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PREFACE

In view of the increased interest and rapid developments in the theory
of modular forms which followed the 1972 conference in Antwerp, it was decided
to have a second meeting on the same subject. This meeting was held in Bonn
in the summer of 1976 in place of the annual Mathematische Arbeitstagung. The

organizers were F. Hirzebruch, J-P. Serre and D. Zagier,

The proceedings of the conference are being published in two parts, as a
continuation of the four volumes of proceedings of the Antwerp conference
(Lecture Notes Nos. 320, 349, 350 and 476). The present volume is mostly
algebraic (congruence properties of modular forms, modular curves and their
rational points, etc.), whereas the second volume will be more analytic and

also include some papers on modular forms in several variables.

The conference was sponsored by the "Special Research Area in Theoretical
Mathematics" (Sonderforschungsbereich 40 der Deutschen Forschungsgemeinschaft)
at the University of Bonn, with further support from the Collége de France and
the International Mathematical Union. We would like to thank these organizations
as well as the National Science Foundation, whose generous financial support
made it possible for a large number of mathematicians from the United States to
attend the meeting., We would also like to thank W. Kuyk of the University of
Antwerp, who placed secretarial help at our disposal for the typing of many of
the manuscripts, and the secretaries of the Mathematical Institute of the
University of Bonn, especially Mrs. E. Gerber, for the effort they put in to

make the conference a success,

Jean—-Pierre Serre Don Zagier
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Ramanujan's unpublished work on congruences

by R.A. Rankin

1. Introduction.

The Collected Papers of Srinivasa Ramanujan (1887-1920) Eq contain
three papers [lO], DJJ, Djﬂ on congruence properties of partitions. The
last of these [12] was published posthumously as a short note and bears the

rubric: Extracted from the manuscripts of the author by G.H. Hardy.

In an explanatory footnote Hardy states that the manuscript from which
the note is derived is a sequel to Ramanujan's paper [lO] and goes on to
remark: "The manuscript contains a large number of further results. It is
very incomplete, and will require very careful editing before it can be
published in full. I have taken from it the three simplest and most striking
results, as a short but characteristic example of the work of a man who was

beyond question one of the most remarkable mathematicians of his time."

This manuscript, which is unsigned, was, according to J.M. Rushforth [16],
sent to Hardy by Ramanujan a few months before the latter's death on 26 April,
1920. 1t was presumably enclosed with his last letter to Hardy of 12 January,
1920. I shall refer to the manuscript as the MS. It bears the title
Properties of p(n) and t(n) defined by the equations®

D s = ,
o}

(1 - =)(1 -~ x2)(1 - x3)...

z;r(n)xn = x{(1 - (L - )L - x3)- P

It is hand-written, divided into 19 sections and occupies 43 foolscap pages, the
last nine consisting of additional material to be inserted at indicated earlier

peints of the text. TFrom remarks in §816 and 19 it is clear that the MS forms

*not relations, as stated in [lG].
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the first part of a longer paper. In his obituary notice of Ramanujan [4, R
p.xxxiv] Hardy rates the MS, together with five other papers (including EQ]),

as the most remarkable of Ramanujan's contributions to mathematics.

In 1928 the MS was passed on to G.N. Watson, who was then commencing a
series of papers devoted to Ramanujan's work; see [lﬂ . After Watson's death
in 1865 all his unpublished work on Ramanujan's notebooks, together with the
MS and various other documents were, at my suggestion, donated by his widow to
Trinity College, Cambridge, of which Hardy, Ramanujan and Watson had been Fellows.

A photocopy of the MS is also held by the Ramanujan Institute, Madras.

References to the MS are to be found, not only in [lﬂ and [l@], but also

in [22] and in Hardy's book on Ramanujan [3, pp-100, 184].

Before Watson's death he presented to the library of the Mathematical
Institute of Oxford University his own copy of Ramanujan's second notebook and
of other 'various manuscripts' and documents relating to Ramanujan. It is
clear that one of these 'various manuscripts', namely Fragment [VII] of [ij,
is the sequel to the MS. It consists of five sections, numbered §§20-24, and
its contents have been described by Birch in his paper; it is concerned solely
with the partition function. I am indebted to Dr Rushforth, who sent me a
photocopy of his own hand-written copy of this Fragment (made when he was a
research student of Watson), for providing the information that has enabled me
to identify Birch's Fragment [VII] with the second part of the MS. The copy of
the second notebook from which Watson made his transcript is in the library of
Trinity College, Cambridge. The original is presumably in the Ramanujan

Institute of the University of Madras.

The main purpose of the present paper is to describe Ramanujan's work in
the MS on congruences satisfied by his function t(n). However, it may be of
interest to state that it contains a few results concerning the partition function

p(n) additional to those published in [12].
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For example, proofs of the congruences modulis 25, 49 and 121 stated in
[;l] are given; the method of proof differs from that sketched in [lO] and is,
doubtless, the new method referred to in [;l]; see [16, 8§87, 8] and also [ﬂ].
The MS also contains numerical information on the number of values of n < 200

for which p(n) is congruent to various residues modulis 2, 3, 5, 7 and 11.

Moreover, the partition function is considered modulo 13; it is stated

that, for any positive integers X and n with A + n even, the residue of

p(l3>‘(2n 1)+ 1)
2

modulo 13 can be completely ascertained. For example, the congruence
11.13* + 1 (51-3)/2
p(—"T>+ 2 2 0 (mod 13)

is one of fourteen similar results included. Results of this type have since
been obtained by M. Newman Dﬂ for X and n both odd. Other results on

partitions from the MS will be found in [16, 59].

2. Congruences of the first kind.

I use Watson's division of congruences into those of 'erster und zweiter Art
Those of the first kind are congruences of the kind considered in Swinnerton-
Dyer's Antwerp lecture notes [21]. The methods developed by Serre [;8],

Deligne [2] and Swinnerton-Dyer use g-adic representation theory to show that,
for 1(n), there are exactly six prime moduli of two different types, namely

(i) 2 =2, 3, 5, 7, 691 and (ii) & = 23, for which congruences can hold. For
the first five of these 'exceptional primes' the congruences can be expressed

in the form

T(n) = o Ull—Qm(n) (mod 2), (1)

for certain fixed values of the integer m and for all positive integers prime

to 2. For & = 23 the congruence is
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7(n) = 0 (mod £), (2)

whenever n is a quadratic non-residue modulo %. Here, as usual,
v
o\)(n) = Z d
djn,d>0

for real v.

Various refinements of (1) are possible, with & replaced by a power of ¢
and different divisor functions on the right-hand side. Moreover, for each
of the five other cusp-form coefficients Tr(n)’ where » = 2, 3, 4, 5, 7,
there is a similar division of exceptional primes into two (or possibly three,

when r = 2) types. Here

L)

n _ ]
2.t (ma" = a2k, (2), (3)
n=1
where, as usual, A is the discriminant function, E2r is the Eisenstein series
of weight 2r and constant term 1 and q = eQ"lZ; we may also take r = 0, in

which case Eo(z) = 1 and To(n) = t(n).

Ramanujan was aware that the coefficients Tr(ﬂ) (r =2, 3, 4, 5, 7) have
similar multiplicative properties to 1(n) and this is mentioned in the MS, where
the corresponding Euler products for the associated Dirichlet series are set

down .

The following congruences for 1(n) are given in the MS. Since Ramanujan's
death these results have been proved or improved by other mathematicians, the
most recent results being listed in @l, formulae (2)—(7)]. The reference

numbers attached to the congruences in the MS are quoted on the left.

(12.1) ©(n) = ndo(n) (mod 16), t(n) =z n3g.(n) (mod 32), (u)
(12.3) ©(n) = ng(n) (mod 9), 1(n)= n20,(n) (mod 27), )
(2.1) t(n) = ng, (n) (mod 5), (8)
(4.2) t(n)= nog(n) (mod 25), (7)
(6.2)  1(n)z no,(n) (med 7), (8)

(12.7) 1(n)= on) (mod 691). (9)
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These hold for all positive integers n. Proofs are given although in
many cases the details are suppressed or covered by statements such as
"it is easy to see that ...". Moreover, at the end of §12 (p.8 of insertions)

it is shown that
t(n) = gq(n) (mod 256) {(n odd). (10)

After his proof of (7) Ramanujan remarks: "It appears that, if k be any

positive integer, it is possible to find two integers a and b such that

(4.3) (n) - naab(n) = 0 (mod Sk) (11)
if n is not a multiple of 5. Thus, for instance,

(4.4) w(n) - n”1§§11)5 0 (mod 125), (12)

if n is not a multiple of 5. I have not yet proved these results.

The congruence (12) is true and, since d100z 1 (mod 125) when (d, 5) = 1,

is equivalent to Serve's congruence [lé], [21]

t(n) = n'3007ﬁn) (mod 53) (n, 5) = 1.
However, Ramanujan's conjecture (11) is false for k > 4. For 443 is prime and

its powers are congruent to +1, +443 (mod s%). But, from [23],

t(u443) = -58 (mod 5%).

Hence no integers a and b exist for which (11) holds with k > 4 and n = 443.

Ramanujan also considers congruences modulo #9, but his final result
(formula (8.6) of the MS) involves another cusp-form coefficient as well as

divisor functions.

The first published proof of (9) was given by Wilton Eﬂﬂ, who draws
attention to the fact that it follows immediately from equation (1.63) of [12]
and that the same formula occurs as formula 6 of Table I of Eﬂ. His statement
that Ramanujan does not seem to have noticed this fact is not borne out by the

MS where the congruence is derived in precisely this way.
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The congruence (2) (with & = 23) was stated by Ramanujan in [}{]. In the
MS the cases when n is not a quadratic non-residue are also considered. In
1928 Wilton [25] determined completely the residues of t(n) modulo 23. Both
Wilton and Ramanujan reduce the problem to the consideration of the coefficients
of n(z)n(23z), where n is Dedekind's function, but Ramanujan bases his argument
(in §17 of the MS) on the fact that the associated Dirichlet series of this cusp-
form of weight 1 has an Euler product over primes p of three different types:
(a) p a non-residue modulo 23, (b) p a quadratic residue modulo 23, but not of
the form 23a2 + b2, and (c¢) the remaining primes. For this fact he offers no

proof.

In fact these properties can be deduced from the fact that n(z)n(23z) is a

newform for the group TO(23) with multiplier system given by the character

X () :(—2‘%)

(Legendre symbol), together with Wilton's determination of its Fourier coefficients

cp for prime p.

The prime 11, although not exceptional for t(n), is so for rr(n), when

r =2, 3, # and 7. In the MS Ramanujan remarks that it is easy to show that

(18.3) t(n)z no (n) (mod 11) (r = 2, 3, 4). (13)
r r-1

2

See the table on p.32 of Eﬂ], which includes these among other congruences.

In Rushforth's (unpublished) Ph.D. thesis [15] can be found proofs of
congruences equivalent to all those listed in Swinnerton-Dyer's table of
congruences satisfied by rr(n) (r > 0); for & = 2 and 3 the modulil are, in
several cases, powers of 2. Dr Rushforth has also drawn my attention to the

fact that one of the congruences in the table, namely

1,(n) = gdn) (mod 3617),
was given in a disguised form by Wilton [24, formula (5.3)]; see also, for this

modulus, Serre [18 , 85. 3] .
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For references to the many other papers on congruences satisfied by T(n)

see LeVeque Eﬂ.

3. Congruences of the second kind.

These are congruences that state that a given arithmetical function a(n) is

divisible by a fixed positive integer £ for almost all n; 1i.e.

AQ(X) = ZZ: 1 = of(x) (14)
n<x
2fa(n)
as x +» @ . It is possible in some cases to replace (l4) by more precise estimates,
such as
Alx
A (X)w —— (18)
2 oy
(log x)

where AZ and o, are positive constants.

L
The MS contains various results of this type for t(n) and different values

of £. To attack the problem Ramanujan defines T, for n > 1 by

t, =0 if 2]t(n), t =1 otherwise, (16)

el
. . c. . Z -8
and shows that, when £ is prime, the Dirichlet series tnn possesses an
n=1
Euler product. He then has to consider

Az(x) = Z t

n<x
When £ = 3, 5, 7 and 23 he evaluates the Buler products explicitly. He

then states (except for 2 = 3) that it can be shown by elementary methods that
(14) holds, and by transcendental methods that (15) holds. For & = 5 (the first
case considered) it is stated that the proof of (l4) is "quite elementary and
very easy similar to that for showing that w(x) = o(x}". An incomplete

reference to Landau's Primzahlen [6] is given as a footnote (presumably pp.69-71).
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For & = 3, 7 and 23 the values of the constant Al in (15) are given; that his
values of A3 and A7 are correct I have confirmed from [14]. He also gives the
correct values for o> namely %, 5, 3 and 7 for £ = 3, 5, 7 and 23, respectively.

The case % = 691 is also considered although Qﬂlis not evaluated explicitly;

the correct value %qy = 1/690 is given.

In a final most interesting section (§19) Ramanujan reverts to the problem
in a more general form, and I quote in detail from the MS:
"Suppose that Wy, Wy, Wy, --. Are an infinity of primes such that

1,11

ml urz 'G]'a

(19.1) o (17)

is a divergent series and also suppose that 3,5 Ay, g, @ . assume some or all

73

of the positive integers (including zero) but that a

a a . never assume
W, Wy’ Twy’ —_—

the value unity. Then it is easy to show that the number of numbers of the form

ap as as _a
(19.2) 2373570977,
not exceeding n is of the form

(18.3) o(n).

In particular if a  never assumes the value unity for all prime values of w of the

form
(19.4) w = ¢ (mod k)

where ¢ and k are any two integers which are prime to each other then the number of

numbers of the form (19.2) is of the form
(19.5) o(n)

and more accurately is of the form

(19.6) () S —
(log rl)1/(}<—1)

where k is the same as in (19.4).
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Thus for example if s be an odd positive integer the number of values of
n not exceeding n for which cs(n) is not divisible by k where k is any positive

integer is of the form
(19.7) o(n)

and more accurately is of the form

(log n)1/(k—1)

For if n be written in the form

4y 43 4g _ag
.5 7.7

then we have
s{1l+a
P 1

Gs(ﬂ):ﬂp—s———a p =2, 3, 5,7, 11,
P P 1

)
Since s is odd os(n) is divisible by k at any rate when ap = 1 for all values of

p of the form
p = -1 (mod k)

and hence the results stated follow. Thus we see that, if s is odd cs(n) is
divisible by any given integer for almost all values of n.

+ that

It follows from all these and the formulae in §§
(19.9) T(n) = 0 (mod 25.33.52.72,23.691)

for almost all values of n.

It appears that t(n) is almost always divisible by any power of 2, 3 and 5.
It also appears from §10 * that there are reasons to suppose that t(n) is almost
always divisible by 11 also. But I have no evidence at present to say anything

about the other powers of 7 and other primes one way or the other.

Among the values of 1(n) multiples of 2, 3, 5, 7 and 23 are very numerous

t The missing references appear to be to §§4, 6, 8, 12, 17.
* Reference supplied by me. R.A.R.
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from the beginning but multiples of 691 begin at a very late stage. TFor
instance 1(n) is divisible by 23 for 132 values of n not exceeding 200 while
the first value of n for which t(n) is divisible by 691 is 1381 and this is

the only+value of n among the first 5000 values."

This extract displays Ramanujan's rvemarkable insight. In the case of
exceptional primes of the first type it is clear from (1) that the problem is
essentially one of the divisibility of divisor functions. It is interesting
that Watson, who had the MS before him when writing his paper [éé], obtained
in his Hauptsatz 2 only an O-result and not an asymptotic result of the form
(15) for the divisor function oS(n) modulo k; he could therefore only obtain

an 0 -result for 1(n) modulo 6%1.

It is alsoc curious that, in §2 of [22], Watson states as a '"Vermutung von
Ramanujan' a weaker form of the result that Ramanujan, in the extract above,

states that it is easy to show.

The results concerning the divisibility of divisor functions have all, of
course, since been proved and extended (in ignorance of the contents of the MS)

by Rankin [14], Scourfield [17] and others.

However, this work has now been overtaken by the new results of Serre [lg],
Bﬂﬂ, which are not restricted to divisor functions or to exceptional primes
and in which general conditions like (17) play an important role. Serre's work
shows that Ramanujan was correct in his conjecture regarding the prime 11. In
support of this conjecture Ramanujan states, in §10 of the MS (page 4 of the
material to be inserted), that there are primes p, such as 19, 29, ... for which
t{pn) = O (mod 11) and that it is very likely that the sum of the reciprocals of

these primes is divergent.

It is of interest, in conclusion, to consider what Ramanujan had in mind
when he stated that results of the form (14) can be obtained by transcendental

methods. Although his knowledge of complex function theory may have been slight,

¥
This is true only for prime n.
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I believe that he knew enough to realize that Landau's contour-integration
method ESJ , which is basic to the analysis carried out in [lu] . [17] . ]:l9] , [20],
[22], applied to his problem. It would be surprising if he had not known of
Landau's work. For, in one of his first letters to Hardy [u, p.xxivJ, [3, p.8]

in 1913 before he came to England, he gave the approximation

X

dt
K et
f /(log t)
A

for the number of integers between A and x that are sums of two non-negative
squares. That this result had been proved by Landau [5] must have been drawn
to his attention by Hardy, who remarks also that the integral has no advantage

as an approximation over the simpler function

Kx
V(log %}
and that Ramanujan had been deceived by a false analogy with the problem of the
distribution of primes. It is of interest that in the MS he does the same and

gives integrals as the main terms in his approximations (formulae (2.8), (6.7),

(17.8)).
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GALOIS REPRESENTATIONS ATTACHED TO

EIGENFORMS WITH NEBENTYPUS

Kenneth A, Ribet*

This paper is the written version of a set of survey lectures on the subject
of {-adic representations attached to modular forms, My aim at the conference
was to summarize what one knows about these representations and what one can
prove about modular forms by using them, In writing up the lectures, I gradually
supressed subjects which were already treated in print (e.g., representations
attached to forms of weight 1, ''mod {' representations) and began drifting toward
things that are new, or at least not reported on elsewhere,

The main theme of this paper can most easily be described in the context of
results of Serre/Swinnerton-Dyer [20,28] and the author [14] on the /-adic repre-
sentations attached to eigenforms of level 1, i.e., on SLZ'Z;. There the idea was
to determine the images of these representations as exactly as possible, the key
point being that a "'small" image means a congruence 'mod {' involving the coeffi-
cients of modular forms. Here we work instead with eigenforms of arbitrary level
N2> 1 and try to describe the images ''up to finite groups,’ as measured by the
f-adic Lie algebras of the representations, What then becomes important is the
possibility of equalities, as opposed to congruences, involving coefficients. More
specifically, it is crucial to study relationships between a given form and its
"twists' by Dirichlet characters.

Actually, the Lie algebras are not explicitly mentioned until the final §, and
the initial §'s are all devoted to simple questions involving the eigenvalues for a
given eigenform and the resulting representations, The first § is a review of some
facts about eigenforms with character, and especially new forms, In §2 we state

the theorems associating f-adic representations to such eigenforms and begin to

"Research partially supported by Sloan Foundation grant BR-1689,
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establish some elementary properties of these representations., In particular, we
prove that the representations attached to a cusp form are irreducible, and this
implies that they are unique up to isomorphism,

The next two §'s answer the question: When are the {-adic representations
associated to a cusp form abelian on some open subgroup of the Galois group of
Q? Aside from the case of weight 1 when the answer is "always," it turns out
that the form must be associated to a Grissencharacter of an imaginary quadratic
field; we then say that the form has complex multiplication by that field.

In the final § we take up the question of determining the £-adic Lie algebras
3} for a cusp form in weight k >1 which does not have complex multiplication,
We are not able to do this if the form is (in some non-trivial way) a 'twist'' of one
of its conjugates, in which case we say the form has ''extra twists,'' If the form
does not have extra twists, however, we exhibit a Lie algebra ? over @ such
that 5 0 =7 ®@£ for all primes £, When the weight of the form is even, j, is
essentially a matrix algebra, but if the weight is odd, we get a definite quaternion

algebra instead. (The quaternionic structure is due essentially to the fact that the

o - .
classical operator W = (N O) ""commutes' with Hecke operators according to the
formula

t
T W=WT_,
p p
t R
where represents transpose with respect to the Petersson product.) It is pre-
sumably possible to give a determination of the 91 for forms with extra twists by

constructing operators as in [27, Prop. 9]. However, this determination has not

yet been carried out.

§1. Review of Eigenforms with Nebentypus.

Let N,k>1 be integers, and let

S =8, (™)
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be the complex vector space of cusp forms of weight k on FI(N)' For (ac. 3) e " (N)

the map
ab
fl—>f|(c &

defines an endomorphism R

4 of S which depends only on d mod N. We thus get

an action of (Z/NZ)‘P on S. Since (Z/NZ)* is a finite group, there is a decom-
position

S =@ S(e),

€
where ¢ runs over the set of characters (Z/NZ)’F* (CI:; and where S{e) is the

set of forms f ¢ S which satisfy
fde = e (d)f

for all d e {Z/NZ)‘P, These are the forms of Nebentypus ¢. As is well known,

k
S(e) = 0 unless ¢(-1) = (~1) , i.e., unless ¢ and k have the same parity.

th
For n>1 prime to N, we have the operation on S of the n Hecke

operator Tn. The Tn commute with each other and with the R,; in particular,

d
they preserve the spaces S{e). If pr is a prime, and if
® n
f= T aq e S(),
n
n=1
then
® n ® n
(T = za _a'+p e@Taql.
P opa1l P n=1

The Tn for n prime to N may be expressed in terms of the Tp and Rd by

well-known formulas, so that the algebra generated in End(S) by the Tp and Rd

contains all the Tn with n prime to N,

The space S carries the Petersson product, a non-degenerate Hermitian

t
product on S, If denotes ''transpose’ with respect to this product, then

) = R (the inverse computed mod N),

and
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We see from these formulas that the Rd and T comrmute with their transposes;
hence they are all diagonalizable on S, Since they comrute with each other, they
may be simultaneously diagonalized.

In other words, each S(¢) has a basis consisting of eigenvectors for the
Hecke operators Tp, usually called eigenforms. Each eigenform has a 'package'
of eigenvalues attached to it; these are summarized by the Nebentypus character ¢

such that f e S(¢) and by the complex numbers cp (p‘rN) such that

(T =c -f.
p p
From the formula giving T; in terms of R 1 and T we derive the relation
p p
c =c e(p)
P p P

among the eigenvalues. (The bar denotes complex conjugation,)

Let K= Kf be the subfield of € generated by all the numbers ¢(d) and
cp. It is a fundamental fact that K is a number field, i,e., a finite extension of @.
This comes from the existence of a @-subspace So of S which is stable under the
Tp and Rd and which generates S over €. (We can take S0 to be the set of all
forms fe¢ S whose q-expansion coefficients are rational.) The existence of a Q@-
form of S shows further that the eigenvalue sets ({cp}, ¢) are permuted by auto-
morphisms of €., More precisely, if o is such an automorphism and if

n
f= Zanq is an eigenform with Nebentypus ¢ and eigenvalues cp, then

o n
f = Zc(an)q
lies in S(o(e)) and satisfies
fo | T =ofc )fc
P P

for all p{N.
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Newforms (see [1], [2], [11], [12]).
Clearly the eigenvalue set attached to any eigenform fe S is also attached
to any complex multiple of f, We call the system ({c },¢) primitive if all eigen-
p

forms fe S with this system are scalar multiples of one another.

Theorem (1.1), Let ({cp}, ) be a primitive system of eigenvalues, Then there

exists a (unique) eigenform

with this system of eigenvalues which satisfies a = 1. For this form we have
a =c_ for all N.
5" o of
One says that f is a newform on FI(N) of weight k and Nebentypus «.

The newforms are special (because a = c ) eigenforms which in fact give all
p p

eigenvalue systems:

Theorem (1.2). Let ({c },e) bean eigenvalue system on S. Then there exists a
p
divisor M of N such that ({cp}, €) is attached to a newform of weight k on

T (M),

Implicit in the above statement is the fact that a form on FI(M) is a fortiori
a form on FI(N) when M|N : the 'identity'' map on forms furnishes an injection

S, Ty M)= 5, (L} (N))

k( 1
which commutes with the operators Rd for (d,N) =1 and Tp for p'fN. Actually,
there are several such maps, one for each divisor of N/M. Namely, if t divides
N/M, then the map

i :%aq™ zaq"

t, M’ nd nq
is such an embedding,

The theory of newforms shows how all eigenforms on S may be built out of

the newforms on Fl(M) as M runs over the divisors of N, Let M|N, and let
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f
M
M rMM

be the newforms of weight k on Fl(M), For each j, 1< j< rM, the forms

(f, ) for t dividing M/N

i f
', MM

are eigenforms on S with a common eigenvalue system: that derived from f'M'

We let SjM be the subspace of S spanned by these forms,

Theorem (1. 3). We have

S= @& s
M|N
1<j<r
~ ="M

M
The SjM are precisely the distinct eigenspaces attached to the various eigenvalue
systems on S.

We conclude this section by mentioning other properties of eigenforms that

we will use,

Dirichlet Series,

o
Let =2 anqn be a newform of weight k and Nebentypus ¢ on Fl(N)'
n=1
Let
w -
Lf(s) = = an
n=l1
be the associated Dirichlet series. Then
- -5 k-1-2s -1
Ls) = [[(-a_p “+e(p)p b
P P

with the product running over all primes p. (If p|N, we put &(p) = 0.) The series

Lf converges for Res > 0 and may be analytically continued to a holomorphic

function of s, Set

A (s) = Ns/z(zyr)'sr(s L (s),

and similarly define A_(s) for the "'complex conjugate'' form
f
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Then we have the functional equation

A(s) = AN (k-s)
f p—
f
for some complex number A. (This follows from [24, Th. 3.66] because f isa

multiple of the form denoted fHT]k in that theorem. )

Petersson Conjecture,

If f= Eanqn is a cusp form of weight k on Fl(N), then Rankin [13, Th, 2,
p. 358] proved that Ianl = O(nk/Z—l/S) as n-—>ow. (He proved this more generally
for the Fourier coefficients of any cusp form on a congruence subgroup of SLZ(%),
and Selberg [17] extended the method to cusp forms on an arbitrary subgroup of

finite index in SLZ(Z).) By applying this estimate with f a newform, we see from
k/2-1/5
(p /21 ).

(k-1)/2

(1.1) that the eigenvalues ¢ of any eigenform in S satisfy |c I =0
p
Recently Deligne has shown [3], [4] for k> 2 that we have |c | <2p (the
- p =

Petersson conjecture), and Deligne and Serre [5] established the same estimate for

k=1,

§2, The £-adic Representations,

We first fix some terminology concerning the Galois group of @. Choose
an algebraic closure 6 of @, and let G = GQ be the Galois group Gal(@/@).
Let p be a prime, Then the choice of a place of Q lying over p determines for
p a decomposition group D G  and its inertia subgroup I D. The quotient
D/I is canonically isomorphic to the Galois group Gal(Ep/IFp) of residue fields,
topologically generated by the (Frobenius) automorphism

P

XX

of F_. A Frobenius element in D is any element Fp ¢ D which maps to this
p
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generator in Gal(Ep/]Fp), A Frobenius element for p in G is any element of
G which is a Frobenius element for some decomposition group D for p. Since
all decomposition groups for p are conjugate in G, the Frobenius elements for
p are the conjugates of the Frobenius elements in a fixed D, We recall that a
homomorphism
p: G—A (A any group)

is said to be unramified at p if P vanishes on the inertia subgroup of one (and
hence each) decomposition group for p. If p is unramified at p, all Frobenius
elements for p in G map to a single conjugacy class in A,

Now let N,k > 1 be as in §l, and suppose that f¢ S is an eigenform as in
§1. Let ({cp},c) be the associated system of eigenvalues, Let K_ be the sub-

f

field of © generated by the ¢ and the values of ¢; as mentioned above, Kf is
p
a number field, Let K be any subfield of © which contains Kf and which is

finite over @.

Let £ be a prime.

Theorem (2.1), There exists a (continuous) representation

P! :G*GL(Z,K?@QI)

with the following property: If p{!N is a prime, then pz is unramified at p,
and the image under P, of any Frobenius element for p is a matrix with trace
cp and determinant ¢ (p)pk—l,

This result was in fact proved as three different theorems. In case k=2,
the existence of p[ is a "'classical!' fact in that pl arises from the action of G
on {-power division points of an abelian variety over €. One attachesto f a
factor Jf of the Jacobian variety .Tl(N) of the modular curve associated to F].(N)’
and the representation space of p){Z is then the @l -adic Tate module attached to
.]'f. The link between this Tate module and the form f{ is provided by the

Eichler-Shimura relation expressing the endomorphism of Jf arising from the
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Hecke operator T  in terms of the Frobenius endomorphism of the reduction at
P
p of Jf. For details, see [24, Ch. 7] and [27].

In the almost-general case k> 2, the existence of p, was conjectured by

4
Serre (see [18]} and proved by Deligne {3], who showed that the {dual of the) repre-
sentation occurs in the /-adic analogue of the "Eichler cohomology' group con-
structed for forms of weight k on 1"1(N).

The remaining case k =1 was treated by Deligne and Serre [5], whose
construction depended on the previous results of Deligne in the case k> 2. More
recently Koike [9], following an idea of Shimura, has shown that the Deligne-Serre
arguments may be used to produce the weight 1 representations from weight 2
representations; hence the representations in weight 1 may be constructed with-
out using { -adic cohomology.

A final remark about the actual construction of the pz is that we essentially
won't use it in what follows. Our point of view is the following:

We are given a 2-dimensional space VE over KR @l on which G acts
according to certain axioms, and we derive facts about f (and about p ) from
these axioms, However, we do use in the last § a certain additional fact that
follows from the construction: V!Z carries the action of an operator W =W

N

0 -
which is analogous to the endomorphism of S given by the operator (

1
N 0 ). Since

we do not need W until the end, we postpone our discussion of it,
One says that the representation Py is the f-adic representation attached

to f, Its uniqueness (up to isomorphism) will be proved later,

Variant: The A-adic representations.

Since K ® QZ is the product WK)\ of the various completions of K at the
I
primes A of K lying over {, we have a decomposition
GLZ, KB ®@,) = ||GL2,K,).
4 A2 N

For each A the composition
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p

p :G—g” GL(Z,K@QN’*GL(Z,K )

X A

is called the M-adic representation attached to f, The usefulness of Py arises

from the fact that N is a representation of G over a field, Since
v
each f-adic representation may be recovered from its A-adic components,

Determinants, For each d>1, let
@ 1 G~ (z/dz)

th —
be the character giving the action of G on the group of d roots of unity in Q.
As is well known, (od is unramified at each p{d and maps a Frobenius F_ for
p to the image of p in (Z/dZ) . If £ isa prime, the limit
X, =limg
{ <— 7 n
n [

is a (continuous) character G- Z;, called the f-adic cyclotomic character.

e
i

Since K ® @l is a @E -algebra, we may view X, as taking values in (K ® @1) .

Choosing d = N, we may use (’DN to construct the character of G

(p N Sk
= (z/Nz)" 5 K

associated to the Dirichlet character e, One calls this new character ¢ as well,
Since K ® Qg contains K, we may view ¢ as well as taking values in (K ® @ﬂ)m.

k-
The product X, 1 is then unramified at p if p{4N and maps a Frobenius Fp

for p to a(p)pk—l_

Proposition (2.2). We have

k-
det P = £X, 1,

k-1 -1
Proof. Let ¢ be the quotient of these two characters, namely (det Pl)(exl } .
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Then ¢ is unramified outside {N and takes the value 1 on Frobenius elements
v

for all primes p'rlN. It is thus identically 1 by the Cebotarev deasity theorem

[19, Ch. I, §2.2], which asserts that Frobenius elements for such primes map to

a dense subset of the image of y,

A Remark on Eisenstein Series. For a brief moment, we permit the operators

Tp and Rd to act on the space of all holomorphic modular forms of weight k on
PI(N)' Suppose that f is a non-zero element of this space, not necessarily a

cusp form, which satisfies the equations

il
&~
1

e(d)f (d,N) =1

filT = - f N,
lp <, pt

The field Kf generated by the ¢ and the ¢(d) is still finite over €, and given
P

K and £ as in (2.1) we may wish to construct a representation Pl' For this we

may assume that f is either a cusp form or an Eisenstein series, since the

space of all modular forms is the direct sum of the space of cusp forms and the
space of Eisenstein series, with both spaces stable under the operators Tp and
Rd. Since we know how to construct p! when f is a cusp form, we may assume
that f is an Eisenstein series,

In that case there are characters

T (Z/NZ) - €

whose product is ¢, such that

k-1
€y = e,(Plp +e,(P)

for all p{N [7, p. 690]. Under the assumption that K contains the values of
the €5 we may thus construct pe as the direct sum

k-1

‘1%

@52,

with the two characters being regarded as l1-dimensional representations of G
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over K® Ql . Establishing this assumption amounts to proving that any auto-

morphism ¢ of © which fixes the ¢ and the e(d) also fixes the values of g
p

and €y

This is easy to prove if k> 1, Indeed, for each prime p we have the

equation

k-1 k-1
ole,(P)p to(e,(p) = El(p)p +e,(p)

The character values are roots of 1, and pk~1 - as p—>w, Hence for p large
we must have U(El(p)) = el(p) and c(az(p)) = sz(p), By Dirichlet's theorem on
arithmetic progressions, this implies that ¢ fixes all values of € and €y

Now suppose that k =1. Then ¢ is an odd character because k is odd.

Hence e is distinct from any conjugate of ¢ Thus from the equation

2
o(el) + cr(sz) =€ + €y
we may deduce o(e 1) =€ c(ez) =€, by the theorem on linear independence of

characters, This proves what is wanted and completes the remark.

Simplicity and Uniqueness,

We return to the space of cusp forms to prove the uniqueness of the repre-

sentations p_ whose existence is asserted by (2.1). The uniqueness is an easy

)

corollary of the following result.

Theorem (2,3). Let A be a prime of K. Then p, is a simple K)\- representa-

I

tion of G.

Proof, (cf.[5, (8.7)]). Suppose that Py is reducible over K, . Replacing it by

an isomorphic representation, we may represent it matrically as

13)

where the qpi are characters of G with values in K)\ Let r be the
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representation ] > @ of G. It is abelian and semisimple and has the same

trace and determinant as p)\. (It is the "semisimplification' of p In particu-

)\')
lar, we have

trr(F ),detr(F )¢ K
P P

if Fp € G is a Frobenius element for a prime p’ﬂN.
Liet £ be the residue characteristic of \, and let Il C G be an inertia
group for (. By results of Serre and Lang (see [19, Ch, III]), each character
n

(pi may be written as an integral power of Xg» S2Y Xli’ on an open subgroup of

I/z' (The theorem of Lang-Serre says that r is locally algebraic, being a semi-

simple '"'rational' abelian A-adic representation of the Galois group of @.)

On the other hand, let p # ! be a prime, and let Ip be an inertia group for
p. Then the two characters @, are trivial on some open subgroup of Ip [23,
p. 515]. 1If piN, this subgroup may be taken to be Ip itself, since N is unrami-

fied outside ¢N. By class field theory, we now see that the two characters

£ = -ni
TR

are characters of finite order which are unramified outside £N.

Regarding them as Dirichlet characters, we may write

o oo
c =trr(F )=c (p)p~+e,(p)P
P p 1PP 2

for all pf4N. We have

-1 o
as a consequence of the equation ae, = EXT . (The €, are of finite order,
whereas X, is not.) We will now conclude by showing that these formulas con-
tradict known facts about the (archimedean) size of the ¢

We recall the Petersson-conjecture estimate
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< Z
Icp| = 4P

(the Rankin estimate would suffice as well); it is clearly incompatible with our
equation for the Cp unless nl,n2 < k/2. Since the sum of these integers is k-1,
we must have

n =n, = (k-1)/2,

which implies that k is odd. This implies that ¢ is an odd character, so that

£y # €,
Using the non-triviality of 51521, we get that
2 -s
= e |p T = -2log(s-k) + 0O()
p'fJ?N P

as s - k+. However, Rankin's method [5, (5.1)] gives instead the estimate

-log(s-k) + 0(1) as s — k+; this is a contradiction,

Corollary (2. 4). Let £ be a prime. The K@Q!-representation pf is unique,

up to isomorphism,

Proof. We must show that any two representations p,, p!

P ) as in (2,1) are

K@@l—isomorphic. Choose \|f, and let N p;\ be the corresponding \-adic
representations, By the theorem above, these representations are simple, hence
semisimple. They have identical traces on Frobenius elements, so by the
Cebotarev density theorem, they have the same trace, As is well known, a semi-
simple representation in characteristic 0 is determined by its trace, Hence

p, and p;\ are K)\—isomorphic, Since this is true for each \[f, p ~and )

A 4 b4

are isomorphic,

§3. Modular Forms with "Complex Multiplication' and the Field K

£
We recall an easy theorem in [5]. ILet fe S be an eigenform,

and let f' ¢ Sk‘ (FL(N' )) be an eigenform of possibly different weight and level
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from that of f, Let ({c¢ },¢) and ({c'},e') be their respective eigenvalue
p P

'packages. "

Theorem ([5, (6.3)]). Suppose that ¢ =c' for each p in a set of primes of
p P

density 1. Then k=k', ¢ =c' forall p{NN', and £(d) = ¢' (d) for all d
P P —
prime to NN',

Proof. Choose a number field K large enough to contain all the eigenvalues of
the two forms, and pick a prime X of K, Let p, p' be the A-adic representa-
tions attached to f and f' respectively. By hypothesis, the traces of p and p'
agree on Frobenius elements for all primes in a set of primes of density 1. By
the Eebotarev density theorem, we find trp = trp'; this implies the assertion
that cp = c‘p for all p{NN', It also follows easily that p and p' have equal
determinants. (This follows in fact from the theorem that two representations
with equal traces in characteristic 0 are isomorphic, or else we can use the
formula

detM = [(tr(M))Z-tr(MZ)]/Z

for the determinant of a 2 X 2 matrix in characteristic prime to 2.) So if [ is
the residue characteristic of N we have

k-1, K-l
Xg TEX

Since Xy is not of finite order we get k= k', ¢ ="',

Corollary (3.1), The field Kf generated by the eigenvalues Cp’ e(d) of f is

already generated by the numbers Cp alone.

Proof, It suffices to show that any o ¢ Aut(€) which fixes the ¢ also fixes
p
the e(d), We form the conjugate 7 of f, which is an eigenform with eigenvalues

o(cp), o(e(d)). By the theorem, o(e) = ¢ if c(cp) = cp for all p.

Proposition (3.2), Let f be an eigenform, and let K = Kf be its field of
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eigenvalues, Let L be the largest totally real subfield of K. Then either K =L,
or else K is a totally complex quadratic extension of L (i.e,, K is a "CM

field"), The first alternative holds when ¢ =1,

Proof. For every o ¢ Aut(C) we have

G(Cp) = O(Cp) colefp)), o IN

where the bar denotes complex conjugation. This was noted in §1 for ¢ the
identity map of €, and it follows for an arbitrary o by replacing f by its
conjugate fo. Since K is generated by the numbers cp, it follows from this
equation that K has a "well-defined complex conjugation''; an easy classification
theorem (cf. [24, Prop, 5.11]) then shows that K is either totally real ora CM
field as asserted, Also, if ¢ =1, then c(cp) is its own complex conjugate for

each g; hence the field generated by the ¢ 1is totally real,
p

Proposition (3.3). Suppose ¢ #1. Then K is in facta CM field unless ¢ is

of order two and satisfies
e(pe_=c
P P

for all p‘fN. Conversely, if s(p)cp = ¢ for all p{N, then K is totally real,
p

Proof. Since K contains the values of ¢, K can be totally real only if the
values of ¢ are all real, Hence if K is totally real and & is not the identity

character, ¢ is of order 2. If K is totally real, the equation

c =ce(plc
o (p)p

becomes the identity asserted in the proposition, Conversely, the equation
e(plc_ = cp implies that g = Cp and hence that Cp is a totally real number, If

P
it holds for all p'fN, K is totally real,

Twisting, From now on, we shall assume for simplicity that f is a newform
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Zanqn of weight k on Fl(N). Given a Dirichlet character ¢ we let £ ® ¢ be

@n)a qn.
1 n

™8

f@(p:
n

As is well known [24, Prop. 3.64], f ® ¢ is a modular form of weight k on

2
FI(ND ) of Nebentypus z—:q)z if ¢ is defined mod D. We have

f® @|T = £ ®
f® gl b [ﬂp)apk )

for p‘rND, so that f ® ¢ is again an eigenform.

Definition. Suppose @ is not the trivial character. The form f has complex

multiplication by ¢ if

for all primes p in a set of primes of density L

Remarks,

L. If f has complex multiplication by ¢, then by the above-mentioned theorem of
[5] we have 5902 =¢, and (p(p)ap = ap for all p‘rDN, The first equation implies
that ¢ is a quadratic character. If its kernel in G corresponds to the quadratic
field F, we say that f has complex multiplication by F.

2, Itis immediate from the definition and from (3, 3) that a newform f whose
Nebentypus character is not the identity, but which nevertheless has a totally real
eigenvalue field Kf, is a form with complex multiplication by its own Nebentypus

character,

Construction of Newforms with Complex Multiplication (Hecke, Shimura).

Let F be an imaginary quadratic field, and let k> 1 be an integer, Select
an embedding g : F= €. Let y be a Grdssencharacter of F whose infinity type
k-1
is ¢ . Suppose that M is an integral ideal such that ¢ is defined mod 7,

and view ¥ as a homomorphism
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(fractional ideals of ¥ prime to )~ C

such that

for all numbers a¢ F. such that a =1 mod 71,

Let ¢ be the Dirichlet character associated to ¥, viewed as defined
mod D, where -D is the discriminant of F,

Let M be the norm of 7, and let n be the Dirichlet character mod M
given by the formula

amy(@)/oa™ (@ z)

Let ¢ be the product nme.

o0

Define g= Z ¢ qn as the sum over ideals @& of F
n=1
Na
g = z g
(@, 7n)=1
Qintegral

where N & is the norm of an ideal &,

The following result is {25, Lemma 3]; see also [7, p. 717].

Theorem (3.4). The series g is a cusp form of weight k and character ¢ on

[, (DM). If p{DM, then

1
g T =a g.
| LN
x n
. . _ oh
Corollary (3.5). There exists a unique newform f nz,:lanq of weight k,

character ¢, and level dividing DM such that

for all p'rDM. Furthermore, ap =0 if @p) = -1, so that f{ has complex multi-

plication by @.

Proof. The first statement results from the general theory of newforms, as
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recalled in §1, For the second, one notes from the definition of g that cp =0 if
no ideal of F has norm p. Also, if a_ =0 when ¢p) = -1, then ap = ¢p)a
p p

for almost all p, which means that f has complex multiplication by ¢

Remark (3.5). Shimwura [26, p. 138] has pointed out that g is a newform if

is the conductor of .

Example (Shimura). Let F be one of the imaginary quadratic fields with class
number 1 and with unit group {+ 1}. Suppose that k is odd. Define a character
Y on all non-zero fractional ideals by the rule

{a)roca

Then ¢ is a Grdssencharacter as above with 7= (1), and in particular, we have
n =1. Hence the form f as above has Nebentypus ¢ = ¢, so it is a form with
complex multiplication by its own Nebentypus. By (3.3), this implies that the
field K of eigenvalues for f is totally real, In fact, we see from the construc-

tion that the eigenvalues a are rational integers, so that K = Q.
P

§4. Study of Complex Multiplication via M-adic Representations.

Let f be a newform of weight k, Nebentypus &, and level N, We wish to
study possible complex multiplication of f via the £-adic representations attached
to f. Pick a number field KC € which contains the eigenvalues ap {and hence
the numbers ¢(d)) for f. Let { be a prime number, and let \ l! be a prime of

K. We proved in §2 that the representation Py attached to f is K)\—irreducible,

Proposition (4.1). The image G)\ of p)\ is non-abelian,

Proof. Let ce¢ G be a complex conjugation. Since c is of order 2, and since

detp, (c) :Xl(c)k'lg(c) = (-1)k'ls(-1) = -1,



37 Rib-21
the eigenvalues of p)\(c) are +1, -1, These are distinct elements of K;:, so the

elements of GL{(2,K which commute with p)\(c) form an abelian diagonalizable

X

subgroup T of GL{(2, ). Because p_ 1is irreducible, G T. Hence some
P N

N

element of G)\ does not commute with px(c), and in particular G)\ is non-

abelian,

Proposition (4.2). Let H be an open subgroup of G. Then the restriction of

p)\ to H is semisimple.

Proof. The restriction of a semisimple representation of a group to a subgroup

of finite index of that group is again semisimple,

For the rest of this paper we will operate under the (tacit) assumption that
k>1. The assumption is certainly necessary because the theorems below are

not true for k=1, When k =1, the groups G)\ are all (by construction)

the finite image of the complex representation of G associated to f by Deligne-

Serre [5]. This representation is studied in [22].

Theorem (4. 3) (Serre), The image E)\ of G)\ in PGL(Z,K)\) is infinite,

Proof (abstracted from a letter of Serre to the author)., Suppose to the con-

— v
trary that G)\ is finite. By the Cebotarev density theorem, infinitely many

primes pTJZN satisfy ¢(p) =1 and split in the extension of @ corresponding to

G)\. Such p have Frobenius elements in G which map to scalars in GL(Z,K)\);

hence such p satisfy

If k-1 is odd, this is already a contradiction: the above equation implies that

infinitely many primes p become squares in K , contrary to the fact that only a
finite number of primes can ramify in a given number field. Hence we may

write k = 2m+l with m> 1.
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Let ¢ be the representation p)\ B X;m of G with valuesin GIL (2, K)\), The

image of @ in PGL(Z,KK) is the same as that of px, namely G. ( a finite

N
group). Also, the determinant of ¢ is a character of finite order, namely «¢.
This implies that the image of ¢ is finite, (Only the matrices + I have determi-
nant 1 and map to the identity in PGL(Z,K)\). )

Let LP (s} and an(s) be the usual L-functions attached to the representa-

tions p, and (cf. [19, Ch. I, §2.5]), defined as Euler products over primes
A @ P P

p‘er_ Aside from possible missing Euler factors, Lp is the Dirichlet series

Za n
n

for the newform f and 1. is an Artin J.-series. Hence each L-series has a

functional equation of a known type. But the relation p)\ = Xm B ¢ implies an

{
identity

an(s—m) = Lp(s).

Thus Lp (s) has two functional equations, and these turn out to be incompatible,
giving the desired contradiction.

First, from the modular point of view (§1), Lp (s) has a functional equation
with [-factor (2 ﬂ')-s I'(s) and symmetry s+ k-s, From the Artin point of view,
however, there is also for Lp(s) a functional equation with I'-factor
2 7r)_sl"(s-m) and the same symmetry, Remembering the possible missing Euler

factors, we find an identity

L'(s)'m+l-s)
T(s-m)[(k-5) |_!1(1 up )

where ¢ and A are non-zero complex numbers, the n,  are integers, the q,
i i
are complex numbers, and the p, are primes. One sees easily that this is im-
i

possible by considering the zeros and poles of the two sides of the equation.

