and define F§* — FJ by
fo(7v) =~y 'Py. In dimension 1, choose for each v € I a path p, € Z[X;] from Py
to 7~ 1Py along edges in X{, and extend the definition fi(1,7) = p, to F¥' in a
Q[['J-linear way. For (1,7,8) € F§", the sum C = fi1(1,7) + f1(7,9) + f1(4,1) is a
l-cycle in Z[X]]. Take D € Z[XJ]] such that 9;D = C. The map f, is determined
by fa(e,~ve,de) = e 1D. For i > 2, put f; = 0.

The resolutions coming from tesselations and the chain maps between them
work with coefficients in Z instead of Q. We need the order of elliptic elements as
denominators for the projectivity, and we have used the denominators 2 and 3 in
the construction of the chain map a, : F7 — Fhp,

6.2. Choices of tesselations. We shall use four special types of tesselations
in particular, leading to four models of cohomology.

Tesselations of type Fd: Let § be a connected closed fundamental do-
main of I'\H with finitely many geodesic sides. Use the tesselation T with
the I-translates g as the set of polygons Xy = XJ = {1 : y€T'}. If
an elliptic fixed point occurs at the center of an edge e in 9F, we add this
point to Xy, and divide the edge e into two edges.

In the resulting resolution, Q[X32] is a free Q[I']-module of rank one,
with basis (§). The fundamental domain has an even number 2n of of
edges in its boundary. There exists a set E of n of these edges and a set
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28 2. MAASS FORMS AND ANALYTIC COHOMOLOGY: COCOMPACT GROUPS

of generators {7, : e € E} of I' such that 0,§ = >, (e — 7. 'e). The
module Q[X;] is a free Q[I']-module with the e € E as a basis. If I" has
elliptic elements, then Q[X] is not free.

Tesselations of type Dir: Fix a point Py € H that is not an elliptic fixed
point of I'. Form the Dirichlet fundamental domain § consisting of all
points P € H for which d(P, Py) < d(yP, Fy) for all 4 € T'. This funda-
mental domain § shares sides with finitely many translates o', o € T
These o’s form a finite set A = A~! generating I'. We take Xy = I' P,
and X; = {’Y_lepma,—lpo el ac A}. The elements of X; divide H
into polygons indexed by the I'-orbits of the vertices of §. This tesselation
is dual to the tesselation of type Fd for the same Dirichlet fundamental
domain. Q[Xy] is free on the generator (Pp). The fundamental domain §
is not necessarily the union of elements of Xo.

Tesselations of type Mix: Start with a tesselation 7 of type Fd for a
Dirichlet fundamental domain § with a base point Py in the interior of §.
We add to X the T-translates of Py, and to X/ the I'-translates of the
edges from Py to the vertices of §. We call the resulting refinement S of
T a tesselation of type Mix. It is a triangulation.

Tesselations of type Mix’: This is a further refinement of a triangulation
of type Mix. We add the I'-translates of the intersection points of the
geodesic segments from Py to a~ ! P,, with a € A as above, and the sides
of §. We also add the I'-translates of the resulting edges from Py to the
new points. The resulting refinement is a triangulation.

o  Fundamental class. Let T be a tesselation of type Fd. Since V ®q Q = Vr,,
for the trivial Q[I']-module Q, we have

Hy(I';Q) = Ker (Ff)r — (F{)r) = (F)r = Q,

with the class of (§) in (FJ )r as its generator. This element of Hy(T';Q) is the
fundamental class. We denote it by [['\H]. If the fundamental domain § on which
T is based is a Dirichlet fundamental domain, we have the chain map constructed
above to the resolution F'S for the refinement S of T of type Mix or Mix’. This
chain map induces an isomorphism in homology. The fundamental class is also
represented by (§) = Zvexf,vcg(v) in the descriptions of these types. In the
description of type Dir, the fundamental class is not represented by an element of
Z[X5).

6.3. Cocycles. In each of the models, the group cohomology of I" with values
in a right Q[I']-module V is obtained up to isomorphism as the cohomology of the
complex C"(F; V) = Homgr(E,V). If F; = Q[X;], this is equal to the complex
Map(X ., V)T, where we define Map(X;,V) as the Q-linear space of all functions
X; — V, with the action f7(x) = f(yz)|vy. We denote by Z(F;V) the kernel of
di: CHE, V) — C*TY(E; V), and by BY(F;V) the image d*~' C*~'(E; V).

e  Dimension 0. In all models, it is easy to check that HO(I; V) = V.

e  Dimension 1. In the model based on a chain complex on H, the 1-cochains
are the maps c: H? — V that satisfy

(6.6) c(v'PyTIQ) = ¢(P,Q) | v (T-equivariance) .
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§6. COHOMOLOGY FOR COCOMPACT GROUPS 29

For ¢ to be a 1-cocycle, the additional condition is
(6.7) ¢(P,Q) + ¢(Q, R) = ¢(P,R) (cocycle relation) .

This implies that ¢(P, P) = 0 and that ¢(Q, P) = —c¢(P,Q). The l-cocycle ¢ is a
1-coboundary if ¢(P, Q) = f(P) — f(Q) for some I'-equivariant map f:H — V.

In models built from a tesselation, the description is similar. A 1-cochain is
determined by an equivariant map c¢: X7 — V. We can define ¢(p) for any path p
along edges in X; by linearity. If ¢ is a cocycle, then ¢(p) depends only on the
end points of p, so we get a map ¢ : XZ — V satisfying (6.6) and (.7). There is
always a map f : Xo — V such that ¢(P,Q) = f(P) — f(Q). (Choose f(FPy) € V
arbitrarily for some Py € X and define f(P) as f(Fo) + ¢(P, Py).) The 1-cocycle
cis a 1-coboundary if such an f can be found satisfying f(y~1P) = f(P) |~ for all
yel.

For a 1-cocycle ¢ in the model using a chain complex on H, or in a model built
on a tesselation, the choice of a base point P gives a corresponding group cocycle
¥, = c(y 1Py, Py) in the standard model in §5.11
. Dimension 2. Here the most convenient choice is a projective resolution of
type Fd, based on the tesselation 7 derived from a fundamental domain §, since
Q[Fz] is free with basis (§). Any v € V determines a 2-cochain by (F) — v,
which is automatically a 2-cocycle since F3 = {0}. It is a 2-coboundary if there is
¢ € Map(Xy, V)!' such that

o= cle) = S e(@)|(1-1).

e€0F eck
Since the ¢(e) € V can be chosen arbitrarily and since the elements v € E generate
I', we have
(6.8) H(T;V) = HYET;V) = Vo o= V /3 1 VI(L—7).

The space Vr is called the space of coinvariants.

For general projective resolutions, the isomorphism (6.8]) is obtained by eval-
uating a 2-cocycle b on a representative of the fundamental class. With the cap
product

(-, ) H¥(T;V) @ Hy(T5Q) — Ho(T;V) = Vp,
we can formulate this as b +— ([b], [['\H]). (See, e.g., §3, Chap. V of [I].) This is a
case of Poincaré duality for I'\H, which holds since I'\H is a rational cohomology
manifold.

In the model using the chain complex on H, a 2-cocycle corresponds to a I'-
equivariant map b : H® — V satisfying
(6.9) b(P,Q,R)+b(P,R,S) = b(P,Q,S)+b(Q,R,S).

Such a cocycle is not necessarily an alternating function of its three arguments. If
we antisymmetrize it by composition with A5 in ([G3]), then we get an alternating
cocycle in the same cohomology class.

e (Cocycles associated to Maass forms. In (5.5) we defined cocycles r : I' — V¥,
p:T — &Y and q: ' — WY associated to u € £ in the standard model of group
cohomology. In the model built on the chain complex on H, the corresponding
cocycles are defined for P, Q € H as follows:

Q
(6.10a) 7m©=LWMHW
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Q

(6.10b) pralz) = /P s pa( -, 2]
Q

(6.10¢) arolz) = /P s as(-, 2)].

These cocycles describe the linear maps r, p and q of §5.2in terms of the description
of the cohomology groups with a tesselation. We identify ¢p g with the element
of W represented by it. Note that the function gp ¢ is not in G¥ C C?() (it
may jump across the path from P to Q). The I'-equivariance follows from that of
the bracket operator and that of the kernel functions. The cocycle relation (67
is ensured by the fact that [u,v] is a closed form if u and v are \-eigenfunctions
of A. See (LI0d). The same formulas work for models based on a tesselation T,
provided P, Q € X .

6.4. Algebraic description of cycles and chains. This subsection gives
some algebraic results expressing 1-chains and 1-cycles in terms of the group ring.

Let R denote the group ring Z[T'] of an arbitrary group I" and Ry C R the
augmentation ideal, consisting of }_,n;v; € R such that } . n; = 0. For a finite
subset A of " we consider the map

74 :RY > Ry, §b—>Z(1—o¢)§(a).
acA

Since Ry is spanned by the elements 1 — v with v € I', the identity 1 — ya =
(1 —a)+ (1 —7v)a and an obvious induction show that the image of 74 is the kernel
of the natural map from R to Z[I'/A], where A is the subgroup of I' generated
by A. In particular, 74 is surjective if (and only if) A generates I'. As to its kernel,
we have:

LEMMA 6.1. Suppose that A generates T' and € € Kermy. Then

(6.11) > talé(a) =0

acA
holds for all Q[U']-modules V' and all cocycles ¢ € Z*(T; V).

PROOF. For a coboundary 1 = db, we have ) ., Yo |&(a) = =b|ma(§). So
if m4(€) =0, then (GII)) holds for coboundaries. Any Q[I']-module is a submodule
of an injective Z[I']-module I, for which H*(T'; I) = {0}. (See [11], §1.4, Théoreme
1.2.2.) So any cocycle ¢ € Z}(T;V) is a coboundary in B(T; ), and (G.11]) holds
for all cocycles. M

Now we again take I' to be a discrete cocompact subgroup of G, and choose
A = A~! to be the system of generators associated to a Dirichlet fundamental
domain § with base point P. Let T be the tesselation of type Dir associated to §.
The edges in XlT starting from P are of the form ep ,-1p with a running through
the set A. Since every oriented edge in X7/ is the image under I" of one of these,
any 1-chain C' € Z[X{] can be written as > .4 epa-1p|&(a) for some & € R4
Then &1C =Y 4 ([P] = [@ ' P]) [&(r) = [P]|7a(€), so C is a 1-cycle if and only
if € € Kermy.
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7. From cohomology to Maass forms

In §5.2 we constructed an injective map from £F to H(I'; V) for any infinite
discrete subgroup I' of G. In this section we prove the bijectivity of this map when
' is cocompact (Theorem [Al), and give explicit descriptions of the inverse map
HY(I: V) — €T

The fact that H*(I'; V) and E! are isomorphic for cocompact groups I' fol-
lows from the work of Bunke and Olbrich. [1 Our approach is different and more
elementary, and will also form the basis for the proofs in the non-cocompact case.

The map from Maass forms to cohomology was given in three versions p, q and
r in §5.7] (defined by (&3] for the standard model of cohomology and by (EI0]) for
the model based on a tesselation), depending whether we use the model V¥, WY
or £¢ for the analytic vectors in the principal series representation. For the inverse
direction we will work with WY and the map q. We construct an explicit one-sided
inverse of q in §7.1], and give a second description of it in §7.21 The injectivity of this
inverse map is proved in 7.3 Most of the proofs use the description of cohomology
with resolutions based on a tesselation discussed in 6.1t in Theorem we also
give a formulation in terms of the standard model of group cohomology.

7.1. Construction of a Maass form from a given cocycle. We start
with a cocycle ¢ € Z(E7;W¥), given in a resolution based on a tesselation T
as described in §6.11 This means that for each edge e € X/ the boundary germ
P(e) € WY = G¥/NY is given. To make this concrete, we take representatives
¥(e) in G¥ of the tp(e). This can be done in a I-equivariant way: F; has a finite
Q[I)-basis B C X7, and we lift each ¢(b) € W to 9(b) € G¥ and then extend
by I'-equivariance to get a cochain in C*(F7;G¥) = Homgr(X{;G). This is in
general not a cocycle, but the cocycle property diyp = 0 implies that the values of
dip are in N = C2(H). This defines an N'“-valued 2-cocycle which we still denote
by dz/;, although it is now no longer a coboundary.

We now construct a As-eigenfunction uy of A on H. Recall that the set of
singularities Sing f of an element f € G¥ is defined as the smallest subset of H
outside of which f is a As-eigenfunction of the Laplace operator, and is compact.
For compact  C H we denote by N, (z) the r-neighborhood of x with respect to
the hyperbolic distance. We choose R such that Sing4)(b) is contained in Ng(b)
for each b in the finite set B. Then by I'-equivariance it follows that Sing(e) is
contained in the R-neighborhood Ng(e) of e for every edge e € X{ . For z € H we
define

(7.1) ug(z) = —(C)(2),

1By Theorem 1.1 in [6] the hyperfunction cohomology group H*(T; Vi~“) has finite dimension
for torsion-free cocompact I'. Tt is the dual of the analytic cohomology group H (T} V¥ ,); this is
obtained in Proposition 5.2 with Poincaré duality. Proposition 7.2 in [7] gives the same duality for
the distribution cohomology group H!(I'; V; °°) and the smooth cohomology group H!(I'; V).
Corollary 7.3 states the equality H*(T'; Vi *°) = H*(T; Vs “) in all degrees i.

Without the assumption of cocompactness the isomorphism of H?! (T; Vs °°) with a space
of Maass forms is derived in [7]. The vector bundle E in §2 is, in our situation, the constant
vector bundle C over G/K = §). The operator B in §3 corresponds to A — As. The space &y
in §6 corresponds to C*°(I"\$)). The space &y (B)cusp at the bottom of p. 71 is the space £ of
invariant eigenfunctions if I' is compact. If ' has cusps it is the space Maass?(T") of Maass cusp
forms. Proposition 8.1 in [7] gives the isomorphism between Ey (B)cusp and H(I'; Vs ).
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where C is a cycle in Z[X]] going around z once in the positive direction at a
distance greater than R. We claim that this is independent of the choice of C.
Indeed, if (' is another 1-cycle with the same properties as C, we can deform C'
into C7 in finitely many steps, where in each step we add to or subtract from C
the boundary of a polygon V € XJ whose distance to z is greater than R. The
difference between ¥ (C)(z) and $(C1)(z) is the sum of contributions ¥ (dV)(z) =
dip(V)(z). Bach function dip(V) is a As-eigenfunction outside of Nz(V) and is
compactly supported, so vanishes identically outside of Ng(V') (because Nr(V) is
simply connected). In particular, each di)(V) vanishes near z, so ([ZI) is the same
for C and C;. (An alternative argument would be to choose a larger R for which
dip(V) vanishes outside the R-neighborhood Ng(V) for every V € XJ, which is
possible by equivariance since XJ /I is finite. Then the vanishing of d1/~)(V) near z
is immediate.)

The function U satisfies Aui = )‘Sui’ since by the definition of R the point z

lies outside the singularities of 1[)(6) for every e in C. It is also obviously I'-invariant,
since we can use the cycle yC' in defining UJ,(VZ) and 1 is equivariant. Moreover,

U, is independent of the lifting 1;, and can hence be denoted simply u, because

any two choices of ¢ differ by an equivariant C?(H)-valued on X7, so that if we
choose the cycle C' far enough away from z the two values of 1Z(C) agree. Finally,
uy depends only on the cohomology class of v, because if we replace ¢ by another
cocycle 1, = ¢+ dF in the same class, where F' is an equivariant map from X(T to
WY, then we can lift F' equivariantly to a map F: XOT — G¢ and hence, choosing C'
in (TI) suitable for ¢ and 1, find uy (2) —uy, (2) = ug(2) —ug, 45 (2) = F(0C) = 0.
This completes the construction of the map H(['; WY) — EL.

We can also use the isomorphism between the various models of cohomology to
write upy) in terms of the standard model. We first observe that our construction
is independent of the tesselation chosen, since any two tesselations are contained in
a common one and a cycle C' that works in (Z.1]) for a given tesselation also works
for any finer one. If we use a tesselation of type Dir, with a set A = A=' C T of
generators of I' giving the transition from the Dirichlet fundamental domain § to
the adjacent fundamental domains a~'F, then every edge e € X/ can be written
uniquely as ’7_1604711307130 with v € I and o € A, where Py € § is the base point of
the tesselation, so we can associate to any group cocycle ¢ : I' = W a cocycle
on X/ by setting 1(e) = c(a)|y. It also follows that u, has the property stated in
Theorem A that (up to a constant factor depending on the normalization) it can
be represented on any compact subset of H by a fixed finite Z-linear combination
of functions Pi (¢, )|y with v, v/ € I', where ¢ : I' — V* represents the cohomology
class.

We now show that the map just constructed is a left inverse to q. Start with
u € EF'. The class qu is represented by the map ¢ : X7 — W defined by

4(e)(2) = / gl 2)] -

Notice that the element g(e) itself is not in G¥, because it is singular on e. We
choose a lifting of ¢ to a map ¥ : X7 — G¢ by multiplying ¢(b) for b € B by a
smooth function that is 1 near OH and 0 near b and then extending equivariantly.
Now we apply formula (ZI) with C' chosen far enough from z that ¢(C) and ¢(C)
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agree near z, obtaining by Theorem [L.] the identity

(12wl = usl0) = ZHOE = = [ a2 = u).

In summary, we have constructed an explicit map a¥ : [¢)] — u, from the
cohomology group H*(I'; W) to EL such that the restriction of the function u, to
any compact subset of H is a finite linear combination of translates 1., |v" (7,7 €
I'), and such that ug, = u for u € L.

7.2. Construction of a Maass form from a cocycle as an average. In
the previous subsection, we constructed the Maass from wu, associated to a Wy°-
valued cocycle ¢ using the surjective map G¥ — WY, where G¥ is a space of
functions defined on the whole of H. (Recall that W* is a space of boundary
germs.) We now give an alternative description in which u,, is represented as the
sum of the I'-translates of a compactly supported function. This will be used in
73] for the proof of the injectivity of the map [¢] — wy.

We choose our tesselation T so that there is a fundamental domain § for I'\H
consisting of finitely many elements of X . (This can be done by choosing 7 of type
Fd or by refining any given tesselation appropriately.) By deforming the 1-cycle C
used in the definition of u,,, we can assume that it bounds a region D consisting of
finitely many I'-translates of this fundamental domain. Then

miuy(z) = $(C)(2) = $(OD)(z) = dp(D)(z) = >, d)(F)(72) -
~yeT; v—1F inside C
But di)(y1F)(2) = dib(v1F)(2) = 0 for v~ 1F outside C, because 1 is a cocycle.
Hence
1 -
(7.3) up(2) = — D db(F)(vz) .
~el
Let us define the averaging operator on I" for f : H — C as follows:
(7.4) Avi(f) = flag =) flv
~yel

(This is not really an average since we do not divide by |T'|, but the term is conve-
nient.) If the sum converges absolutely on H, the result is a I'-invariant function.
For compactly supported f the sum Avy. f is locally finite, and hence absolutely con-

vergent. Note that the function dl;(%) is compactly supported. We have obtained:

PROPOSITION 7.1. Suppose that the I'-invariant tesselation T contains a fun-
damental domain §. Then for € ZY(ET; W) and all lifts 1 € C*(FT;G%) of 1,

we have

Uy = %AVF (d(3)) -

It is remarkable that Av, (d@(&)) is an analytic function on H, whereas di)(§) €
N¥ = C2%(H) is not (unless it is zero). We consider this a little more concretely.

Let f, be representatives of ¢(b) for b € B and choose a closed non-selfin-
tersecting curve C' C H (for instance, a circle near 9H) such that all the f, are
As-eigenfunctions of A on and outside C. Now choose 1(b) € G¥ which agrees with
f» outside C' and has singularities only in the e-neighborhood N. (C') of C for some
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e < 1. (For instance, we can multiply f; by a smooth function which is 1 outside C
and vanishes on the bounded component of H~\ N, (C').) We extend v equivariantly

as usual. Then all singularities of all ¥)(e) are contained in I'N.(C), and the same
holds for di)(F) = (0F) and for Avy, (dz/?(&)) Moving C and changing the f, on
C. corresponds to adding to ¢ a cochain with values in N = C2(H). This means
for di that we add an element of > ver N[ (1 =), which is annihilated by Av,

SO Uy = (m’)_lAvF(dz/NJ(S)) is unchanged. Since we can deform C' so that N.(C)
avoids the I'-orbit of any given point in H, this makes it clear why wu, cannot be
singular anywhere.

7.3. Injectivity. It remains to show that the map af : [¢)] — wupy) of the
previous section is injective. This map fits into the commutative diagram

HY (I We) —= HY(T3N)
Zl(w(ﬁﬁ
(7.5) a¥ (V)= N9/ N1 =)

l AVF

E(H) S . C2(H)T

@

in which § is the connecting homomorphism in the long exact sequence
(7.6) e HYT3G%) — HY T, WY) -5 HA(T;N®) — - -

corresponding to the exact sequence [BI1]) with p = w and the vertical isomorphism
is the one given in (G.8). We will show the injectivity of Av. in Proposition [.3] and
the vanishing of H'(I'; G¥) (and hence injectivity of §) in Proposition [7.2l Together
with what we have already done this gives a proof of the following theorem, which
is a somewhat more detailed statement of Theorem [A]in the analytic case.

THEOREM 7.2. Let T be cocompact. There is an isomorphism o : H*(T; V¥) —
EL, given by ¢ — up,, as defined in (TI), inverting q introduced in §5.2

In the description of cohomology based on a tesselation T, the function Upt
associated to a given Vi -valued cocycle ¢ can be given on each compact set in H by
a finite linear combination of I'-translates of Pio(b) where b runs through a finite
set of edges in X{ . In the standard description of cohomology the function Upt
assoctated to a cocycle ¢ : I' = V¥ can on any compact set in H be given as a
multiple of a finite sum of translates Plp, |y (v, 7 € T).

We prove the injectivity of Avy, in slightly more generality.

PROPOSITION 7.3. The map Av, : CE(H)r — CP(H)" is injective for p =
0,1,...,00.

PROOF. We have to show that f € }° . CZ(H) | (1 —7) for a given f € CE(H)
with Av,.(f) = 0. Choose x € C2°(H) such that }° x|y =1 on H. (For instance,
choose & € CX(R) with C # 0, where C is the constant value of the integral
Ju ®(p(2,2")) du(z'), with p(-, ) = coshd(-, -) as in Table [T in §Il and set
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=3 fg (p(z,2")) du(2").) Then
F=r=aFx =D (v fF=x-rfl) =D h"-Hla-.
yer ~yel

In the last expression we can replace I' by the set {'y el : v 'Supp(x) N
Supp (f) # (Z)}, which is finite because both x and f have compact support. M

PROPOSITION 7.4. If T is cocompact, then H*(T'; G*) = {0}.

The proof of this proposition will occupy the rest of this subsection.

Let 7 be a I'-invariant tesselation, as in §8 We put XT = XJ U H, where
H C OH is the orbit of a fixed point of a hyperbolic element of I'. A given element of
ZY(FT;G¥) can be viewed as a I'-equivariant function ¢ : XJ x XJ — G satisfying
the cocycle relation (6.7). We will extend ¢ to a function ¢ on X x X# with the
same properties, with values in a larger space.

For each & € H let n¢ be the generator of I'e for which & = a(1;), the repelling
fixed point of ne. We put

w* H __ w + pw
(77) gs - gs + Z AV%QS )
geH
where AV is the one-sided average defined in 411 This average maps G¥ into
G (OH ~ {f}) Thus the elements of G¥ represent germs in the space W’
defined in ([B2). Definition 34 gives Sing (f) for any f : H — C as the smallest set

such that f is a A,-eigenfunction on H ~ Sing (f). For f € G the set Sing f is
not necessarily compact in H. Its closure in ]P’(lc may contain points of H.

LEMMA 7.5. The map ¢ : Xo X Xo — G¥ corresponding to a cocycle ¢ €
Map(X1,G¥)F can be extended to a map c : X x X1 — g;“*’H satisfying the
conditions [6.6) and @) for a I'-cocycle.

PROOF. Let £ = a(n) € H, with = 7 as above. For P € X we set

(7.8) M (P€) =~ (&,P) = Ale(PyP) e Gl
Since the convergence of Avr;Ir (c(P,n~'P)(2) is absolute for each z € H, we have
N
A (e(Pp7'P)(2) = lim (P, " IP)(2) = lim (P, N71P)(2),
n N—o00 o N—o0

where the second equality follows from the cocycle property. For P,Q € Xj:
N

(PG -QE = Jim > (C<77‘"Pa ) el Q. n‘"‘lQ)>
(7.9) =
= leéo(C<Q7P>nN“—c(Q7P)) = —¢(Q.P) = ¢(P,Q).

For &, &1 € H we define

(7.10) M &) = HMP &) - (P .
In (Z9) we see that this does not depend on the choice of P € X. This defines ¢!
on X x X! satisfying the cocycle relation.
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Let & = y7'¢ with v € . Then e, =57 ney. The T-equivariance follows:
et (771P,7715) = C('Vilp’ 7717771777113) |Av'y+’1n’y
= (v Py I P) [y ATy = (P P) ATy = (P |y W

The construction of ¢ shows that for P € X, and £,&, € H:
(7.11) Singc(P,§)NOH C {&},  Singc(§,&)NOH C {€, &}

We have defined ¢” (-, -) as a G*"H-valued function with the one-sided averaging
operator. Of course, we think of ¢ (P, &) as ¢ evaluated on an infinite path from
Pto€.

LEMMA 7.6. Let ¢ be as in Lemma [T5 Then cf(£1,&) € & for all &1,&
€ H.

Proor. Write n; for ne, (j = 1,2). We look for a path p from & to &
consisting of three pieces:

(1) The union UnZO nl_"pnflpl’Pl, with &

a chain p, -1p p € Z[X1] from ny Py Py

to P; for some P; € Xj.

(2) a chain pp, p, € Z[X4] from P; to

P, € Xp.

(3) The union {J,,>, n;”ppzmglprz for a Py
- ~1

chain Ppynstp,s from P to n, " Ps. &

As in 711 there exists large R > 0 such that Sing e is contained in the R-neigh-
borhood Ng(e) for every e € X;. We can choose the path p such that Ng(p) =
Uecp NVr(e) does not intersect any given compact set Z. Then the singularities of

Mp) = AV;ZC(m_le Py) 4 c(pp,,p,) + AVT;C(Pm )

do not meet Z. Since ¢ (p) = ¢ (£1, &) does not depend on the path p, but only
on & and &, there are no singularities at all. W

LEMMA 7.7. Let c® be as in Lemma [[5. Then cf(P,€) € G¥ for all P € X,
£ H.

PrOOF. We have Sing (cH (P, £))N
oH < {¢}. Let & Dbe an-
other point of H. Then
CH(P,f) = CH(Pafl) - H(Evgl)’ S0
Sing (cH(P,f)) = Sing (CH(P,fl)) by
Lemmal7.61 Hence Sing (¢ (P,&))NoH
Cc {&}n{¢} = 0. Thus Sing (c?(P,¢€))
is a compact subset of H. Now apply

Lemma 4] using (Z]) and @3). W
LEMMA 7.8. We have ¢t (&1,&) =0 for all &1, & € H.

PROOF. For P € Xy we have ¢ (&,&) = (P, &) — B (P &) € E,NGY by
the two preceding lemmas. But £ NGY = {0} by virtue of the splitting (33). N

Licensed to Max-Planck Institut fur Mathematik. Prepared on Fri Mar 27 11:48:34 EDT 2015for download from IP 192.68.254.102.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



§7. FROM COHOMOLOGY TO MAASS FORMS 37

PROOF OF PROPOSITION [Z4. For a cocycle ¢ € Z'(F7;G¥), we have con-
structed the extension ¢ to X! x XH. For P € X and ¢ € H we have for all
vyeTl

(7 'PP) = My IRy H ey 6 + (6 P) = 0+ TP (v - 1).

Lemma [T.7] shows that ¢ (P, ¢) € G¥. Thus v ~ c¢(y~ 1P, P) is a coboundary, and
the cohomology class [c] € H}(I'; G¥) is trivial. W
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CHAPTER 3

Cohomology of infinite cyclic subgroups of PSLy(R)

The general theme of these notes is the relation between I'-invariant eigenfunc-
tions and cohomology with values in the principal series, i.e., between the cohomol-
ogy groups H°(T', &) and subspaces of H!(T'; &), where I is a discrete and cofinite
subgroup of G = PSLy(R).

In this chapter we consider the corresponding question when I is replaced by
an infinite cyclic subgroup A = (v) generated by a hyperbolic or parabolic element
~ of G. This case is of course far easier, since the structure of A and the geometry
of A\H are much simpler than those of I and I'\ $), so that we can get very explicit
descriptions of the corresponding cohomology groups. This will give information
for the case of real interest, since the natural morphisms H*(T; &) — H'(A; &)
are injective for both ¢ = 0 and ¢ = 1 and we can therefore identify the I'-invariant
eigenfunctions and the cohomology groups of I' with subspaces of explicit vector
spaces. In particular, we show in §83 that a V¥-valued 1l-cocycle corresponding
to an I'-invariant eigenfunction in €' can be reconstructed from its value on a
single hyperbolic or parabolic element of I'. And in the Propositions and [@.15]
and in Theorem we give a cohomological characterization of various spaces
of eigenfunctions invariant under a parabolic element of I'. These results will be
essential in Chapter @ where I' is a discrete subgroup with cusps. The results in
the present chapter are the technical heart of these notes.

As in § we arrange by conjugation that in the parabolic case A = (T), with
T = [(1) }] leaving fixed oo, and in the hyperbolic case A = (), with n = [é 1%],
t > 1, leaving fixed a(n) = 0 and w(n) = co. By conjugation the results that we
obtain are valid for general infinite cyclic A C G. It is convenient to work in the

upper half plane model of H.

8. Invariants

The elements of £2 have a periodicity under z + z + 1 (parabolic case) or
z +— tz (hyperbolic case). In §8T]we discuss the corresponding Fourier expansions,
and in §8.2] we show how to associate A-invariant holomorphic functions to elements
of £2. In §83 we show how we can recover u from the value r, of a cocycle r
representing ru, where r : £2 — H'(A;V*) is the injection given in §5.21

8.1. Fourier expansion. Recall that Propositions [T and show that

(VSO)A = {0}. On the other hand, (V; )2 = £2 has infinite dimension. We
now consider this space in more detail.

e  Parabolic case. Each u € £ has an absolutely convergent Fourier expansion
(81) u = A()’Lllfs,o + BO Z’5,0 + Z(An ks,Zﬂ'n + Bn Z'5,271'71) .
n#0

39
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40 3. COHOMOLOGY OF INFINITE CYCLIC SUBGROUPS OF PSL>(R)

with ks 1, s, as in ([L2)). For s = % the Fourier term of order zero must be replaced
by ag is,0 + bo £s,0 with £, ¢ defined as in §I.2] The terms with a factor B,, represent
elements of W¥(R). We will sometimes write 4,, = A, (u) and B, = B, (u).

