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PREFACE 

In view of the increased interest and rapid developments in the theory 

of modular forms which followed the 1972 conference in Antwerp, it was decided 

to have a second meeting on the same subject. This meeting was held in Bonn 

in the sur~ner of |976 in place of the annual Mathematische Arbeitstagung. The 

organizers were F. Hirzehruch, J-P. Serre and D. Zagier. 

The proceedings of the conference are being published in two parts, as a 

continuation of the four volumes of proceedings of the Antwerp conference 

(Lecture Notes Nos. 320, 349, 350 and 476). The present volume is mostly 

algebraic (congruence properties of modular forms, modular curves and their 

rational points, etc.), whereas the second volume will be more analytic and 

also include some papers on modular forms in several variables. 

The conference was sponsored by the "Special Research Area in Theoretical 

.Mathematics" (Sonderforschungshereich 40 der Deutschen Forschungsgemeinschaft) 

at the University of Bonn, with further support from the Coll~ge de France and 

the International Mathematical Union. We would like to thank these organizations 

as well as the National Science Foundation, whose generous financial support 

made it possible for a large number of mathematicians from the United States to 

attend the meeting. We would also like to thank W. Kuyk of the University of 

Antwerp, who placed secretarial help at our disposal for the typing of many of 

the manuscripts, and the secretaries of the Mathematical Institute of the 

University of Bonn, especially Mrs. E. Gerber, for the effort they put in to 

make the conference a success. 

Jean-Pierre Serre Don Zagier 
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Ramanujan's unpublished work on congruences 

by R.A. Rankin 

i. Introduction. 

The Collected Papers of Srinivasa Ramanujan (1887-1920) [4] contain 

three papers [i0], ~i], ~ on congruence properties of partitions. The 

last of these [12] was published posthumously as a short note and bears the 

rubric: Extracted from the manuscripts of the author by G.H. Hardy. 

In an explanatory footnote Hardy states that the manuscript from which 

the note is derived is a sequel to Ramanujan's paper [i0] and goes on to 

remark: "The manuscript contains a large number of further results. It is 

very incomplete, and will require very careful editing before it can be 

published in full. I have taken from it the three simplest and most striking 

results, as a short but characteristic example of the work of a man who was 

beyond question one of the most remarkable mathematicians of his time." 

This manuscript, which is unsigned, was, according to J.M. Rushforth [16], 

sent to Hardy by Ramanujan a few months before the latter's death on 26 April, 

1920. It was presumably enclosed with his last letter to Hardy of 12 January, 

1920. I shall refer to the manuscript as the MS. It bears the title 

Properties of p(n) and ~(n) defined by the equations* 

Ep (n)x n = i 

0 (i - x)(l - x2)(l - x3) ..- 

~T(n)x n = x{(l - x)(l - x2)(l - x3)-.-~ 4. 
1 

It is hand-written, divided into 19 sections and occupies 43 foolscap pages, the 

last nine consisting of additional material to be inserted at indicated earlier 

points of the text. From remarks in §§16 and 19 it is clear that the MS forms 

*not relations, as stated in El6]. 
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the first part of a longer paper. In his obituary notice of Ramanujan [4, 

p.xxxiv] Hardy rates the MS, together with five other papers (including [~), 

as the most remarkable of Ramanujan's contributions to mathematics. 

In 1928 the MS was passed on to G.N. Watson, who was then commencing a 

series of papers devoted to Ramanujan's work; see [1 4 . After Watson's death 

in 1965 all his unpublished work on Ramanujan's notebooks, together with the 

MS and various other documents were, at my suggestion, donated by his widow to 

Trinity College, Cambridge, of which Hardy, Ramanujan and Watson had been Fellows. 

A photocopy of the MS is also held by the Ramanujan Institute, Madras. 

References to the MS are to be found, not only in [i~ and El~, but also 

in [2 4 and in Hardy's book on Ramanujan E3, pp.lO0, 184]. 

Before Watson's death he presented to the library of the Mathematical 

Institute of Oxford University his own copy of Ramanujan's second notebook and 

of other 'various manuscripts' and documents relating to Ramanujan. It is 

clear that one of these 'various manuscripts', namely Fragment EVI~ of [lJ, 

is the sequel to the MS. It consists of five sections, numbered §§20-24, and 

its contents have been described by Birch in his paper; it is concerned solely 

with the partition function. I am indebted to Dr Rushforth, who sent me a 

photocopy of his own hand-written copy of this Fragment (made when he was a 

research student of Watson), for providing the information that has enabled me 

to identify Birch's Fragment [VI~ with the second part of the MS. The copy of 

the second notebook from which Watson made his transcript is in the library of 

Trinity College, Cambridge. The original is presumably in the Ramanujan 

Institute of the University of Madras. 

The main purpose of the present paper is to describe Ramanujan's work in 

the MS on congruences satisfied by his function ~(n). However, it may be of 

interest to state that it contains a few results concerning the partition function 

p(n) additional to those published in [12]. 
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For example, proofs of the congruences modulis 25, 49 and 121 stated in 

[ii] are given; the method of proof differs from that sketched in ~0] and is, 

doubtless, the new method referred to in [ii]; see [16, §§7, 8] and also [i~. 

The MS also contains numerical information on the number of values of n < 200 

for which p(n) is congruent to various residues modulis 2, 3, 5, 7 and ii. 

Moreover, the partition function is considered modulo 13; it is stated 

that, for any positive integers I and n with I + n even, the residue of 

(13~(2n - i) + i 1 p 
24 

modulo 13 can be completely ascertained. For example, the congruence 

~ii.13~ + i) 2(5~-3)/2 
P \ 24 + ~ 0 (mod 13) 

is one of fourteen similar results included. Results of this type have since 

been obtained by M. Newman [8] for I and n both odd. Other results on 

from the MS will be found in [16, partitions §~- 

2. Congruences of the first kind. 

I use Watson's division of congruences into those of'erster und zweiter Art 

Those of the first kind are congruences of the kind considered in Swinnerton- 

Dyer's Antwerp lecture notes [21]. The methods developed by Serre [i~ ~ 

Deligne [2] and Swinnerton-Dyer use !-adic representation theory to show that, 

for T(n), there are exactly six prime moduli of two different types, namely 

(i) £ : 2, 3, 5, 7, 691 and (ii) ~ : 23, for which congruences can hold. For 

the first five of these 'exceptional primes' the congruences can be expressed 

in the form 

T(n) ~ n TM (mod Z), (i) 
°ll_2m(n) 

for certain fixed values of the integer m and for all positive integers prime 

to Z. For Z = 23 the congruence is 
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m(n) ~ 0 (mod ~), 

whenever n is a quadratic non-residue modulo ~. 

(n) : F, d v 
d}n,d>O 

for real v. 

Here, as usual, 

(2) 

(12.1) T(n) ~ n3o~n) (mod 16), ~(n) ~ n3o5(n) (mod 32), (4) 

(12.3) ~(n)e n2o~n) (mod 9), T(n) ~ n2o7(n) (mod 27), (5) 

(2.1) T(n)e nol(n) (mod 5), (6) 

(4.2) ~(n)e nog(n) (mod 25), (7) 

(6.2) ~(n)~ no3(n) (mod 7), (8) 

(12.7) T(n)e ~l(n) (mod 691). (9) 

numbers attached to the congruences in the MS are quoted on the left. 