Proposition (4.4). Either pX(H) is an irreducible non-abelian group for each
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open subgroup H of G, or else there exists an open subgroup H of index 2 in
G with the following property: If H' is an open subgroup of G, p)\(H') is
abelian if and only if H contains H', In the latter case, the quadratic field F
corresponding to H is unramified outside ¢N, and f has complex multiplication
by F. Conversely, if f has complex multiplication by a quadratic field F, thea

N (Gal(@/F)) is abelian,

Proof. The first statement is an easy consequence (see [14, (2. 3)]) of the fact

).

that G)\ is non-abelian and semisimple and has an infinite image in PGL(Z,K)\
One finds that if G)\ has an open abelian subgroup, then there is a Cartan sub-
group & of GL(Z,K)\) whose normalizer 70 contains G)\. The intersection

mec has index 2 in G)\ and its preimage in G is a closed subgroup H of

index 2 on which p, is non-abelian, A subgroup H' of G is containedin H

N

if and only if its image in GL(Z,K)\) is contained in €. Also, the character
©:G>G/H>N/Ee ~{+1}

is unramified outside ¢N because Py is. Now the complement 21 -C consists
of matrices with trace 0. Hence if ¢(g) = -1, then tr p)\(g) = 0. If we think of ¢
as a Dirichlet character, we may thus write

a =tr p(F )=20
P AMp

for all p’ﬂN such that ¢(p) = -1. Said another way, f has complex multiplication
by ¢, i.e., by F.

Now, conversely, assume that f bhas complex multiplication by a quadratic
character ¢. Let H{ G be the kernel of @, and let F be the corresponding
quadratic field, We wish to show that p)\(H) is abelian,

The fact that f has multiplication by ¢ shows that PBO and N have
identical traces on Frobenius elements for almost all primes p, Hence, by the

Ao
Cebotarev theorem again, and because of the semisimplicity of the representations,
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the two representations are isomorphic, In concrete terms, this means that there
is a matrix M e¢ GL(Z2, K)\) such that
-1
Mp, ()M~ = ¢(g)p, (g)

for all ge G, In particular, p)\(H) is contained in the commutant of M. Let

g € G be an element not in H, and let T

"

P, (g). Then

MTM L= -,

This equation evidently shows that M is not a scalar matrix, and it also implies
that M is semisimple, Hence the commutant of M is abelian, and this implies

what we wanted,

Theorem (4.5). Suppose that there exists an open subgroup H of G of index 2
in G such that p)\(H) is abelian, Then p)\' 'H is abelian for all primes \' of
K. Also, H corresponds to a quadratic field F which is (i) unramified at all
(finite) primes away from N, but which is (ii) ramified at infinity (i. e.,

imaginary). Further, f is obtained from a Grdssencharacter y as in (3.5).

Proof. The first assertion follows from the above proposition, because the
statement that f has complex multiplication by a quadratic field does not involve
a prime N of K. Also, afield F of complex multiplication is unramified away
from N, because it is unramified gway from 2N, where & is an arbitrary prime.
However, to prove that F is imaginary and to prove that f comes from a
Gr8ssencharacter of F seern to be less elementary.

Let us suppose that f has complex multiplication by a quadratic field F,
and let H be the corresponding subgroup of G. We know that p)\(H) is abelian
and semisimple for each prime N of K. But further, by theorems in [19], Py ‘H
is locally algebraic for each prime A of K, so that there is a map of K-algebraic

groups



41 Rib-25

giving rise to the system of representations (p ). Here M is an integral ideal

)\lH
of F, and S??L is the @-algebraic group constructed for F and 77 as in [19,21].

In fact, since S, is of multiplicative type, r is described by a K-rational pair

of elements of the character group of Sops

Hom(Sm/E,Gm/E).

(See [21] for a down-to-earth description of the elements of this group. Note that
the two characters corresponding to r are not necessarily each defined over K,
but they form a K-rational set.)

Now, for definiteness, choose K to be the algebraic closure of K in C.
The two characters of Sm in question correspond to two type-Ao Gréssen-
characters (//1 and ¢/2 of ¥ with values in K*% (CJ* and conductor dividing 7.
They are interchanged by the (' internal') conjugation of F over @, (For each

prime A of K the representation p corresponds to two E;-valued charac-

M
ters of H which are interchanged by conjugation (in G) by an element of G not
in H, This conjugation takes the Frobenius elements in H for a prime ideal '
of F to the Frobenius elements for the conjugate ideal P. } Their relation with
th i

e p)\|H is that

Y, = e (Norm)k~1

(where Norm is the norm Gr8ssencharacter of F) and that for each A of K and

any prime ® of F not dividing (NN\)MN we have

tre, (Bp) =¥ (P) + ¥, (P),

where Ff ¢ H is a Frobenius for the prime .
Now, using the assumption that k> 1, let us prove that F is complex, If
not, each ¢, be written as an integral power of the norm character times a char-
1

acter of finite order, say
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(See [19, Ch. II, §3.3].) This gives

n n
1 2
oy (Fp) = e (PINP "+ ¢, NP
for all but finitely many P of F. If P |p is a split prime of F, the left-hand
side is a . Hence, taking 'Y split and of large norm, we find from the archi-
p

median estimates that n_ =

1 n, = (k-1)/2, as in §2. Then, over K)\, p)\]H takes

the shape k-1

£ 0 -
<O 52> ® Xg oo
It therefore has a finite image in PGL(2, Kx), This contradicts (4. 3).
We continue our analysis, having established that ¥ is imaginary. Let
o, T be the distinct embeddings of F into KZ €, and let the infinity type of ‘”1
be Un’Tm. We know that the infinity type of WZ is oan (because the two char-
acters are permuted by conjugation) and that n+m = k-1 (because wlwz =
z(Norm)k—l). The above argument shows that m#n . Without loss of

generality assume n>m. Let ¢ = d/l' (Norm) , so that the infinity type of
Yo is Gn-m. We have

— - k-1-2s -1
fl (1~app s+€(p)p ZS)

pINM

T -u,@mp™)™
NM

T aw@ne™5!
PINM

as can be checked p by p. Thus if g is the modular form of weight n-m+l

H

’

associated to y by the construction of §3, we have

e e
B3 sk

Li(s) = Lg(s—m),

where the * refers to the deletion of a finite number of Euler factors, By the
argument of Serre given above (incompatibility of functional equations), we must
have m = 0, Hence { is the newform constructed from y = ([/1 by the process of

§3.
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§5. Twisting and ¢ -adic Lie Algebras.

Let f be a newform of weight k and level N, The image GIZ of the
{-adic representation attached to f is an f-adic Lie group, being a closed sub-
group of some linear group GL(2, K®@l)' Its Lie algebra %l is then a @JZ_
subalgebra of the corresponding Lie algebra J{(2, K@@l) of 2 X2 matrices
over K® Ql' In a previous paper [14], we determined %2 in the special case of
level N =1, i,e., for eigenforms on SLZZ. As we shall see, the general case is
complicated by "twisting. "

To simplify matters, we will make two assumptions in this §, First of all,
we again assume that k> 1, and secondly, we assume that { does not have com-
plex multiplication, These assumptions are not too serious since the algebras
g, are all 0 in the case of weight 1 (the representations pl have finite images)
and are abelian if f has complex multiplication, (In fact, from (4,5) and results
of Serre, one sees that %1 =FR @l , where ¥ is the field of multiplication,)

We let K be the number field generated by the eigenvalues ap(p'fN), and
we let L be the largest totally real subfield of K. By (3.1), K contains the
values of the Nebentypus character ¢ of f, Also, since f does not have com-
plex multiplication, K = L gjm_do_nlxi ¢ 1is trivial, Otherwise, K isa CM
field, and is quadratic over L,

Let / be a prime, and let
P, :G»GL(Z,K@@I)

k-1
be the f-adic representation attached to f. The determinant of p is £X,

?
det plZ is QZ-va.lued on the kernel H of ¢, Since H is openin G, %! is con-

, so

tained in the algebra
'@[ ={ue 71(2,K®@£)]true Ql}'

This inclusion is an equality when N =1 [14],
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There is another constraint on %g in the case where ¢ is non-trivial,
This arises from the equation
a =ac (p)
P p

of §1, which implies that a ¢ L for all p such that ¢(p) =1,
P

Proposition (5.1). If H is the kernel of ¢, then

trp , (H) C LeQ.

Proof. The Frobenii Fp ¢ G for primes p such that e(p) =1 all lie in H,

v
and by the Cebotarev density theorem their images in GLEZ,K ® Qg) are dense in
p]z(H). By the remark above, their traces ap all lie in L, Hence the result

follows by continuity,

Corollary (5.2). Suppose that k is even. Then, after replacing Pl by an iso-

morphic K@Ql—representation of G, we have

P, (H) - GLR,LBQ,) - GLE2,KBQ,).

Proof. Let \|I be a prime of K, and let L)\ (resp. K)\) be the completion of
L (resp. K)at N, We contend that (up to K)\-isomorphism) the representation

p)\ satisfies

p, (H)C GL(2, L,)Q GLZ, K,).

A
In fact, this is the main point: The corollary easily follows from this claim be-
cause of the theorem that two semisimple representations with the same trace are
isomorphic,

To prove the contention, we have to overcome a Schur-index obstruction to

defining Py over L)\. But H contains the complex conjugations in G, since

u

€ is an even character (it has the same parity as k). Hence p)\(H) contains the

images under p. of such elements, each of which is a matrix with eigenvalues

)N

+1, -1. The desired statement then results from the following lemma, which may



45 Rib-29

be proved by direct computation (but see [16, IXal).

Lemma (5.3). Let E JF be fields, and let
p:G—>GL(Z2,E)

be a semisimple representation of an arbitrary group G. Suppose that
tr p(G) g F andthat p(G) contains a matrix whose eigenvalues are distinct ele-
ments of F. Then p may be defined over F, in the sense that some representa-

tion E-isomorphic to p takes values in GL(2,F).

Corollary (5.4). Suppose that k is even, and let Q. be the @-Lie algebra

{u 631 (Z,L)ltru € Q}

Then

4,Ca,=0pQ@,.

Proof, This follows from the above corollary and the previously-noted fact that
tr .
3,5,
To gain further insight into what is happening, and to investigate the situa-
tion when k is odd, we introduce the action of the '""W-operator" on the repre-
sentation space for pl, This operator is seen in the construction of p (as was

{

mentioned in §2), and we shall list axiomatically its properties as developed during
{81

In construction the representations Pf’ one begins with a certain vector
space V of dimension 2 over K such that for each prime {, G acts K!&Ql—
linearly on Vf =V X’@Z' The space V is in particular an L vector space, of
dimension 4 if L # K, Already on V there is an L-linear operator W which

satisfies

and the commutation relation
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wiw =T

for te K, where the bar is, as usual, conjugation of K over L.
For each prime [, the actions of G and W on V

commute according to

the formula
-1
WPl(g) = Pq(g)z ()W =p, (8)We (),

and in particular the actions of W and H commute with each other.

Let AC End(V) be the L-algebra generated by W and the elements of K.

Then

pg(H)gAu’cA@@ VeQ,).

i

Let us analyze this group of automorphisms in the case which is not yet treated,

that where k is odd,

2
For this, choose X ¢ K such that X = a is a totally negative element of
= k-2
L., We have X = -X, Set Z = XW, and let B =-N . Then:

WX = XW = -XW = -2,

2

woo=8,
2

X = a,
2

Z = -Ba,

WZ = -ZW = -8X,
In other words, A is the quaternion algebra over L associated to a, B

(Bourbaki, Alg. III, p. 18). It is a division algebra, and in fact a totally definite

quaternion algebra, because o and $ are totally negative.
Since dimLV =4 = dimLA, the (left) A-module V is free of rank 1 over
A: V is isomorphic to A acting on itself by left multiplication. It is then im-

mediate that if we identify V with A then EndAV is the set of endomorphisms

of V gotten by letting elements of A acton V = A on the right, Take {1, w}
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as a K-basis for V., Then we find concretely that right multiplication by t+uW

(with t,ue K)is the matrix

Mt = (t 116)
,bu u t

and that B = EndAV is the subalgebra of EndKV consisting of all such matrices.
Remembering that A is isomorphic to its own opposite algebra under the stan-
dard quaternion involution

t+uW —t--uW,
we find that

t+uW = M.
t,-u

induces an isomorphism A - B, Any matrix M has trace and determinant

in L; these numbers are respectively the (reduced) trace and norm of t+uW,

We summarize all this in the following

Theorem {5.5), Let AC EndL(V) be the algebra generated over L by the
operator W and the elements of K. Then A is a totally definite quaternion
algebra over L, as is its commutant

= d .
B = En AV

For each prime [, we have

pl(H)gAu’c (V,)= (BRRQ,) .

A®QJZ

Furthermore, pz(H) is contained in the group of elements of (B QQI)P whose

S

reduced norms to (L ® Ql)" lie in @l
In analogy with the situation when k is even, we let Q. be the @)-Lie

algebra

{ue Bltrue Q}C%I(Z,K)-

Corollary (5.6). For each prime {, we have

.59 =200,
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The algebra (- in the case of odd weight is a form of the algebra which
arises in the case where k is even, namely,

{u« }z (2,L)|tru ¢ @},

(In other words, the two become equal over 6 ) Both in the case where k is
even and in the case where k is odd we have defined a Lie algebra & ‘}I(Z,K),
depending on f, such that

-~
gftal@Q[

for all primes . We now address the question of when this inclusion may be

strict.

Extra Twisting, Let us say that a newform f{ admits an extra twist if f has
complex multiplication or if there exists a 7 ¢ Aut(C) which does not pointwise
fix L, together with a (continuous) character

@: G~ (C*
unramified outside N, such that

ap = ’r(a.p) - @p)

for all primes p in a set of primes of density 1.

Examples, Several examples of forms with extra twisting and without complex
multiplicationhave been given inweight k=2 and with Nebentypus £¢=1, The first two
examples were noted by Doi and Yamauchi [6], and others have recently been
found by Birch (unpublished) and by Koike [10]. The first example of [6] is a form

f on 1"0(125) of weight 2 and Nebentypus ¢ =1 for which
K = L = @(v4+ /5).

We have a = T(ap)(p(p) for all p # 5, where @ is the quadratic character associ-
b
ated to @(J5) and where 7 conjugates K over Q(y5).

It would be of interest to give an a priori construction of forms with extra
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twisting. If the level N is divisible by a high power of a prime, these forms

seem to be more the rule than the exception,

Theorem (5.7)., Let f be a newform of weight k> 1 which does not have com-

plex multiplication, Let ¢/ be a prime. We have the strict inclusion

<%

if and only if { admits an extra twist,

Proof. We shall merely sketch the proof, which follows the proof of [15, (4.4.10)].
By extension of scalars, we regard p’ as the K®@7-representation

P
i —
G—'»GL(Z,K@QI,)Q GL(Z,K@QE).

Changing bases if necessary, we may assume that pl maps H into GL{2, L®61>

and that a,! B 6! - %!(2, L@@z). For each embedding

we let p  be the composite
o

p —_ —
G—{ GL(Z,K@Q’) ~>CvL(2,(ml).

with the latter map being induced by ¢. To calculate the Lie algebra of p,, we

IE
may restrict Pl to H. On H, PG eguals pT if PO’ and pT agree on L, We
note the following facts: (i) Py is semisimple; (ii) the determinant of p! is of
infinite order; (iil) no representation Py (with N [l) becomes abelian on an open
subgroup of G (because f does not have complex multiplication). By applying
the analysis of [15, Ch. IV, §4] we find that 917 < Qi if and only if there exist em-
beddings o, 7, distinct on 1., such that the two representations pg and P'r of

G are isomorphic on an open subgroup of G. By the (easy) fact that Pc(Ho) has

commutant in GL(Z,EI) consisting of scalars for any open subgroup HO of G,

we find that if %Z < OY there is a continuous character

@: G—»(Q)l
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of finite order such that p_ and p ® ¢ are isomorphic representations of G.

T o
Clearly ¢ is unramified outside N because the p's are, and we end up with the
equation

T(ap) = c(ap)<p(p) (%)

for all pfN{. Conversely, if such an equation holds for all p in a set of primes
of density 1, then we have ,JT ~p K @ by the Eebotarev density theorem, and
a
this i 1i < a.,
1s implies ?’l 1
But (%) is purely algebraic in the sense that in (%) we may replace 61

by any algebraically closed field of characteristic 0: for instance, €. More

specifically, (%) holds for some o, 7, ¢ as above if and only if we have

T(ap) = O(ap)(ﬂ(p)

for some elements ¢, 7 of Aut(€C) which are distinct on L and for some com-
plex-valued character of f{inite order @ Hence (*) holds if and only if {f has a

non-trivial twist,

Correction., The hypothesis to [14, (4. 3)] is misstated. It should read £ > k, not

14k,
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A RESULT ON MODULAR FORMS IN CHARACTERISTIC p

Nicholas M. Katz

ABSTRACT

The action of the derivation 6 = g %E‘ on the g-expansions of
modular forms in characteristic p is one of the fundamental tools
in the Serre/Swinnerton-Dyer theory of mod p modular forms. In
this note, we extend the basic results about this action, already

known for p > 5 and level one, to arbitrary p and arbitrary

prime-to-p level.

I. Review of modular forms in characteristic p

We fix an algebraically closed field K of characteristic
p > 0, an integer N > 3 prime to p, and a primitive N'th root
of unity ¢ e K. The moduli problem "elliptic curves E over
K-algebras with level N structure o of determinant ¢¢" is
represented by

(E )

univ? %univ

My

with MN a smooth affine irreducible curve over K. In terms of

the invertible sheaf on MN

1
E)-:ﬁ*ﬂ s
Euniv/MN

the graded ring RN of (not necessarily holomorphic at the cusps)
level N modular forms over K is

¢} &
keZ

Given a K-algebra B, a test object (E,a) over B, and a

nowhere-vanishing invariant differential o on E, any element
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f e RN

and f 1is determined by all of its values (cf. [21).

(not necessarily homogeneous) has a value Tf(E,w,a) € B,

Over B = K((q1/N)), we have the Tate curve Tate(q) with its

"canonical" differential (viewing Tate(q) as Gm/qz, ®

can can

"ig" dt/t from G,). By evaluating at the level N structures

a, Of determinant £ on Tate(q), all of which are defined over

K((q1/n)), we obtain the g-expansions of elements T ¢ RN at the

corresponding cusps:

dfn 1/N
£, (@) = £lTate(a),opnmag) ¢ K((a /)
A homogeneous element f ¢ RE is uniquely determined by its weight
k and by any one of its g-expansions. A form f ¢ R§ is said
1
to be holomorphic if all of its g-expansions lie in K[[g /N]],

and to be a cusp form if all of its g-expansions lie in

q1/NK[[q]/N]]. The holomorphic forms constitute a subring

RN,holo of Rﬁ, and the cusp forms are a graded ideal in Rﬁ,holo'
The Hasse invariant A «¢ R%:golo is defined modularly as

follows. Given (E,w,a) over B, 1let 1 ¢ H](E,OE) be the basis

dual to o € HO(E,Qé/B). The p!'th power endomorphism x — P of

@E induces an endormorphism of H](E,OE), which must carry 71 to

a multiple of itself. So we can write

p _ . 1

7° = A(E,w,q)-n in H (E’OE)’
for some A(E,w,a) € B, which is the value of A on (E,s,a).
All the g-expansions of the Hasse invariant are identically 1:

AGO(Q) =1 in K((q]/N)) for each a.

For each level N structure a, on Tate(q), the corresponding

g-expansion defines ring homomorphisms

1
Ry —> k(6N Ry oo —> Klla' /M)

whose kernels are precisely the principal ideals (A-1)Ry and
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(A'1)Rﬁ,holo respectively ([L4], [5]).

A form £ € R§

not divisible by A in R

’

is said to be of exact filtration k if it is

Ns Or equivalently, if there is no form
e R§ with k' <k which, at some cusp, has the same
g-expansion that f does.

II. Statment of the theorem, and its corollaries

The following theorem is due to Serre and Swinnerton-Dyer

([¥], [51) in characteristic p > 5, and level N = 1.

Theorem.
(1) There exists a derivation AB:RN - Rﬁ+p+] which
increases degrees by p + 1, and whose effect upon each g-expansion
is q %E :

[c2

(Aef)  (q) = g & (r (q)) for each o
%o dq o

k
N

divide k, then A8f has exact filtration kK + p+ 1, and in

(2) If f ¢ R has exact filtration k, and p does not

particular A6f # 0.

(3) If f e Rﬁk and A6f = 0, then f = gp for a unique

Some Corollaries

(1) The operator A6 maps the subring of holomorphic forms
to the ideal of cusp forms. (Look at g-expansions.)

(2) If f is non-zero and holomorphic, of weight
1 <k <p -2, then f has exact filtration k. (For if f = Ag,

then g 1s holomorphic of weight %k - (p-1) < 0, hence g = 0.)

oK Ktprl

(3) If 1 <k <p -2, themap AS:Ry 10 2 Ry o1, 1S
injective. (This follows from (2) above and the theorem.)

(4) If £ 1is non-zero and holomorphic of weight p - 1,

and vanishes at some cusp, then f has exact filtration p - 1.
(For if f = Ag, then g is holomorphic of weight 0, hence

constant; as g vanishes at one cusp, it must be zero.)
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=

(5) (determination of Ker(A6)). If f € R, has A8F = 0,

then we can uniquely write r = AT.gP with o <r<p-1,

y4
N

by induction on r, the case r = 0 being part (3) of the theoremn.

r+ k = 0(mod p), and g € Ry with pf + r(p-1) = k. (This is proven

If r# 0, then k # 0(p), but A6f = 0. Hence by part (2) of

the theorem f = Ah for some h ¢ R§+1'p. Because f and h

have the same g-expansions, we have A6h = 0, and h has lower r.)
(6) In (5) above, if f 4is holomorphic (resp. a cusp form,

resp. invariant by a subgroup of SLQ(Z/NZ)), so is g (by

unicity of g).

IIT. Beginning of the proof: defining ¢ and A6, and proving part (1)

The absolute Frobenius endomorphism F of MN induces an

N R 1
F-linear endomorphism of HDR(Euniv/MN)’ as follows. The pull-
(F)

univ is obtained by dividing E

back E of E by

v univ

its finite flat rank p subgroup scheme Ker Fr where

> B(F)

B ———— A
Friboniv univ

*
is the relative Frobenius morphism. The desired map is Fr

F?: HER(Eﬁigv /MN) _— HgR(Euniv/MN)

3

(F)

1
HDR(Euniv/MN>
*
Lemma. 1. The image U of Fr i1is a locally free submodule
1 . . 1
of HDR(EuniV/MN) of rank one, with the quotient Hpp(E .. /My)/U
locally free of rank one. The open set Mﬁasse C MN where A is

invertible is the largest open set over which U splits the Hodge
filtration, i.e., where o® U > HéR(Euniv/MN)‘

*
Proof. Because Fr kills HO(E . QTE . )(F) it factors
Yool univ N

through the quotient H1(E ,O)(F), where it induces the

univ
inclusion map in the '"conjugate filtration" short exact sequence



57 Ka-5

{ef [11, 2.3)
Pr
0 — H1(Euniv’o)(F) — HéR(Euniv/MN) —> HO(Euniv’ Q1Euniv/MN) — o
This proves the first part of the lemma. To see where U splits
the Hodge filtration, we can work locally on MN' Choose a basis
w, ® of HéR adapted to the Hodge filtration, and satisfying
<w,n>DR = 1., Then 1n projects to a basis of H1(E,OE) dual to

. * 1 R . * (F)
», and so the matrix of Fr on HDR is (remembering Fr{w ) = 0)

< 0 B
o i)
where A 1is the value of the Hasse invariant, Thus U is spanned
by Bw + Any, and the condition that « and Bw + An together
span HgR is precisely that A be invertible. Q.E.D.
Remark., According to the first part of the lemma, the func-
tions A and B which occur in the above matrix have no common
zero. This will be crucial later.
We can now define a derivation o of RN[T/A] as follows.
Hasse

(Compare [2], Al.4.) Over My , wWe have the decomposition

H] ’l/‘lE@U >

which for each integer k > 1 1induces a decomposition

sym i, Y o™ @ (T @U@ ... @™

The Gauss-Manin connection
Vil —> B ® QIJ/JN/K
induces, for each k > 1 a connection
s Symn B, —> (SymH] ) ® Q;/[N/K

Using the Kodaira-Spencer isomorphism ([2], A.1.3.17)

®p r~— 1
o — QMN/K
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we can define a mapping of sheaves

as the composite

e
ggk s SymmngR =

Passing to global sections over

a map

9:HO

(M

8:0

Hasse a?k
N

®k+2
®

MHasse

. , WwWe obtain,
k+2
S HO(Mﬁasse,2 )

for

K > 1,

Lemma 2. The effect of & wupon g-expansions is ¢ g@ .

Proof.
(D®2
can
Bann corresponds to
da_
aq dq
spanned by V(g %E)(m
Foe HO(Mﬁasse, 2®k:)’

on (Tate(q),

k.
75, (0) gey) = 7(a
= V(g
g
= q dq

daq/q,

can

Thus given an element

By the explicit calculations of ([2], A.2.2.7),

U

Consider Tate(q) with 1ts canonical differential
over k((q]/N)) Under the Kodaira-Spencer isomorphism,

the dual derivation to which is

is

®k

its local expression as a section of o

some «n) 1s fOL {(q) o
o]

Rk

can” Thus

@ , . dg

Bk ®d2
wC an

®k+1

+ k- f (q)~cuCan

%o

Because V (g %aj (wcan) lies in U, it follows from

v{q

d

daq

M@ gn),
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the definition of 6 that we have (s8f) (q) = q a_ (f_ (a)).
%y da %
Q.E.D.
. . k k+
Lemma 3. For k > 1, there is a unique map As:RN _ RN

such that the diagram below commutes

& ® ® 1
HO(Mﬁasse,g.k) o_s HO(Mgasse,g k+2) XA N HO(IVIII\{Iasse’g k+p+ )

U U

® 1
Rg _ HO(MN,Q®k) Ao > R§+p+1 - 1o(m 0 KtptT

Proof. Again we work locally on MN' Let o be a local

basis of o, t the local basis of 0
- MN/K
by the Kodaira-Spencer isomorphism, D the local basis of

corresponding to

1
DerMN/K dual to £, and o = Y(D)e ¢ Hyg. Then <w,wl>DR =1,
(this characterizes D), so that « and o form a basis of

HgR’ adapted to the Hodge filtration, in terms of which the

( 0 B )
0 A
Hasse

with A = A(E,w0). Let u ¢ U be the basis of U over MN

*
matrix of Fr is

which is dual to w. Then u is proportional to Bw + As’, and

satisfies <m,w'>DR = 1, 8o that

W=Dt o

A

k

N’ and

In terms of all this, we will compute ©6f for f € R

Ka—-T

pt1

show that 1t has at worst a single power of A in its denominator.

& ® .
Locally, f 1is the section f1~w K of k, with f1 holomorphic.
&
7(£,07%) = V(D) (£i0 ) ¢
® ®
- D) (£,05) 02
& 1 ‘
- D(f1)'w®k+2 + ke et e
& Sk-+1 B
D(r )02 4 ke, T (0 - 2 )
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®k-+1
® .

= (D(f,) - kf - % L2 e u

1

Thus from the definition of ¢ it follows that the local expression

of 6(f) 1is

Bkt 2

o(£) = (D(£y) - kf, %) " Q.E.D.

We can now conclude the proof of Part (1) of the theorem. Up
to now, we have only defined A on elements of RN of positive

degree. But as RN has units which are homogeneous of positive

degree (e.g., A), the derivation A6 extends uniquely to all of

RN by the explicit formula

_ Ao(£.aPT)

AOT
APT

for r >> 0

The local expression for Ae(f)

A8(f) = (AD(£,)-kf,B)a”™ P for r e RY
remains valid.
IV. Conclusion of the proof: Parts (2) and (3)
Suppose f € RE has exact filbtration k. This means that f
is not divisible by A in Rﬁ, i.e., that at some zero of A,
f has a lower order zero (as section of 9®K) than A does
(as section of 9?p—1). (In fact, we know by Igusa [3] that A

has simple zeros, so in fact f must be invertible at some zero
of A. Rather surprisingly, we will not make use of this fact.)
Locally on MN’ we pick a basis o of . Then f becomes

29
i k, and Ae(f) is given by

AB(F, 0 %) = (AD(f,)-KBf,)

Suppose now that k is not divisible by p. Recall that B
is invertible at all zeros of A (cf the remark following Lemma

1). Thus if x ¢ MN is a zero of A where ordx(f]) < ordx(A),
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we easily compute
ordX(AD(f1)—ka1) = ordx(fW) < ordX(A).

This proves Part (2) of the theorem.
To prove Part (3), let f e Rﬁk have Ae(f) = 0. The local
expression for Ae(f) gives

&
AD(f])w K+pt1

and hence D(f]) = 0. Because M. is a smooth curve over a perfect

N
field of characteristic p, this implies that f1 is a pth power,
say f, = (g1)p. Thus f1w®kp = (g1m®k)p, so that f, as
section of ngp, is, locally on MN’ the pth power of a
(necessarily unique) section g of 9?k~ By unicity, these local
g's patch together. Q.E.D.
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ON £-ADIC REPRESENTATIONS AND CONGRUENCES
FOR COEFFICIENTS OF MODULAR FORMS (II)

H.P.F. Swinnerton-Dyer

1. INTRODUCTION.

Let £ = ) Tk(n)qn be a cusp form of weight k for the full modular
group, with the properties that t(1) = 1, that every t(n) is in Z, and

that the associated Dirichlet series has an Euler product

k=1-2s,-1

Y 1(m)n"® = M(1-t(p)p ® +p ) (1

Tor example, f may be the unique normalized cusp form of weight 12,
16,18,20,22 or 263 by omitting the subscript k we do not imply the

traditional usage that k = 12.

It has long been known {(at least in the case k = 12) that the t(p)
satisfy congruences modulo powers of certain small primes. In a pre-
vious paper [3] with the same title, which was based on joint work with
Serre, it was shown that the existence and form of such congruences was
closely linked to the Serre-Deligne representation theorem. By determin-
ing the structure of the graded ring of modular forms mod £, we were
able to establish a finite list of possible congruences for the t(p)
mod £ for each of the six values of k 1listed above. Using methods
which for the most part go back to Ramanujan, we proved all but one of
these congruences -some of which were already known. For the remaining
one, the notorious case of Ti6(P) mod 59, the numerical evidence is
overwhelming; but although finitedecision procedures are now known, no

one has yet carried one of them through.

What was novel in [3] was the use of the Serre-Deligne theorem to pro-

ve that the potential congruences mod £ were restricted to certain types
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and that £ < uk unless £ was a factor of the numerator of the Bernoulli
number bk. This left a finite list of hypothetical congruences to de-
cide. The methods used to prove (or disprove) such congruences were es-
sentially traditional, though put into a more polished and systematic
form; and it may be noted that the one new type of congruence which we
discovered is also the only one which we were unable to prove. In fact,
the traditional methods of proving congruences mod £ are fairly straight-
forward; it is only the congruences modulo high powers of a prime which
have in the past required the ingenious manipulation of complicated for-
mulae. (See for example the list in [3], page 4 and the references the-

re.)

Very little, and that unhelpful, was said in [3] about congruences
modulé prime powers; but it was suggested that such congruences would
be a by-product of any structure theory of modular forms mod 2" that
might be developed. Such a theory has since been obtained by Katz [11;
indeed in that paper he claims to give "an explicit solution" to the
problem of finding all congruences mod £ which hold between the g-expan-
sions of modular forms on SL(2,Z). But this paper contains no examples,
and it is not clear to me what he means by "explicit". On the other
hand, I noticed during the Bonn conference that the Serre-Deligne theorem
can be used not only to determine the possible forms of congruences for
T(p) mod 27 but to prove those which are true; and the proofs obtained
in this way are simpler and more systematic than the previous ones be-
cause they use much less information about the particular modular form
f concerned. Indeed, all that is needed is the corresponding congru-
ence for t(p) mod £, which is proved by the methods of [3], together

with the values of 1(p) for certain particular p. For example, let

2

8= ql(1--¢®)...3"" = ] 1, (mq"

be the normalized cusp form of weight 12; to prove Lahivi's congruence
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1,0 =p 30+ p mea 5P (o £ s )

by these methods, all we need to know is that

= 2
le(p) =p° +p mod 5

and that (2) holds for p = 2 and p = 11.

The object of this paper is to explain the ideas involved and to ap-
ply them to obtain all congruences for t(p) mod £" with £ # 2 and
n > 1, for the six values of k listed in the first paragraph. We as-
sume throughout that p # £. Similar methods can probably be used for
the case £ = 2, but the details will be different and a glance at the
Appendix to [3] makes it clear that they will be much more complicated.
Ribet [2] has shown that the methods of [3] can be used even 1if the
condition that the 1(n) are in Z is discarded; no doubt the same is true

of the present paper.

For the reader's convenience we summarize the relevant parts of [3].
Let Ky be the maximal algebraic extension of Q ramified only at £. The
Serre-Deligne theorem states that there is associated with each cusp
form f satisfying the conditions in the first paragraph a continuous

homomorphism
pp ¢ Gal(Kz/Q) - GLQ(ZK)
such that p, (Frob(p)) has characteristic polynomial

2

X5 - t(p)X + pk—l.

If the image of Py is small enough, a knowledge of the determinant of
an element of the image will imply some £-adic information about the
trace of that element; in particular, an approximate £-adic knowledge
of p will imply some £-adic information about t(p) and may therefore
yield a congruence for T(p) mod £". Conversely, the existence of

such a congruence restricts the image of Pp> because the set of
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Frobenius elements is dense in the full Galois group. The image of

det 0Py is (ZZ)k_l; so the image of g is contained in the group of
. .. * k- .
those elements of GL2(ZZ> whose determinant 1s in (Zz)k 1, and 1is

equal to this group if and only if the image contains SL2(Z£). Consi-

der the composite map

Pp ¢ Gal(K,/Q) ~ GL,(Z,) = GL,(F,)
where the right-hand arrow is reduction mod £. For £ > 3 it was shown
in [3] that the image of pp contains SL,(Z,) if and only if the image
of EK contains SLZ(F£)5 and for £ = 2 or 3 Tate has shown that neither

of these can happen. We shall say that £ is an exceptional prime for

f 1f the image of ) does not contain SL2(Z£), or equivalently if the

image of Et does not contain SLQ(FK).

There can only be a congruence for t1(p) mod £ if £ is an excep-
tional prime for f; this justifies replacing the search for congruence
by the apparently more general search for exceptional primes. But con-
versely, from a knowledge of the image of S[ it is easy to deduce what
congruences T(p) satisfies mod £. So one of the main objects of [3]
was to determine what are the possible images of SZ and what congruen-

ces they correspond to. The conclusion can be stated as follows

LEMMA 1. Let & be an exceptional prime for f, and denote by G the image

of 515 then G, and the associated congruence for t(p), is of one of the

following three kinds

(i) G is contained in a Borel subgroup of GLQ(P£)5 and there is an in-

teger m such that

7(p) = pm-+pk_1-m mod £. (3)

(ii) 6 is contained in the normalizer of a Cartan subgroup of GLZ(F£>

but not in the Cartan subgroup itself; and t(p) = O mod £ when-

ever p 1is a quadratic non-residue mod £.
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(iii) The image of G in PGLZ(FK) is isomorphic to the symmetric group

S, 5 and pl_krz(p)

ys 0,1,2 or 4 mod Z£.

Case (ii) can only occur if & > 2, and case (iii) only if £ > 3.

In the rest of this paper we shall only be concerned with case (i).
The example of case (ii1) with k = 12, £ = 23 is discussed in [3], pages
38-39, where in particular the exact image of pp and the best possible
congruences for 7(p) are determined. That example is probably typicdal;
certainly the other known example of this case (with k = 16, £ = 31) be-
haves very similarly. As for case (iii), it seems best to postpone any
further discussion until the congruences mod £ have been proved for the

one suspected example of this case which has so far been found.

Most of the ideas in this paper were worked out at the Bonn conferen-
ce. I am indebted to many of the participants, and particularly to
Buhler, Coates, Serre, Tate and Wiles for useful conversations and for
correcting my mistakes; and I am indebted to Atkin, Davenport and
Stephens for providing numerical data without which the results below

could not have been made explicit.

2. THE DIVISION INTO CASES.

Let Xe denote the canonical character

b
Xp 1 6al(K,/Q) » Gal(K; /Q) = Z

which has the property that
xﬂ(Prob(p)) = p,

and denote by ; the reduction of x mod £. The proof of (3) also shows

that without loss of generality we may assume

N X" (o) *
plo) = %)

0 X< Imes)
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for all ¢ in Gal(Kz/Q); for details see [3], page 17. It is convenient
to make two further normalizations, which will not affect the validity

of (4).

For the first of these, we choose once for all a prime Pg which is a

generator of ZZ regarded as a topological group. If the equation

T(py) = x + py txt (5)

is regarded momentarily as a congruence mod £, its two roots are known

to be pg and pE_l_m; these are incongruent because (£-1), being even,

does not divide (k-1-2m). Hence (5) has a root Xq in ZE such that

Xy = Py mod £, (6)

by Hensel's Lemma; and the eigenvalues of pﬂ(Frob(pO)) are xg and
k-1_-1

Py Xg - There is therefore a matrix MO in GL2(Z£) such that
» Xq 0
MO pz(Frob(pO))MO = 5
0 k—lx-l
Pog *p

and it follows from (4) and (8) that MO is upper triangular. Replacing
the representation op by MalngO, which does not affect (4), we may as-

sume

p,(Frob(p,)) = . (7)
£ 0 k-1 _-1

For any z in Zz and any u in

R = lim Z/(2"(£-1))

there is a natural definition of zM

as an element of Zz, and this has
all the properties which the notation suggests. It follows from (6)

that there exists p in R such that
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Xy = pE and p =nm mod (£-1) (8)

and we can clearly replace m by u in (3) and (4) without affecting
their validity. But any z in Zz can be expressed as lim pg where n
runs through a suitably chosen sequence of elements of Z; and by (7) and

(8) the corresponding sequence of matrices pz((Frob(pO))n) tends to

(9)

Since Gal(Kz/Q) is compact, the image of p, is closed; so the matrix (9
is in the image of oy for every =z in Zz. Moreover, by the way it has
been constructed, (9) must be equal to pz(o) for some ¢ with x(o) = z.

The importance of this is that it allows us to work with
r ={p£(o)|x(o) =1}

instead of with the full image of p, since every coset of I in the image

of p contains a matrix of the form (9).

Before the second normalization, we must clear out of the way one

highly implausible special case.

LEMMA 2. The image of Py is not contained in any Borel subgroup of

GL,(Z,p).

PROOF. Suppose the lemma is false; then we may without loss of generali-
ty assume that the image of pp consists of upper triangular matrices,

say

a(o) b(a)
pz(ﬁ) =
0 d(o)

Now ¢ +» a(o) and o P d(o¢) are continuous homomorphisms Gal(KZ/Q) - Zz
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and hence must be powers of Xg» by class-field theory. Hence for some

U, which is in fact the same as in (9), we have

T(p) = p¥+ k-1-u, (10)

and by restricting ourselves to primes p = 1 mod £ we can assume that
p is in Z, rather than in R. But (10) implies that pU is algebraic over
Q; hence by a theorem of Lang u is rational, and since t(p) is in Z, it

follows from (10) that u is an integer with 0 < u < k-1. Now (1) gives

£=7 o (n)q"

k-1-2u

which is in general a derivative of an Eisenstein series and certainly

is never a cusp form. This contradiction proves the lemma.

We may therefore assume that if we write

a(o) b (o)
ppla) = s

c(o) d(o)
as we shall consistently do from now on, then neither b(og) nor c(og) va-
nishes identically. Let n > 0 be the largest integer such that " ai-
vides b(o) for every o, and write A = diag(ﬂn,l); then we can replace
the representation pp by A_lpzA without affecting what we have done so
far. This is equivalent to multiplying c(g) and dividing b(o) by 2n,
50 it ensures that not all b(cg) are divisible by £. Clearly this re-
mains true even if we restrict ourselves to I'. This completes the nor-

malization of p.

Let N1 > 0 and N, > 0 be the largest integers such that
Nl NQ
a(g) = d(o) =1 mod £ ~ and c{c) = 0 mod £ (11)
for all p(o) in I'. For the moment N, may be infinite; but N, is finite

by Lemma 2. Since anything in the image of p can be written as a
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product of an element of T with a matrix of the form (9), the second

congruence (11) holds for all ¢ in Gal(Kz/Q).

LEMMA 3. N1 = N2 and both are finite.

PROOF. Consider the identity

in which the two matrices on the left are in T and are chosen that £ *bl

No+1
and £ ° 102. Clearly a,»a, and a1a2+b102 cannot all be congruent to
No+1

1 mod £ ° ; so N1 < N, Suppose now that N1 < N2; then the continuous
map

Nl+l

o > al(o) mod &£
Nl+1 "

induces a homomorphism Gal(Kz/Q) > (Z/¢L )

Since the image is com-—

mutative, this map must factor through Xp and hence all o with x(o) =1
N.+1

lie in its kernel. This means that a(g) = 1 mod £ * for all p(o) in

', contrary to the definition of N15 and this contradiction completes

the proof of the lemma. Henceforth we shall write

it is not hard to see that although our normalization depends on the

choice of Py> the value of N depends only on f and L.

Let G denote the group of elements {a,B8,v,8} with a,B,v,6 in FZ and

subject to the condition
a+d = Bys 12)

the group law in G is to be given by

{al,Bl,Yl,61}{a2,62,Y2,62} = {a1+a2+61Y2,81+82,Y1+Y2,61+62+Y162}-
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It is easy to check that the map

N

o(o) » 16 %@-1),0,2 Ve, e Nea-11,

where the components on the right are to be replaced by their images in
Fy, defines a homomorphism T - G. Indeed this motivates the definition
of @; in particular the condition (12) corresponds to ad-bec = 1. Let T

be the image of T in G; our next task is to list the possibilies for T.

There is an exact sequence
O_)CZ_)E_)CEXC[_—)O’
where C, denotes the cyclic group of order £ and the two inner maps are
defined by
a > {0,0,0,-a} and {a B v 8} > B x ¥v;

moreover G is not commutative. By hypothesis, neither B nor y can va-
nish identically on F; straightforward calculation therefore shows that

T must be one of the following three types

(a) the whole group G;
(b) the elements with B = Ay, for some fixed A in FZ;

(c) the cyclic group generated by {uO,BO,YO,so}, where B,y, * 0.

Tn these three cases the order of I will be £3,22 or £ respectively. 1In

connection with (c¢) we note that
{0,8,v,81" = {na+in(n-1)8y,nB,ny,ns+in(n-1)8y} (13)
2 2

as can easily be verified by induction.

THEOREM 1. The group T is of type (c) if

2(k-1-2m) = 0 mod (£-1) (14)

and of type (a) otherwise. It is never of type (b).
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PROOF. By {(8), we can write ¢ for m in (14). Any o in Gal(Kz/Q) acts
on I' by conjugation by p(o), and this induces an automorphism of T. If

p(o) is given by (9), then this automorphism is

{0,8,758) = {a,8v,yv 1,68} (15)

where v is the image of Zk-1-2u

in Fz. If (14) is false we can choose
z so that v # 13 and in cases (b) and (c¢) this means that (15) does not

map T to itself. So if (14) is false T must be of type (aj.

Suppose therefore that (14) is true, and write K = Q(=€). Since k
is even, £ = -1 mod 43 so K is the unique quadratic subfield of K,.

Suppose ¢ is in

Gal(K,/X) = {o in 6al(KyQ) [x TP 7%) = 1 mod &3
then v = 1 and the automorphism (15) is the identity. Hence there is a
homomorphism
Gal(K,/K) ~ T/(T,T] x E, (18)

where the square brackets denote the commutator subgroup and E ~ Z is

the group of z = 1 mod £ in Zz; this homomorphism is given by

u+l-k

g+ (Image of p(a)Diaglx M(o),x (a))) Xxl—l(o)

and it is easily seen to be onto. In cases (a) and (b),

T/LT,T1 = C, x Cp. (17)

But crude estimates show tha- the class number of K is less than £ and
prime to £; so class-field theory tells us that any commutative {-group
which is a quotient of Gal(Ke/K) has rank at most 2. Since (16) is on-
to, (17) ie impossible; and therefore T must be of type (c).

1

COROLLARY. If T is of type (¢) then og = 8y = CLIRE in other words T
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consists of the {%knz,An,n,%AHQ} where X in Fz is fixed and n runs

through the elements of FZ'

PROOF. It follows from (14) that
k-1-2y = %(2—1) mod(£-1), (18)

since the left hand side is odd; so in the notation of (15) we can

choose =z so that v =-1. Comparison with (13) now gives

~1
{OLD’-SO’_YO’&O} = {&0380370’60}

and therefore ao = 60 = %BOYO' This proves the Corollary.

In any particular example it is easy to check whether (14) holds and
hence to find whether T is of type (a) or type (c¢). At first sight ty-
pe (¢) breaks up into (£-1) subtypes, according to the value of A in
the Corollary; but we are still allowed to replace p by R—1 o R where

2

R = Diag(r,1) with r in Zz, and this operation replaces A by r“i. 5o

there are really only two subtypes, according as A 1s a square or not.

At this point the argument divides, according as we are in case (a)
or case (c). For each case we wish to find the associated congruences
for 1(p), which will of course involve p and N; and we need to prove a
constructive method of finding the value of N for any particular f.

It would be desirable also to find the exact image of p, but I have been
able to achieve this only in case (a). The %42 known examples of case
(1) of Lemma 1 are listed in [31, page 32. Of these, 6 have £ = 2 and
hence fall outside the scope of this paper, 25 do not satisfy (14) and
are therefore of type (a), and 11 do satisfy (14) and are therefore of

type (¢). Details of these 36 examples are given below.
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3. FURTHER INVESTIGATION OF CASE (a).

In case (a) we start by determining T', which is equivalent to deter-
mining the image of p. It turns out that I is as large as possible,

subject to (11)

THEOREM 2. In case (a),

a b . = _ _ N
= {(7 g)insL(Zypla-1=c= d-1=0 mod £}.
PROOF. For v = 0,1,2,... let G_ be the set of matrices (2 D3) in SL,(Z,)

which satisfy

a-1= ¢ =d-1 =0 mod £N+P, b=20 mod 2%

and let S, be the set of matrices (3 g) in MZ(ZK) which satisfy

N+r
3

a=y=6=0 mod £ B =20 mod &7,

thus g in Gr implies (g-I) in S, It is easy to see that Gr is a

group, that Gr+1 is a normal subgroup of Gr of index 23, and that the
Gr form a base for the neighbourhoods of I in SL2(Z£). Moreover T is
closed. So to prove the theorem it is enough to prove that T contains

representatives of each coset of G in Gr for r = 0,1,2,... . This

r+l
is true for r = 0, for the natural map T - ¢ ~ GO/G1 is onto since we
are in case (a). We therefore proceed by induction, assuming the re-

sult for r-1 and proving it for r; thus we can take r > 1.

a b

Write g = (C d] and let g be in G, ;. If we further assume that

L]lb, it follows easily that

no._ .
(g-I)" is in S . -

and since £ > 2 this implies
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g5 = T4 L(g-D) + 20~ (g-D? +..+ (gD

=1 + £(g-1) mod SP+1.