The well known asymptotic behavior of the modified Bessel functions ([32],
§7.23), Ky_1/2(t) ~ e ty/m/2t and I,_1/5(t) ~ e'/v2rt as t — oo, implies the
following necessary and sufficient conditions for the convergence of (81l in the
upper half plane:

(8.2) A, = O(eew), B, = O(e*‘”‘/e) foralle > 0.
For s # %, we write
(8.3) er=K,01L,

where elements of 7; have only terms with ¢ o, in their Fourier expansion, and
elements of K; have only ks 2, and ¢;_5 9. The space KY inside K is characterized
by the additional condition By = 0. So K? is the space of elements of £ that have
only ks.2xn, 7 # 0, in their Fourier expansion. This characterization works also to
define KV /90 Whereas Ky /5 is undefined.

The K-Bessel function and all its derivatives have exponential decay at oo, as
follows from §7.23 and §3.71 in [32]. This implies that if u € KY then 9L97u(z)
has exponential decay for all choices of [,m € N.

e Hyperbolic case. Here we use the eigenfunctions fZ  and fSL,a in (£2). Each

s,

u € £ has an absolutely convergent Fourier expansion
(84) U = Z(Aoc s}?a + Ba st,a) ’

where « runs through 12—”Z.
ogt

LEMMA 8.1. The coefficients in ([84) satisfy

(8.5) Ay, By < e ™2 (ja] = 00).
PROOF. It is convenient not to use the basis { A SLQ} of the space of func-

tions transforming according to [‘{)yl/(i/y} — ¢’ but the basis {fs‘fa,fsfa} in
(A.17) of [4].

We write the Fourier terms as paf;:s +qafas- For each ¢ € (0,7) the terms in
the Fourier expansion of u(pe’?) are bounded, uniformly in o € lgth. The same
holds for the derivatives with respect to ¢. Then equation (A.18) in [4] implies
that the p, and g, are bounded. We express A, and B, in p, and g, by inverting
relation (A.20) in [], and use of Stirling’s formula to obtain (8H). W

8.2. Holomorphic functions associated to periodic eigenfunctions. We
can encode elements of £2 by a pair of holomorphic functions or by a holomorphic
function and a hyperfunction. To do this we use the growth conditions (82) and
[BE) for the coefficients in the Fourier expansions.

e Parabolic case. Let s # 1. For u € ET, the formula

(8.6) Bw)(¢) = Y Bpe™n¢

neE”Z
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§8. INVARIANTS 41

defines B(u) € O(C)7T, and each element of O(C)? occurs in this way. Alternatively,
one may use Y., B, ¢" € O(C*), with ¢ = €2™¢. The coefficients A,, give rise to

(8.7) a(u) = > Anel, € CT(Py),
nez
with €f ,, as in (2ZI7H). Thus, the bijective correspondence u <+ (a(u), B(u)) codes
elements of £I' as pairs consisting of a hyperfunction in C~%(P4) and a holomorphic
function in O(C)?. The following proposition shows that the function 3(u) can be
related independently to the V¥-valued cocycle r associated to u in (B.5al).
PROPOSITION 8.2. Let s # 1, ue &L, 2z € H.
i) With rp(¢) = fzoo_l[u, R(C; +)*], and with the average Av,, in §4.2] and the

z

gamma factor b(s) in ([B.4d):
—b(s —b(s iyo+oo
69 80 = aqon© = 2 [ Ry,

i i Yo—o0

ii) Put R(t; -) = Av,(R(t; -)*). Then Ry(t,z) = RL(z — t) where R} € EF
has the Fourier expansion

S — 1 i 1
(8.9) Ri(z) = ﬁuil,&o(z) + I%(_s) Z Im|*~ 2 ks 20m (2) .

I'(s) o

iii) The functions f(u) and Ry are related by

(8.10) s = 2 [ ).

™

The integral in (B8] converges absolutely if Re s > %, and has to be understood
in the regularized sense discussed in §4.2if 0 < Re s < %

Before giving the proof of Proposition B2l we state the corresponding result
for the hyperbolic case, which will be proved in §8.31

e Hyperbolic case. Elements u € £ are coded by two holomorphic functions

BRw)(C) = Y Aal™ with Re ¢ > 0,

(8.11) ,
BYu)(¢) = Y Ba(—()'*  withRe¢ <0,

where « runs through %Z. The Fourier coefficients A, and B, are those in (84]).

The holomorphic functions 8f(u) and 8% (u) are invariant under ¢ — t(. We shall
prove:

PROPOSITION 8.3. Letu € £, and zy = iyo, Yo > 0, and put

Yo

r(¢) = / [u, R(G; -)7].

Yo/t
Then

Bu)(¢)  for Re¢ >0,
—BH(u)(¢)  for Re¢ <0.

(812) ) p ) ) = {
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42 3. COHOMOLOGY OF INFINITE CYCLIC SUBGROUPS OF PSL>(R)

PROOF OF PROPOSITION B2l We can assume that Re s > % since the Fourier
expansion (8] with fixed coefficients A,, and B, gives an analytic continuation of
the function wu(z) (still belonging to £I), and hence also of r7(¢), to all complex
values of s (with B(u) € O(C)T constant), and since all of the expressions in
(88), (BJ) and (BI0) are meromorphic in s. For Res > 2 the sum defining the
average Av,(rr) converges absolutely and by (L9) and partial integration we get
for |Im ¢| < yo

—1

M@ = [ QRG] = [ FHuRG )

= 5 [ (R +ar S0+ )~ uloo +0) 5 RlGun +)*) o
-2 ) 1Yo By Yo Yo Ay 1Yo .
The function u and its derivatives may be unbounded when z varies in §). On a
horizontal line however, they stay bounded. We insert the Fourier expansion of u,
and consider the term of order m, which has the form f,,(y) e?™"=.

_% /_0062771’77130 <f7/n(y0) R(é', z)s — fm(yO) %R(Ca Z)S}y=y0> dx

(8.13)

_ _gewm‘ (1 (50) Ln(y0) = fin (y0) Lt (90)) +

where
0 i o0 627Timz
L = e ™M R(0;2)  dr = S/ ——dx
o) = [ emeReya =y [
The last expression is considered in ([]). The contribution of the term of order m

is given by a Wronskian, and can be computed with use of the definitions in (L2))
and (A.4) in [4]. We find:

mi I'(2s)

(8.14) AVT(TT)(C) = —mZBmeQMmC _ —Fib(s)_l Bu)(C).

Now equation (89) is obtained with the summation formula of Poisson, and finally

Maln)© = X [ wngn ] = [ R

8.3. Reconstruction. Proposition il has shown that u — 7, is injective,
both for v =T and v = 1. To reconstruct u explicitly from r., we first pass to the
image ¢, = b(s)Pir, under the transverse Poisson transform and then reconstruct
u from g,.

With the base point zg € §) as in the previous subsection, we have

Mplan)®) = [ el ) = [ e,

The second integral converges absolutely for Res > 0, while the first has to be
understood in the regularized sense, under the assumption s # % Both integrals
define A4-eigenfunctions of the Laplace operator outside the path of integration.
Thus we have up, uy, ur, ug in E;(X), where X in each case is a component of
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§8. INVARIANTS 43

minus the path of integration:

up(z) for z below the path,
R A TR R B P
Im 2/ =yo uy(z) for z above the path,
(2)

10 f the left of the path
(8.15D) / [, g (- 2)] = ur or z on the ? of the path,
0 ug(z) for z on the right of the path.

z

Local deformation of the path of integration shows that these four functions extend
to §, yielding four elements of £,. Theorem [[.1l implies that

(8.16) uy(z) —up(z) = up(z) —ugr(z) = miu(z).

In the parabolic case, up represents an element of W (R). We use that the
restriction to the boundary ps inverts the transverse Poisson transformation. With

(5.6), 922l and Proposition B2 we have for £ € R:
(psAvpar)(§) = b(s) (psAvpPlrr)(€) = b(s) (Avprr)(€) = —mi Bu)(§).

s ,2minx

Since is2qn(2) ~ ye as y | 0, this implies that
up(z) = —mi Z Byisonn(2).
n

This Fourier expansion identifies —up as the component of 7iw in Z; in the direct
sum decomposition £ = K, @ Z, of (83). Then uy is the component in K,. We
have obtained:

PROPOSITION 8.4. Let s # % Each function u € EL can be recovered as
(8.17) u = (mi)tuy — (1) rup € K DL
from the value gr € W¥ of the cocycle q in [Lhd) representing qu, by the reqularized

integral in (815a]).

Remark. By ([B.6d) the transverse Poisson transform of the function Rs(-,2") oc-
curring in part ii) of Proposition is the resolvent kernel function

(8.18) Qs(z,2") = b(s)f1 (AVqu(z, ))(z/)

on {(z,2/) € H? : Imz # I_mz’}. It satisfies Q4(z,2" + 1) = Qs(z,2") = Qs(2/, 2).
On Im 2z < Imz we use Pse'** = i, to obtain the expansion

Qs(z,2") = b(s) (PsR(2(-,2))(2) = s—l T 11-5,0(2) i5,0(2)
(8.19) N B 2 | |
+ m WLZ#O |m| 2 k?,sn’m(z) Zsﬁzﬂm(z ) .

In the hyperbolic case, uy, represents an element of W¥(—o00,0), and ur an
element of W*(0,00). Thus (7i)~tuy, is given by the part of the Fourier expansion
of u with f£,, and —(mi)~'ug by the part with fX :

(8.20) up = 7wy Bofl,, up = -mid A.fE,.
« «

Hence psur(§) = —mi BE(E) for € > 0, and psur (&) = mi BL(E) for € < 0. This
proves Proposition Furthermore, we have obtained:
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44 3. COHOMOLOGY OF INFINITE CYCLIC SUBGROUPS OF PSL>(R)

PROPOSITION 8.5. Let u € E7, and let g € Z*((n), W*) be a cocycle represent-
ing qu. The integral in (8I5D) reconstructs u from g, as u = (wi)~' (ur — ugr),
with the two terms corresponding as in (820) to the f¥ and fT terms in the Fourier

expansion (84).

9. Coinvariants

In this section the subject of study is V*/(V¥ | (1 — 7)), for y =n and v =T,
as before. The parabolic case v = T is more complicated than the hyperbolic case
v =n. The parabolic case will lead us to consider several G-modules between V*
and V¥, like V¥ and V¥ mentioned in the introduction.

The main theme in this section is the correspondence between various spaces
of T-invariant eigenfunctions and cohomology groups. The main results are Propo-
sition [@.11] Proposition and Theorem We will use these and other results
from this section in Chapter [l where we study the cohomological characterization
of various spaces of I'-invariant eigenfunctions for discrete subgroups I' C G with
cusps.

9.1. The first cohomology group and averaging operators. Let v =T
or n and A = (v) as in the previous section. We have H(A; V) = (V) =
Ve / (Ve[ (1= 7)), by associating to v € V¥ the cocycle ¢ with ¢, = v. (This
can be seen as a special case of Poincaré duality, since VA = Hp(A; V) and the
classifying space of A is a circle.)

To apply the averaging operator AV,Y defined in §4], we assume in the parabolic

case that s # 1. Since v|(1 —7) |AVA/i = v, the space V¥ |(1 — v) is contained

in the kernel of Av, = AV;r - Av; VY = (VS“*)'Y. So Av_ induces a linear map
HY(A; V) = (V)™

The hyperbolic case is easy to treat. Here the image of Av,y is contained
(V[0,00])® 22 V' (—00,0)% @ Vi (0,00)* (cf. [221)), and we have:

PROPOSITION 9.1. Let A = (n) with n hyperbolic. Then the map

Av, HY(A; V) — V*[0, 0]

is injective, and the natural map H'(A;V¥) — HY(A; V2" is zero.

PRrROOF. The first statement is equivalent to Corollary [£3l For v € V¥ we set

h = Av, (v) € V[0, 00]* and define f € V¥ by f(x) = —l‘l)fg‘fl h(zx). Since h|n = h,
the function f satisfies f|(1—n)=h. N

The parabolic case is more complicated. In that case the map Av,, : (V¥)a —
(V¥[00])? is no longer injective.

9.2. Invariant eigenfunctions on subsets of the upper half-plane. In
the main theorems of these notes, we give isomorphisms between on the one hand
spaces of Maass forms and larger spaces of invariant eigenfunctions, and on the
other hand cohomology groups. In this section we study similar relations, but now
between spaces of T-invariant eigenfunctions and cohomology groups for (T"). This
subsection serves to define such spaces of T-invariant eigenfunctions.
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§9. COINVARIANTS 45

DEFINITION 9.2. We put
T .
El = 1limé&({ze9H : Imz>Y}),

(9.1) . Y
EF = h_in)é's({zefj : 0<Imz <e}).

Thus, elements of £ may be viewed as eigenfunctions defined on some half-
plane Im z > Y, where Y may depend on the function. Similarly, elements of £}
are defined on some strip 0 < Im z < €. Representatives of elements of (£1)7 and
(EHT have Fourier expansions of the form indicated in (81)) (modified as indicated

there if s = %) converging on some half-plane or strip. The Fourier coeflicients
satisfy weaker growth conditions than those indicated in (82), namely
(9.2)

ue (ENT = A, = O(esln‘) for some € > 0 and B, = O(eilnl/s) for alle >0,
ue (EHNT & A, = O(ealn‘) foralle >0 and B,, = O(e“"‘/a) for some ¢ > 0.

DEFINITION 9.3. For s # 3, we define K] = K,NE] as the subspace of elements
of (§1)T represented by functions with only terms ks o2mn, n # 0, and ¢1_5 o in their
Fourier expansion. For all s we define (K?)" as the subspace of (£1)7 of elements
represented by a Fourier expansion containing only terms ks 25, n # 0, and Z} as
the subspace of elements of (53)T with representatives containing only terms s 2xn
in their Fourier expansion.

The cocycles r, p and q on (T) in (E5) make sense for u € (E1)T, provided we
take Im 2 sufficiently large. The proof of Proposition can be extended to give:

LEMMA 9.4. Let s # 1. Let u € (£])T. The cohomology class ru is repre-
sented by the cocycle r determined by rr(¢) = f;ofl[u, R(¢; )] for Tmzo suffi-
ciently large. The average Av,(rr) € V<[oo]l is represented by the holomorphic
function —mib(s)~! B(u), where B(u) € O(C)T is defined by an expansion similar
to BH) with B,, the coefficient of is2xn in the Fourier expansion of u.

We note that although u € (£I)7 is represented by a function on some half-
plane Im z > Y, the corresponding series ) Byisarn converges on all of ), and
hence S(u) is holomorphic on C.

The average Av,.(r7) in Lemma[0.4]
is defined on a neighborhood of R in C.
The average Av,(qr) makes sense on
two regions in $). We now consider the
consequences of this fact.

Let h be a function on $) represent-
ing an element of W¥. Such an element
is in £ ($H\C) where C' C $ is compact.

The averaging operator defines two As-eigenfunctions of the Laplace operator,
on regions Imz > Y and 0 < Imz < ¢, where ¢ > 0 and Y > 0 are such that the
regions {z €9 : y<e}and {z€9H : y>Y} are both contained in the domain
of h. We obtain:

AV,;(]’L) represented by Av,.(h) on a region Imz > Y,

h

R

(9.3)

Avqf(h) represented by Av,(h) on a region 0 <Imz <e.
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46 3. COHOMOLOGY OF INFINITE CYCLIC SUBGROUPS OF PSL>(R)

Av%(h)
Im z=Y
C
Im z=¢
Avz,(h) R
LEMMA 9.5. i) If s # %, then for all boundary forms h € W

Avl(h) eZ),  AVl(h)eKl.

it) If the boundary form h € W* satisfies (psh)F(o0) = 0 then for all s with
0<Res<1

N
Avi(h)eZ},  AVl(h)e (kD).

PRroOOF. Using the restriction ps : W — V<, we put ¢ = psh € V. We follow
the reasoning in the proof of Proposition B2l with u replaced by Av;(h), keeping the
integral on a line with yy < €. Thus, we get a holomorphic 1-periodic function on
IIm | < e. Applying P!, we get a series expansion for Av%(h) in the eigenfunctions
is72ﬂ'n-

Next we turn to AV;(h). There is no corresponding “AV;:(QD)”. Let first s # 1.
Lemma implies that Av,,(h)(z) = Cy'~* 4 O(y~*) as y — oo. This shows that
the Fourier expansion of this periodic function consists of multiples of ¢;_5 and
ks 2mnn, n # 0. If (psh)F(c0) = 0, the same lemma gives an estimate O(y~*), which
shows that we have only terms ks o5y, n#0. W

PROPOSITION 9.6. Foru € (E)T put h(z) = fzzoo_l[u,qs( -, 2)]. Then AV%(h) €
I, and u is reconstructed from h by

(94) wu(z) = (m’)_lAv;(h)(z) - (m’)_lAV%(h)(z) (Im z sufficiently large) ,
giving the decomposition (E1)T = K1 @ Z,, which generalizes (81T).

PROOF. The definition of h generalizes the cocycle ¢ in ([.5d). We have to take
2o in the domain of a representative of u. The function h is in W by the properties
of the kernel function g,. Following the reasoning in §8.3] we get the decomposition
BI1), and obtain also that Av;(h)(z) doe depend on zp with Imzy > Imz. This

implies that AV%(h) €Z. 1

9.3. Smooth semi-analytic vectors. It will turn out, in (I2.6) and (I4.8al),
that the period functions ¥ attached to modular Maass cusp forms in the introduc-
tion are elements of the space V"> defined in ([Z2Z3), which is equal to V¥ N V>,
We call it the space of smooth semi-analytic vectors in V,.

For W we use the analogous notational convention W+ as for V in ([2.23)
and below ([22T]), where “cond” denotes a condition imposed at the singularities.
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The space W™ consists of the elements of W* with representatives f(z) =
S

(#) af(z) with af real analytic on an open set @ C P} with P} ~\ Q finite,
such that ps : £ = a¥(£) on PE N extends as an element of V>°.

The G-modules V¥ and W are isomorphic with the inverse isomor-
phisms
(9.5) pst WEHe e plopehioe oo

We can produce elements of sz*’ > by the following integral, discussed in [21],
Chapter 2, §2:

PROPOSITION 9.7. Let u € (K%)T. Then

(9.6) £0© = [ RG]

Z0
with Rezg sufficiently large, defines f., € V0], independent of the path of
integration from zg to oo, provided oo is approached along a vertical line.
As zy tends to oo along a vertical half-line, then f,, tends to 0 in the topology
of V2, defined by the seminorms || - ||, in Z9) for all n € N.

The second part of this proposition is one of the few places in these notes where
we mention the topology of principal series spaces. We will use this part in the proof
of Theorem [I9.11

PROOF. In part I, the first statement has been proved with the proposition
in §2 of Chap. IT and use of L-functions. Here we also consider the limit in the
topology of V™.

It suffices to consider zg = iyy with yg > 1. We work in the projective model.
From (Z30) and (L9) we conclude for ¢ € R:

%) 2 s .
¢C+1 N PN
9.7 fivo(O) = / ys< tuz(ty) + —u(ty — | dy.
The exponential decay of u and u, implies convergence. The coefficients in the

C+y? | (tiy
bounded functions of y. Hence after integration we get a converging power series
representing fiy, () on a neighborhood of {y. So fiy, € V¥ [cx].
On a neighborhood of { = oo we use the variable £ = %:

0o 14€2\° 1—1
(9.8)  fiy,(1/€) = / Y (%yié) (z’uZ(in%u(iy) szg) dy.
Yo

This converges as well. The coefficient of £" in the expansion of the integrand
at £ = 0 contains a term y**"u(iy). So analyticity at co seems out of the question.
Differentiation with respect to £ can be carried out inside the integral. This shows
that fiyo S VSOO

Next we estimate the supremum norm || f;, | W"||oc on R for all n € N, where
the differential operator W is given by (1 + ()0 on R, and by —(1 +£2)9¢ on a
neighborhood of ¢ = co. From (@.7) we check that ((1+ C2)8C)nfiy0 (¢) is a linear
combination, with coeflicients depending only on s and n, of integrals

/wﬁwxﬂwmd%

5 S 5 S .
expansion in ¢ — (y of é%ylg and of y~1( S ) S—%W at a given (o € R are
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48 3. COHOMOLOGY OF INFINITE CYCLIC SUBGROUPS OF PSL>(R)

where
sra, [(CH1YN b N e
fi(y, Q) = y°7% e (€= (C+)9(C—iy) Y ((+iy)~“,
Ui(y) = us(iy), a; = 0, or  Ui(y) = u(iy), aj = —1,
bj,c; €[0,n], —-1<d;<n, 0<e;<n+1,

bj—i-Cj = dj—l—ej—l-n.
For ¢ in a bounded interval [—A, A] and y > yo we have f;(y,() <sn A"y°. With
the exponential decay of u and its derivatives we obtain on [—A, A]:
(9~9) ((1 + 42)6C)nfiyo (O Ls n,e Anygeisyo ,

with € € (0,2m).
For [(] < A7! < 1, we have a similar linear combination of finitely many
integrals f;oo 9;(y,&) U;(y) dy with U; as before and

2 s
9;(y,€) =y (%) (1 — €)% (1 +i€)% (1 — iy€) ™% (1 +iy€) ™,

aj,d; > -1, bj,c;,e; €N, dj+e; >0, a;<n.
Now we have g;(y, &) <gn y°+% (14 y262)~(di+e)/2 « yn+s. This leads to

(9.10) (—(1+€%)06)" fiyo (1/€) <o yg™oe 0.
This estimate and (@.9) show that limy, o || fiy, \W"HOO =0foreachneN. N

Applying the transverse Poisson transformation P! to f,, in Proposition
and multiplying by the gamma factor b(s), we obtain with use of (B.6d)

(9.11) hae) = | Tl g 2),

20
representing an element of Wy *°, also called h.,.

Let ¢ be a cocycle as in (5.5d), representing qu, u € K?. We would like to write
qr = hzy—1 — hz,. To do that, we need the following extension of Theorem [T}

PROPOSITION 9.8. Suppose that C' is a piecewise smooth positively oriented
simple closed curve in $ U {co}. Suppose that near oo the curve C consists of
geodesic half-lines. For each u € K9:

1

— [U" qS(quz)] = {
C

T

u(z) if z is inside C,

0 if z is outside C'.

PrOOF. Approximate C' by C,, where near co we have replaced the part of
C' in the region y > a by a curve [, along {x +ia : x € R}. Theorem [[I] can be
applied to C,. The integral fla [, qs( -, 2)] tends to zero as a — oo for each z € 9,
by the exponential decay of v and its derivatives. The same holds for the difference
of the integrals over C' and C,. The results follows. H

We apply Proposition to the curve C that consists of geodesic paths from
o0 to zg — 1, to zp, and then back to oco. For z outside C":

[ a2 = ()= o).
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§9. COINVARIANTS 49

So gr = hzy—1 — hy, in VVS‘*’*. Application of restriction map p; : VVS“’*’O" — VS“’*’ >
gives for the cocycle r, with f,, € V@2 as in ([@0):
(9.12) rr = faom1— [ -
Thus we have, with A = (T):
rK? C Ker (H'(A;V2) — HY(A; V),
akK? C Ker (H (A, W) — HY(A;W2-))
Notation. We will often deal with such kernels of natural maps between cohomol-
ogy groups. For A-modules V C W we put
(9.14) HY(A;V,W) = Ker (HY(A; V) — H' (A; W) .
For A = (T') one may view this as a mixed parabolic cohomology group, as we will
discuss in Definition [0l We reformulate:
(9.15) rky © HYAVZ V), ak) © HY (AW W),
PROPOSITION 9.9. The following statements are equivalent for ¢ € V&
a) ¢(c0) =0 and AV;(ap) = Av_ ().
b) There exists h € V"> such that h|(1—T) = ¢ in V*.
If a) and b) hold, then there is only one h € V> as in b), namely h = Av;(go) =
Av_ ().

(9.13)

PROOF. Suppose that a) is satisfied. Since ¢ (00) = 0 the averaging operators
Av;f and AV,; converge absolutely on ¢, without regularization and without the
assumption s # % In (I12) the constant Cy vanishes. Hence the expansions in
(@IT) start at m = 0. From AV;_ (¢) = Av_ () we conclude that the averages define
an element h € V¥ *°[oo], which satisfies b).

Suppose that b) is satisfied. This implies that ¢F(c0) = 0. Hence the averages
converge without regularization. If s # % we immediately obtain a) from Proposi-
tion below. In a proof valid for all s with 0 < Res < 1, we note that AV;(@)
converges without regularization and satisfies Av;'(cp)(x) = O(|z|=2%) as 2 — 0.
Since h has the same behavior, and since h — Av;f () is periodic we conclude that
h= Av;:(gp). From the behavior as 2 | —oo we obtain h = Av_ (). W

COROLLARY 9.10. The kernel of Av,, : Vi — V& contains the space of p € V¥
that satisfy the equivalent conditions a) and b) in Proposition [@9], but is larger than
this space.

PRrROOF. The first statement follows directly from Proposition For the
second statement, consider v € K%, u # 0, and put ¢(¢) = fzzoofl[u,R(C; )7
for some zy € $. Then ¢ € V¥, and it satisfies condition b) in Proposition
(by Proposition [@7). Since ¢ = rr as defined in (@A), the injectivity of r in
Proposition B.1] shows that the class ru in H*(I'; V) represented by r is non-zero.
Sop gVo[(1-T). W

In §9.6] we shall prove:
PROPOSITION 9.11. The maps r and q give the following isomorphisms.
(T = HE () v, ), (KT =5 HE (D) e, ™).

Licensed to Max-Planck Institut fur Mathematik. Prepared on Fri Mar 27 11:48:34 EDT 2015for download from IP 192.68.254.102.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



50 3. COHOMOLOGY OF INFINITE CYCLIC SUBGROUPS OF PSL>(R)

9.4. Semi-analytic vectors with simple poles. We turn to a G-module
between V¥ and V¥ that obtained by replacing the condition of smoothness at the
singularities by the condition “simple”, which allows simple singularities:

DEFINITION 9.12. We define V¥"S™Ple a5 the space of f € V¥ such that for
each ¢ € BdSing (f) the function z — c¢(z) f¥(z) is smooth at &, where c¢ is a local
coordinate on P} at &, e.g., coo() = %, and ce(x) = o — £ if £ € R. We define
Wehsimple a5 the space of those elements of W&~ for which p, f € V™ simple,

The spaces V& 5imPle and W™ simple are isomorphic G-submodules of V¥~ re-
spectively VVS”*, by Pl and p,.

We have the following generalization of Proposition

PROPOSITION 9.13. The spaces (V&5 gpd (WesmpleNT e zero for
s# %

PRrROOF. Consider the expansion ¢(t) ~ [¢|72* 3> | ¢,t™™ at co in the line
model, and insert the T-invariance. If ¢; is the first non-zero coefficient, it follows
that (I +2s);=0. W

PROPOSITION 9.14. Let s # % For ¢ € V¥ the following statements are
equivalent:
a) AVT(<p) =0.
b) AV () = Av; (¢).
¢) There exists f € V< smPle sych that f|(1—T) = .
If these statements holds, then f in c) is unique, and is equal to Av;t(go).

PROOF. The equivalence of a) and b) is clear. If a) and b) hold, then apply the
asymptotic behavior in (@II]) to conclude that f = AV;'(ap) =Av_ (p) € Y simple
Conversely if f € V& simPle gatisfies f|(1 —T) = ¢ € V¥, then f — AV;((,O) has
for 2 1+ oo an asymptotic behavior as indicated in ([@II)). Since f — AV;' () €
(Ve simpleyT — (01 (Proposition [II3), this implies f = Av;r (p). Proceed similarly
for Av_ (¢). W

In §9.6] we shall prove:

PRrROPOSITION 9.15. If s # %, the maps r and q give isomorphisms
K:l* L> Hl (<T>, sz, VSw*, simple) , K:l‘ i> Hl (<T>, WSUJ, Vvsw*, simple) ]

9.5. Semi-analytic vectors with support condition on the singulari-
ties. For a cohomological characterization analogous to Propositions and
of the much larger spaces r(£1)T and q(€I)T we need to introduce yet another
space of semi-analytic vectors.

To show the need for this larger space, we consider ¢ representing an element
of V¥, in the line model. The corresponding function ¢ in the projective model
is holomorphic on a neighborhood of P} in ]P’}C. Hence ¢ is holomorphic at least
on a strip [Im¢| < € and on half-planes Re{ > % and Re( < —% for some small
positive €. For s # %, the one-sided averages

-1

MO = Y eCHn), A @)Q) = - 3 eC+n)
n=0

n=—oo
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are both holomorphic on the strip [Im(| < . Furthermore, Av;r () is also holo-

morphic on Re¢ > 1, and AV;(QO) on Re¢ < —1, provided ¢ is sufficiently

small. Suppose now that Av,.(¢) extends holomorphically as an element of O(C)”.
(Proposition shows that this is the case if ¢ = rp associated to u € &I)
Then Av:,'lr (¢) = Avy.(¢) + Av, (¢) has a holomorphic extension to the half-plane
Re( < —1. Hence AV;(ga) € V¢, and also Av () € V& have representatives with
large domains containing both a left and a right half-plane. They are elements of
the space V" °*¢ that we now start to define.

DEFINITION 9.16. Let F© C PL be finite. We call a set Q C PL an excised
neighborhood of P% \ F if it contains a set of the form

(9.16) U\ e,
EEF

where U is a (usual) neighborhood of P} in P and where Wy is the set containing
¢ and the sectors in $) and $~ between two geodesic half-lines with final point &.

Yo QY& Q
A

FIGURE 9.1. An excised neighborhood Q of P§ \ {1, &2, 00}

In the upper or lower half-plane, the sets W, in this definition are the region
between two vertical half-lines. For £ € R sets W are the regions between to half-
circles through ¢ with centers on R to the left and the right of £&. See Figures
and for sketches of excised neighborhoods.

DEFINITION 9.17. Let F' C P} be finite. We say that ¢ € V¥ [F] satisfies the
condition “exc” if ¢ is represented by an element of O(Q) for an excised neighbor-
hood of P§ \ F.