Various refinements of (i) are possible, with ~ replaced by a power of 

and different divisor functions on the right-hand side. Moreover, for each 

of the five other cusp-form coefficients 7 (n), where r = 2, 3, 4, 5, 7, 
r 

there is a similar division of exceptional primes into two (or possibly three, 

when r = 2) types. Here 

Tr(n)q n = A(z)E2r(Z), (3) 
n=l 

where, as usual, A is the discriminant function, E2r is the Eisenstein series 

2~iz 
of weight 2r and constant term i and q = e ; we may also take r : O, in 

which case E (z) : i and ~ (n) : T(n). 
o o 

Ramanujan was aware that the coefficients T (n) (r = 2, 3, 4, 5, 7) have 
r 

similar multiplicative properties to T(n) and this is mentioned in the MS, where 

the corresponding Euler products for the associated Dirichlet series are set 

down. 

The following congruences for T(n) are given in the MS. Since Ramanujan's 

death these results have been proved or improved by other mathematicians, the 

most recent results being listed in El, formulae (2)-(7)]. The reference 
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These hold for all positive integers n. Proofs are given although in 

many cases the details are suppressed or covered by statements such as 

"it is easy to see that ...". Moreover, at the end of ~12 (p.B of insertions) 

it is shown that 

T(n) ~ ~l(n) (mod 256) (n odd). (i0) 

After his proof of (7) Ramanujan remarks: "It appears that, if k be any 

positive integer, it is possible to find two integers a and b such that 

(4.3) 

if n is not a multiple of 5. 

(4.4) 

if n is not a multiple of 5. 

T(n) - naah(n) e 0 (mod 5 k ) (ii) 

Thus, for instance, 

• (n) - n41~n) ~ 0 (mod 125), (12) 

I have not yet proved these results." 

The congruence (12) is true and, since dl00~ i (mod 125) when (d, 5) : i, 

is equivalent to Serre's congruence [i~, [21] 

T(n) ~ n-30OTl(n) (mod 53 ) (n, 5) : i. 

However, Ramanujan's conjecture (ii) is false for k > 4. For 443 is prime and 

its powers are congruent to +i, +443 (mod 54). But, from [2~, 

~(443) ~ -58 (mod 54). 

Hence no integers a and b exist for which (ii) holds with k > 4 and n = 443. 

Ramanujan also considers congruences modulo 49, but his final result 

(formula (8.8) of the MS) involves another cusp-form coefficient as well as 

divisor functions. 

The first published proof of (9) was given by Wilton 04], who draws 

attention to the fact that it follows immediately from equation (1.63) of [12~ 

and that the same formula occurs as formula 6 of Table I of ~. His statcment 

that Ramanujan does not seem to have noticed this fact is not borne out by the 

MS where the congruence is derived in precisely this way. 
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The congruence (2) (with ~ : 23) was stated by Ramanujan in ~. In the 

MS the cases when n is not a quadratic non-residue are also considered. In 

1928 Wilton [2~ determined completely the residues of ~(n) modulo 23. Both 

Wilton and Ramanujan reduce the problem to the consideration of the coefficients 

of n(z)~(23z), where n is Dedekind's function, but Ramanujan bases his argument 

(in §17 of the MS) on the fact that the associated Dirichlet series of this cusp- 

form of weight 1 has an Euler product over primes p of three different types: 

(a) p a non-residue modulo 23, (b) p a quadratic residue modulo 23, but not of 

the form 23a 2 + b 2, and (c) the remaining primes. For this fact he offers no 

proof. 

In fact these properties can be deduced from the fact that ~(z)~(23z) is a 

newform for the group F (23) with multiplier system given by the character 
o 

(Legendre symbol), together with Wilton's determination of its Fourier coefficients 

for prime p. Cp 

The prime ii, although not exceptional for r(n), is so for T (n), when 
r 

r = 2, 3, 4 and 7. In the MS Ramanujan remarks that it is easy to show that 

(18.3) ~r(n) ~ n~2r_l(n) (mod ii) (r = 2, 3, 4). (13) 

See the table on p.32 of ~i], which includes these among other congruences. 

In Rushforth's (unpublished) Ph.D. thesis [16~ can be found proofs of 

congruences equivalent to all those listed in Swinnerton-Dyer's table of 

congruences satisfied by T (n) (r > 0); for ~ = 2 and 3 the moduli are, in 
r 

several cases, powers of £. Dr Rushforth has also drawn my attention to the 

fact that one of the congruences in the table, namely 

• 2(n) ~ ~5(n) (mod 3617), 

was given in a disguised form by Wilton [24, formula (5.3)~; see also, for this 

modulus, Serre ~8, §5.~. 
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For references to the many other papers on congruences satisfied by T(n) 

see LeVeque ~]. 

3. Congruences of the second kind. 

These are congruences that state that a given arithmetical function a(n) is 

divisible by a fixed positive integer Z for almost all n; i.e. 

as x + 00. 

such as 

where A 

A (x) : ~ i = o(x) 
n<x 
~Fa(n) 

(i4) 

It is possible in some cases to replace (14) by more precise estimates, 

A£x 
A£(x)~ 

(log x) ~ 

and ~£ are positive constants. 

(15) 

The MS contains various results of this type for ¢(n) and different values 

of £. To attack the problem Ramanujan defines t for n > i by 
n 

t = 0 if £1r(n), t : i otherwise, (16) 
n n 

and shows that, when £ is prime, the Dirichlet series Z tnn-S possesses an 
n=l 

Euler product. He then has to consider 

A~(x) = ~ t  n 

n<x 

When £ = 3, 5, 7 and 23 he evaluates the Euler products explicitly. He 

then states (except for £ = 3) that it can be shown by elementary methods that 

(14) holds, and by transcendental methods that (15) holds. For £ = 5 (the first 

case considered) it is stated that the proof of (14) is "quite elementary and 

very easy similar to that for showing that ~(x) = o(x)". An incomplete 

reference to Landau's Primzahlen ~] is given as a footnote (presumably pp.69-71). 
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For ~ : 3, 7 and 23 the values of the constant A~ in (15) are given; that his 

values of A 3 and A 7 are correct I have confirmed from Ely . He also gives the 

correct values for a~, namely ½, ¼, ½ and ½ for ~ : 3, 5, 7 and 23, respectively. 

The case ~ = 691 is also considered although ~91 is not evaluated explicitly; 

the correct value a691 = 1/690 is given. 

In a final most interesting section (~19) Ramanujan reverts to the problem 

in a more general form, and I quote in detail from the MS: 

"Suppose that ml, ~2' ~3' ... are an infinity of primes such that 

( 1 9 . 1 )  1 + 1 + 1 ¢ . . .  (17)  

~1 ~2 ~3 

is a divergent series and also suppose that a2, aB, as, aT, ... assume some or all 

of the positive integers (including zero) but that awl , a 2, a 3, ... never assume 

the value unity. Then it is easy to show that the number of numbers of the form 

(19.2) 

not exceeding n is of the form 

( 1 9 . 3 )  

2a2.3a3.5a5.7 a7 .... 

o(n). 

In particular if a~ never assumes the value unity for all prime values of ~ of the 

form 

(19.4) ~ s c (mod k) 

where c and k are any two integers which are prime to each other then the number of 

numbers of the form (19.2) is of the form 

(19.5) o(n) 

and more accurately is of the form 

(19.6) 0 n 

(log n) I/(k-l) 

where k is the same as in (19.4). 
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Thus for example if s be an odd positive integer the number of values of 

n not exceeding n for which ~ (n) is not divisible by k where k is any positive 
s 

integer is of the form 

(19.7) 0(n) 

and more accurately is of the form 

n 

(log n) I/(k-l) 

For if n be written in the form 

2a2.3a3.sa5 7 a7 .... 

then we have 

~(n): 
s 

s(l+ap) 
~ p  -i 

P pS _ i 
, p : 2, 3, 5, 7, ii, .... 