. . . s . £ £
Thus if g4 and g, are in distinct cosets of Gr in Gr—l’ then gq and g5
are in distinct cosets of Ghyq In G . Forr >1 this completes the in-

duction step, because the condition £|b is then automatic.

For r = 1 this argument only shows that T meets those 22 cosets of

G2 in G1 for which £2|b. However, a similar argument shows that it al-

N+2[c; and so T meets more than £° co-

s0 meets those cosets for which £
sets of G, in G- The cosets which T meets form a subgroup of Gl/GZ’
and since this has order £3 it has no proper subgroup of order greater

than £7. This completes the induction step for r = 1, and thus also

completes the proof of the theorem.

)} in GL,(Z,) such

oo

COROLLARY 1. The image of Py consists of all (2

that

©
1
N
il
0
il
o
1
N
Il
o
=}
o]
o
&S
=4

for some =z in ZZ.
PROOF. The matrix (9) is in the image of p for every such z.

COROLLARY 2. The coefficients t(p) satisfy, for p # £,

(p) = p" + pk—l—u nod £V (19)

and in this congruence u can be replaced by any integer m = y

mod £N"1(£-1). Moreover this result is best possible in the sense that

. . . * -1-
given any T Eg'zﬂ and 7w iﬂ,zﬂ with © = 7% + nk 1-u mod [N, we can

find a prime p such that t(p)-1 and p-m are both as small as we like in

the £-adic metric.
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PROOF. The congruence (19) is just the relation between trace and deter-
minant which holds for every element of the image of p, by Corollary 1;
and the rest of the first sentence is trivial. The second sentence fol-
lows from Corollary 1 and the fact that Frobenius elements are dense in

Gal(Kﬂ/Q).

It remains only to give a method of calculating N for any given f;
for the definition of N above was totally non-constructive. To prove

N = 1 it is encugh to find a prime p such that

(p) = p¥ o+ P oa £2,

and here we may replace U by any m = j mod £(£-1). This shortcuts
the more elaborate argument below; and it enables one to show that of

the 25 known examples of case (a), the 17 with £ > 11 all have N = 1.
The systematic calculation of N depends on finding a finite list of
primes P, (the list depending only on £) for at least one of which

k-1-n

T(pr) * pﬁ + P, mod £¥TL.

(205

Write L = Q(ZVT) and assume that £ is a regular prime - that is, the
class number of L is prime to £; it was to permit this assumption that

the ad hoc test for N = 1 was given above. Since
Gal(K,/L) = {o in Gal(K,/Q)|x(o) = 1 mod £},
there is a homomorphism
Gal(Kz/L) ind CZ X Cﬂ X CE (21)

which is given by

oF (b(o) mod &) x (£ Ne(o)  mod £) x (x(o) mod £2); (22)

and Theorem 2 shows that this is onto. Let N denote the group of Zth

roots of unity, and L the maximum abelian £-extension of L which is
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unramified outside £ and for which Gal(L/L) is annihilated by £. The

map (21) factors through Gal(L/L); and Kummer theory states that

usut ~ Hom(Gal(i/L),uz) (23)

is an isomorphism of Gal(L/Q) modules, where U is the multiplicative
group of elements of L which are units outside of £. Clearly (23) im-
plies

Gal(L/L) = c{fr)/? (24)

as abelian groups; and it is known that the map (24) can be written as
ok Eylo) x g,(0) x...x £, ,(0)

where the non-zero subscripts are the odd integers. In this notation a

in Gal(L/Q) acts on iv(c) according to the rule
-1y _ v
Ev(a ca T) = a gv(c), (25)

where on the right o has been identified with its image in FE. In

particular, EO corresponds to x; to be precise
£,(0) = 271 (x(o)-1)  mod £,

so that the third factor in (21) is just £g-

a b
c d

Take p 1 mod £ and write p(Frob(p)) = ( )5 then

T(p) = a+d = 1 + pk—l +be - (a-1)(d-1)

= 1+ 4 be —(pu—l)(pk—l_u—l) mod ¢Nt1

pu +pk_l_u + be mod

Il

£N+l.

Denote the first two factors on the right of (22) by X1(0> and XZ(O)

respectively. This last calculation shows that

Xl(O)Xz(O) is fixed under the action of Gal(L/Q) (26)
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at least when ¢ = Frob(p) - and hence in general since the action 1is
continuous and the Frob(p) are dense in Gal(Kz/L). The reader who is

confused by the implied reference to the action of Gal(L/Q) on Frob{(p)
may be helped by the following explanation. Though by abuse of language
one speaks of Frob(p) as an element of Gal(Kﬂ/Q), it is in fact an en-
tire conjugacy class of such elements. If p = 1 mod £, all these
elements lie in Gal(Kz/L); but there they form (£-1) conjugacy classes,
corresponding to the (£-1) prime factors of p in L. By the same abuse
of language, these are described as the (£-1) Frobenii of p for
Gal(KE/L); and Gal(L/Q) permutes them in the same way as it permutes

the prime factors of p in L.

Now Xy and X, are linear combinations of the EV; and X4 5%y and EO

are linearly independent because (21) is onto. Let o be a generator

of Gal(L/Q); by (26), o either takes each of Xy and x, into a multiple

of itself or into a multiple of the other. In either case a% takes

each of Xy and X, into a multiple of itself. Suppose first that £ = -1

mod 43 then the only case where two of the a2v

] arising from (25) can be

equal is when v = 0 or %(K—l). Hence either each of x, and X, is a mul-

1

tiple of some Ev or

U+ VE g1y 05 Xp = by = VE(p 4y 9

for some non-zero u,v. The second alternative is impossible, by the 1li-

near independence of X 5% and £q5 so (26) implies

= 2
*1%2 Ueon 182-2r 27
for some non-zero u and some r with 0 < r < (£+1)/4. We cannot
have r = (L+1)/4 because that would again contradict linear independen-
ce. Now suppose instead that £ = 1 mod 4. The same argument about

the action of u% shows that either each of Xy and Xy is a multiple of

some § or
v
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. 1
X, = uEr + VES, Xy = UL, - VES with s=r +§(£—1)

for non-zero u,v and some odd r. The second alternative is again im-

possible, this time because it contradicts (26); so again we have (27).

What we have just proved can be summarized as follows

THEOREM 3. Suppose that we are in case (a) and let the £, be as above.

For each r with 0 <r < (£&+1)/4 let p =1 mod £ be such that neither

€rp-1(0) nor &, , (o) vanishes for o = Frob(p,). Then (20) holds for

at least one of the Py,

For given f and £, (19) and (20) provide a completely constructive
method of calculating N once we have obtained a suitable list of P,- It
is also possible to calculate the value of r 1in (27), though I have
not in fact done so; but it seems unlikely that anything of interest
would emerge. To obtain a list of suitable b, we proceed as follows.
To each Ev there corresponds a field Lv C i, of degree £ over L, such

that EV(Frob(p)) = 0 if and only if p splits completely in L, If

Lv = L(ZVuv) with U, in U, then (23) implies that

(auv)/us is an £t power in L, (28)

1-v . *

where a is any element of Gal(L/Q) and n is the image of a in FK'

Conversely, if u, satisfies (28) for every o, this gives a recipe for

finding L . In particular we can take u, = /T and uy, = L.
The two cases that concern us here are £ = 5 and £ = 7, for each of
which r = 1 is forced. We can choose

ug = %(1+V@) for £ =5

u, =€ B2 and =
3 T €1E5€5 n ug = g ¢
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where e, = 2 cos 2miv/73 it is =asy to check that these satisfy (28).

3
not split in L1 or Lg for £ = 7. Hence we have

Moreover p = 11 does not split in L1 or L_ for £ = 5; and p = 29 does

COROLLARY. Condition (20) holds for £ = 5, p = 11 and for £ = 7, p = 29.

Explicit calculation now gives the following results

THEOREM 4. We have N > 1 for the following 8 examples of case (a),

£ 5 5 5 5 5 5 7 7

k 12 16 18 20 22 26 16 22

N 3 2 3 2 2 2 3 2

u L1 17 22 13 14 6 85 37
-

where u is to be taken mod £¥ 1(2-1).

4. FURTHER INVESTIGATION OF CASE (c).

In case (a) we were able to determine T quite easily, because there
was only one way of lifting T back to a closed subset of SLQ(ZK). In
case (c) this is no longer true; indeed even the extra information that
the matrices (9) lie in the image of p is not enough to determine I uni-
quely. The best substitute for Theorem 2 and its first Corollary that
we have is that for fixed A and some n

(2 +5an? ey x"an
p(o) = ) (29)
XTI Hnel (1 + Zan My, m iy

£N+l

where the congruences for a,c,d are to be taken mod and that for b

is to be taken mod £; moreover for given x and n we can find ¢ such
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that these congruences hold. All this is just a restatement of the Co-

rollary to Theorem 1. It follows from {(29) that

tp) = Y ¢ KT @ s hn%e™ moa oM (30)

and remembering (18) this gives the following result.

THEOREM 5. Assume we are in case (c), with p # £; then

w(p) = p" + pk_l_U mod ¢V if (5) = +1,
- (31)
mod £M*if By = -1,
In this congruence u can be replaced by any integer m = mod £N(e-1).

We have nothing here analogous to the last sentence of Corollary 2 to
Theorem 2. For fixed p mod &N with (%) = +1, exactly %(Z+1) of the

N
£ residue classes mod ZN+1

allowed by (31) actually occur; when (%) = -1
we can say nothing. However, this theorem does fit the pattern of the

known result for T4, when £ = 3 or 7; see for example [3], page 4.

As in §3 we can give an ad hoc method of proving N = 1 which short-
cuts the more elaborate arguments below; this is less necessary than in
case (a) because £ < 2k in case (c), but it still saves effort. Suppose
that (E) = +1; then to alter u by a multiple of (£-1) does not alter

" +pk—l_u mod £2. So to prove N = 1 it is enough to find p,m with

(p) £ p" + pk_l_m mod £2, m = u  mod (2—1),(%) = +1.
This test is enough to prove that N = 1 for the cases
£ =7, k = 12,18,20,26 and £ = 11, k = 18,

leaving for systematic calculation only the 6 cases with £ = 3.

For the systematic calculation of N in this case we consider
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Gal(K,/K) = {o in Gal(K,/@ [} 7%H(o) =1 mod &)
where K = Q(/-Z) as in §2. There is a homomorphism
Gal(Kl/K) e Cl x CZ (32)

which is given by

£-1

o (x M(o)b(o) mod £) x (xF"l(o)  mod £2); (33)

and the remarks following (29) show that this is onto. Let x(o) denote

the first factor on the right of (33); then (29) and (30) imply
t(p) = U Ty 1+ TNy moa N (34)

where x = x(Frob(p)). This equation determines x wup to sign, so

just as in 83 the non-trivial automorphism of K over Q must either fix
x(o) or take it to -x(o). In the former case x(o) would be a function
of x(o), which is impossible because (32) is onto; so the latter case
must hold. This is enough to determine x(o) up to multiplication by a
non-zero constant. Thus if we choose p so that x # 0, then (3%) pro-

videds a completely constructive way of finding N.

In particular, when £ = 3 and p = 1 mod 3 we can write
Up = w? o+ 2997 = uaw (35)
in essentially only one way, where 27 = u+3vy-=3, and then
x{Frob(m)) = £ v/u mod 3
for a fixed choice of sign. So for £ = 3 we can take p = 7 in (20);

and indeed (34) gives

T(p) = (pu+pk‘l_u)(1t 3Ny?)  moa 3Nt (36)

where the sign depends only on f. This gives the following table.
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k 12 16 18 20 22 26
N 6 5 5 5 6 5
u mod 2.3" gug 174 386 298 18 340
sign in (36) + + - - - -
There are similar recipes for the cases £ = 7 and £ = 11.

However, once we are willing to take into our congruences the factors
of p in K (or the expression of p by the appropriate quadratic form,
which is equivalent), we can do better than (34). The first evidence
for this was the conjecture, based on extensive numerical evidence, that

in the notation of (35)

119 -108 6 2 8

le(p) =p +p - 3V mod 3 (37)

and not merely mod 37 as (34) and the table following (36) would imply.
This has been discovered more than once; see for example [3], page u2.

On similar grounds Atkin has conjectured that

2

T1o(P) = p +p10 - 2192 mod 7 (38)

whenever Up = u? o+ 7v2; (39)

boththese conjectures will be proved below. There are cobvicus histori-
cal reasons why Ti9 has been studied more intensively than thecther Ty
but there is no other reason whythere should not have been similar con-
jectures for other values of k. Results of this kind can be fitted in-
to the framework of the present paper, though the process is somewhat
untidy - reflecting perhaps the diversity of possible images of Pp-

The 3-adic results, for all which N > 1, depend on the following fact

LEMMA 4. Suppose that we are in case (¢), and that N > 1; and let A de-

note any pull-back to Z of the A in (29). Then the map
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o v b(O)x P o) « M N o) (40)
induces a homomorphism
Gal(K,/K) ~ &/ (L%). (41)

PROOF. Denote the map (40) by £, and write a(ci) = as, X(oi) = x. and

i
so on for 1 = 1 or 2. We have
_ _ _ -u ' -N u+l-k H+l-k _
f(oloQ) £(o,) - £(0,) =byx, (a Xy -1) + Al Teyx, (dyx3 1)
- ' —Np H+i-k W+l-k_
+b1x1 (d2X2 1) + AL 24X (a2X2 1).

The first two terms on the right are divisible by ZN, by (28); and for

the same reason we have

-u = M+l-k _ -1 N
d2X2 = Vs 35X5 = v, mod £ (42)
_ _k-1-2yu . . . N
where Vo = Xo . Hence the right hand side is congruent mod £ to
~ ' -1, ,-N u+l-k
(v2 1)(b1X1 v, AL ) ).

Each of these two factors is divisible by £, by (29) again, and so

= 2
f(0102) - f(ol) - f(o,) =0 mod £
since N > 1. This completes the proof of the lemma.

To identify the homomorphism (41) we recall that there are two inde-
pendent abelian characters on Gal(Kz/K). One of them, which is just
the restriction of Xpo is fixed under conjugation by the non-trivial
element of Gal(K/Q); the other, which will be denoted by Nps is taken
into n_l by such conjugation. But conjugation of p(¢) with a suitable
element of p(Gal(Kz/Q)), to wit the matrix (8) with z = -1, simply
changes the signs of b(o) and c{(0); so it reverses the sign of the homo-

morphism (41) and that homomorphism therefore factors through log n.
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Explicitly we must have
f(o) = 6 log n(o) mod KQ (43)
for some 6 in Qz. But since the two summands in (40) are congruent

mod £, their product is congruent to (%f(o))2 mod EQ; in other words
2 Nb(ore (o) = Ia-1xk 1) % (o) mod £7,

Moreover

H+l-k N+2

¥ Ha-x")a-x"y + (a—xk_l'u)(d-xk_l_“)E 0 mod £

by (29) again, with N > 1. This implies

1

[}

2(a+d) (R M TETR) adey <Y

k-1-u -k £N+2

(x +x“)(2+xl be) mod

taking o = Frob(p) with (%) = +1 we finally obtain

-1

tp) =a+d= " T Mpt (42" (0)) mod €872

Suppose in particular that £ = 3 and that u,v are given by (35); then

after replacing n by a certain power of itself we can assume
n{Frob m) = {(u+3vw-3)/{(u-3w-3),

for this clearly has the right behaviour under Gal(k/Q). It follows
from this and (43) that f(Frob n) is congruent mod 32 to a constant mul~

tiple of v/u. We can sum up what we have proved as follows

THEOREM 6. Suppose that £ = 3 and k 1is such that N > 1; then there

exists k in Z;, depending only on k, such that 4p = u? 4 27v? implies

— k-1

T(p) = (p° 1 HepMy (143Nkv?2/u?)  moa 3N,

In this congruence p can be replaced by any integer m = y mod 3N,
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For the six known cases of <his Theorem we have the following table,

which repeats some of the information in the table which follows (36).

k 12 16 18 20 22 26
N 6 5 5 5 6 5
u mod SN 118 174 143 55 18 97
K 7 1 8 8 5 8

It is easily checked that the result for k = 12 is equivalent to (37);

and there are analogous simplifications of the other five results.

To prove Atkin's conjectured congruence (38) we need a substitute for
Lemma 4 valid when N = 1; but for the applications we can assume £ > 3,

which is a substantial simplification.

LEMMA 5. Suppose that we are in case (¢), and that £ > 3 and N = 1; and

denote by A any pull-back to Z of the A in (29). Then the map

1 wu+l-k 1~k

o b (by M+al ey )(1—%bcx ) (44)

induces a homomorphism

Gal(X,/K) » z/(£%). (45)

PROQOF. Denote the map (44) by g and the map (40) as before by £3; and
adopt the notation of the proof of Lemma 4 with the additional conven-

tion that n; = n(ci), where n 1is as in (29). The first displayed for-
mula in the proof of Lemma 4 is still valid, but we now have to use the

congruences

a)(-u = qu+l-k =1 + %An2£ mod [2

instead of (42). This gives, mod 22,
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_ _ =1, 2 -u ut+tl-k
£,¢0405) floy)d £(o,) E5An] (Ub,yx, +heyX, )
1, 2 -y _k-1-2u u+l-k_ 2pu+l-k
+ Angy (Ebyxy X tAeyXy T Xg )
= 12,2 2, 2
= ) zninz + A Knin (46)

by a further use of (29) for b and c. But (29) also gives
g(o) - £(0)  -22%en®  noa £7,

and the map o ¥ n mod £ is a homomorphism; thus if we write g-f =h

we have
h(o,0,) - h(o,) - h(o,) = -A%4n n,(n,+n,) mod £°
172 1 2 172271 72 '
The combination of this and (46) proves the Lemma.

The homomorphism (45), like (41), has its sign reversed by conjuga-
tion with the non-trivial element of Gal(K/Q); so an argument exactly

like the proof of (43) now gives
g(o) = 6 log n(ao) mod £2 u7)

. * . . .
for some 8§ in QK' Since the two summands in the first factor on the
right in (44) are congruent mod £, we can again write down their pro-

duct mod £2 and thereby obtain

Aﬂlel_kbc = %gQ(l—%bcxl_k)_2 mod £2
from which it follows that
e = TN g e ?/12) moa 27

Moreover (28) in this case gives, mod £3,
- =1 — - - -
x Ha-x") (a-x"M +XU+1 I\(aL—)(k L u)(d—)(}< 11y

= %)\ZnHKQ()(k—l_“ﬂ(u)552—6>\—2£2(a+ci)gl‘L
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which implies

-1

(24278272225 (avd) = (x MaxPTETR) (ads

)
= (Xk_l—u+xu)(2+xl'kbc) mod £°.
Taking ¢ = Frob(p) with (E) = +1 we finally obtain
T(p) = a+<iE(pk_l—u+pu)(1+%A—1£g2+k_2£2g4/384) mod 33,
where g is given by (#7).

The five cases we are concerned with all have £ = 7 or 11; and if

(%) = +1 we can write
up A N (£ = 7 or 11)

in essentially only one way, where 27 = u+vv/-Z. We can assume
n(Frob m) = (u+w=L)/(u-w-2),

since this clearly has the right behaviour under Gal(k/Q). It follows
from this and (47) that g(Frob m) is congruent mod Ez to a constant

multiple of

v/u - !Zv3/3u3

Cleaning up, we obtain the following result

THEOREM 7. Suppose that £ = 7 or 11, and that k is such that we are

in case (c) with N = 1. Then there exists x in Zz, depending only on

k, such that up = u2 + vl implies

T(p) = (pk—l—u+Pu)(1+5K£V2/u2+K(6K—4)£2Vu/uu) mod £°3.

In this congruence u can be replaced by any integer m = u mod £(£-1).

This should of course be read with Theorem 5. For the five known

cases of this Theorem we have the following table.
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k 12 18 20 26 18
2 7 7 7 7 11
u mod £(£-1) 1 1 2 2 1
K 13 11 40 1 35 |
|
|
I

The values in the first column imply (38) and indeed give a stronger re-
sult. The fact that in each column of this table we can choose m to
be so small is almost certainly significant - particularly since the

machinery of [3] virtually forces the values of m in that paper to be

very small; but I can see no explanation for it.
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INTRODUCTION

Let N be a prime number, and (N) be the group:
prme o

o ={(2 Z)eSLz(Z) | ¢ =0 mod N} .

This group acts on the complex upper half plane H = { z€tC [ Im(z) > 0} .
We denote by Xo(N) the "canonical model" of the natural compactification of
H/ DO(N), which is defined over @, and by JO(N) the jacobian variety of XO(N)
defined over @. Let go(N) be the genus of Xo(N)' We denote by 52(.r;(N)) the
space of all cusp forms of weight 2 with respect to DO(N), and write

0 -1 )
S3CC,m) = { £es,(m o | £f(y T5) = £},

£y .

0o a

2. aq be its
n

n=1

- 0 -1
s, (D = {fesy(nam | el(p )

Let f(z) be an element of SZ( [B(N)), and let f(z)

2Riz

Fourier expansion ( q = e ). We assume that f(z) is a common eigenfunction

of all the Hecke operators, and that a; = 1. We denote by Kf the field
generated by all a over Q, and by E:f the set of all the distinct embeddings

of Kf into €. For a prime number p, we denote by H the "p-th Hecke polynomial’'

f,p
of f:

-
He,p @ = mUzéT -3

where T is an indeterminate. This is a polynomial of degree [Kf : Q) with

rational integral coefficients., We will also consider a second eigenfunction
o)

g(z) = 27, b q" (b, = 1) with the obvious definitions of K , 3% , and H_ _(T);
h=1 D 1 g’ '8 g,P

it will be always assumed that g(z) is not a "companion" of f(z), i.e.,there

is no element ¢ € Elf which satisfies 5: = bn for all n.
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The purpose of this paper is firstly to report that Hf’p(T) mod £ and
Hg,p(T) mod f , which are considered as polynomials with coefficients in 2/4%,
have non-trivial common factors for some prime £ and for small p. The numerical
table is given in §1. We shall then study the meaning of the existence of such
a congruence. Let R1 (resp. RZ) be the subring of Kf (resp. Kg) which is
generated by all a (resp. bn) over Z. Then in some cases, we can prove a
stronger congruence:

There is a maximal ideal 11 of Ri (i = 1, 2) whose residue
characteristic is £ such that
(*) (1) Rl/~1,1 and R2!2,2 are isomorphic,
(2) By identifying R1/1'1 with R2/1,2 under the isomorphism in (1),
we have a mod Ll = bn mod 12 for all n.
This topic is studied in %2.
In §3, we shall study the relation between the congruence (*) and the
structure of the Galois modules of Li—section points of the abelian varieties
corresponding to f and g. In &4, we shall study the structure of the ring of

Hecke operators associated to the pair (f, g) in connection with (¥*).
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$1. Congruences of Hecke polynomials; numerical table.

Let the notation be as in the introduction. For f(z) and g(z) as above, it
is known that ay (resp. bN) is equal to either -1 or +1 according as f(z)
(resp. g(z)) belongs to S;([‘O(N)) or S;( FO(N)) (cf. Atkin, Lehner L1] Th.3).
Therefore if ay + bN’ Hf,N(T) mod { and Hg,N(T) mod { have no common factor
unless f = 2. For example, for N = 37, 43, 53, 61, we can in fact prove the
existence of the congruence (¥) with Li dividing 2, but for N = 67, there is
no congruence between f € S;(_Fo(67)) and g ¢ S;([ﬁo(67)) with bnéA Z. In the
following discussions, we keep our attention only for the case aN = bN, i.e.,
we assume that f and g both belong to S;( FO(N)) or both to S;([TO(N)). We shall

give all the possible values of £ such that Hf p(T) mod £ and Hg p(T) mod X
bl

N
have non-trivial common factors for small p (at least for ps.Zgo(N} - 1) for
N £ 223, For the computation, we used the table of Wada {17] and the table
in U181 (Table 5).

In the following table, we describe the cases where the spaces S§(£jo(N))
have non-trivial splittings and list(in the last column) the values of { for

which congruences have been found. We underline the { for which we could prove

the stronger congruence (*) (by the method described in §2).

Table (1.1)
N sign € splitting of Sg( EL(N)) possible ¢
67 - 142 5
71 - 3+ 3 3
73 - 1+2 3
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89 - 145 ' 5
109 - 1+ 4 2
113 - 1+2+3 2 for "L + 2"
3 for "1 + 3"
11 for "2 + 3"
139 - 1+7 2,3
151 - 3+ 6 2, 67
163 + 1+5 3
179 - 1+ 11 3
193 + 2+5 11
197 + 1+5 5
199 - 2+ 10 71
211 + 343 7
- 24+9 41
223 + 2+ 4 7

Remark (1.2) As we have remarked above, except for the underlined ¢ , it
is not known to us whether Hf p(T) mod £ and Hg p(T) mod £ have common factors
H] bl

for all p. But it should be noted that the set of "possible £ " is non—empty

whenever the spaces Sg( DO(N)) decompose, within the limit of the table.

§2. Congruences of cusp forms.

Let f£(z) and g(z) be as in the introduction. We use the following lemma to
deduce the congruence (*) from the congruence for a finite number of Hecke

polynomials,
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Lgmgg_(Z.l).Let K be an algebraic number field of finite degree which
contains Kf and Kg' Let 4 be a prime ideal of K which does not divide the level
N. If ap mod § = bp mod 1 for all prime numbers p such that p < 2go(N) -1,
then we have a_ mod 1 = bn mod1 for all n.

Proof. First note that XO(N)®K has good reduction mod | by IgusatT63.

We also remark the following points:

(1) By the natural isomorphism: Sz(f‘o(N)) = HO(XO(N)® C,anl) which sends
h to h-é%, £ é%—and g-g%—are differential forms of the first kind rational
over K.

(2) The cusp at infinity determines a Q-rational point of XO(N), and q is
a local parameter at this point. q has the same property in characteristic R ( 2
being the residue characteristic of 1 ).

(3) The expansion of (f é%) mod 1 at infinity is given by
j;i (an mod1,)qn_ldq, and the same holds for g.

i Then by the Riemann-Roch theorem, if an mod 1 = bn mod 1 for all
n g Zgo(N) - 1, we conclude that (f g%) mod 1 = (g E%) mod } . But since f
and g are common eigenfunctions of all the Hecke operators, this condition is

satisfied under our assumption. q.e.d.

We give here two typical examples., The other cases, which are underlined
in the table (1.1), can be verified by a similar method.
Example 1. N = 73, We consider the space S;(I‘O(73)). In this case, we

[li%iil ) for all n

can take f(z) (resp. g(z)) so that a e Z (resp. bne 4
(and in fact R, = Z[~ltéiz:] Y. By a result of Koike [ 7], we can determine the

values of b_.
n
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2 3 5 7

1 0 2 2
1-[13 1+ 13 -1+ /13

2 2 2 -1

DO-T

(1 - bp +p= 0mod (4 - J13) for all primes p $ 73.)
Thus we see that a, mod 3 = bP mod (4 + {13) for p < 7. Hence we have

a_ mod 3 = bn mod (4 + J13) for all n, by the Lemma (2.1).

Example 2. N = 89. We consider the space S;([‘o(89)) which splits as
"1l + 5". We can take £(z) (resp. g(z)) so that a_ € Z (resp. t%le Kg with

{K_: @3 = 5) for all n. By the table of Wada {17}, we have:

g
B L) = 0 4+ 37% - 477 - 1672 - OT - 1,
s

which is irreducible over €. Therefore b, generates Kg over Q. By an easy

3
computation, we have:

(1) The discriminant of the order 2 [b,3 C.Kg is equal to 24'5‘6689.

3
(2) Hg,3(T) = (T - 2)2 (T3 + 2T2 + 1) mod 5, where the last factor of the
right hand side is irreducible over 2/52.

Then we see that 5 is prime to the conductor of RZ’ and 5 decomposes in Kg
as 1; 1é where 12 and 1é are primes of Kg’ and their absolgte norms are equal
to 5 and 53, respectively, On the other hand, one can check that Hg,p(T) mod 5
= ((T - ap) mod 5)2 Ip(T) with a 2/52-irreducible IP(T) for p < 13. We then

conclude that an mod 5 = bn mod 12 for all n, by the Lemma (2.1).
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§3. The Galois modules of 1i-section points of abelian varieties.

The discussionsof this and the next section are based on the existence of
the congruence (*). As above, we start with f and g, and we assume that f, g,
and 11 (i = 1, 2) satisfy (*). In this section, we also assume the following

(3.1). 1,1 is prime to the conductor of R, i=1, 2).

By Shimura [15], we obtain an abelian variety Af (resp. Ag) associated to
f (resp. g) as a factor of JO(N). Af (resp. Ag) is defined over @, and R1 (resp.

RZ) acts on this abelian variety unitarily as its @Q-endomorphisms. Let 4 Af(a)
1
(resp. 4 Ag(@)) be the group of 11— (resp. 12-) section points of A, (resp.
2
Ag) in the sense of Shimura, Taniyama CT161. Under the assumption (3.1), 1 Af(ﬁ)
1

IR . 2 2 -
(resp. ¢2Ag(Q)) is isomorphic to (Rl/tl) (resp. (R2/12) ) as R1 (resp. R2 )
modules. Therefore we obtain natural representations of the Galois group:

ne

Pfﬂl: Gal(Q/Q) ~> Auty (, A (@) = 6L, (R, /1),

(3.2) 171

P 6al(@/Q) — Auty (A @) = GL, (R, /1)

Ce.1, Rt

By the Eichler-Shimura congruence relation (cf. Shimura {143 7.4, 7.5), we
have:

(3.3) Let Fp be a Frobenius element in Gal(®/Q) with a prime p # £, N,

Then under the assumption (3.1), the congruence (*) implies that the

characteristic polynomials of £ (F) and ¢ (F_) coincide.
£s4;70 gsty P

This, combined with the density theorem of Eebotarev, implies that the

and are equivalent provided that these
f;il g’l’z

representations are semi-simple. For this, we have the following

representations £
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*
Proposition (3.4).) Let the notation be as above (and N be prime as usual),

and assume that the condition (3.1) is satisfied for 1,1. If the representation

(Jf,tl is reducible, then we have: 'Lla 1- ap + p for all primes p #+ N.

Proof. Let Af/Z be the Néron model of A_ over Z. We denote by G the group

f
of tl—section points of Af/Z in the schemetic sense (cf. Giraud 131), i.e. G
represents the functor: T w— Hole(Rl/'Ll, Af/ﬂ(T)) for (2-) schemes T. Since
N is prime, Af has semi-stable reduction at N (cf. Deligne, Rapoport {21 VI
6.9), and has good reduction outside N (L61). From this, one sees that G is

a quasi-finite flat group scheme over Z, and G@ZE%I—] is finite and of rank
#(Rl/1,l)2 over ZE%I‘] . Moreover, G is a scheme in R1/1l-vector spaces (schéma
en Rl/tl-vectoriels) in the sense of Raynaud [111.

Assume that there exists a Gal(Q/Q)-stable Rl/tl-—subspace of dimension one
in G(fﬁ). We then first claim that there exists a subscheme in Rl/tl—vector
spaces H of G, which is finite, flat and of rank #(Rlltl) over Z. In fact, if
G itself is finite over 7, this is obvious. If not, we have: G®ZN = XM X',
where X is finite over Z_, and X'® {E’N = ?5 ({43 IT (6.2.6)). In our case, X is

N
flat and this is a scheme in Rl/tl—vector spaces of rank #(R1/1,1) over Z . By
the universal property of the Neron model, X(EN) is the unique non-trivial
Rlltl—subspace of G(EN) which is stable under the action of the inertia group
in Gal@N/QN) (cf. the arguments of Grothendieck T51 2.2.5 and 5.7). Therefore
in particular G®Q has the unique subscheme in Rl/Ll-vector spaces HQ which is
of rank #(Rl/']rl) over Q. The schemetic closure H of HQ in G then satisfies the

*) This might be known to specialists; cf. Mazur, Serre [ 81, and also

Ribet T13].
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desired property.

It is known that such an H must be isomorphic to the constant scheme or its
Cartier dual ({10381). Therefore, by the Eichler-Shimura congruence relation,
1 - ap + p annihilates IKEFP (p # N). But if 1 - ap + p is not contained in

11, this induces an automorphism of H over Z, which is impossible. q.e.d.

Now for the underlined # in the table (1.1), and for the corresponding 11
(i = 1, 2) which satisfy (*), we can check (3.1). Except for the "1 + 2" part
of N = 113, we can also check that 11 (resp. 12) does not contain 1 - ap +p

(resp. 1 - bp + p) for some prime p # N. This implies that and f

£,1

are equivalent in such cases, by the above proposition. We give again two

Bs1y

examples.

o~

Example 1 (bis). Let the situation be as in Example 1 in $2. Then Rl 4
- 1+{13
ZL—Z-—] .

and R, ¥

2 We have:

i 1 - a, + 2 = 2, which is prime to 11 = (3),

1-b +2=—5%f1-—§

9 , which is prime to 1, = (4 + J13).

Example 3. N = 71. We consider the space S;(j“o(71)) which splits as

"3 4+ 3", In this case, we have:

-3 _
in’zm =T 5T + 3,

3

H (T =17 + T2 - 4T - 3,
gs

2
The discriminant of the orders Ztaé] and Z{bé] are both prime to 3, and 3

decomposes in Kf (resp. Kg) as follows:

= ¢ 1
i (3) 11 11 in K,
v
(3) 1,1, in Kg’
where the absolute norm of 11 (resp. 12) is equal to 3, and that of 1i (resp.
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1,5) is equal to 9. Also we know that an mod 11 = bn mod 12 for all n, and

there is no other congruence. On the other hand, we have:

3 2

i Hf,S(T) =T  + 3T° -~ 2T - 7,
_ 3 2
Hg,S(T) =T 5T 2T + 25.
The absolute norm of 1 - a_ + 5 (resp. 1 — b, + 5) is obviously prime to 3.

5 5

§4. The Hecke ring associated to the pair (f, g).

Let £ and g be as before, and assume the congruence (*) for f, g and 1i

*
(i = 1, 2). We denote by R the subring of R = Rl ® R, which is generated over

2
2 by all (an, bn) S R*. The purpose of this section is to study the relation
between (*) and the structure of R.

We begin with elementary ring theory. In general, let Ri (i =1, 2) be
an integral domain, ‘and R be a subring of R* = R1 @Rz such that [R* : R)coo,
We denote by r the conductor of R in R*:

4.1) I_=R:R*={reR*er*éR}.
L is an ideal of R* which is contained in R. Obviously we have:

(4.2) L = El@fz with Zi an ideal of Ri (i=1, 2).
Assume that the natural projection P! R —> Ri is surjective (i = 1, 2). Then,
in this case, we easily see:

(4.3) The natural projection 1 induces an isomorphism:

R/ — Ri/Di (i=1, 2).

Therefore for a maximal ideal 1 of R which contains K, we have an isomorphism:
R/4, — R:.L/'Li (i =1, 2) via Pys where 1’1 = pi(l).

Conversely, let 1’1 be a maximal ideal of Ri (i = 1, 2) which satisfies
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(4.4). There is an isomorphism & : R1/1 1 RZ//[,2 such that ?-ql = qys
where a; is the natural homomorphism: R —> Ri/1 i
Then it is also easy to see that 1 = Ker 9, = Ker 4, is a maximal ideal

of R which contains £ .,

*
Now this situation can be applied to our previous Ri’ R and R. Summing up
what we have said, we obtain the follwing
Proposition (4.5). The congruence (*) holds for 11 (i =1, 2) if and only

if ( 11 @'12) N R is a maximal ideal of R which contains L .

Let us consider the underlined cases in the table (1.1).

Example 4. N = 139. We consider the space S;([ﬁo(139)) which splits as
"1 + 7", Here we have the congruence (%) with ti (i =1, 2) dividing 2, and
with 1i (i = 1, 2) dividing 3. On the other hand, by L1731 , we have:

{ Hf’z(T) =T -1,

B, = o7~ 7 Z117° 4 a1® + 3577 < 1072 - 32T - 8,
’
{ Hf,S(T) =T+ 1,
(ry = 77 - 117% + 367° + 21% - 21177 + 31977 - 55T - 83.

From this, we see that (0, 1 - bz), (0, -1 - bS) € R, and the absolute norm
of 1 - b2 (resp. -1 - b5) is equal to =18 (resp. 456). Therefore we have:

-

C

%
{(, b) € R | a mod 11 = b mod 12, a mod ii = b mod ié } ,

(1,010 (1] 81)).

Except for this, and the case N = 71 and N = 109, we can check that there

is an element (0, b) € R such that the absolute norm of b is not divisible by
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22. Therefore for these ten cases, we have:
*
{R"' {(a, b)e R lamod1,1=bmod1«23,

L= 11 ® 12.

Concluding remark.Let K_ and Kg be as before., Since f and g are not

f
companions to each other, Kf @’Kg can be considered as a direct factor of
EndQ(JO(N))QD @, which is isomorphic to a sum of totally real fields. Then
by the same method as in Shimura (15], we obtain an abelian variety A(f,g)
which is the factor (as a quotient) of JO(N) corresponding to Kf E)Kg.
A(f,g) is a quotient of JO(N) by an abelian subvariety rational over Q.

By the construction (loc. cit.), the ring R acts on A(f g) as Q-endomorphisms,

’
i.e.,
(4.7) There is a natural injective homomorphism
§: R —>End (A(f ))

By a theorem of Ribet {121, B(R) is of finite index in End CA(f ))
End— (A(f )) In (93 (85, Prop.4), Mazur and Swinnerton-Dyer have proved
that © is surjective when N = 37, (In this case, £ € S;(jjo(37)),

. g (D - = = .
ge 8D (37, Ay =J (37), and R G, €2@2 | a=bmod 2¢.)

Although we know no other example, it seems interesting to study whether O

is surjective in general or not.
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RATIONAL POINTS ON MODULAR CURVES
§1. Introduction

In the course of preparing my lectures for this conference, I found a proof

of the following theorem, conjectured by Ogg (conjecture 1 [17b ]):

THEOREM 1. Let & be the torsion subgroup of the Mordell-Weil group of an

elliptic curve E, over Q. Then & is isomorphic to one of the following 15

groups:
Z/m « Z for m<10 or m=12

Z/2Z x Z/2v +Z for v<4

This proof will be presented here (see also [ 14a]).
The above 15 groups do indeed occur, for their "associated” moduli problems
are of genus 0 with known rational parametrizations. b

Theorem 1 fits into a broader conjecture, attributed by Cassels ([ 3]

p. 264 ; cf. also bibliography) to the "folklore™:

b The equations are collected in ([ 10}, Table 3, page 217) , and were known for

the most part to Fricke. It is amusing to consider, however, that, in disguised form,
some of these parametrizations may have been known far earlier than that. Griffiths
pointed out to me that the data of the classical Poncelet theorem (an n-gon inscribed
in one conic and circumscribed about another) provides one with an elliptic curve and
a point of order n on that elliptic curve. (As was known, in effect, to Jacobi. See
[71814d.)

But judging from the hints given in [6 ], the mathematician Nicolaus Fuss (1755-
1826 ; a friend and student of Euler) may have found rational parametrizations of
Poncelet quadrilaterals, pentagons, hexagons, heptagons and octagons (Nova Acta
Petropol. XIII 1798, which I have not been able to track down).
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Conjecture A

If K isa number field, there is a positive integer B(K) such that for

elliptic curve E over K, the torsion subgroup of E(K) (the Mordell-Weil

group of E over K) isoforder < BK).

Theorem 1 also fits into a general program:

o
B. Given a number field K and a subgroup H of GLZZ =1 GL2 Zp classify
p

all elliptic curves E /K whose associated Galois representation on torsion points

— A
maps Gal(K/K) into HCGL2 Z .

Concerning conjecture A one has very little general information except
for the case K=Q@® . Forno K#Q isthe conjecture proved, nor does one even
possess any serious lower bounds for B(K) .

One has, however, partial information of two sorts., Firstly, for a given
number field K, and prime number p, there is a finite power of p,q= pe(p, )
such that no elliptic curve defined over K possesses a K - rational point of order
(divisible by) q . This follows from a more general theorem of Manin (using the
theory of heights and methods of Demjanenko [13] [22b]). The exponents e(p, K)
have recently been made effective by Berkovic [ 1] (using the descent techniques of
[14a]).

Secondly, there is an extremely intriguing technique of associating to a

K - rational torsion point on any elliptic curve over K (which is required to be

'rigidified' over K by extra data) K - rational points of some specific algebraic
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curve V of genus > 1 over K. Inthis way one obtains uniform bounds for the
order of the torsion parts of the Mordell-Weil groups of those elliptic curves over
(certain fields) K which possess the requisite rigidification over K, provided
V(K) is finite (more precisely: the bound is in terms of the cardinality of V(K)). D

These techniques occur in the work of Demjanenke [5] in which further
claims are made which are, it seems, unjustified. See [10] for a rigorous
development and broadening of these methods. For a relationship between the problem
of existence of rational 2 N - torsion in elliptic curves over K and K - rational
points on the Fermat curve XN + YN =1 see [11]. The paper of Kubert [10]
should be consulted for its close study and ingenigus use of these (and other) methods
to obtain a number of specific applications.

Concerning the general program (B) , a theorem of Serre [22a] assures us
that, if we ignore elliptic curves of complex multiplication, we may take H tobea
subgroup of finite index in GL 9 i . As we shall see below, a diverse range of
diophantine questions are embraced by program (B) (See [14a]). Included, in
particular, is the problem of classifying elliptic curves over K possessinga
K - rational N -isogeny (N a given integer > 1), or equivalently, a

K - rational cyclic subgroup of order N . This problem, moreover, is also

1 This is reminiscent of a method introduced by Hellegouarch [8] where he related
the existence of a @ - rational point of order ph (p aprime number > 13,

h > 1) to the existence of systeﬁs of é;_)}ll - 1)/2 rational points of an appropriate
(generalized) Fermat variety: X ij =0 where N is an integer independent

j=1
of p and h.
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equivalent to the problem of determining the X - rational points of the modular
curve XO(N) . Although our knowledge of isogenies is not as sharp as that of rational
torsion, the theory of the Eisenstein ideal provides much information when K =@. b
[Ogg and 1 expect to find no @ - rational N - isogenies when N > 163 J For

K#@®, again, very little is known. To be sure, elliptic curves possessing complex

multiplication must be treated specially when studying isogenies: if E /K is such an

]

elliptic curve, for any rational prime N which splitsin R = EndK(E) (N=g oq

with neither 7 nor # wunitsin R) multiplicationby # in E provides us

with a K - rational N - isogeny . 2
Let us say, provisionally, that an isogeny is large if it isan N - isogeny

for an integer N such that genus XO(N) > 2 (equivalently: N> 21 and

N # 24, 25, 27, 32, 36, 49) . It is tempting to ask

Question C: Is it true that for a given number field K, there are only a finite

such that if E is an elliptic curve

number of values jl’ j2’ e, jC(K) /%

possessing a large K - rational isogeny, then the elliptic modular invariant

H(E) = jm for some m < C(K) ?
It would be interesting to make empirical investigations in this area. At the

moment, one lacks sufficient experience to make any conjectures for K# @ .

1
) Surveys of some of the results of this theory occur in [14b], [16], [17b] and
the complete details will appear in [14a]. See also §4 below.
2
) If N does not split in the complex quadratic field K= Q(/- d), see §4 cor. 2
below,
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Notational conventions: If X is a schemeoverabase S and T-+S a

morphism of schemes, we shall indicate the pullbackof X to T (X x S T) by

X/T . If T=Spec A, we may also write X/A . The T -valued pointsof X

we denote X(T), andagainif X =Spec A we may also denote it X(A). If X

is a scheme over the field of complex numbers €, then XC denotes the under-

lying analytic space.
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§2. Modular curves

Let H Dbe the upper half-plane regarded as homogeneous space under

az+b

, Toapoint zeH wema
cz +d p y

; ab
PSL2 R Dby the usual action <c d)' z &
associate a lattice /\Z = Z+z+Z c C and an elliptic curve EZ =/ /\Z . The
lattice does not change under modification of z by any element of (1) = PSL2 Z

and one has the one-to-one correspondences

elliptic curves glattices in € :
over C, upto), <—> up to <> I‘(1)\H+_> C
isomorphism l homothety
where the analytic isomorphism j is the elliptic modular invariant.
Let E be an elliptic curve defined over a field K and N an integer
> 1. Let E[N] denote the kernel in E of muitiplicationby N. If N is
prime to the characteristic of K, weview E[N] as Gal(f/K) - module . Itis
a free Z/N module of rank 2 and the classical e, - pairing provides us witha

N

canonical isomorphism

/\2 E(N]5—= My ( = Gal(X/K) - module of N-th roots of 1). b

Thus the determinant of the representation of Gal(f/ K) on E[N] (viewed

as a 2 - dimensional representation over Z/N) is equal to the standard character

1 . ; - .

) There are, indeed, two canonical isomorphisms, which differ by sign. A
convention we make below will stipulate which of these two we are choosing but this
choice is irrelevant for our considerations.
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x(o)

Xt GaI(E/ K) —> (Z/N)* defined by the rule o(2) = where ¢ ¢ Gal(E/ K)

and Ze /y,N(E) . In particular, note that the image of the determinant,
det(Gal(f/K)) , isequal to (Z/N)*.

o
Any isomorphism E[N]—i> Z/N x Z/N is called a level N - gtructure .