This means that Y+ is the direct limit 11_m> O(£2) where  runs over excised

Q
neighborhoods of Pt \ F with F finite. Figure depicts the relation of V"¢
with other principal series subspaces that we have defined up till now. The space
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52 3. COHOMOLOGY OF INFINITE CYCLIC SUBGROUPS OF PSL>(R)

FIGURE 9.2. An excised neighborhood of S' . {e_”/4, 1,em™mi/4, i}
for the disk model.

Y simple ig defined only for s # 1. The definition of V@' ex¢ makes sense for s = i
as well.

Vs Voo Vic [

Vw*, simple
s

.

w*, exc w™*
Vi exec A

FIGURE 9.3. Subspaces of the principal series space V,.

The space V¥ is a G-invariant subspace of V¥ . The elements Avj%(go)
discussed in the introduction of this subsection are in V¥ **¢[oo]. We have even
more:

PROPOSITION 9.18. Let s # % For ¢ € V¥ the following statements are
equivalent:
a) Av,(¢) € O(C)T.
b) Av;f(gp) and Av_, () are elements of V;*¢[oo].

PROOF. We have already discussed the implication a) = b).

For a) < b) we suppose that Av;(go) and Av (¢) are in V;"**“[oo]. By con-
struction, they are in V*[oc]. They are given by holomorphic functions on a region
{¢ : Im¢] < e} U{C : |Re(| > et} for some € > 0. On [Im(| < & we have
Av,(p) = Av;f(ap) — Av_ (). So Avp(p) extends holomorphically to Re¢ > el
and the invariance under 7" stays valid by analytic continuation. The T-invariance
on a right half-plane implies that Av,.(y) extends holomorphically to C. W

We will now define the condition “exc” for the behavior of sections of W at

singularities:
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§9. COINVARIANTS 53

DEFINITION 9.19. An element of W' satisfies the condition “exc” at the points
S
of the finite set F' C P} if it has a representative of the form f(z) = (#) af(2)
on 2N $, where
a) Q is an excised neighborhood of P§ \ F for some finite set F.
b) a” is real analytic on .
The transverse Poisson transformation gives a G-equivariant isomorphism
PZ . sz sexc ]/sz sexc

To see this we use the integral representations of Pl and its inverse in Theorem 4.7
in [4]. To apply this we note that the intersection 2N of an excised neighborhood
Q of P} \ F is again an excised neighborhood of P} \ F, for finite sets F' C Pj.

Propositions and can be viewed partly as specializations of the fol-
lowing result:

THEOREM 9.20. If s # %, then the maps r and q give isomorphisms
(é;T)T LN = 23 (<T>; sz7 sz*, cxc) : (SST)T i> ! (<T>; VVSW, V\}Sw*, cxc) )
We shall give a proof in §9.61

DEFINITION 9.21. We define G&*° as the space of f € C?(§)) that are in £5(HNQ)
for an excised neighborhood Q of P4 minus a finite set, and we put

gehexe = {f € G&° : f represents an element of VVS“’} .

The minimal closed set X C §) such that f € £;(H\X) is the set of singularities
Sing (f).

Ezamples: The function i, 9(z) = y® is an element of & that represents an
element of W (R), also called i, o, and BdSing (is,0) = {o0}. Sois,0 & G¥. We have
is,0(2) = (ﬁ)s (22 + (y+1)?)°. We conclude that a(z) = (22 + (y +1)?)°
is real analytic on C. Hence 50 € Q;"*’ ex¢ and Sing (i&o) = (), BdSing (is70) =
{oo}. To get more examples of elements of W*"*¢, we consider ¢ € V¥ such that
Av,.(¢) € O(C)T, as in Proposition @18l If s # £, then PIAVIT(@) = AV;(PLp) and
PLAV; (p) = AV;(PL,O) are elements of W& exe,

For general h € W;”, the average Av,.h may very well have singularities in
horizontal strips in the upper half-plane. Then the average is not in gf*’ exe,

The example of 75 g shows that if f € g;’*’ °X¢ represents h € VVS‘”*’ €X¢ then the
set BdSing (h) can be larger than Sing (f)N9$. On the other hand, the zero element
n € W¥ satisfies BdSing (n) = (). It may be represented as an element of W& x¢
by any f € C?($) that is equal to 0 outside the region |x| < 1, y > 1, and equal
to 1 on |z| < 1,y > 2. In this example, Sing (f) N 9% is larger than BdSing (h).
Definitions and imply that we can always represent h € WY ¢ by an
element f € G~ such that Sing (f) N d$ C BdSing (h).

The exact sequence ([B.I1]) extends to an exact diagram

0 0 0
2 \: 1

(9.17) 0 — N - gv A — 0
1 \: \:

0 — Nw*, exc _y gzsu*, exc Vvsw*, exc  _y )
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54 3. COHOMOLOGY OF INFINITE CYCLIC SUBGROUPS OF PSL>(R)

We recall that N = C2($)), and define N> as the kernel in the lower row. The
support of an element of "¢ need not be compact; it may contain regions be-
tween geodesic half-lines to the same point of OH. Siegel domains of It = PSLy(Z)
are examples of such sets.

LEMMA 9.22. The spaces (W )T = (G« ex)T gre equal to T, and the
space (N> s zero.

PROOF. If f € (G¥"**)T then the set BdSing (f) is a T-invariant finite subset
of P}, and hence is contained in {oo}. The set Sing(f) is also T-invariant. It is
contained in the union of a compact set and finitely many vertical regions. Hence
Sing (f) = 0 and f € ET. Since f represents an element of W [c], it is in Z,. If
fe W« )T then Sing (f) = 0 implies f = 0.

We are left with the proof of (We"ex)T = (G« ex)T  (Clearly, each element
of (G¥"e¢)T = T, represents an element of (W+">*)T. Restriction of a given
h e (W o) T gives ph € (V¥[o0])”. Hence h has a representative f € E,(HW.),
where

(9.18) W. = {z€8 :|Rez| <e ' Imz>e}

for some € > 0. By extending f as a C%-function on W., we obtain a representative
fegeexe So f|(1—T) € N¥"ex¢. After diminishing ¢, we have f(z) = f(z+1)
on $~\ W,. Since f represents an element of WW¥[oco], it has a Fourier expansion
with only ¢52xn, and hence is in Ij. This expansion converges on §) and defines
another representative of h, which isin Z,. W

LEMMA 9.23. Suppose that § € g;’*’ °XC¢ satisfies:

a) Sing(q) is a compact subset of H.
b) ¢|(1-T) e gv.

Then there exists p € Iy such that ¢ —p € G¥.

PrOOF. From a) it follows that § represents an element ¢ in the space Fj
defined in ([B1]). The direct sum decomposition ([B:3) implies that there are unique
p € & and f € W¥ such that ¢ = p+ f. Condition b) implies that ¢| (1—-T) € W¥.
Hence p|(1—T) = q|(1 —=T) - f|(1=T) e W NE = {0}. Sop e &L, and
p=q—f€ VVS“’*’ eX¢ As in the proof of the previous lemma, this implies p € Z,.
Now, §—p € G¥ € is a lift of f € W, for which Sing (¢—p) = Sing (§) is compact.
Hence g—pegGy. N

9.6. T-invariant eigenfunctions and cohomology. In this subsection we
prove Theorem [0.20] and Propositions [@.11] and @.I51 We treat these three proofs in
parallel, since the statements are closely related.

e Images. First we consider v € (£])” and s # ;. We represent ru by the
cocycle r determined by r7(¢) = f;ooil[u,R(C; -)®] with a suitable base point zg.
Relation ([@I0]), Lemma[@4land Proposition @18 show that ro = AV,;_ (rr)| (1-T)1is
in the space V¥ °*¢| (1—-T). So r maps ()7 to the subspace H'((T); V¥, V& exe),
Applying the transverse Poisson transform, we see that q(£1)7 is contained in the
space H'((T); W&, W& exe),
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If u € K, then Lemma @4 shows that Av,,(rr) = 0. Hence Av;f(rT) = Av (re),
and then Av;: (r) € Y@ simple by Proposition This show that

I'IC? C H1(<T>;sz7vsw*7exc&simple) c H1(<T>;VSW7VSW*76XC) '

Again we apply Pl to get the analogous statement for q. (The space VS“’*’ exc & simple
is equal to Y@ exe qYwhsimple gince at the singularities both the conditions “exc”
and “simple” are imposed.)

We have seen in ([@I5) that q(K9)T C Hl((T>;W;",V\{9“2°°), even if s = 3.
Since the restriction map ps is an isomorphism on W and WY *°, the correspond-
ing statement for r follows. The integrals in (@6) and ([@II) show that r and q
map (KT to H'((T); V&, Y exc& o0y yespectively H' ((T); W&, W™ exe& o),

e Comparison result. For Propositions and it is important to have:

LEMMA 9.24.

(9.19a) HY((T); V&2, pehexc&ooy — FL(T), Ve, V") |

(9.19b) HY((T); W W exe&ooy — V(T W2 W)

and if s # %

(9-19¢) H'((T); Ve, e exelesimpley — gl((T); ), Voo simele) |

(9.19d) HY((T); W2 W2 X esmele) — H((T); W2, Wi
PROOF. We have H!((T); V@, Ve simple) 5 gL(T); Yw Y@’ exchesimple) - oy

versely, if ¥r € V¥ is of the form ¢p = f|(1 — T) with f € V@ simple then
Av,.(¢r) = 0 (Proposition [0.14), and hence AV;(wT),AV:; () € V@ e (Propo-

sition [@.I8)). This gives (@19d). For ([@.I9al), we proceed similarly, with use of
Proposition 3.9 to obtain Av.,(¢7) = 0.
The transverse Poisson transformation provides us with an injection

t . y)w™, exc & simple w™, exc & simple
PV — W ;

and a bijection
Pl . sz*, simple — Vvsw*, simple ]
The resulting commuting diagram

H! (<T>, sz, VS""*v exc& simple) :_m> H?! (<T>, sz’ sz*7 simple)

\LPT mlP*

H1(<T>; )/sz’ ]/sz*, exc & simple)(_> H (<T>, VVS‘U, )/sz*’ simple)
shows the equality in (0.19d). For (0.19B) we proceed similarly. W

e Injectivity. This is Proposition .11
. Surjectivity in Theorem 020  Since VS‘"*’ eX¢ and VVS“’*’ eX¢ are isomorphic it
suffices to prove that for s # %

T w w™, exc
q: (&) — H' ((T)H; W, W)
is surjective.
We recall that q associates to u € (£1)7 the cohomology class gr+W* | (1-T),

where g can be represented by gr € G given by gr(z) = [° ,[u, qs( -, 2)] outside

2071
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56 3. COHOMOLOGY OF INFINITE CYCLIC SUBGROUPS OF PSL>(R)

a small neighborhood of the line segment from zy — 1 to z5. The class does not
depend on the choice of zg with Im 2y sufficiently large. In this proof we will mainly
work with representatives in G¥ and N*“. See the diagram (@.I7).

For the proof of the surjectivity we start with f € §w* excs such that h :=
f|(1 —=T) belongs to W¥. The aim is to construct v € (£1)7 whose associated
function gr satisfies h — Lgr € W2 [ (1 —T).

Let f € g;”V ex¢ and h € G¥ be representatives of f and h, respectively. Since
the set BdSing (f) is finite and T-invariant, it is contained in {oo}. We choose
N > 2 sufficiently large and ¢ € (0,1) sufficiently small to achieve the following

situation:
Sing (ﬁ) C [-N,N] x ile, N] Sing (f) C [N, N] x i[e, )
1N
(9.20) (singularities)
(singularities)
1€ 1€
°N N °N N

The difference k = h — f| (1 —T) is an element of N« Tt satisfies

(9.21) Suppk C [-N — 1, N] x ile, 00) .
We set
(9.22) u(z) = Avp(k)(2) forImz > N .

This will turn out to represent the element of (£])7 corresponding to the cocycle
on (T) given by h. We prove this in several steps.

LEMMA 9.25. The function u represents an element of (EST)T.

PROOF. The average Av,.k is given by a locally finite sum. For z = x + iy €
[—1,1] x i(0,00) we have

N+1 ) R N+1 R
Avp(k)(z) = > k(z+4n) = fe+N+2)=f(z=N=-2)+ > h(z+n).
n=—N-—-2 n=—N-2

The terms f(z + N + 2) and f(z — N — 2) have no singularities in the region
Imz =y > ¢, 2] <1, and h has no singularities in the region y > N. Hence
Av,.(k) is a A-eigenfunction of A on the region y > N, |z[ < 1. Since it is 1-
periodic, it is a As-eigenfunction on y > N. N

We take yg > N + 2¢, and define
Yo

(9.23) qr(2) :/ [, qs( -, 2)]

yo—1
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outside the box [—1—¢,¢] xi[yo—¢, Yo+ ot o

e], and extend ¢r inside the box as a

C?-function. Thus we obtain ¢r € G¥ qr given by
representing gp. Our aim is to show integral
that h — Lgr € G¥ [ (1 = T) + N¥.

-1 0

We apply Proposition [0.6] which writes
1 1

9.24 S :—(ATA —AW),
(9.24) u = —(u—u') = —(Avp(dr) - Av;(ar)

with v := Av;(h) € KT equal to Av,.(Gr) on the region Imz > yo + ¢ and ut :=
Av;(th) € I, equal to Av,.(¢r) on Im 2z < yg — &. Both functions do not depend on
the choice of yp.

The next step is to relate Av,.(gr) to Av,.(k), AVT(H) and f. To do this, we use
the functions py and p_ in the next lemma:

LEMMA 9.26. The following two functions p+ belong to I:
pe = M) - A =, o= Av(h) - Avi(k) - f

PROOF. AV,;r (k) is given by a locally finite sum, and Av,;r (h) can be under-

stood in regularized sense, since h e G¥. Hence py is defined on $, except
for its singularities, which occur on a locally finite union of curves in the region
{zeH :a<N,y>e} From (h—k) A |(1-T)=h—k=f|(1-T)it fol-
lows that py|(1 —T) = 0. Since p4 has no singularities in the region > N, the
T-invariance implies that there are no singularities at all. Hence p, € £I.

On 0 < y < e, we have k = 0. Moreover, Av; (ﬁ) represents an element of
We[o0], and f € G¥ **[0]. So py represents an element of W (R). Hence it is
in 7.

The case of p_ goes similarly. W

LEMMA 9.27.

1 I~ p—
EAVT (gr) =

AVT(iL) on Imz>yy+e,
py—p— on Imz<yg—ce.

PrOOF. On the region Im z > N we have
u = Av, = Av.(h)+p- —py.
Lemma [A.6] implies that AVT(fL) =y ™ + O(y~°) as y — oo for |z| < 1. By
T-invariance this estimates holds for all z, and shows that the restriction of AVT(B)
toy > N is in K!. Lemma [.26 gives py — p_ € Z,. Hence we have obtained the
terms in the decomposition of u in (£1)T = Ks' + Z, given in Proposition
ut = Av;(dT) = 7 AVT(]A’L) , Ul = AV%(QAT) = 7i(py —p-).

The averages AV;(QT) and AVQ{(QT) are both given by Av,,(gr) on the regions Im z >
Yo + € and Im z < yy — €, respectively. W
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58 3. COHOMOLOGY OF INFINITE CYCLIC SUBGROUPS OF PSL>(R)

We will choose a function g € C?(§) that will turn out to satisfy g| (1 —1T) €
h — i(j + N*%. First we prescribe g on the union of the three overlapping regions
H, R and L, indicated in Figure 0.4

/L

///7/

—-N N -N

FIGURE 9.4. The regions H = {zeﬁ : y>yo+€},R: {ze
9 ac>Nory<€},andL:{z€5§ : x<—Nory<€}.

AV;@) — A (Gr) = py on H,
(9.25) g(t) = f+ Av;(k - Lar) on R,
f+Av (k= L4r)+p-—py onL.
To see that this is possible, we have to do some checking on the intersections.
On y < g, ie., on RN L, we check:

1 1
+ A — A
Av (k- EQT) — (Av (k- EQT) +p- —py)

1
0— —Av,.(4r) +py —p- since k=0ony<e
T
=0—-py+p_+p_—py = 0 by Lemma @27
On HNR,ie., fory>yy+ecand x > N:
N 1 ~ 1
f+ AT (k——=dr) — (A (h— —=dr) —p+) = 0 by Lemma [@.20].
T i T i
On HNL,ie., fory>yy+eand x < —N:

N _ 1 . R 1 A
f+AVT (k— EqT) +p_ —py — (AVJr(h— —qT) —p+)

= Av;(ﬁ)—i_Av*( ) — Al (h )+ - Av (1) by Lemma [0.26]
7T’L
= —Av ( )+ Av r(dr) = 0 by Lemma 0.27].

Thus, we have g on HURUL, i.e, only on the exterior of the box [—N, N]xi[e, yo+e].
We extend it by 0 on the box, and change it on an (g/2)-neighborhood of the
boundary to bring it into C2.

LEMMA 9.28. We have g € G¥>° and g| (1 —T) € G¥.
Proof. The function f + AV;(k; - Lar) = f- %Av;(qﬁr) on R N L represents

an element of W*(R). The singularities of g are contained in the box [—N, N] x
ile,yo + €]. Hence g € G¥™°x°,
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§9. COINVARIANTS 59

On the region R:

. 1. .1,
glA=T7) = fIQ-T)+k——4r = h— —qr.
™ T

Since h — %QT € G¥, the equality g| (1 -T) = h— %qAT extends to the region in $
outside the box [-N — 1, N| x i[e, yo + €. So there is g1 € N'“ such that

N .
(9.26) gl(1=T)=h-—ir+g g m

For the given h € W¥ and f € W with h = f|(1 — T) we have given
u € (ENT, and have given in ([@.23) a representative ¢r of the corresponding gr €
Wy which determines the cocycle qu. In Lemma we see that h — %QT €
N +gehexe | (1 —T). Hence h — Zqp € W[ (1 — T). This completes the
proof of the surjectivity in Theorem
e Surjectivity in Proposition [@.15. We need only prove the surjectivity of q.
Applying Theorem [I2Z0to a given ¢ € H((T); W&, W& W&’ simple) e obtain
a unique u € ()7 such that qu = c¢. We have to check that u € K.

In the proof of the surjectivity that we have just given, we now have the addi-
tional information that f € W™ exe 0 Wwhsimple Hence Av,.(h) = 0 (by Proposi-
tion [@.14)), and AVT(iL) vanishes near R. Since k also vanishes near R, the difference
p+ —p— € Iy in Lemma vanishes near R as well, and hence ¢ —p_ = 0
everywhere. In Lemma [I.27] we sce that Av,.(¢r)* = 0. Hence (@.2I) takes the form
u= %AVT(QT)T e Kl
° Surjectivity in Proposition Q.11  Now s may be equal to % This forces a
further review of the proof of the surjectivity of q for Theorem

We start with f € W& N W@ with h = f| (1 —T) € W¥. This implies
that h(z) = (ﬁ)sap(z) with a®(00) = 0. So Av;f(h) and AVTZF(}AL) converge
without the need for regularization. The absolute convergence of AV;,[(k) is clear
anyhow. We have by Lemma a function u € ()7 given on y > N by Av (k).
We cannot yet use the one-sided averages of ¢r, but still have py and p_ in €I in
Lemma[@.261 Proposition@dand an application of the isomorphisms p, : W&~ > —
V@ and PL: Yo — WS imply that Av;(iz) = Av (h) near R. Near R,
we also have k = 0. So py —p_ = AVT(iL) — Av,.(k) vanishes first near R, and
then everywhere on ). On y > N we have AAVT(iL) = Av,(k) +py —p- = Avp(k)
as in the proof of Lemma Hence Av.(h) = v on y > N. Lemma gives
u(z) = AVT(iL)(Z) <Ly~ asy — 0o. So u can have only terms with kg 2, 7 # 0,
in its Fourier expansion. Thus, u € (/C(S))T.

With ¢r as in (@23), we use ([@II) and Proposition to write ¢r as an
element of hyy, | (T — 1) + N¥" ¢ with h;,, € G, Sing (hiy,) C i[yo,o0) and
BdSing (hiy,) C {0o}. In particular, (psgr)F(c0) = 0, and Av;f((jT) and Av_ (qr)
converge absolutely. Now we can proceed as before.
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CHAPTER 4

Maass forms and semi-analytic cohomology:
groups with cusps

In this chapter we start the generalization of the results for the modular group
PSL2(Z) mentioned in the introduction to general cofinite discrete subgroups I' C G
with cusps. We will prove those statements in Theorems [B] and [C] that concern
cohomology groups with semi-analytic coefficients. The results concerning smooth
(C*°) and differentiable (C? for some p € N) coefficients will be proved in Chapter[5l

In Section[2we consider the isomorphisms Maass?(I") = HL.(T;V, V') (in
Theorem [B]), £ = Hrl,ar(F; Ve, VS”*’ x¢) (in Theorem[C]), and a similar isomorphism
using the space sz*’ simple — 1/5”*700 introduced in §3.41 The method of proof is the
same as that followed for cocompact groups in Chapter 2l The presence of cusps
makes it necessary to look at geometrical models for cohomology again, especially
in connection with parabolic cohomology. That is the subject of Section [[Tl where
we also discuss an interpretation of our approach to parabolic cohomology in terms
of sheaf cohomology.

In Section [[3] we prove the isomorphisms H}, (I'; V2, Y oo) o H}, (T V' o0y
(in Theorem[Bl) and H}, (T'; V¥, Yw'exe) o H}, (T Ve’ exe) (in Theorem [), where
VS“’O’ eX¢ consists of the elements of VS“’*’ ®*¢ that have singularities in cusps only.
This requires an analysis of the set of singularities of cocycles. In §I3.2] we give a
recapitulation of the proof of Theorem

This chapter generalizes results of [21], where Maass cusp forms on SLy(Z)
were related to “period functions”. The link with the period function is discussed
in Section[I0] where we also give some general definitions, and in Section[T4l In (8]
we gave a holomorphic function associated to a As-eigenfunctions invariant under
the parabolic element T = [(1) H of G. Such linear maps to the space of 1-periodic
holomorphic functions on C can also be defined for I'-invariant eigenfunctions. That
is the subject of Section

10. Maass forms

Throughout this chapter the group I' C G = PSLy(R) is assumed to have cusps.
For such groups we discuss several spaces of Maass forms and general invariant
eigenfunctions, which coincide for cocompact groups discussed in Chapter

The image of the map from invariant eigenfunctions to cohomology with values
in the space V¥ of analytic vectors in the principal series is contained in a mixed
parabolic subgroup, of which we will give a preliminary definition in this section.

Here the upper half-plane §) is the natural model of H. A discrete subgroup
I' C G is called cofinite if the quotient I'\$) has finite volume for the measure
induced by the invariant measure du on $. The cusps of I' are points £ € PL

61
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62 4. MAASS FORMS AND SEMI-ANALYTIC COHOMOLOGY: GROUPS WITH CUSPS

for which the isotropy subgroup I'y, = {y € I' : vk = k} is non-trivial, and hence
infinite cyclic with a parabolic generator. We denote by C the set of cusps of I'.
This set depends on I'. It is infinite, but consists of finitely many I'-orbits.

For each x € C we fix g, € G such that g,00 = k and such that 7, = g.Tg;*
generates 'y, with T = [(1) }] This leaves some freedom in the choice of the g.
We arrange the g, such that g, € ~vg.T% within each I'-orbit of cusps.

The standard example is the modular group Ity = PSLy(Z), generated by T
and S = [§ 7} ], with relations $? = (T'S)® = 1. Its set of cusps C = P}, forms one
I’ -orbit.

10.1. Notations and terminology. We call the elements of £!' invariant
eigenfunctions, and reserve the notation Maass,(I") for the finite-dimensional space
(E7°°)F of invariant eigenfunctions with polynomial growth, whose elements we call
Maass forms. An invariant eigenfunction u € £L has polynomial growth if and only
if
(10.1a)

u (gs(z +1y)) < y* as y — oo for some a € R, uniform in z, for all Kk € C.

Inside Maass,(I") the space Maass’(I") of (Maass) cusp forms is determined by the
stronger condition of quick decay at all cusps:

(10.1b) u (gu(x +1iy)) < y* as y — oo for all @ € R, uniform in z, for all k € C.

By the I'-invariance, it suffices that these growth conditions hold for one representa-
tive k of each I'-orbit of cusps. In [21] we used Maass, to denote the space which we
now call Maass?(I'}). For cocompact groups, the spaces Maass®(I') C Maass,(T') C
EL coincide.

Let u € EY. For each x € C, the function u| g, : z + u(g.2) is in X, and
has a Fourier expansion ([81l), with coefficients A, (u|gx) and By, (u]gx), and also
ao(u | gx) and bo(u | gx). The space Maasss(I') is characterized by B, (u|gx) = 0 for
n # 0 for all k, and the space Maass_(I') by the additional requirement Ag(u|g.) =
Bo(ulgx) =0 (for s # 3), or ag(u|gs) = bo(u|gx) = 0 (for all s), for all k. The
form of the Fourier expansion implies that we can weaken ([0.IB) by replacing “for
all a € R” by “for some a < min(Res,1 — Res)”.

For s # 1 we define the space Maass(I") € EL by the condition B, (u]g.) =0
for all K € C and all n € Z. We have Maass’(I') C Maass.(T') C Maass,(T). It
may happen that Maass] (') # Maass:(T') ( e.g., if [ = IY and 2s is a zero of the
Riemann zeta function), whereas Maass?(I'), Maass,(I') and £ are invariant under
s 1—s.

10.2. Invariant eigenfunctions and parabolic cohomology. We start
with an example. A 1-cocycle ¥ on the modular group I} with values in a right
Q[I']-module V is, in the group model of cohomology, determined by 1 and ¥g on
the generators S = [(1) _(1)] and T = [(1) H, subject to the relations ¥g|(1+.5) =0
and Ypg | (1 + TS + TSTS) = 0 (and Yrs = ¥r|S + ¢s). There are various
possibilities of normalization. We may for instance require that ¢g = 0, which
can be arranged by subtracting da from 1, with a € V given by %1/)5. Another
normalization is by arranging ¢¥rg = 0; then ¢ is determined by s = ¥ satisfying
Yg | S = —1g. For the cocycle r in (5.5al) associated to an invariant eigenfunction,
the former normalization is arranged by choosing the base point zy equal to i, and
the latter by choosing 2o = (1 +iv/3).
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§10. MAASS FORMS 63

In general, it is impossible to choose v in its cohomology class such that ¢ = 0.
However, in the case of a cusp form u € Maass)(I'), and 7 as in (5.5a), we know
from (@IZ) that rr is of the form f., | (T —1), with f., € V*">°. Thus, subtracting
df,, from r, we obtain a VS“’*’OO—valued cocycle satisfying ¥ = 0. This cocycle is
determined by its value 1g. Since (V<) < (V>)T = {0} (Proposition EH), this
cocycle is unique. This motivates the following definition:

DEFINITION 10.1. Let V' C W be Q[I']-modules. We define the mized parabolic
cohomology group H:, (T; VW) as Z%, (T;V,W)/BY(T; V), where

par par

Z TV, W) = {y e Z" (IV) : ¢ € W|(m — 1) for all parabolic 7 € I'}

par

is the space of mized parabolic cocycles.

We define the parabolic cohomology group Hgar(f‘; V) as H;ar(F; V, V), and call
the elements of Z}, (I'; V, V) parabolic cocycles.

It suffices to impose the parabolic condition only for = = 7, with & running
through a set of representatives of I'\C. The mixed parabolic cohomology group
H!, (T;V,W) is the kernel of the natural map

par

(10.2) H'(T;V) — @ H' (T W).
re\C

We may view the group H'((T); V,W) in ([@.I4) as a mixed parabolic cohomology
group.

Returning to the case I' = I}, we see that the l)s“’*’oo—valued cocycle 1 with
¥ = 0 associated above to a Maass cusp form u satisfies ¢g € VS“’*’ exe&oo gince
fzy € Vexe&o0  (See Definition for Y¥ex¢ ) Actually, the singularities of
s =15 — f2 | (S —1) can occur only in co and 0 = Soo. So the cocycle 1 has
values in V;’O’ exc& oo where we use the following definition:

DEFINITION 10.2. Let VS“’O be the I'-submodule consisting of the f € VS“’* such
that BdSing (f) € C. With a condition “cond” imposed on the singularities, we put
Vwo, cond _ Vwo n Vw*,, cond

S S S :
For W) we follow the same convention.

We recall that elements of VS“’* can have a finite number of arbitrary singularities
on 95 = P, those of Ve'simple (Definition II1Z) have a “simple pole” ( i.e., T
(7—70)(smooth) at real points 7p), and the singularities of elements of V"% occur
outside an excised neighborhood of P} minus a finite set (Definition [0.16]).

PROPOSITION 10.3. The injective maps r and q determined by (BH) have im-
ages in the following equal cohomology groups.

(10.3a) rMaassg(F) C H;ar(F;Kw,]{:’o’“) :H;ar(r’mw’mw*’oo%
(103b) q l\/laass(s) (F) C HI:1>ar (1‘7 Wgw7 VVSWO7 oo) — le)ar (F, Wgw7 VVSW*’ oo) .
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64 4. MAASS FORMS AND SEMI-ANALYTIC COHOMOLOGY: GROUPS WITH CUSPS

If s # %, then we also have

w yyw’ simple w yiw™, simple
(10.3¢) rMaassi(F) c H} | N Vi Vi Pley =gl (T Vi Vs pley.,

par( ar(
(103d) ql\/laassi(I‘) C H}];ar(r;mw’mwo, simple) r(r Vvsw7yvsw*7 simple),
(10.3¢) PET C HLTVE VS) = HL (D V),
(103f) qé‘E C Héar(F;mw7WQWO’ EXC) — Hlar(l—‘ qu7)/\};)*, eXC) )

PrROOF. By definition, Héar(l“ Ve, V“ exe) C Héar(l“ Ve Yehexe)  Consider a
parabolic cocycle ¢ € Z

(T3 V2, V&5 ex¢) and a parabolic element 7 = 7, & € C.
Then ¢, | (1 —7) € V¥ implies that the w-invariant set BdSing (c,) is contained
in {k}. So [c] € H},(I'; V2, Ve’ exe)  This proves the equality of these cohomology
groups. The same proof works for the other equalities of parabolic cohomology
groups.