Since s is odd o (n) is divisible by k at any rate when a 
s p 

p of the form 

= i for all values of 

p ~ -i (mod k) 

and hence the results stated follow. Thus we see that, if s is odd ~ (n) is 
s 

divisible by any given integer for almost all values of n. 

It follows from all these and the formulae in §§ t that 

(19.9) T(n) ~ 0 (mod 25.33.52.72.23.691) 

for almost all values of n. 

It appears that T(n) is almost always divisible by any power of 2, 3 and 5. 

It also appears from §i0 ~ that there are reasons to suppose that T(n) is almost 

always divisible by ii also. But I have no evidence at present to say anything 

about the other powers of 7 and other primes one way or the other. 

Among the values of T(n) multiples of 2, 3, 5, 7 and 23 are very numerous 

The missing references appear to be to §§h, 6, 8, 12, 17. 

Reference supplied by me. R.A.R. 
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from the beginning but multiples of 691 begin at a very late stage. For 

instance T(n) is divisible by 23 for 132 values of n not exceeding 200 while 

the first value of n for which T(n) is divisible by 691 is 1381 and this is 

the onlytvalue of n among the first 5000 values." 

This extract displays Ramanujan's remarkable insight. In the case of 

exceptional primes of the first type it is clear from (i) that the problem is 

essentially one of the divisibility of divisor functions. It is interesting 

that Watson, who had the MS before him when writing his paper ~23, obtained 

in his Hauptsatz 2 only an O-result and not an asymptotic result of the form 

(15) for the divisor function a (n) modulo k; he could therefore only obtain 
s 

anO-result for T(n) modulo 691. 

It is also curious that, in ~2 of [223, Watson states as a 'Vermutung yon 

Ramanujan' a weaker form of the result that Ramanujan, in the extract above, 

states that it is easy to show. 

The results concerning the divisibility of divisor functions have all, of 

course, since been proved and extended (in ignorance of the contents of the MS) 

by Rankin [143, Scourfield [i~ and others. 

However, this work has now been overtaken by the new results of Serre [I~ , 

~03, which are not restricted to divisor functions or to exceptional primes 

and in which general conditions like (17) play an important role. Serre's work 

shows that Ramanujan was correct in his conjecture regarding the prime ii. In 

support of this conjecture Ramanujan states, in §i0 of the MS (page 4 of the 

material to be inserted), that there are primes p, such as 19, 29, ... for which 

T(pn) z 0 (mod Ii) and that it is very likely that the sum of the reciprocals of 

these primes is divergent. 

It is of interest, in conclusion, to consider what Ramanujan had in mind 

when he stated that results of the form (14) can be obtained by transcendental 

methods. Although his knowledge of complex function theory may have been slight, 

% 
This is true only for prime n. 
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I believe that he knew enough to realize that Landau's contour-integration 

method ~], which is basic to the analysis carried out in [i~, ~, [i~, ~O3, 

~23~ applied to his problem. It would be surprising if he had not known of 

Landau's work. For, in one of his first letters to Hardy [4, p.xxi~, [3, p.~ 

in 1913 before he came to England, he gave the approximation 

x 

K /(log t) 

for the number of integers between A and x that are sums of two non-negative 

squares. That this result had been proved by Landau [5] must have been drawn 

to his attention by Hardy, who remarks also that the integral has no advantage 

as an approximation over the simpler function 

Kx 

/(log x) 

and that Ramanujan had been deceived by a false analogy with the problem of the 

distribution of primes. It is of interest that in the MS he does the same and 

gives integrals as the main terms in his approximations (formulae (2.8), (6.7), 

(17.8)). 
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G A L O I S  R E P R E S E N T A T I O N S  A T T A C H E D  T O  

E I G E N F O R M S  W I T H  N E B E N T Y P U S  

K e n n e t h  A.  R i b e t  

This paper is the written version of a set of survey lectures on the subject 

of f-adic representations attached to modular forms. My aim at the conference 

was to summarize what one knows about these representations and what one can 

prove about modular forms by using them. In writing up the lectures, I gradually 

supressed subjects which were already treated in print (e.g., representations 

attached to forms of weight I, "rood ~" representations) and began drifting toward 

t h i n g s  t h a t  a r e  n e w ,  o r  a t  l e a s t  n o t  r e p o r t e d  on  e l s e w h e r e .  

T h e  m a i n  t h e m e  of  t h i s  p a p e r  c a n  m o s t  e a s i l y  b e  d e s c r i b e d  in  t h e  c o n t e x t  of  

results of Serre/Swinnerton-Dyer [20,28] and the author [14] on the ~-adic repre- 

sentations attached to eigenforms of level i, i. e. , on SLZ'2~.. There the idea was 

to determine the images of these representations as exactly as possible, the key 

point being that a "small" image means a congruence "rood ~" involving the coeffi- 

cients of modular forms. Here we work instead with eigenforms of arbitrary level 

N > 1 and try to describe the images "up to finite groups," as measured by the 

-adic Lie algebras of the representations. What then becomes important is the 

possibility of equalities, as opposed to congruences, involving coefficients. More 

specifically, it is crucial to study relationships between a given form and its 

"twists" by Dirichlet characters. 

Actually, the Lie algebras are not explicitly mentioned until the final §, and 

the initial §' s are all devoted to simple questions involving the eigenvalues for a 

given eigenforrn and the resulting representations. The first ~ is a review of some 

facts about eigenforms with character, and especially new forms. In §2 we state 

the theorems associating f-adic representations to such eigenforms and begin to 

Research partially supported by Sloan Foundation grant BR-1689. 
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establish some elementary properties of these representations. In particular, we 

prove that the representations attached to a cusp form are irreducible, and this 

implies that they are unique up to isomorphism. 

The next two §' s answer the question: When are the f-adtc representations 

associated to a cusp form abel[an on some open subgroup of the Galois group of 

~I~? Aside from the case of weight 1 when the answer is "always," it turns out 

that the form must be associated to a Gr~ssencharacter of an imaginary quadratic 

field; we then say that the form has complex multiplication by that field. 

In the final § we take up the question of determining the f-adic Lie algebras 

for a form in weight k > 1 which does not have complex multiplication. cusp 

We are not able to do this if the form is (in some non-trivial way) a "twist" of one 

of- its conjugates, in which case we say the form has "extra twists." If the form 

does not have extra twists, however, we exhibit a Lie algebra ~ over ~ such 

that ~ ~ =; ~l~f for all primes J~. W h e n  the w e i g h t  of the f o r m  is  e v e n ,  ~ is  

e s s e n t i a l l y  a m a t r i x  a l g e b r a ,  b u t  if the  w e i g h t  i s  odd ,  we  g e t  a d e f i n i t e  q u a t e r n i o n  

a l g e b r a  i n s t e a d .  (The  q u a t e r n i o n i c  s t r u c t u r e  i s  d u e  e s s e n t i a l l y  to t h e  f a c t  t h a t  the  

classical operator W = (N ) 

formula 

"commutes" with Hecke operators according to the 

T W = W T  t , 
P P 

t 
where represents transpose with respect to the Petersson product.) It is pre- 

surnably possible to give a determination of the ~ for forms with extra twists by 

constructing operators as in [2.7, Prop. 9]. However, this determination has not 

yet been carried out. 