To alevel N structure o Wemay associate an N-th rootof 1,
C(QN) = OLN—l(l, ) WA al\;l(O, 1) e /u,N(E) where the wedge denotes the
ey~ pairing .
If E isdefinedover €, we shall say that oy is a canonical level N
structure provided C(QN) = exp(2mi/N) .
If zeH, thelevel N structure oy EZ[N]?—> Z/N x Z/N
obtained by sending a/N+z.b/N in EZ[N] = %/\Z//\Z to (a,b) in
Z/N x Z/N 1is seen to be canonical (which pins down our choice of sign for the
ey~ pairing) .
I (E, aN) is any pair consisting of an elliptic curve E /T and a
canonical level N structure oy E[N]—> Z/Nx Z/N then (E, ozN) is

isomorphic to a pair (EZ , OLN) and the set of z for which this is true forms a

single orbit under

T(N) ={g er(l) | g = <é 2) modulo N}

(the principal congruence subgroup of level N). One compactifies the open

Riemann surface F(N)\H (of iso. classes of elliptic curves over € with

"canonical" level N structures) by adjunction of a finite set of points (cusps) which
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may be identified with r (N)\ IPI(CD) to obtain the compact algebraic curve X(N) /e

(the modular curve of level N):

XN = o VH I g\ PH@

T(N)

See ([4]11) for an interpretation of the cusps of X(N) in terms of
degenerate forms of elliptic curves (C* x Z/N) with canonical level N structure.
The curve X(N) is a Galois covering of X(1)=C U «» (via the elliptic modular
function j), with Galois group T(1)/T(N) (= PSL2Z/NZ , if N isa
prime). If Hc GL2 Z/NZ , set Ho =Hn SL2 Z/NZ , and let XH denote

is given either

the intermediate covering H \ X(N) . A non-cuspidal point of XH
o

by a € - isomorphism class of pairs consisting in an elliptic curve E and an
H - orbit of level N structureson E , or equivalently, an H0 - orbit of

canonical level N structures. Asacurveover €, X is dependent only on the

H
subgroup H0 ; however XH admits a natural structure over the field
Q(exp(27i/ N))det H , the fixed field under the action of det H< (Z/N)* = Gal((l)((jN)/G)),

where det H denotes the image of the determinant. (See [4 ]IV 3. 20.4)

In particular, if det H=(Z/N)*, then X _ is defined over Q.

H

If H= {(é :) e GL2 Z/N} , the standard notation for X is Xl(N) and

H

its non-cuspidal points correspond to elliptic curves with a chosen point of order N.

*
If H= {(8 RE: GL2 Z/N}, the standard notation for X . is XO(N) and

H
its non-cuspidal points classify N - isogenies.

More systematically, if N > 5 is a prime number, any proper subgroup



Maz-10 116

Ha GL2 Z/N is conjugate to a subgroup of one of the entries of the following table,

in which Jn denotes the symmetric group on n letters, Gn the alternating

2mi/N

group and (D(XN) denotes the quadratic subfield of @(e ).

(N = prime > 5)

H Notation for XN Field of definition

(a) The Borel
subgroup Xy (N) Q

L 3

(5 )

(b) The normalizer

of & split Cartan (N) Q

X .
split
* 0 0 =

2 UG

(c) The normalizer

of a nonsplit Cartan
subgroup IF*_ cGL_Z/N
N2 2

(N) Q

X -
nonsplit

(d) The inverse image in X, (N) @ if N=4+3 mod 8
GL2 Z/N of J4CPGL2 Z/N 4 Q(XN) if NA+3 mod8.

(e) The inverse image in
GL, Z/N of G PGL, Z/N

(possible only if N =+ 1 mod 5)

X, (N) Q)

(f) The inverse image in X _(N) Q(XN)
GL2 Z/N of G,4CPGL2 Z/N 4
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Remarks:

1. The normalizer of Cartan subgroups.

If N>35 isaprime number, one has these formulae for the genus of

Xsplit(N) and Xnonsplit(N) respectively:

11 +(N-8) «N- 4('13)
24

23 -+ (N - 10) -N+6(-1\1])+4(-1\3])

g (N) = n

nonsplit

where <§) denotes the Legendre symbol.
It is immediate that Xsplit(N) corresponds to the problem of classifying
elliptic curves endowed with an unordered pair of independent N - isogenies, and

Xnonsplit(N) corresponds to the problem of classifying an elliptic curve together

with a chosen subfield of order N2 in the endomorphism ring of E[N]

(equivalently: an IF 5 T vector space structure on E[N] determined up to the
N
conjugation in IF 2) .

N

One sees easily that the curve X (N) is isomorphic (over @) to

split

2
XO(NZ)/W where w is the canonical involution (induced from zk - 1/Nz in

H). In contrast, the family of curves X (N) does not seem to be directly

nonsplit

related to any of the more "familiar" modular curves.
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2. N - adic points of the modular curves associated to exceptional subgroups.

Serre has proved the following local result for elliptic curves (which Ribet

and I have checked remains valid for abelian varieties of arbitrary dimension):

Let K be a finite extension of (DN of ramification index e. Let E

be an elliptic curve over K with a semi-stable Néron model over the ring of

integers @K . Let r: Gal(f/ K) - PGL(E[N]) denote the projective representation

associated to the action of Galois on N - division points of E . Then: if

2e < N -1, the image of the inertia subgroup under r contains an element of

> (N - 1)/e.

Using this local result, one obtains a bound c(K) such that XH
possesses no K - rational points, when H is an exceptional subgroup of
GL2 Z/N and N> c(K). Inparticular, Serre has shown that XJ (N) possesses

4
no points rational over QN if N>13.

3. 'Expected’ rational points on XH . b

Let N be a prime number and E be an elliptic curve with complex

multiplication over €. Let R = EndCE . Itis well known that E[N] is a free

R/N “R - module of rank 1. 2 Since R/N+R isan I - algebra of dimension

N

2, there are 3 possibilities:

D These are closely related to the Heegner points studied by Birch and Stephens.
Compare also [14a] Ch. III §2.

2) This follows e.g. from ([12] Ch. 8, §1 Cor. 1).
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(a) R/N+R has a nontrivial radical. In thiscase R/N«R = ]FN[ el,
where € is a nontrivial element in the radical, necessarily of square zero.
(b) R/N:+R is a product of two fields (each = IFN) . In this case we

have the equation 1 = h + €y in R/N+R where € s ¢, area pair of

orthogonal idempotents.

(c) R/N.R is a field.

In case (a), the kernel of ¢ in E{N] is a subgroup of order N, and
the pair (E, ker ¢) determines a point ag € XO(N) .

In case (b), the kernels of € and € in E[N] provide an

unordered pair of independent cyclic subgroups of order N, and thereby determines

apoint a_ e (N) .

E Xsplit
In case (¢) we obtain a point ag € Xnonsplit(N) .

Consequently, for each elliptic curve with complex multiplication E , we

obtain a (noncuspidal) point a_ = aE(N) € XO(N) i Xsplit(N) X (N) which, by

E nonsplit

the theory of complex multiplication (e.g. [12] part two Chapter 10) , is defined
over a subfield of index two in the ray class field of R ® @, with conductor equal to
the conductor of R.

Since there are 13 complex quadratic orders R with class number 1,
for each N we obtain 13 @ - rational points aE(N) in

XO(N) a Xsplit(N) oxX (N) (the "expected" rational points).

nonsplit

For R=% [l+T-E] , E=C/R, and N-=11, 19, 43, 67, 163, the point
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aE(N) lands in XO(N) . For all other cases (N > 11) the "expected” rational

points distribute themselves among Xsplit and Xnonsplit .

4.  The status of knowledge of @ - rational points of the modular curves.

If N isprime, and Hc GL2 Z/N is an entry of the above table,
such that 8y >0, and XH is defined over @, the following facts are known:
(a) X'H = XO(N) has only a finite number of @ - rational points. If p
denotes the number of noncuspidal rational points on XO(N) , then p is known for
all N< 250 except N =151 and 227 and v =0 in this range except for the

following values of N :

Nt 11 17 19 37 43 67 (151) 163 (227)
v 3 2 1 2 1 1 ? 1 ?

(besides the techniques of [ 14a], this tabulation makes use of calculations and
results due to Atkin, Brumer and Kramer, Ogg, Parry, Tingley and Wada. See
[ 14a .

(b) XH = Xsplit(N) has only a finite number of @ - rational points if
N # 13 . Since Xsplit(ls) is of genus 3, one expects that it, too, has only a finite
number of rational points. ([14a] Ch. I §6).

(c) For = (N) nothing is known.

Xnonsplit
(d) By remark3, X,; (N) has no rational points for N > 13. Serre,
4
however, has constructed a rational point on X , (11) andon X <, (13) using
4 4
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elliptic curves with complex multiplication by /- 3.
To be sure, the last two entries in the table are not defined over @, and

therefore can have no () - rational points.
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§3. A proof of Theorem 1

Theorem 1 implies that if m < « is the order of a @ - rational torsion
point of an elliptic curve over @, then m < 10 or m=12. This statement is

equivalent to;

THEOREM 2, If the genus of Xl(m) is >0 (i.e. m=11 or m>13), then

the only @ ~ rational points on Xl(m) are the @ - rational cusps.

Kubert ([10] IV. 1.2) has shown that to prove Theorem 1, it suffices to
prove Theorem 2 for m a prime number > 23 ; this is what we shall do below.
The proof we shall give for Theorem 2 will in fact be valid for m =N,
a prime number such that either N =11, or N > 17 (i.e. such that the genus of
XO(N) is > 0). Since it may be of interest, at least for clarity of presentation, to
make essential ingredients of the proof explicit at the outset, we shall do this by
axiomatizing what is needed.

We shall prove:

PROPOSITION: Let (K,N) be a pair consisting in a number field K and a prime

number N, which satisfies Axioms 1,2, and 3 below.

Then the only K - rational points of Xl(N) are the K - rational

cusps.

b At present, I have no example of a number field K different from @ anda
prime number N suchthat (K,N) satisfies these axioms. But compare the next
footnote with §4 Cor. 1.
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Our first axiom is simply a bound:
Axiom 1: Let d=[K:Q]. Then N> 1+3d+2-3d/2.

Axiom 2: There is a nonconstant map (over Q)

f: XO(N) - A

where A is an abelian variety, such that:

(i) if 0 and = arethe cusps of XO(N), then f(g)#f(i).

(ii) The Mordell-Weil group A(K) is finite,

Remark: If K=@Q, then Axiom 2 is satisfied when A is taken to be the
Eisenstein quotient of ] = the jacobian of XO(N) provided N=11 or N=>17.
(cf. [14a] theorem 4 of introduction and §4 below).

For our third axiom, we need a definition. Let L/K be a Galois
extension such that CN (a primitive N-th rootof 1) liesin I and such that
V = Gal(L/ K([N)) is an abelian group killed by N.

L

v{ Ty

™~k

Suppose that the natural action of Gal(K(z;’N)/ K) on V (via conjugation
through Gal(L/K)) is given by multiplication by the j-th power of the standard
character ¥ . Thatis

Py = X(‘r)J 'y

where we recall that the standard character ¥ : Gal(K(CN)/ K) = (Z/N)*
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(1)

is defined by the rule: CN

=T CN , for Te¢ Gal(K(gN)/K) .
Here j may be taken to be an integer modulo N - 1.
If the above is the case, let us referto L asa XJ - extension of

K(gy) -

. . . -1 .
Axiom 3: There are no nontrivial everywhere unramified X = - extensions

of K(CN) .

Remark: When K =@, Axiom 3 is indeed valid, and follows from a theorem of

Herbrand, which is a sharpened version of Kummer's famous criterion. Explicitly, if

1

B denotes the 2k-th Bernoulli number (B 4 =30

2k
2<2k<N-1, write j=1-2k modN-1. Then:

B,=0, B

2:3’ 3 .-..) and

THEOREM (Herbrand-Kummer): If B2k isa N - adic unit, then there areno

nontrivial everywhere unramified X] - extensions of Q(CN) .

In particular, since B_=1/6, Axiom 3 follows for K=Q.

2

Further remarks: Ribet has recently shown [20b] that, under the same conditions

as above, sz is an N - adic unit if and only if there are no nontrivial everywhere

unramified x] - extensions , of (D(CN) .

Gilles Robert [21] has developed machinery for the study of unramified
xJ - extensions of K(CN) where K is a quadratic imaginary field. In particular
he has a generalization of the Kummer criterion to this case, where the Bernoulli

numbers are replaced by certain determinants of certain "Hurwitz numbers".
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)

However, the (conjectured) analogue of Herbrand's "sharpening” is not yet known.
We may now proceed with the proof of the above proposition. For the
remainder of the proof we shall let E /K denote an elliptic curve with a K - rational
torsion point of order N (equivalently: a Galois sub-module isomorphic to the
constant Gal(f/ K) - module Z/N) and we shall study the properties of such a
curve E, supposing that (K,N) satisfies our axioms. In the end we shall conclude
that E cannot exist.
The ey " pairing provides a self-duality of E[N] into Iy 5 and

therefore our K - rational point of order N gives us an exact sequence of

Gal(f/ K) modules:

() 0— Z/N—> E[N]—> g — 0

Choosing a Z/N - basis of E[N] (¥) compatible with this exact
sequence (i.e. such that the first member is a nontrivial K - rational point) enables
us to view the 2 - dimensional Gal(-IZ/ K) - representation over Z/N (the action of
GaI(E/K) on E[N] (f)) as a representation p: Gal(E/K) — GL2 Z/N of the
form ([1) ;) , where X is the standard character. Let L/K be the field
extension generated by the N - division points of E (i.e. the 'splitting field' of
the representation p). Itis evident that L/K is Galois. The field L contains
K(CN) , and from the exact sequence (*) one gets a natural injection
D It might nevertheless be of interest to have lists of (K,N) where K isa
quadratic imaginary field, and N is a rational prime, > 5 remaining prime in

K, suchthat N isa regular prime in X in the terminology of [21]. These
(K,N) would indeed satisfy Axiom 3. ([21] Cor. 2).
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(v2) Gal(L/K(gy) S Hom(p (), Z/N) (= puy, ()

To be sure, this shows that Gal(L/K((N)) is an abelian group killed by
N . But a simple calculation shows, further, that the natural action of GaI(K(z;’N)/ K)
on Gal(L/ K(CN)) is by multiplication by the character X_l . As Serre pointed out,
this calculation is particularly transparent if one views Gal(L/ K(zf’N)) as a subgroup
of ]p-l(f) using (**) above.

Thus: L/K(Z.,) isa X-l - extension .
IN

We shall prove the following

MAIN LEMMA: (a) L/K(CN) is everywhere unramified.

(b) E 1is not an elliptic curve of complex multiplication.

Proof of the proposition, granted the main lemma:

Since the X_l - extension L/ K(CN) is everywhere unramified, by
Axiom 3, it is trivial. It follows that the exact sequence (*) splits, giving a
GaI(E/K) - isomorphism E[N]= Z/N x IHN . That is, we may view the Gal(f(—/K)

module Z/Njx ][.LN as contained in E We may pass to the quotient

/K’
E'= E/I“N which is, again, an elliptic curve over K, and the image of the sub-
Galois module Z/N c E in E' is, again, a sub-Galois module isomorphic to
Z/N . Since Z/N c E' satisfies all the hypotheses that Z/N < E does, the

main lemma is applicable to it also. Proceeding as above, we get a sequence of

elliptic curves over K
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E - E = E" o «cvv = E(]) —ee
Ul Ul Ul Ui
Z/N Z/N Z/N Z/N

each obtained from the next by an N - isogeny , and such that the original subgroup

Z/N c E maps isomorphically into every E(J) .

Since all the curves E(J) will have good reduction outside a fixed finite

set of closed points of S = the spectrum of the ring of integers in K, it follows
from Shafarevic's theorem ([22c] Ch. IV 1.4) that among the set of E(J) 's

there can be only a finite number of K - isomorphism classes of elliptic curves

represented. Consequently, for some indices j > j' we must have

@ G9 )

E(J) == E(J ) . B by a nonscalar isogeny. Therefore E™ |

ut E maps to E
and hence E , is an elliptic curve of complex multiplication. But this contradicts

part (b) of the main lemma.

Remarks: . The above argument, using part (a) of the main lemma, shows that E
has a complex multiplication defined over K, which is impossible when K=Q.
So, in that case, one has a contradiction from part (a) alone.

2. Although Part (a) is an assertion which is 'local’ for every prime of

K, the essential step (2 below) in the proof of the main lemma is global.

Step 1: (The Néron model of E/K)
Let S be the spectrum of the ring of integers in X, and E/S the
Néron model of E,_ . By the universal property of Néron models the morphism

/K
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which maps to the Zariski

Z/ E extends to a morphism Z/N

Nk " P
closure in E/S of Z/N/K c E/K

([19] §2;[14a] Ch. 1(c).) This group scheme extension G/S isa

(separated) quasi-finite group scheme over S whose generic fibre is Z/N. Since,

/s " E/s

(the 'group scheme extension’ of Z/N

/K

however, it admits a map from Z/N which is an isomorphism on the generic

/S

fiber, it follows that G is a finite flat group scheme (of order N). Since, by

/S

Axiom 1, N>d+1, for each closed point s ¢S, the absolute ramification index

e (over Spec Z) is < N -1, and consequently, by a theorem of Raynaud

19]13.3.6) G,,=Z/N,_ .
(11913.3.6) G o= Z/N ¢
Therefore we shall identify G /s with Z/N /s and we obtain, therefore,
for each closed point s ¢S the subgroups Z/N /s c E /s in the Néron fibre over

s (the 'specializations’).

LEMMA 1: E/S is semi-stable. That is, for each se S, E/s is either an

. o s s :
elliptic curve, or its connected component (E S) is of multiplicative type.

/

Proof: Suppose that (E S)O is an additive group. Then the index of (E s)O in

/
o
S) . Let k(s)

/

E/s is <4 ([24 $6 Tablep. 46). It follows that Z/N/ /

denote the residue field of s. Since the additive group over k(s) is killed by

Sc:(E

multiplication by the characteristic of k(s) (= "char s") it follows that chars=N.

Now let KS denote the completion of K at s, and note that there is a field

b4

extension K'S/KS whose relative ramification index is < 6, and such that E/K'
s
possess a semi-stable Néron model 8/@, where @'S is the ring of integers in

S
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K' [23]. b ¥ E

s /6" denotes the pullback of E to @'s , we have a morphism
s

/S

E

5 .
/s, /o

which is an isomorphism on generic fibres, using the Universal Néron Property of

&, . . The mapping ¢ is zero on the connected component of the special fibre of

®

/ s

E /6 since there are no non-zero morphisms from an additive to a multiplicative
s

type group over a field. Consequently, the mapping ¢ restricted to the special

fibre of Z/N/Q, is zero. As in the discussion before the present lemma, one sees
S

that if G /6 is the'group scheme extension'in & of Z/N then there is a
s

/8 /X

morphism from %/N/S'

to Q/@' which is an isomorphism on generic fibres, and
s s

which is zero on special fibres.
Using Raynaud's Cor. 3.3.6 [19], again, one sees that this is impossible,
since the absolute ramification index of Ks is <6d and N-1>6d by

Axiom 1.

LEMMA 2: If seS isa point of characteristic 2 or 3, then E has bad (hence

multiplicative) reduction over s, and Z%Z/N

/s ead (Es)0 . (Recall that ®  denotes

connected component).

1
) Proof: apply §2 Corollary 3 of [23] with m =3 and 4, notingthat
N = char 8 is different from 2 and 3.
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Proof: Let d=[K:Q@]. If s hascharacteristic ¢ then the cardinality of

d d
k(s) is <t . If Es has good reduction at s, ithasatmost 1+ 4 +2«f

d/2
points by the "Riemann hypothesis” . Since Z/N c Es this contradicts Axiom 1
if 4=2 or 3. Thus E has multiplicative type reduction at the point s. Then
over the quadratic extension k’(\é) of k(s), we have an isomorphism

0
E,~) =G ~ 22c] IV A.1.1) and therefore N must divide the
cardinality of k’(\s). If card(k&)) = £2r with r<d, then N divides

2
2 S (zr - 1) (zr+ 1) which again violates Axiom 1, since N is prime.

Remark: We have established part (b) of the main lemma, since if E werea
complex multiplication elliptic curve, its Néron model could not have multiplicative

type reduction at any point s e S.
Step 2: (The Global Step).

LEMMA 3: If seS isany point of bad reduction for E then the 'specialization’

/S
Z /N /s is not contained in the connected component of the identity (E /S)o .
Proof: Let S, be a point of bad reduction such that Z/N /s < (E /s )0 . By
o o

Lemma 1, char Sy #N, andby Lemma 2, char s, #2,3. Let

T=28pec 6[1/N] where © is the ring of integersin K , and let XO(N)/T be the

modular curve over the indicated base. It is a smooth scheme over T . Let 1] /T

@

27 denote the cuspidal sections of XO(N) and let x denote the T - valued

/T
point of XO(N) determined by our couple (Z/N/T c E/T) . It is illuminating to

draw a scheme-theoretic diagram:
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X
| 0]
S, S3 SO
T * - > 3

Here s, is any point of T of characteristic 2 and 83 is any point of

characteristic 3 . Such points exist. We are justified in drawing the intersections

X/Sz = a_o_/sz and x/53 = 3/53 because, by ([4] VI §5) the modular interpre-

tation of O—D/s is the 'generalized elliptic curve' (Z/N c (Bm X Z/N) (i.e. the
cyclic subgroup of order N which gives the FO(N) - structure is not contained in
the connected component of the identity) while the interpretation of /s is the
'generalized elliptic curve’ (Ip,N c Gm X Z/N) (i.e. the cyclic subgroup of order
N which give the FO(N) - structure is contained in the connected component
containing the identity).

Let us consider, now, any abelian variety quotient B )/ of the jacobian J
of XO(N) /@ We assume therefore the existence of a homomorphism J—B defined
over Q. Since ] has 'good reduction' over Spec Z[1/N], by the Criterion of
Néron-Ogg-Shafarevic (cf. [23] §1) , the Néron model of B over Spec Z[1/N]
is an abelian scheme, and consequently so is its pultback B T We have a morphism

f . . . . L
XO(N)/T — B/T which sends =) to the zero-section. This morphism is simply

the composition of the natural morphisms XO(N) /T €. ] /T —> B where «

/T

sends a section =z to the divisor classof 2z -« .
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Claim: The image of the T - section x under f iseither O or of infinite

order in B(T).

The proof of the above claim is as follows: If f(x) were of finite order m,

since y(x) =0, m isapowerof 2(=char s ); but since y(x) =0,
/3, 2 /83

m is a power of 3 (= char 53) .
We are now ready to invoke Axiom 3. Applying the above Claim to the
abelian variety B=A of Axiom 3, we deduce that f(x) =0. Consequently

f(g/S »)=0 (in B, ) . Butsince f is defined over the base S' = Spec Z[1/N]

/s

) o
and 0 -~ isan S' - section of finite order # 0, one obtains by Oort-Tate [18]

or by Raynaud ([ 19 ] 3. 3. 6) that f(g/

characteristic # 2. Taking s’ to be the image of Sy in S', wearrive ata

S,) #0 for any point s ¢S’ of

contradiction, and we conclude the assertion of Lemma 3 .
Step 3: (L/ K(gN) is unramified)

Proof: We shall prove the above assertion for all closed points s e S:

(a) If E has good reductionat s, and chars#N then E[N] isan

étale finite flat group scheme in a Zariski open set about s. In particular, L/K is
unramified 'above' the point seS.

(b) If E has good reductionat s, and chars=N then E[N] isa

2

finite flat group scheme over SS , the completion of S atthe point s. Applying

o
the connected component of the identity functor (denoted ) to the exact sequence of

finite flat group schemes over Ss :0-Z/N-E[N]- g = 0, one sees that
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EIN ]o =y giving us a canonical splitting: E[N] = Z/N x N which shows,
again, that L/ K();N) is unramified 'above’ the point s ¢ S.

(¢) ¥ E has bad (hence multiplicative) reduction at s, we shall work,

)

asin (b), over the base Ss . The quasi-finite group scheme E[N ( = kernel

s

of multiplication by N in the group scheme ) fits into a short exact sequence

E
/S
of quasi-finite group schemes over Ss :0-Z/N-E[N]-G-0 where the generic
fibre of G is isomorphic to T - The point of Lemma 3 in Step 2 is to insure
that the special fibre of G is non-zero. Explicitly, since Z/N/S & (E/S)0 , we

have that the kernel of N in the multiplicative group (E s)0 maps injectively to

/
G/s . It follows that G, and hence E[N] is a finite flat group scheme over

SS . If char s#N then E[N] is an étale finite flat group scheme, and one
concludes as in (a) above. If char s=N, then letus note that G = i over

SS . (Here are two possible arguments for this: By Axiom 1 , the absolute ramification
index of Ks is <N -1, and therefore a finite flat group scheme over SS of
order N is determined by its generic fibre ([19] 3.3.6). Or, one can show
directly that E[N], beinga finite flat group scheme must be self (Cartier) dual,
using an autoduality formula for Néron models and 'Néron-connected’ models.

[15] Ch. I 5.1).

We thus have a short exact sequence of finite flat group schemes as in (b)

above, and we conclude the argument similarly.
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84. Eisenstein quotients.

Our presentation of the proof of Theorem 1 would be incomplete without
some account of the proof that the pair (®,N) satisfies Axiom 2 when N=11 or
N > 17 (i.e. when the genus of XO(N) is > 0). Two different proofs of this are
givenin [14a]. (Let us call these the easy and hard proofs. The 'easy’ proof is
also sketched in [16]. Ttisgivenin [14a] in Ch. III 83). Both proofs rely on
an argument of 'geometric descent’ using the 'Eisenstein ideal' in the Hecke algebra
of endomorphisms of ] the jacobian of XO(N) . The easy proof is an 'infinite
descent' (a more appropriate title would be: an 'indefinite descent') which uses
surprisingly little information concerning the Eisenstein ideal. The hard proof uses
the detailed study of the Eisenstein ideal given in Ch. 11 of [14a]. Itis a 'first
descent' and yields more precise information concerning the Shafarevic-Tate group.

Rather than repeat either of these proofs here, we shall adapt the hard proof
so as to make it yield information in the case where K is a quadratic imaginary
field. In particular, we shall prove that (K,N) satisfies Axiom 2 (ii) (i.e. the
Eisenstein quotient of ] has a nontrivial factor with finite Mordell-Weil group over
K) provided K is a quadratic imaginary field in which N does not split, and
N > N(K) where N(K) is an explicit constant, dependent upon K (Cor. 2 below).
The easy proof would not suffice for this application. The reader should easily be able
to reconstitute the hard proof for K =@ from the facts concerning the Eisenstein
ideal collected below, and the proof given.

We shall try to introduce the reader to the relevant parts of the theory of the
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Eisenstein ideal by presenting the needed definitions interspersed with results guoted
from [14a] (collected in the facts numbered 1 - 6 below). Having accumulated what
we need, it will be a relatively simple matter to 'perform the required descent'.

To begin, N will dencte a fixed prime number such that genus (XO(N)) >0
(ie. N=11 or N>17). Let ] be the jacobian of XO(N) over @, and

its Néron model over 7Z .

Vz
T: The Hecke algebra is the subalgebra of the endomorphism ring End C J
generated by the Hecke operators T 4 (¢ running through all rational prime

numbers # N) and by w (the canonical involution induced from z - 1/Nz on

the upper half plane H).
Fact 1 "11"=End®] ({1421 Ch. I 9.5).
I: The Eisenstein ideal is the ideal in T generated by the elements

n£=1+z-TL (¢ # N)

andby I1+w.

Fact 2: By ([14a] Ch. II 9.7) onehas T/I = Z/nZ where

N-1 . .
n = numerator (—-TZ——) . Let us reserve the letter p to denote a rational prime

number dividing n . The prime ideals of T which are in the support of 1

(called the Eisenstein primes) are in one-one correspondence with the prime divisors

p of n.

Let P be the (Eisenstein) prime generatedby I and p. Then

T/P = %/p .
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Fact 3: The Eisenstein ideal is locally principal in T ([I14a] Ch. II 18.10).

Explicitly we have the following criterion which furnishes us amply with local
generators of I at an Eisenstein prime P = (I,p):

Let (p,4) be a pair of rational primes # (2,2) suchthat p divides

n . Then the element m, = 1+4 - TZ is a generator of the ideal 1 locally at

P = (I,p) if and only if:

(i) £ isnota p-th power modN

(ii) 2"—%;&0 modp .

In the exceptional case (p,4) = (2,2) we have that Ny is a local

generator of 1 at P = ([,2) if and only if 2 is not a quartic residue modulo N.

C: the cuspidal subgroup. If c¢ is the class of the divisor of degree zero

0 -« in J(@), then ({17a], [14a] Ch. II 11.1) n = order (c). The

cuspidal subgroup C is the subgroup of ]J(Q) generatedby c. We use the

notation C /% to indicate the finite flat subgroup scheme over Z generated by

C in J/Z . By ([14a] Ch. II 11.1) C is annihilated by the Eisenstein ideal.

Jlt ]/Q : the kernel of the ideal 1 in the jacobian J/(D . Thisis, by
definition, the intersection of the kernels in ]| /Q of all (or of a generating system of)

elementsin I.

Fact4: By ([14a] Ch. II 16.4 and 17.9) JI1] q isof order n?. By

([14a] Ch. I 1.7) there is a Galois submodule Z c J[1 ]/CD

subgroup) such that X is isomorphic (as Gal(a/Q) - module) to by - I n is

(called the Shimura
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odd(i.e. N#1 mod38) then J[Il=C @& =. If, however, n is even, then

C N Z is a sub-Galois module of order 2 andthus C + X is of index two in

JLI]1. Only in certain cases (i.e. N =9 mod 16) have we given an explicit

construction of the 'remaining piece' in J[I].

Fact 5: (The fibre of Néron in characteristic N)

The 'bad’ Néron fiber ] /T has the following structure:
N

J,e =0, )’ xC
/e Yy

where C isa cyclic group of order n, which may be viewed as the specialization

to ]FN of the cuspidal group C, and (J

/E )o is a multiplication type group.
N

([ 14a1 Appendix) .

f -
]/02 — B/CD will be

called an optimal quotient if the kernel of f is an abelian subvariety of J (i.e.

Fact 6: (Quotients of J) An abelian variety quotient of J,

if it is connected). Clearly every quotient is isogenous to a unique optimal quotient.

The Q- simple quotients of ] are € - simple [20a].

The Hecke algebra T has the property that T ® Q =1 kj (***) where
J

kj are (totally real) algebraic number fields. One has the following natural one-one

correspondences:
simple optimal — factors k. _ irreducible
quotients of ] in  (skx) - components in Spec T

- minimal prime ideals
N of T
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If g isanyidealin T let < T be the ideal = N ar and
y ‘)’a Y 1
r=

(a)
U

abelian subvariety Yy ° J © J. Geometrically, we may view ]

the optimal quotient of ] obtained by passing to the quotient of ] by the
(@) as that optimal

quotient of ], which under the one-one correspondence above corresponds to the set

of all those irreducible components of Spec T which meet the support of ¢a .

™

T : The Eisenstein quotient; it is the optimal quotient J where 1 is

the Eisenstein ideal.

j(p) : The p - Eisenstein quotient, ](P) , where P = (I,p) .

One has that the Eisenstein quotient is that optimal quotient of ] comprising

(p)

all the simple quotients of T , P l n .

For a detailed study of these quotients and numerical data for N < 250 see

[14a].

4 : If W isafinite T - module, xP(W) is the P -length of
W. If W isa finite abelian group then LP(W) denotes its
p - length (i.e. logp of the order of the p - Sylow subgroup

of W).

Hi(S,E) :  will denote cohomology for the fppf site ([26] exp. IV 6.3)
over a scheme S, where & isan abelian Ippf - sheaf. The
reader will note that the only fppf sheaves we use explicitly are
flat group schemes over S (although & , which occurs below,

is an étale nonseparated group scheme). Moreover, the only
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0
dimensions i we consider are: H (S,IF) = group of S - valued

1
sections of I, and H (S, TF).

Conventions: Fix p a prime divisorof n, and n-= ”1, a local generator of I
at P=(,p) (See fact 3). Omne sces by an elementary argument that 7 isan
isogeny of ] (cf, [14a] Ch. II. proof of 16. 10).

Let A c Spec T be the closed subscheme (the finite set of closed points)
wheih is the complement of the point P in the support of the ideal (r) . We shall
work consistently modulo A . That is, we shall ignore finite T - modules
supported on A.

Let X be a quadratic imaginary field and S the spectrum of the ring of
integers in K.

Consider the exact sequence of abelian fppf sheaves over §S:
(the "descent sequence): 0 —> J[n]l—>] . J—&—0

Here J[n] is the kernel of n o in J /s° It is a quasi-finite (separated)
flat group scheme. The cokernel of 7, & , is a 'skyscraper sheaf' concentrated
at the points s of S of characteristic N . Its stalk at any such point is
isomorphic to c (fact 5) .

Now let pa denote the maximal power of p dividing n. Thus,

1O =1 (O =a. 1 p#2, Jlnl= /0% & o Todulo & (fact 4).
p

Let (K} denote the class number of K and B= ,ep(h(K)) . We make

the further hypothesis that o > 8 which will be strengthened later.
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The Mordell-Weil group of ] over K is the finitely generated group
HO(S,]) = J(S) = J(K) , which we view as a T - module (indeed: as a coherent sheaf
over Spec T'). Let M = J(K)/torsion.

Set y=0 if N doesnot splitin K, (i.e. ramifies or stays prime) ,
and py=1 if N splitsin K.

The descent estimate:

LP(M/n-M)§25+u-a if p#2, and
LM/« M) < 2 B+v o+ (1 +g+v) if p=2,

where g isthe 2-length of the subgroup of points of order two in the ideal class

group of K.

Proof: We indicate the proof in some detail when p#2. When p=2, we 'lose
the quantity (1 +g+v) in our estimate since we lack a complete description of the
P - primary component of J{I] and possess a description only 'up to a group of
order two'. D
Suppose, then, p#2.
Note that zP(W) depends only on W modulo A. The estimate is
established by first obtaining a bound for the P - length of J(K)/m +J(K), by

estimating the P - lengths of terms occuring in the long (fppf) - cohomological

exacts sequences arising from the "descent sequence"”. For this calculation one

D

To complete the argument for p=2 when K= Q4 -1) one must make use of
the explicit Galois module structure of the points of order 2 in J[I] ([14a]
Ch. II §12).



141 Maz-35
must know that:
1 o
(a) /zp(H (S,Z/p)) =8,

for (since a> B) Hl(S, Z/pa) is isomorphic to the dual of the

p - primary component of the Hilbert Class Field of K.

®) L HSu D= B i (K F 6,003
p

B+1 if (p,K) = (3, Q(/-3)

Proof: By Kummer theory for H oo we have the short exact sequence:
p

o
0—> 575 —>H'(s,p ) —> H'(S,6_)[p*1—> 0
p

where S* denotes (Em(S) = Global units in K, and [pa] means, as usual, the
kernel of multiplication by pa .
If we recall that Hl(S,CGm) is the ideal class group of K, and, again,

that o> B, we obtain (b).

(c) HO(S,q:) C if N does not splitin X .

Ce®C if N doessplitin K .

LS, 8) = (14) -ar .

From the "descent sequence” and (a), (b), and (c) one may deduce that
£p0(K)/m +J(K)yis < (l+v)a+28+e where e=1 if (p,K)=(3, ®(+/ - 3)) and
¢ =0 otherwise. By applying the snake-lemma to the endomorphism v operating

on the short exact sequence O - torsion —J(K)»M ~0, one obtains the "descent
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estimate’ above.
If P< T isa prime ideal, let the subscript () denote localization at

.

PROPOSITION: Suppose

o> 28 if p#2

o> 28+(1+g+v) if p=2

Then there is a minimal prime ideal © < P« T such that the

T, . -rank of M is 0 if N doesnotsplitin K, andis <1 if N
@ e Ne =201 P ’ =

splits in K.

Proof: Comparing our hypotheses wtih the descent estimates we see that we have

(1 +v)a=1+v) 4 (T/n - T) > £5(M/m + M) . Consequently,

(LH0)  £p(Tpy/n » Tipy) > £pMpy/n M)

Claim: M does not contain a free T, . - module of rank 1+y.

(§9) (P)

Proof: If FcM issucha T
— (P) (P)

by F, apply the snake-lemma to the endomorphism mn operating on the exact

- module , and Q is the quotient of M(P)

sequence 0 =F - M(P) — Q-0 and one quickly deduces a contradiction to the
inequality displayed above.
Our proposition then follows from the claim, for if R is a commutative

noetherian local subring of R® Q@ = a product of fields, andif W isan

R - module of finite type, then W contains a free R - module of rank r if
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and only if W is free of rank >r over R for every minimal prime ¥

®) ®)

in R.

COROLLARY 1: If the inequalities of the previous proposition hold, and if, further,

N does not splitin K, then there is an (optimal) abelian variety quotient

'j'(p)

-+ A defined over @, suchthat A(K) is finite.
Proof: This follows directly from the proposition (cf. [14a] Ch. III 3.5).

Remarks: 1. If p#2, andinthe frequently encountered case B=0, the

{p)

above argument can be made to show that T itself has a finite Mordell-Weil group

over K. One has no reason to believe that this will continue to be true when

g=>0.

ﬁp)

Nevertheless it seems difficult to get examples where is not simple.

The only example of this when N < 250 isfor p=2, N=113 (See the table

in the introduction of [ 14a]). If one admits certain standard conjectures (of Weil,

and Hardy-Littlewood. [14a] Ch. III 87) one sees, however, that ?[{2) is not

simple for an infinite number of values of N .

2. It seems likely that, if N does splitin K, the T(P) rank of
1)

M is > 1 for every minimal prime P < P.

®)

)

If xe XO(N) is represented by an elliptic curve with complex multiplication by
the ring of integers in K, with N-isogeny given by one of its complex
multiplications, there is some evidence to support the hope that the trace to K of
the class x - » in ] generates a "11“( P)-Vectorspace of dimension one in M(P)
for every minimal prime Pc T .



Maz—-38 144

As a consequence of the proposition one would then have the existence of a minimal

rime § suchthatthe T -rank of M is precisely 1.
P ®) @ °FP y

3. For a fixed quadratic imaginary number field K, the inequalities

N-1
12

required by the proposition will hold for some prime divisor p of n = num( )
for all but a finite numbexr of valuesof N. (e.g. N > 48 -h(K)3 + 1 will certainly

insure the existence of sucha p.)

COROLLARY 2: If N> 48 -h(K)3 +1, and N does not split in the quadratic

imaginary field K, then XO(N) (K) is finite.

Proof: In this case Cor. 1 applies, giving a nonconstant map XO(N) —-f—> A
(defined over Q) where A is an abelian variety such that A(K) is finite. Since
XO(N) is of dimension one, the fibers of the mapping f are finite. Therefore

XO(N) (K) is also finite.

4. (Examples of isogenies over quadratic imaginary fields. )

Consider only prime numbers N such that genus XO(N) >1. Let X+ =X (N)+

denote the quotient of X = XO(N) by the canonical involution w . Since N is
prime, it is known that the real locus X(IR) consists in a single circle, and if
X—F(]R)0 is the connected components in X+(IR) containing the image of the cusps,
then the natural projection sends X(IR) to a proper arc in X+(1"R)O (since w has
a fixed point in  X(IR)) . Call the complement of this image the imaginary arc in
X+(]R)O . Any @ - rational point of X+ in this imaginary arc will provide (by

passing to the inverse imagein X) an N - isogeny , rational over some quadratic
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imaginary field. When are there an infinite number of (@ - rational points of X+

lying in the imaginary arc? This will certainly be the case when X+ is of genus 0

(N =23,29,31,41,47,59, and 71). This will also be the case when X" is of genus
1 (N=37,43,53,61,79,83,89,101, and 131). For, if ]  isthe jacobianof X',
it is proved in [ 14a] (introduction. Theorem 3) that if the genus of x is >0,
then the Mordell-Weil group of ]+ is a free abelian group of positive rank. Thus,
in particular, when X+ is an elliptic curve, its Mordell-Weil group is infinite b
and therefore its intersection with the circle group X+(1R)o (which is at most of
index 2 in X+(]R)) must likewise be infinite, hence dense.

It would be interesting to obtain N - isogenies (prime N) over quadratic
imaginary fields which do not arise from the above process nor from complex
multiplication. In this connection one might mention that there are four values of N
known (N = 389,419,479 and 491) such that XO(N) has only a finite number of
cubic points. That is, the totality of rational points of XO(N) in all cubic fields is a
finite set ([14a] Ch. III 4.6, using data provided by Atkin on New Year's eve

1975). Does this persist for larger values of N ?

Brumer and Kramer have shown it to be infinite cyclic.
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INTRCDUCTION

On appelle groupe de congruence de niveau 11 tout sous-groupe de
SL2(Z) qui contient le groupe T (11) des matrices congrues a la
matrice unité modulo 11.

Soient X (11), resp. X (11), resp. X@'“1) les courbes al-

4
gébriques associées aux groupes de congruence dont 1l'image dans

dép ndép
PSL2(F11) est le normalisateur d'un groupe de Cartan déployé, resp. non
déployé, resp. d'un groupe isomorphe au groupe aﬁ , groupe alterné de
quatre éléments. Il existe une facon canonique de munir ces courbes
d'une structure de courbe sur @ . Une conséquence de ce travail est le
résultat suivant :

(1) La_courbe Xdép(11) posséde un nombre fini de points

rationnels sur @ ; les points rationnels sur @ de Xndép(11), resp.

XG?(11) forment un groupe isomorphe & Z , resp. un groupe réduit a
4
1'élément neutre.

Pour démontrer ceci, on se raméne a considérer des courbes ellip-
tiques dont on connait le groupe des points rationnels, grfce aux tables

(11).

de [2]. Plus précisément, considérons par exemple la courbe Xndép

C'est une courbe elliptique, définie sur @ , et qui admet une bonne

réduction en dehors de {11} . D'aprés une conjecture de Weil, une telle

courbe est un gquotient sur @ de la jacobienne J (121) de la courbe

o(
modulaire XO(121).

Ceci nous améne 3 étudier, dans un premier temps, les courbes el-

liptiques qui sont des quotients de J (121). La liste de ces courbes

o(
est essentiellement connue, grice & Swinnerton-Dyer, Vélu et aux calculs

de Tingley (cf. [2] et E16]). Cependant, nous avons besoin de renseigne-

ments supplémentaires sur la structure du groupe engendré dans J _(121)

o!

par les pointes de XO(121). Pour déterminer cette structure, on utilise
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les propriétés des symboles modulaires ainsi que la description de la
variété abélienne JO(121) en termes des périodes des formes parabo-
liques attachées a FO(121). C'est de cette fagon que Manin démontre le
fait que la différence de deux pointes est d'ordre fini dans la Jjaco-
bienne. Comme G. Goldsteinl'a fait remarquer a l'auteur, cette méthode
permet en fait la détermination explicite de la classe d'homologie du
chemin joignant deux pointes.

Nos calculs fournissent une démonstration directe, indépendante de
la détermination d'équations explicites, du résultat suivant : les cour-
bes figurant dans la liste de Swinnerton-Dyer et Vélu sont les courbes

elliptiques quotients de J (121) ; ils nous permettent de retrouver,

of
et de préciser les propriétés de ces courbes.
En particulier, chacune des courbes considérées est caractérisée

par des propriétés simples de ses points de torsion. Plus précisément :

(2) Soit E une courbe elliptique définie sur @ , quotient

sur Q de JO(121). Alors on est dans 1'un des deux cas guivants :

(a) la _courbe E, ou la courbe tordue de E sur Q(y-11),

est _isogéne sur @® & Xo(11) ; dans ce cas, les propriétés galoisiennes

des points d'ordre 25 caractérisent E ;

(b) la courbe E contient un groupe d'ordre 11 rationnel

sur @ ; la structure galoisienne de ce groupe caractérise E .

Ceci fait, deux méthodes peuvent &tre utilisées pour montrer que
Xndép(11) est effectivement 1'une des courbes dont on vient de faire
la liste, et pour déterminer de quelle courbe il s'agit.

- La premidre consiste a étudier le groupe engendré par les
pointes de Xndép(11). Pour cela, on utilise la construction explicite
de fonctions dont le diviseur est concentré aux pointes. On sait gréce
a Kubert et Lang [5] que les formes de Klein sont des outils bien
adaptés pour cette construction, en ce sens que toute fonction inversible

et non nulle en dehors des pointes est essentiellement un produit de

formes de Klein.
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On montre ainsi que (11) contient un groupe d'ordre 11,

Xndép
rationnel sur @ ; de plus, on a une description de la structure galoi-

sienne de ce groupe. Ceci suffit a montrer que (11) est 1'une

Xndép
des courbes de la liste, et plus précisément que c'est 1l'une des courbes
dont le groupe des points rationnels sur @ est isomorphe & Z ; d'ou
le résultat annoncé.

- Une seconde méthode consiste a adopter le point de vue des
représentations de Hecke. Plus précisément, considérons la représenta-

tion de PSLz(F réalisée par les formes paraboliques de poids 2 sur

11)
le groupe T (11). On sait, grice & Hecke, décomposer cette représenta-—

tion en somme de ses composantes irréductibles. On constate que chacune
de ces composantes correspond & une classe d'isogénie sur @(V=-11) de

courbes elliptiques quotients de JO(121). La détermination de

X (11) & @(V-11) isogénie prés (ce qui suffit pour notre propos)

ndép
égquivaut alors a la détermination de la composante qui contient les
invariants du normalisateur du groupe de Cartan non déployé.

Le chapitre I est consacré a 1'étude des courbes elliptiques quo-
tients de Jo(121). Dans le §1, on détermine une base des formes para-
boliques de poids 2 sur Po(121)- Cecli n'est pas nécessaire pour
la suite des calculs, mais il est commode d’avoir une expression per-
mettant d'écrire des développements de ces formes. On donne ensuite dans
le §2 la liste des courbes obtenues, ainsi que les propriétés de ces der-
niéres . Aprés avoir rappelé au §3 les résultats sur lesquels se basent
les calculs, on décrit ces derniers dans le §4. Les principaux résultats
numériques sont rassemblés dans les tables. On explique au §5 comment
on déduit du §4 les résultats annoncés, et on fait la liaison avec les
tables de Swinnerton-Dyer et Vélu.

Le chapitre II développe la premiére des deux méthodes exposées
plus haut. Les deux premiers §§ constituent des rappels sur les pro-

priétés des courbes associées a un groupe de congruence de niveau p ,

pour p premier, p25 . On s'intéresse en particulier au calcul du
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genre, et a la construction de fonctions au moyen de formes de Klein.
Le §3 est également un rappel sur les fagons de munir ces courbes
d'une structure sur @ . L'étude proprement dite des courbes Xﬁép(11)'
11, Xg (11)  fait 1'objet du §4.

A
Enfin, le chapitre III reprend le probléme du précédent en termes

Xndép

de représentations de Hecke. Les trois premiers §§ rappellent les résul-
tats de Hecke. Le §4 en tire les conséquences qui nous intéressent. On
obtient en particulier le résultat suivant, qui précise un énoncé de
Hecke :

(3) La jacobienne J(11) d'un modéle convenable sur @ de

X(11), courbe associée & T(11), est isogéne sur @(V-11) au produit

de 26 courbes elliptiques.

Je tiens & exprimer ici mes remerciements pour leur aide a
J.-P. Serre, dont les guestions sont & 1l'origine de ce travail, ainsi qu
B. Mazur, dont les suggestions m'ont été précieuses.

Je remercie également Mme Bonnardel, qui a bien voulu se charger

de la frappe de mon manuscrit.
Notations

Ce travail est divisé en trois chapitres ; chague chapitre est
subdivisé en paragraphes. Les renvois internes & un méme chapitre ne
mentionnent pas le numéro de ce dernier.