For the inclusion r £ in H;ar(l’; Ve Y@ exe) we take u € X, and suppose that

s # 4. Let 29 € § be the base point in the definition in (5.5a) of the cocycle
r:I'—= V¥ Let k € C. The value r_ on the generator w,, = gxTg- 1 of T, satisfies

@ = [ RGO = [T [ulaeRC. s @)

9T g 20 T—1g7 20
where we have used the G-equivariance of the Green’s form [, -] in (.I0al) and of

R(-;-)® in ([225). Hence
9: " 20
ra9e© = [ g RGO,

T-1g: 20
which shows that r,_|g. = 74, where r” is a cocycle on ( ) that represents
r(u|g.) € H'((T); V), with the base point g *29. Theorem .20 shows that

r(ulge) € H'((T); V2 Vo)
as defined in (14). Hence there is a,, € V¥ such that 7% = a, | (T — 1), and

Tre = GN|(T_1)|9_1 = (am|9;1)|(7rm -1).
This works for all x € C, and hence ru € H;ar(F, Y Ywexe),
The other assertions go similarly, using also Propositions [I.11] and @15 and
taking into account that Maass!(T') is characterized in I by u|g. € K for all

cusps k € C, and Maass(T') by u|g, € K0 forall k €C. W

We can use Proposition 84 to reconstruct u € £ from the value g, of the
cocycle ¢ in (55d) on any parabolic 7 € T'.

11. Cohomology and parabolic cohomology for groups with cusps

We now turn to a more geometrical description of the cohomology of cofinite
discrete groups with cusps, like we did in §6] for cocompact discrete subgroups
of G. For the standard cohomology groups we do not work with resolutions built
on ), but on a contractible subset )y C H, where Y is a parameter. For the
parabolic cohomology, we work on $* D §), where all cusps of I' are added to .
Using tesselations of $* we will define H, (I';V,W) for all i > 0, extending Def-
inition [0l In Proposition [1.8] we will relate these mixed parabolic cohomology
groups H'_ (T'; V, W) to sheaf cohomology groups.

par
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§11. COHOMOLOGY AND PARABOLIC COHOMOLOGY FOR GROUPS WITH CUSPS 65

11.1. Resolutions. For k € C and a > 0, we define the horocycle H,(x) and
the open horocyclic disk D, (k) as follows:
H,(k) = gx(ia+R),

D,(k) = {gxz : Imz >a} . H,(c0)
D,(00) is a euclidean half-plane,

whereas D,(k) is a euclidean disk

touching R in x if kK € R. We denote

90 =9~ Usee Dal(r).

We provide the extended upper half-
plane $H* = HUC (depending on I" via C)
with its usual topology that induces the D, (k)
standard topology on §, and has the H, ()
extended horocyclic disks D, (k) U {k}, ¢
a > 0, as a basis of open neighborhoods
of k € C. This topology is finer than that induced by the inclusion H* C § C PL.

Dg(o0)
(11.1)

e Fundamental domain. We shall work with a fundamental domain § for I'\$)
that satisfies the following conditions: We require that § is a Dirichlet fundamental
domain, constructed from a base point Py that is not an elliptic fixed point. There
is a finite set A = A~! C T such that oF, o € A, runs through the I'-translates
of § that have an edge in common with §. We add the cusps in the closure of § in
H* to §. We require that this extended fundamental domain meets each I'-orbit of
cusps exactly once. This is possible ([17], Chap. IV, §7G on p. 151). In particular,
F* = FNC can and often will be used as a set of representatives for I'\C.

The standard fundamental domain § = {z € § : |z| < L, |z| > 1} for the
modular group satisfies these requirements, with F* = {co}.

. Tesselations. For a fundamental domain § as above, we choose Y > 0
large enough that all Dy (k) are pairwise disjoint and that the following geodesic
segments are contained in the interior of $y: the segments e(Py, a1 Py) for a € A,
all segments connecting Py to the vertices of § N Hy, and all segments connecting
those vertices.

In the sequel we will need tesselations of the following four types.

i) Tesselation of type Dir. With
Xy = TPy, X, =T {e(Py,a'Py) : a € A},

and X5 equal to the collection of the closures of the connected regions
enclosed by the edges in X1, we get a tesselation of a contractible region
contained in $)y. This leads to a projective resolution F = Q[X ], which
computes the group homology and the group cohomology of T'.

i) Tesselation of type Fd. The fundamental domain § gives a tesselation T
of . We add to the edges the I'-translates of the intersections of § with
0Dy (k) for k € F". These edges are not geodesic segments. In this way,
F=3%U U/{GSC“ V., where §y = §N Hy, and where V,, = {goz : Imz >
Y, 2,—1<Rez <z} for some z,, € R, is a triangle with infinite height
and finite hyperbolic area, with vertices k, P; = gx(z, + 1Y) € 09y and
7 1P, = gu(ae — 1 +1Y) € 09y
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66 4. MAASS FORMS AND SEMI-ANALYTIC COHOMOLOGY: GROUPS WITH CUSPS

We write e, = e(P,, ) and f,, = e(Pys, 7. 1 P,) C OHy (k) NF. So e,
is a geodesic half-line and f,; is a horocyclic segment. We have

(11.2) OV = ex— 7 ew — fu-
There is a finite set E of edges e of §y and corresponding 7. € I' such
that
(11.3) Oy = Y fut D e=Y vlte.
KEFCH eckE eck
We denote
(11.4) B = Eu{eg, fu : k€FV}.

See Figure [[T.]] for an illustration in the modular case.

Voo

(&
foo -

FiGure 11.1. Modular group, parts of tesselations of type Fd
(left) and Dir (right).

We put
(11.5)
XY = T {vertices of Fy} , Xo = XJuc,
XY =T{f. : h€FUIUTE, X; = X7 Ul {e, : K €T},
XY = I(Gy). Xy = XY UT{V, : ke,

Here, and in the sequel, we consider the elements of the sets X; as compact
subsets of $*. We have arranged that all elliptic fixed points are elements
of XY

The translates of Fy form a tesselation 7 of the contractible space
9y, and F7Y = Q[XY] is a projective resolution of the Q[I'-module Q.
It is contained in the chain complex F'7 = Q[X ], which is not projective,
due to the cusps in C C X,. The set B in (IT4) is a Q[I']-basis of FY,
and the following set is a Q[T')-basis of FJ :

(11.6) (BylU{V, : ke,

All other tesselations that we consider (apart from type Dir), are
refinements of a tesselation of type Fd.
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§11. COHOMOLOGY AND PARABOLIC COHOMOLOGY FOR GROUPS WITH CUSPS 67

iii) Tesselation of type Mixz. Add to a tesselation T of type Fd based on
a Dirichlet fundamental domain as above the interior base point Py and
the edges from Py to the vertices of Fy. Taking I'-translates of the new
points and edges we obtain a refinement of 7, which turns out to be a
triangulation. See Figure

iv) Tesselation of type Mix/. Take the common refinement 7 of tesselations
of type Mix and Dir built on the same Dirichlet fundamental domain.
Add all I'-translates of the geodesic half-lines from P, to the cusps in §*
and the resulting additional vertices on the edges f,. We call the resulting
triangulation a tesselation of type Mix’'. See Figure

FIGURE 11.2. Modular group, part of tesselations of type Mix
(left) and Mix’ (right).

e Chain complez on $*. The chain complex on §* gives the resolution F;? =
Q[(£*)"!], with boundary maps, augmentation and group action as in (GI). It
has a subcomplex Fihyp’y = Q9.

11.2. Cohomology groups for I'. For all tesselations 7 that refine a tesse-
lation of type Fd, the complex F7+Y is a subcomplex of F7 that gives a projective
resolution of Q and can be used to compute the cohomology groups H (T'; V). For
this purpose, we can also use the complex corresponding to a tesselation of type Dir,
and the complex FMPY

If there are cusps, then H?(I'; V) = {0}. In model Fd, FQT’Y is generated
by Fy. For a cocycle ¢, the freedom in ¢(Fy) is determined by a coboundary
db(§1) =2 e b(e) | (L =7e) + X cgen 0(fs). The b(fi) € V can be freely chosen.

11.3. Parabolic cohomology. We will base the definition of parabolic coho-
mology groups on parabolic resolutions defined below. For the definition of mixed
parabolic cohomology groups we use resolutions based on a tesselation of type Fd
or a refinement of such a tesselation. To put these definitions in context, we shall
prove (Proposition [T.8)) that the resulting cohomology groups are isomorphic to
certain cohomology groups in sheaf cohomology. Moreover, we will show that in
dimension 1 these cohomology groups are isomorphic to those in Definition M0.11
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68 4. MAASS FORMS AND SEMI-ANALYTIC COHOMOLOGY: GROUPS WITH CUSPS

° Parabolic resolutions.  For all resolutions obtained from a refinement of a
tesselation of type F'd there is an exact sequence

— P52 N E S0 —0

of Q[I'-modules such that

a) Fy has a set Gg of generators over Q[I'], such that for each z € Gy the
subgroup I',, C T fixing x is either finite, or equal to ', with € C. (In
the modular case, with a tesselation of type Fd based on the standard
fundamental domain we may take G consisting of 4, 1+;_'\/§7 P, and c0.)

b) For each x € C the Q-subspace (Fp)™ has dimension 1, and the augmen-
tation e is non-trivial on this subspace. (In the modular case, (Fp)? =
Q).

¢) The F;, i > 1, are free Q[I']-modules.

In resolutions coming from a tesselation of $*, we have F; = 0 for ¢ > 3.

We call any resolution with the properties a)—c) a parabolic resolution of Q.
For the moment, we have only the example of resolutions based on a refinement of
a tesselation of type Fd. In Chapter [6] we will use another example, obtained by
taking tensor products.

Most of the properties of projective resolutions carry over:

LEmMA 11.1. If f. : F— F and g. : F'— F are augmentation preserving chain
maps of a parabolic resolution F' of Q, then they are homotopic.

PROOF. In dimension 0, we have for each k € C a unique element b, € Fy such
that m,b, = by, and b, = 1. This forces fob, = gobx. From € o fy = € 0 gy, we
conclude that there is a I-equivariant map hq : Fo — Fy such that 01hg = fo — go-
It satisfies hgb, = 0 for all kK € C. The further construction of a homotopy between
f. and g. goes in the same way as for projective resolutions. See [1], Lemma 7.4 in
Chap.I. W

LEMMA 11.2. If F and F’' are parabolic resolutions of Q, then there exists an
augmentation preserving chain map f.: F — F’.

PRrROOF. For each k € C, we are forced to have fyb, = b),. The further con-
struction of the f; on the generators can be carried out as for projective resolutions.
See [1], §7 of Chap. I. W

DEFINITION 11.3. The parabolic cohomology groups H},, (T'; V) of I with values

in a Q[I']-module V are the cohomology groups of the complex
Homgry(E, V) = Map(X_, V)"
for any parabolic resolution F' of Q.

The parabolic cohomology groups for different parabolic resolutions are canon-
ically isomorphic.

In the case of the parabolic resolutions F'7 based on a refinement 7 of a tesse-
lation of type Fd, there is a subcomplex F7>¥ which forms a projective resolution
of Q. We use such parabolic resolutions to define the mixed parabolic cohomology
groups:
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DEFINITION 11.4. Let V' C W be an inclusion of Q[I']-modules. We define
CY(ET;V,W) to be the space of I'-equivariant maps ¢ : X] — W such that
C(XZ-T’Y) C V. We define coboundary maps d* : C*(E7;V,W) — CHYFT;V,W)
by dic(z) = (—=1)ite(d;412). We call the cohomology groups of the resulting com-
plex

0 — CUET; VW) L ¢ ET VW) S CHET VW) — 0
the mized parabolic cohomology groups Hfm(l“; V,W):
Hpo (D5 VW) = ZYET;V, W) /BUET; VW),
ZUET;V,W) = Ker (d": CY(ET;V,W) — CHY(ET; VW)

(11.7) ) )
{ d—1CYET, V,W) ifi>0,

BY(FT:V,W) = e
‘ 0 ifi=0.

The definition is justified by Lemmas [I1.0] and which show that up
to canonical isomorphisms the space H!, (T';V,W) is independent of the choices

par
made. Note that H/,.(I;V,W) = {0} for i > 2. In the case V = W we denote
Hi . (T;V,V) by H. (T;V). Since F7 is a parabolic resolution, Definitions [T.3]
and [I1.4llead to isomorphic parabolic cohomology groups. Finally, this definition is
a redefinition in the case i = 1; in Proposition [T.5l we will see that Definitions [0l

and [[T.4lead to isomorphic spaces H, (I'; V, W).
e  Dimension 0. Forall V C W, we have HO(I'; V, W)=V" (use that Xg—’Y #0).
e  Dimension 1. Consider the newly defined H!, (T;V,W) in a tesselation T

par

of type Mix. If c € Z(F]; V,W), then 1, = c(y~1 Py, Py) is a cocycle on I' with
values in V. For k € C:

Ya, = c(Po, k)| (me—1) e W|(1—m,).

So 1 is a parabolic cocycle. If ¢ = db is a coboundary, then ¢, = b(Fp)| (v — 1),
so ¢ € BY(T'; V). This gives a map from Héar(l"; V, W) defined here to the mixed
parabolic cohomology group in Definition [0.1]

Conversely, since F7>Y is a projective resolution, there is associated a cocycle
c € ZY(FTY;V) to each parabolic cocycle ¢ on T'. For each P € X}, the cocycle
v = ¢(y~1P, P) is in the same cohomology class as 1, and hence is parabolic. For
each cusp k € F, there is w,, € W such that c(f.) = (7, Pys, Ps) = wy | (1, — 1).
Extend c in a Q[I']-linear way to X, by defining c(e,) = —w,, for all x € . Then
c € ZYF7;V,W) corresponds to the parabolic cohomology class [t)]. Thus, we
have:

PROPOSITION 11.5. The mized parabolic cohomology group H*(T'; V, W) defined
in Definition 1.4 is isomorphic to that defined in Definition 101l

e  Dimension 2. The second mixed parabolic cohomology groups do not neces-
sarily vanish:

PrOPOSITION 11.6. If [T\C| = 1, then for each k € C:

H2 (T, VW) = W/(W(l—m)JrZVMl—v)),

yel’
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ProoF. We work with a tesselation of model Fd. Let §* = {x}. Any cocycle
a € ZXET;V,W) = C*(FT;V,W) is determined by its values a(Fy) € V and
a(V,)) € W. The freedom consists of adding dc with ¢ € C*(F7;V,W). Choosing
c(e) € V for e € E changes a(Fy) by c(e) | (1 — v.) and leaves a(V,;) unchanged.
These elements generate > V'[(1 — 7). Choosing c(es) € W changes a(Vj;) by
cleg) | (1 — mx) and leaves a(Fy) unchanged. Finally, the choice of ¢(f;) € V
changes (a(%T),a(VK)) by (c(f,.g)7 —c(fm)). Thus, we can arrange a(§r) = 0, and
get a(V,) € W with freedom in W[ (1 — ) + > cp [V(1 —). This completes
the proof, and implies that the description is up to isomorphism independent of
the choice of k in its ['-orbit C. To make this isomorphism explicit we consider
0 € I', and note that w — w|d leaves W and V invariant, and sends W | (1 — 7)) +

2ver VI =7) to

WIS(1 =07 med) + Y VIS —67'96) = W1 —m5-1,) + > VI(1—7). W

Along the same lines, we arrive at the following more complicated description
for the general case. We recall, from 1.1l that we use a fundamental domain §
for which §F°" is a system of representatives of the finitely many I'-orbits of cusps.

PrROPOSITION 11.7. For any cofinite group I' with cusps the mized parabolic
cohomology group H2,.(U; V,W) is isomorphic to the space @KGSC“ W modulo the

par
sum of the following three subspaces:

P wit-mn), P Xvin-v, {wle @V : Y u=0}.

KEFCH reEFH yel KEFH
In the special case V = 0, we have Hfm(l“; 0,W) = {0} for i = 0,1, and
(11.8) Hy (T;0,W) = @ W/(WI(1-m)) .
KEFH
If V=W, then
(11.9) H.,(T;V) = V.

This isomorphism is given by evaluation on the fundamental class represented by

(11.10) B =Gv)+ > (V).

KESCU
Thus we have
(11.11)
Hgar(I‘;V,W) = Hgar(I’;V) = H (V) = v,
Hy,(TV)  C Hp, (VW) < HY(T:V),
Hp (VW) S HE (V) = Vr > HY(IyV) = {0}.
° Sheaf cohomology. We now show that the mixed parabolic cohomology

groups can be identified with cohomology groups of certain sheaves on I'\$)*. This
will then be used to give a long exact sequence for mixed parabolic cohomology
groups (Proposition [T.9]).

The topological space X := I'\* is compact. It contains the open subspace
Y = I'\$ and the closed subspace Yy := I'\$)y. We denote the projection map
by 7 : H* — X. Let V. .C W be Q[I'J-modules. On $H* we have the constant
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sheaf W x $* with subsheaf (V x $y) U (W x (H* \ Hy)). The group I' acts by
(w, P) |y = (w]v,y"*P). The quotient

(11.12) Fvw = ((V X Hy)U (W x (9* \@y))>/r

is a sheaf on X. For open U C X the space Fy, (U) consists of all locally constant
[-equivariant functions 7=1(U) — W that take values in V on the components of
7~ Y(U) that intersect 7= 1(Yy).

For a given P € X, choose z € $* with P = 7wz. The stalk (Fy,w)p is
isomorphic to V'= if P € Yy and to W= if P € X\ Yy. The isotropy group I', is
trivial for all but finitely many P € X.

PROPOSITION 11.8. Let V.C W be an inclusion of Q[I']-modules. Then
H](T; VW) = H (X; Fy,w) for all § > 0.

par

PrOOF. For any refinement 7 of a tesselation of type Fd, we form for z € X,
the open set

Q, = {z}u{é: eeXl,zee}U{f/ : V€X2726V}.

in $*. By é, we mean e minus its end points, not the (empty) interior as a subset
of H*. For z € XgN N, the set 2, contains finitely many é and V.Ifk e C, then
Q, is equal to Dy (k) U{k}. If T, is non-trivial, the set Q, necessarily contains I',-
equivalent points. We require that the tesselation 7T is such that all 2, contain no
more I-equivalent points than necessary: If I', = {1}, then . should not contain
I-equivalent points; otherwise, if z1, v 'z, € Q, for v € T, then v € I',. We
also require that X» consists of triangles. A tesselation of type Mix’ satisfies these
conditions.

The set A = {7, : z € Xo} is a finite open covering of X. The intersection
of two different elements of 2, if non-empty, contains the image mé for exactly
one I'-orbit of e € X;. The non-empty intersection of three different elements of
2 corresponds to the 7V for exactly one I'-orbit of elements V' € Xs. In this
way, we can check that the complex C'(F,V,W) is isomorphic to the complex
(C’i (2, ]:V=W))i in Cech cohomology. This implies the following isomorphism:

H;z)ar(rv‘/aW) = Hi (lefV,W) .

See, e.g., [12], Chap. III, §4 for Cech cohomology.

Leray’s theorem (Exercise 4.11, loc. cit.) gives H' (U; Fyw) = H' (X; Fyw)
it H* (U; Fyw|v) = {0} for all intersections U of elements of 2 for all k& > 1. To
finish the proof, we have to check that this condition holds in the present situation.

We first consider a connected set U that does not contain the image of an
elliptic or parabolic fixed point of I'. It may happen that U is contained in Yy
or in X\ Yy. Then the restriction G = Fyw|u is the constant sheaf V or W,
and H' (U; Fyw|v) = 0 for i > 1, since constant sheaves have trivial cohomology.
The other possibility is that U is a neighborhood of 7é for some edge e contained
in 99y. Then G(Uy) = W if U; € X\ Yy and G(U;) = V otherwise. The set
Uy =UnNYy is closed in U. Let k : Uy — U denote the inclusion. We have an
exact sequence of sheaves of Q-vector spaces on U:

(11.13) 0—§¢ —>W —k(W/V)—0,
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where W is the constant sheaf given by W on U, and W/V the constant sheaf on
Uy given by W/V. For i > 1, we have H' (U; W) = {0}, and H* (U; k. (W/V)) =
H® (Up; W/V) by Lemma I11.2.4, Ioc. cit., and hence also H*(U; k(W /V)) = {0}.
The long exact sequence corresponding to (ITI3]) starts with

0 -V - W —» WV — H. ;G — HY U;W) —

I
0
Since W — W/V is surjective, this implies that H*(U;G) = {0}. The later parts
— H"YU;k.(W/V) — HY{(U;G) — H (U;W) —

| |
0 0
of the long exact sequence show that H*(U;G) = 0 for i > 2.

Suppose now that U contains the image of a parabolic or elliptic fixed point.
Then U = 7€), where z € C or z is an elliptic fixed point. We treat the case
z = Kk € C. The other case goes similarly.

Let P = 7 k. The restriction of G to U \ {P} is the constant sheaf W. With
the injection k : {P} — U, we have the following exact sequence of sheaves on U:

0—G—W —k (W/W,) —0,
where W, is the constant sheaf W/W7T= on {P}. We proceed as in the previous

case. N

This proposition shows that the concept of mixed parabolic cohomology in
Definition [[T.4] can be interpreted as sheaf cohomology. Since a sequence of sheaves
is exact if all corresponding sequences of stalks are exact, we have:

PROPOSITION 11.9. Suppose that the rows in the following diagram of Q[I]-
modules are exact

0 v/ v v 0
o T

0 w’ w w 0
and that for each k € T the sequence
(11.15) 0— W)™ — W — W™ —o0
is exact as well. Then there is a long exact sequence of mixzed parabolic cohomology
groups

i—1(. i . i .
e —H NV W) — H (T VW) — HE (T, V, W)
—H (V' W) — HFN T VW) — -

Parabolic cohomology groups are sometimes defined as the kernel of the re-
striction to the boundary in the Borel-Serre compactification, e.g., in [8], §2. In
dimension 1 this leads to parabolic cohomology groups isomorphic to the groups
H! (T;V) defined here.

par

The category with as its objects inclusions V' C W of Q[I']-modules and the ob-
vious morphisms is not abelian. To get a fully satisfactory cohomological treatment
of mixed parabolic cohomology, one should extend Definition [1.4] to morphisms
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V — W of Q[I']-modules. We refrain from carrying out this extension, and men-
tion only one case, which will be used in Section[I3l Let V' < W be an inclusion of
Q[I'-modules. Define Qyy/y as the quotient in the exact sequence of sheaves on X

(11.16) 0— Fvw — Fww — Qwyy — 0.

So Qv (U) = 0if the open set U is contained in X\Yy and Qv (U) = W/V oth-
erwise. By generalizing the proof of Proposition [T.8 one sees that H*(X; Qu/v) =
HY(I'; W/V) for all i > 0. As a consequence of the exactness of (II.I6]) we obtain
a long exact sequence

o —HTY W)V — H. (T, V, W) — H' (T; W)

par par

— H(T;W/V) — HIND, VW) — ...

par

(11.17)

12. Maass forms and cohomology

This section generalizes the results concerning the relation between Maass forms
and analytic cohomology given in Chapter 2 for cocompact groups to groups with
cusps. We follow the same method as for cocompact groups, with some modifi-
cations to handle the complications caused by the cusps. The presence of cusps
brings also a simplification: The cusps are vertices of the tesselations situated on
OH. There is no need to extend cocycles to hyperbolic fixed points on OH, like we
needed to do in §7.3

12.1. From invariant eigenfunctions to parabolic cocycles. The linear
maps r and q from invariant eigenfunctions to cohomology classes have been de-
scribed in (BH) only in the group model of cohomology. In a model based on a
tesselation 7 of type Fd or a refinement of it, cocycles r and ¢ representing ru,
respectively qu, for u € EL' are determined by:

(121) r@(Q) = [WRG ). a@)e) = [wa(2)] foroex]Y.

We know from Propositions [0.3] and [T.5] that ru is a parabolic cohomology class
in Héar(I‘; V@ P ex) where V9 9X¢ consists of elements with finitely many sin-

gularities of a special type, discussed in Definition @.I71 The following result gives
explicit cocycles in the classes ru and qu.

PROPOSITION 12.1. Let T be a tesselation refining a tesselation of type Fd.

For a cusp form u € Maass (I'), the cocycles v and q in (IZ1) have unique
extensions v € ZY(FT; V2, V%) and ¢ € Z'(ET; W2, W25 0), given by the in-
tegrals in (1)) for all x € X7 .

Ifu € Maassi(F) and s # %, the cocycle r has a unique extension as an element
of ZV(ET; V& Y@hsimple) determined by

rlep,) = —AV:;T(GTrEIPVP) = —AVT;’I"(Eﬂ_;lpﬁp)

for k € C and P € X{ on the horocycle Vy (k). (See §&2 for the one-sided aver-

ages.)
Ifs # % andu € EL is a general invariant eigenfunction, then r can be extended,

non-uniquely, as an element of Z'(FT; V¥ V@) by defining
r(epy) = _AV.:;T(ew,ZlP,P)

for k € C and for P € X{ on the horocycle Vy (k).
In all cases q = b(s) Pir gives an extension q € Z*(FT; W& W™ exe),
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PROOF. If w is a cusp form, then the integral in (I2.1]) converges also when
one end point of x is a cusp. Use Proposition and (@I2), and Proposition
for the uniqueness. In the general situation, we have r(ewgl pp) € VY, and hence
AV‘:; r(ep -1p) € V;’[k]. Lemma[@.4 and Proposition @.18imply, after conjugation,
that AV:;'I"(eﬂ_gl pp) € Vi [k]. The I'-equivariance of r follows from 7,1, =
~v~'m.y. For the cocycle property it suffices to consider dr on the triangles V. at
the cusps k € §:

dr(V,) = rlep,.x) | (1 —ms) + T(EW;IPN7PE)

= (=AV] rlepip p)) [ =m) +r(e,ip p) = 0.

If u € Maass.(T), then r(e -1pp) € Yehsimple | (1 _ 7 ) by Proposition (151
The choice r(ep,) = AV;T(CWEIPVP) = Av_r(e,-1p p) is unique. See Propositions
0.13] and 0.14] ]

12.2. From parabolic cocycles to invariant eigenfunctions. The ideas
in §7.11 and 7.2 can be applied, with some modifications. In this subsection, we
construct an element of ! starting from a parabolic (W“, W= ¢¢)-yalued cocycle
in two ways: a local representation as a sum of values of the cocycle, like in §7.1],
and as an average over I, like in §7.21

We work with a tesselation T of type Fd based on a Dirichlet fundamental
domain §. A difference with the cocompact case is the presence of edges in X]
with a cusp as one of their end points. For the interior edges e C )y we can work
with R-neighborhoods Ng(e), like in §7.I1 The R-neighborhoods with respect to the
hyperbolic distance of edges ep,, with & € C intersect infinitely many I'-translates
of ep,.. We define instead for R > 0

(12.2) Nr(epy) = {gsz : |[Rez| <R, Imz>1/R}.

This is the set g.Wy,r with Wy /g as defined in (@.I8)). It is of the form $ ~\ Q for
an excised neighborhood Q of P} \ {x}. It contains ep,, if R > Y.

For a given cocycle 1 € Z'(FT; W, W~") we choose a I'-equivariant lift
Y e CHFT; G, G¥"ex) by first choosing lifts of 1(b) for b in a Q[[']-basis B of F ;
e.g., B=FEU{fs e, : k€ F"}. For interior edges e € E or e = f,;, we choose
any lift 1(e) € G¥ of 1(e) € W. For the edge e, to the cusp k € F it is sensible
to take a lift of 1(e,) € W€ satisfying

(12.3) U(e) € G¥ Singv(ex) C Ng(e,) for some R>Y .

To see that this is possible, we note that ¥ (e,) | (1 — m.) = ¥(f.) € W*. Hence
BdSing ¢(e,) C {xk}.

Next we fix R > Y large enough that Singt(e) C Ng(e) for all e € X7 . Let Z
be a finite union of T-translates of §. We can find cycles C' € Z[X{ ] with winding
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number 1 on Z such that Ng(C) = U, csupp o Nr(€) does not intersect Z.

The cycle C' has to pass through the finitely many cusps in Z.
We define uy, on Z by

(12.4) up(z) = =HO)).

Like in §7.1] this does not depend on the choice of the cycle C, on the choice of the
lift 1, or on the choice of 1 in its cohomology class, and satisfies w,(32) = uy(2),
and leads to uy = upy) € EL.

Suppose that 1 is the cocycle ¢ in (IZ.I]) representing qu, with u € L. We
can take a lift ¢)(b) € C%(£) of q(b), for b € B, equal to the value of the integral in
([2I) outside N.(b). If ¢ is sufficiently small, then there is a non-empty open set
V C §y not intersecting the e-neighborhood of any e € X/ . With Theorem [Tl
and Proposition we obtain for z € V:

1

up(2) = — [ [uqs(+,2)] = u(z).
Uy Ty

By analyticity uy = u everywhere on ).
If s # %, we have q€!' C H;ar(F;VVS“’,VVS‘”** ex¢), from Theorem @201 Thus,
1 — uy induces a one-sided inverse of q. For s = %, we have u, = u only for

those u € 55/2 for which qu € HJ, (T; 1‘”/2,1/\/1‘7;’ “*¢). This includes the Maass

cusp forms in Maass(l)/Q(F).
We summarize:

PROPOSITION 12.2. There is a linear map v — wy from ZY(FT; W&, W' exe)
to EL'. The invariant eigenfunction u, depends only on the parabolic cohomology
class [Y] € Héar(F;V\/s‘“,VVS“*’ ) and can be given on each compact set in $ by a
(finite) C-linear combination of translates of ¥ (e), where e runs through the Q[I']-
basis B of FY in (ILA). If s # & the induced map o : H}, (T; W2, Wehexey gl
satisfies a® q = Id on EL.

In §12.4] we will discuss the question under what conditions on % the invariant
eigenfunction 1, is in Maass2(T') or Maass(T").

Now we have generalized the approach in §7.1] leading to Theorem To
generalize 720 we use the diagram (@IT). It satisfies the exactness condition
([III3), as follows from Lemma [0.22] Proposition [T.9]implies that there is a long
exact sequence associated to (@Q.I7), from which we use the following part:

—>H1 (P, g;.)j g;u*, eXC) N Hl (P, VVSUJ, Vvsw*, exc)

par par

s H2, (TN N5 00)

par
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76 4. MAASS FORMS AND SEMI-ANALYTIC COHOMOLOGY: GROUPS WITH CUSPS

We choose a lift Y e CHFT;G¥, G o) of ¢ € ZY(FT;W», W) as above.
Then dip € Z*>(FT; N, N, As in 7.2, we obtain

(12.5) Uy = %AvF (d(3)) .

independent of the choice of the lift ). The support of diﬁ(&) e N¥hexe i not
compact, but meets only finitely many I'-translates of §. So the sum defining
Avy.(dv)(F)) is locally finite and converges absolutely. The representation of u, as

an average does not depend on the choice of the lift ¢ satisfying (I2:3).