Review of Ei~enforms with Nebentypus. 

Let N,k> 1 be integers, andlet 

s = Sk(FI(N)) 
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b e  t h e  c o m p l e x  v e c t o r  s p a c e  o f  c u s p  f o r m s  o f  w e i g h t  k on  FI(tN ). 

t h e  m a p  

f ~ f l  (a b 
c d ) 

For (a b)  
c d Fo(N) 

d e f i n e s  a n  e n d o m o r p h i s m  R d 

a n  a c t i o n  o f  ( 2 g / N 2 £ ) *  o n  S. 

of S which depends only on d rood N. We thus get 

Since (2E/N~) is a finite group, there is a decom- 

position 

S : @ S ( ~ ) ,  
£ 

w h e r e  ~ r u n s  o v e r  t h e  s e t  o f  c h a r a c t e r s  ( ~ - / N 2 ~ )  ~ (E a n d  w h e r e  S(E) i s  t h e  

set of forms f ~ S which satisfy 

d :  /d)f 

for all d e (:I~/N~)*. These are the forms of Nebentypus ~. As is well known, 

S(a) = 0 unless ~ (-I) = (-i) k, i.e., unless ~ and k have the same parity. 

For n> 1 prime to N, we have the operation on S of the n th Hecke 

o p e r a t o r  T . The T 
n n 

commute with each other and with the Rd; in particular, 

they preserve the spaces S(E). If p~N is a prime, and if 

then 

oo 
n 

f = E a n q  E S(E),  
n = l  

n k-i pn 
fiT = E apn q + p ~ (p) E anq . 

P n=l n=1 

The T for n prime to N may be expressed in terms of the T and R d by 
n p 

well-known f o r m u l a s ,  s o  t h a t  t h e  a l g e b r a  g e n e r a t e d  in  E n d ( S )  b y  t h e  T a n d  R d 
P 

c o n t a i n s  all t h e  T w i t h  n prime to N. 
- -  n 

The space S carries the Petersson product, anon-degenerate Hermitian 

t 
p r o d u c t  o n  S. If  d e n o t e s  " t r a n s p o s e "  w i t h  r e s p e c t  to  t h i s  p r o d u c t ,  t h e n  

t 
(R d) = R 

d 

( t h e  i n v e r s e  c o m p u t e d  r o o d  N) ,  

a n d  
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( T ) t  = R p -1Tp"  
P 

We s e e  f r o m  t h e s e  f o r m u l a s  t h a t  t he  R d 

h e n c e  t h e y  a r e  a l l  d i a g o n a l i z a b l e  on  S. 

a n d  T c o m m u t e  w i t h  t h e i r  t r a n s p o s e s ;  
P 

S i n c e  t h e y  c o m m u t e  w i t h  e a c h  o t h e r ,  t h e y  

may be s i m u l t a n e o u s l y  d i a g o n a l i z e d .  

In o t h e r  w o r d s ,  e a c h  S(¢) h a s  a b a s i s  c o n s i s t i n g  of  e i g e n v e c t o r s  f o r  t he  

H e c k e  o p e r a t o r s  T , u s u a l l y  c a l l e d  e i 6 e n f o r m s .  E a c h  e i g e n f o r m h a s  a " p a c k a g e "  
P 

of  e i g e n v a l u e s  a t t a c h e d  to it;  t h e s e  a r e  s u m m a r i z e d  b y  t h e  N e b e n t y p u s  c h a r a c t e r  E 

s u c h  t h a t  f ~ S(E) a n d  b y  t h e  c o m p l e x  n u m b e r s  c (p¢N) s u c h  t h a t  
P 

F r o m  the  f o r m u l a  g i v i n g  

fiT' = c 
P P 

T t in terms of R and T 
p -I p 

P 

we d e r i v e  the  r e l a t i o n  

c =c E(p) 
P P 

a m o n g  t h e  e i g e n v a l u e s .  ( T h e  b a r  d e n o t e s  c o m p l e x  c o n j u g a t i o n .  ) 

L e t  K = Kf  b e  t h e  s u b f i e l d  of  II~ g e n e r a t e d  b y  a l l  t h e  n u m b e r s  ¢ (d) a n d  

c . It  i s  a f u n d a m e n t a l  f a c t  t h a t  K is  a n u m b e r  f i e l d ,  i . e .  , a f i n i t e  e x t e n s i o n  of  ~ .  
P 

T h i s  c o m e s  f r o m  the  e x i s t e n c e  o f  a Q - s u b s p a c e  S o f  S w h i c h  is  s t a b l e  u n d e r  t he  
o 

T a n d  R d a n d  w h i c h  g e n e r a t e s  S o v e r  tiE. (We c a n  t a k e  S to b e  t h e  s e t  of  a l l  
p o 

f o r m s  f ~ S w h o s e  q - e x p a n s i o n  c o e f f i c i e n t s  a r e  r a t i o n a l .  ) T h e  e x i s t e n c e  of  a ~1~- 

form of S shows further that the eigenvalue sets ({c },¢) are permuted by auto- 
P 

m o r p h i s m s  of  C .  M o r e  p r e c i s e l y ,  if  (y is  s u c h  a n  a u t o m o r p h i s m a n d  if 

n 
f = E a  q is  a n  e i g e n f o r m w i t h  N e b e n t y p u s  ¢ a n d  e i g e n v a l u e s  c , t h e n  

n p 

for n 
= E o  (an)  q 

lies in S(a(E)) and satisfies 

faiT =~(c )f~ 
P P 

for all p~N. 
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N e w f o r m s  (see [1], [2], [11], [12]). 

C l e a r l y  t h e  e i g e n v a l u e  s e t  a t t a c h e d  to a n y  e i g e n f o r m  f e S i s  a l s o  a t t a c h e d  

to  a n y  c o m p l e x  m u l t i p l e  o f  f.  W e  c a l l  t h e  s y s t e m  ({c  },  e) p r i m i t i v e  i f  a l l  e i g e n -  
P 

f o r m s  f • S w i t h  t h i s  s y s t e m  a r e  s c a l a r  m u l t i p l e s  o f  o n e  a n o t h e r .  

T h e o r e m  (1.1).  L e t  ({c  } , E )  b e  a p r i m i t i v e  s y s t e m  o f  e i g e n v a l u e s .  
P 

e x i s t s  a ( u n i q u e )  e i g e n f o r m  

c0 n 
f= ~]a q e S 

n 
n=l 

Then there 

w i t h  t h i s  s y s t e m  o f  e i g e n v a l u e s  w h i c h  s a t i s f i e s  a 1 = 1. F o r  t h i s  f o r m  w e  h a v e  

a = c f o r  a l l  p ~ N .  
P P 

O n e  s a y s  t h a t  f i s  a n e w f o r r r l  o n  F I (N ) o f  w e i g h t  k a n d  N e b e n t y p u s  ~. 

T h e  n e w f o r m s  a r e  s p e c i a l  ( b e c a u s e  a = c ) e i g e n f o r m s  w h i c h  in  f a c t  g i v e  a l l  
P P 

e i g e n v a l u e  s y s t e m s :  

T h e o r e m  (1. g) .  L e t  ({c  } , E )  b e  a n  e i g e n v a l u e  s y s t e m  on  S. T h e n  t h e r e  e x i s t s  a 
P 

d i v i s o r  M of  N s u c h  t h a t  ({c  } , E )  i s  a t t a c h e d  to  a n e w f o r m  of  w e i g h t  k o n  
P 

qIMl. 