Soit p un nombre premier. On note [ (p) le groupe des matrices
de SLz(Z) dont la réduction modulo p est la matrice unité. Le quo-~
tient du demi-plan de Poincaré complété ﬂ* par l'action de T (p)

est une surface de Riemann compacte notée X(p).

.
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I. Courbes elliptigues quotients de Jo(121)

O. Notations.
0.1 Soit N un entier > 1 . On note TO(N) le sous-groupe de

. , ab
SL2(Z) formé des matrices (c d)

par XO(N) la courbe projective et lisse, définie sur Q , qui est

telles que ¢ =0 (mod N). On désigne

associée 4 TO(N). Plus précisément, le corps des fonctions de XO(N)
est Q(j,jN), ou J(z) désigne la fonction invariant modulaire, et ol
jN(z) = j(Nz). La surface de Riemann XO(N)(C) s'identifie de fagon
canonigque au quotient de 5& , demi-plan de Poincaré complété, par 1l'ac-

tion naturelle de TO(N) (c£. [7], 1.2). On note JO(N) la jacobienne

de XO(N).

0.2 Considérons la courbe Xb(121). C'est une courbe algébrique de
genre 6. On convient de plonger X0(121) dans sa jacobienne Jo(121)
en envoyant la pointe & l'infini de la courbe sur 1'élément neutre de

la variété abélienne (cf. [7], 1.2).

0.3 L'objet de ce chapitre est la détermination de toutes les cour-

bes elliptiques définies sur @ qui sont quotients sur @ de Jo(121).

1. Formes paraboligues de poids 2 sur TO(121).

1.1 On notera <ro(N)’2>o (N entier > 1) 1'espace des formes
paraboliques de poids 2 sur TO(N). Un élément £ de cet espace se

développe en série de Fourier :
0 om;
£(z) = Z a(n).q" , q=e" "% .
n=1

Soit X un caractére de Dirichlet. On note
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oo
n
£ (2) = Z x(n).a(n)g
la forme "tordue par X ".

1.2 Notre premieére tiche consiste a déterminer une base de 1l'espace
<T (121),2> .
o o

Pour ce faire, soit mn(z) la forme modulaire de Dedekind (cf. [7],

3.1) et considérons
2 2 * 2 11n,2
£,(z) =n(z)" n(112)° =q 0T (1-¢M)° (1-q M* .

n=1

I1 est bien connu (cf. par exemple [7], prop. 3.1.1) que f1 est
la forme primitive normalisée (cf. [7], déf. 2.4.1) de <I'o(11),2>O .

Par conséquent, f1(z) et f1(11z) engendrent dans <1"O(121),2'>o
le sous-espace des formes non primitives. Pour des raisons qui apparai-

tront plus tard (cf. II, 4.2.13), nous poserons :

fz(z) = f1(z) - 11£(11z) .

f1 et f2 sont normalisées et engendrent le sous-espace des formes

non primitives.
Soit d'autre part :

g,(z) = M@)(1z)%n(1212) = ¢® 1 (1-g") (1-a" "™ 201-

n=1

q121n) .

I1 est facile de montrer (on peut utiliser par exemple la prop.

3.1.1 de [7]) que 9, est un élément de <FO(121),2>O .

1.3 On note T, {n>1) 1les opérateurs de Hecke, et 7 1l'algébre
engendrée par les T, -

Soit K le corps quadratique imaginaire @Q(V-T11), et soit Ox

l'anneau des entiers de X . On note ¥ le caractére de Legendre

1"
module 11. Si o € OK , on s'autorisera a noter x11(a) 1'image par

X11 d'un représentant dans 2Z de la classe de o modulo V-11 .

1.4 La réponse au probléme posé en {.2 est donnée par la proposi-

tion suivante :
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Proposition 1.4.1 : Les formes primitives normalisées de

£ f £ définies comme suit

<[ >
o(121),2 o sont les formes f g+ 50 Tg

3 ’

.
1

—g1|(2+3T2+2T4+T8) ,

3
£, = g1|(2—T4—T8) .
£ = —g1|(2—T4+T8)
N. ()
f6(z) = I v.q K/@
aEOK
xﬂ(cr)—ﬂ
On a les identités :
_ - 4 .
S0, T f o By T a0 e
11 11
f = f , f = f,
4,x11 5 S'XH 4
£ = f
6.X11 6

1.4.2 Donnons les premiers termes du développement de Fourier de

f £ f5,f

37 747 6
f3(z) = q+2qz—q3+2q4+qs—2q6+2<:_[7—2qg+2c;[1o—2q‘|2
Caq P agt o1 - ag'% 4 2q'7 - 498 (moa o20) ;
f4(z) = q+q2+2q3—q4+q5+2q6—2q7—3q8+q9+q1o-2q12
r o 20290 - 16 -5 7+ B 469! (moa ¢2°) ;
£5(2) = g2 —atrq® - 20%+2q7 +36% +q% - q'0 - 24"2
a1 2g g5 - g 6 s 5q" T - q'® - 6q'? (moa ¢2°) ;
f6(z) = q-<:13—2q4—3qs—2q9+2q[12+3q15+4q16 (mod qzo).

1.5 Démonstration de la proposition 1.4.1.

L'idée naturelle pour construire des formes paraboliques, connais-
sant 1'une d'entre elles, est de faire opérer l'algeébre J sur cette
derniére.

1.5.1 On part donc de g4 et on essaie de déterminer g”iﬂ Pratique-
ment, on développe g4 avec suffisamment de coefficients pour pouvoir a
chaque étape appliquer le principe suivant, conséquence du théoréme de

Riemann-Roch :

Si les 11 premiers coefficients de f sont nuls, alors £=0



On constate alors que f,, f2, 9y 19,0 95 ou
9, = 9ylT, . g9y =g,lT,

engendrent dans <ro(121),2>o un sous-espace de codimension 1 qui est

stable sous l'action de J .

Il suffit alors de diagonaliser T2 , par exemple, dans ce sous-
espace, pour obtenir f3 , f4 et f5 . Par contre, l'invariance sous J
montre qu'on ne peut pas espérer obtenir f6 de cette facgon.

Les formes f3 . f4 et f5 ont leurs coefficients entiers ration-

nels : I1 en est donc de méme des coefficients de la forme primitive
normalisée manquante f6 .

1.5.2 La fagon la plus simple de déterminer cette derniére consiste
a vérifier que l'expression donnée par la proposition 1.4.1 définit bien
une forme primitive normalisée, distincte de f3 . f4 et f5 .

Pour ce faire, choisissons un plongement de K dans € , et consi-

dérons 1l'unique Gr¥ssencharakter A sur K , dont le conducteur est

V=11 , qui vérifie :
AM(e}) =« pour « € 1 + V—11.OK '

et gui est & valeurs dans K . En d'autres termes :

li

A({e)) X11(d)ea pour tout « € O, .

K

Il résulte par exemple de [15] lemme 3, p. 203, que la forme
f6(z) associée a 1 est un élément de <TO(121),2>o , vecteur propre
de tous les Tn pour n premier a {1. Or cette forme n'est autre que
celle considérée dans la proposition, et il est clair qu'elle est pri-
mitive et distincte de £, , £ et f. .

3 4 5

*
1.5.3 Considérons enfin 1'opérateur R11

Nous verrons plus loin (3.4) comment cet opérateur s'interpréte en ter-—

d'Atkin-Lehner ([1], 6.4).

mes géométriques. En tous cas, cet opérateur transforme un sous-espace
propre sous J en un autre sous-espace propre.l'examen des premiers coef-

ficients des formes fi , 1i=1,...,6 , montre que l'on a :
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*

f1!R11 = 1\/11.f1'XH = iV £ .
*

= 1 = il

f4|R11 1\/11.f4,>(11 1/T_1.f5 ,
*

f6\RH=1\/1—1.f =1\/11.f6 .

6/%qq

2. Enoncé des résultats.

L'objet de ce paragraphe est d'énoncer les résultats obtenus con-
cernant les courbes elliptiques quotients de JO(121). Ces résultats
sont rassemblés dans la proposition 2.6.71. La démonstration de cette

derniére occupe les trois paragraphes suivants.

2.1 Considérons les six formes normalisées déterminées au para-
graphe 1 :

[ee]

= T n { =
fi(z) ai(n).q , 1 170ee:6 .

n=1%

Les coefficients de chacune de ces formes sont des entiers ration-
nels. De plus, ces formes sont des vecteurs propres de tous les opéra-
teurs de Hecke Tn (n>1). D'aprés Shimura ([13], th. 1), 1l existe

des morphismes canoniques :
. -> i =
®y o Jo(121) Ei , i 1/00es6 ,

définis sur @ , dont l'image est une courbe elliptique Ei définie
sur @ . Moyennant l'application canonique du demi-plan de Poincaré gﬁ
dans XO(121), 1'image inverse par v, d'une différentielle de premiére
espéce non nulle sur Ei est un multiple non nul de fi(z)dz . Enfin,
le novau de ®;, est une variété abélienne. En particulier, v, est une
paramétrisation de Weil de Ei , et Ei est une courbe de Weil (cf.
[101) pour i = 3,4,5,6 .

On aura besoin plus loin (cf. §3) d'une description plus précise

des morphismes by

2.2 Soit CJ le groupe engendré dans la jacobienne JO(?21) par
les pointes de XO(121). C'est un groupe rationnel sur @ (le groupe de

Galois agit sur les pointes par permutation, cf. II, §3), d'ordre fini.
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(Plus précisément, on sait que 1l'ordre d'une quelcongue des pointes di-
vise 25.11, d'aprés [8]).

On désigne par Ci (i =1,...,6) 1l'image du groupe CJ dans la
courbe Ei . Nous dirons gque le groupe C._ , resp. Ci , est le groupe

J

cuspidal de J _(121), resp. E, .

o
2.3 Soit E une courbe elliptique définie sur @ . On suppose gue

E n'a pas d'autres automorphismes que t1 . Alors, il existe, & iso-

morphisme prés sur @ , une courbe E' et une seule, telle que E'

soit isomorphe & E sur @(Y-17) mais non sur @ . On dit que E' est

la forme tordue de E sur @o(V-11).

. . . . X

2.4 Soit n*® [n] 1'isomorphisme canonique de F11 avec le groupe
de Galois de Q(C11) sur @ , %1 désignant une racine primitive 11-iéme
de 1l'unité.

On note

(2.4.1) e s [E‘T1 > (7/252)%

le morphisme de groupe multiplicatif gqui est injectif et envoie la
classe de 5 sur celle de ~4. Ce morphisme induit un isomorphisme de F?1

X , 42 . ,
avec le sous-groupe de (Z/25%Z) formé des éléments qui sont des carreés.

2.5 On se permettra de noter

?? (a un entier mod 10) 1le

Gal(Q(€11)/Q)—module galoisien défini de la fagon suivante :
le groupe sous-Jjacent a N?? est le groupe cyclique 2Z/11Z , noté

additivement ; 1'élément [n] de Gal(Q(C11)/Q) agit sur P€ z2/117

par :

2.6 Nous pouvons maintenant énoncer le résultat principal de ce
paragraphe :

Proposition 2.6.1 : 1) Il existe douze courbes elliptigues définies

sur @ gui sont guotients sur ® de J

121). Trois d'entre elles ont

of

pour conducteur 11 : ce sont les courbes E, . E, , E,/C, . Elles sont
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liées par des isogénies rationnelles sur @ , de degré 5 :

(a) E2 ind E1 = E2/C2 :

ona E, = E2/5C2 .

Les neuf courbes restantes ont pour conducteur 121. Ce sont les

guatre courbes E3 , E4 , Bo E6 , et les courbes obtenues par les

Q-isogénies suivantes :

3 - - 13 2 . » .
(a') E, E3/5C3 E3/C3 , isogénies de degré 5 ;
-
(b) E, E4/C4 .
(¢) Eg > ES/CS ,

(a) E6 - E6/C6 , isogénies de degré 11.

2) On a :
B, = E, , B} = E3/5C3 , (E2/C2) = E3/C3 .
B} = E5/c5 .
Eg = E4/C4 ,
E{ = Eg/Cq -

3) La_structure galoisienne des groupes cuspidaux Ci (i=1,...,86)

est la suivante :

(a) cC est cycligue d'ordre 25, et l'action du groupe de
2

Galois est donnée par :

si pec, , [nl€cal(a(,)/@) ,
pln]

alors = x11(n).5(n)P :

C1 = C2/5C2 est un groupe cyclique d'ordre 5 muni de

l'action triviale du groupe de Galois ;

(a') C3 est cvclique d'ordre 25, et l'action du groupe de

Galois est donnée par :

si pec, , [nle Gal(@(¢, /@)
alors P[nl = e¢(n).P ;
. N ®7 ..
(b) C4 est isomorphe a K11 en tant gue module galoisien ;
. . 9
(c) C5 est isomorphe a p%1 :
®8

(a) C6 est isomorphe a g -
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4) Les douze courbes considérées coincident avec les courbes figqu-

rant dans la liste de Swinnerton-Dyer et vélu (cf. [2], p. 82 et p. 97).

Plus précisément, le tableau suivant donne la correspondance entre les

courbes considérées ici et celle de la table 1 de [2] :

conducteur 1} conducteur 121

courbe B, |E, E2/C2 E, }33/5ic3 }33/c3 Ee E6/C6 E, E4/C4 Eg E5/C5

notation
dans [2];a|B c A B c D E F G H I
table 1

En particulier (cf. [16]) :

. _ 3
J(ES) = =11.1317 ,
. B 2

j(E4) = -11",

. _ 15

](E6) = -2 .

Corollaire. Les coefficients ai(n) des formes fi (i=1,3,4,5,6)

vérifient les congruences suivantes :

(a)  a,(8) = x, (D)) (mod 25) ;
(a')  ag(®) = x,,(2)a,(e) = s(e)+e(e)”1  (moa 25) ;
() aye) = e*ee’ (moa 11) ;
() ag(e) = ¢%+2% (moa 11) ;
(@  agle) = 22+2% (moa 11) .

pour tout £ premier # 11.

La démonstration de la proposition 2.6.1 va faire 1l'objet des para-

graphes 3, 4 et 5.

3. Rappel de résultats généraux.

Ce paragraphe regroupe un certain nombre de résultats de nature
générale dont nous aurons besoin dans les paragraphes 4 et 5.

Il s'agit tout d'abord de la description, en termes de périodes,
des variétés abéliennes associées aux formes paraboliques normalisées

vecteurs propres des opérateurs de Hecke. Cette description est due a
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Shimura (cf. 7137, [14] et [45]). on 1la rappelle en 3.1.

On utilise également les propriétés des symboles modulaires de
Birch et Manin (cf. [9)] et [10]). En particulier, ces symboles permet-
tent de décrire 1l'homologie de XO(N) : cf. 3.2. L'action des opérateurs
de Hecke se traduit par des identités rappelées en 3.3.

Enfin, on fait un rappel rapide des définitions et de guelques pro-
priétés de certains endomorphismes de torsion analogues a ceux utilisés
par Shimura dans [15]. Ceci fait 1'objet de 3.4.

Dans tout ce paragraphe, on note N un entier >1 , et on suppose
choisie une base f1,...,fg de 1'espace <T‘O(N),2>O (on note g; le

J
genre de XO(N)). Soit JO(N) = J 1la Jjacobienne de XO(N).

3.1 Périodes des formes paraboliques.

L'espace <TO(N),2>o s'identifie de fagon canonique avec 1l'espace

DJ des 1-formes différentielles invariantes sur J . Soit Qf la

forme différentielle associée & f . Le choix de la base {f1,...,fg }
g J

permet d'identifier & ¢ J l'espace tangent & J & l'origine

Homc—lin(DJ’c) :

3.1.1 ~ e d

(3.1.1) Homm_lin(DJ,m) — T ,

en associant 4 une forme linéaire ses valeurs sur Qf ,...,Qf .

Soient z, + zy deux éléments du demi-plan de Poincaré complété
* .
6 = 6LJQU{lW} . On note

g
{z ,z,} € ¢ J ,
o' ™

le vecteur de coordonnées

%9
{ZO'Z1}f-: B fi(z)dz i=10.00g95 -

i z

o

On peut alors énoncer ([14], §3) :
, 93 s
Proposition 3.1.2 : Soit LJ le sous-Z-module de C€ engendré
LY * . ’ LY
par les vecteurs {zo,M(zo)} P QU oz € g est fixé, et ou M parcourt

TO(N).
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L'application
g
] :‘5**¢J
z
2= ({ £ (0a0),_
foo T 1—1,...,gJ

induit un isomorphisme de variétés abéliennes :

97
& . J(C) &C /LJ .

Considérons maintenant une forme £ € <FO(N),2>O gul soit vecteur
propre de tous les Tn pour n premier & N , et normalisée ([7],
déf. 2.1.1). Soit § 1le sous-corps de € engendré sur @ par les
coefficients de £ . Enfin, soit I 1l'ensemble des plongements de ¥
dans C .

Alors, & la forme f est associé de facon canonique un morphisme

Q-rationnel surjectif

ol A est une variété abélienne sur @ , de dimension gp = lr:0] .
De plus {[14], prop. 3) :

.\

Proposition 3.1.3 : Soit f,,...,f une base de @ ¢.f. , ou
_ 1 g —_—— g -
o A o€T

g .
f (z) = 2 a(n)q.qn . Soit L, le sous-Z-module de € A engendré par
n=1
les vecteurs

{Zo'M(Zo)é.' i= g,
i
our z € % fixé, et M parcourant FO(N)-

Alors ¢ induit un isomorphisme éA gui rend le diagramme suivant

commutatif

g
J(c) = ¢ J/LJ

“n | |
PN 9
A(C) —— ¢ /LA
la fleche verticale de droite étant celle qui provient de la proijection

g
C J o C A sur les

In premiéres composantes.
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3.2 Description de 1'homologie en termes de symboles modulaires.

Considérons le groupe d'homologie H1(XO(N)(¢),Z) de la surface

de Riemann XO(N)(C). I1 existe une fagon naturelle de 1l'identifier a

un réseau de rang maximal dans 1'espace tangent & J & l'origine gréce

a la fléche :

Hy (X (N)(€),Z) - Homg_,; (D;,C)
définie par
g - (Q (=S g Q) .
B
Par composition avec 1'isomorphisme (3.1.1), on obtient une injec-

g
tion de HT(XO(N)(C),Z) dans C J, définie par

(3.2.1) B v (S £ (2)dz) e c?
e 8 i i=1,...,gJ

Par tensorisation avec R cette injection donne un isomorphisme

d'espaces vectoriels réels.

Rappelons maintenant le résultat suivant de Manin (Lol], prop. 1.4):
Iy " * . Iy
Proposition 3.2.2 : Soit Z, € 9 . L'application
T -
O(N) H1(XO(N)(C>,Z)

M = {classe d'un chemin

joignant z_ a M(zo)

est un homomorphisme surijectif de groupes, indépendant du choix de zO

Par composition avec (3.2.1), on obtient 1l'application

9
TO(N) = C définie par

M {ZO,M(ZO)} .

Vu la définition du réseau LJ (cf. prop. 3.1.2), ceci montre que le

réseau LJ s'identifie a4 1'image de H1(XO(N)(C),Z) par l'injection
(3.2.1).
I1 reste & décrire le réseau LJ en termes de symboles modulaires.

Ceci est réalisé par la proposition suivante ([9] th. 2.7, a) :
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Proposition 3.2.3 : Soit ¥®'(N) le groupe abélien engendré par

les s oles (E:E) € P1(Z/NZ), avec les relations :

(c:d) + (=4:) = o
(e:d) + ((3-3):3) + (-d:(3q)) = o .

Soit H(N) le sous-groupe de #'(N) novau de 1'opération cobord

(cf. [9]7, 2.6).

Soit _enfin

§((c:d) = (2,2, o ab,c,a€ 7
c
vérifient ad-bc =1 , et < = c{mod N), d = d(mod N).

Alors 1'application & se prolonge par linéarité en un isomorphis-

me de groupes abéliens :

+ H -
§:8(N) » Ly .
La proposition suivante ([ 9], th. 2.7, b) permet de ramener la

détermination de {0, g} , g € Q , & celle d'une somme d'éléments con-

tenus dans 1l'image de § :

Proposition 3.2.4 : Soit g €EQ, g > 0 . Considérons les conver-
gents successifs du développement de g en fraction continue :
b et % Do
’ AR 4 4 =T .
a a, a4 a, ag 1
Alors, on a
n
b k=1~ ~
{0,2} = = &((-1) a, :a ) .
a k=1 k k-1
Revenons & 1'identification des points de J(C) avec le quotient de
95
C par L_ :

93
¢ . J(C) > € /LJ.

La courbe XO(N) est définie sur Q@ , de fagon canonique. Par
conséquent, la conjugaison complexe opére sur XO(N)(C). Cette action
n'est autre que la symétrie par rapport a 1l'axe imaginaire, lorsqu'on

identifie XO(N)(C) a &f/TO(N) de la facon canonique ([9], § 2.1).
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I1 en résulte une action sur 1'homologie, donc sur LJ . BEn parti-
culier, l'action sur les éléments contenus dans 1l'image de § est la

suivante ([9], cor. 2.5) :

Proposition 3.2.5 : La conijugqaison complexe opére de la facon

suivante sur LJ :

3.3 Opérateurs de Hecke et symboles modulaires.

Supposons maintenant que la base f1,...,f choisie au début de
J
ce paragraphe soit formée de vecteurs propres pour les opérateurs de

Hecke Tn , pour (n,N) =1 . On a donc

On note ¢(n) la matrice diagonale

cgJ(n)

Le théoréme 3.5 de [9] s'exprime alors de la fagon suivante :

*
Proposition 3.3.1 : Scit =z € 5 . Sous les hypothéses précédentes,

on a

-1

(3.3.1.1) ctn).{o,z} = £ ({0, 28 Z)_(0,B}) .
din
b mod d

. e U g N .
(On identifie les éléments de € J & des vecteurs & colonnes) .

9
C'est cette formule qui nous permettra de déterminer la structure

du groupe engendré par les pointes.

*
Remarque 3.3.2 : 1) Choisissons 2qJ valeurs de =z & ﬁ de telle

sorte que les vecteurs {O,z} engendrent le réseau L Il est clair

T -
que les vecteurs figurant au second membre de (3.3.1.1) sont des éléments
de LJ . On obtient donc de cette fagon une représentation entiére de

dimension 295 -
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. . , N . u
2) Soit ¢ un nombre premier, premier a N . Soit 2z = b
une pointe de XO(N), v étant un diviseur positif de N , et u un

entier défini modulo le pged de v et N/v (cf£. [9], prop. 2.2). La

o8

formule (3.3.1.1), appliquée

z =2 et n=¢8
v
devient :
uy u Zu
(e+1 - c(e)fo, o} = {o, 5} -{o, -}
2-1
(3.3.2.1) + = ({o,g}-{o,uggv})
b=0
2-1
+ £ {03 .
b=0

Si on suppose de plus que ¢ =1 (mod(v,N/v)), le second membre
est un élément de Ly - On en déduit que 1'ordre de la différence des
pointes O et 5 dans la jacobienne divise det(1+f-c(€)), pour tout

2 =1 (mod(v,N/v)).

3.4 Endomorphismes de torsion. On suppose, dans cette partie seule-

ment, que N = p2 , ouU p est premier > 3 .
Considérons la courbe Xo(pz), pour p premier > 3 .

La matrice (1 u/p) , pour u entier premier & p , définit une
0 1

correspondance modulaire sur la courbe Xo(pz), ainsi qu'il est expliqué

dans [13], 7.3. Cette correspondance ne dépend que du résidu quadratique
+

de u (mod p). On la notera R; selon gue (g) =1 . on note de méme
+
les endomorphismes de la jacobienne Jo(pz) définis par R; .
soit R_= R' - R .
P P P

On vérifie sans peine les propriétés suivantes (cf. [15]) :

(i) Rp est définie sur le corps @ (i;)p) :
L. 3 =1
(ii) R = (=).p R_ :
P (P) f p
(iii) Rp()TQ = (5) Te(3Rp , iour tout ¢ premier distinct
e p .

L'espace <T'O(p2),2>o s'identifie de fagon canonique avec l'espace

des 1-formes différentielles invariantes sur Jo(pz). L'endomorphisme
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Rp induit donc un opérateur sur <ro(p2),2>o , et 1'on a :
(iv) L'opérateur induit par Rp sur <To(p2),2>o est 1'opé-

*
rateur R, d'Atkin et Lehner [1], 6.4, défini par :

*
(£IR ) (z) = = (2)£(z+2)
p a mod p P p

{ VEﬂfX(z) si p =1 (mod 4),

ivg.fx(z) si p = 3 (mod 4).

(x désigne le caractére de Legendre modulo p).

4. Description des calculs.

4.1 Dans ce paragraphe, nous allons utiliser les résultats généraux
rappelés dans le paragraphe précédent.
Reprenons donc les notations du §3, et supposons que N = 121. Soit

f1,...,f la base de <TO(121),2>o déterminée au §1.

©
4.2 Dans un premier temps (cf. 4.6), nous décrivons le réseau

L = LJ en termes des symboles modulaires introduits en 3.2. Nous en

ferons de m@me pour les réseaux L+ , Lo correspondant aux valeurs

propres +1 et -1 de la conjugaison complexe (cf. (4.7)). Ceci fait,

la prop. 3.1.3 nous permettra de décrire en termes de réseaux les mor-

phismes v, o JO(121) »E; associés aux formes fi (i =1,...,6)

(cf. 4.8).

4.3 Dans un second temps (cf. (4.9)), nous utilisons la descrip-
tion de l'action des opérateurs de Hecke donnée par la prop. 3.3.1.
’ . ’ - 3 Y *
Plus précisément, faisons parcourir a z & 6, un ensemble de valeurs
+ , + -

tel que {0,z}-{0,-z} engendre le réseau L, resp.L (cf. rem. 3.3.2),
et utilisons la prop. 3.3.71, pour un nombre premier n = £ fixé (en
fait, n = 2). Le systéme linéaire obtenu permet d'une part, de détermi-
ner les valeurs propres de Tn , et d'autre part, de déterminer les
coordonnées des générateurs de Lt resp. L en fonction de générateurs
+ - . . + - . . +
w, , resp. w. des projections L, , L. , i=1,...,6 des réseaux L

1 L 1 i

resp. L™ .
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4.4 On peut alors utiliser les rés.ltats obtenus pour déterminer
l'ordre des pointes de XO(121). C'est ce qui est fait dans 4.10. Pour

cela, on utilise de nouveau la proposition 3.3.7.

4.5 Enfin, on montre dans 4.11 quelles sont les relations corres-

pondant aux identités = f_  , etc. du §1.

£
1.X11 3
4.6 Le groupe H(121).
Considérons tout d'abord 1'ensemble P1(Z/121Z). Les éléments de

cet ensemble sont les couples suivants :
(T:0), (6;7); @7, c=0,...,120; (&:T1) , e=1,...,10 .

Avec les notations de Manin [9], prop. 2.2 , les douze pointes de
X (121) sont :
o

[1:1 mo@ 1] ,[121;1 mod 1], [417;d mod 11],d=1,...,10 .

L'application cobord ([ 9], cor. 2.6) est la suivante :

3(7:0) = (1:1 mod 11-[121:1 mod 1] ;
3(8:7) =[121:1 mod 1] -[1:1 mod 1] ;:
~ [11;£i mod 11] -[1;1 mod 1] si 11 Qivise ¢,
~ o 7
d(c:l) = {

O sinon (c=1,...,120);

i

3T = 131 mod 1] -[11:-¢"" mod 117, (c¢=1,...,10).

Les 110 éléments (;:T), c=1,...,120 , (c,11) = 1 , sont donc
des éléments de ¥#{121). De plus, leurs images engendrent #{121), comme
le montre la prop. 3.2.3. La méme proposition permet, aprés un calcul

facile mais fastidieux, d'obtenir un systéme de générateurs :

Lemme 4.6.1 : Le aroupe ¥(121) admet comme systéme de générateurs

les douze éléments suivants :

@1, ce®,

ot ® =1{2,3,4,5,7,8,9,18,26,36,49,51} .

Tout élément de H#(121) s'éerit donc comme combinaison linéaire

A

a coefficients entiers de ces douze éléments. La table 1 donne, & toutes
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fins utiles, cette expression pour chacun des éléments (c:1),
c=1,...,120 , (c,11) =1 .
D'aprés la prop. 3.2.3, le réseau LJ est 1'image du groupe

H(121) par l'application § . Tenant compte de ce que
5(2:7) = {O,%} , pour tout ¢ € 7 ,

le lemme 4.6.1 s'énonce sous la forme équivalente :

Proposition 4.6.2 : Le réseau L = LJ est le réseau engendré dans

6
C par les douze vecteurs :

R e P S FC VAR SN SR SRV SR ) S

1
{015} ’ {O g

~—

1 1
'3 i
1

1

5

1 1
{0,9} {o,1 {0,26} {o,—6} {0,49} {o,ﬁ}.

4.7 Les réseaux L et L .

Introduisons maintenant l'action de la conjugaison complexe. Le
conjugué de chacun des vecteurs qui engendrent L est donné par la
prop. 3.2.5. L'utilisation de la prop. 3.2.3 et de la table 1 permet
d'exprimer ce transformé en fonction des générateurs. Les résultats
obtenus sont donnés dans la table 2.

. . . , +
Un calcul facile permet de déterminer les sous-réseaux L et L

associés aux valeurs propres +1 et =-1. On trouve :

+
Proposition 4.7.7 : Soient L~ les sous-réseaux de L correspon-

dant aux valeurs i'1 de la_conjudgaison complexe {(prop. 3.2.5). Alors :

L+ est engendré par les vecteurs :
+ 2 1 1 + N -
Y3 —{0,3} + {o, 3} , v2—{o,36} + {o, 36} ,
+ 1 1 _ 1
vy="{o, gt +{o-5}), v4—{o,51} + {0,-z7} .
+ 1 1 + _ _1
Ve = {o,%} + {o,-%} P Vg = {o,1 Y+ {o, 18} ,

L~ est engendré par les vecteurs :
- _ 1 1 - _ 1 _ _1
v1—{o,§}—{o,—§},v2-{o,§} {o,~5} .
- 1 1 - _ 1y _ ~1
vy={o,g} -f{o-z} , vy =fo, 5} -{o-=},
- = 1y - 1 o 1 L
Vg = {0,49} {o, 49} P Vg = {0,36} {o, 36} .
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La table 3 donne l'expression des vecteurs {O,%} , c€® , qui
+
engendrent L, en fonction des vecteurs v; ,k=1,...,6 . Un calcul

élémentaire permet de montrer le résultat suivant :

C . . , . . 6
Proposition 4.7.2 : Le réseau L est un sous-réseau d'indice 2

. + - ’ a2 \
du réseau %L @ %L . Plus précisément, un élément =z de ce derniex

z=g (ko * %

+—V)I lb EZI
k=1

7 Y T T Yk B Py

est un élément de I si et seulement si les conditions suivantes sont

vérifiées :

1 a1-+a3-+a5 (mod 2),

a. (mod 2),

5

b
b
b3 = a3+a4+a5+a6 (mod 2),
b
b
b

a,+a, (mod 2),

4 4 6

5 = ag (mod 2).

6 = a, (mod 2).
4.8 Les courbes Ei (i =1,...,6).

Soit fi 1'une des formes paraboliques déterminée au §1. La pro-

position 3.1.3 s'applique a fi et donne :

6

Proposition 4.8.1 : Soit T, ¢ > € la i-iéme pro-jection
(i =1,...,6). Soit Li le sous-réseau de € image de L par U
Li = ﬂz(L) .
L'application :
*
3 . ﬁ - ¢6
z
g i =
z " {ic,z} (S. £.(0)at)
J.oo
induit des isomorphismes ¢ , ¢, de variétés abéliennes rendant commu-

1

tatifs les diagrammes suivants :

3_(121)(c) 2Lt

5 1 ¢ lﬁi

Ei(m) —_ a:/Li
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+ +
4.8.2 Notations. On pose : Li = (L ).
*
Soit z € 6 . On convient de poser :
+ & * *
{o,2} = {0,-z} = & x (z)v -
k=1
Enfin, on note
* *
Vi, s = molv) -
+
(On rappelle que les vecteurs Y k=1,...,6 sont ceux déterminés

par la prop. 4.7.1).

4.9 Détermination de L en fonction des périodes des courbes E, .

4.9.1 Nous arrivons au point fondamental de ce paragraphe, dont
le résultat final consistera & décrire le réseau L en termes des
périodes des courbes Ei (i =1,...,6).

Pour ce faire, nous allons utiliser l'action des opérateurs de
Hecke sous la forme donnée par la proposition 3.3.1.

Soit n=2 . La formule (3.3.1.1) s'écrit :
(4.9.1.1)  c(2).{0,z} = {0,22) + {0, %} + {0,§} - {0, }} .

Utilisons les notations introduites en 4.8.2. La formule précédente

est équivalente aux deux suivantes :

+ +
w (z).y,) =
) x L

™Mo

(4.9.1.2)% c(2).(
k

(o)}

(4.9.1.3) c(2).{ & x (z).v) = g [, (2z) +x_(3) +2 (Z+1 ] Yo
= X=1 k k k= k Yk *x k

soit encore, coordonnée par coordonnée, aux douze identités :
6 —
+ + + + z +,z+1 +,1 +
- Z — -— — - Yd - =
(4.9.1.2)i. o {ci(Z).xk(z) l:xk(Zz) >’k 2 Xk( 5 ) >‘k(2)J}'Vk,i 0,
i=1,...,6
6 —
- - - - z —z+ly L -
(4940907 = {e,@ g2 - [ +x0(%) +s (B [fovg =0 .
i=1,...,6 -

4.9.2 Ecrivons les formules (4.9.1.2); pour les valeurs suivantes

de 2z :

z =4, L, b 4 41
3'36°8'51'26"' 78
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(rappelons que les six vecteurs {O,z} + {0,-z} correspondants engen-
» +
drent le réseau L ).
On obtient ainsi un systéme linéaire homogéne de six équations aux

. . . . +
six inconnues Y; ;o 1 € i,k € 6 . Les coefficients xk(z) se calculent

de fagon effective de la facgon suivante :

(i) On exprime {O,g} comme combinaison linéaire d'élé-
ments contenus dans l'image de § , en utilisant la prop. 3.2.4.
(ii) Utilisant la table 1, on écrit les couples (c:d) en

fonction des générateurs du groupe ¥(121).

(1id) Enfin; la table 3 permet d'écrire {O,g} en fonction
., - , + -
des générateurs V; et Vk (k=1,...,6) des réseaux L et L
N . . +,2
Donnons a titre d'exemple le calcul de Xk(§) s, k=1,...,6 .
On a : g==O + —l— .
3 1+l
2
Par conséquent, avec les notations de la prop. 3.2.4
2 P 1 P o P
-z ¢+ T+ T .
3 a, 1 a, 1 a,

On a donc :
{0,8) = e(7:T) + g(3:1) .

Utilisant la table 1, on obtient :

On en déduit, avec les notations de 4.8.2 :

2 +, 2 .

= = = = < 3 -
(3) 1 xi(3) 0 2 i< 6

4.9.3 8i 1'on exprime que le systéme linéaire homogéne obtenu est

de rang < 6 , on obtient :

c.(2) € {0, 1,52} .

5

De fagon plus précise, le systéme est de rang 5 pour
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c.(2) = O,t1,+2 et de rang 4 seulement lorsque ci(Z) = -2 . (8i 1l'on
se rappelle que la valeur propre =2 correspond aux formes £, , f
qui ne sont pas primitives, la difficulté rencontrée est prévisible).

En tous cas, si l'on ne connaissait pas & l'avance les valeurs propres

c,(2) , i=1,...,6 , on les obtiendrait a ce stade des calculs.

4.9.4 Considérons tout d'abord les cas 1 = 3,4,5 et 6 . On a donc
ci(2) # -2 , et le systéme est de rang 5. On obtient comme solution

générale, notant simplement ci(2) = c

Y = Y 1

1,1 c.2—2 4,3
i

Y2,1 =G Y4,1 !

Y+ = 2Ci V+

311 03-2 4,1

+ _ +

\(5’1 = (1-C1)V4,l ’

+ _ 2 +

Yo,i = (ci—1)v4,i .

En particulier, ceci montre que les réseaux LT (1=3,4,5,6) sont

engendrés par les nombres :
(i=3,4,5,6) .

Avec la numérotation choisie, on a (cf. prop. 1.4.1) :

Portant ces valeurs dans la solution que l'on vient d'écrire, on

obtient 1'expression des ji-iémes coordonnées (i=3,4,5,6) des vecteurs

+ . - . ,
Yy (k=1,...,6) en foncticn de la période réelle wI du réseau L:

(cf. la table 4).

4.9.5 Passons maintenant aux cas 1i=1,2 ou c; = -2 .
a) Soit i=1 . On est ramené au calcul de symboles modulaires
sur la courbe XO(11), qui est une courbe elliptique. On peut donc uti-

+

1

liser les résultats de Manin ([9], p. 59). Une base des réseaux L

est constituée par les vecteurs
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+
o, = {0 L

+ ]
1 She, T lomgle -

1

Le réseau L1 est alors le réseau d'indice 2 contenu dans

, qui contient lui-méme L, @ L; comme sous-réseau

. +
(k=1,...,6) en fonction de w,  est

L'expression des Y; 1

donnée dans la table 4.

b) Soit i=2 . Ona f.(z) = f1(z) -11fF,(11z) (ecf. 1.2).

2 1

Il en résulte :

{zo,z1}f = {zo,z1}f ~—{11zo,11z1}f
2 1 1
*
pour tous =z_,z, 6-5, .

On est donc ramené a un calcul du méme type que celui de 4.9.2 pour
calculer les V; 2 (k=1,...,6) . Le résultat figure dans la table 4.
’

4.9.6 Nous ne donnerons pas de détails concernant la détermination

N

des Yi,i {1 € k,1 € 6). Le calcul est tout a fait paralléle au précé-
dent. On part des identités (4.9.1.3); , i=1,...,6 , que l'on écrit
pour les valeurs de 2z :
g=1 Y 1 1 1 1
3'79'5"'77°49"' 36 °

On obtient de nouveau un gystéme linéaire homogéne, qui donnerait une
fois de plus les valeurs propres ci(2) si on ne les connaissait déja.

Ce systéme suffit 4 déterminer les lorsque i=3,4,5,6 ; lorsque

Yx, i
i=1,2 , on raisonne comme précédemment.

Les résultats obtenus figurent dans la table 5.

4.9.7 Les réseaux Li .

Revenons maintenant aux réseaux Li (i=1,...,6). Soient :
ot = ot
1 =Y,
+
w2 = 5w1 ,
+ _ + .o
w, = V4,i (1=3,4,5,6).

Soient également :
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w =V1'1 r

LR

w_z_l vo

3 2 '5,3 "7

Yq = Vg, 4 ¢

Y5 = V¥s5,5 ¢

Y6 =3 V5,6

*

Les résultats de la table 5 montrent gque les nombres w, ,

+ i
i=1,...,6 , engendrent L; . Plus précisément, un calcul élémentaire
montre le résultat suivant :

Proposition 4.9.7.1 : Pour chague i=1,...,6 , le réseau Li est
le sous-réseau d'indice 2 du réseau % t e % L~ géfini par :
a, . bi _ja.,b. £ 2Z
L.={—lw.+—_w. e .
i 2 i 2 i —
aw. vb_.l (mod 2)

Corollaire. Le novau de 1l'isogénie canonigque :

6 )
I e, 7 (121) = o E,
i=1 ° i=1 *
est contenu dans le sous—-groupe des points de Jo(121) annulés par la
multiplication par 24.
En _d'autres termes :
& 1
c
N 7 @y) S50
i=1
En effet it =1 g ( tip 7Y, a,.b, €R un vecteur de
, soi z =3 o a Ve A '
(E6 .
Soient T.(z) = s.wl + t.w, , i=1,...,6 les projections de =z .
i 171 ii
Les expressions de ak,bk en fonction des s, o+t sont données par

la table 6.

6
La condition pour que z € [ T, (Lj) s'écrit :

(4.9.7.2) s, €

. %Z’,ti el st €7, i=1,...,6.
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1 8 + -
i 1 = = - = ' ' . ' = L .
Soit =z 24z 3 o (akYk-Fbkvk), donc : ay 24ak ' bk 24bk
Remplagons & , b! par leur expression en fonction de s t tirée

k k k" Tk

de la table 6. On constate gque les conditions (4.9.7.2) entrainent que
aé et bﬁ sont entiers et vérifient les conditions de la proposition

4.7.2. Par conséquent, z' = 24z €L .

4.10 Détermination de 1'ordre des pointes.

*
Soit =z € 5, une pointe de XO(121). On se propose de déterminer
l'ordre de cette pointe dans la jacobienne. Pour cela, on va déterminer
+
{0,2} en fonction des w, , i=1,...,6 .

i
4.10.1 Commengons par la détermination de {0,iw} qui est plus
facile.

Soit =z = 1w . Portant cette valeur dans (4.9.1.1), on obtient :

(4.10.1.1) (c(2) - 3){0,ie} = {0, 5] .

D'aprés la table 3 :

1o+ o+ 4+ 4
toag) = vi-va-v3-vy-ve -

Projetant les deux membres de (4.10.1.1) sur chaque coordonnée, et

remplacant les termes VQ-i , 1 < k< i par leurs valeurs tirées de la
1

table 4, on obtient :
+

¥4
{0,i}, = = , {0,iw}_. =0,
£, 5 £,

. _ + . +
{Ollw}f3 = 2wy , {o,lm}f4 = -y,
{0,ic0} . = -0t , {0,ix},. =0 .

£g 5 £

En particulier, ceci montre que 1'image de la pointe O est d'ordre
5 dans la jacobienne Jo(121). Plus précisément, son image sur E1 est
un point d'ordre 5, et ses images sur E, ., i=2,...,6 cofncident avec

1'origine.

4.10.2 Ordre des pointes z = %% , u

1,...,10 .

Il est commode & ce point d'introduire une nouvelle notation. Soit

u un entier rationnel. On pose :
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(4.10.2.1) 2lico, 5t = X(w,i)0] + Y(uw,i)e] , 1<i<6.
5 i i
On sait a priori que les fonctions X(u,i) resp. Y(u,i) sont a
valeurs dans @ . De plus X(u,i) resp. Y(u,i) est une fonction paire

resp. impaire de la variable u

2
T -

uy 2u u+i1 u 1
c(2){o, 53} = {o, 53} + {0,551 + {o, 5} - {o,5} .

Ecrivons maintenant la formule 4.9.1.1 pour =z = On obtient :

|

Remplagons u par =-u , et ajoutons les deux formules obtenues. Faisons
parcourir 4 u les valeurs 1,3,4,5,9. Aprés projection sur chacune des
coordonnées, on obtient un systéme de 5X6 = 30 équations linéaires
aux inconnues X(u,i) , u=1,3,4,5,9 , 1i=1,...,6 . La résolution de
ce systéme donne les résultats qui figurent dans la table 7.

De fagon analogue, on obtient un systéme de 30 équations linéaires
aux inconnues Y({u,i), u=1,3,4,5,9 , i =1,...,6 , en retranchant les
formules relatives a u et & -u .

Ce systéme se résoud et donne les résultats indiqués par la table 7.
4.11 Nous allons maintenant utiliser les identités :

f =f, 6 , £ = f =f , f = f_,

1,x11 3 41Xy 5%y 4 4 61Xy 6

démontrées au §1. (Rappelons que X414 désigne le caractére de Legendre

mod 11).
4.11.1 Remarquons tout d'abord que si l'on pose :

fo(z) = f1(z) - f1(11z) , soit

1Of1 + f2

on a : £ = f

4.11.2 Remarquons également qu'on aurait pu remplacer la forme £
par la forme fo dans le §4. On aurait obtenu un morphisme
- -
e, JO(121) EO .

Les tables 4 et 5 montrent gue le réseau LO définissant Eo est
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engendré par les vecteurs l w+ l(w+-+w—) ol

2 o' 2o o'’

+ _ 5 4+ -_ 1
YoTTT % Y T IT Mt
Enfin,
1 24, 2+
{1w,0}fo = TT[1O{lw'O}f1 + {1w,o}f2] = - o7 = - F @] (ef.4.10.).

Par conséquent, si 1l'on étend la notation (4.10.2.1) au cas ou

f.=f , ona :
i o

X(0,0) = - . Y(0,0) =0 .

(S, 1N

4.11.3 Rappelons maintenant le résultat suivant (cf [9], 3.9)

Lemme 4.11.3.1 : Soit f € <I’o(121),2>o , et % un caractére de

Dirichlet primitif modulo 11. Scoit fX la forme tordue de f par X .

On a alors :

. 10
{0,2} = - 2= T ox(u) {=,z+=)_ .
fX M7 u=1 11 1M1 £
Nous allons appliquer ce résultat aux formes fi ; soit donc
i=0,1,...,6 , et définissons i' par :

fi = fi' .
_,§1 i
Considérons d'abord le cas ol =z = ix . On obtient 1'identité :

{i,0} e X, . () {iw,li} , soit encore,
fi' EE u=1 11 11 fi

utilisant les notations (4.10.2.1) :

(4.11.3.2) x(od'jal, = - 21 L ¥(ui).e] .

Vit u mod 11
x11(u)=1

4.11.4 Appliquons la formule précédente dans les cas suivants :

(a) 1=3 , i'=0 ; tenant compte de ce que :
_ 4 + _ 5 + . .
X(0,0) = z et w, = 77 ®y « On obtient :
- 5i
W = e em— W .
3 V17 1
(b) i=1 , i'=3 ; avec l'aide de la table 7, on trouve :
+ -
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(¢) i=4 , i'=5 et i=5 ,i'=4 , donnent :

4.,11.5 Pour i=6 , 1i'=6 , les deux membres de (4.11.3.2) sont

nuls. Il faut donc utiliser un point autre que =z = io , par exemple
z = %T pour obtenir une identité non triviale.
Faisant z = %T , £ = f6 dans le lemme 4.11.3.1, on obtient :

5. Interprétation des résultats.

5.1 Nous utiliserons & plusieurs reprises le résultat suivant :

Lemme 5.1.1 : Soient X, , X deux courbes elliptiques sur @ .

1 2

deviennent isomorphes sur € , et _ont bonne

On suppose que X, et X,

réduction en dehors de 11.

Alors, ou bien X1 est isomorphe a X2 sur @ , ou bien X,l es

tordue de X2 sur Q(V=-11).

Tout d'abord, X1 et X2 n'ont pas d'autres automorphismes que

¥ . En effet, une courbe elliptique d'invariant j = 1728 , resp.
j=0 , a nécessairement mauvaise réduction en 2 , resp. en 3 . Par
conséquent, X1 et X2 sont isomorphes sur une extension de @ de

degré au plus 2. De plus, cette extension est non ramifiée en dehors de

11. C'est donc ou bien @ , ou bien @Q(V-11).

' E2 .