12.3. Injectivity. Starting from a cocycle ¢ € Z'(FT;W* W) and a
lift ¢ of v satisfying (I2.3), we have constructed in two ways, (IZ4)) and ([I2.1), a
I'-invariant eigenfunction w., thus obtaining a linear map
af s Hyp (s W2 W 050) — &
Now we will prove:
PROPOSITION 12.3. Let s € C, 0 < Res < 1. The map
ol Hgar(F;VVSw,WSW*’ oxey gl
in Proposition [[2.2] is injective.

With Proposition I2.2] and with the fact that the transverse Poisson map gives
isomorphisms V¢ = W and VS‘"*’ OXC =2 VVS“’*’ °X¢ this implies:

PROPOSITION 12.4. Let s € C, 0 <Res <1, s # 5. Then
1 L)W * ex ~ ol
Hpar(r’ Vs 7sz ¢ C) - gs .

To prove Proposition [2.3] we use the following results, of which we postpone
the proofs.

PROPOSITION 12.5. The cohomology group H}, . (T; G, GY o) s zero.

LEMMA 12.6. Suppose ¢ € C*(ET; N, N¥" ) satisfies the following condi-
tions:
i) There exists R > 0 such that Supp ¢(V,;) C Nr(e,) for all k € F.
i) Av,(c(§)) =0.
Then the class [c] € H2,.(T; N, N®"e) is the zero class.

PROOF OF PROPOSITION [Z3l For a given cocycle ¢ € ZH(E7; W&, W& exe)
we suppose that uy = 0. We have to show that [¢)] = 0 in H}, (T; W2, W' exey,

To obtain u, from 9 we have chosen a lift ¢ € CY(F7;G¥ G¥">) satisfy-
ing (IZ3). The assumption implies that Av, (d&(%)) = miuy = 0. For each k € T
we have

di/J(Vn) = _w(fn) + 1/)(€n)\(1 - ﬂ-l{)

as an identity in G . The singularities of QZJ( fxc) are contained in a compact
subset of £, and those of 1(e,), and hence also of (e, )|(1 — ), in a set Ny(e,) as
in (IZ2). So there is an open neighborhood Q of P} \ {x} in P{. that is an excised
neighborhood of P ~ {x}, for which di)(V;) € £(2N $H). Since the cochain ¢
represents the cocycle 1 we have di)(V,) = 0 on QM. In particular Supp di)(V,,) C
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§12. MAASS FORMS AND COHOMOLOGY s

Ng(ey) if R is sufficiently large. Now we can apply Lemma to conclude that
the class [di] in HZ,,(I; N'%, N %) is zero.

We use the part
HIL (15 G2, G 050) — HL (T W2 W 05e) =2y 12 (D2 )

par par
of the long exact sequence associated to the diagram (@.I7) by Proposition [T.9]
Since [dy] = §[1)] we have [¢)] = 0 by Proposition [250 W

Proor or LEMMA 2.6l The cocycle ¢ is determined by its values on the basis
{gy}U{VK : KESCH} OfFQT Ve

The support of ¢(Fy) is a compact =
subset of $. Condition i) in the lemma
ensures that we can find a large a > Y
such that Supp¢(Fy) C I'§, and that Fa
Suppc(Vy,) C I'(§, U VE) for all k €
F°". In particular Supp ¢(V,;) does not

intersect I'Vy! for some A # k, A € §U.
Condition ii) implies that Avp.(c¢(Vy)) = :;
0 on FV; 2\
We take o € CZ°(R) such that ) _,a(x+n) =1 for all z € R, and 3 €
C*(0,00) equal to 0 on (0,a) and equal to 1 on (a + &,00) for some ¢ > 0. We

define for each x € F" the function y, € N by y,(g.2) = a(z) B(y). Let é
be given by ¢(Fy) = ¢(Fy) and for each k € F

(Vi) = e(Vi) = Y (Vi) - (el DL = 7.™) = X eVl ™

neZ neEZ

The cocycles ¢ and ¢ are in the same cohomology class, and Av. (6(3)) = Av, (C(S))
Since the support of ¢(Vj) is contained in Iy (V,f U Sa) we have for z € f/k“+€

AL (e(Vi)) (2) = xn(2) D eVi)lm " (2) = é(Va),
ne”Z
and on the other hand Av,,(¢(Vi))(z) = Avp(¢(Fy)) = 0. Since € > 0 was arbitrary
we conclude that é(V,;) has compact support for each x € F. Hence é(F) has
compact support, and is an element of N%.

The proof of Proposition [.3] works for ¢(F), although the support of the func-
tion x constructed there is not compact and intersects infinitely many fundamental
domains. Thus we see that ¢(F) € Y N“[(1—+~). The cocycle ¢ is in the same class
as the cocycle ¢ given by ¢(§y) = &(§) (which is in 35 N¥[(1 7)) and &(v,) =0
for k € . The cocycle ¢ is a coboundary. W

PROOF OF PROPOSITION Let o € ZY(FT;G¥,G< ) where T is a tes-
selation of type Fd. The presence of cusps gives us directly ¥pg = ¥(epg) €
g;’** ex¢ for all P,Q € Xg— , including the cusps. There is no need of an extension
to hyperbolic fixed points as in Lemma For P,Q € Xg—’Y = Xg_ N %, we have
Ypg € GY.

The cocycle 9 is determined by its values on the Q[I']-basis B = EU{ f,; }U{e.}
in (IT4). For interior edges we have v (e),¥(f.) € G¥. Since v is a cocycle, we
have ¥ (e,) | (1 — m) = ¥(f,). This implies that (IZ3]) holds automatically for the
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78 4. MAASS FORMS AND SEMI-ANALYTIC COHOMOLOGY: GROUPS WITH CUSPS

cocycle ¢. Thus, we know that there is a number R > 0 such that Sing ¢ (z) C Ng(z)
for all z € X7, with Ng(+) as defined in T2Z2

Let cusps &, € C be given, and let Z C $ be compact. There is a chain
p=D>,cj¢ € Z[XT], representing a path from ¢ to n, with e; € {1,—1}, ¢; € X{
such that Ng(e;) N Z =0 for all j. For z € Z we have

Yenl2) = DO = D g5l (e).

So Ye, € Es (Z) The path can be adapted to any compact Z C $), and hence
ey € E for each pair of cusps.

Let P € Xg . From dpe | (1=7¢) = §p -1 pp € G2 it follows that Sing ({p,¢) N
0% C {¢}. Let n € C, n # €. In the relation ¢, = ¥p,, — ¥ p¢ singularities near &
of 1 p¢ cannot be canceled by singularities of ¥p,,. So Sing (z/Jp{) is a compact set
in 9.

We apply Lemma[0.23 with ¢ = ¢ p¢ | ge. Since ¥pe| (1 —me) = ’(/)Pm_glp € GY,
condition b) is satisfied as well. So there is p¢ € G@hexe N EF¢ such that Ype—Dpe €
G¥. For n=~71¢, v €T, we take Pn = D¢ | 7. The me-invariance of pe implies that
this does not depend on the choice of v such that n = y~1£.

Let h € CO(FT;G¥ G¥"°¢) be given by h(Q) = 0 if Q € XJ N $H, and by
h(§) = pe for £ € C. So h takes values in £. We go over to the cocycle v =1v—dh
in the cohomology class of ¥. Then ﬁf,n e & forallé,n € C,and ’lﬁp,g =1Ype—pec €
G¥. So 1/3577, = 1/31:7,, — 1[)]375 € & NGY = {0}, as follows from ([B3)). Taking the base
point in C we obtain a group cocycle corresponding to 1[) that is zero. W

12.4. Restriction to subspaces. The map ¥ : H}, (s WY, Wehexe) gl
has been constructed in §I2.2 for all s with 0 < Res < 1. Under the additional
condition s # % it is an isomorphism. Now we turn to its restriction to subspaces
of Hl (F, VVSW,VVSW*’ exc).

par
ProOPOSITION 12.7. Let s € C, 0 < Res < 1. The following linear maps are
isomorphisms:

* T * a¥
(12.6)  Hp (T390 %) = H (DWW %) 25 Maass)(D).

par par
Under the additional condition s # %, the following linear maps are isomorphisms
as well:

. t . v
(12.7) L (F; sz’ sz ,snnple) L> H! (F; VVSW, Vvsw ,51mp1e) Lay Maassé (F) .

par par

PROOF. We consider two cases: (a) W = W<, s = L allowed; (b) W =
Wehsimple g o L Consider a group cocycle 1 € Z3 o (D; W2, W). Proposition 122
implies that [¢)] = quy.

Consider a cusp k € F“. Propositions and imply that there is a
unique eigenfunction v, such that the class qu, € H!(T'x; WY, W) is represented
by the restriction of 1 to [y, ie., ¥, = v,. We have v, € (K9 in case (a),
and v, € K in case (b). Proposition (1] shows that v, = wuy. Since this holds
for all cusps # € §°, we conclude that u, € Maass)(T') in case (a), and u, €
Maass(I") in case (b). Proposition [0.3]shows that a gives isomorphisms in ([Z.0)
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§13. PARABOLIC COHOMOLOGY AND MIXED PARABOLIC COHOMOLOGY 79

and (IZ7). The proof is completed by the fact that the transverse Poisson map
gives isomorphisms V¥ — W and V"¢ 5 Wehexe R

13. Parabolic cohomology and mixed parabolic cohomology

In this section we shall prove the isomorphism

(13.12) (T3 V22, V%) 2 Hpn (D 12)

in Theorem [B] and also, under the assumption s # %, the isomorphisms
(13.1b) Hll)ar(p; Ve, sz*, simplc) ~ Hliar(r; sz*, simplc) ,

(13.1c) H;ar(r‘; Ve Yhexey o Héar(r; szo, exc)

Together with the previous section, this will complete the proof of Theorem
We recall that 1/8“07 ex¢ consists of the f € V¥ °*¢ for which the set of singulari-
ties BdSing (f) is contained in the set C of cusps of I'. In Proposition [[377 we shall
. . 0
give an example that shows that there are I' for which we cannot replace V& ¢*¢
by V¥“e*¢ in (I3Id). The proofs will show that ([3.Id) still holds if we replace
VS“’O’ ex¢ by the I'-module of those f € V¥ for which BdSing (f) does not contain
hyperbolic fixed points.

13.1. Space of singularities. The Q[G]-module S, = V" /V¥ is the space of
singularities of semi-analytic vectors in the principal series. For & € 05) we denote
by Ss¢ the subspace represented by elements of VV[¢]. For each g € G the map
f+— f]g induces an isomorphism

8375 — 5375 | g = Ss,g*1§ .
Clearly, S; contains the direct sum of all S; ¢ with £ € P} = 0§). We note that S; ¢

is a subspace of S, not a stalk of a sheaf.

PROPOSITION 13.1. The space Ss is equal to @ See-
£ePy

PROOF. For a representative f € V¥~ of an element of S, we write BdSing (f) =
{&1,...,&.}. We identify f (in the circle model) with a holomorphic function f €
O(£2), where Q C C is an open set such that S! \ Q = {£,...,&,}. We choose
open sets 27 and s such that

Q= 9Ny,

516917525"'a€n¢917 £1€92a£27"'7§n692~

\ 52 52

A theorem in complex function theory (e.g., [14], Proposition 1.4.5) gives the exis-

tence of f1 € O(Q1), f2 € O(Qs), such that f = f1+ f2 on Q. (Apply Theorem 1.45
in [14] to the covering {21, Qa} of Q1 UQy, and put g12 = —g21 = f on 1 N Qo.
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80 4. MAASS FORMS AND SEMI-ANALYTIC COHOMOLOGY: GROUPS WITH CUSPS

The theorem gives g; € O(€2;) such that g1 2 = g1 — g2 on ;3 N Qy.) Thus we have
BdSing (f1) C {&} and BdSlng (f2) C {&,...,&}. Repeating this construction
gives f + V¥ as an element of @ge% S, N

e  Ezact sequence. For any Q[I']-module W with V¥ ¢ W C V*", we conclude
from (III7) that the following sequence is exact

(13.2)  HOL;W/Vy) — Hpoo (T3 V2, W) — Hy (T W) — HY (T W/VY).

par par

Since all T-orbits in 9§ are infinite, we have (W/V*)' C SI' = {0}. Hence the
natural map HJ, (0; V2, W) — Héar(I‘ W) is injective. If the image of H},, (T'; W)
in HY(I'; W/V¥) is zero, then this map is surjective as well.

It seems unnatural that we go from parabolic cohomology to standard coho-
mology. The following lemma makes this step more explicit in the description of
cohomology based on a tesselation T of type Fd, discussed in IT.11

Recall that X7 has three kind of edges: the edges going to a cusp, which are
the I'-translates of finitely many e, (k € §"), the edges in 9$)y, which are the
I'-translates of finitely many f, € XlT’Y (k € F), and the interior edges in XlT’Y
of the form ye with vy € ', e € E.

LEMMA 13.2. Letc; € ZY(E7;W). There is a cocycle c in the same cohomology
class such that c¢(e) = 0 for all edges e going to a cusp and for all edges contained
m 85§y

PROOF. For each k € F, the edge e, goes from a point P, € 0y to k.
Define f € Map(XJ ,W)! by f(P.) = ci(e,) for all K € , and f = 0 on all other
T-orbits in XJ. Take ¢ = ¢; — df, then c(e.) = 0 and ¢(f.) = cles)| (1 —m) =0
forall k e . N

The new cocycle c is effectively a 1-cocycle on F7+Y | and this resolution com-
putes the standard group cohomology, as we have discussed in §I1.21 Actually, the
condition that ¢(f,) = 0 for all k € F* for some ¢ in a cohomology class can be
used to characterize H!, (I'; W) inside H(T'; W).

par(

DEFINITION 13.3. We call a Q[I']-module W such that V¥ ¢ W € V¥ locally
defined if the image SV of W in S, has the form

= Psik.
13529

where SZVE = SW NS

Since W is a Q[I']-module, the local summands satisfy S ey = sV 7—1¢ for all
¢ € Py. The subspaces V¥ hoo pwsimple )w “exe and Yt exe of V" are all locally

defined.
If W is a locally defined Q[I']-module between V* and V¥, we have
(13.3) H(; 8 = @ HY (T8 (2)),

zel\P}

where SW( ) is the Q[I'l-module P, S!}{é. So for the bijectivity of the natural
map H! (T; V@, W) — H! (T;W) it suffices to show that the image of

par

H.(I;W) — HY(T; SV (z))

par

par (
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§13. PARABOLIC COHOMOLOGY AND MIXED PARABOLIC COHOMOLOGY 81

is zero for all I'-orbits z € I'\P%.
The main result of this subsection is the following proposition:

PROPOSITION 13.4. Let W be a locally defined Q[I']-module between V¥ and
VS”*. Let & € Py. If & is a hyperbolic fized point fived by n € ', n # 1, we assume
that the map

(13.4) 1—7]:8‘/}20 — SW

s s,€0
is injective. Then the image of HL, (T; W) in H*(T'; SV (T&o)) vanishes.

This implies that H}, (T; Ve, W) = H] (T; W) for all locally defined W be-
tween V¥ and V¥~ for which the map in (I3.4) is injective for all hyperbolic fixed
points of T'.

PROOF. The proof is long. Starting from ¢ € Z* (FT’Y; S;’V(I‘fo)) representing
a class in the image of H}, (I'; W), we will show that ¢ is a coboundary, separating
the cases where I, is trivial, hyperbolic or parabolic.

We can assume by Lemma that ¢(fx) = 0 for each k € F", and hence
¢(f) = 0 for any edge f € X; ¥ with support contained in 0y .

Let & € PL. For h € S (T'¢) and ¢ € T'¢y we denote by he the component
of h in the summand 8;’}/5. We have

(13.5) (P17)e = hyel-
We put for £ € T'¢y:
(13.6) D(§) = {ee X"V : c(e)e # 0}
LEMMA 13.5. For each § € T'¢y the set D(§) consists of finitely many I'¢-orbits.

Proor. From ([I3.3):
ve € D(§) <= c(ve)e = c(e)y-1¢ |71 #0 = cle)y—1e #0 <= e € D(y1¢).

This implies that T'¢ D(£) = D(&).
For each interior edge e € X; ", the set {€ € T& : c(e)e # 0} is finite, since
BdSing (f) is finite for each f € V¥". We use that X, = Ueep el leze I fi

where EU{f,.} is the finite Q[T']-basis of F/ ¥ mentioned in §IT.11 Since c(f,) = 0,
we have

DE) = | fre : vET, efe)yre £ 0},

ecE

which consists of finitely many I'c-orbits. W
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82 4. MAASS FORMS AND SEMI-ANALYTIC COHOMOLOGY: GROUPS WITH CUSPS

o (aseT¢, ={1}.

Let k e ,and ye . If vy €Ty,
then c(y~!P,, P.) = 0, since there is a
path from v~ ' P, to P, along the horo-
cycle of P,. If v & T, then v 71 P, is
on another horocycle. For each & € T'¢,
the set D(€) is finite. Hence there is a
path p from vy~ P, to P, along edges of
XlT’Y none of which is in D(£). (It does
not matter if the path goes through an
end point of an edge in D(&).) Hence
c(y1Pys, Py)e = c(p)e = 0. This holds
for all £ € T'¢y, so ¢(y~ P, P.) = 0.

Take P, as the base point for the transition to group cocycles. This leads to
the cocycle ¢ satisfying

7/"7 = 0(7_1PMPH):O ('YGF)'

This shows that ¢ represents the trivial cohomology class.

o (CaseeC.

We take k = &y, and use P, as
£ the base point. As before, we have
D(€) c(y'P,,P,) = 0 if v € T.. Let
v € I'\Ty,. For each ¢& € T'k the
edges in the T'g-invariant set D(€) are
P all contained in a horocyclic disk C
¢ at & If € # k and € # vk, a
& ) path from 4~ !'P, to P, along edges
of XIT’Y may be forced to pass

K

through C, but if so, the pieces of the
path that are inside C can be chosen along edges in 0f)y, on which ¢ vanishes.
Thus we conclude that ¢(y™' P, Py)e = 0 for € & {r,v 'x}.

The group cocycle 1, = ¢(y ' P, Py) is of the form
(137) w'y = (w’y)'y*11< + ('(/)’Y)m € SZ,Vyfln S2] SZ,[; .

Let 7,6 € T such that § € T',, and v6 ¢ T';,. Writing out the cocycle relation
thys = 1y | 6 4+ s, we find for the components in SSV};:

(13.8) (w'y(;)n = ('(/)5)1‘6'
This implies that there is b, € S!}é such that (¢). = b, for all y € ' \T,. For
such ~:
(wvfl)w +be = ww*l = —1y ‘771 = —(1/17)7715 | '771 — by |771 .
Hence
()
(w’y)v_lm = —(1%—1)% | V_bn | ’Y—b,{ = —(1/)7—1 ‘W)K_bn | 7_(¢W)n = _bn | -
We arrive at
0 if r
(13.9) vy = LTE
b |(L—7) ifyeD'\T,.
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For 0 € ', v € I'\I'x, the cocycle relation implies 95, = 1. Hence b, | (1—dv) =
be | (1 =7), s0 b, € (SV)F~. Thus we have ¢, = b | (1 — ) for all y € I, and ¢
represents the trivial cohomology class.

o Case where & is a hyperbolic fized point.

We now suppose that & is fixed by
a hyperbolic n € I'. We fix k € F.
Proceeding as in the previous cases we
find c(y 1P, P.) = 0if vy € T'y. 1
Let v € I' N\ T'; and consider ¢ €
I'éy. Let n € I' be a generator of I'¢;
say £ is the attracting fixed point w(n)
of . Then 7 also generates I'¢/, where
¢ = a(n) is the repelling fixed point.

1

The set D(§) consists of finitely many I'c-orbits. If x and vy~ '« are in the same
cyclic interval (£,£"). C Pg or (¢/,€). C P4, then we can find a path from v~ P,
to P, not containing edges in D(€), and hence c(y~ 1Py, P.)e = 0. If 67!k and &
are separated by £ and ¢’ in P}, then D(§) may form a barrier between 6! P, and
P,. But now we have ¢(P,, 77*1P,€)§ =0and ¢(671 Py, 77*15*1P,€)§ =0, since k and
n~ 'k are not separated by ¢ and ¢’, and similarly for ~'x and 716~ 'x. Thus we
have

(0 Pe, Po) [(L=m)), = e(6 Py 8 P)e — c(Payn 'Pe)e = 0.

The injectivity of the map in (I34]) implies by conjugation that 1 — # is injective
on 8%, and hence ¢(07" Py, P)e = 0. We proceed as in the case I'g, = {1}.

This completes the proof of Proposition[3.4 W

PROPOSITION 13.6. For the spaces V<™, Y& simple g g wtexe yhe oy ([34)
in Proposition [[34) is injective for all hyperbolic fized points.

PROOF. Suppose after conjugation that n = [‘ég 1/0\/5} with 0 <t < 1, fixing 0.
If f € V¥ then f has an asymptotic behavior f(z) ~ Yoo ganx™ as z — 0 for
some a, € C. Then f|(1—n)(z) = f(z) —t*f(tx) ~ Dol — ") a, 2™ If
f1(1—=mn) eV, then (1 —t""%)a, = O(C™) for some C > 0, and consequently a,
is also O(C™), since 1 — t"5 tends to 1 for n large, so f € V. This shows that
V"% satisfies the condition.

If f € Y@hsimPle then f(x) ~ °° | a,2". Now the assumption that f | (1—n)
is analytic at = 0 implies (a —t*"')a_; = 0, and hence a_; = 0 since Res # 1.
So f is analytic at 0 as before.

Finally, of course, the condition is vacuous for Vs‘*’o’ exc. N

For the space V"¢ the map in ([I34) is not injective. This one sees by
considering n = [ S 1(; t] with ¢ > 0. The function given by

(13.10) p(z) = 27° forRez >0, p(z) = 0 forRez<0

determines a non-zero n-invariant element of V"¢ (line model), with singular-
ities 0 and oco. However, of course, the subspace of those f € V¥ for which
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BdSing (f) does not contain hyperbolic fixed points also satisfies the conditions of
Proposition 1341

e Counterezample. To show that the injectivity of the map in (I3.4) is necessary,
we give a counterexample, based on the commutator subgroup T, = [I'1,T1] of the
modular group. It is a subgroup of I} of index 6. It is free on the hyperbolic
generators C = [1 J and D = [ _ ? 71] It has one cuspidal orbit Pg, and (T.),, is
generated by 7¢ = CDC~1D~1. See [17], Chap. XI, §3E, on p. 362.

PROPOSITION 13.7. Denote ¢ = 1+\/g' Then H!, (T.;V¥") has non-zero

par

image in H* (FC; SZV(FC(b)), where W denotes V< €,

PrROOF. The element D is conjugate to nn = [%2 ;2}, and fixes —¢ and ¢~ 1.

The example in ([[3.10) shows that we can find f € WP with BdSing(f) =
{_¢7 ¢71}'

Define v € Z'(I.; W) in the group model of cohomology by ¢ = f and
1¥p = 0. This determines a parabolic cocycle:

Yro = (Yolas (D=1)+¢plas (1-C))|,, C7'D™" = flas (D-1)C~'D™'40 = 0.

Suppose that the image of [¢] in H!(T,; S;’V(I‘QS) is zero. Then the image of
is of the form dF with F € S (I'¢). From F|(D — 1) = 0 it follows that F' =
F 4+F, € S s @S o1 since —¢ and ¢! are the fixed points of D. Further,
fHVe=F [(C-1)= (F|C)Cl ¢)+(F|O)C 1 1— F_ ¢—F¢1 The points
C~(-¢), C71 gifl, —¢ and ¢! are all different. Since BdSing (f) = {—¢,¢ "'},
we conclude that 0 = (F'|C)c-1(—¢) = F_¢|C and 0 = (F |C)c-14-1 = Fy1 | C.
Hence I' = F_4 + F4-1 vanishes, a contradiction. W

13.2. Recapitulation of the proof of Theorem Let s # % The injec-
tive map

r: & — HYT; V)

in Proposition (1] has image in Hpar(I‘;VS“’,VS‘”O’ exe) o Héar(I‘;VS“’,K‘”*’exc), ac-
cording to Proposition Proposition [2.4] shows that it is an isomorphism.
The space VS‘*’O’ ex¢ is locally defined and satisfies the conditions of Proposition [13.4]
according to Proposition 3.6l So H}, (I'; Ve, Y’ exe) o H},.(T; Ve’ exe) by Propo-
sition [[3.4

14. Period functions and periodlike functions for the
full modular group

We return to the modular group It = PSLy(Z), which was the sole discrete
subgroup of PSLy(R) considered in the earlier paper [21]. We give a cohomolog-
ical interpretation of the period functions and the periodlike functions considered
there. We show that the cohomology group H'(I';V¥) is larger than the image
r&l | and end by describing briefly the generalization of T-invariant eigenfunctions
corresponding to the classes in this larger cohomology group: the quantum Maass
forms.

Licensed to Max-Planck Institut fur Mathematik. Prepared on Fri Mar 27 11:48:34 EDT 2015for download from IP 192.68.254.102.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



§14. MODULAR PERIOD FUNCTIONS AND PERIODLIKE FUNCTIONS 85

14.1. Periodlike functions and cocycles. The space FE;(C’) of periodlike
functions on C' = C \ (—00,0] is defined, in Chap. III of [21], as the space of
functions v : C' — C that satisfy the three term equation on C’:

(14.1) Y(r) = (T +1) + (7 + 1)—%(7%1) .

The subspace of holomorphic functions in FE4(C’) is denoted FE4(C’),,. Similarly,
the space of functions on Ry = (0, 00) that satisfy (I41]) is denoted FE; (0, 0c), with
subspaces FE4(0,00),, C FEs(0,00)0c C FE4(0,00), of real analytic, respectively
smooth, respectively p times differentiable periodlike functions.

The main theorem in [21] shows that Maass?(T}) is isomorphic to the space of
period functions FE4(C')?, characterized inside FE(C’),, by the growth conditions

o) (=10,

(x72%) (2 — o0).

(14.2) (a) = { .

These growth conditions also define FE, (0, 00)Y, inside FE,(0, 00) oo, and FE4(0, 00)9
inside FE4(0,00),. (These last notations and the next are not used in [21I].) In
Section 3, Chap. IV of [21] a discussion of eigenfunctions of the transfer operator
leads to the less strict condition that there are cg, coo € C such that

cor ™t +0(1) (z10),
Coo 272+ 0(27%) (2 — 00).

(14.3) (o) = {

We use this condition to define FE4(0, 00)}, C FE4(0,0),. In Section 3, Chapter IT1
of [21] we see that general elements of FE;(R ). have in their asymptotic behavior
at oo an additional term Q.. (), and at 0 a term 72 Qo(1/x), with periodic
functions Q. and Qp. So being in FE,(Ry). is a strong condition, almost as
strong as being in FE,(R)Y.

Periodlike functions are related to cocycles. Suppose that ¥ € FE4(Ry),.
Define ¢ on (—o0,0) by ¥(x) = —|z|72%¢(—1/z). One verifies that

(14.4) V() = ¢($+1)+|‘”+1|_2S¢(xi1)

for all x € R~ {—1,0} by separately considering the cases —1 < < 0 and x < —1.
This extended function 1 satisfies in V"

(14.5) Ylos S = —¢s, Y = o (T+T),
with T" = H (ﬂ These relations are equivalent to the parabolic cocycle relations
(14.6) Y|as (1 +5) = 0, Ylos (1 + ST+ STST) = 0.

Hence ¢ € FE;(R),, determines a parabolic cocycle ¢ € Z;ar(l’l; V&) given on the
generators S and T of I} by ¢ = 0 and ¢g = ¢. Conversely, a parabolic cocycle
ce Z} (T V&) such that ez = 0 and such that the set of singularities BdSing (cs)
is contained in {0, 00} determines a periodlike function in FE¢(R} ), by restriction
to (0, 00).

PROPOSITION 14.1. The cohomology group H} (I‘l;Vs“q eX¢) is isomorphic to

par

the space FE4(C'),,/{h|2s (1 = 8) : h e O(C)T}.
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86 4. MAASS FORMS AND SEMI-ANALYTIC COHOMOLOGY: GROUPS WITH CUSPS

PROOF. For a given ¢ € FE;(C’),, we define c € Z!, (Iy; Vs‘*’o’ exe) by

par

() if ReT >0,

(14.7) cr = 0, cs(7) = { —(=7)724(=1/7) if ReT <O0.

If ¢ = h|as (1 — S) with h € O(C)T, then cg = hlas (1 = S). If ¢ = df, f € Ve,
then ¢g = f|(S — 1), and from ¢ = f|(T — 1) = 0 we conclude that f|T = f,
first on an excised neighborhood of R = P4 \ {oo} and then on C. Thus, we obtain

a map from FE,(C'),, to HY, (Iy; V¥" ) with kernel {h|(1=28) : he O(C)T}.

par

Conversely, a given cohomology class in H;ar(l“l; VS‘UO’ ©x¢) can be represented

by a cocycle such that ¢ = 0. In view of Theorem [C]there is 7 € VS“’O’ €X¢ such that
the equivalent cocycle ¢ —dn has values in V¥. From | (1 —T) € V¥ it follows that
BdSing (1) C {oo} and BdSing (cg) C {0, 00}.

Restriction of cg to (0, 00) gives ¢ € FE;(R4),,. Moreover, ¢ has a holomorphic
extension to a right half-plane. The second step in the bootstrap procedure in §4,
Chap. III of [21] can be applied, to see that 1) extends to C’ and provides an element
of FE4(C),. N

PROPOSITION 14.2.

(1480 HL (T2 = FEL(R,)L,
w*, simpley ~v 1
(148b) H;ar(rl;vs »simpl ) = FES(R"I‘)A}J (S 7£ 5))
(14.8¢) Hyo (T3 V%) 2 FES(Ry )%,
(14.8d) Hpo (T VP) = FE,(Ry)),  (peN, p>2).