I m p l i c i t  in  t h e  a b o v e  s t a t e m e n t  i s  t h e  f a c t  t h a t  a f o r m  o n  F I ( M  ) i s  a f o r t i o r i  

a f o r m  o n  I~I(N ) w h e n  M 1 N  : t h e  " i d e n t i t y "  m a p  on  f o r m s  f u r n i s h e s  a n  i n j e c t i o n  

Sk(I?l(M)C-~ Sk(F I (N)) 

which commutes with the operators R d for (d, N) = i and 

there are several such maps, one for each divisor of N/M. 

N/M, then the map 

n tn 
it, M : ~anq t-~ ~anq 

T for p~N. Actually, 
P 

Namely, i f  t d i v i d e s  

i s  s u c h  a n  embedding. 

The theory of newforms shows how all eigenforms on S may be built out of 

t h e  n e w f o r m s  o n  I~I(M ) a s  M r u n s  o v e r  t h e  d i v i s o r s  o f  N.  L e t  M I N ,  a n d  l e t  
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fl M ..... fr M M 

be the newforms of weight k on r'l(M ). For each j, i< j < rM, 

it, M(fjM ) for t dividing M/N 

the forms 

Rib-7 

are eigenforms on S with a common elgenvalue system: that derived from fjM" 

We let SjM be the subspace of S spanned by these forms. 

Theorem (1. 3). We have 

S = (9 SjM. 
M[N 

i< j< r 
-- -- M 

The SjM are precisely the distinct eigenspaces attached to the various eigenvalue 

systems on S. 

We conclude this section by mentioning other properties of eigenforms that 

we will use. 

Dirichlet Series. 

O0 
n 

Let f = E anq 
n = l  

Let 

be a newform of weight k and Nebentypus ~ on I'I(N ). 

O0 
-S 

Lf(s)_. = ~ a n 
n 

n = l  

be the associated Dirichlet series. Then 

Lf(s) = l--~(l-a p-S+~(p)pk-l-2s)-l, 
P 

P 

with the product running over all primes p. (If piN, we put ¢(p) = 0. ) The series 

Lf converges for Re s >> 0 and may be analytically continued to a holomorphic 

function of s. Set 

Af(s) = NS/Z(27r)-SF(s)Lf(s), 

and similarly define A_(s) for the "complex conjugate" form 
f 
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o0 
-- n 

f- = E anq . 
n=l  

Then we have the functional equation 

Af(s) = A'A_(k-s) 
f 

for some complex number A. (This follows from [24, Th. 3. 66] because 

m u l t i p l e  of  t h e  f o r m  d e n o t e d  f l [ r ] k  in  t h a t  t h e o r e m .  ) 

f- is a 

P e t e r s  s o n  C o n j e c t u r e .  

n 
If f = Ean q is a cusp form of weight k on FI(N), then Rankin [13, Th. 2, 

p. 358] proved that [an[ = O(n k/2-I/5) as n ~ o0. (He proved this more generally 

for the Fourier coefficients of any cusp form on a congruence subgroup of SLz(ZS), 

and Selberg [17] extended the method to cusp forms on an arbitrary subgroup of 

f i n i t e  i n d e x  in S L 2 ( ~ - ) . )  B y  a p p l y i n g  t h i s  e s t i m a t e  w i t h  f a n e w f o r m ,  w e  s e e  f r o m  

(1.1) t h a t  t h e  e i g e n v a l u e s  Cp of  a n y  e i g e n f o r r n  in  S s a t i s f y  I Cpl = O(p k / 2 - 1 / 5 ) .  

Recently Deligne has shown [3], [4] for k>2 that we have ICp[ <2p (k-l)/z (the 

Petersson conjecture), and Deligne and Serre [5] established the same estimate for 

k = l .  

§2. T h e  ~ - a d i c  R e p r e s e n t a t i o n s .  

We  f i r s t  f i x  s o m e  t e r m i n o l o g y  c o n c e r n i n g  t h e  G a l o i s  g r o u p  of  (~.  C h o o s e  

an algebraic closure • of (~, and let G = G(~ be the Galois group GaI((~/Q). 

Let p he a prime. Then the choice of a place of (~ lying over p determines for 

p a decomposition group DC G and its inertia subgroup ICD. The quotient 

D/I is canonically isomorphic to the Galois group Gal(]Fp/IFp) of residue fields, 

topologically generated by the (Frobenius) automorphism 

x ~ x  p 

of  IF . A F r o b e n i u s  e l e m e n t  in  D i s  a n y  e l e m e n t  F ~ D w h i c h  m a p s  to  t h i s  
P P 
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generator In Gal(~p_/IFp). A Frobenius element for p in G is any element of 

G which is a Frobenius element for some decomposition group D for p. Since 

all decomposition groups for p are conjugate in G, the Frobenius elements for 

p are the conjugates of the Frobenius elements in a fixed D. We recall that a 

homomorphism 

P : G~ A (A any group) 

is said to be unramified at p if p vanishes on the inertia subgroup of one (and 

hence each) decomposition group for p. If p is unramified at p, all Frobenius 

elements for p in G map to a single conjugacy class in A. 

Nowlet N,k> 1 be as in §i, and suppose that f e S is an eigenformas in 

§I. Let ({Cp},~) be the associated system of eigenvalues. Let Kf be the sub- 

field of C generated by the c and the values of E; as mentioned above, IKf is 
P 

a number field. Let I~: be any subfield of C which contains Kf and which is 

finite over Q. 

Let ~ be a prime. 

T h e o r e m  (2.1).  T h e r e  e x i s t s  a ( c o n t i n u o u s )  r e p r e s e n t a t i o n  

w i t h  the f o l l o w i n g  p r o p e r t y :  If p ~ N  is a p r i m e ,  t h e n  p~ is  u n r a m i f i e d  a t  p,  

a n d  the  i m a g e  u n d e r  p~ of a n y  F r o b e n i u s  e l e m e n t  f o r  p is  a m a t r i x  w i t h  t r a c e  

k-1 
c and  d e t e r m i n a n t  E (p)p 

P 

Th i s  r e s u l t  w a s  in f a c t  p r o v e d  a s  t h r e e  d i f f e r e n t  t h e o r e m s .  In c a s e  k = 2, 

the  e x i s t e n c e  of p~ is  a " c l a s s i c a l "  f a c t  in t h a t  p~ a r i s e s  f r o m  the  a c t i o n  of G 

on ~ - p o w e r  d i v i s i o n  p o i n t s  o f  an  a b e l i a n  v a r i e t y  o v e r  Q .  One a t t a c h e s  to  f a 

f a c t o r  Jf  of the J a c o b i a n  v a r i e t y  JI(N) of the m o d u l a r  c u r v e  a s s o c i a t e d  to FI(N), 

a n d  the  r e p r e s e n t a t i o n  s p a c e  of p~ i s  t h e n  the  ~ - a d i c  Tare  m o d u l e  a t t a c h e d  to  

Jf .  The l i n k  b e t w e e n  t h i s  Tare  m o d u l e  and  the f o r m  f is  p r o v i d e d  by the 

E i c h l e r - S h i m u r a  r e l a t i o n  e x p r e s s i n g  the  e n d o m o r p h i s m  of J f  a r i s i n g  f r o m  the 



Rib- 10 26 

Hecke operator T in terms of the Frobenius endomorphism of the reduction at 
P 

p of Jf. For deta i l s ,  see [24, Ch. 71 and [2.7]. 