5.2.1 Considérons la courbe E

5.2 Les courbes E

. Cette courbe correspond au réseau
1

1
+

L1 engendré par les vecteurs w: et -2-(w1 +w;) dans € . Or ce réseau
est défini uniquement en termes de la forme f1 . Plus précisément, la
prop. 3.1.2 appliquée & f1 , base de <TO(11),2>o , montre que

XO(11) = Jo(11) est définie, en tant que courbe sur € , par le réseau

L1 .
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Utilisons le lemme 5.1.1. Comme les coefficients de la série L de

E1 et XO(11) colncident, et que f1 N # f1 , les courbes E1 et

XO(11) ne sont pas tordues l'une de l'autre. Elles sont donc isomorphes

sur @ . L'image de la pointe O engendre dans E1 un sous-groupe

cyclique d'ordre 5, noté C,| . Ce groupe correspond au sous-groupe

engendré dans L1 par %w

-+

.

5.2.2 La courbe E correspond au réseau L engendré par les

2 2
+ 1,.,+ - + _ + - - ;
vecteurs wz et 2(w2-+w2), avec w2 = Sw1 et w2 = w1 . La pointe O
a pour image l'origine de E2 , et les autres pointes engendrent le

groupe C2 défini par le vecteur %Ew; . Considérons le quotient

E2/5C2 . I1 s'agit de la courbe elliptique correspondant au réseau défi-
. + + - . .
ni par %wz et %(wZ-sz), qui n'est autre que le réseau Ly -
On a donc une suite d'isogénies de degré 5 :
-
E, ~ E1 E2/C
iR I

E,/5C, E,/C,

5.2.3 Examinons l'action du groupe de Galois sur les pointes.

D'aprés Ogg [11] (cf. également II, §3), les pointes de X

O(121) sont

rationnelles sur le corps cyclotomique 0(511) : de plus, si l'on désigne

|

par P11 u la pointe correspondant a z = (u=1,...,10), 1'élément

N

1
[(n] de Gal(Q(C11)/Q) agit par :

11,0 =~ Pir,ntu
la pointe O étant elle-méme rationnelle sur @ .
Par conséquent, le groupe C1 est rationnel sur @ point par point.
D'autre part, la table 7 montre que l'on a, avec les notations de

la prop. 2.6.1 :

a4
Po(Pyy, ) = e lun) oy (Pyy )

Le morphisme w2 étant Q-rationnel, on en déduit :
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c(uh
e(n?)
E(“)6°"2(P11,u) BRIER

[n] y =

P (Pyg, )T = e Py -1y ©(Pyq,q)

n)S(n)wz(P ) .

11,u

C'est la structure galoisienne de 02 annoncée dans la prop. 2.6.1.

5.2.4 En particulier, les groupes C2 , 5C2 sont globalement
rationnels sur @ . Les isogénies correspondantes sont donc définies

sur Q .

De plus, 1l résulte de :

X11(n)5(n) =1 (mod 5)
gue tous les pcints du groupe 5C2 sont rationnels sur @ .
En résumé, le diagramme
N
E2 - E1 E1/C1 (cf. 5.2.2)

est formé d'isogénies Q-rationnelles de degré 5, et les courbes E, /B,

contiennent chacune un point d'ordre 5 rationnel sur @ .
5.2.5 On a déja vu que E, est la courbe XO(11). La courbe E1/C1

est le gquotient de Xo(11) par le sous-groupe d'ordre 5 engendré par

les pointes. Par conséquent, la courbe E2 est la troisiéme courbe

isogéne sur © & X (11) (cf. [7], 7.5.1) : c'est la courbe X1(11),

o(
notée 11A dans la table 1 de [2]. Les courbes E1 , E1/C1 sont donc
les courbes 11B , 11C . (Dans [7], les courbes E2 . E1 R E1/C1 sont

notées A11 ’ X11 , C resp.).

11
5.3 Les courbes E3 . E3/5C3 . E3/C3 .

5.3.1 La courbe E3 correspond au réseau L3 engendré par w;

+ - N . P
%(w3-+w3), D'aprés 4.11.4, a, b, ce réseau n'est autre que le réseau
VTT L2 . Les courbes E2 ' E3 sont donc isomorphes sur € .

Le lemme 5.1.1, joint au fait que les séries L de ces deux courbes
sont distinctes, entraine que E et E sont tordues l'une de 1l'autre

2 3
sur Q(V-11) : E3 = Eé .
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5.3.2 La table 7 montre gue l'on a :

9
P3(Pyy ) = su) ey (Byy y)

On en déduit :

o 0, Ot = e(n).o,(Pyy ) -

3'11,u
C'est bien 1a l'action galoisienne annoncée par la prop. 2.6.1.

Du reste, ceci résulte également du fait que E est tordue de E

3 2
sur Q(V-11), et de l'action connue du groupe de Galois sur C,y -
5.3.3 On obtient, de facon analogue au cas de E2 , deux isogénies

de degré 5 , définies sur @ :
>
E3 E3/5C3 - E3/C3 .
On peut aussi considérer que ce diagramme se déduit par torsion du

diagramme

E, > By » E,/C, .

5.3.4 Montrons comment 1'utilisation des endomorphismes de torsion
définis en 3.4 permet de retrouver le fait que les courbes E2 et E3
sont tordues l'une de 1'autre sur ©Q(Y=11), et ceci sans avoir a utiliser
le lemme 5.1.1.

Considérons 1'endomorphisme R11 de J = JO(121). On montre faci-

lement (cf. [13], prop. 8) l'existence d'isogénies Vo s V3 o définies

3
sur @(V-11), et telles gue le diagramme suivant soit commutatif :
R R
11 I RN J
wol lw3 lwo
Yo V3
o > By Eo

(on rappelle que ®q désigne le morphisme associé a la forme fo

définie en 4.11.1).

On a déjd remarqué gque la courbe E_est définie par le réseau L

, 5 + 1,5 4+ 1, - . _ 1 5
engendré par 7% et 2(T7w1-+TTw1). Par conséguent, LO = TTLZ , et il
est facile d'en déduire que E_ = E, .

o) 2
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Sur les formes paraboliques, R induit 1'opérateur RT1 (cf.

11
1 * — 1 * — 4 ’
3.4), et 1'on a : fo‘R11 = 1VT? f3 , f3|R11 = i1 fO . I1 en résulte

que vz 0V est la multiplication par -11. Comme Eo , E3 n'ont pas
de multiplication complexe, ceci entraine que l'une des isogénies est
un isomorphisme. On vérifie facilement, en interprétant R11 en termes
de réseaux, que vV, est un isomorphisme, et que Vy4 @ pour noyau le
noyau de la multiplication par 11.

5.4 Les courbes E4 . E5 . E4/C4 , ES/CS -

5.4.% La courbe E4 correspond au réseau L4 engendré par wz et

+w;). La table 7 montre que le groupe cuspidal C4 est engendré

par 11&2 , donc cyclique d'ordre 11, et que de plus :
o, (P, ,a) = u.9,(P,, ,)
4711’ art1,170

Utilisant :

(n] _
w4(P11'u) = w4(P11,n_1u)'

on en déduit :

[ni _ 7
PlPyy o) 0 =m0 (Pyy ),

ce qgui montre que le module galoisien C4 est isomorphe a M?Z .

5.4.2 La courbe E; correspond au réseau Lg engendré par w; et

+ ., - . N , . . .
(w5-+w5). D'apres 4.11.4, ¢, ce réseau est aussi celui engendré par

[N Rt

- = (mz-11w2). On reconnait 14 un réseau homothétique

3 -
- e () et —

1T 4 (KR
au réseau qui définit E4/C4 . Comme E5 et E4/C4 ne sont pas iso-

morphes sur @ (leurs séries L sont distinctes), on a nécessairement :
E5 = (E4/C4) .

5.4.3 L'existence de la forme bilinéaire de eil sur les points de

E, annulés par 11 entraine l'existence dans E4/C4 d'un sous-groupe

. N ®4 - PR .

isomorphe a m11 comme module galoisien. On en déduit par torsion
N . N ® P

l'existence dans E5 d'un groupe isomorphe a u1? . Ce résultat se

retrouve directement comme suit : la table 7 montre que le groupe cus-

pidal C5 est engendré par %—w; , donc cyclique d'ordre 11, et que
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wS(P11,u) = u.@S(P11’1), u=1,...,10 .

On en déduit :

[nl _ o .
@5(P11,u) = n .@5(%1,u), ce qui montre que
®9
Big -
On montre comme plus haut :

Cy est isomorphe a

E, T (E./C)" .

5.4.4 On peut 1la encore retrouver une partie de ces résultats en
utilisant les endomorphismes de torsion, ce qui évite l'emploi du

lemme 5.1.1.

En effet, on peut montrer 1l'existence d'isogénies Vg Vg défi-
nies sur @Q(V-11), rendant commutatif le diagramme :
5 a1, M
@41 ) wsl s lw4
E4 4 ES E4 .

La encore, on déduit de
£,1R,, = i1 IR, = iVT3
4 R11 = i f5 . f5 R11 = iy 11! f4 .

que vgoOVv, est la multiplication par -11. Nous allons voir gu'en

fait

deg v, = deg v, = 11

4 5

en exhibant un point d'ordre 11 qui se trouve dans le noyau de v, ,resp.v

4
En effet, considérons la pointe Pyy 4 - Ona déja remarqué que sa

5

projection $4(%1'1) resp. mS(%1,1) engendre C4 resp. Cg .

D'une part, notant PO la pointe correspondant & z=0 , on a :

(5.4.4.1) Ry (Pyy 1) =Py 5 " Py g *Pyy s ¥ Py g Y Py 10

“Py1,3 " Pig,7 " P1y,8 T Pir,0 T B e

par définition méme de R11 .
(P) =0, et
o

or <P(PO)=O,<P

4 5
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3
u 9

(Pyy,q) o

P4 Py, ) 4

’

resp. @5(P11,u) = u cpS(P11 1) .

On en déduit :

©40Ry1(Pyy 4} =0y 950R(Pyy 4) =0,
ce qui montre que le noyau de v, resp. v5 est le groupe cuspidal C4
resp. C5 .
Comme les isogénies V4 + Vg ne sont pas définies sur @ , ce sont

nécessairement les composées de 1'isogénie naturelle :
-
E, > E/C, .
-y
resp. E5 ES/CS P
avec la torsion sur @Q(V-11).

5.5 La courbe E6

5.5.1 La courbe E est définie par le réseau Lg engendré par

6
wg et %(wg-+mg). D'apres 4.11.5, ce réseau est engendré par w; et
w; (l—:%?CEi). On a donc :

L6 = _OK
ou OK désigne 1'anneau des entiers du corps K = Q(V-11).
5.5.2 Le groupe cuspidal C6 correspond au groupe engendré par le
vecteur %Tw; = - V%?w; . I1 est donc cyclique d'ordre 11. De plus :
- 4,2 =
w6(P11,u) = u ‘w6(P11,1) , u=1,...,10 .
On en déduit :
(n] _ .8
@6(P11 u) = n ‘w6(P11,u) .
5.5.3 La courbe E6 admet une multiplication complexe par 1l'anneau
Oy - On vérifie immédiatement que C, est le noyau de 1'endomorphisme
de multiplication par -iV11 . En particulier, ceci entraine que E6/C6
est isomorphe & la courbe E! , tordue de E sur Q(Y-11).

6 6
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5.5.4 On peut ici également considérer 1'endomorphisme de torsion
RH . On montre l'existence d'une isogénie Ve v définie sur @(Y11),
telle que le diagramme
R
J —J
@61 y 1w6
©

E, —— E

6 G
. . . . * . - 2
soit commutatif. L'identité f6\R11 = 111 f6 entraine que Ve = -11.
On peut alors utiliser 1'expression de R“(P11 1) donnée en

(5.4.4.1). Du fait que

o (P, ) = ul.o (P, )

6" 11,u et 11,1

résulte que :

95O Ry (Pyy,q) = vglog(Pyy 4)) =0 .
Par conséquent, le noyau de Ve est le groupe C6 . On en déduit

B./C, = EL .

5.6 Comparaison avec les courbes de Swinnerton-Dyer et Vélu.

On peut maintenant énoncer :

Proposition & 6.1 : Soit E une courbe elliptique définie sur @ ,

avant bonne réduction en dehors de 11. On_suppose que E contient un

dgroupe cyclique C d'ordre 11, rationnel sur @ .

Alors E est isomorphe & 1'une des six courbes E., , E! ,
1 1

i=4,5,6, et le qroupe C est isomorphe comme module galoisien au

Ra S
groupe m11 . Plus précisément

a=17,9,8, resp. 2,4,3 selon que E = Ei , 1 = 4,5,6 resp.

E=E = 4,5,6 .

P
Remarquons tout d'abord que les trois couples (E4,E4/C4),
(E5,E5/C5), (E6,E6/C6) constituent trois solutions Q-rationnelles du

probléme modulaire associé & la courbe Xo(11). Plus précisément, on
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sait qu'a un couple (E,C) vérifiant les conditions de la proposition

est associé un point de Xo(11), rationnel sur @ , et distinct des
pointes de Xo(11). D'autre part, les invariants j(E4), j(ES) et
j(E6) sont distincts, par exemple parce que E6 admet une multiplica-

tion complexe, ce qui n'est pas le cas de E4 et Eg . Ceci entraine
que les trois points correspondants de Xo(11) sont distincts.

On sait aussi que la courbe XO(11) n'a que trois points ration-
nels sur @ autres que les pointes. Le couple (E,E/C) coincide donc,
en tant que solution du probléme modulaire, avec l'un des trois précé-
dents. En particulier, il existe un i , 1 € i< 6 tel que J(E)= j(Ei).
On peut donc appliquer le lemme 5.1.1 aux courbes E , Ei , et la pre-
miére conclusion de la proposition en résulte.

D'autre part, il est exclu que tous les points d'ordre 11 de E
soient rationnels sur le corps cyclotomique 0(211) : Si cela était 1le
cas, la réduction de E modulc £ , pour tout £ premier tel que
2 =1 (mod 11), par exemple ¢ = 23 , aurait un nombre de points ration-
nels sur FE congru @ O (mod 121) ; or ce n'est pas le cas.

Par conséquent, la courbe E contient un p?? , avec un a bilen
déterminé qui caractérise la courbe en question.

Remarquons ici que les valeurs a = 0,1,5,6(mod 10) sont exclues :
La valeur O parce gue la courbe X1(11) n'a pas d'autres points ra-
tionnels que les pointes. Les autres, parce qu'on se raménerait a a=0
en tordant la courbe, ou en considérant le quotient par le groupe en

question.

5.6.2 Considérons les courbes notées 121D,E,F,G,H,I dans [2].
Elles vérifient toutes les hypothéses de la prop. 5.6.1. Ce sont donc,
a 1'ordre prés les courbes E, Ei , 1 =4,5,6 . Si 1l'on tient compte
des renseignements sur les séries L d'une part, et sur le fait que

l'on connait laquelle d'entre ces courbes est une courbe de Weil, on

arrive a la correspondance donnée par la prop. 2.6.1 . Les invariants

correspondants sont tirés de la liste de Vélu [16].
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Enfin, toute courbe elliptique définie sur @ , isogéne sur Q a

1'une des douze courbes Ei , Ei , i=1,...,6 ., E1/C1 , E3/C3 (rappe-

lons que Eé = E3) cofncide avec l'une d'entre elles : En effet, les
courbes de la liste de Vélu [16] possédent cette propriété. On a donc

déterminé toutes les courbes elliptiques quotients sur @ de J _(121).

of
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1I. Courbes associées aux sous-groupes de SL2(F11)

Avant d'aborder, au §4, 1'étude des courbes associées aux sous-

groupes de SL2(F nous allons rappeler un certain nombre de résul-

11)'
tats généraux, concernant les courbes associées a des sous-groupes de

SL,(F_), pour p premier, p > 5 La démonstration des affirmations

2( P )
non justifiées des §2 et 3 se trouve dans [8].

1. Notations. Toutes les notations que nous allons introduire ont cours
dans 1'ensemble du chapitre II. Simplement, on supposera que p = 11 a
partir du §4.

Soit p un nombre premier > 5 .

Soit H un sous-groupe de SL2( ), contenant la matrice -1. On

FP
notera ﬁ 1'image inverse de H dans SLZ(Z) par le morphisme de
réduction modulo p . Le groupe E est un groupe de congruence de
niveau p , c'est-d-dire contenant T (p).

On notera X, la courbe algébrique associée a H . En d'autres
termes, les points de XH a valeurs dans € s'identifient avec la
surface de Riemann compacte quotient du demi-plan de Poincaré complété
g% par l'action de H . En particulier, l'injection naturelle de T (p)

~
dans H définit un morphisme canonique

X(p) = Xy
qui permet aussi de considérer X, comme le gquotient de X(p) par le
sous-groupe d'automorphismes défini par H .
Une conséquence de ceci est que les pointes de XH s'identifient

aux orbites de l'action de H sur les pointes de X(p).
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2. Les courbes XH et leurs pointes : Rappels.

2.1 Genre de XH (cf. [8]).

2.1.1 Le genre de la courbe XH est donné par la formule :

uw e e e

genre de X. = 1 + 1_H _ 2411'1 _ 33,H _ oo2,H '
ou : p. = [SL (Z)‘ﬁ] - [SL.(F_):H] = ( 2_1) )
: - 5 : o (F ) E_gﬁﬁ__ ;

e g est le nombre de points elliptiques de d'ordre 2 ou 4

3. H est le nombre de points elliptigues de d'ordre 3 ou 6

e est le nombre de pointes de H .
o, H

2.1.2 Calcul de e .
—_— oo, H

i

i
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a) Supposons que l'ordre de H soit premier a p . Alors

f = 5/{¥1) opére librement sur les pointes de X(p), d'ou :

2 v
e =p-1_ H
=u " TH TP
b) Soit & wun diviseur positif de Eél , et posons
p-1 = 288'. Prenons pour H le groupe H1 5 défini de la fagon
’
suivante :
bEIF
RSO T
1,8 -1 a€E5

ol 1l'on note Ep = F;/{i1} , et Ep = le sous~groupe de Ep formé des

éléments d'ordre divisant 6&°'.
(Le groupe H, . est d'ordre 2p&', d'ou My = (p+1)8).
r

On a alors :

= 5 .
em'H 2
2.1.3 Calcul de €5,H * e3’H .
Les nombres Sy m ' g sont donnés par la proposition suivante
I r

(cf. [8])

Proposition 2.71.3.1 : Avec les notations précédentes, on_a

-1
p_ —_—

)
20 = —‘—-mE—Card{hEH| tr(h) =0} ,

e
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p- (2
ey y = T‘LCard{hGH|tr h=-1} .
Exemples : a) Supposons que H soit un groupe de Cartan déployé,
resp. non déployé, resp. le normalisateur de l'un des précédents. Les

nombres e sont donnés par le tableau suivant :

2,0’ “3,H
H 2, H °3,H

Cartan O si p=3(mod 4) 0 si p=2(mod 3)
déployé 2 si p=il{mod 4) 2 si p=1{(mod 3)
normalisateur +1 0 si p=2(mod 3)
de Cartan déployé 2 1 si p=1(mod 3)
Cartan 2 si p=3(mod 4)| O si p=1(mod 3)
non déplcyé Q si p=1(mod 4)| 2 si p=2(mod 3)
normalisateur de E%E si p=3(mod 4)| O si p=1(mod 3)
Cartan non déployé E%l si p=1(mod 4)| 1 si p=2(mod 3)

{Une partie des résultats de ce tableau figure dans [3]).
b) Supposons que H= H/{i1} soit isomorphe au groupe alterné
%4 . Ce groupe contient trois éléments d'ordre 2 et huit éléments d'ordre

3. Par conséquent, H contient 6 éléments de trace nulle et 8 de trace

-1. Comme ‘H\ =24 , on a :
-1
- (=)
o -2 %’
2,H 4
p-(:g)
et e3,H = ———gfl- .

¢) Supposons que H soit le groupe H défini en 2.1.2, b.

1,8

Un calcul facile montre que

[0
i

{ 28 si p=1(mod 4) et &'=0(mod 2},

2.H O sinon ;
{ 26 si p=1(mod 3) et &' =0(mod 3),
e =
3.H O sinon.
Par exemple, si &=1 , la courbe associée a H, 1 n'est autre que
’

la courbe Xo(p). Si & = p-1 , on a affaire & la courbe X1(p). Pour la

premiére, on trouve
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ele =1+ (—-) ’
=3
e3'H 1-+(E;) .
Pour la seconde
e2,H = e3,H =0 .

2.2 Pointes de XH .
2.2,1 Sur 1l'ensemble de couples d'entiers TT :
W={(:)1uez; vEZ ; (u,v)=1}

définissons la relation d'équivalence :

(3,) est équivalent a (3) si et seulement si :

1+

u'y =
() =
Soit TT le guotient de || par cette relation d'égquivalence. C'est

2

un ensemble fini qui contient ELii éléments.

L'ensemble || s'identifie & 1'ensemble des pointes de X(p) de

() (mod p).

la fagon suivante :
Soit (E)ETT un représentant de (E)E”T, avec v#0O . On lui

associe 1l'image de %G Q par l'application canonique :
* *
5 = QU {ioo}u5 - r(p)\g = X(p)

gui est une pointe de X(p) (cf. RERR

On utilisera constamment cette identification par la suite.

Le groupe H opére & gauche sur TT , et 1l'ensemble des pointes
de XH s'identifie a 1'ensemble H\TT des orbites de cette action.

2.2.2 Considérons une pointe de Xy représentée par (3) eqr.

4

O). Il existe un plus

Soit ME€ SLZ(Z) une matrice telle que M.(E) = {
petit entier n > O tel gue la matrice :

1
O

-1

ML (g M

~
soit un élément de H (en fait, n=1 ou p).
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2.3 Formes cuspidales.

2.3.1 Utilisons les notations et les résultats de [5].
Etant donné un couple (r,;w) d'entiers, dont l'un au moins n'est
pas congru & O (mod p), on considére la forme de Klein R

(ef. 57, §1) :

(r,w)

rn1+w32 rz1+wzz)c <rz1+wz

P 2p P ’21'Z2> '

ou M4+ M, sont les quasi-périodes de la fonction z&ta de Weierstrass

associée au réseau engendré par =z Z et ol g est la fonction

1729 0

sigma de Welerstrass.

Nous considérerons des formes modulaires de la forme :

_ n(r,w)
(2.3.1.1) F{z) =X. I i(r’w) {(z) ,
(r,w)

N X i N
ou XEC est une constante, n(r,w) un entier et ou (r,w) parcourt
un ensemble fini de couples d'entiers. La puissance 2p-iéme de ﬁ(r W)
I

est une forme sur [ (p). Plus généralement, on a le résultat suivant :

Proposition 2.3.1.2 : Pour gue la forme F(z) définie par (2.3.1.1)

soit une forme modulaire sur I (p), il faut et il suffit que soient

vérifiées les congruences suivantes :

z l’l(rlw)r2 = z n(r,w)rw = z n(r,w).w2 = 0 (mod p).

(r,w) (r,w) (r,w)

La démonstration est élémentaire 4 partir des propriétés K1, K2,
K3 de [5], §1. (On rappelle que p est impair).

En particulier, ﬁp

r
(r,w) est une forme sur (p).

Les formes E(r w) possédent un développement en produit eulérien

(cf£. [5], §1, K4).
2.3.2 Considérons 1'ensemble || :
Uo={w ) Tl .

Le groupe H opére & droite sur || . Soit w € /H une orbite.

On peut lui associer de fagon canonique une forme F, en posant :
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Fo(z) = ¥ . T (z) .

T (r,w) €W

la constante Hw étant choisie de telle sorte que le coefficient de la

(r,w)

. . T . ,s
plus petite puissance de ¢q = M2 gans 1e produit eulérien de Fgl(z)

soit 1. L'unicité résulte de ce que

(-x,-w) I;'(r,W)

- (pyERare ST T g

{(r+ap,w+bp)

ce gqui montre que le choix de représentants distincts dans Z2 de

(r,w) € || modifie le produit en le multipliant par une racine 2p-iéme
de 1l'unité.

Les formes Fy vérifient de fagon évidente, vu leur définition et

ab

c d) € H, on a

les propriétés rappelées : Pour tout (

_ ab
Fw(az1-+b22, cz1-+dzz) = Xw((c d)) Fm(z1'22) ,

N < 49 s = + N
ou  Xgp est un caractere abélien de H = H/{-1} , a valeurs dans le
groupe des racines 2p-iémes de l'unité. (Par conséquent, X prend en

fait ses valeurs dans 1l'intersection des groupes sz et NP\H\)'
2

2.3.3 Considérons la pointe de Xy représentée par (3) €T .
)

- (1 ;
v = (o) , et soit n

Soit M une matrice de SL2(Z) telle que M(
l'entier défini en 2.2.2.
L'ordre de F, en la pointe considérée est alors donné par la

formule suivante :

(2.3.3.1) ordre de F en (%) = I z r(r-p) ,
® v 2p2 (r,w) cw. M

les entiers r étant choisis de facon a vérifier :

O<r<P2—1.
La formule (2.3.3.1) résulte facilement de l'expression du produit

eulérien (cf. [5], § 1, K4).

2.3.4 Kubert et Lang montrent dans [5] le résultat suivant : Si

le diviseur de F , fonction sur " X{(p), est concentré aux pointes, il
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existe une puissance de F qui est un produit de formes de Klein
E(r w) ° Un résultat analogue vaut pour la courbe XH et les formes
Fm" cf. [8]. Les calculs explicites que nous ferons au §4 constituent

une vérification de ce résultat pour les courbes particuliéres étudiées.

3. Modéles sur Q .

Le but de ce paragraphe est de définir des modéles sur @ de
certaines des courbes Xy considérées aux paragraphes précédents. Pour
cela, le point de vue naturel consiste & partir non pas d'un sous-groupe

de SL2(Fp), mais 4d'un sous-groupe de GL,

(F ).
P
3.1 Considérons le corps Q(j,f(a b))' ou j désigne la fonction

invariant modulaire, et ol les § sont les "Teilwerte" de niveau p

(a,b)
(cf. [13], 6.6). Ce corps contient comme sous-corps algébriquement fermé
2mi
le corps cyclotomique Q(Cp), ou Qp =e P .
Définition 3.1.1 : Le modéle canonigque de X(p) sur Q(Qp) est

la courbe propre et ligse sur Q(Qp) dont le corps des fonctions est
Q(jrf(a'b))-

Nous réservons dorénavant la notation X(p) pour désigner le modéle
canonique ainsi défini.

L'application qui, a =z €5 associe les valeurs en z de Jj et des
f}a,b) définit une bijection canonique de ﬁ*/r(p) sur les points du

Q(QP)—schéma X(p) & valeurs dans € .

3.2 Soit Y(p) 1l'ouvert de X(p) formé du complémentaire des
pointes. Du point de vue des schémas de modules, (cf. 1'exposé de Deligne
et Rapoport a Anvers (Lecture Notes n® 349)), le schéma Y(p) représente
le foncteur qui, & tout Q-schéma S , associe l'ensemble des classes
d'isomorphie des courbes elliptiques E/S munies d'un isomorphisme du
noyau de la multiplication par p avec le schéma (Z/pz)2 . Le morphisme
canonique de Y(p) sur Q(QP), qui fait de Y{p) un Q(Gp)—schéma, est

défini par la forme de Weil.
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Comme indiqué dans loc. cit., introd., il y a lieu de distinguer
entre le @-schéma Y(p) et le Q(Gp)—schéma Y{p). En particulier, la

fibre géométrique Y{(p)® @ du premier est la somme disjointe de (p-1)

@
exemplaires de la fibre géométrique Y(p)XJQ(g )ﬁ , qui, elle, est lisse
et connexe. P

Les points du @Q-schéma Y(p) & valeurs dans € paramétrisent les
classes d'isomorphisme des triplets (E,(g)) formés d'une courbe ellip-
tique E et d'une base {r,Q} au groupe des points de E annulés par
p . Les points & valeurs dans € du Q(Cp)—schéma Y(p) correspondent
aux triplets vérifiant la condition supplémentaire :

<P.g> = Cp , ou <-> désigne la forme bilinéaire de Weil.
L'application canonique de 3.1 s'interpréte comme celle gqui associe

a =z 65 le triplet formé de la courbe elliptique définie par le réseau

Zz +Z et de la base (T?g) des points annulés par p .

3.3 Le groupe GL2(FP)/{i1} opére de fagon naturelle sur le
Q-schéma Y(p). En termes de triplets, la matrice M € GLZ(Fp) associe
au triplet :

P

(E,(Q

)) le triplet (E,M(g)).

Cette action ne respecte pas la structure sur Q(Qp). En termes de

fonctions, l'action précédente correspond & l'action suivante sur

Q<jlf‘(atb)) ;

fa o)M= Fa,pm
et
¢ Im=cdet M e [13], th. 6.6 .
P p

3.4 Soit ¢ un automorphisme de € . Soit (E,(g)) un triplet
représentant un point du Q-schéma Y(p) & valeurs dans € . Choisissons

une équation de E :
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le transformé de (E,(g)) par © est le triplet
o
s P
(E r(c)) ’
Q

N o P
ou E designe la courbe :

y2 = x3—B(;x—B{?3 '
et P° , dj les points obtenus en faisant agir ¢ sur les coordonnées
de P,Q .
En particulier, si o fixe Q(Cp), et si <P.> = QP , on a

T P . . N -
<PG,Q > = Cp , et ce qul précéde décrit l'action galoisienne sur les
points du Q(Cp)—schéma Y(p) & valeurs dans € .

Les pointes du modéle canonique X{p} sont rationnelles sur Q(CP).

3.5 Soit G wun sous-groupe de GL (Fp) contenant =1 .

2
Soit H 1'intersection de G avec SLZ(FP).

Notons Q(j,{(a b)F le sous-corps de @(3, fixé par G , et

ﬁa,b))
. _ . G N ;

soit QG = Q(j'ﬁa,bﬂ n Q(gp).Le corps QG est algébriquement fermé dans
. G

Q(J’fza,b)) .

Définition 3.5.1 : On appelle modéle canonigue associé 3 G , et

dont le corps des

on _note XG(p), la courbe propre et lisse sur QG

fonctions est Q(j’ﬁa,b)F .
Les points du QG—schéma XG(p) a valeurs dans € qui ne sont pas
des pointes paramétrisent les classes d'isomorphie d'orbites (E,G(g))
qui contiennent un triplet (E,(g)) vérifiant la condition <P-@ = Cp.
De fagon analogue a (3.1), on a une bijection canonique de &f/ﬁ

sur les pointes du QG—schéma X, (p) a valeurs dans € , ot H (cf. §1)

désigne l'image inverse de H dans SLz(Z).

3.6 Considérons le cas particulier od det(G) = F; , c'est-a-dire
ol la suite

1o Hs g S8E, By
P
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est exacte. Dans ce cas, QG =0 , et le modéle XG(p) est défini sur
@ . Les points de XG(p), autres que les pointes, paramétrisent les

Fyy.

classes d'isomorphie d'orbites (E,G(

Q
Soit ¢ un automorphisme de € . Le transformé par o de (E,G(g))
(o2
est (EG,G(PG)). Si on a choisi dans (E,(g)) un triplet vérifiant
Q o}

<p.> = Cp , on peut faire de méme dans (EG,G(ZG)). Plus précisément,
soit m un générateur de F; , et supposons gue o0 induise 1l'automor-
phisme [ma] (notation de I.2.4) sur Q(CP). Soit enfin M € G une
matrice de déterminant m . Alors le triplet :

(s}
(3.6.1) (7 ;M3 (%))
Q

5
est dans l'orbite (E%G(Pc)), et vérifie la condition voulue.
Q

Considérons enfin une pointe de XG(p), représentée par un élément

(3) €Tl (cf. 2.2.1). La pointe transformée par 0 est représentée

par :
a
(3.6.2) (3)[m I M2 ().
3.7 Exemples.
3.7.1 Supposons que G soit un groupe de Borel, resp. un groupe de

Cartan (déployé ou non), resp. le normalisateur d'un groupe de Cartan de

GLZ(Fp)' Alors H est un groupe de méme type de SL (Fp). On a

2

det G = F; , donc Qy = @, et les modeéles canoniques Xé(p) correspon-
!
dants sont des courbes sur @ .

3.7.2 Soit G 1l'image réciproque dans GL2(FP) d'un sous-groupe
de PGLz(Fp) isomorphe au groupe symétrique G& .
sous—-groupe de PGLZ(FP) considéré est contenu dans PSLZ(Fp)' On a

Si p =1 (mod 4), le

alors QG = o(Yp). si p =~1 (mod 4), det G = F; , et la courbe XG(p)

associée a G est définie sur @ .

3.7.3 Soit G 1le groupe formé des homothéties dans GL Fp). La

5

courbe correspondante est définie sur 1l'extension quadratique Kp de
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Q , ou Kp = Q(VE) si p =1 (mod 4), Kp = @(V-p) sinon. Nous noterons

cette courbe X(p) C'est un Kp—modéle de X(p) (cf. [13]), 6.8).

K
L'action de GL2(Fp) sur le @-schéma X(p) donne lieu a une action de

PSL2(Fp) sur le Kp—schéma X(p) , d'ol une injection

K
I

(3.7.3.1) PSLZ(Fp) i AutK X(p)K .
P b
3.7.4 Soit G 1le sous-groupe de GL (FP) engendré par les matrices

2
* 1

de la forme (O 1) et la matrice -1 . Le modéle associé & G est un

Q-modéle de la courbe X1(p). C'est le modéle considéré par Ogg dans [11].

3.7.5 Soit M wune matrice de GL Fp) satisfaisant aux deux

5
conditions :
(i} det M engendre F; :

(i1) P71 = Fp |

Soit G 1le plus petit groupe de GLz(Fp) contenant M et -1.
La courbe associée & G , que nous noterons XM(p), est un @Q-modéle de
X(p). Nous dirons que c'est le M-modéle de X(p). Les formules 3.6.1 et
3.6.2 décrivent l'action d'un automorphisme o de € sur un point de

XM(p) a valeurs dans € .

4. Les courbes Xdép(11), Xndép(11), X@A(11).

Nous sommes maintenant en mesure d'appliquer les techniques et

résultats des paragraphes précédents au cas ol p = 11 .
4.1 Notations.

Soit G, le groupe de Cartan déployé de GLZ(F11) formé des
matrices diagonales.

Soit G le normalisateur de Go dans GL2(F11).

dép

Soit G le normalisateur du groupe de Cartan non déployé formé

ndép
des matrices de GLZ(F11) de la forme
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(_g 2) ;ab €F,, . a2+’ £ o .

1

Soit Hg, le sous-groupe de SL2(F11) engendré par les matrices :
4
v - (0 -3 "o 55 oo 2 -4
=g T h = (g2, = (5T .
On a les relations :
hl2 = _1 R hl|3 = 1 R hlll3 = _1 R hlhllhlll = _1 .
, . . +
I1 en résulte que H contient -1 , et que 1l'image H_/{=1}
% Sy
de H dans PSL,(F,,) est isomorphe au groupe alterné o .
34 211 4
La matrice M = (3 O) normalise H . Soit G le sous-groupe
© -3 % %

de GLZ(F11) engendré par HG’ et M . Comme —M2 engendre le groupe
A

des homothéties, G contient les homothéties. D'autre part, det(M) = 2
4
engendre F?1 ; ceci entralne que 1l'image de G@. dans PSL2(F11) con-
4
tient Qﬁ comme sous-groupe normal d'indice 2, donc est isomorphe a GZ.
Soit Ho ; resp. Hdép , resp. Hndép , l'intersection de GO ; resp.

Gdép , resp. Gndép avec SL2(F11)-
Nous noterons Xdép(11), Xndép(11), X@i(11) resp. les modéles cano-
niques associés aux groupes Gdép R Gndép , GG’ (cf. 3.5.1). Ce sont
4

des courbes sur @ .
Remarquons que chacun des trois groupes GG‘ con-~
4
tient la matrice M . Les courbes associées apparaissent donc comme quo-

Gdép ! Gndép ’

tients sur @ du M-modéle XM(11) défini par M .
La formule 3.6.2 montre que 1'automorphisme [2] € Gal(Q(€11)/Q)

agit de la fagon suivante sur la pointe (3) E-TT de XM(11) :

u [2] _ 4u
(4.1.1) () = (_4V).
Enfin, rappelons (cf. 2.1.2) que l'on note E le groupe

11
X +
F11/{-1} .
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Passons a l'étude de chacune des trois courbes Xdép(11),

Xndép(11), XGA(11).

4.2 La courbe Xdép(11).

4.2.1 Les formules de 2.1 montrent que le genre de X (11) est 2.

dép
On est dans le cas ou l'ordre du groupe H est premier & p . Par
2
conséquent, H opére librement sur || . On a donc %Til = 6 pointes.
Ces pointes sont la pointe Pdép . ' Ccorrespondant 3 1l'orbite de (é),et
les pointes Pdép,i correspondant & l'orbite de (?), pour i€ E11 .
La pointe Pdép -« est rationnelle sur @ ; d'autre part, on a,
s 2] .
a r 4.1. : [, . = . . .
aptes 1.1 Pdep,l Pdep,61 1€[E1T

De méme, A chacune des six orbites de l'action de Hdép sur ll .

qui sont celles de (1,0) et de (i,0), i €E11 , correspond d'aprés

et F , 1€E , respec-

2.3.2 une forme modulaire, notée F 11

dép, o dép, i

tivement.

4.2.2 Nous n'utiliserons pas les résultats de [8] concernant 1'or-

dre des pointes de X (p). Ces résultats entraineraient ici que 1'or-

dép
dre des pointes divise 25.11. Nous allons au contraire procéder explici-

tement. Nous ferons de méme pour Xndép(11) et X64(11)'

Considérons d'abord 1'ordre de Fdép o aux différentes pointes.
L

On a (cf. 2.3.3.1) :

ordre de Fdép,m en Pdép,w = =5 ;

ordre de Fdép,w en Pdép,i = -10 ,

ordre de Fdép,i en Pdép,m =-10, i€ E11 .

Considérons ensuite l'ordre de F.,, . en la pointe P_, . ,
dép, j dép,i
i, 3 6E11 . On a :
.. L, . = , P., ..,1,J€E,, .,

ordre de Fdep,j en Pdep,l ordre de Fdep,1 en aép,ij J 1
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et la premiére ligne de la matrice

(ordre de en

Faép, 3 Paep,ili, s eE,,

est

(-9,-7,-9, -10, -10).

4.2.3 Considérons la forme :

55 -16 -86 -1 19 29

Faép, Faép,1 Faep,2 Taep,3 Tasp, 4 Faép,s

cette forme définit sur Xdép(11) une fonction dont le diviseur est

25.11(P ).

dép,w.-Pdép,T
Plongeons la courbe Xdép(11) dans sa jacobienne Jdép(11) en envoyant

la pointe (qui est rationnelle sur @) sur l'origine.

Pdép,oo
4.2.4 Les propriétés de symétrie de la matrice donnant les ordres

aux pointes entrainent :

La forme
55 -16  _-86 _ _-1 19 29 .
Faép, oo Fdép,% Fdép,% Faep, 3 Tasp,? Faep, 3 i€E),

définit sur Xdép(11) une fonction dont le diviseur ept :

25.11(Pd,

ep,m-Pdép,i) , 1€E

1

Les pointes , 1€E sont donc dans la jacobienne des

11

points d'ordre divisant 25.11. Du reste, l'examen des développements

Pdép,i

en produit eulérien montre que cet ordre est exactement 25.11 (on
utilise le fait que les coefficients de la série de Fourier ont des

dénominateurs bornés ; cf. [7], dém. du lemme 3.2.15).

4.2.5 Considérons la forme :

45 -9 -64 1 6 21
Faép, Faép,1 Faep,2 Faep,3 Faép,4 Faép,s -
Cette forme définit sur Xdép(11) une fonction dont le diviseur est
25(9p_, - 8p ).

dép, dép,T"Pdép.5

D'autre part, la forme
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11 -5 -20 _-1 8 7
Fagp,o Taep,1 Faép,2 Faép,3 Faep,4 Fagp,s

définit une fonction de diviseur :

11(5pP —6Pdé ).

dép,w p,1'+Pdép,5

4.2.6 De facon analogue a 4.2.4, on déduit 1l'existence sur

Xdép(11) de fonctions dont le diviseur est :
2509 gzp 0" 8Pagp, i~ Pagp,51) 1 T Eyy
11 5P ggp, 0™ %Paep, i T Pagp,51) + € By -

4.2.7 Nous allons déduire de ce qui précéde :

Proposition 4.2.7.1 : Le groupe cuspidal de Jdép(11) est iso-

morphe, comme module galoisien, érla somme _directe

®
C2 C6,

les modules galoisiens C2 , C6 étant ceux considérés dans la prop.

2.6.1 du chapitre I.

En effet, soit Cdép le groupe cuspidal de Jdép(11), engendré par

les pointes , 1€E .

11

Considérons 1'isomorphisme :

Pdép,i

N s .
aép " Cdép X 25 Cdép défini par :

P*» (11p, 25P),

et soit (Qi, Qi) i€ By, 1'image de Pdép,i

D'aprés 4.2.4, on a :

ZSQi =0, 1103 =0, i EE11;

d'aprés 4.2.5 :

Q5; = 6Q;

Qgi = -8 Q; ’ i€ E11.

Par conségquent, les groupes 11Cdép , 25Cdép sont cycliques

d'ordre 25 et 11 respectivement. D'autre part, si l'on se reporte a la
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définition de ¢ , cof. I, 2.4.1, les identités :

Q; = 6Q;
s'écrivent :

v .4 A .
Q; = x,(17).e(17)Qy , 1€E,,
Comme 1'action du groupe de Galois est donnée par :
(2] _
Pdép,i = Pdép,6i » cf. 4.2.1 ,

on a :

Qi[2] -0y, - x11(9i4)e(9i4)0i = x(2)e(2)Q] |

ce qui est précisément 1l'action sur le groupe C, € E

5 5 cf. I, prop.
2.6.1.
De méme, les identités :
Q5; = -8 9
s'écrivent :
n — '2 " 3
Qi—l .Q1 R 1€|E‘.n .
Comme
l|[2] — "
Qi = Qg -
on a :
b2l 55200 o 08 g
i - e T
ce qui est l'action galoisienne sur C6 , cf. I, prop. 2.6.1.
4.2.8 Nous allons démontrer le résultat suivant
Proposition 4.2.8.1 : Il existe une isogénie définie sur @ , de
novau contenu dans le groupe des points de Jdép(11) annulés par la

multiplication par 24 :

Jdép(ﬂ) i E2XE6 ;

la restriction de cette isogénie au groupe cuspidal est un isomorphisme :
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Corollaire. La courbe Xdép(11) n'a gu'un nombre fini de points

rationnels sur @ .

En effet, d'aprés les tables de [2], on a : EZ(Q) ~ Z/5Z et
EG(Q) ~ Z . Considérons l'image X de Xdép(11) dans le produit

E2><E6 . Il suffit de démontrer que X(@) est fini. Considérons la

projection X - E, - Si X(@) est infini, il existe une infinité de

points rationnels dans 1'une des cing fibres au-dessus des cing points

rationnels de E, . Comme X engendre E_XE la projection X = E

2 2 6 '

est de degré fini, d'ol une contradiction.

2

4.2.9 Remarquons tout d'abord que la courbe associée au groupe

HO , groupe diagonal de SL2(F11}, d'indice 2 dans H n'est autre

dép '
que la courbe XO(121). En effet, 1'application

zv 11z

du demi-plan de Poincaré complété ﬁ% dans lui-méme induit un isomor-
phisme des surfaces de Riemann associées :
Vo 5*/ro(121) ST
L'image inverse par WC de la différentielle associée a une forme
£(z) est la différentielle associée & 11.£(11z).
Cet isomorphisme Wm provient d'un isomorphisme défini sur @ .
Plus précisément, un point de XO(121) autre gu'une pointe est repré-

senté par un couple :
(E;C),

od E est une courbe elliptique, et C un sous—groupe de E cyclique
d'ordre 121.

Soit alors 11E le sous-groupe de E formé des points de E

annulés par 11. Au couple (E,C), associons le triplet :

¥(E,C) = (E/11C E/11C, c/11C).

Y
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Ce triplet est formé d'une courbe elliptique et de deux groupes
cycliques d'ordre 11, dont la somme est le groupe des points annulés

par 11. Un tel triplet représente un point de la courbe XH associée
o
a Ho . On obtient ainsi une application de X{121) dans Xy  dont on
o
vérifie gqu'elle est définie sur @ , et gu'elle cofncide sur C avec

1'isomorphisme W¢ .

De plus, la structure de XH sur @ induite par le choix du
o
modéle naturel de X(11) coincide avec la structure canonique de

Xo(121), lorsgu'on identifie Xy et XO(121) au moyen de { .
o)

4.2.10 La courbe XO(121) posséde une involution, 1'involution

d'Atkin-Lehner W

11 (cf. L1]), qui est un automorphisme de Xo(121)

défini sur @ .
En termes de couples (E,C), cette involution correspond &

l'application
(E;C) » (E/C,y,,E/C).

En termes de surfaces de Riemann, W est définie par 1l'application:

11
- *a 1ui-mé
z - 372 de g ans lui-meme.
4.2.11 La courbe XH admet elle aussi une involution naturelle

o
V11 , définie sur @ , qui correspond, en termes de triplets (E;C',C"),
formés d'une courbe elliptique E et de deux sous-groupes de E d'or-

dre 11, & 1l'échange de C' et C".

En termes de surfaces de Riemann, V11 est définie par l'application:
Lo 1
z

*
de g dans lui-méme.

4.2.12 Une vérification élémentaire, sur 1'une ou l'autre des défi-

nitions de V¢ , montre que le diagramme
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¥
XO(121) —_— XHO

W14 k V4
X (121)
o X5
o
est commutatif.
4.2.13 La courbe Xdép(11) est le quotient de XH par 1'invo-

e}
lution V11 . Elle s'identifie donc, griAce au morphisme Y , au guotient

de Xo(121) par l'involution d'Atkin-Lehner W11 .

Lemme 4.2.13.1 : Le sous-espace de <TO(121),2>O invariant par

l'involution d'Atkin-Lehner W11 est 1'espace endendré par les formes

f, et f, (cf. I, prop. 1.4.1).

I1 suffit pour vérifier ce résultat d'utiliser les tables de [2].

On y trouve le fait que :

fi\w11 = -f, , pour i=3,4,5, et f W, =1 .
D'autre part, se reportant aux définitions de f1 et f2 , et utilisant
le fait que f11(?1 _é) = —f,| (cf. [2]) ou [7], 2.5.4), on obtient le

résultat annoncé.

On déduit du lemme

"

Proposition 4.2.13.2 : Le guotient de Jo(121) par 1'involution

d'Atkin-Lehner W11 est isogéne sur @ au produit ~E2>(E6 .

4.2.14 Démontrons maintenant la prop. 4.2.8.1. Tout d'abord :

Lemme 4.2.14.1 : Soit @ un groupe fini opérant sur une courbe

algébrique propre et lisse X . Si tout élément de % posséde _au moins

un point fixe, l'application canonique de la jacobienne de Xﬂ} dans

celle de X est injective.