PRrROOF. Each cohomology class in one of these four cohomology groups con-
tains a unique cocycle such that ¢ = 0. The uniqueness follows from Propositions
EHand @13 In cases (I4.8a)) and (14.8b) we conclude that BdSing (cs) C {0, 00} in
the same way as in the proof of Proposition [41l Restriction of cg to (0, 00) gives
us ¢ € FE4(Ry), in cases (I4.8a) and (I4.8L), 1 € FEs(Ry ) in case (I4.8d), and
1 € FE4(R4), in case (I48d). In cases (IZ8a)) and (I43d), the fact that cg € V>
implies that 1) satisfies (I4.2)). In case (I4.8L), we get (I43)) from Definition

Conversely, starting from a periodlike function on (0,00), we construct a cor-
responding cocycle in each of the four cases. The hardest point is the behavior
at 0 and co. We have the estimate (IZ2)) or (IZ£3J), and want to derive the ap-
propriate asymptotic behavior. We use averaging operators similar to the trans-
fer operator discussed in §3 of Chap IV in [2I]. From the three term relation
cslas (1= T) = cglas T on R~ {—1,0} we conclude that cs = cglas T|2s Av; on

(0,00) and cs = csl2s T"[2s Av,, on (—o00, —1). The asymptotic formula ([L.II)) im-
plies that cg has the desired behavior near oo in each of the three cases, and also
near 0 since cglas S = —cg. M

14.2. Reconstruction. A periodlike function ¢ € FE;(C’),, determines a co-
homology class in HY, (I}; V*"e) (Proposition [41), which in turn determines

par
an invariant eigenfunction u € £I', provided s # % (Theorem [(). We want to
construct u directly from the periodlike function .

For a period function 1 € FE4(C’)? we need not use cohomology. Proposition 2
in §2, Chap. I of [21] shows how to associate to 1 a function f € O (C < R)" which
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§14. MODULAR PERIOD FUNCTIONS AND PERIODLIKE FUNCTIONS 87

in turn determines . The Fourier expansion of f gives the Fourier coefficients
B, (u) of u, hence determines u explicitly. This also works if ¢ € FEs(C)L. For
general periodlike functions ¢ there still is a holomorphic 1-periodic function f,
and its Fourier coefficients still give the By, (u), but the coefficients A, (u) cannot
be read off from it directly. (They are hidden in the behavior of f near points of Q.)
In this case we will use the theory developed in these notes instead.

To a given 1) € FE;(C'),, we have associated in the proof of Proposition [4.1]
an explicit cocycle ¢ € Z;ar(Fl;V;’O’ ex¢) by ([I4X). To apply the method in §I2I

directly, we have to find h € V¥ **°[o0] such that

c—dhe ZL (Ty; Ve, Ve exe) ¢ Z1(Ty; V).

par

The existence of such a function h follows from ([I3Id). The proof of Proposi-
tion [[3.1] shows that the construction of a suitable A is not explicit. It seems better
to apply the method in §I2 directly to the cocycle 9 € Hgar(Fl; VVS‘*’O’ €x¢) given by
¢y = Pley. So Pp =0 and ¢hg = Pleg € W2 0 &[0, o).

The first step is to determine a cocycle corresponding to 1[) in a model of
cohomology based on a tesselation. We use the fundamental domain

F1={2€9H:0<Rez<1, |2|>1,[z-1>1}

in Figure [41] which differs from the standard fundamental domain in Figure [T.1]
on p. Here we work with parabolic cohomology, not with mixed parabolic coho-

# $1 4 S1 C
T ey el
A
ST 'es Yiiv3
2
-1 0 1 2

FIGURE 14.1. Fundamental domain §; for the modular group, and
a l-cycle around it.

mology. So there is no need to give the neighborhood of cusps a special treatment.
In particular, we do not need an edge f. We use the tesselation 7 obtained from
all Ij-translates of §;. In Figure [[41] we have indicated a Q[I']-basis {e1, e} of
Q[X{]. The tesselation T is not exactly a tesselation of type Fd as discussed
in §ITT1

To find a cocycle ¢ € Zl(ET;V\{fO’ ex¢) corresponding to 1& we write ¢ = df,
with the following f € Map(XJ ; W*"*¢). We put, with p = 1%‘/5,

’l[}S,

N | =

(149)  J(00) = 0, f(p) = 3ds|(1-ST™), f(i) =
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88 4. MAASS FORMS AND SEMI-ANALYTIC COHOMOLOGY: GROUPS WITH CUSPS

and check that f satisfies f(P)|(1—8) = 15 if § P = P for P € {o0,p,i}, 6 € I.
Next we extend f to X] by f(y~'P) = f(P) |y + 1 for all v € T. Taking co as

the base point we see that ¢ = df corresponds to the cohomology class [¢].
On the Q[I}]-basis {e1, ez} of F/:

(14.10)  cley) = %1[)5 |IT7Y, cley) = —% s | T+ %st |(1-ST71).

To represent the corresponding invariant eigenfunction v on §, we take the
following 1-cycle C around §
(14.11) C = e300+ €oo—1+€_10+€01+e€12,
which is indicated in Figure 4l It turns out that

€000 = (1=8)T " ey,
C = (T*>-T '~ STS+ ST 'S +T%5T)eq
= (T? =T ' = STS+ ST 'S+ T?ST)(1 - S)T e, .

Application of thei transverse Poisson transformation to the function in ([[47) gives
a representative 1hg € G of g € W with Sing (¢g) C i (0,00). We have

cleo.no) = c(e1) | T(1 — S) = thg, and hence Sing (c(€0,00)) C i (0,00). This implies
that the singularities of 1(C) are contained in the support of C. Thus, for z €

we have
1
u(z) = Ewm
= i.w(eo,oo) (T2 =T — ST 'S+ STS+T'ST?)
™
(14.12)

z4+1

w(f)w(ljz))

Each of these values of ths(z1) can be expressed by a transverse Poisson integral
from z; to z; of the original periodlike function . See ([B.4]).

T

. <¢s<z— 2) — sz + 1) —zﬁs(i)

14.3. The image of the invariant eigenfunctions in the first cohomol-
ogy group. In the previous section we have shown that r€!’ = H;ar(l’; Y P exe)
for s # % We now show that for I' = I'; the image is not the total first cohomology
group with analytic coefficients:

PROPOSITION 14.3. Let s # % The inclusion

Hl (Fl;ljsw,]éw*7exc) c Hl(]_-\l;vsw)

par

is not an equality.

PROOF. We determine a cohomology class [¢)] € H!(Ty;V*) by taking in the
line model
—4diT

(14.13) Yrs =0, Wr =aecly witha(r) = G5y
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§14. MODULAR PERIOD FUNCTIONS AND PERIODLIKE FUNCTIONS 89

(See the introduction of §I0.2 for the relations.) The sum

(14.14) Avp(vr)(r) = Y —di(r+n)

nez (1 +(r+ n)2)s+1

converges without regularization, and has singularities in the points of +i + Z. So
Av,.(¢r) does not extend as a holomorphic 1-periodic function on C, which it should

according to Proposition if [¢] were in H}, (I'; V2, yehexey —pelhi 1

14.4. Quantum Maass forms. The notion of quantum modular forms was
introduced by the third author based on several examples ranging from Dedekind
sums to quantum invariants of knots [35]. Roughly, these forms are functions
f+Q — C whose “failure of modularity” f — f o~ (or more generally f — f|vy for
some group action f — f|y involving a non-trivial automorphy factor) has some
kind of continuity or analyticity property that is not shared by the function f
itself. Example 1 in [35] was related to the period function, in the sense of [21], of
a particular Maass form (on I'g(2) and with eigenvalue 1/4), and this was extended
by the first author in [3] with the application in this subsection in mind.

More precisely, we will discuss how to fill the gap indicated by a question mark
in the following diagram of inclusions and isomorphisms (in which the underlying
group is the full modular group I'y, omitted from the notations, and s # %) by
putting an appropriate space of quantum Maass forms in that position.

(14.15)

0 1 r
Maass9C  _ Maasslc #  _gh 7

- )

lemr(ljswv sz*’ Oo)(% lemr(ljswv sz*7 Simple)(L H;ar(]}s‘dv ‘}sw*’ exc)(é Hl (sz)

1R

We first discuss the quantum Maass form associated to a cusp form u €
Maass?(T;). In the main theorem in [2I] we associate to u among other objects a
periodic holomorphic function f, on C \ R given by

s—1 2minT :

(14.16) fu(r) = { Znso™" An(u)e o o> 0,

=Y oneo 2P TZ A (u)ef™ T if ImT <0,
with the Fourier coefficients A, (u) from the expansion [8I)). In [2I], Chap. I,
84, the function f, is expressed in terms of the L-functions of u by inverse Mellin
transformation. By moving the line of integration in this representation we obtain
an asymptotic expansion for f,(iy) as y — 0. This expansion is the same for y | 0
and y T 0. So f, has a smooth continuation through 0. Instead of approaching 0
vertically, we can let 7 tend to 0 along a geodesic half-line in $ or in $~. One may
show that there exists f,(0) € C such that

(14.17) fu(t) = fu(0)+0(1) asT £40,

where 23 (geodesic approach) indicates uniformity on sectors in the upper or lower
half plane bounded by geodesic half-lines.

The periodicity of f, and the formula f,(7) — 772 f,(=1/7) = 1.(7), where
1, is the period function associated to u, leads to a unique extension of f, to Q
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that satisfies

(14.18) fulT) = ful€)+0(1) asTE¢ for each £ € Q,
(14.19) ful2sv(&) = fu(§) —cy(§) for almost all £ € Q for all y € Iy,

where v + ¢, is the V¥ ®-valued group cocycle determined by cs = 1, on (0, 00).

The isomorphism (I3.1a) implies that there exists 7 € V¥~ such that Cy =
¢y +1)2s (v —1), v € Iy, is a V¥-valued cocycle on I'. Replacing f, by fu=futmn,
we obtain the relation fy|osy = fu — %, on Q, with ¢ € VA( Ve Yehoo) If
we add to fu an element of V¥, then nothing essential changes. We say that fu
represents the quantum Maass form associated to u € Maassg (Th).

It is argued in [3] that to define quantum Maass forms for other invariant
eigenfunctions, we should work not with functions Q — C, but with systems of
expansions, giving for each £ € Q a short asymptotic expansion

d .
(14.20) p(&,T) = i teet+o(l) (T2 ).
In the case of u € Maass’(I}), the function f, gives an system where de¢ = 0 for
all £ € Q. Each ¢ € V* (line model) defines an uninteresting example with d¢ = 0
and ce = ¢(§) for all cusps .
The group I acts on the space R of all expansions as in (T420) by

(14.21)  plas [Z Z] (&7) = ((er +d)?) "p(rE,Am) +o(1) (15 ¢),

with v = [i Z] € Iy. We define the I'j-module Q4 as the quotient in the exact
sequence

(14.22) 00—V —Rs — Qs —0
and we call the elements of QL /RIY quantum Maass forms, with the notation
(14.23) qMaass,(I}) = Q' / RI'.

In this way, we ignore elements of V¥ and systems in R that are exactly I';-
invariant. One can show that there is an injection qMaass,(Iy) — H'(T'; V).
Theorems 2 and 4 in [3] give for s # % the following commuting diagram:

e
(14.24) Jﬁ \

qMaass, (T}) —= H(T}; V)

Thus, gMaass, (I ) can take the place of the question mark in the diagram (IZ15).
Proposition 3 in [3] relates the vanishing of Ag(u), the coefficient of y'~* in the
Fourier expansion of u € £, to the vanishing of the d¢ in (IZ20).

We expect that these results can be extended to all cofinite discrete I' with
cusps.
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15. Maass forms and holomorphic functions

In §82 we have associated to u € £ the holomorphic function 3(u) € O(C)T

given by
B)Q) = 3 Bulu) e,
nez

based on the coefficients B,, (u) in the Fourier expansion (81]). To have a well defined
coefficient By(u), we assume s # . For a I-invariant function u € EL', where I' is
a group with cusps, B(u]g.) € €T for each cusp k € C. In the introduction of 10
we have chosen the g,, such that S(u]|g.) depends only on the class of x in T'\C.
Thus we are led to define

(15.1) ji&l — P o©)", ju=(Bulg),-
keT\C

The kernel of j is, by definition, the space Maass!(I') introduced in §I0.I To
get information on the cokernel, we start with u,v € €L and integrate the Green’s
form {u,v} in ([LI) over the boundary of a truncated fundamental domain §y.
Since {u,v} is closed, this integral vanishes. All edges of §y, except for the edges
fx near the cusps k € §°, occur in I'-equivalent pairs for which the integrals of

{u,v} cancel. Hence
Z {u,v} = 0.

regen £
Inserting the Fourier expansions and working with Wronskians, we obtain the fol-
lowing relation, valid for all u,v € :

0 = 5 (251 (Aolul0.) Bo(w1 ) ~ BoCul ) Aa(v] )

KEFH

(15.2) +w%—sr(s+%)

Sl (A0 B0~ Balul ) A-0l091)) ).

n#0
This is the so-called Maass-Selberg relation. See, e.g., §3 in Chap. IV of [22].
In particular, if v € Maass:(I'), then

0= 3 (5= 1) Bululg) Ao(v )
RESCU
1
+7i (s 4 5) D Inlt Bn<ugn>A_n<vgn>) .
n#0
The right hand side of this expression makes sense if we replace the B,,(u|g.) by
the coeflicients b, of an arbitrary element

(bn)m S @ O((C)T7 bN(C) — Z bfn eQTrim( )
REM\C MmEZL
Note that the convergence of these series implies that

(15.3) vt <y e A"l forneZ, kel\C, for each A> 0.

Thus, we have a linear map m from @, cr\¢ O(C)T to the dual space Maass!(I')V.
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THEOREM 15.1. Let 0 < Res <1, s # 3.

i) The following sequence is exact:

(15.4) 0 — Maass}(I') — &F N @ o) 2 Maass! (I')Y — 0.
re\C

ii) Every u € EL is the specialization of a family (us)s ey of elements uy €
EL depending holomorphically on a parameter s’ on a neighborhood U of s.

Remark 1. Part ii) of the theorem will be used in Chapter [l when we will study the
relation between I'-invariant eigenfunctions and distribution-valued cohomology.
Remark 2. The proof will show that the restriction on the spectral parameter s is
non-essential.

Remark 3. This theorem is essentially known if almost all b vanish. Since the result
is peripheral to the main themes of these notes, we will only sketch the proof.

PROOF. The surjectivity of the map m is clear since Maass!(I') has finite di-
mension and already the restriction of m to @, Clg], with ¢ = e?™¢  is surjective.
The Maass-Selberg relation shows that the image of j is contained in the kernel of
m. The main point is to show that Imj is equal to Kerm. We will sketch how
this follows from the spectral theory of automorphic forms. One may use [15] as a
general reference.

We use Eisenstein series and Poincaré series. These converge absolutely only for
Res > 1. This forces us to consider also values of s outside the strip 0 < Res < 1.

For Res > 1, k € C, the Eisenstein series

(15.5) Ef(z) = Y (Img,'y2)°

el AT
converges absolutely and defines an element of £L'. It depends holomorphically on
s, and has a meromorphic continuation to s € C as a family of elements of &I
The singularities in the region Res > %, s # % are of first order and occur at
s = 1 and possibly at finitely many points in (4,1). The latter singularities are
absent for congruence subgroups of I'y. If E¥ has a singularity at so € (%, 1) then

Res;, Ef € Maassio(f‘) and for all u € Maass, (I'):

(15.6) / u ResErNdp = Af(u).
9

S0

Suppose that the collection (b%) satisfies (I53]). The series
Fi(z) = ) Viiszma(gy'2)
nez

converges absolutely for all s € C and defines a holomorphic family of elements of
ET= N W [k]. The Poincaré series

(15.7) RE = Y Y B
k€P\C vel AT

converges absolutely for Res > 1. It defines a holomorphic family of elements of
EL, and

(15.8) B (B |gx) = b, (meZ, keF).
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§15. MAASS FORMS AND HOLOMORPHIC FUNCTIONS 93

We consider the following families of I'-invariant functions, only the first of
which has values in £L':

Es, = ZbSE:’ E(Z): Z Z an(,yz),

KEFen KEF yED,\T
where

F:(Z) _ Z bZ(Img;lz)g e27rinRe (9:12) .

n#0

This defines B, € C>(I'\$) for Res > 1. The difference P, — E, — P, is given by a
series converging absolutely for Res > 0. Compared with P, the advantage of P
is its square integrability. Its decay at the cusps implies that for any Maass form
u € Maass,, (T'), 0 < Res; < 1, s; # %, the integral fr\ﬁf’gud,u converges. Its

value can be explicitly computed:
(15.9)

= _ (z|nl)*
/r\ﬁPSUdﬂ g3 4

keF n#£0

—S

F(S+S21_1>F(S_2$1)A_n(u\gﬁ)bz.

This quantity occurs in the expansion of P, in the spectral decomposition of the
Laplace operator in L?(T'\$)). This expansion converges absolutely for Res > 1.
On checks that the convergence is even better in the region 0 < Res < 1, except
for the terms that have singularities in this region. See, e.g., the reasoning in the
proof of Satz 6.2 in [26]. For 0 < Res < 1, s # %, these singularities have at most
first order and occur at values for which there are square integrable elements of E!
and at values at which an Eisenstein series has a pole, in other words, at values of s

for which Maassi(F) # {0}. This means that P, = F, + P+ (Ps — FE, — 155) has a

meromorphic continuation to Res > 0, with singularities of at most order one at
the same points, and for such a point sq

Res P, = Res E; + Res P, .
S0 So S0

By analytic continuation the equality (A — A\;)P, = 0 goes through where F, is
holomorphic. (Work first in distribution sense.) Furthermore,

(15.10) B, (B |gs) = b} (keEFM neZ).

At points s for which Maass!(T') = {0}, we thus have P, € I with prescribed
Fourier coefficients By, (P, | g, ). This implies that the sequence ([I54) is exact for
these s, and that all elements of £ occur in holomorphic families on this region in
the parameter space.

It remains to consider sy # 3, 0 < Resy < 1 for which Maassio # {0}. We
first take Resg > % Then all elements of Maass;0 are square integrable, and
Maass;0 (T') # {0} can occur only for sy € % + iR or 59 € (%, 1). Hence the space

Maass;0 (T) is invariant under complex conjugation. For u € Maassiﬂ (") we have

from ([I506) and ([I59):

/ u Res P, du
g %

= Y b Aolulg)+ Y ZWF(SO—%)ZJZA,”(M%).

kegen KEFH n#0
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94 4. MAASS FORMS AND SEMI-ANALYTIC COHOMOLOGY: GROUPS WITH CUSPS

This implies that the finite-dimensional space Maassi ,(I') is spanned by residues of
finitely many Poincaré series I, for choices of the b such that almost all of them
are zero. Hence elements of Maassi0 (T") occur as values of holomorphic families
s (s—s0)B.

Now suppose that the b are chosen such that m(h) = 0 for h = (hy)x, h(() =
>, b e?™in¢ . Then Resy, B, € Maassi0 (T) is orthogonal to all u € Maassi0 (). In
other words, Ress, P, = 0, and s — F, is holomorphic at s = sg and F,, € SSFO
satisfies jP,, = h. Thus, the sequence ([I54) is exact for the value sq of the spectral
parameter as well, and all elements of £ SFO occur as the value of a holomorphic family
of T-invariant As-eigenfunctions of A. This finishes the case % < Resy < 1.

Since £F' = &6, all elements of £ with 0 < Res < —, s # %, occur as values
of holomorphic families as well.

We are left with the kernel of m for sg with 0 < Re sg
collection (b%) satisfies (I5.3) and that for all u € Maass. (T

(15.11) > (2s0—1) b5 Ao(u] g.)+m F(s+ ) S Inl b A (ulgs) = 0.
KEFH n#0

As in the case Resg > 3, it follows that Res,, P, is orthogonal to Maassgo (I') which
is contained in Maassi0 (T'). If Ress, Ps # 0 it is known that then it is a linear
combination of residues at sq of Eisenstein series, and that Ag(Ress, P, | g,) # 0 for
some 1 € FU. We apply the Maass-Selberg relation (I5.2) to E2 and the Poincaré
series P/*™, which is the Poincaré series with b7 =1 and all other bgi equal to zero.
This gives

< % Suppose that the
)

1 1
2 40P [g2) = (wln))E T (s = 5) A_a(E2| 91
Application of (I5.2) to Ef and E¥ gives Ao(EY |g,) = Ao(E¥|gx), which is the
symmetry of the scattering matrix. Hence we have

AO(RSESPSW“ Zbo ResAO(E"‘|gu —|—ZZ()” ResAO(P"‘"|g#)
K n;éO

- Zbo Ao(Res BY [ g5) + 3> ——5— W|n| ( 50— %) A_n(Res EY' | g:)

Kk n#0

by assumption (I5II) on the b%. Hence Res,, P, = 0, and P, € &. has the
prescribed Fourier coefficients By, (P, | gx) = b%. This implies that the sequence

[I53) is exact for s = sq.

Part ii) is a consequence of part i). For instance, if s does not belong to the
(discrete) set when Maass! (I") is non-zero, then we can take uy to be the preimage
of any holomorphic variation of ju € ,cr\c O(C)T, e.g., the constant family

s (B(ulge)),-
In the proof of part i) we have seen that for any (3, bEe?™¢), in the kernel
of m at s there is a family of Poincaré series s’ — P, such that jP, or jResg—s Py

is equal to (3°, bre?™¢),.. W
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CHAPTER 5

Maass forms and differentiable cohomology

In the chapters PHal we studied the relation between invariant eigenfunctions
and (semi)-analytic cohomology, and proved Theorem [Cland most of the statements
in Theorems [Al and [Bl In this chapter we turn to smooth and differentiable coho-

mology. We will give a proof of the isomorphisms H], .(I'; V&%) = HL ('} V) =
H}, . (T;VP), p> 3, in Theorem Bl Actually, we will show that

(V.1) Maassy(I') = Hp,.(I;1)°),
and
(V.2) Maass)(I') = H}, (I;VP)  (peN,p>3),

which together with the previously proved results (in particular, (IZ6]) and (I3.1al))
proves the remaining isomorphisms in Theorem [Bl

The isomorphism (V.2)) will be established in §I6] by a method analogous to
that used in §I2.2] with adaptions to the differentiable context. In §I7 this leads
to Theorem [I7.] which gives the isomorphism (¥.1)). A consequence is that the
space of modular Maass cusp forms is in bijective correspondence with the space
of smooth period functions. This result, Theorem I7.2] extends the main result
in [21].

Most of the proofs in this chapter work for general cofinite discrete subgroups
of PSLy(R). At the end of Section [[6] we use separate approaches for cocompact
groups and groups with cusps. The cocompact case is the harder one. As in §[Z.3]
in Chapter [2] we need for cocompact groups to extend cocycles to hyperbolic fixed
points.

The isomorphy of £ and H'(I'; V*°) in the cocompact case is already known,
though with a quite different proof, from the work of Bunke and Olbrich [6].

16. Differentiable parabolic cohomology

In this section we relate the cohomology group Héar(F; VP), peN, p>2 to
the space of Maass cusp forms Maass’(I'). The space VP was defined in §211 Recall
that in Chapters 2] and M the map from parabolic cohomology to cusp forms was
constructed, not with cohomology with values in the space V2 of analytic functions
on OH, but in the isomorphic space W of boundary germs of As-eigenfunctions
of the Laplace operator A. Here we work with the corresponding space WP of
boundary jets, as defined in §3.3

The construction of Maass forms from cocycles in 711 and §12.2] used locally
finite sums. To generalize this, in §IG.1] to differentiable cocycles we will need
infinite sums. The resulting convergence questions require some geometric consid-
erations, carried out in §16.21 The proof for discrete groups with cusps is completed
in §16.3] where we prove that if p > 3 the map that we have given is injective with

95
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96 5. MAASS FORMS AND DIFFERENTIABLE COHOMOLOGY

image in the cusp forms. (The surjectivity will be an easy consequence of that in
the analytic case.) The injectivity in the cocompact case is handled in §16.4

16.1. Construction of a Maass form from a given cocycle. We start
with a cocycle ¢ € Z*(F7;WP) with p € N, p > 2, and use a tesselation 7 of
type Fd. (See §6.2 and §IT.11) We choose a T-equivariant lift 1) € C*(F7T,GP) of
1, corresponding to the exact sequence

(16.1) 0— NP — G — WP — 0,

with the space GP of representatives and the space NP of functions with decay of
order p at the boundary, as introduced in §3.31 Then d¢p € C%(F7, NP) and we put

(162)  uyx) = = W0 = Apdi®E) (e H).

~yel

PROPOSITION 16.1. The series in ([I6.2]) converges absolutely and uniformly on
compact sets in $. The sum it defines belongs to EL, and does not depend on the
choice of the lift 15 or on the choice of the representative ¥ in the cohomology class
(] € HL, (D;WP).

If Z € Z[XT] is a cycle consisting only of edges that are T-translates of edges
in OF that describes a simple positively oriented closed curve, then

(16.3) w=—=F@+ Y WEh).

~y€l, v—1F outside Z

s

PROOF. The function h = di(F) is in NP. Hence h(z) = 0((‘z$i‘2)s+p)
as z — 0%). Since ﬁ = (2+ 2coshd(z,i))_1 (Table [Tl in §TI1), we have
h(z) = o(e=(=+P)d=D)) as 2 — 9%.

Let K C H be a compact set. For z € K the number of v € T'" such that
d(yz,i) < R is at most Ox(e®) since the area of a hyperbolic circle with large
radius R is asymptotic to 4ref’. We get

h(vz)| <k efle=(HPIE o
PO

yel R=1

This proves the first statement of the proposition.
Our next observation, which will be used repeatedly, is that we have

W(Z2) = > hly

~€l, v~1F inside Z

for any cycle Z as in the proposition, since h = dz/;. This gives the expression (IG.3])
for uy. It also follows that w,, is the limit of # 1Z(Z r) for any sequence of cycles
{ZRr)} ren approaching the boundary, for instance those given in Lemmal[lG.3 below,
where Zp has distance at least R to i and consists of O(e) edges. This observation
is useful both to prove that u, is independent of the choice of the lift ¢ and that
it is an eigenfunction. For the former we observe that changing ¢ to ¢ + x with
x € C*(ET;NP) each edge e in Zg contributes at most o(e~CtPE) to x(Zg),
which gives x(Zr) = O(e®) o(e=TP)R), Hence limp_,o0 X(Zg) = 0.
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§16. DIFFERENTIABLE PARABOLIC COHOMOLOGY 97

The definition of W implies that (A — Ao € CHFT; NP). Tt follows that
with {Zg} as above we have (A—\,) ¥(Zg) = O(ef e~ (+PR) = (1), this estimate
being uniform on compact sets. Hence we have with a test function 6 € C°($)

0, (A = Xs)uy) = / (A = X5)0) uy dp (since A — ) is self-adjoint)
9

1 -
= — lim [ ((A—=X)0) ¥(Zg)dp (since € is compactly supported)
Tl R—o0 9

i, lim [ 6 ((A— /\S)z/;(ZR)) du (again since A — A4 is self-adjoint)

T, R—o00 9

= 1%1511%0</ﬁ 0| dp sup |(A—)\S)KZ(ZR)(2)‘>

zE€Supp 0

=0 (by the estimate (BI0al)) .

So (A — As)uy = 0 weakly. By elliptic regularity, (A — As)uy = 0 holds also at the
level of functions. This shows that u, € &, and the I'-invariance is obvious.

Finally, we add to v a coboundary df with f € CO(F7;WP). We can lift f to
fe CO(FT;GP), and change the lift ¥ of 1 to the lift ¢ + df of 1y. This changes
dip(§) by ddf(F) = 0, and does not influence the definition of u,. M

Thus we have defined a map a? : [¢)] — uy from H!, (I;WP) — EX. 1f g € N,

par
q > p, then ¢ € ZY(F7;W9) also determines an element in Z'(F7;WP). The
construction of uy shows that a?[¢] = a2[]. For ¢ € Z'(F7T;W®) the sequence

¥(ZR)(z) stabilizes, uniformly for z in compact sets, and this shows that u, coin-
cides with uy, defined in §7.Tand §12.20 Thus of[¢)] = a¥'[¢] on HL, (T; W), with
o as in Theorem and Proposition This implies that in the differentiable
case we also have uq, = u for u € &L, where q : &8 — HY(T; W¥) is the map

constructed in §5.2] in the version given after (G.I0d). Summarizing, we have:

PROPOSITION 16.2. For each p,q € N, ¢ > p > 2 there are linear maps of and
of induced by 1 — uy such that the following diagram commutes:

Maass?(I')&—— £F

o
w P
Qg Ay

HY (W W) ——= HL (W) ——= Hppor (W) ——= Hpar(WF)

1R

par

We have suppressed I' in the notation for cohomology groups. See (I31al) for

. . 0 0
the isomorphism H}, (T Wi, Wi ) — H (T; W25 ).

It remains to be shown that the linear map o is injective, and, if I' has cusps,
that its image is in the space of cusp forms. Before turning to that question,
in §16.3 and §16.4] we prove the geometrical result that we used in the proof of

Proposition [I6.11
16.2. Geometrical lemmas. The result that we used is the following:

LEMMA 16.3. Let R > 0. There exists a cycle Z = Zp € Z[X]] consisting
of O(ef?) edges contained in T 0F and lying outside the open hyperbolic disk with
center i and radius R, with winding number 1 around i.
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98 5. MAASS FORMS AND DIFFERENTIABLE COHOMOLOGY

Remark. The circumference of a hyperbolic cycle with radius R is approximately
27 ef as R — oo. The lemma says that the conditions on Z do not force it to have
substantially more edges that is to be expected from the length of a hyperbolic
circle.

The proof of Lemma [6.3] will be very simple if I" has no cusps, but if " has
cusps and R is large, the path corresponding to Z will always have to go through
some cusps, and in that case we will need a bound for the number of times that
the curve Z is forced to go through a cusp. We first estimate this quantity.

We recall that for groups with cusps the fundamental domain has a decompo-
sition § =y U Unegcu V.. where §y is compact and where V, is the closure of the
intersection of § with the open horocyclic disk Dy (k) in (III). The boundary of
Dy (k) is the horocycle Hy (k).

LEMMA 16.4. The number of horocycles v~"*Hy(r), v € T, k € F, that
intersect the hyperbolic circle Cr around i with radius R is O(e®?) as R — co. The
number of cuspidal triangles vV, v € T, k € I, that intersect the circle Cr is
also O(ef) as R — co.

PROOF. §° is finite, so we may restrict ourselves to considering one cusp
Kk € §°, which we conjugate to co.

In the counting of the horocycles, v runs over I',,\I'. We write y~1 = [a b].

cd

The horocycle is determined by the first column <Z) of y~1. The maximum of

Im (v'(iY +2)) Y

e Y IGEY + ) +i2 (ax+b—cY)2+ (aY +cx + d)?