In the almost-general case k>__2, the existence of p~ was conjectured by 

Serre (see [18]) and proved by Deligne [3], who showed that the (dual of the) repre- 

sentation occurs in the ~-adic analogue of the "Eichler cohomology" group con- 

structed for forms of weight k on rl(N ). 

The remaining case k = 1 was treated by Deligne and Serre [5], whose 

construction depended on the previous results of Deligne in the case k> 2. More 

recently Koike [9], following an idea of Shimura, has shown that the Deligne-Serre 

arguments may be used to produce the weight 1 representations from weight 2 

representations; hence the representations in weight 1 may be constructed with- 

out using ~-adic cohomology. 

A final remark about the actual construction of the p~ is that we essentially 

won' t use it in what follows. Our point of view is the following: 

We are given a Z-dimensional space V~ over K ~D~ on which G acts 

according to certain axioms, and we derive facts about f (and about p~) from 

these axioms. However, we do use in the last § a certain additional fact that 

follows from the construction: V~ carries the action of an operator W = WIN 

001 w h i c h  is  a n a l o g o u s  to t he  e n d o m o r p h i s m  of S g i v e n  by the o p e r a t o r  (N ). S i n c e  

we  do no t  n e e d  W un t i l  the  end ,  we  p o s t p o n e  our  d i s c u s s i o n  of it. 

One says that the representation p~ is the ~-adic representation attached 

to f. Its uniqueness (up to isomorphism) will be proved later. 

Variant: The k-adic representations. 

Since K ~ Q~ i s  the product I[K k of the various completions of li at the 
k 

primes k of l( lying over ~, we have a decomposition 

GL(Z, K S Q f )  = I IGL(Z,Kx). 

F o r  each k the compos i t i on  
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: G p-~ GL(Z,K~D~I~f)  ~ G L ( Z , K R )  

Rib-t1 

is called the k-adic representation attached to f. The usefulness of Pk arises 

from the fact that Pk is a representation of G over a field. Since 

P~ : kGfPk  ' 

e a c h  f - a d i c  r e p r e s e n t a t i o n  m a y  be  r e c o v e r e d  f r o m  i t s  k - a d i c  c o m p o n e n t s .  

D e t e r m i n a n t s .  ]For e a c h  d > l ,  l e t  

(Pd : G ~ (~/d~)* 

be the character giving the action of G on the group of d th roots of unity in ~. 

As is well known, ~d 

p to the image of p 

is unramified at each p~d and maps a Frobenius F 
P 

in (Z/d~Z)"".  If ! is  a p r i m e ,  the  l i m i t  

for 

X~ = l i m  ~0 
n f 

is  a ( c o n t i n u o u s )  c h a r a c t e r  G ~  Z c a l l e d  the  f - a d i c  c y c l o t o m i c  c h a r a c t e r .  

S i n c e  K ~9 Q~ is  a ~ - a l g e b r a ,  we  m a y  v i e w  k~ a s  t a k i n g  v a l u e s  in  (K ~ (~!~ 

C h o o s i n g  d : N, we m a y  u s e  (PN to c o n s t r u c t  t he  c h a r a c t e r  of G 

) .  

G~---K N (=/N~)* i K': 

associated to the Dirichlet character ~. One calls this new character ~ as well. 

Since K ~9 ~I~ contains K, we may view a as well as taking values in (K 19 (I~) . 

k-i 
The product aX# is then unramified at p if pj'fN and maps a Frobenius F 

P 

for p to a(p)p k-l. 

Proposition (Z. Z). We have 

k-i 
det P : ~X~ 

k-i -I 
Proof. Let ~ be the quotient of these two characters, namely (det P~)(~Xf ) . 
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Then @ is unramified outside ~N and takes the value I on Frobenius elements 

v 
for all primes p~gN. It is thus identically I by the Cebotarev density theorem 

[19, Ch. I, §2.2], which asserts that Frobenius elements for such primes map to 

a dense subset of the image of @. 

A Remark on Eisenstein Series. For a brief moment, we permit the operators 

T a n d  R d t o  a c t  o n  t h e  s p a c e  o f  a l l  h o l o m o r p h i c  m o d u l a r  f o r m s  of  w e i g h t  k o n  
p 

F I ( N  ). S u p p o s e  t h a t  f i s  a n o n - z e r o  e l e m e n t  o f  t h i s  s p a c e ,  n o t  n e c e s s a r i l y  a 

cusp form, which satisfies the equations 

f i r  d = E (d)f  (d, N) = 1 

fiT = c " f  p~N. 
P P 

The field Kf generated by the c and the ¢ (d) is still finite over (~, and given 
P 

K and f as in (2 i) we may wish to construct a representation pf. For this we 

may assume that f is either a cusp form or an Eisenstein series, since the 

space of all modular forms is the direct sum of the space of cusp forms and the 

space of Eisenstein series, with both spaces stable under the operators T and 
P 

IK d. Since we know how to construct pf when f is a cusp form, we may assume 

that f is an Eisenstein series. 

In that case there are characters 

w h o s e  p r o d u c t  i s  ~ ,  s u c h  t h a t  

for all p'~N [7 ,  p.  6 9 0 ] .  

k -1  
c = ~l(p) p + E2(p) P 

U n d e r  t h e  a s s u m p t i o n  t h a t  K contains the values of 

t h e  ~"i w e  m a y  t h u s  c o n s t r u c t  p f  as the direct sum 

k-I 
EIX~ @ ~Z' 

with the two characters being regarded as l-dimensional representations of G 
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over KID (~. Establishing this assumption amounts to proving that any auto- 

rnorphism ¢7 of C which fixes the c and the ~(d) also fixes the values of £i 
P 

and E Z" 

This is easy to prove if k> i. Indeed, for each prime p we have the 

equation 

a(El(p))p k-I + o(e2(p)) = ~l(p)p k-I + Ez(p). 

k-i 
The character values are roots of i, and p ~ co as p~co, Hence for p large 

we must have a(El(p) ) = El(p) and ~(Ez(p) ) = Ez(p). ]By Dirichlet' s theorem on 

arithmetic progressions, this implies that (7 fixes all values of E l and ¢2" 

Now suppose that k = I. Then E is an odd character because k is odd. 

Hence e I is distinct from any conjugate of E Z, Thus from the equation 

°(El)+ a(E2) = ~I + E2 

we may deduce a(El) = el, c;(E2) = E 2 by the theorem on linear independence of 

characters. This proves what is wanted and completes the remark. 

Simplicity and Uniqueness. 

We return to the space of cusp forms to prove the uniqueness of the repre- 

sentations p~ whose existence is asserted by (Z.l). The uniqueness is an easy 

corollary of the following result. 

T h e o r e m  (2. 3). L e t  k be a p r i m e  of  K. Then  Pk is  a s i m p l e  I ~ k - r e p r e s e n t a -  

t i on  of G. 