La démonstration ne présente pas de difficultés.

Le lemme précédent s'applique & la courbe Xy et au groupe en-
o

gendré par V11 . Par conséquent, la jacobienne Jdép(11) s'injecte

dans J _(121).
o
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Plagons—nous sur le corps des complexes, et considérons le diagram-

me commutatif :

g (121) » /L

e

E,XE,. .

Jaep(11) 7 ExXEg

Le morphisme du bas est surjectif, et son noyau est contenu dans

l'intersection de Jdép(11) avec le noyau de l'isogénie canonique

6 6

I .

_ @5t Jo(121) - .E Ei ,
i=1 i=1

d'ol le résultat, d'aprés le cor. de la prop. 4.9.7.1 du chap. I.
L'assertion concernant le groupe cuspidal est immédiate, compte

tenu de la proposition 4.2.7.1.

4.3 La courbe Xndép(11).

4.3.1 Les formules de 2.1 montrent gue la courbe Xndép(11) est
de genre 1.

Les pointes de Xndép(11), notées Pndép,i B 1.€E11 , correspondent
aux cing orbites de (3), u2+v2 =i, i EE11 .

L'action du groupe de Galois est donnée par :

pl2]

ndép, 1 = ndép,5i ' i EEH oo 4t
Les cing orbites de l'action de Hndép sur ll sont celles de
(r,w), r24—w2 =3, jGIEEIH . A chacune est associée une forme modulaire
notée Fndép,j .

4.3.2 Considérons 1l'ordre des formes aux pointes

Fndép,j

Pndép,i . Ona (cf. 2.3.3.1) :

ordre de Fndép,j en Pndép,i==ordre de Fndép,1 en Pndép,ij’ 1,]6E11,

et la premiére ligne de la matrice :

(ordre de Fndép,j en Pndép,i)i,j €E11

est
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(-t1, =10, =13, =11, -10).

4.3.3 Considérons la forme

-6 9 -21 14 4
Fraép,1 Fnaep,2 Fnaép,3 Fnaép,4 Fnaép,s

elle définit sur Xndép(11) une fonction dont le diviseur est :

5'11(Pndép,1-_Pndép,2)'

Les propriétés de symétrie de la matrice donnant les ordres aux

pointes entrainent :

La forme
F—6 F9 F—21 F14 F4
ndé 1 ndé 2 ndé 3 ndé 4 ndé 2
Pri Pri ReePrg Pri Pri
définit sur Xndép(11) une fonction dont le diviseur est :
5’H(Pndép,i'-Pndép,Zi)'
4.3.4 Considérons maintenant le morphisme ¢ de Xndép(11) dans sa
jacobienne Jndép(1$) défini de la fagon suivante :
r . ->
: Xndép(11) Jndép(11)
5
- -z . . =1 .
P 5p Z Praép,i (P)

Le morphisme ¢ est défini sur Q@ , parce gue le diviseur
5

L P ., .
1=1 ndép, i

est rationnel sur @ .

4.3.5 Considérons la forme :

2 -4 -1 3
Fndép,2 Fndép,3 Fndép,4 Fndép,S
elle définit sur X_ ., (11) une fonction de diviseur :
ndép

13Pndép,‘| - 2Pndép,2 - 2Pndép,3 - 2Pndép,4 - 7Pndép,5

soit encore

= 3L(Pndép,1) —L(Pndép,S)'

On en déduit par permutation des fonctions de diviseur

3¢ (Praep,i) ~ ¥ (Pragp,si)r TE€Eyy -
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4.3,.6 Considérons enfin les fonctions :

2 8 -15 -1 6

¢ .
Fndé 1 Fnd' 2 F dé 3 ¥ dé 3 Fndé 57 ' E11 '
Pr3 €pr7 ndep.y nNASP.3 B3
elles définissent sur X_.. des fonctions de diviseurs

ndép

11(4Pndép,i“Pndép,2i“Pndép,3i--Pndép,éli“Pndép,Si)'

= 11'L(Pndép,i)‘

4.3.7 D'aprés 4.3.5, 4.3.6, le groupe engendré dans (11) par

Jndép
les images des pointes est cyclique d‘ordre 11. Plus précisément, on

déduit de 4.3.5 :

_ .2
L(Pndép,i) = 'L(Pndép,1)'
L'action du groupe de Galois commute & ¢ , et on a :
[2] 2 8
12 = = = , )
(Pndép,i) L(Pndép,Si) 3.1 L(Pndép,1) 2 ’L(Pndep,l)

ce qui montre que 1'image du groupe cuspidal par ¢ est isomorphe comme

. v ~ ®
module galoisien au groupe C6== w1$ .

La prop. 5.6.1 du chap. I s'applique a Jndép(11), et entraine :
Jndép(11) est ;somorphe sur @ a la courbe E6 .
4.3.8 On sait construire des points de Xndép(11) rationnels sur

® , par exemple au moyen de courbes d'invariant j=0 ou 1728. Par

conséguent, la courbe X (11) est isomorphe sur @ & sa Jjacobienne,

ndép
donc a EG :
Proposition 4.3.8.1 : La courbe Xndép(11) est isomorphe sur @

3 la courbe Eg d'équation :
3 2
vty =x"-x" -7x+10 (cf. I, 2.6 et [2]).

Corollaire. Le groupe des points de (11) rationnels sur Q@

Xndép

est isomorphe a Z .

En effet, E,_(Q) ® Z , d'aprés les tables de [2].

6
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4.4 La courbe XG (11).

4
4.4.1 Les formules de 2.1 montrent gue la courbe XG' (11) est de
4

genre 1.

Les pointes de Xe,4(ﬂ), notées P@/4ri , 1E(E,H , correspondent
aux cing orbites de ((13)’ i€ [E:11

L'action du groupe de Galois est donnée par :

pe2l o i€E,, . cf. 4.1.1

6’4.1 6’4,41 11

Les cing orbites de 1'action de HG. sur _U_ sont celles de
4

(3,0), jEIE:11 . A chacune est associée une forme modulaire notée Ee 5 -
4’

4.4.2 Considérons 1'ordre des formes F@’

. aux pointes P@’4,i .

On a (cf. 2.3.3.1) :

ordre de F(54,j en PG'4,i = ordre de F@4,1 en PG4,ij , 1,3 EE“ P

et la premiére ligne de la matrice :

(ordre de F@ . en P L)
.3 [ A
4 4 1,j€EH

est (=11, -9,-12, =12, -11).

4.4.3 Considérons la forme :

-17 23 -7 -2 3
F F F F F H
G I
Gyl 762 78,3 7E,,4 7G,,5
elle induit sur X@, (11) une fonction de diviseur :

4
5.11(P -P ).
(54,1 G,.2
Les propriétés de symétrie de la matrice donnant les ordres aux

pointes entralnent :

La forme
Fe /1 Fa 2Fg 3Fg 4Fx 5, L€E,, |
4’1 4" 3 4'3 4’1 43

induit sur XG’ (11) une fonction de diviseur
4

5.11(p .- P L) .
6’4,1 @4,21
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4.4.4 Considérons le morphisme ¢ de XG'(11) dans sa jacobienne
4

Iz (11), défini de la fagon suivante

2o X (1) 2 Jg (11)
4 S}
4 4

5

P » 5p- ¥ P i
i=t 4t

Ce morphisme est défini sur @ (cf. 4.3.4).

= ¢ (P).

4.4.5 La forme

6 -2 -3 -1

F F F F
34,2 Ga,3 @2,4 @2,5
définit sur XGW11) une fonction de diviseur
A
17p - 3P - 3P -8 - 3P
G, 1 .2 .3 %;1,4 S5
= 41 (P ) -2(P )
< 4
4'1 4'4

40 (Pg ) - v(Pg ,i) . LEE
4I

4.4.6 Enfin, les formes

Fg® 1 Py 2 Fg 3Fg 4Fs 5, i€E, ,
4’3 4,1 4’3 43 4'1
induisent sur XG'(11) des fonctions de diviseurs
4

11(4p ., - P ., =P . - P . = Py )
Gh,l Gi,2l Gﬂ,31 @%,41 4,51

= 11.2(P, ).
eﬁ,l

4.4.7 11 résulte de 4.4.5 et 4.4.6 que le groupe engendré dans
Jg (11) par les images des pointes est cyclique d'ordre 11. Plus pré-
4
cisément, on déduit de 4.4.5 :

.6
i .

(P L) = v(p ) . i€E .
S, 1 €, 1 1

L'action du groupe de Galois commuted ¢ , et on a

2] .6 2

¢ (P, .)[ = (P ) = 4.i° .t (P, ) = 2%.2(p, )
@2,1 @a,41 @z,1 @2,1

ce qui montre que 1l'image du groupe cuspidal par ¢ est isomorphe

®2

comme module galoisien au groupe m11
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La prop. 5.6.1 du chap. I s'applique a Jg (11), et entraine :
4

J@4(11) est isomorphe sur @ a la courbe E, = ES/CS .

4.4.8 Un point rationnel sur @ de la courbe X@, (11) a été
4
construit explicitement par J.-P. Serre. Par conséquent, la courbe

Xy (11) est isomorphe sur ® & sa jacobienne :
4

Proposition 4.4.8.1 : La courbe X@ (11) est isomorphe sur @ a
4

la courbe E, = ES/CS ; d'équation :
2 _.3,.2
yo+xy+y = x° +x°-305x+7888 (cf. I, 2.6 et [2]).

Corollaire. La courbe XG, (11) posséde un seul point rationnel
4

sur @ .

En effet, les tables de [ 2] montrent que E:;(Q) contient un seul

élément.
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III. Représentations de Hecke

1. Exposé du probléme.

1.1 Soit V¥ = <T(p),2>o l'espace des formes paraboliques de poids
2 sur le groupe [(p).
Le groupe SL2(Z) opére sur ¥ de la fagon habituelle :
: ”r - (ab
Si f€V , et M (o g)¢€ SL, (Z),

(£1M)(z) = (cz+d)—2.f(%§$§) ; le sous-groupe
{i1}.T(p)- opére trivialement, d'ol une action du groupe quotient
Qp= PSL IFp) sur ¥ .

Nous dirons que 7 , munie de 1'action de Qp , est la représentation

de Hecke de Qp .

1.2 Hecke a considéré dans [3], puis dans [4], le probléme suivant:

Propléme. Déterminer la décomposition de la représentation ¥ de §

en somme de représentations irréductibles.

(En fait, le second article traite du cas plus général ou l'on
remplace [ {p) par un sous-groupe arbitraire de SL2(Z), normal et
d'indice fini dans SL2(Z)).

Le probléme se subdivise en deux problémes de natures distinctes,

savoir :

W

1) Soit ® une représentation irréductible de Qp , et soit

Bl

la représentation conjuguée de 8 . Soient rg , rg les multiplici-
tés respectives de 8 et 8 dans ¥ . Déterminer rgtrg -
Ce probléme est de nature topologique.

2) Si 8 et ® ne sont pas isomorphes, déterminer ry .

Ce deuxiéme probléme fait intervenir des considérations de nature
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arithmétique.

1.3 Les deux articles mentionnés plus haut fournissent chacun une

méthode pour aborder le probléme 1.

1.3.1 Premier probléme. Soit H un sous-groupe de Qp . Soit 7H

le sous-espace de ¥ invariant sous H .

On a :
\ H
dim ¥ = genre de la courbe Xy
=X rg.dim sH ,
8
on f désigne le sous-espace de 8§ invariant sous H .

On sait déterminer le genre de XH (lorsque H est cyclique, ceci
est fait dans [3] ; cf. également II, 2.1).

D'autre part :

. H 1
dim 8% = THT hiH xg(h) .
ol Xg désigne le caractére de la représentation irréductible 8 .

Si 1'on porte cette expression dans celle obtenue pour dim 7 H , et
si l'on fait parcourir & H 1'ensemble des sous-groupes cycliques de
QP , on obtient un systéme linéaire d'équations aux inconnues rg - On
sait (cf. [12], I1.13.1, cor. du th. 30') qu'une représentation dont le
caractére est & valeurs dans @ est connue lorsqu'on connait les inva-
riants des sous-groupes cycliques. La résolution du systéme donne donc,
pour chaque représentation irréductible & de Qp , la valeur de
g Tge o 8' parcourant les représentations conjuguées de $ sur @ .

A cause des propriétés particuliéres de Qp (cf. 1.4) et de la repré-
sentation 7 (cf. prop. 3.1.1), ceci équivaut & la résolution du
probléme 1.

Un inconvénient de cette méthode est que la détermination de Ty s

pour &8 donné, exige la connaissance des caractéres Xg: + Ppour tous

les &',
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1.3.2 Deuxiéme méthode. L'espace ¥ s'identifie de facgon canonique

avec l'espace des différentielles de premiére espéce sur la surface de
Riemann X(p). L'idée de Hecke, mise en oeuvre dans [4), consiste a
considérer, plutdt que les différentielles, les intégrales de premiére
espéce.

On obtient ainsi une représentation affine du groupe Qp ol, en
guelque sorte, les rg copies d'une représentation £ intervenant
avec la multiplicité rg sont séparées.

Le résultat principal est le suivant ([4], th. 8) : Désignons par

o - 1

S , resp. T les matrices (1 ;)' resp. (é 1).

Proposition 1.3.2.% : Soit & une représentation irréductible de

Qp , distincte de la représentation unité. Soit Xg son caractére.

Alors :

wl—

rg+rg = deg -1 Ty (1% -5 T x(s?) - o xg((smT).

a mod p a mod 2 a mod 3

Le premier probléme posé est ainsi entiérement résolu. De plus, la
connaissance de rg +rg ne demande que celle du caractére Xg de la

représentation & considérée.

1.4 Représentations irréductibles de G_ .

Pour résoudre le second probléme, on doit avoir plus d'informa-
tions sur les représentations irréductibles de Qp . En particulier, on

désire savoir lesquelles sont réelles.

1.4.1 On connait, grice a Frobenius, toutes les représentations

irréductibles de Qp = PSLz(Fp), (cf£. [3], §1). Elles sont au nombre de
pts
5
Mise & part la représentation unité, ce sont les représentations

données par le tableau suivant :
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p-1
2
A pr=1) 7 oy + -1
degré P P p+i P
pour chaque pour chaque
1 représ. 2 représ.

diviseur t de| diviseur t de

irréductible| conjuguées _
Bl i, | B e,

représentation o sk ; 2 , 2
P 5 o(t) représ.§ ©(t) représ.
8§ (a) (a)
8 8
LS pﬂ(u pq(w
réel ou non
réel — réel réel
selon que p=1
caractére (rationnel) ou 3 (mod 4) (a valeurs (a4 valeurs
dans dans

(& valeurs

-1 -1
dans Kp) Q(€t+gt ) Q(Ct+€t )

1.4.1.2 1) Considérons la représentation naturellement associée &
l'action de Qp sur la droite projective P1(Fp). Elle contient une
sous-représentation irréductible de degré p qui est Sp . Cette der-
niére est donc réalisable sur @ .

2) On peut démontrer ([4], Satz 14) que toute représentation
irréductible de Qp est réalisable sur le corps engendré par son
caractére.

3) Lorsque p=3 (mod 4), on sait construire explicitement
au moyen de séries th&ta, un sous-espace invariant de ¥ qui est somme
directe d'un certain nombre (égal au nombre de classes du corps Q(V-p))

d'exemplaires de la représentation &£ 1 (cf. [3], §4). Nous allons

2
expliciter cette construction dans le cas o2 p = 11 (cf. 2.2).

2. Le cas p =11 .
2.4 Lorsque p = 11 , la représentation 7 est de dimension 26.
Utilisons la prop. 1.3.2.1. Les valeurs de Xy sont données par

le tableau de [3], §1. On trouve :



219 Lig-T1

s,z 8 Q ﬂ(1)
rep. unité|$ ou 55 @10(3) 8, (6) 12 (5

rg+ry 0 1 1 1 0 o] 0

—~—

(2)
5,575

Il reste a résoudre le probléme 2, c'est-a-dire ici a déterminer

laquelle des représentations 95 , 95 intervient dans 7 .

2.2 Considérons les séries théta :

. oo
2Miz —

8(z,3,/217) = = o.e Moy =1,.5 .
o EOK
o=j(mod V-17)

Ces séries engendrent une sous-représentation de dimension 5 de 7,

isomorphe & 8. . On en déduit que r =1, 5y =0.
5 g 8 S

2.3 En définitive, la représentation ¥ est isomorphe 3 la

somme directe :

8,®8,08 (3).

Les représentations $11 , $1O(3) sont réalisables sur @ . La
représentation 85 est réalisable sur K = Q({-11).
2.4 Considérons les sous-groupes Hdép , Hndép , HG;21 (cf. II,4.9.

Utilisant & nouveau la connaissance explicite des caractéres des repré-
sentations irréductibles, et la prop. 1.3.2.1, on calcule la dimension
de l'espace des invariants de chacun de ces groupes dans les représenta-
tions irréductibles 311 , 85 , 310(3). Le calcul ne présente pas de

difficultés. On obtient le résultat suivant :

R E B
111%5]®10(3)

i, 1 7 o

dép

Hl’ldép 0] 1 (o]

H (o] 0] 1

€,
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3. Interprétation géométrigue.

3.1 Reprenons les notations de II, §§3 et 4. Rappelons (cf. II,

ex. 3.7.3) que X(p) note le modéle canonique associé au sous-groupe

K

de GL2(Fp) formé des homothéties, et que l'on a une injection

canonique :
= -
qp PSL2(Fp) Aut, (X(p)y ) .
P b
On notera J(p)K la jacobienne de X(p)K . On déduit du mor-
b P
phisme précédent un morphisme canonique :
-
Qp Aut, (J(p)y ) .
P P
Soit DK l'espace des 1-différentielles invariantes sur la
b
variété abélienne J(p)K . Le morphisme que 1l'on vient de définir
P

induit un morphisme

Qp @ Aut, (D ) .
P P

qui fait de Dy une représentation Kp—linéaire de Qp . Cette repré-
p

sentation est une réalisation sur Kp de la représentation de Hecke V.

Par conséquent :

Proposition 3.1.1 : La représentation de Hecke ¥ est réalisable

sur le corps K _ .
P

3.2 On suppose maintenant que p = 11 . On notera simplement M

1'automorphisme de J(11)K associé & M € Q1{

3.2.1 Soit H un sous-groupe de SL2(F11), et supposons que la
courbe XH associée soit de genre 1. Les invariants de H forment donc
un espace de dimension 1 dans une représentation irréductible Sd de
q = q11 .-

Soit £ une base de 1l'espace des invariants de H . La représenta-

tion Sd étant irréductible, on a :
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=8 .
£1G = 8,
On peut donc choisir 4 éléments M1 =1, MZ""'Md de § tels que
les formes :
£ = £lMy L i=1,....4,
i
soient une base de Sd .
Considérons alors les sous-groupes :
H, =M 'HM, , i=1,...,4d .
i i i
Le vecteur fM est une base de l'espace des invariants sous le
i

groupe Hi .

Soit XH , resp. XHi la courbe quotient de X(11)K par le groupe
d'automorphismes défini par H , resp. Hi . Remarquons que, si H est
1'un des groupes considérés en 4.7, la courbe XH s'obtient a partir
du modéle canonique défini en 4.1 par extension des scalaires de @

N

a K . L'automorphisme de X(H)K défini par Mi définit un isomor-

phisme de avec :
Xy X

Ky Ty

3.2.2 Considérons le K-morphisme

- ~
X(11)K XH1 X...X XH ~ XH

d

produit des morphismes canoniques.

On en déduit un morphisme des jacobiennes :

a
T 2 3

o -
Ce morphisme est surjectif. En effet, l'application cotangente

correspond a l'injection du sous-espace engendré par les fM , c'est-
i

a-dire de Sd dans 1l'espace 7 1lui-méme.

3.2.3 En définitive, on a montré :

La décomposition de J(H)K en classes d'isogénies sur K c¢on-

tient d exemplaires de JH .
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3.3 Ce qui précéde s'applique dans les trois cas suivants, (cf.
tableau de 2.4) :
1) Le groupe H est le groupe de Borel de SL2(F11) formé
des matrices triangulaires supérieures, et & = 911 .
dép ' et & = Ag5 :
3) Le groupe H est HG4 , et 8

2) Le groupe H est H

il
=}
w

On obtient donc :
La décomposition de J(11M( en classes d'isogénies sur K contient :

1) 11 exemplaires de X (11) :

O(
2) 5 exemplaires de Jndép(11) :

3) 10 exemplaires de T (11).
4
3.4 Considérons maintenant le groupe H.,, . L'espace de ses inva-
riants est de dimension un dans 8_ .

5

Soit £ une base des invariants de H dans ®_ , et soit f'

dép 5

une base des invariants de Hndép dans ®_ . Il existe un élément M

de G envoyant f' sur f :

On en déduit 1l'existence d'un diagramme commutatif :

T LJ(H)K

| l

Jdép(11) — J (11

ndép
ol le morphisme du bas est surjectif. On montre de méme 1'existence
d'une K-isogénie :

Jdép(11) e XO(11) .

3.5 D'autre part, comparons l'expression explicite de la forme
f6(z), donnée par la prop. 1.4.1 du chap. I, avec les séries thé&ta de

2.2. Il est clair que 1l'on a :
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z > 3
to(77) = j>i1 (11).6(2,3,\}—11).

I1 en résulte que Jndép(11) est isogene sur K a la courbe E6'

Par conséquent, Jdép(11) est K-isogéne au produit XO(11) XEg .
et J, (11) est isogéne sur K & la courbe E, .

Gﬁ 4

3.6 On a donc retrouvé sous une forme plus faible les résultats du

§4 du chap. 1I, & savoir :

Jdép(11) est isogéne sur K au produit Xo(11) XE, :

3}
Jndép(11) est isogéne sur K & E6 :
q34(11) est isogéne sur K & E4 .
De plus :

Proposition 3.6.1 : La jacobienne J(11)K du modéle canonigue

asgocié aux homothéties (cf. II, ex. 3.7.3) est isogéne sur @(V-11)

, 11 5 10
au proguit : .
au produit E1 XE6 >(}i‘.4

3.7 Une fagon plus conceptuelle d'envisager les résultats précé-

dents est la suivante.

3.7.1 Plagons-nous de nouveau sur le corps K , et considérons le

morphisme :
G 2 Aut(I(11),).

Considérons la variété abélienne J(11)K 4 K-isogénie prés. Par
linéarité, on obtient un morphisme :

5 = 0lG] ~ Ena(a(11))®Q .
3.7.2 Les résultats de Hecke rappelés en 2.3 signifient que ce
morphisme se factorise & travers la projection :
oG] - My, (@) XM (K) XM, (@), d'ol un morphisme ¢ :

[ MH(Q) XMS(K) me(Q) - End(J(11)K)®Q .
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3.7.3 En particulier, les matrices unités de M11(Q), M5(K),
M1O(Q) définissent des projecteurs de dimension 11, 5 et 10 respecti-
vement ; par conséquent, J(H)K 3 isogénie prés, se coupe en trois mor-
ceaux de dimensions 11, 5 et 10, correspondant aux images de ces matrices

unités.

3.7.4 Soit M(i) 1la matrice de M11(Q) dont le terme diagonal
i-iéme est 1, et dont tous les autres termes sont nuls, i = 1,...,11 .
Cette matrice définit un projecteur de dimension 1. D'autre part, deux
matrices M(i), M(j) sont conjuguées par une matrice de permutation.

On en déduit :

L'image de D(M11(Q)) est isogéne sur K au produit de 11 courbes

elliptiques, isogénes entre elles sur K .

On a un résultat analogue pour MS(K)’ M1O(Q)'

3.7.5 De plus, K est dans le centre de MS(K), et par conséguent :
L'image de D(MS(K)) est isogéne sur K au produit de 5 courbes

elliptiques dont le corps d'endomorphismes est K .

3.7.6 Soit H un sous-groupe de G . Il lui est associé un pro-
jecteur, image de 1'élément :

T;T _Z_ h de Q[Q] -
Hl nen

L'image de ce projecteur se répartit suivant les trois morceaux

correspondant aux représentations 311 , 8 (3). L'image dans le

5 Ag10

morceau correspondant & ¥# est de dimension donnée par la trace de

1'élément considéré, soit

T;T _Z_ xg(h), dimension des invariants de H.
Bl hen

3.7.7 On peut alors procéder comme en 3.3, 3.4 ; en prenant des

groupes H convenables, on obtient de nouveau le fait que J(11)K est

isogéne au produit E}1><EZ§<ELO , et que Jdép(11), J

Jé%(11) sont isogénes sur K a E1>(E6 R E6 et E4 respectivement.

ndép(H) et
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Table 1

Le groupe #(121) (cf.I.3.2.3)

Cette table donne 1'expression des 110 éléments (2:7) ,
c=1,...,120 , (c,11) =1 , en fonction des douze éléments (E:T), c€B®,
ot ® = {2,3,4,5,7,8,9,18,26,36,49,51} .

On note simplement {c) 1'élément (E:T).

(1) = o (45) = ©

(6) = (5) (46) = =(5) +(7) - (18)

(10) = © (47) = -(18)

(12) = 0 (48) = (7) - (8) - (18)

(13) = (9) (50) = (49)

(14) = -(8) +(9) (52) = —=(2) +(3) = (4)+(7)=~(18) - (49) + (51)
(15) = -(8) (53) = =(2) +(3)-(5)+(7)-(18) - {49) + (51)
(t6) = {(7) - (8) (54 = ©

(17y = (7) - (8) (56) = ©

(19) = =(5)Y+(7) (57) = ~(2) +(3) = (5) + (7) - (18) = (49) + (51)
(20) = -(5) (58) = —=(2)+(3)-(5)+(7)-(18)

(21) = 0 (59) = =(2) + (3)

(23) = © (60) = -(2)

(24) = -(5) (61) = -(2)

(25) = (4) - (5) (62) = —(7) + (8) + (18) + (49)

(27) = -(4) + (5) + (26) (63) = =(7) +(8) +(18)

(28) = -(4) + (5) + (26) (64) = =(7) +(8)

(29) = -(4) +(5) (65) = O

(30) = -(4) (67) = ©

(31) = (3) - (4) (68) = -(7) +(8)

(32) = o (69) = —(7)

(34) = o (70) = (5) - (7)

(35) = (3)-(4) (71) = (5)—(7)+(18)

(37) = -(3) + (4) + (36) (72) = (5) - (7)+ (18)

(38) = -(3) +(4) (73) = (2) - (3) +(5) - (7)+(18)

(39) = -(3) + {(4) (74) = -(49) + (51)

(40) = -(3) (75) = ~(49)

(41) = (2) - (3) (76) = o©

(42) = =(5)+(7) - (18) (78) = ©

(43) = © (79) = -(49)
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(80) =
(81) =
(82) =
(83) =
(84) =
(85) =
(86) =
(87) =
(89) =
(90) =
(91) =
(92) =
(93) =
(94) =
(95) =
(96) =
(97) =
(98) =
(100)=
(101)=
102)=
103)=
104)=
105)=
(106)=
(107)=
(108)=
(109)=
(111)=
(112)=
(113)=
(114)=
(115)=
(116)=
(117)=
(118)=
{(119)=
(120)=

(
(
(
(

(7) - (8) - (18) - (49)

~(2) +(7) - (8) - (18) - (49)

-(3) +(4)

-(3) +(4)

-(36)

(3) - (4) - (36)

(3) - (4)

o]

o]

-(3) +(4)

-(2) +(3)-(4)+(7)-(8)-(18) - (49)
-(8)

-(9)

-(9)

(8) - (9)

(8)

—(2) +(3) - (4) +(7) - (18) - (49)

o]

o]

=(2) +(3) - (4)+(7)-(18) - (49)
-{51)

(49) - (51)

(2) = (3)+(5)=(7)+(18) + (49) - (51)
(2) = (3)+(5) = (7) +(18) + (49) - (51)

-(4) + (5)
-(26)

(4) - (5) - (26)
o)

o]

(4) - (5) - (26)
(4) -~ (5)

(2) = (3)+(4) - (7)+(18) + (49) - (51)
(2) = (3} +(4) - (7) + (18) + (49)

(2) = (3) +(4) - (7) + (18) + (49)

(2) =(3)+(4) - (7) +(8) + (18) + (49)
(2) = (7) +(8) +(18) + (49)

(2)

o]
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Table 2

Formules de conjugaison complexe

Cette table donne 1'expression des transformés des vecteurs
(2:1), c€® , par la conjugaison complexe (cf. I.3.2.5).

On note simplement (’E:T) = (c¢), comme dans la table 1.

N
il

(2)
(2) = (7) +(8) +(18) + (49)

—

w

-
n

FS
1]

(2) - (3) +(4) - (7) +(8) +(18) + (49)

—
8]
n

(2) - (3) +(4) - (7) + (18) + (49)

(2) - (3) +(4) - (7) + (18) +(49) - (51)
(4} - (5)

~J
]

—~
[ee
I

(9) = (4)-(5) - (26)
(18) = (49- (51)
36 = (8) - (9)
(36) = (3) - (4) - (36)

'y
0
]

(5) - (7) + (18)

—
(8]
N
~—
1

(5} -(7)

Lig-T79
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Table 3

(0,1}, cem...,
c

Expression des vecteurs

o+

v]:,k=1,..

., 6

en fonction deg vecteurs

;
3 Y4

~—IN
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Table 4

en fonction des

vecteurs Y; , k=1,...,6

s +
périodes w,. ,

1

Lig-81

des réseaux LI (i=1,...,6) (cf. 1.4.9).
Notations.

w1+ = {o,%}f1 + {o,-%}f1 .

w; = 5w1 B

inr = VZ,i = {0,51—1} + {o,—51—1}fi

(i=3,4,5,6).
YT’1‘ @ YT'2= @) YT,3=1Ow§ vT’4=—2wZ vT'5=—2w; V1,6_ 0
3,17 9Y[v3,= O V3,3= 2030 v] 4= ey | vy g==wg |v5 4= O
V3= o ¥i,.= 0 v3,5= 20 V§,4='2‘”Z ¥i5= 251 V5,6= 0
L S G VS SRS, S VL S I N PV
4,1 4,2 2| Ya,3 3 4,4 4 4,5 5 4,6 6
V;,ﬁz"“’ ¥5,2% 7% V;,3_““’; V;,4= © |¥5,5 5| ¥g,6" wg
VZ,1:'“° VZ,z_““; ’”’Z,3=3“’; VZ,4= © Vg,sz © V;,6="”
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Table 5

Coordonnées des vecteurs Y; , k=1,...,6

en fonction des périodes ws

des réseaux LZ (i=1,...,6) (cf. 1.4.9).

Notations.

-

_ 1 1
w = {O,‘§}f1 - {O'_§}f1 4

UJ2 =w1 ’

- _ 1 [ j_ . ]

UJ3 = —5 {0'49}f {Ol 49}f3 ’

- 1 1

w, = {0,="} {0,~==} ,

4 15’5, 5°s,

- 1 1

w5 = {O,E}f {O, E}fs '

- 1[ 1 1

wr = o3, = to,-ms}. | .

6 = 3103’ s, 5's,
Vi, 17 “1 | Y1,2% 29| Y¥4,3% O | Yy, 47 O |¥y 50 | vy =24
V2,15 O 1Y, 0% My V¥p,37 33|V 4729,V 570 | ¥y = Y
V3,17 © [ ¥3,27 O | V3,37 O N3 4= 0 | ¥y 5=0 ¥y g=-40g
Ya, 1= 1| Ya,27 "1 Y4,3% “3 [ Y4,47% | Y4,5%5|Y4,6" "%
Y5,1 O | Y5, =20 | ¥5 3= 205 | Vg ,=¢, | Y5 5=U5 | Y5 = 29
V6,1~ “1| Y6, 27721 [ V6,37 43| Y6,47 4| Y6,57% | V6,6~ 2
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Table 6
Soit =z = 1 g (a v+ + by, ) b, €R un cteur arbitraire de
2 k=1 k' k kyk ' akl K ’ ve
C6
Soit m.(z) = s.w'?' +t.w, , i=1,...,6 , la projection de =z sur
i ii ivi
la i*“™€ coordonnée (cf. I.4.9).
On _a
a s
1 1
12.{ 1 | =m". [ ,
ag Se
b1 _ t1
12, ¢ =M .| , avec :
b6 t6
-2 -1 1 -4 -4 6
12 -6 2 12 4
ut = 6 3 1 0 8 -6
-4 10 2 4 4 (e}
e} -12 (¢} (¢} e} 12
-4 -2 2 4 4 -12
8 8 (e} 4 12 (¢}
4 -2 2 8 -8 e}
M = 6 ~9 -1 0 -8 -6
-12 6 2 0 16 0
-4 -4 4 4 [¢]
4 -2 2 -4 4 (e}
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Table 7

Pointes de XO(121)

Soit u un entier. On pose (cf. I, 4.10.2)

. u _ Sy - .
2{1w,TT}fi = X(u,l)wi + Y(u,l)wi , i=1,...,6
Cette table donne les valeurs de (X(u,i),¥Y(u,i)) pour
u=20,1,3,4,5,2, i=1,...,6
AN 0 1 3 4 9
i
1 2
-£.0 0,0 -1,1 1,1 2, -2,0
2 3 7 1 8
2 0,0 53,0 _E'1 E'1 55 —E,O
32 27 13 8 28
3 _410 —2,E 1,_2—5 31_'2_5 OI—E O,_'2—5
9 1 4 3 6
4 2,0 1,ﬁ —1,ﬁ O'ﬁ —1,1— O,—TT
1 3 4 5 2
5 2,0 ‘1,1—1 1,ﬁ 0,1—1- 3'ﬁ O,--.‘—1
6 1 3 4 2
6 OIO _ﬁ'lo 1-1'1_1 W/—1 TTI _ﬂlz
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INDEX
<T (™,2> 1.1.1

[n] I.2.4
<p.Q> 11.3.2

{z ,21} I.3.1

@ I1.4.6.1

c,; 1.2.2

C; I.2.2

esd III.1.2
DJ I.3.1

E; I.2.1
Ep,lE; 11.2.1.2
ey’ e3'H, e H I11.2.1

€ 1.2.4
Ty, 11.2.3
n(z) I.1.2

& I1.3.1

Fy I1.2.3
Fdép’i , Fndép’i , Fc-4li I11.4.2, 4.3, 4.4
£ f, 1.1.2, 1.4
Qp IIT1.1.1
Gdép , Gndép , G6,4 II.4.1
9pr 95 I.3.1

94 I1.1.2, 1.5
9« 11.4.2

+
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H(N) , H'(N) I.3.2.3
H,?I,HL6 I1.1, 2
* 1.2.1

I I.3.1

2 11.4.3, 4.4
K 1.1.3
Kp 11.3.7.3
E(r'w) I7.2.3
Xq1 1.1.3
Xg 11I.1.3
Xz 1I1.2.3
L, I.3.1
L; I.3.1
L,Li,Lt,Lf 1.4.6, 4.7, 4.8
A I.1.5.2
Lu?? 1.2.5
by I1.2.1
Ok 1.1.3
Q£ 1.3.1
Wy 1.4.9
Piya I.5.2

Pdép,i Pndép,i' PQMJi I1.4.2, 4.3, 4.4

] ] ]

N 1.3.1, 4.8

N 1.3, 1

o, I.2.1
1T, 7T 11.2.2

m. 1.4.8

! 11.2.3
¥ 11.4.2

o«

R , R , R I.3.4
p’ P’ P
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ry II1.1.2
b, P I11.4.7
11 11.2.3
g 11.2.3
J I.1.3
T 1.1.3
n

II.3.1
F(a,b)
8 IIT.2.3
v III.1.1
X, TI.1
xdép(ﬂ), Xndép(ﬂ), xG4(11) 17.4.1
pa 1.4.8
*x
X(u,1i) 1.4.10.2
g 1.3.2.3

Y(u,i) I.4.10.2
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ON THE NORMALIZER OF FO(N).

by P.G. Kluit

0. INTRODUCTION.

Let N be apositive integer and let TO(N) be the subgroup of the mo-
dular group I' = SL(2,%)/(x 1) defined by the matrices (i g) with N
dividing c.

Let H as usual be the upper half plane and H* = Hu Q U {=}, then the
quotient XO(N) = H*/FO(N) is a compact Riemann surface. Let r*(N) be

the subgroup of SL(2,R)/{ 1} consisting of the matrices

W m"1/2<i 3) with m|N, N]e, mla and m|d; a,b,c,d € Z.

(This implies %%m - b %% =1, so (M,Nm )= 1). Then TX(N) is
the abelian normalizer of FO(N) in SL(2,R)/{ +#1}. In case neither U4

nor 9 divides N it is even the full normalizer. The factor group

G(N) = Fﬂ(N)/FO(N) is abelian of type (2,2,...,2), the number of direct
factors being equal to the number of prime factors dividing N. We may
conceive this group as a subgroup of the automorphism group of XO(N);
its elements are the involutions w of Atkin-Lehner type. (Here w
denotes the image of some Wm in G(N))y. See for all this : [7]1, [1]1 and

[8].

1. THE FIXED POINTS OF Wm.

Take N = mm', with (m,m') = 1. For any such N and m (#1) we will cal-
culate the number v(N,m) of fixed points of the involution w_ on XO(N),

i.e. the number of ramification points of the quotient map

¢m N
Xg (N) ——22 e X (N)/ ()

Observe that the degree of ¢m .- and hence the ramification-index, is 2.
3
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In case N = m we have Fricke's result [4]; for m > 5 it reads

v(m,m) = h{-4m) if m#% -1 mod U

h(-tm) + h(-m) if m = -1 med 4

Starting from this we may obtain a formula for v(N,m), using the fol-

lowing diagrams

)
Iom) > < To(m) 0 > X (m) — .0 Ko (m)/ i)
I 8
S x T . mN
Iy () < T 00w > H X o () X o (N)/ G )

Observe that : Fo(m) n < FO(N),Wm > = Tg(N). For W we may take the
same matrix above and below; the W have a different meaning each time,
but this will give no confusion.
If ¢m,N ramifies in a € XO(N), say a = T{(z), then 3 M € wm.FO(N) such
that Mz = z. Then evidently M € W .Fo(m), so ¢ ramifies in a(a).
m m,m

Conversely, let b € Xo(m) be a point of ramification of ¢; say
b=oom (2) (z€H¥Y. Then I M€ Wm.FO(m) such that Mz = z. Let
{Ri} be a set of coset-representatives of Iy} in Tg(m). Then
a_l(b) = {r oRi(z)}, Any of these points is a ramification point of

. . -1 ~ .
¢m,N if and only if 3T € Wm.FO(N) such that R TR;(z) = z. Now if

m 2> 5 then wm.TO(m) contains no parabolic elements, and elliptic ele-

ments only of order 2. It follows that w oR;(z) is a point of ramifi-
. . . -1

cation of ¢m,N precisely if Rib4Ri € wm.FO(N).
As we can explicitly give a set {Ri} of representatives (cf, [10]

P- 25), this last condition may be written out for any M, and reduces

to some congruence mod m'.
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Calculations can be simplified by doing these things step by step;
first for the powers of 2 (the prime 2, as usual, needs special atten-
tion; this time because of the occurrenceof 4m in Fricke's formula).
So the following diagram is used, first for N = m, and q = ZA; then for
N arbitrarily, q an odd prime

¢
X (W) ——2 N % (N (w)

0 0
?

o N
Xy (Ng) — == Xo(Ng)/ (w )

Ifm = 2,3 or 4 the cosets wm.FO(m) contain elliptic elements of order

4 and 6 resp. parabolic elements. It may happen then, that o is rami-
fied in a € XO(N), and that ¢m,m is ramified in a(a), so these cases
need special attention. We will not go into details now, but just state

the results.

THEOREM.
0) If m = 5 : vim,m) = h{-4m) if mF -1 mod U

h(-4m) + h(-m) if m = -1 mod 4,

1) If m 2 5 and odd

v(m2* m) = h(-um) X o= 1 m=1 mod 4
0 A > o1

h(-4m) + 3h(-m)

>
n
N
—

2h(-tm) + 2(1 + (5E)h(-m) X = 2 m=-1 mod 4
2(1 + (SP)vim,m) A > 2
2) If m > 5, m' odd and (m,ZAm') = 1 (A = 0,1,25.00... )
vim'2h,m = o1 (1 + ) v(m2?,m
A

plm
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3) (1)  Ifm' odd : v(2m',2) = [ (14 (Z3)) + I (1 + <%§))
plm' P plm'
(1) If (m',3.2%) = 1 : v(3.2%.m,3) = 2 0 (1 4 (Z2)) if A=0,1,2
- 1 1% -
plm
. if A>2
(iii) If m' odd : v(4mhu) = I (1 +(:1)) + ¢((d,m'd_1))
pim' p d|m'

(Here ¢ denotes Euler's function).

2. WEIERSTRASS PQINTS.

As is indicated in [7]these formulae may be helpful to determine

Weierstrass points of XU(N). We have Schoeneberg's theorem:

THEOREM. Let T be a fixed point of an automorphism w of X of period

p > 1; let g be the genus of X,g* the genus of X/<w>. If g*E # [%],

then 7 is a Weierstrass point of X.

Applying this to the case w = w X = XO(N), p = 2, and using Hurwitz'

formula
g - Zg* = -1 + % v(N,m),

we find by simple calculation

COROLLARY. If v(N,m) > 4 then the fixed points of w ~are Weierstrass

points.

The cases in which 0 < vy(N,m) < 4 may be determined more or less explici

tly. We make the following observations

a) Assume N # m, v(m,m) = 2. It is known that h(d) < 2 = 4d > -427, so
we have explicitly: vimym)= 2 = m< 10 or m = 12,13,16,18,22,25,
28,37,58,
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Then v(N,m) is either zero or > 4, provided that Nm™ ' is sufficient-
ly composite (this can be made specific in each case; for m = 5 two
odd primes is sufficient).

b) Assume N # m, v(m,m) > 2. Then always : v(N,m) = 0 or v(N,m) > &,

c) Assume N = m. This is the case handled by Lehner and Newman [7].
They proved : vi(m,m) < 4 for only finitely many m. If m ¥ -1 mod 4
we have v(m,m) = h(-4m). This reduces the problem to the rather hard
question of determining all m for which h(-4m) = 4. By machine pro-
gram I found : v(m,m) > 4 if 252 < m < 4000. It seems reasonable to
expect vim,m) > 4 if m > 4000 as well.

There is at least one instance (i.e. N = m = 37), for which v(N,m) = 2,

and the fixed points of W are certainly not Weierstrass points (see

[81). On the other hand, for almest all N this method gives some

Weierstrass points of XO(N)' Unfortunately, in only very few cases it

gives all the Weierstrass points.

3. GENERA AND INVARIANTS.

Let G be any subgroup of G(N) of order 2u, let g be the genus of
Xg{N), and let g* be the genus of the quotient-curve : XO(N)/G. Then

applying Hurwitz' formula again we have

g =1+ 2 %g-1-1/2 7 wN,m).

meG
This is obvious once we realize that a point x of XO(N) is a ramifica-
tion point of the map Xg(N) -~ Xg(N)/G if and only if it is a fixed point

of some W € G. A common fixed point of y and me would have a stabi-

mq

lizer group cyclic of order 4 in G, which is impossible.

For the case G = G(N), with N squarefree, this formula was given by

H. Helling [5]1, be it in a slightly different form.
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A special case, which had much attention already, is given by the
groups FE(N) = < FO(N),WN >, Let us denote the genus of the quotient
curve XO(N)/(WN) = XE(N) by ng). Fricke calculated gl(N) up to 71,
(making a mistake for N = 59) [u].
Helling [6] claims that gl(N) <1 = N < 131, referring to existing ta-
bles [3] for N < 1000, and giving an estimation for N > 1000. His es-
timation however is easily seen to be valid only for N > 3600. Calcula-
ting gl(N) up to N = 4000 by computer program I verified that indeed

gl(N) <1 =N < 131.

A more elegant method to find all solutions of gl(N) = 0 is obtained
using a result of Ogg [81. If XS(N) is rational, then the map
XO(N) - XZ(N) gives rise to a function of degree 2 on XO(N). So in that
case XO(N) must be either rational, elliptic or hyperelliptic. Now the
main result of [8] is a complete list of all N for which XO(N) is hyper-
elliptic. The cases for which XO(N) has genus 0 or 1 are easily deter-
mined (they are given in [8] as well). This reduces the problem to the
range N < 71, where even Fricke's table is sufficient. (By an extension
of Ogg's method of estimation in [8], theorem 3, we can find a manageable

bound for gl(N) < 2. This will be worked out elsewhere).

Let us now restrict ourselves to the case gl(N) = 0. For any such

N there exists a function jN : H > €, fulfilling the following condi-

tions
1° jN is holomorphic on H
20 jN is invariant under F;(N)

3° As a function on XE(N), jN(z) is injective, and has a simple pole

at ieo,

This last condition says, that jN(z) has a Fourier series
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itz = ) c(n)exp(2minz).

The function can be normalized such that c¢(-1) = 13 c(0) = 0. With this
normalization it is unique. For N = 2,3 these functions have been known a
long time; they are discussed in [9] and [111. 1In [2] B.J. Birch con-
structs j50’ using n-functions. Following this and other methods I
constructed jy for all other N for which gl(N) = 0, and found as a remark-

able result

LEMMA. Under the above conditions we have : CN(n) € Z ¥n € N.

(0f course we easily obtain : cy(n) € Q, for all n, with bounded deno-
minators, by writing jN as a quotient of modular forms with integral
coefficients). I expect the same thing to happen with any subgroup
G C G(N) giving a rational quotient curve XO(N)/G.

The method of n-functions was not always successful in constructing jN;
sometimes 6-series and Eisenstein series had to be used. In other cases
however more than one solution was found, giving vise to remarkable iden-

tities. We conclude with an example of these

n8(62).nz2) . n(32)

(z) = 5 3
(n(22z).n(182))7.(n(3z).n(12z))

I38

n{sz).n(4z)

n(z).n(36z) ~ 1

(n(22).1(182))°.0(32) . n(122)
(M(2).n(362))%.n(42).n(82) .n° (62)

N
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We shall mostly summarize what is in the list of
papers [KL] of the bibliography, but we also include
some new results. We only sketch the ideas of some
of the proofs, referring to the original papers for a

complete treatment.

§1. UNITS AND DIVISOR CLASSES AT INFINITY

Let H Dbe the upper half plane. Let H* = H U Q U ®.
aAr
Let ['(N) be the subgroup of SL, (2) = ['(1) consisting
e
of the matrices = 1 mod N. There is an affine curve Y(N)
defined over Q(“N) such that Y(N)C ~ T(N)\H, and its
complete curve X(N) is such that X(N), % [(M)\u*, where
the isomorphism is complex analytic. The cusps, or points
at infinity, are by definition Q, oo, or their images in
waA

X(N), so the complement of Y(N) in X(N).