—ab—cd (a®>+A)Y < 1
a2+02 I (1+(a2+02)Y)2 = (a2+62)Y'

on Cg, the number of horocycles intersecting Cr is bounded by N (eR / Y), where

and has value

occurs for z =

; y -R
Since e

(16.4) N(B) := #{’yEFOO\F:’ygFOO,aZ—I—cQgB}.

Lemma 2.10 in [I5], applied with z =i and g, = 1, implies that N(B) = O(B) as
B — oo. This gives the first statement in the lemma.
For a fixed horocycle v~ ! Hy (k), there may be many cuspidal triangles v~ 1V,

intersecting C'g. Their number differs by no more than 2 from the number of
Im(y_'(Y+e) - —R
[y~ 1Y +a)+i? = :

If such z occur, the equation (az + b — c¢Y)? + (aY + cz + d)*> = YeP has solutions
21 and xo. These solutions satisfy

intervals [—% +n, %—i—n] , n € Z, containing an element x with

4 4Y (1 — 2e 1) Yef

R 2
—2)Y —-4Y~“ - .
(e ) @@+ )2~ (a2 + 2)e R a2 + 2

_ 2 -
(22 —1) a2 + 2

So the number of sectors is bounded by

Yel
VaZ+ 2’

24 |zo — 71| <
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§16. DIFFERENTIABLE PARABOLIC COHOMOLOGY 99

For v € T' this gives O (\/ YeR) sectors. The number of other sectors to be

counted is estimated by

S e > gy
az_,_cz 2-(+1)/2, [eR]Y
YET o\, 7€l o, YET o \I', Y¢l oo
a’4c?<elt )y 27171 /vy <a?4c2<27leR Y

< VY 22N R Y < ef
1=0
where in the last line we have again used N(B) = O(B). N

PROOF OF LEMMA [[6.3l Let I'(R) = {y € I : v '§ N Dg # 0}, where Dg
denotes the hyperbolic disk around ¢ with radius R. We put Ar = Uwer( R) 7715,
and take Z = 0AgR. Since OF has finitely many edges, Z consists of at most
O(#I'(R)) edges. Each edge occurring in Z (with non-zero factor) has a distance
at least R to¢. The curve Z encircles Dy once in the positive direction. To complete
the proof we show that #I'(R) = O(ef!) as R — oc.

We use that § is the union of a compact set Fy and finitely many cuspidal
triangles V,;, with k € §. Lemma [[6.4] estimates the number of v € I" such that
71V, intersects Dg for some s € F by O(e). To count the number of v~ 1Ty
intersecting Dp we note that the distance between any two points of Y 1§y is
bounded by some number ¢, independently of v € I'. Hence if v~!'Fy intersects
Dg, then 7y~ '3y is contained in D, . This leads to an estimate by

area(Dp+)

area(Fy)

In the next subsection we will use the following modification of Lemma [[6.3t

= O(eft™) = O(ef). |

LEMMA 16.5. Suppose that & and n are cusps of I'. Let R > 0, and denote
by Dgr the open hyperbolic disk around i with radius R. There exists a chain A =
Ag € ZIXT] consisting of Og,,(et) edges in T'OF that describes a path from & ton
in the region $~ D and is homotopic in $~ Dg to the (oriented) arc in PL from
& ton.

PROOF. Let C € Z[X] ] denote a path from ¢ to 7 along edges of the tesselation.
It consists of O¢ ,,(1) edges. Let Zg be a cycle as in Lemmal[l6.3} consisting of O(e?)
edges and encircling D once. See Figure 1611

The cycle Zp and the direct path intersect each other in points of XJ. As
in the sketch on the right in Figure [[6.0] this leads to a path with the desired
properties, with Og¢ (1) + O(eft) + O¢ (1) edges, going from ¢ along C to the first
intersection point, then counterclockwise along Zr to the last intersection point,
and then along C' ton. MW

16.3. Maass cusp forms associated to differentiable parabolic coho-
mology classes. In the cocompact case, Maassg (') = &Y, and parabolic cohomol-
ogy coincides with standard cohomology. In this case it only remains to show that
the maps of are injective. If I' has cusps, we need to show not only that of is
injective, but also that its image is in the space of Maass cusp forms MaassS(I‘)‘
Surprisingly, the presence of cusps actually helps in proving the injectivity.
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100 5. MAASS FORMS AND DIFFERENTIABLE COHOMOLOGY

FI1GURE 16.1. Proof of Lemma [I6.5 illustrations.

The cocompact case will be discussed in the next subsection. Here we suppose
that T has cusps. We use a tesselation 7 of type Fd. (See §I1.11)

Let u = uy € & be the invariant eigenfunction associated to the cocycle
v e ZYFT; W) via a lift ¢ € CY(FT;G?). We use the following variant of the
formula ([I6.3]) in Proposition [[6.1} if £ and 7 are distinct cusps of T', we have the

splitting
(16.5) U= g + Uy
with
1 7 ~
e T (WA) * > dw@)w) ,
(16.6) v€D, v~ 15 to the right of A

ng = — <—¢<A>+ ) d&(snv)

yET, v~ 1F to the left of A

where the chain A € Z[X] ] represents a path from ¢ to n without self-intersections,
following edges contained in I' 9F. The words “to the left” and “to the right” of A
depend on the orientation of A: “to the left of A” is equivalent to “to the right
of the opposite path —A.” The definitions of u¢, and u,¢ do not depend on the
choice of path from £ to n for the same reason that the right hand side of ([I6.3)
was independent of the chosen path A.

PROPOSITION 16.6. For cusps £,n,0 satisfying &€ < n < 6 < £ for the cyclic
order of OH, and v € I' we have

(16.7a) Ugo = Ugny + Uno,
(167b) ufy*IE,'yfln = ufﬁ]|77
(16.7¢) Ugy € Es.

PROOF. The statements in (I6.7a) and (16.7h) are clear from the definitions.
For (I6.7d) we proceed as in the proof that u € & in Proposition [[6.1], now with a
sequence of paths Agr from £ to  as in Lemma 165 MW
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§16. DIFFERENTIABLE PARABOLIC COHOMOLOGY 101

The following lemma implies that ug , is relatively small near the arc from n

to £ in 0%).

LEMMA 16.7. Let 1, ¢ and ug n be as above. We denote by g = ge¢ ., the geodesic
from & to n. For any choice of path A from & to n we have

3 @0 = o((m) )

(168) ~€l', v~ 1F to the right of A

and  ug,(z) = O((ﬁ)s)

In both estimates z — 0%) through the region to the left of g or on g.
We first apply this result, postponing its proof.

PROPOSITION 16.8. Let p > 2. The function u, is an element of Maass.(T')
for allyp € ZH(ET; WP).

Proor. Since 0 < Res < 1, it suffices to show that w, is bounded on the
cuspidal sectors V,; C § for any x € . (This follows from the Fourier expansion
at the cusp x: see §I0.1] and equation (I, and use the asymptotic behavior as
y — oo of the special functions in the expansion.) Take £,n € C with x between
¢ and 7 for the positive (counterclockwise) orientation of OH and such that V,; is
between the geodesic gy, from & to  and the geodesic ge .. from £ to k. Let Ry, Ra,
R3 denote the regions to the right of the geodesics g¢ «, gi,n, and gy ¢, respectively,
as in the picture below. We have

(16.9) U= Ugp + Uy + Une -

By Lemma 6.7 ug, is bounded on the complement of R; (and hence also on
Vi)s Us,n is bounded on the complement of Ry (and hence also on V), and ug¢ 5
is bounded on the complement of R3 (and hence also on V, since V,, N R3 is

compact). W
IW "
3

PROPOSITION 16.9. The map [¢] — uy, from HL, (D; WP) to EL is injective for
p=3.

PRroo¥r. Suppose that u, = 0. Let A be a path from the cusp £ to the cusp n
as in the definition of u¢ , in (I6.6). Lemma [[6.7 shows that

3 = Y s+p—2
(16.10) miug,(z) = B(A)(z) + O((i‘z +il2> )
for z on or on the left of the geodesic from & to 1, and also that miue,(z) =

—miuy,¢(z) satisfies (I6.10) on the right of that geodesic. Hence (I6.10) holds for
all z € 9.
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102 5. MAASS FORMS AND DIFFERENTIABLE COHOMOLOGY

Since ¥)(A) € GP, there is a continuous function B on a neighborhood of Pk
in P} such that

~ A y s B O y s+1 85,5
= (7= — — 09).
A6 = () e +o((php) ) G-
With (I610), and with the assumption p > 3, we get the same estimate for
Tiug (2). Lemma 4.4 in [4] tells us that elements of & satisfying an estimate
of this type vanish. We conclude that u¢ , = 0 for all cusps £ and 7.

Now we have by [I6.I0) that ¥(A4) € NP72 so ¢(A) is 0 in WP=2. Then
¥(A) = 0 because WP — WP~? is injective (since WP = VP C VP~2 = WP~2),

Take a cusp & as base point. The group cocycle v = 9)(Cy-1¢¢) with Cy-1¢ ¢ a
path in Z[X] ] from y71¢ to ¢ is zero. Hence the class [1)] € le,ar(g, m; WP) is the
trivial cohomology class. W

We summarize the results in the following proposition:

PRrROPOSITION 16.10. Suppose that I' has cusps. For all p,q € N, ¢ > p > 3,
the following diagram is commutative and all arrows are isomorphisms.

Maass_ (I")
a ag af
par(Ww Ww OO) - Hg)ar(yvs;w())oo) - Hpar(yvsq) - Hpar(yvsp)

It remains to prove the estimate (IG.8]).

PROOF OF LEMMA [[6.7 Since #(C) € G, the second estimate in ([I6.8) fol-
lows from the first.

By conjugation and symmetry it suffices to consider £ = oo, n = 0. Then
g = iRy . We can assume that ¢ € §. Changing A means adding an element of
NP to the sum, and does not influence the estimate. So we can assume that A
runs from oo to 0 through the left half of the upper half-plane. It now suffices to
estimate for z € $H with Rez > 0 the sum

Im~z \stp
Zh’yz < Z(hz—l—z\?) ’

where v € T is such that 7_13 is in the left half of $ and where h = di)(§) € NP.
For any v = [‘Cl Z] in the sum we have Rey~1i < 0, so ab+cd > 0. Moreover, co
is a cusp of I', so Imy~1i stays under a bound B, depending only on the group I

and the cusp oo. Hence a? + ¢? > 5—. For Rez >0, [z] > 1:
Im~yz Yy B |22+ 2y +1
vz 42 / |z4+d2  (a? + c?)|z|? + 2(ab + cd)x + 2y + b2 + d>
(16.11a) RS
P2+l

(@4 T
We apply the reflection z — 1/z to conclude that there is a bound By > 0 such
that for Rez > 0, |z| < 1:

I
(16.11b) mVQ/ Y __ <uB
vz +il* / |2+
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§16. DIFFERENTIABLE PARABOLIC COHOMOLOGY 103

In the proof of Lemma [16.3 we saw that the number of I'-translates of § that
intersect the closed disk Dy, around i with radius k is O(e*) as k — oo. We use
this to estimate the size of the set F) of v occurring in the sum such that v~ 'F
intersects Dy, but does not intersect Dy_;. We use the estimates in (IG.IT) for the
sum up to k = kg — 1, with kg to be chosen later.

ko—1 ko1 y s+p y s+p
S Y <« Y () < ()
K20 veT = el 2+l

For the tail of the series, we employ another estimate. Applying the triangle

inequality d(vyz,4) + d(z,i) > d(y~1i,4), and using # ~ e 40 ag 2 — 09, we
find
—1-
Imye Y mdGmide) < e o I
Iz +i? [z +1 ly~ti+
and if v~'§ has distance at least k — 1 to ¢, then
Im~y~%
/T < et
[y~ti+if?

This leads to
1 .

Z Z h(vz) < Z ek (‘,yIian;_ ;|2)S+p (|Zj{i|2)787p

k>ko YEFY k>ko

< () ()
=i |z + 1] |z + 1]

Combining both estimates we obtain for the total sum:
Zh(,yz) < eko—(Res+p)d(z7i) +e(l—Res—p)k0+(Res+p)d(Z,i) ]
¥

We take ko = [2d(z,7)], and obtain

< e(?—Re s—p)d(z,7)

)

which gives the desired estimate of the sum. W

16.4. Injectivity of the map from differentiable cohomology to in-
variant eigenfunctions, cocompact case. We can also prove the injectivity of
the map from WP-valued cohomology classes to invariant eigenfunctions in the co-
compact case, now even for p > 2, but the proof in the absence of cusps is harder,
because the chain A used in (I6:6) must be replaced by an infinite path. We will
show:

PROPOSITION 16.11. Let I' be cocompact, and let p, ¢ € N, ¢ > p > 2. Then
the following diagram is commutative and all arrows are isomorphisms.
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104 5. MAASS FORMS AND DIFFERENTIABLE COHOMOLOGY

Only the injectivity of [1)] — uy from H}, (s WP) to EL remains to be proved.
In the non-cocompact case we used the decomposition ([I6.35) to write the eigenform
uy as a sum of two pieces associated to paths between cusps. Now there are no
edges in X/ that go to points of the boundary OH and we will use paths between
hyperbolic points instead. To do this we will extend a lift Ve CHET;GP) of ¥ to
a function defined on infinite paths going from a point P € XJ C H to a hyper-
bolic fixed point on OH, like we did in §7.3]in the analytic case, using a one-sided
average. However, because our knowledge of the behavior of the extension near the
hyperbolic fixed point is incomplete, we are forced to perform some complicated
estimates.

The proof will consist of five steps, of which steps a) and b) were not needed for
groups with cusps, and step d) requires more work than in the previous subsection.

a) Choice of paths from points of X to hyperbolic fixed points.
b) Extension of z/NJ to these paths.

¢) Definition of u;(&1,&2) for hyperbolic fixed points & and &.
d) Proof that if uy = 0 then u; (&1, &2) = 0.

e) Proof that if u, = 0 then [¢] is the trivial cohomology class.

e  Step a). We assume that the tesselation 7 of type Fd is based on a Dirichlet
fundamental domain §. We choose once and for all a I'-orbit H of hyperbolic fixed
points of ', and consider only hyperbolic points belonging to this orbit. For each
& € H we denote by ne € I' the generator of I'¢ that has ¢ as its repelling fixed
point.

In the proof of Proposition [Z.4] we extended a cocycle on Xg— X X(;r to a cocycle
on (XJ UH) x (XJ UH). Here we work with a cochain ¢, and have to deal
with actual paths between points of XJ U H. We choose for each ¢ € H and each
P € X] C H an infinite chain p(P, ¢) of elements of X/, describing a path from P
to &. We require:

(i) T-equivariance, i.e., yp(P, &) = p(yP,~€) for all y € T,
(ii) p(P, &) has no self-intersection,
(iii) for P,Q € XJ and ¢ € H the difference p(Q, &) — p(P, €) is finite, i.e., it
is in Z[X7]

To see that such a choice is possible
we start with one £ € H, and abbrevi-
ate ne = 1. Let s be the geodesic con-
necting & with the other fixed point &’
of 7. (In the sketch on the right in the
upper half-plane model we place £ at
0 € P} and ¢’ at co € Pk.) We choose 1
a point @ on s and cover the segment of
s between a and n~'a with the finitely
many translates v§ such that the clo-
sure 7§ contains the segment between
these two points. 13

Next we take the infinite cover of s consisting of all translates by n™, n € Z, of

the cover of the segment between a and 1 'a.

é—/
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§16. DIFFERENTIABLE PARABOLIC COHOMOLOGY 105

The union of all these translates
is a connected simply connected region
in H. The boundary of this region con-
sists of two components. We take the
C component on the right of the geodesic

with respect to the direction from &’
to &.
noa This component can be described
as an infinite chain of the form C =
s Zi,m e; xr; with z; € XlT and g; €
! {1, —1}. The chain is n-invariant: there
exists n > 1 such that nx; = x;4,. It
has no self-intersections.

We use this chain to form infinite paths from each P € X to &. Through each
P ¢ X there is a unique geodesic gp that intersects s orthogonally. We denote
the intersection point by zp. If P happens to be a point of s we take zp = P.

First we consider those points P €

XJ for which z, is between a and 5~ 'a, @
or is equal to a. For each of these points %
P we choose a chain r € Z[X]] de- C zp P

scribing a path from P to a point @ in
CNX{ . This can be done in such a way
that the path corresponding to r inter- n-a
sects the path given by C only in Q.
Then we choose p(P, &) as the sum of r s
and the part of the chain C' describing i
a path from Q to &.

The path z(P,¢) that we have constructed has no self-intersection. If P,R €
XJ satisfy xp,zr € [a,n" a) then p(R, &) and p(P,€) form the same path, except
for an initial part. So requirement (iii) is satisfied. Thus we have completed the
choice of paths going to the fixed £ € H.

The condition on the intersection points xp implies that the set H x XOT is
freely generated by the (&, P) for which we have defined p(P, £). We put p(T'P,v¢) =
p(P, &) for v € T to define p on H x XJ . This choice clearly satisfies requirements
(i) and (ii). For requirement (iii) we observe that p(n~"P,§) and p(P, ) differ only
in an initial part.

In the sequel we assume that p(P,¢) for ¢ € H and P € X] has been chosen
such that requirements (i)—(iii) hold.

e Step b). The lift p € C'(FT;GP) of the given cocycle ¢ € Z'(FT;WP)
is defined on paths in Z[X{]. For P € XJ and ¢ € H we have arranged that
p(P,&) —nz 'p(P,€) € ZIXT]. So ¥ (p(P,€) —n; 'p(P,€)) is an element of GZ. We
use the one-sided average Avy;: discussed in §4.T] to define:

(16.12) F3(P.€) = Avto((1—n;"p(P.&) € GL(OH~ {€}).
The dependence of Fy;(P, ) on the choice of the path p(P,§) is not visible in the

notation. We think of F; (P€) as 1 evaluated on the infinite path p(P, ).
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106 5. MAASS FORMS AND DIFFERENTIABLE COHOMOLOGY

Near points of OH \ {{} we have good information on the behavior of Fz (P, §).

It is locally (in the disk model) of the form w — (1 — \w|2)s - (analytic), as defined
in §3.31 The next lemma gives information concerning the behavior near the point .
We formulate it in the upper half-plane model, with £ at position zero, and use polar
coordinates £ 3 z = pe'? (p > 0, ¢ € (0,)).

LEMMA 16.12. Let g € G such that g -0 = &, in the upper half-plane model,

and gneg—t = [\62 1/0\/2] with t > 1. Then we have, uniformly for 0 < ¢ < 7:

Fy(P.&)(g-pe?) < 1 (p10),
OpF(PE)(g-pe'®) < p=t  (pl0).
PRrROOF. This is a statement concerning H(pe'®) = > h(t"z) for some h €
GP. There are R > Ry > 0 such that a
p*(sin @)®ap(p cos @, psin @) for 0 < p < Ry,
h(pew) = O(l) for Rg < p < Ry,
pS(sin@)*as(—p~Lcosg,p~tsing) for p > Re,
with CP-functions ap and a. on a neighborhood of 0 in R? containing a disk of
radius Ry, respectively R3!. In the intermediate region we also have 8ph(pei¢) =
O(1).
For p < Ry we split up the sum at B =
sum over 0 < n < B contributes

to H(pe'®) : Z " p*(sin @) *ag(t"p cos ¢, t"psin ) < p®(sin ¢)tP*
0<n<B

_ log(p/Ro) and A = _ log(p/Roo) The
logt logt :

< p°(sing)’p™® <« 1,

to 9,H(pe'?): < Z ®(sin ¢)* (”9 _1+t"(9+1)) < pt.
0<n<B

The sum over n > A contributes

to H(pe'?) : Zt_"s (in @)oo (—t "p L cos ¢, t " p ! sin ¢)

n>A
< pfpt <1,

to 9,H (pe'?) : Zt‘"(SH p*(sing)® (sp™'O(1) + p720(1)) < p~*.

n>A
The region B < n < A contributes O(4 — B) = O(1) to H(pe'), and to

0,H (pe'?)
> oto() < tt < pt
B<n<A

On this region we do not obtain a factor p*(sin ¢)*. So we have to be content with
O(1) and O(p~!) as the final estimates. M

Let p(-, -) and p( -, -) denote two choices of paths, both satisfying the require-
ments. Then p(P,§) —p(P,§) can be written as an infinite sum 3 . m., (v71%) of
elements of XJ, with m., = £1 if y7!F is between both paths, with the choice of
the sign depending on the winding number of p(P, &) — p(P,€) around v~ 1§, and
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§16. DIFFERENTIABLE PARABOLIC COHOMOLOGY 107

m., = 0 for all other y~'§. For the influence of the choice of the path on FJ}(P, §)
we would like to get an estimate of the sum

(16.13) > mydip(y!

For later use we formulate this more generally. We need estimates for absolutely
converging sums over 7 such that v~ '§ is contained in a set X. Near pieces of the
boundary away from the closure of X in ]P’(lC the estimates are better. In the proof
of Lemma we will need also an estimate for derivatives of the sum.

For convenience we use in the following lemma the disk model H = D, with
coordinates w = re’?, 0 <r < 1 and 0 € R/27Z.

LEMMA 16.13. Let X be a union of I'-translates of §. Denote by X the closure
of X inDUID. Leth e NP, p=2,3,..., let{e, : '} be a bounded set of complex

numbers, and put
H = Z exh|y.
~yeD, v71FCX
Then for any w € D with hyperbolic distance d(w, X) to X at least equal to R > 0
(16.14)
H(w) < e~ CTP=UE (1 _2)9 H(re'), (1 —r?) 9pH(re'?) < e~ (+P~DE,

The differential operators operators (1 —r?) 9, and =1 (1 — r?) 9y are natural
in the coordinates r and 6, since they are I'-equivariant up to a factor of absolute
value one.

PROOF. In fact, we will prove the estimates (I6.14]) for the functions obtained
by replacing all terms in the defining sums by their absolute values.

Near the boundary, h(re??) = (1 — r2)*a(re?) with a CP-function a on a
neighborhood of the boundary, vanishing up to order p on the boundary. Hence
h(re®®) = O((1—r?)**?) and 9,h(re’) and dgh(re'?) are O((1—r?)*+P=1). Since h
is a C?-function, we can use these estimate everywhere on . To estimate 9, > ho~y

and Oy > h oy we use Z’d'yw (yw)| and 7|4 B by (yw)|, and note that ‘Czy—ww‘ =
11—|?ul)ljl‘2 . (We use that h, and hg are linear combinations of h,, and hg with bounded
coefficients.) So for H and for its derivatives we have to deal with sums of the type

(16.15) S (1= )T,

vel, y~1§CX

with ¢ = p or ¢ = p — 1, and have to add a factor (1 — r2) for the derivatives.
We can assume that 0 € §. For all y € T’

1—|yw? < e7d0w0) = (=dwa™0) < o=dwy™E)

An area consideration shows that the number of v € T’ such that d(w,y ') < R
is O(e’). Hence the sum in ([IG.I5) satisfies

< Zed(w7X)+l e—(s+q)(l+d(w,X)) < e—(s-i—q—l)d(w,X) )

1>1

This gives (I6.14). N
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108 5. MAASS FORMS AND DIFFERENTIABLE COHOMOLOGY

Lemma [6.13] has as a direct conse-
quence that if I is a closed cyclic inter-
val in St = JD contained in the open
set OD \ X, then as r 1 1, uniform in
I e el
H(rew) < (1- TQ)SJ””*I ,
O-H(re'?) < (1 —r2)stP=2,
To see this we simply observe that
e~ 4w X) — O((1 — r?) uniformly, be-
cause the nearest point of X to any
point near I lies in a fixed compact sub-

set of X.
If we have two choices p(P,§) and p(P,§) for the path from P to £ we get for

the difference of the corresponding values FJ) (P, &) and FJ)(P, £) the expression
Z My dq;(’y_lg) = Z My dl[)(g)h

yel’ yel
with m., as in (I6.13). We have di)(F) € NP, and the estimate (I6.16) shows that
this sum is estimated by O((1 — r?)**?~1) near points of oD \ {{} =: I. The
restriction morphism ps : WP(I) — VP(I) in §33is given by p,f(§) = lim,41 ((1 —
r2))7% f(re?)) on the class in WP(I) represented by f € GZ(I). Thus, we obtain
the following result:

LEMMA 16.14. The element psF;(P,§) € VF(OD ~\ {£}) does not depend on the
choice of p(P, &), and satisfies

(16.16)

(16.17) psFJ)(’Yile}/ilg) = (psFJ;(Pa E))h/ (’Y € F)7
and
(16.18) psFp(P1, &) = psFy(P,€) +1(r)

for PI,P € X], &€ H andr € Z[X]] corresponding to a path from P; to P.

Thus we get a cocycle ¢ on (XJ U H) x (XJ U H) with values in a I'-module
containing V? in which singularities at points in H are allowed. The restriction of ¢
to XJ x X{J is related to 1 € ZL(FT;WP) by ¢(P,Q) = pstb(p), where p € Z[X] ]
is a path from P to Q. For P € X] and £ € H we have ¢(P,¢) = psF5 (P €).

e Stepc). Let &,& € H, and choose P € X . Motivated by ([6.6) we might
consider

Fy(P,&) — Fy(P &) &
+ ) A,
yeEL, v ~1FCX

where X is in the region indicated on
the left. However, this sketch is mis-
leading, because the paths p(P, &) and
p(P, &) may intersect each other. &2

We need to work with a sum Zw My d&(s)h, where m, is the winding number
around 7~ 'F of the closed path —p(P.&) + p(P,&1) from & via P to & and then
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§16. DIFFERENTIABLE PARABOLIC COHOMOLOGY 109

back to & along the positively oriented arc of 9D from &; to &. (In the sketch
above, where p(P, £1) and p(P, &) do not intersect each other except in P, we have
m, =1if y7'§ C X and m., = 0 otherwise.) We define

(1619)  uglents) = = (Fa(P&) — Fy(P.&) + Y my di(@)h).

iy
yel

There is a more general representation

(16.20) uglen &) = — ($(A)+ Y m, @)
yel

where A is any infinite path given by an

infinite chain of the form —p(Q1,&1) + &1

T+ p(Q2a£2)7 where Q17Q2 € Xg—a Ql

where r € Z[X{ ] corresponds to a path

from @1 to ()2, and where m, is the Q>

winding number around 7y~ '§ of the

closed path consisting of —A and the

positively oriented arc in D from &;

to 52. 62
LEMMA 16.15. We have U&(fl,fg) €& and

(16.21) ug (€1, 82) +ug(€2,81) = uy .

PRrROOF. The second assertion follows directly from ([I6.2]) and (IG20).

To see that u,&(fl,fg) is in & we want to apply the same reasoning as in
Proposition [[6.J] We need a sequence A; of infinite paths from &; to & that have
distance at least [ to a fixed point Fy. To construct such a sequence we consider
first the sequences (n; "Py) and (75 "Pp) tending to & and &o, respectively. Put
P =107 "p(Po, &) — 07" tp(Po, &2). This is a finite path from ;" Py to n; "' Py,
and F;(FPo,&1) is equal to anoqﬁ(po)hﬁ. (The infinite chain ), -, p, describes
an infinite path from Py to &, that will in general be different from p(Py,£1).) For
each n the maximum of the distance between two points of p, does not depend
on n. The sequence of finite paths g, = 1y "p(Po, &2) — 15 " 'p(Po, &) has similar
properties.

For each [ > 1 there is by Lemma [I6.3] a cycle Z; going around D once in the
positive direction in the region with hyperbolic distance at least | to Fy. There
are points P, € Xg— in the intersection of Z; with ) - pn, and Q; € Xg_ in the
intersection of Z; with the infinite path » - ¢n. Take ny such that P, is on the
finite path p,,, and ny such that Q; is on the path a,,. We form the chain 4, as
the sum of the following chains:

from to
ar = =5 Pn &1 m " P,
as along edges of p,, n, "™ Fy P,
as along edges of C; P, Qr,
i alongedgesof gu, Q1 1"y,
as = Znan dn 772_n2P0 62 .

To apply the method used in the proof of Proposition [[6.1] we estimate for each

of these paths the funtion (A — A;)¥(a;).
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110 5. MAASS FORMS AND DIFFERENTIABLE COHOMOLOGY

We have (A — A,)b(asz) = O(e!) O(e=tP)) = o(1). The paths ap and a4
consist of finitely many edges, and have distance at least | — O(1) to P. This
leads to (A — A )p(a;) = o(1) for i = 2,4. The path ¢,, has distance at least
I —O(1) to Py, and there exists a factor & > 0 such that 1, "g,, has distance at
least an +1 — O(1) to Py. Hence (A — Ay )ih(as) < 32,50 O (e~ HPnt) = o(1),
and similarly for a;.

Now we can proceed as in the proof of Proposition I6.11 H

e Step d). We now show:
LEMMA 16.16. If uy = 0, then uj(&1,82) =0 for all &,& € H.

PROOF. Since uy, = 0, equations (I6.21)) and ([I6.19) give
(16.22)  miug(€1,62) = Fy(P.&) — F5(P,&) + S5(P,61, &)
= —miug(§e, &) = —Fp(P&) + Fp(P &) — S5(P &, &),
where

(16.23) (P& = Y mydb(@)]y,

~yel

with m., the winding number around v~ of the path consisting of —p(P,n), p(P, §)
and the positively oriented arc in 9D from & to 7.
Let wy € D. By Lemma [I6.15 and ([I9) we can use Theorem [[] to write

(16.24) w (€, ) (wn) = —2r /C {ug(€1,€), 0},

where v(w) = ¢s(w,wy) and C is a curve encircling w; once in the positive direction.
We will choose the path C consist-
ing of four pieces, two being small arcs &
C: and (5 near & and &, and two be-
ing arcs D7 and Dy between &; and &s.
(See diagram.)
Near &; it is convenient to use the
upper half-plane model, writing §; =
k; -0, with k;, € PSO(2) ¢ G =
PSLy(R). &
We choose the C; depending on two small positive parameters € and d, as
indicated in the following sketch of kj_l C; in the upper half-plane:

The points z; and z;, where the arc C; meets Dy and D5, correspond to w; = 2;:
and w); = z’,—;z in the disk model. The absolute value b := |w;| = |w]| (near 1) is
i
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§16. DIFFERENTIABLE PARABOLIC COHOMOLOGY 111

desin§
The arcs D; are of the form w = be'® where 6 runs through an interval I; in R/27Z.