P r o o f .  ( c f . [ 5 ,  (8 .7)] ) .  S u p p o s e  t h a t  #k is  r e d u c i b l e  o v e r  K k. R e p l a c i n g  it by 

an i s o m o r p h i c  r e p r e s e n t a t i o n ,  we m a y  r e p r e s e n t  it m a t r i c a l l y  a s  

w h e r e  the  qO i a r e  c h a r a c t e r s  o f  G w i t h  v a l u e s  in KX., L e t  r be the  
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r e p r e s e n t a t i o n  rpi (9 q0 Z o f  G. 

t r a c e  a n d  d e t e r m i n a n t  a s  Pk" 

l a r ,  w e  h a v e  

I t  i s  a b e l i a n  a n d  s e m i s i m p l e  a n d  h a s  t h e  s a m e  

(It i s  t h e  " s e m i s i m p l i f i c a t i o n "  of  O k . )  In  p a r t i c u -  

t r r ( F  ) , d e t r ( F  ) e K 
P P 

i f  F e G i s  a F r o b e n i u s  e l e m e n t  f o r  a p r i m e  p ~ f N .  
P 

L e t  £ b e  t h e  r e s i d u e  c h a r a c t e r i s t i c  o f  k, a n d  l e t  I f  ~ G b e  a n  i n e r t i a  

g r o u p  f o r  f .  By  r e s u l t s  o f  S e r r e  a n d  L a n g  ( s e e  [19, Ch .  I I I ] ) ,  e a c h  c h a r a c t e r  

n 

q0 i m a y  b e  w r i t t e n  a s  a n  i n t e g r a l  p o w e r  of  X f ,  s a y  Xf 1 , o n  a n  o p e n  s u b g r o u p  of  

I f .  (The  t h e o r e m  o f  L a n g - S e r r e  s a y s  t h a t  r i s  l o c a i I y  a l g e b r a i c ,  b e i n g  a s e m i -  

s i m p l e  " r a t i o n a l "  a b e l i a n  k - a d i c  r e p r e s e n t a t i o n  o f  t h e  G a l o i s  g r o u p  o f  • . )  

On the other hand, let p / ~ be a prime, and let I be an inertia group for 
P 

p. Then the two characters q~i are trivial on some open subgroup of Ip [Z3, 

p, 515]. If p~N, this subgroup may be taken to be I itself, since p is unrami- 
p k 

fled outside ~N. By class field theory, we now see that the two characters 

-n i 
~i = ~iXf 

are characters of finite order which are unramified outside ~N. 

Regarding them as Dirichlet characters, we may write 

n I n Z 
c = trr(F ) = El(p) p + ~2(p)p 
P P 

for all p~N. We have 

nl+n Z = k-i 

k-I 
as a consequence of the equation q~l~2 = ~X~ (The ~'l are of finite order, 

whereas X~ is not. ) We will now conclude by showing that these formulas con- 

tradict known facts about the (archimedean) size of the c . 
P 

We recall the Petersson-conjecture estimate 
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equation for the 

we must have 

(k-1)/Z 
]Cp] < Z p  

( the  R a n k i n  e s t i m a t e  w o u l d  s u f f i c e  a s  w e l l ) ;  i t  is  c l e a r l y  i n c o m p a t i b l e  w i t h  o u r  

c u n l e s s  nl ,  n 2 < k / Z .  S i n c e  t h e  s u m  of  t h e s e  i n t e g e r s  is  k - l ,  
P 

n I = n Z = (k-l)/Z, 

which implies that k is odd. This implies that 

E1 ~ ~2" 
-i 

Using the non-triviality of EI~ 2 , we get that 

is an odd character, so that 

E Ic [ Z -s 
p~J!N P P = -Zlog(s-k) + 0(i) 

as s -~ k+. However, l~ankin' s method [5, (5.1)] gives instead the estimate 

-log(s-k) + O(I) as s ~ k+; this is a contradiction. 

Corollary (Z.4). Let ~ be a prime. The K~(I~ -representation @6 is unique, 

up to isomorphism. 

v Proof. We must show that any two representations p~, pf as in (Z.l) are 

K~l~-isomorphic. Choose k If, and let 9k' @k be the corresponding k-adic 

representations. By the theorem above, these representations are simple, hence 

semisimple. They have identical traces on Frobenius elements, so by the 

V 

Cebotarev density theorem, they have the same trace. As is well known, a semi- 

simple representation in characteristic 0 is determined by its trace. Hence 

f , I Pk and Pk are Kk-isomorphic. Since this is true for each kl~ p~ and ~ 

are isomorphic. 

§3.  M o d u l a r  F o r m s  w i t h  " C o m p l e x  M u l t i p l i c a t i o n "  and  t h e  F i e l d  Kf. 

We recall an easy theorem in [5]. Let f e S be an eigenform, 

and let f' ( Sk, (FI(IN')) be an eigenforrn of possibly different weight and level 
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from that of f. Let ({c },E) and 
P 

"packages. " 

( { c '  } , E ' )  b e  t h e i r  r e s p e c t i v e  e i g e n v a l u e  
P 

Theorem ([5, (6.3)]). Suppose that c = c' for each p in a set of primes of 
P P 

density i. Then k = k', c = c' for all p~'NN', and ~{d) = ~' (d) for all d 
P P -- 

p r i m e  to  N N ' .  

P r o o f .  C h o o s e  a n u m b e r  f i e l d  K l a r g e  e n o u g h  to  c o n t a i n  a l l  t h e  e i g e n v a l u e s  o f  

t h e  t w o  f o r m s ,  a n d  p i c k  a p r i m e  k o f  IC. L e t  p ,  p '  b e  t h e  k - a d i c  r e p r e s e n t a -  

t i o n s  a t t a c h e d  to  f a n d  f '  r e s p e c t i v e l y .  B y  h y p o t h e s i s ,  t h e  t r a c e s  o f  p a n d  p '  

a g r e e  o n  F r o b e n i u s  e l e m e n t s  f o r  a l l  p r i m e s  in  a s e t  o f  p r i m e s  o f  d e n s i t y  1. B y  

v 
t h e  C e b o t a r e v  d e n s i t y  t h e o r e m ,  w e  f i n d  t r p  = t r p r ;  t h i s  t m p l i e s  t h e  a s s e r t i o n  

t h a t  c = c '  f o r  a l l  p ~ ' N N ' .  I t  a l s o  f o l l o w s  e a s t l y  t h a t  p a n d  p '  h a v e  e q u a l  
P P 

d e t e r m i n a n t s .  ( T h i s  f o l l o w s  in  f a c t  f r o m  t h e  t h e o r e m  t h a t  t w o  r e p r e s e n t a t i o n s  

w i t h  e q u a l  t r a c e s  in  c h a r a c t e r i s t i c  0 a r e  i s o m o r p h i c ,  o r  e l s e  w e  c a n  u s e  t h e  

formula 

detm = [(tr(M))2-tr(M2)]/2 

for the determinant of a 2 X 2 matrix in characteristic prime to 2. ) So if g is 

the residue characteristic of k we have 

k-I k' -i 
cX~ = E ' X~ 

Since X~ is not of finite order we get k = k' , ~ = E' 

Corollary (3.1). The field Kf generated by the eigenvalues c , E(d) of f is 
P 

already generated by the numbers c alone. 
P 

Proof. It suffices to show that any a E Aut((~) which fixes the c also fixes 
P 

the ¢(d). We form the conjugate f(Y of f, which is an elgenformwith eigenvalues 

a(Cp), cy(E(d)). By the theorem, a(c) = ~ if a(Cp) = Cp for all p, 

Proposition (3.2). Let f be an eigenform, and let K = Kf be its field of 
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e i g e n v a l u e s .  L e t  L b e  t h e  l a r g e s t  t o t a l i y  r e a l  s u b f i e l d  o f  I<l. T h e n  e i t h e r  I~i = L ,  

o r  e I s e  Ei i s  a t o t a l l y  c o m p l e x  q u a d r a t i c  e x t e n s i o n  of  L (i. e.  , K is  a " C M  

f i e l d " ) .  T h e  f i r s t  a l t e r n a t i v e  h o l d s  w h e n  e -- 1. 