We let Ry be the integral closure of 2Z[3j] in the

s
function field F of X () over Qfu,.), and QRN the
N ~ N o
integral closure of Q[j]. Elements of (QRN)* will be
W -
called units, and elements of R§ will be called units over
Z. The rank of (QRﬁ)/constants is obviously bounded by
el

W

No. of cusps - 1.
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THEOREM 1.1l. The rank of the units mod constants is

equal to the number of cusps - 1.

Viewing X(N) as embedded in its Jacobian, this theorem
is equivalent to the fact that the cusps are of finite
order in the Jacobian. Let Xys X, be two cusps. We
denote by {xl,xz} the functional on the space of diffe-

rentials of first kind given by

x
2
{xl,xz}: w L W e
1
A priori, {Xl’x2} lies in Hl(X(N),R). Manin and Drinfeld
1?4

have shown that {xl,xz} in fact lies in Hl(X(N)ig)' This
is a third equivalent statement to the above. They use
Hecke operators., Their method suggests generalizations to
higher dimensional bounded symmetric domains. We shall
leave this method aside in the present exposition, but shall
discuss the manner in which explicit units may be constructed
to prove the theorem.

Units may be characterized as elements of the function

field all of whose zeros and poles are at the cusps. Let

f be a unit, and let
n/N
f = zz a,d

be its g-expansion, which may have a finite number of terms
with n < 0. Let a, #Z 0 be the lowest non-zero coeffi-

cient. We also write a, = am(f). The following criterion
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will be used constantly,

If the coefficients an(foy) are algebraic integers,

and the lowest coefficient am(fcy) is a unit in

|

unit over Z.

Q(uN) for all y € SLZ(Z), then £ is
A - WA — - wa

§2. CONSTRUCTION OF UNITS, KLEIN FORMS

Modular functions whose only zeros and poles are at the
cusps have been constructed previocusly as in Newman ([Ne]l,
Ogg [0O], and also [L 1], Chapter 18, §6. Here we follow
[KI, II]. Let L be a lattice, L = [wl,w2]. The Welerstrass
zeta function satisfies
¢(z+w,L) = ¢((z,L) + Wt(w,L):
where *n}z,L) is R-linear in 2. 1In fact, it can be shown

AA
that

q\fz,L) = sZ(L)z +
NL
N

where NL 1is the area of a fundamental domain, and sZ(L)
Ve

is the limit 1lim z ,l/wzlwlzs, cf. appendix. We won't
s—> 0 X0
need this., We define the Klein forms (homogeneous of degree

1 in =z, L) by
k(z,1) = e W22 21,

Let V¥(w,L) =1 if /2 € L and -1 otherwise, Then

T 1m(z@)
K(z+w,L) = k(z,L) e A" V(w,L)

We shall abbreviate W = (wl) and WT = (T) . We write

Wy 1

Z = a
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where a = (al,az) is a pair of real numbers, not both in Z,
L

We then also put ga(w) = k(z,L). For A € C* we have

k (W) = Ne (W),

2
If b = (bl’bZ) € ﬁi then

ka+b(W) = eo(a ,b)ha (W)

where .
b, b,+b,+b -2ri(bya,-b,a ) /2
eo(a,b) - (-1) 172771772 e 12 Y271

has absolute value 1. As usual we put Ea(w) = ka(WT). Then

we define the Siegel function (homogeneous of degree 0)

1/12
k (r)A (r) = g ()
L (a) 2ria,(a,-1)/2 =
2 72 71 2 7L n n
= - q e (1-q,) l I (1-q.q,) (1-q /q,)
n=1
271 211 2 1
where qT = et and qz = e le, and BZ(X) =X - X + g

We note that z (—> logig(z)l is the local component of the
Néron-Tate height function at infinity, cf. [Ner], last page.
We shall be concerned with (al,az) = (rl/N, rz/N),

a, <1, and it is conve-

1 2
nient to write <t> for the smallest real number > 0 in the

r,, r, € 2, We may take O < a

residue class of t mod Z. The expression for eo(a,b)
WA,

b
) € SL2 (E) s

above shows that eo(a,b)2N = 1l. Also if « =<2
dal
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ktoW) =k (W) = e(a)k (W),

this last equality holding for a € P(N) with e(a) =

a-1 o b d-1 . 2 2 2
~ (—l)( N al+ﬁa2+l)(ﬁal+"ﬁ_az+l) e21r1(bal+(d—a)alaz—caz)/zN
Therefore e(a)2N =1, e{a) =1 1if a € [RZNZ), k. is
a modular form on f(2N2), and is on M.

k2N
L
THEOREM 2.1. If a = r/N, write k.

km(r)
l [ =r

r

instead of k_.
— —/— —a

A product

(with a finite family m(r) of integers £ 0) has

level N if and only if

Zm(r)r]z_ = Z m(r)rg = Z m(r)rlr2 = 0 mod N

if N is odd, and if N is even, then the first

two congruences should be = 0 mod 2N.

THEOREM 2,2. Let a € l-ZZ/ZZ be primitive.
— Nuw w ——F——

1) If N is composite, then 9, is a unit over Z.

A~

2) Ef_ N = pn is a prime power, then g, is a unit
in R [1/p].

3) If c€ 32, c Z 0 1is prime to N, then gca/ga

is a unit over 2Z.
- - wa

In particular, if we have a point y € Y(N) in a number
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field K such that j(y) € Oy, then we get a homomorphism
RE —> RE(Y) < of

thus parametrizing units in K, These may be called modular
units in the field of N-th division points of an elliptic
curve over X. Analogously, if Jj(y) is not integral, one
gets by pull back a homomorphism from the divisors at infinity
on X(N) into the group of fractional ideals, inducing
a homomorphism from divisor classes to ideal classes, of
which it would be very interesting to know significant
examples when it is non-degenerate. Cf. [KL I], the last
chapter of [L], Ramachandra [Ra] and Robert [Ro] for cases
with complex multiplication. The Shimura reciprocity law
can be used with good effect in this case to describe the
behavior of the special units under the Galois group.
In [KL II], the rank of the units over ,Ei is deter-
mined, and a criterion is given for a unit to be a unit

over Z as follows. Let
VAA

g = I I ggl(a)

a
.. . . 2
be a finite product, with integer exponents m(a), a € Q
A
and a ¢ Z2. Write
M *
‘ ‘ (p)
g = gcomp g s
p
where gcomp is the partial product taken over those a
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, , 2 )
which have composite period with respect to éi, and g(p

is the product taken over those a having p-power periocd

for the prime p. We know that gcomp is a unit over Ji,

and it is easy to see that

g is a unit over 2Z if and only if g(p) is a unit

VA

over 2 for each prime p.
WA

Now fix a prime p, and suppose

m{a)

Ja

is expressed as a product where a has p-power period mod

5?. Using the distribution relation (see Theorem 5.1
below) , we can achieve that g is equal to such a product
in which the exact periods of elements a are all equal to
a fixed power pn, in which case we say that the product
is normalized. Note that 'EE operates on ;QEKZ;' We

consider the orbits under this action.

mmp——
THEOREM 2.3. Let g = g(p) = l !gz(a) be a norma-

lized product. Then g is a unit over 2Z if and
== 2 - 22

only if for each orbit of q; we have

m(a) = O.
acorbit

We could also formulate a similar criterion without dealing

with normalized products.
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Robert's construction of units in the complex multi-
plication case is seen to come from the following modular
construction. Let L « L' be lattices with (L':L)
odd. Define

. (L':L) .
]_<_(2:L /L) = E(Z:L) /‘}E(Z:L ).
Then k(z,L'/L) is elliptic and periodic with respect to L

(the anti-holomorphic term and V(y,L) drop out!). We have

o T
k(z,L'/L) = ?(Z’L)_%(W’L)

where the product is taken over w € (L'/L)/+l, and w#£ O,

because both sides have the same zeros and poles.

+ . . .
Let aq € Matz(Z) be an integral matrix with odd
determinant, and let No = det a. Define
NS
aw
Na) -

“a

o (z,0,W) = k(z,m3%k(z

In view of the periodicity property of k(z,L'/L), the
above value depends only on the left coset of o with

respect to SL2(Z), so we may assume that
WV~
a b
a=(
0 4
is tri lar. Let A = finit i
i riangular e {aj,nj} jeg be a finite family,

where aj are matrices as above, and nj are integers
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such that :Z: nj(Naj—l) = 0. We let

PSS

9(2,B W) }\muaymni

Then ¢ has weight 0 in (z,W), and is an even elliptic
function. For =z = a.W 1its g-expansion is easily deter-
mined from that of the Klein forms. We assume again that

a = (rl/N, r2/N) has denominator N, and similarly b =

(bl 3b2) . We let

P(a-W,a,W) = QPa(CI,W) s

and similarly for o_(A,W), replacing o by a. and taking

J
the product raising each term to the power nj. We assume

that Na, Naj is prime to the denominator N of a, b.
> wa -

THEOREM 2,4, The function

9, (B,W) /5y (A,

is a unit over 2,
v

Finally let &) = a¥ 2(w). 1et

5o = 8MR%/8 (S
- n.
5(A,W) = ,'amrm I,

Then:

The product &(A,W)¢, (A,W) 1is a unit over Z.

WA
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The proof is done by comparing lowest coefficients.

Let f = é anqn/N be a power series in ql/N

, having
possibly a finite number of polar terms. If g is
another such power series, we write f fvg to mean that

the coefficients of the lowest terms in £ and g have

a quotient which is a unit in a cyclotomic field. Then

a if a; A0
cP(alT+a2’ a, [t,1]) ~ 2)
1 - ql 0
a if a = .
- <aaz> L
l

The theorem follows at once.

Specializing to complex multiplication, one gets
Robert's units, using ideals 351 instead of the matrices
aj4§aj. If L = [w;,w,], for any ideal a there is a

matrix o such that E_lL has the basis ﬁg-. We can
take a to be in triangular form by operaéing on the left
with an element of SLZ(EQ. As a variation, if 55 = (8.)
is principal, then the product

! )5; 3 k(z, a L/L)

is a unit in the ray class field with conductor ¢, when
L is an ideal, z € ¢ 'L, and all ideals ay are odd,
and prime to c. Working with the Klein forms and the

delta function separately gives a splitting of the group

of units which may have arithmetic significance.

KL-11
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§3. REPRESENTATION OF THE CUSPS

On the modular function field FN’ the group SL2(Z/NZ)

operates in the usual way. Matrices og = (l O) with 4

0 d
/N fixed, and moving

prime to N operate by leaving ¢
the coefficients of the g-expansion, CFE CN —> Qg. Then

GL2(Z/NZ) operates, and the isotropy group of o is

oo -{[ )

There is a direct decomposition

GLZ(N) = C(N)GOO(N)>

where C(N) is described as follows. It is multiplicative
over prime powers, C(N) =VTW—C(pn(p)) if N = _rfpn(p).
The group Cp is taken to be the group of units 9; in
the unramified extension of degree 2 over 1? , under the
regular representation. We let C(pn) = Cp mod pn, Then
C(pn) operates simply transitively on {Ez/pnzé)* =~Ez(pn)*,
Whence on i5-22<gz by
a > aa.

Similarly, C{(N) operates simply transitively on (%ﬁ2432)*.

If Poo is the standard place at infinity of FN,
then aP for o € C(N)/+1 gives all the other places at

infinity. By this device, the cusps can be analysed with

a commutative group as in complex multiplication. See [KL II].
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§4. ANALYSIS OF THE REGULATOR

Let a € %ZZ/ZZ- Let = be the Siegel function.
WA VWA

Then
1
ord g9, =7 B2(<a1)).

We may write the divisor of 9, in the group ring

(ga) = 2 %B2(<'i‘(aoc)>)a, with o € C(N)/+1.

o'
We have put T(al,az) = ay. If a is primitive, so
a = (1/N,0)g with some g, then
1
(g,) = (gg) = /5 7 B, KT(Ba)Y)a.
a

Let f(aB) denote the coefficient of @ in this

expression. Then we have the idempotent decomposition

(gB) = Z ?(a)s(w,f)ew,
¥

where V¥ ranges over the character group of C(N)/+1,
ey is the orthogonal idempotent of V¥, and

S(H,5) = > Via)f).

Let WZ be the restriction of ¥ to (Z/NZ)*. Then
AL Mg
M

S(¥,f) = (non-zero constant)B
Z,WZ

where -
By y =N Z U, (W) By KD

z WE (Z/NZ)* W

e v

provided that the conductor of ¥ is N.
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The factorization of the sum S(V¥,f) is carried out’'in
[KL. D], following a suggestion of Tate, using Fourier
expansions of the function £, The non-2ere constant
consists mostly of ordinary Gauss sums, and it is known

that B £Z 0 for even characters V,, so the
2,¥, Z

regulator O8f the Siegel functions is n&t 0.

Along the same lines, one can construct a Stickel-
berger element in the group ring, annihilating the
divisor classes at infinity [KL III]. This is a 2-dimen-

sional analogue of the situation which has arisen in

the work of Leopoldt, Iwasawa, etc,

§5. DISTRIBUTION RELATIONS

Let G = lim G/Gn be a compact group, which is the
projective limit of finite factor groups X, = G/Gn' Let
{mﬁ} be a family of functions, where @n maps Xn
into some abelian group. We say that this family is con-
sistent, or defines a distribution on G, if it satisfies
the following condition. Let x € Xn’ let T Xn+l~—> Xn
be the canonical map. Then

E Prp1 (V) = 9 (X) .
’ﬂ'y:x

Suppose the values of ¢, are in a ring R. We let

Gn =

™~

@n(x)x € R[G/Gn].



261

The elements en are compatible under the natural homo-
morphisms of the group rings. We are especially interes-

ted in distributions defined by a function ¢ on Q2/Z2

Wh W
satisfying the condition

E o(s) = o{r)

Ds=x
for every positive integer D. Such distributions are
called ordinary. If the condition is satisfied only for

r £ 0 we say the distribution is punctured.
.1 P d £
THEOREM 5.1. The map a p—> g_ modulo roots of

unity is an ordinary, punctured distribution.

The relation in the case r = 0 has tc be exceptional,
since for instance 95 is not defined. The product
li g for Da =0, a £ 0 in Q2/Z2 is a constant
a an e
depending on D. Cf. Klein, Ramachandra [Ra] and Robert
[Ro], the latter however not looking at things modularly,
but through theta functions. The proofs of the relations

are given from the g-expansions in [KL III].

In addition, Kubert [K 2] constructs a free basis

KL-15

for the units (of all level) modulo constants, showing that

the distribution of Theorem 5,1 is a universal distribution

(even) into abelian groups on which 2 is invertible,

The combinatorics are relatively complicated, due in part

to composite N, mostly to the + 1 ambiguity. It is simple

when N is a prime power,
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If £ 1is a unit, then df/f 1is a differential of
third kind on the modular curve X(N). Let us fix a
determination of log £ on H. For each vy € F(N)
there is an integer <%,ﬁ> in 5\ such that for all
Z € H we have

(log £) (vz) = log £(z) + <f,y> 2mi.

Each vy thus induces a homomorphism of the group of
units modulo constants into ja, and gives rise to a
homomorphic image of the Siegel distribution.
Distributions involving the higher Bernoulli numbers
are discussed in [KL D], independently of the context

of units in the modular function field.

§6. CHARACTERIZATION OF THE UNITS

We ask whether the construction of units by means
of the Klein forms and Siegel functions gives all units
in the modular function field (of all levels). The
answer is yes, up to possibly 2-torsion. Let S(N) be
the group generated by the Siegel functions I4 with
a € 8? such that Na E\%z, and the non-zero constants,

THEOREM 6.1. Let g be a unit.

(1) £ N=rp" is a prime power, and g" € s(N)

for some integer m > 0 then g € S(N).
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(ii) If N 4is composite and {4 is an odd prime,

such that gL € S(N), then g € S(N).

Hence the units modulo the union of the groups S(N)

for all N form a 2-torsion group, equal to 1 if

N 1is a prime power,

The proof is in [KL IV]. It is based on a lemma of
Shimura that the Fourier coefficients of a modular form
leve bounded denominators. Let us write

A
g = cq g*,
where ¢ 1is a constant, and g* 1is a power series

starting with 1, The g-expansion of the Siegel functions

shows that
. . /N . .
gg = 1 + power series in (g with integral coeffs,

Suppose

xt _ H xm(a)

g = 93

a

so that

g* = Tl—ggm(a)/&:

a

taking the root with the binomial series. Suppose first
that N is a prime p. We look at the coefficient of

ql/p. In g*m(a)/L it is equal to

a
p-1
-s F k()¢
v=0
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where ( 1is a primitive p-th root of unity. We can choose
a "good" basis for the cyclotomic integers in order to see
that the coefficient has a denominator unless g € S{(p).

In general, when N 1is not prime, we look at the first
non-constant coefficient and use induction.

The same method can be used to prove independence
relations among the Siegel units, yielding rather easily
when N 1is a prime power the fact that they have the
proper rank as in Theorem 1,1, modulo constants. 1In this
way one gets an independent proof that BZ:X £ 0, without
using the L-series, A similar method works to get the
right rank when N is composite, but in a more complicated

fashion.

§7. WEIERSTRASS UNITS

1.2, .2
For a € f‘T—'%\/\,% let gja(w) = ‘(’?(alr+a2, (z,1]).

Then
i?a - 8%)
&% - 8?6
is a unit. Simple conditions can also be given on a, b
c, d to determine when such an expression is a unit over Z.
Note that
E?b —a+b —a -b .
g P
a —b

Let K(N) be the group of forms expressible as products
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[7 km(a)
—a
a

which are modular with respect to ['(N). Let gf(N) be
the subgroup of forms of even degree, i.,e, such that

:Z:im(a) is even., Let W(N) be the subgroup genera-
ted by the Weierstrass forms, consisting of elements

which are modular with respect to l?(N).
THEOREM 7.1. We have W(N) = K'(N).

The proof in Kubert [K 1] is done by descent, and
involves only combinatorial juggling with the gquadratic
relation and the parallelogram relations

(a+b) + (a~-b) - 2(a) - 2(b).

§8. APPLICATIONS TO DIOPHANTINE ANALYSIS

The A-function (generator of the modular function
field of level 2) has the form of a Weierstrass unit,
and so does 1-A, Put u = A, v = 1-A, so that u+v = 1,

Let

u = xN, v o= yN, so xN + yN = 1.

Fricke [F] already knew that this gives a parametrization
of the Fermat curve by modular functions, which do not
belong to a congruence subgroup, It gives a correspondence

between X(2N) and the Fermat curve V(N), called standard.
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In view of the identity

X3—Xl X2—X3
X1 XXy

=l

we get infinitely many non-standard correspondences between
the Fermat curve and modular curves. The standard one is
especially good, however, because it is unramified above
both X(2N) and V(N). From this and an old theorem of
Chevalley-Weil (recalled in [KL I]), one gets:

The Fermat curve has only a finite number of rational

points in any number field if and only if the

modular curve X(2N) has this same property.

In [K 3], Kubert also proves, using the Weierstrass units:

Let X be a number field, and 1 a prime 5.

v

There is a universal bound on the torsion of elliptic

curves A over K such that 4 does not divide

the order of the Galois group G(K(AL)/K).

This follows the work of Demjanenko {D], which has not yet
certifiably shown that the order of the torsion group over
K is uniformly bounded, an outstanding conjecture.

The equation u+v = 1 has only a finite number of
solutions with wu, v 1in any finitely generated multiplica-
tive group of complex numbers [L 3]. The Weierstrass units

provide a significant example of such solutions.
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The standard uniformization of the Fermat curve puts
the Fermat conjecture in the light that the only rational
points (over Q.) should be at the cusps (in line with

e
the 0gg conjecture for the modular curves belonging to
congruence subgroups), cf. [KL I].

The existence of units such that wut+v = 1 also gives
a direct reduction on the modular curves for the finiteness
of integral points to the situation where one can apply
Gelfond's idea to use a diophantine inequality for linear
combinations of logarithms of algebraic numbers, proved
by Baker in general.

Let Fy be the modular function field again. If we

assume the Mordell conjecture for subfields of Fy proper-

ly containing 0(j) =and of genus > 2, then we see that

wh

one gets the following irreducibility statement [KL I].

[

et k be a number field containing the N-th roots

of unity. Assume that N 1is such that every

subfield of kFN properly containing k(j) has

genus > 2 (satisfied if N 1is prime sufficiently

large). Then for all but a finite number of

values jo of j in k, we have
-1,. .
K(r™ (G : k] = [kF = k(3)],
where 1m: X{(N)-—> X (1) is the natural map.
In fact, we conjecture following uniformity property

as in [KL I]., in connection with Serre's theorem.
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For all but a finite number of j_ € k, and all but a

finite number of primes p, the Galois group of the

p-primary torsion of an elliptic curve A over k

with invariant jo is equal to GLZQEP).

Next we consider another aspect of torsion points,

The Manin-Mumford conjecture asserts that on a curve
of genus > 2 there are only a finite number of points
of finite order in the Jacobian. The cusps on the modular
curves provide significant examples of such points,
according to the Manin-Drinfeld theorem (equivalent to
Theorem 1.1). The question can be raised whether the
cusps are also of finite order on curves which are
quotients of non-congruence subgroups. This is true
for the standard representation of the Fermat curve, as
shown by Rohrlich [Roh], who determines completely the
structure of the divisor class group generated by the
cusps. On the other hand, Rohrlich has observed that
the answer is negative in general. The argument goes
as follows.

In {L 3], Lang reduces the Manin-Mumford conijecture
to a Galois property of the field of torsion points on
the Jacobian, namely that the index of the subgroup of
the Galois group of the N-th torsion points over the

given number field generated by the homotheties (that is,
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inducing multiplication by an integer prime to N on the
N~th torsion points) should be bounded in &E/NEQ*.
Recently Shimura has informed us that this property can
be proved in the case of complex multiplication, and
therefore:

The Manin-Mumford conjecture is true in the case of

complex multiplication.

In particular, it is true for the Fermat curve, which has

complex multiplication.

By choosing infinitely many suitable non-standard
correspondences of the Fermat curve with modular curves,
i.e. representations as quotient of the upper half plane
by non-congruence subgroups associated with units satisfy-
ing wut+v = 1, Rohrlich shows that one would get infini-
tely many points on the curve of finite order in the
Jacobian if the Manin-Drinfeld theorem were true in the

non-congruence case, a contradiction.

KL~23
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APPENDIX

Because of its fundamental interest, we shall carry
out here the analysis of the Weierstrass eta function ﬁl(z,L)
in detail. We recall first some facts about Eisenstein
series.

By Kronecker's first limit formula or otherwise, we

know that

S
- Y A
E(r,s) = Im1+n,28 =3 + 0(1).

Let L = [wl,wz], and let ¢ = wl/m2 € H. Let

E(L,s) =Z L .

w0 lwlZS

Then in a neighborhood of s = 1 we have

1
E(L’S)N"W— )
NL s-1
A
where
NL = —=—(uq 3, - &qw,)
- 21 1-2 1%2

is the area of the fundamental domain. The residue of E(L,s)

at s = 1 is therefore m/NL.
WA

. . 1 .
THEOREM Al. (i) The function :Z:————————- is holo-
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morphic at s = 0 (it is even an entire function).

(ii) The function defined for z ¢ L by
Z
G(z,L,s) = 2 e for Re s > 3/2

‘z+w| 28

has an analytic continuation to Re s > 1/2, and is

holomorphic at s = 1.

Proof. These are essentially well known, and can
be proved by standard techniques using Poisson's summa-
tion formula. Cf. Siegel [Si], Theorem 3, p. 69.

In particular, we can define s,(L) as the value

5

of the function in (i), at s = O.

Follow ing Birch-Swinnerton Dyer [B-Swb] we define

z Zty sz
C,S(Z,L) 5+ Z{ w s - 2S (1 - + —(l s))}

iz o0 |z+w]
_ 2 Zf Z+y W + _SZ
Z w}éo IZ'H.Ule lwl 2s lmt2s-2 UJ2

+
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The series converges absolutely for Re s > 1/2 by the usunal
argument, and we have

lim ¢ _(z,L) = ((z,L)
s-—n1

taking the limit for s real > 1. For s > 3/2 we can

rearrange the terms in { } . Combining w with -w shows
w__ o,
2
w40 fuf “°

Since E(L,s) has only a simple pole at s = 1, it follows

that

3 Z - T
;. ——=z (s-1) & 2z — for s —>» 1.
jwi2® NI

i

Therefore the function

Z4+W sZ
Z + 75-2 2
w

020 1z+wizs fwy

is holomorphic at s = 1. From the definition of sz(L) we

then find:

z,

¢(z,L) = % + G(z,L,1) + sz(L)z +
NL
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THEOREM A2. ’YL(Z,L) = sy(L)z + —— Z,
NL
M

Proof, The expression

L+ 6(z,L,1)

It

175 + G(z,L,s) at s =1
V4

is periodic in L. Hence

C(z+w,L) - ((z,L) = s,(L)w + . &.
NL

[V N

]

Wl(w,L).

The theorem follows by R-linearity. It may be viewed as a
WA

generalization of the Legendre relation, which is seen to

result from the above by putting z = wy and 2z = W,

The relation is known in the case of complex multiplication

cf. Damerell, Acta Arith. XVII (1970) pp. 294 and 299, but

we could find no reference for it in general.
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CLASS FIELDS AND
MODULAR FORMS OF WEIGHT ONE

by H.M. Stark

1. INTRODUCTION.

Let f(z) be a normalized newform on FO(N) with a character. Accor-
ding to a theorem of Deligne and Serre [1] there is a normal extension
K of Q and an irreducible two dimensional representation p of Gal(K/Q)
such that the Artin L-series L(s,p,K/Q) corresponds to f(z) via a
Mellin transform. Here we put forward a conjecture (see Section 3) which
should aid materially in explicitly determining K from f(z). Our con-
jecture can be proved when X is an abelian extension of a complex qua-
dratic field and it has been numerically verified in some other instan-
ces. In the next section, we summarize the theory of Kronecker's limit
formulae and complex multiplication. These results will be applied to
L-series for complex quadratic fields and related via the Mellin trans-

form to certain modular forms of weight one.

2. THE KRONECKER LIMIT FORMULAE AND COMPLEX MULTIPLICATION.

The Kronecker limit formulae are usually presented at s = 1. We pre-
sent them here from the point of view of s = 0 where they would seem to
be more easily applicable. Let 2z be in H (the upper half plane), u

and v be real numbers not both integral and let y =uz +v. We define

. 6,0y, z)
_ _miuy 1"
ou,v,2z) = e N

where n(z) is the Dedekind eta function and

1.° 1 1
8,(v,2) = ) explmiz(n+3) +2miln+5)(y -5)1.

n
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Let p and v be complex numbers with w/v in H and set

F(s) = ¥ lmu+nv[-28 - 27(2s)
m,n#0,0
and
-2
G(s) = ) |mu+nv+al
m,n
where

a = (u,v) (s]
with u and v real and not both integral. We have
T(0) = G6(0) = 0.
Kronecker's first limit formula at s = 0 is

F'(0) = -ylog|n(u/v)|+2log|v]

and the second limit formula is

G'(0) = -2logleu,v,u/v)|.
Suppose N > 1 is an integer such that Nu and Nv are integers. Then
¢(u,v,z) is a modular function of level 12N2 and
Flu,v,z) = ¢(u,v,z)12N

is a modular function of level N [at one or two points in what follows
it will be convenient to write Pu,v(Z) instead of F(u,v,z)]. It will
be useful to recall some basic facts about such functions. Let FN de-
note the field of modular functions of level N whose g-expansions at

2ﬂl/N).

every cusphave coefficients in Q(e When Nu and Nv are integers,

op(u,v,z) is in F o and F(u,v,z) is in FN'
12N
The field FN is a normal extension of F1 and we recall [2] that the
Galois group is just GL2(Z/NZ)/tI. If g is in FN and B is a 2 x 2

matrix of integers whose determinant is relatively prime to N, we
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denote by g oB the image of g under the action of the element of
GLZ(Z/NZ)/iI represented by B. There are two basic rules for calcula-

ting goB. One rule is that if B is in I, then

(goB)(z) = g(Bz).

1 0

The other rule is that if B = (; s

) where p is prime and

n

glz) = § o g

then

(g0B)(z) =} az(p)qn
where ¢(p) is the Frobenius automorphism of Q(eZWi/N), associated with
P

of = QO(p)(mod P).

There are functions in FN which are indexed in such a way that the ac-
tion by any B is easily given. The functions F , are among these.
2

If B is a matrix of integers with determinant relatively prime to N

and Nu and Nv are integers, then

Pu,v oB = F(u,v)B'

The theory of complex multiplication applies to the functions of
FN and for this purpose, we need the reciprocity law. Over the years,

many authors have produced versions of the reciprocity law. The best
version to date is that of Shimura [4,2]. However, a somewhat less
general, but still eminently usable, version which is easily proved
along classical lines may be of interest. Let d < 0 be the discriminant
of k = Q(WA). 1If 4§ is an integral ideal of k, we denote by K({§) the
ray class field of k(mod 4). If p is a prime ideal in k relatively
prime to f, we denote by o(p) the Frobenius automorphism of K(§)/k

corresponding to p.
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THEOREM 1. [7]. Let g(z) be in F, and suppose that (p) = pp in Xk

where p is a rational prime such that (p,dN) = 1. Suppose a = [u,V]

is a fractional ideal of k with 6 = p/v in H and let B(E) be a basis

for pa. Then g(8) is in K(N) and

(1) 2()° P = 150 (pr ) 1(RY).

If in addition g is analytic in the interior of H and has algebraic

integer coefficients in its g-expansion at every cusp then g(6) is an

algebraic integer and we may replace (1) by

g(8)® = [go (pB™H)1(B8) (mod p).

We now apply these results to L-series at s = 0. Let § # (1) be an
integral ideal in k = Q(vd) where d < 0 is the discriminant of k. If
X 1s a ray class character of k (mod §) (not necessarily primitive),
we may write

Lis,x) = ] x(Cz(s,C)
C

where C runs through the ray classes (mod §) and

z(s,€) = § N(a) ®.
aecC

Let f be the minimal positive rational integer divisible by {§ and

let w(4) be the number of roots of unity in k which are congruent to
1 (mod §). Let b be an integral ideal relatively prime to 4§ such that
ab is principal for a in C. Let a., be a fixed ideal in € and aob = (o).

0

We have

w(f)z(s,C) = N(b)® 7T N T=N(b)® 7§ | §+a] %5,
BE Db S € b4

B8=¢o (mod §>
Suppose bf = [u,v] where 8 = u/v is in H and o = (u,v){ 5) where u

and v arerational and indeed fu and fv are integral. Then by
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Kronecker's second limit formula,
' _ 1
Z (O,C) = - m lOg'F(U,V,@)'.

We set E(C) = F(u,v,8). One can show that E(C) is independent of the

choice of a,u,v or even ao and b and we have

(2) L'(0,x) = - le(ﬂ 7 x(C) log|E(C)].
¢

By Theorem 1, the numbersE(C) are in K(f). But in fact they are in
K(4). To see this, let p be a first degree prime ideal in k of norm

p such that (p,df) = 1. Let
pbg = [p,7]

and B be defined by

By Theorem 1,

F(u,v,6)p

i}
i

Lo (BT H1(Be)  (mod p)

1

F((u,v)pB ~,B8) (mod p).

But the ideal (pb)4 =Ip,t] has p/t = BO and
[(u,v)pB_ll[ 2] = plu,v) | S) = pa

where
(po) = (pao)(ﬁb).
Hence

E(O)P = E(Cp) (mod p).

Thus the E(C) are all conjugate algebraic integers in K(§).

Let E = E(C;) where ¢y is the principal ray class (mod 4). It is
easily seen that E is a unit if and only if 4 has two distinct prime
factors. Indeed with y = Xq> the principal (imprimitive) character

(mod 4), we have from (2),
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- . '
IOg(NK(ﬁ)/QE) = =12fw(§IL" (0, x,)
where the derivative of
L(s,x,) = g (s) T (1 =N ™)
pl 4
is 0 at s = 0 if and only if 4§ has two distinct prime factors.

When the numbers E(C) are units, the question arises as to the index
of the subgroup of the unit group of K(4) that the E(C) and certain
other units generate. See [3] for example. The factor of 6f in the de-
nominator of (2) makes this index annoyingly high. The explicit reci-

procity law allows us to improve this state of affairs considerably.

LEMMA 1. Let £ be a first degree prime ideal in k of norm 7 with

(1,12fd) = 1 and suppose £ is in the ray class C2 (mod 4). Then

E(CZ)/EZ is the (12£)th power of a number in K({§).

PROOF. Up to a root of unity, we found that

E(C)l/(12f) = $(u,v,8)

and ¢(u,v,z) is a modular function in F 9 . Hence E(C)l/(lzf)
1

in K(12f2), a field which incidentally contains the (12f)th roots of

unity. Let & denote one of the (12f)th roots of E and set 8(&) :60<£)

where o(£) denotes the Frobenius automorphism in K(12f2) corresponding

12f

to £. In particular §(4£) = E(C2). Let p be a first degree prime

ideal in k of norm p such that p is in C1 and (p,12fd) = 1. Since

12fF alp) _ 12

§ wé where w = 1.

is preserved by o(p), we see that §
But now,

§(0)0P) L soalp) | (o(pIotd) | (o o) T,

and so o(p) preserves 6(1’,)/6Z and the lemma follows.

COROLLARY 1. Suppose K({) contains exactly W roots of unity. Then

" is a (126)th power of an integer in K({).




Sta~-7
283

PROOF. We use the criterion that a necessary and sufficient condition

th

for K(§) to contain the m ~ roots of unity is that

N(Z) = 1 {mod m)
for all first degree prime ideals £ in C1 with (N(£),m) = 1. Thus W is
the greatest common divisor of the set of numbers N(£) -1 as £ runs
through those first degree prime ideals of k in C1 with (N(£),W) =1.

The corollary now follows from Lemma 1 and the Euclidean algorithm.

THEOREM 2. Suppose K(§) contains exactly W roots of unity. Then there

are conjugate algebraic integers e(C) in K(4) such that

2
L'(0,x) = - —2 7 x(Clog|e (O]
C

Wi (4)

(Note that w({) is usually 1.)

The proof is immediate.

Similar results are possible for fields intermediate to K(4) and

k. TFor details on this and other questions related to this section,

see [7].

3. FORMS OF WEIGHT ONE.

Again, let § # (1) be an integral ideal in Q(Vd) where d < 0 is the
discriminant of Q(vd) and let x be a not necessarily primitive charac-

ter (mod §). Define gx(z) by the Mellin transform,

(2mM) ST (s)L(s,x) = J ys’lgxuy)dy.
0
Thus gX(Z) is a modular form of weight one on Fl(N) with N = |[d|N(4).

[This is true even when ¥ is not primitive . Eliminating the p
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factor of L(s,x) is accomplished by multiplying L(s,x) by (1 —X(p)N(p)—S)

and this corresponds to replacing gX(z) by gX(z) -X(p)gX(N(p)z) which

raises the level by a factor of N(p) at worst.] In particular,

oo

e _ - oydy
L'(0,x) J gX(ly) "
0

When we compare this with the results of the last section, we are led

to the following conjecture.

CONJECTURE 1. Let f(z) be a modular form of weight one on Fl(N) which

is 0 at ie. Then

oo 1

N
f(iy)== = . log e.
i) jzl 0y loge,

Q=

where the ej are algebraic integers and the pj lie in the field genera-

ted over Q by adjoining the coefficients of the g-expansion of f(z) at

iee,

Except for the problem that the field given by adjoining the values
of x(C) to Q may be slightly bigger than the field given by adjoining
the coefficients of gy to Q, we proved this conjecture for gy in Theo-
rem 2. Of course § = (1) may be allowed also provided we exclude
X = X4, the principal character (the corresponding form is not 0 at 1e0) .
As an example, let x be either one of the two cubic ideal class charac-

ters of Q(v-23) so that
gx(z) = n(z)n(23z).

Here the g-expansion of gX has rational coefficients (the values of ¥

generate Q(v-3) and

o0

J gX(iy)%% = L'(0,x) = log ¢
0
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where ¢ is the real root of

The principal interest in Conjecture 1 lies in determining the field
containing the ej. In particular, it should ultimately lead to a con-
structive version of the Deligne-Serre theorem. To make this clearer,
let f(z) be a normalized newform on F1<N)' Thus f(z) is actually defined
on T'y(N) with a character and according to the theorem of Deligne and
Serre there is a normal extension K of Q and an irreducible two dimen-
sional representation p of Gal(K/Q) such that the Dirichlet series cor-
responding to f(z) is just the Artin L-series L(s,¥,K/Q) where y is the
character of Gal(K/Q) corresponding to p.

Let %y5...,0, be an integral basis of the field giving by adjoining

the values of ¥y to Q and set

f(z) = ajgj(z)

kel

i=1
so that the gj(z) are also cusp forms on Fl(N) with rational coeffi-

cients. A refined version of Conjecture 1 is

CONJECTURE 2. There is a rational integer m such that

T oepdy L :
J gj(ly) n o log €5
0

where €5 is an integer in the maximal real subfield of K.

All available evidence says that the number m is closely related
to the number of roots of unity in K. Note that the numbers Ie(C)I2
of the previous section lie in the minimal normal extension of Q con-
taining K(4). As a numerical verification of Conjecture 2, let N = 145.

We take f(z) to be the modular form corresponding to the Dirichlet
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series L(s,x) on Q(/3) where x is the ray class character of order 4

(mod §p)s § = <ll%!5) , given by x((2)) = i. We have

f(z) = g{z) + ih(z)

where g and h are on F1(145) with rational coefficients. We find for
example,
(3) J g(iy)d% = 1.656074962913147- - -
0
Let

(3+2V5) ++/ 7+2\/€+\/(20+1u\/§) + (644v5) Vv 7+2/5
N

s0 that £ is a unit in the ray class field (mod {p_) of Q(5). We have
(4) log € = 1.856074962813158- - -

The discrepancies between (3) and (4) at the end are presumably due to
round off errors on the computer which did all calculations to 16 deci-
mal places. This example was discussed more fully in my Durham talk

[5] from another viewpoint. In particular, it was shown how the numeri-
cal values of the integral in (3) and the corresponding integral for h
can be used to find € and why this ¢ is more reasonable than any of the
other infinitely many units close to e¢. There is considerable numeri-
cal evidence [5,6] for Conjecture 2 when the modular form f comes from
a real quadratic field. A meaningful numerical verification for N =133

would be of some interest.
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An Icosahedral Modular Form of Weight One

Joe Buhler

It is conjectured that there is a one-to-one correspondence between odd
two-dimensional galois representations p :Gal(Q/Q) —> GLQ(E) of conductor N
and determinant €, and newforms f on Iﬂo(N) of weight one and character €.
The L-series L(s, p) associated (by Artin) to a galois representation should
coincide with the L-series Lf(s) associated (by Hecke) to the corresponding
modular form f. For a precise discussion of the situation (and a description

of the notation) the reader should consult [2].

A two-dimensional galois representation over Q determines a finite galois
extension L of Q together with a faithful representation Gal(L/Q) —> GLZ(C) of
the galois group of L/Q. If K is the fixed field of the kernel of the compo-

sition
Gal(L/Q) —> GLZ(C) —> PGLE(C) = GLZ(C)/C*

then we get a diagram as follows:

0 —> Gal(L/K) —> Gal(L/Q) —> Gal(X/Q) —> O
0 ] ‘l 1
0 — c¥* — GL2(C) —> GL2((C) —> 0

The finite subgroups of PGLZ(C) have been classified since the days of Klein;
such a group is either cyclic, dihedral or the group of symmetries of one of
the Platonic solids: the tetrahedral group (isomorphic to AM)’ the octahedral

group (isomorphic to s”), or the icosahedral group (isomorphic to A5).

If f is a cuspidal newform of level N and character e (so that, in par-

ticular, f is an eigenform of all of the Hecke operators Tp for pX N) then a
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theorem of Deligne and Serre (see [2]) implies the existence of an irreducible
odd galois representation p :Gal(Q/Q) —> GL2(C) such that L(s, p) = Lf(s).
If p is an irreducible monomial representation (= induced from a one-
dimensional representation) then the corresponding projective group is
dihedral; in this case call the modular form f a dihedral form. Similarly
call the form f tetrahedral (resp. octahedral, icosahedral) if the representa-

tion P is tetrahedral (resp. octahedral, icosahedral).

Results of Weil and Langlands, together with Langlands' results on the
constants in the functional equation for L(s,p ), imply that if Artin's con-
Jjecture is true for a galois representation p and all of its "twists" p® Y
by one~dimensional representations ¥ , then there is a modular form f as above
such that Lf(s) = L(s, p). The validity of Artin's conjecture for reducible
representations (= those representations whose associated projective groups
are cyclic) is classical; similarly for monomial representations. Recently
Langlands (see [5]) has shown that Artin's conjecture is true for tetrahedral
representations and for "half" of the octahedral representations. Thus in all
of these cases the one-to-one correspondence alluded to above has been esta-

blished.

The ideas used in [5] pivot around the fact that the galois groups asso-
ciated to tetrahedral and octahedral representations are solvable (for an idea
of the techniques involved see [3]). The object of this note is to discuss a
proof of Artin's conjecture for one case of an icosahedral (and thus non-
solvable) representation. More specifically, we 1) outline the steps of the
proof of the existence of an icosahedral form, and 2) state a general result
on conductors of local galois representations obtained in the course of find-

ing the icosahedral form. The details can be found in [1].

Theorem 1: There is an icosahedral form of level 800.

Corollary: There is an icosahedral representation p:Gal(Q/Q) —> GL2(C) of

conductor 800 such that L(s,p ) is an entire function.
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Remark: The corollary follows immediately from the theorem by the result of
Deligne and Serre together with the fact that Lf(s) is holomorphnic for every

cuspidal newform f.

The first step of the proof of the theorem is the construction of an
icosahedral galois representation. An icosahedral representation determines
an A5 extension K of Q@ as in diagram 1) above. It is natural to describe K by

giving a quintic polynomial with integral coefficients such that K is the

splitting field of this polynomial.

Given such a quintic polynomial, the next step is to calculate the
minimal conductor of a representation p :Gal(L/Q) —> GL,(C) that "1ifts" the
projective representation Gal(X/Q) —> PGLe(C). (In fact that are two non-
isomorphic two-dimensional projective representations of AS; the conductor of

a lifting is independent of which projective representation is chosen.)

According to some results of Tate the minimal conductor problem reduces
to a collection of local problems (for a statement of these results and a gen-
eral discussion of this "lifting" problem see [7]). Thus we are given a
galois extension Kp of @p and a projective representation
e :Gal(Kp/@p) —> PGL2(C), and we want to find a linear representation of

minimal conductor that lifts P . The most difficult case 1s when D is primi-

tive (which means that any linear representation that lifts p is not monomial).

The ideas necessary to find the local minimal conductor in this case gen-
eralize easily to the case of primitive representations of prime degree over
an arbitrary local field. The degree of such a representation must be equal
to the residue characteristic of the local field, and the image of the wild
ramification group must be an elementary abelian group whose order is the
square of the residue characteristic. For a description of the images of

primitive projective representations of arbitrary degree see [4].

Theorem 2: Let F be a local field of residue characteristic p. Let
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0 :Gal(K/F) —> PGLp(C) be a faithful primitive projective representation of

degree p. Let e be the tame ramification index of K/F, and let r be the larg-

est integer such that G # {0}, where G = Gal(K/F) and {Gn} is the sequence of

ranification subgroup of G in the "lower numbering". Then the minimal conduc-

tor of a lifting p:Gal(F/F) — GLP(C) of ¢ is

p+1
p + (_€_)r.

In order to find candidates for icosahedral representations that might
yield icosahedral forms I first used a computer to search for appropriate
quintic polynomials. The machine sieved through many (about 107) quintics and
discarded those whose galois groups were not AS' Then the minimal conductor
associated to the splitting field of the quintic was calculated using Theorem
2 together with an analysis of the reducible and monomial local representa-

tions. The smallest conductors that were found are as follows:

800 = 275° 1188 = 2°3311 1687 = 7 241
837 = 331 1376 = 2°43 1825 = 573
992 = 2°31 1501 = 19 79 1948 = 2487
1161 = 3343 1600 = 2652 2083 = a prime

The quintic with "conductor" 800 was chosen for detailed consideration
not only because it gave the lowest conductor but also because of the in-
teresting local behavior of the representation at 2 and 5; e.g., the local
galois extension of the quintic at p = 2 is the unique tetrahedral extension

KZ/@2 of @2 (see [9]).

The next stage in the proof of Theorem 1 is the calculation of some of
the coefficients of the L-series L(s,p ) of a representation p attached to
the specific quintic field. This requires a description of the extension L/K

as in diagram 1). Fortunately L/K "comes from®™ a cyclic extension L'/E, where
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E is a subfield of K fixed by a dihedral subgroup of A5 of order 10. Thus E
is a sextic extension of Q; in fact E is the classical sextic resolvent field
associated to the given A5 polynomial. The calculation of L(s, p) essentially

reduces to some computations in a generalized ideal class group of E.

Let f = X anqn be the "Mellin transform" of the Dirichlet series
L(s,p) = = ann_s; in principle, the ideas above enable one to compute any
desired initial segment of the power series f. Hence we can follow the- tech-
nique of [8] and take a known modular form of weight one and level 800, say g,
and multiply the g-expansion of g by f. If g is chosen so that its character

is the inyerse of the Dirichlet character det( p), then one would hope to have

2) fg = h

for some modular form h of weight 2 (and trivial character) on PO(8OO).

In order to carry out this computation explicitly it is necessary to 1)
construct a basis for the (97-dimensional) space of forms of weight 2, and 2)
know the first 360 coefficients of f. If we then let f' be the quotient of h
by g, then f' is a modular form as in Theorem 1 except that it might not be
nholomorphic at the zeroes of g, and it might not be an eigenform for the Hecke
operators Tp (p £ 2,5). With some work we can actually show that f' is holo-
morphic by considering several different gi's, finding £'g; = h;, and then
showing that the 8 have no common zero. Moreover enough coefficients of f'
are known to show that it is an eigenform for the Hecke operator T3. It can
be checked that there are no tetrahedral or octahedral representations of con-
ductor dividing 800, and hence (by Deligne-Serre) no tetrahedral or octahedral
forms of level 800. It is also easy to enumerate the dihedral forms of this
level and character; their eigenvalues for T3 are unequal to the eigenvalue of

f' under the action of T3' The only possibility is that there must be an

icosahedral form as claimed in the theorem.

The proof shows only that the first 360 coefficients of the g-expansion
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of f' agree with the corresponding initial segment of the power series f ob-
tained from L(s, p); in particular, this does not show that the representation
p that we started with is the same as the representation of the Corollary.
Using the technique of Odlyzko-Poitou-Serre (see [6]) for bounding discrim-
inants it is possible to show that if the Generalized Riemann Hypothesis is
true (resp. if f' is an eigenform for T11) then p 1s the only galois
representation of conductor 800 and with the given determinant (resp. the
only galois representation of conductor 800, the given determinant, and the

given L-series coefficients a3 and a,,).
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