We must show that each of the four contributions to (I6.24) tends to zero as 6 — 0
and then ¢ — 0.

We begin with C;. In the upper half-plane model we use for z near &; the
coordinate pe'¥ = kj_lz € 9, for which

related to € and & (near 0) by an explicit formula (namely 1 — b? =

1
{u,v} = p (vuy — uvy) dp + p (wv, — vu,) de,

and hence simply {u,v} =¢ (uvp — vup)) dy on Cj, where p = € is constant.

We have Fj;(P,&;) = O(1) and 9,F;(P,&;) = O(e™") by Lemma 6121 The
corresponding term for Fi5(P,§;/), with j’ # j, is smaller, since F;(£1,&2) € GE(J)
for an interval J containing &;; the derivative is O(p*~!). Lemma [[6.13 and its con-
sequence ([I6.T6]) applied to Si(P, £1,6) = —Si(P, &9,&1) show that Si(P, £1,8)
is bounded near ¢;, and that near &; the derivatives with respect to r and 0 are
estimated by O((1 —r2)7!) = O(e™'). The derivative with respect to p can be
expressed in these derivatives with bounded coefficients. Finally, the functions v
and v, for v = gs(-,w1) € WP are O(e®) and O(°71) respectively. All this leads
to the following estimate of the integral over Cj:

5
/ 5(0(1)0(5178)+0(55)0(e*1)) dp = O(=°).

-5
This estimate is uniform in ¢ € (0,7/2).

Now we turn to D;. In the disk model with coordinate w = re’ € D we have
1
{u,v} = - (vue - uvg) dr +r (uvr — vur) do,
r

and hence {u,v} = b (uv, — vu,)df on D;, where r = b is constant. Since I; has
length at most 2 = O(1), the contribution of the integral over D; is bounded by
a multiple of the maximum of |uv,| 4+ |vu,| over the arc D;.

We use that F;(P,&;) € GF(I) and that v represents an element of WY to get

from Fj;(P,&;)(re”) = (1—r7)%a(r, 0) and v(re'®) = (1—72)*b(r, §) the contribution
r(1 —r?) (a(r,0)by(r,0) — a(r,0)b(r,0)) df .

This contributes O ((1 — b?)?*) to the integral. (We note that the implicit con-
stant depends on the interval, hence on ¢.) By Lemma [I6.13] the contribution of
SzZ;(Pv &1,&) or _SzZ;(P’ £2,61) is O, ((1 — b2)2s+p*2). Since p > 2, the final estimate
of the integral over D; is O ((1 — b?)%*).

We have arrived at
ug(§1,&2) = O(e%) + Oc((1=b%)*),
with the first term uniform in §. Letting § | 0, and hence b 1 1, we arrive at the
bound O(e®) for all positive e. Hence u;(§1,€2) =0. W
o Stepe) Ifuy =0, then uy(&, &) = uy(62, &) =0 by step d). Lemma [6.10]
and ([[6.22) give for P € XJ and &;,&, € H:

(16.25) F3(P,&) — Fi(P&1) = S5(P&,61) = —S5(P&1,6).
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112 5. MAASS FORMS AND DIFFERENTIABLE COHOMOLOGY

The cocycle ¢ on (XJ U H) x (XJ U H) introduced after Lemma [[6.14] satisfies
c(&1,&) = pS(Fu;(P, §2) — Fy(P, €1)). We have Fp(Pg)(w) = Aj(w) (1 - lw|?)*
where A; is p times differentiable on a neighborhood Q; of S'\ {¢;} in P:. Es-
timate (IGIC) shows that S;(P, &1, &) is o(1 - |w|2)p71 near closed intervals in
(€2,&1). and, with reversed roles of §; and &a, also near (£1,&2).. So A; — As is in
C’p_l(Ql N Qg). We glue A; and Ay to obtain f € GP~! that represents c(P,¢;)
on S*\ {&;} for j = 1,2. The sheaf WP~! has no sections with support consisting
of one point, so FIZ)(P’ &1) and FIZ)(P’ &) are in WP~! and and their difference is
represented by an element of NP1, The proof can now be completed in the same
way as in the last part of the proof of Proposition 16.9

17. Smooth parabolic cohomology

We combine the results on VP-valued cohomology of the previous section to
show that H  (T; V) = Maass?(T"). In this way, we complete the proofs of Theo-
rems [Al and [Bl and conclude that the main theorem of [21] extends to three times

differentiable period functions.

THEOREM 17.1. Let 0 < Res < 1. Let I' be a cofinite discrete subgroup of

G = PSLy(R).
If T is cocompact then EL is isomorphic to HY(T;V>°) and to H*(T; VP) for all
peN, p>2

IfT" has cusps, then Maass. (I') is isomorphic to H].(D;V°) and to H), (T; VP)
forallp e N, p > 3.

Proor. With the restriction map p, we obtain from Propositions [[6.10] and
6111 in the case that I' has cusps and p > 3

o

o —
MaassD(I') —= H},, (I3 Ve 20) —— HJ,, (T V%) —— H], (T:V2) |

par par par

and if I" is cocompact and p > 2

oy /i\
& —= H'(1V2) —— H' (I V) —= HY(VP)

where in both cases the composition is an isomorphism. So it suffices to show that
the natural maps H}, (T;V>°) — H], (I;VP) and HY(I;V>°) — H'(T; VP) are
injective for all p.

We show this in the standard model of cohomology. Suppose that for ¢ €
ZY(I;V2°) there exists a, € VP such that 1, = a,|(y — 1) for all ¥ € I'. Since
all arrows in the diagrams in Propositions [[6.10] and [[6.11] are isomorphisms, there
are also a, € V2 such that i, = a4 | (v — 1) for all v. We take a hyperbolic v € T,
and conclude from Proposition 1] that all a, coincide, and hence give elements of
| 2o |

As a consequence of ([Z£8d) we obtain for the modular group the following
extension of the main theorem in [2I] on period functions and Maass cusp forms:

THEOREM 17.2. Let 0 < Res < 1, and p e N, p > 3.
Maass) (1) = FE,(Ry)) = FE(Ry)%, = FE(Ry)).
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§17. SMOOTH PARABOLIC COHOMOLOGY 113

So thrice differentiable functions on (0, c0) that satisty
x S
- 1 7 p(—)
J@) = S+ + @) (S
and the estimates ¢ (x) = O(1) as z | 0 and ¥ (z) = O(z7%) as ¥ — oo automati-
cally are real analytic, and occur as the period function of a Maass cusp form.

17.1. Recapitulation of the proof of Theorem[Al The definition in (5.5al)
induces an injective (Proposition 5.1 map r : E& — H(I'; V¥). The isomorphism
Ve 2 W (in §8.2) and Theorem [T.2 give a left inverse a® o Pl of r, with

a: [] = b(s) upy,
with b(s) as in (B4d). The injectivity of a¥ o P! follows from Proposition [7.3]
Proposition [[4] and the exact sequence (7.0)).

Proposition [[6.2] extends o¥ to of : H(I'; WP) — EL'| in a compatible way for
different values of p. Theorem [I7.1] shows that these extensions are injective, and
also determine an isomorphism H*(T; V) — £

17.2. Recapitulation of the proof of Theorem [Bl The injective map r
in Proposition 5] from Maass(T') to H'(I'; V) has its image in the subspace
Hl.(D;Ve, V&0 according to Proposition I3l Proposition TZ7 shows that

r: Maassd(T) — H, (T; V¥, V)

par

is an isomorphism. Propositions [3.4] and the fact that V¥~ > is locally defined
(Definition [33)) imply that

Hyor (T3 V2, V7%) 2 Hy (DY),
Finally, Theorem [I7.1] gives
Maass)(I') = H.,.(I; V).

S
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CHAPTER 6

Distribution cohomology and Petersson product

In the previous chapters we have considered the relation between automorphic
forms and cohomology groups with values in principal series spaces consisting of
functions, possibly with singularities. In this chapter we turn to cohomology with
values in the spaces V"> and V" of distribution and hyperfunction vectors in the
principal series. For groups with cusps, H*(I'; },"°°) is isomorphic to Maassg(F),
by a result of Bunke and Olbrich, [7] The natural map from H(T;V,>°) to
H(T; V%) turns out to be the zero map if I has cusps. This contrasts with the
cocompact case, where Bunke and Olbrich, [6], have shown that H(I';V, %) =
HY(T; V7).

The Petersson scalar product can be transformed into a bilinear form on the
space Maassg(F). The isomorphisms with cohomology groups transform this bilin-
ear form into a duality between H. (T;V>*) and H'(I';V,_%). We will show in
Section [I9 that this bilinear form coincides, up to a multiple, with that given by
the cup product, which we have to adapt to parabolic cohomology if the discrete
group has cusps.

18. Distribution cohomology

The obvious way to obtain a map from Maass forms to distribution cohomology
uses the natural homomorphism associated to V> — V,°°. In §I8T] we see that
this leads to the zero map. In §I8.2 we discuss another map from Maass forms to
distribution cohomology, which gives an isomorphism on cusps forms.

18.1. Vanishing image in distribution and hyperfunction cohomol-
ogy. The injective map r in Proposition [5.1] can be followed by the natural map to
H(T; V™). The composition is injective for cusp forms:

Maass) (I') —= H,,, (I V2, Ve 0) —— H}, (T; V)

\[ o~ par par

E————H'(I}V¥)

H'Y(T; V)
The inclusions V> C V,7*° C V,“ give further natural homomorphisms
(18.1) HY T3 V) — HY(T; V) — HY(T;07¢).
PROPOSITION 18.1. The image of r EX under the natural maps in (I81)) van-

ishes in HY(T; V%), and the image of r Maass,(I") vanishes in H(I'; V).

1See the footnote in §7on p. 31
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116 6. DISTRIBUTION COHOMOLOGY AND PETERSSON PRODUCT

PROOF. Let u € EL'. In §5.2] we have seen that the class of ru is represented
by a V¥-valued cocycle 1, = g|2s (¥ — 1), where g € H is a representative of the
hyperfunction P, 'u. Hence the image of ru in H*(T'; V%) is zero. If u € Maass, (T")
then u has polynomial growth. Theorem 23 implies that P, u € V,7*°. Hence ru
is zero in HY(I;V,7°°). A

18.2. From cusp forms to distribution cohomology. In §2.4 of [4] we
have considered two spaces of second order eigenfunctions:

&l = Ker ((A—\,)?: C®(H) — C*(H)),

18.2
(18.2) (7°) = {f €& : f has polynomial growth} .

The space of eigenfunctions of polynomial growth is equal to £;°° = P,V,7* (The-
orem [2.3]).

Propositions 2.6 and 2.7 in [4] show that the spaces of second order eigenfunc-
tions fit into the following exact sequences:

0o - & - €& Al>A“5s—>O

(18.3) U U U

0 — &7° — (&) Az E > = 0

The second of these exact sequences leads to a non-zero map from cusp forms
to distribution cohomology. Indeed, define b : Maass,(I') — H'(I'; V,"°°) as the
composition

Maass,(T') = (£;°) = HY(I;£7°) — HYT;E7°) = HYT; V),

of the connecting homomorphism in the long exact sequence associated to the sec-
ond row in (I83) and the isomorphism provided by the Poisson transformation.
If T has cusps and u € Maassg, (I') is the value u,, of a holomorphic fam-
ily s — us € Maassy(I'), then a I'-invariant lift 45, € (£.)7°° can be obtained
by differentiation with respect to s, as in the proofs of Propositions 2.6 and 2.7
in [4]. So b vanishes on Eisenstein series. Bunke and Olbrich have shown in [7],

Proposition 8.1:

PROPOSITION 18.2. Let 0 < Res < 1. The map b : Maass?(I") — H(I'; V™)
is an tsomorphism.

Their proof uses an exact sequence
—00 —00 A—As oo
0— &, —C —°C — 0,

where C~°° consists of the f € C°°($) such that 9707 f has polynomial growth for
all n,m € N.

In the cocompact case, this result amounts to L' =2 H(T; V,°°). In [6], Bunke
and Olbrich have shown that

(18.4) & = HY(I;V, ™) = HY(I; V).

If T has cusps and s # %, then all elements u € £ occur in holomorphic families,
as we have seen in part ii) of Theorem [[5.1] Differentiation with respect to s gives
for u € £ a T-invariant lift in (€)', Hence the image of bu in H(I'; ;") vanishes:
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§19. DUALITY 117

PRrROPOSITION 18.3. Let 0 < Res < 1, s # % For groups with cusps the
composition
Maass, (T') -2 HY(T; V,>°) —s HY(T; V%)

is the zero map.

19. Duality

In this final section we give a cohomological description of the Petersson scalar
product.

19.1. Petersson scalar product. The Petersson scalar product on the space
of cusp forms Maassg(F) is given by

(u,v) = / u dp.
9

It can be computed by integration over any measurable fundamental domain, for
instance over § as chosen in §6.2]in the cocompact case and §ITI]if T’ has cusps.
Instead of (-, -) we use the bilinear Petersson scalar product

(19.1) (u,v) = /r\.a uv dp (u,v e Maass)(T')) .

Since Maass) (') # {0} only if s € (2 +iR)U(0, 1), the space Maass)(T') is invariant
under conjugation. Hence (u,v) = (u, o) for all u,v € Maass(T') for all s with
0 <Res < 1.

19.2. Cup product. The cup product in cohomology can be described with
any augmentation preserving chain map F' — F'® F of projective resolutions, called
a diagonal approximation, which gives an isomorphism in cohomology. In the stan-
dard model of group cohomology one may use the diagonal approximation described
in [I], Chap. V, §1. This leads to a linear map

U: H(T; V)@ H(I; W) — HT (D, Ve W).
For i = j = 1 this is induced on 1-cocycles by (bU ¢)(z) = —(b ® ¢)(Asz)), where
A, denotes a diagonal approximation. For ¢ = j = 1, the cup product ends up
in H3(I'; V ® W), which is isomorphic to (V ® W)r in the cocompact case. For
groups with cusps, the second cohomology groups vanish, and we need parabolic
cohomology to have a reasonable cup product. Applied in the cocompact case, we
get back the usual cup product.

For our purpose it suffices to consider a resolution F T based on a tesselation
T of type Mix, as discussed in §6.2and §ITIl The tensor product G. = F7 @ FT
with G; = @,_, FT ® FJ, gives a resolution of Q. The boundary maps are
determined by 9,10 @ y = (8iz) @ y + (—1)'z @ (9;y) for x € F] and y € F].
The augmentation is given by ¢ (P® Q) = 1 for P,Q € XJ. With minimal sets
B; C X] of generators of F], the sets

?

U {r®@y 'y : 2 € By, y € Bi_a, v €T,\I'}

a=0
generate G; over Q[I'], and form a basis if ¢ > 1. For x € C:
Gyr = Q- k®k.
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118 6. DISTRIBUTION COHOMOLOGY AND PETERSSON PRODUCT

These are the sole generators with an infinite isotropy subgroup. The conclusion is
that G, is a parabolic resolution as defined in §I1.3

° Ezxplicit basis elements.  For the sequel we need an explicit description of
generating elements of F;/ for the tesselation 7~ of type Mix. The Dirichlet funda-
mental domain § underlying the tesselation has the following boundary:

_ 0 (cocompact)
19.2) 0 = -y h+ ’
(19.2) 5% e;z“ ell=7") { Y onegen x| (1—=m 1) (not cocompact) .

If I is cocompact, then §F is empty.

We introduce some notation, illustrated in Figure [[9.] for the modular group.
Define vertices P, and @, of Fy (or of § if I' is cocompact) such that e = e(P., Q.),
and also vertices P, of Fy such that e, = e(P,, k) if ' has cusps. Note that Q.
may occur as P, for some ¢’ € E.

TP, = foo
T7'Qa

b Qy
SQ»

FIGURE 19.1. The points P, and Q. in the standard fundamental
domain of the modular group.

So FJ is generated by Py, the P, and Q. with e € E, the P, and &, with x € .
We use the Q[I']-basis of F{ consisting of the e € E, the edges e(Py, R) where R
runs through the set of vertices {P., Q.} U {Py, 7. P:}, the e, = e(P,, k) and the
fr = e(P., 77 P,) with & € . A Q[I']-basis of F consists of the polygons in
X7J contained in §. For the tesselation T of type Mix these polygons are triangles.
Their sum represents the fundamental class. Denoting by A(A, B, C) the triangle
in XQT with boundary es g + ep,c + ec,a we have:

(19.3) ®) = 2 (AP P Qo)+ AR, ' Qeini P2
ecE
+ 3 (AP P P + Vi)
KEFH

where V,, = A(n; 1Py, Px, k).
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e  FEaxplicit diagonal approximation. The cup product in parabolic cohomology
is induced by any augmentation preserving chain map 6, : F7 — F7 @ F7. With
the notations just introduced we indicate a special choice that will work well in
connection with the Petersson scalar product.

In dimension 0 there is only one sensible choice:

(19.4) 5(P) = (P)®(P) (PeX]).

This is continued Q[I']-linearly, and gives an augmentation preserving map.
In dimension 1 we prescribe d; on the basis discussed above. For each of the
basis elements ep o we put

(19.5) diepq = P®epgtepq®Q.

After Q[I']-linear extension, d; turns out to be compatible with the boundary maps:
8051 = 5181.

For the basis elements of FQT we make the choice in Table I9.1] with e € F,
k € . It is some work to check that this is compatible with d and 9;. This

02A(Py, P, Qe) = Po@A(Py, Pe,Qc) +e(Py,P)®e
+ A(Py, P, Qe) ® Qe
62A(Po, v Qe 7ot P) = Po® A(Po, 7. 'Qes v HPe)
—e(Po,7e 'Pe) ® e(ve ' Pe, 70 ' Qe)
+ A(Po, 7, Qe v P P) @71 Qe
63A(Po, Py, 1 Py) = Py® A(Py, Py, Po) + e(Po, Py) ® foe
+ A(Py, P, m ) P @ P,
Ve = P.oVi—fo@mle,+Vi®kK

TABLE 19.1. Basis elements of FJ , with e running through E and
K through F°".

choice has the special property
(19.6) BF] c (Ff o F)a (FlT’Y ®F17) o (Ff o F),

where the first factor of the (1,1)-term is F} .

° Cup product. Let V and W be Q[I'J-modules. The cup product of cocycles
be ZYFTY;V)and c € ZY(F7;W) is computed as (bUc)(z) = —(b® ¢)(d2x) for
x € XJ. The tensor b® c sees only the component of z in FlT’Y ® FJ. The result
represents an element of Hgar(F; V ® W), which does not depend on the choice of
b and c in their cohomology classes. Thus, we have obtained

(19.7) U: H'(T; V) H!

par

(T;W) — H> (T; Ve W).

par
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120 6. DISTRIBUTION COHOMOLOGY AND PETERSSON PRODUCT

By evaluation on the fundamental class we obtain an element of Hgar(F; V®
W) = (V ® W)r represented by:

BUAE = 3 (UPu P @ ele) + (0P P @ ) |

(19.8) el

+Z< (Po, Ps) ® c(fis) + b(fx) ® (wmleﬁ))

KREFCu

e  Duality. In the special case that there is a I-invariant bilinear form (-, -) :
V x W — C we have a linear map (V ® W)r — C. Thus we have a linear form
HYT,V)® H!, (T;W) — C given by

bl @[] = ((bU)(N\H))).,

where we denote by (-) the linear form on V' ® W corresponding to the bilinear
form (-, -). We will use this with V- = V"% and W = V. See 211

19.3. Cohomological interpretation of the Petersson scalar product.

THEOREM 19.1. For 0 < Res < 1 and all cofinite I' C G, the bilinear
Petersson scalar product is given by the cup product of bu € HY(I';V_%°) and

rv € Hy, (T;V°) evaluated on the fundamental class:

(.0) = “2) (b U o) 0\ HI)
for u,v € Maass?(T'). See BAd) for the gamma factor b(s).

Remarks. 1. For discrete groups with cusps we understand the cup product in
the parabolic sense of the previous subsection.

2. The choice of the spectral parameter s such that Ay = s(1 — s) is the eigenvalue
of A on uw and v is not visible in the notations b and r. Here it is important to
use opposite choices for the spectral parameter for bu and rv. For the Maass cusp
forms the choice does not matter: Maass|__(I') = Maass_(I").

Proof.  The proof takes the remainder of this subsection, and consists of three
separate steps, which use several results from the previous chapters. For cocompact
I’ we use F" = @ throughout the proof.

° Use of a distribution-valued cocycle. First we use the description of cohomol-
ogy with cocycles on the group I'.
The map b in JIR.2] gives rise to

b ®id : Maass|_(I") ® Maass)(I') — H(T'; £;,°°) ® Maass (T,

where we have used the identification V_% = £ ° by the Poisson transformation.
We define a linear map d : Z'(I'; £ _,) ® Maass? ( ) = C by

(19.9) db@v) = 20 Y / 1,0
ecE’
where E' = EU{e, : k€ F"}and v, € T fore € E' such that 90§ = > pe|(1—
Ye). For e = ex, k € F, and hence 7. = 7., the convergence of the integral is
assured by the exponential decay of v and its derivatives, and the polynomial growth
of b1
gl
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LEMMA 19.2. Definition (I9.9) induces a linear map
d: HYI;6%) ® Maass)(T') — C
such that the following diagram commutes:

Maass] (') ® Maass. (")

b ® id
d

HY(I';£7°%) @ Maass)(I') ———=

PROOF. Let b € ZY(I';£7°°) and v € Maass(T'). To see that d(b®v) does not
depend on the choice of b in its cohomology class, we look at b = da € B*(I'; £1.%).

dbev) = 2i Y [ [aly.' —av] = 21'2(/%16[@,@]_/6[“])

ecE' Y€ e€E’

= Zi/ [a,v] = 0.
0%

Let u,v € Maass)(I') = Maass! __(I"). The exactness of the sequences in (I83)
implies that bu can be represented by a cocycle v — by, = @|(y — 1) with a €
(&1_4)° such that (A — A;)@ = u. Thus,

dbu®v) = d(b®v) = 22’2[0\(7;1—1),1)} = 2i/ [@,v] .

ecE’ %

Since (A — A;)@ may be non-zero, the form [&,v] is not closed. For cocompact T

we obtain with ([I0d):
d(bu@v) = 22’/ [ﬁ,v] = /uvdu = (u,v).
oF 3

If T has cusps, we replace § by the truncated fundamental domain §, = § N H,
with a large. (See §IT.1] for $),.) The exponential decay of v and the polynomial
growth of @ and their derivatives shows that for all large values of a

d(bu®v) = 2i/ [@,v] +0(1) = / wodp +o(l) = (u,v) +o(1).

% a
Taking the limit as a — oo we obtain the desired equality. W

) Reformulation with a 2-cocycle. We switch to the description of coho-
mology with a tesselation T of type Mix, and define for b € Z1(F7;&,°7) and
v € Maass (T):

(19.10) wpg = [B(P,Q),v] (P,QeX]).
The map (P, Q) — wp,o defines a 1-cocycle on X x XJ with values in the smooth
closed differential forms, satisfying w,-1p~-19 =wpgo~y forye€I. For P,Q,R €
XJ we put
R
(19.11) C(P,Q,R) = —2i/ wpQ
Q

where the path of integration from @ to P follows edges in X7 .
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122 6. DISTRIBUTION COHOMOLOGY AND PETERSSON PRODUCT

LEMMA 19.3. Equation (ILII) defines a cocycle C € Z*(E7;C) and induces
a linear map

(19.12) a: HY(T;E7°%) ® Maass?(T') — H2, (T;C)

par
such that the following diagram commutes:

HY(T;£7°°) @ Maass?(I") d C

\ Weval. on (3)

par(r (C)

Proof. If P or @ is a cusp, the decay properties used in the proof of Lemma
ensure convergence here as well. The I-invariant C-valued 2-cochain A(P, @, R) —
C(P,Q,R) in C?(FT;C), also called C, is automatically in Z2(EF7; C), since Fy =
{0}. To see that it does not depend on the choice of b in its cohomology class,
we suppose that b = da, with a I'-equivariant a. Then wpg = np — 1¢g, with
np = [a(P), v] also I'-equivariant, and

(19.13) C(P,Q,R) /np—/ np—/ o = df(P,Q,R),

where f(P,Q) = — fP np. So a: [b] ® v — [C] can be extended to give a linear
map HY(I';€;_,) ® Maass.(T') — H?(T; C).
We evaluate C' on the representative of the fundamental class in ([33):

c3) = Z(C(POaPeaQe)_C('Yepmpeer))
ecE

+ > (C(Py, P, 7w Py) — C(Py, ' P, 1))
Hes:cu

(19.14)

where we have used the I'-invariance of C.
Each term in the sum over e € E contributes:

Qe
_21/ (wPvae _w'YePOvPe) = Qi/w’)’epmpo = 2i/|:b(’yeP07P0)7U:| .

Pe e

This is equal to the corresponding term in the definition of d(b ® v) in (I99),
provided we use Py as the base point in the description of b in the standard model
of group cohomology.
The contribution of the terms for k € F are also in accordance with (I9.9]),
as one sees from the following slightly more complicated computation:
1

% (C(PO,PK,wglPH) — C(Pﬁ,wglpﬁ,n)>
VA

w;lPﬁ K
= _/ WPy, Py +/ ) Wp, xil Py
P, Lo
K K K
= —/ WPy, P +/ | WP.P, +/ . (wpazrp, —wropy)
P, o Pe Loy o

K K
= —/ WPy, P, +/71 WPy, mx ! Pe
Py T P
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§19. DUALITY 123

= / (_WP(),PN +w7'r,;P0,PK,) = / I:bﬂ_;l,'U:I . .

€r K

e Reformulation with cup product. The map
Maass()(I') =% Hyop (T W W) — (D W)

induces a map
HY(T;£7°°) ® Maass (') 28 BV (I £;7°°) ® H:

par
— HZ, (T 6% @ Weee)

par s

(T W)

Since £;°° = V=% and W& 2 V@5 C Y there is a G-invariant C-bilinear
duality (-, -) : £7° x W¥»° — C. On the subspace £ °° x W* we have the
description in (39):
b(s
) = ) ptr0) = 22 [ 1),
™ C
with a suitable contour C'. This leads to the following result:

LEMMA 19.4. Fiz f € £°°, and define g € W2 by g(z) = fp[v,qs(-,z)},

1—s>7

where v € Maass?(T') and p € X{ . Then

(19.15) (f.9) = b(s) / o, f].

P

ProOOF. First we suppose that p € XIT’Y. Then Sing (g) C Supp (p) which is

compact in $, and g € W. Let C be a positively oriented closed curve encircling
p once. With (33) and Theorem [Tk

o = o) [1ral = 22 [ s [ peha). ]
S e [ o)) - e [l

The legitimicity of the interchange of the order of square brackets must (and can!)
be checked. Thus, we have obtained (I913) if p € XlT’Y.

We still have to consider the case that p = e(P, ) with P € XJ N$ and » € C.
We approximate p by pg = e(P,Q) with Q € ) on p. Put, for Q € p (including

Q = k):
go(z) = / o0

0@ = [ G ),

With ([@.6d) and Proposition [Z1] we have Pirg = b(s)"tgg forall Q € p. If Q # &
then rg € V. Proposition implies that limg_,, rq = 7, in the topology of V.
Let 8 € V_% be such that f = P;_,5.

(f.9) = (BW(s)T) = b(s) lim (Brg) = lim (£,0)
= b(s) lim v, = b(s v, f].
@pm [ = [ )
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124 6. DISTRIBUTION COHOMOLOGY AND PETERSSON PRODUCT
The last equality follows from the fact that fe( Por) [f,v] converges absolutely. W

LEMMA 19.5. The following diagram commutes:

HY(T;£7°°) ® Maass?(T)

—b(s) . a
%1d®ql \

HY(T5E%) @ (T3 W) —5 H2, (T3 6055 @ Weh ) —=
uality

par U par

H?,.(T;C)

PrOOF. We start with b € Z'(EF7; £, °) representing a class in H'(TI'; &),
and with v € Maass_(T'). The image quv € H},.(T; W) is represented by ¢ €
ZHNET; W) given by

o) = [t wexD).
Let C; € Z2(F7;C) be the cocycle obtained from the cup product
ey = (bua)(v))  (Vex]).
Our aim is to relate C to C o 3, where C' is the cocycle in (T9TIT) representing
a([b] ® v), and where §, : F7 — F7 @ F7 is as in 102

It suffices to consider Cy and C'ods on the generators in (I9.3]), given in the first
column of Table[[9.21 For each of these generators we have (bUq)(A) = —b(z)®q(y)

basis elt. A T € XlT’T yeX]
A(Py, P, Q) e(Po, Pe) e e€eFE
A(Py, 7. 'Qeyve 'Pe)  —e(Po, e ' P) v 'e(Pe,Q.) e€ B
A(Py, P, Py) e(Po, Py) i K€ FM
Ve —fx m, lex K F

TABLE 19.2. Basis elements of Fy

with = and y as indicated in Table Lemma [[9.4] shows that
C1(8) = 0w, aly) = o) [ [0.062)]
With (I310) and ([[ZII) we have C(A) = —2i [ [b(z),v]. In view of (LIOH):
508) -7 a) = [ dootw).
A computation on the basis elements of F in Table shows that

[dtou@) = @rya)

Y
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§19. DUALITY

where F € Map(FlT; C)' satisfies
F(e(Po, P P)b(e(Py, P))(P) for all vertices P of Fy ,
_U(Qe) b(e)(Qe) forec E,
—v(Py) (fﬁ)(ﬂ-glpﬁ) for kK € .

) =
F(e)
F(fx)

125

Hence [C] = —2ib(s)" 1 [C4]. (For A =V, with k € " we use that v(k) = 0, and

that F(e,) is unimportant since F(7)rk " te,) = F(e,)|m. = F(ex).) N

e Combination. We combine the commuting diagrams in the Lemmas [[9.2]

9.3 and
Maass! (") ® Maass_(T")

l (1)
b®id

HY(T; £7°%) ® Maass. d C

a eval. on (F)
#ﬁﬁ id®q

HY(T;E7%) @ HY, (T W) — H2, (T €75 @ W)

—H
par duality par

(I:€)

Since V=% = £7°0 and V> D V¥ 2 W this completes the proof of Theo-
]

rem 1911
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Petersson product [T

Poincaré series [02]

point-pair invariant [3]

Poisson transformation [l

polygon

polynomial growth [0

principal series [

projective line [l

projective model of principal series

quantum Maass form
quick decay

reconstruction 42l
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sheaf cohomology
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spectral parameter [l @

standard fundamental domain
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standard resolution [22]
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tesselation [26]
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