P r o o f .  F o r  e v e r y  o ~ _Aut(C) w e  h a v e  

( y ( c )  = o(c  ) • a ( ~ ( p ) ) ,  : !~"[ 
P P 

w h e r e  t h e  b a r  d e n o t e s  c o m p l e x  c o n j u g a t i o n .  T h i s  w a s  n o t e d  in §1 f o r  ~ the  

i d e n t i t y  m a p  of  IE;, a n d  it  f o l l o w s  f o r  a n  a r b i t r a r y  G b y  r e p l a c i n g  f b y  i t s  

c o n j u g a t e  fo.  S i n c e  K i s  g e n e r a t e d  b y  the  n u m b e r s  c , i t  f o l l o w s  f r o m  t h i s  
P 

e q u a t i o n  t h a t  K h a s  a " w e l l - d e f i n e d  c o m p l e x  c o n j u g a t i o n " ;  a n  e a s y  c l a s s i f i c a t i o n  

t h e o r e m  (cf. [Z4, P r o p .  5.11]) t h e n  s h o w s  t h a t  K is  e i t h e r  t o t a i l y  r e a l  o r  a C M  

f i e l d  a s  a s s e r t e d .  A l s o ,  i f  e = I ,  t h e n  ( ~ ( c )  i s  i t s  o w n  c o m p l e x  c o n j u g a t e  f o r  
P 

e a c h  G; h e n c e  t h e  f i e l d  g e n e r a t e d  b y  the  c 
P 

P r o p o s i t i o n  ( 3 . 3 ) .  S u p p o s e  ~ ~ 1 .  T h e n  K 

of order two and satisfies 

i s  t o t a l l y  r e a l .  

i s  in  f a c t  a C M  f i e l d  u n l e s s  ~ i s  

(p)c  : c 
P P 

f o r  a l l  pj~N. C o n v e r s e l y ,  if e ( p ) c  = c f o r  a l l  p ~ N ,  t h e n  K is  t o t a l l y  r e a l .  
P P 

P r o o f .  S i n c e  I~ c o n t a i n s  t h e  v a l u e s  of  ~, K c a n  b e  t o t a l l y  r e a l  o n l y  if  t h e  

values of E 

character, E 

are all real. Hence if BI is totally real and ~ is not the identity 

is of order 2. If I~ is totally real, the equation 

c = ~ (p17 
P P 

becomes the identity asserted in the proposition. Conversely, the equation 

E (p)c = c implies that c = c and hence that c is a totally real number. 
P P P P P 

it holds for all p~N, BI is totally real. 

If 

Twisting. From now on, we shall assume for simplicity that f is a newform 
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n 
E anq of weight k on FI(N ). Given a Dirichlet character qg, we let f ® ~0 be 

0o n 
f D g~= E ~(n)anq - 

n=l 

As is well known [Z4, Prop. 3.64], f ~D ~0 is a modular form of weight k on 

FI(ND2 ) of Nebentypus g(0 g if ~0 is defined nod D. We have 

for p~ND, so that f ® (p is again an eigenform. 

Definition. Suppose ~0 is not the trivial character. 

multiplication by ~0 if 
9;(p)a = a 

P P 

for all primes p in a set of primes of density I. 

The form f has complex 

Remarks. 

1. If f has complex multiplication by @, then by the above-mentioned theorem of 

2 
[5] we have a~0 = a, and 9~(p)a = a for all pfDN. The first equation implies 

P P 

that go is a quadratic character. If its kernel in G corresponds to the quadratic 

field F, we say that f has complex multiplication by F. 

2. It is immediate from the definition and from (3. 3) that a newform f whose 

Nebentypus character is not the identity, but which nevertheless has a totally real 

eigenvalue field Kf, is a form with complex multiplication by its own Nebentypus 

character. 

Construction of Newforrns with Complex Multiplication (Hecke, Shimura). 

Let F be an imaginary quadratic field, and let k > 1 be an integer. Select 

an embedding a:F ~-~C. Let ~ be a Gr6ssencharacter of F whose infinity type 

k-i 
is ~ Suppose that ~ is an integral ideal such that @ is defined mode, 

and view @ as a homomorphism 
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( f r a c t i o n a I  i d e a l s  o f  F p r i m e  to ] ~ ) ~  IE::" 

s u c h  t h a t  

k - 1  ~ ( ( a ) )  = e ( a )  

* m o d  × f o r  a l l  n u m b e r s  a (  F s u c h  t h a t  a_= 1 ~ t .  

L e t  q0 b e  t h e  D i r i c h l e t  c h a r a c t e r  a s s o c i a t e d  t o  F ,  v i e w e d  a s  d e f i n e d  

r o o d  D, w h e r e  - D  i s  t h e  d i s c r i m i n a n t  o f  F .  

Let M be the norm of ~7~, and let "q be the Dirichlet character rood M 

g i v e n  b y  t h e  f o r m u l a  

a ~ - ~ ( ( a ) ) / a a  k - 1  (a e ;~).  

Let E be the product ~3q0. 

co n 
D e f i n e  g = E Cnq 

n = I  
a s  t h e  s u m  o v e r  i d e a i s  0~ o f  F 

g = E ~ ( 0 ~ q  N0", 

(0~, 7r~)=1 
IZ i n t e g  r a l  

where N o~ is the norm of an ideai o--. 

T h e  f o l l o w i n g  r e s u l t  i s  [ 2 5 ,  L e m m a  3]; s e e  a l s o  [7 ,  p.  717].  

T h e o r e m  ( 3 . 4 ) .  T h e  s e r i e s  

F I ( D M ) .  If  p j ' D M ,  t h e n  

g i s  a c u s p  f o r m  o f  w e i g h t  k a n d  c h a r a c t e r  

g l Tp = apg. 

co 
n 

C o r o l l a r y  (3. 5).  T h e r e  e x i s t s  a u n i q u e  n e w f o r m  f = E a n q  
n = l  

c h a r a c t e r  ~, a n d  l e v e l  d i v i d i n g  D M  s u c h  t h a t  

o f  w e i g h t  k ,  

£ on 

f o r  a l l  p j ' D M .  F u r t h e r m o r e ,  a 
P 

p l i c a t i o n  b y  q0. 

a = c 

P P 

= 0 if  q~p) = -1,  s o  t h a t  f h a s  c o m p l e x  m u l t i -  

Proof. The first statement results from the general theory of newforms, as 
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recalled in §i. For the second, one notes from the definition of g that c = 0 if 
P 

n o  i d e a l  o f  i ~ h a s  n o r m  p. A l s o ,  i f  a = 0 w h e n  ¢~(p) = - 1 ,  t h e n  a = q~p)a  
P P P 

f o r  a l m o s t  a l l  p ,  w h i c h  m e a n s  t h a t  f h a s  c o m p l e x  m u l t i p l i c a t i o n  b y  ~0. 

R e m a r k  ( 3 . 5 ) .  S h i m u r a  [ 2 6 ,  p .  138]  h a s  p o i n t e d  o u t  t h a t  g i s  a n e w f o r m  i f  

i s  t h e  c o n d u c t o r  o f  @. 

E x a m p l e  ( S h i m u r a ) .  L e t  F b e  o n e  of  t h e  i m a g i n a r y  q u a d r a t i c  f i e l d s  w i t h  c l a s s  

n u m b e r  1 a n d  w i t h  u n i t  g r o u p  { +  1}. S u p p o s e  t h a t  k i s  o d d .  D e f i n e  a c h a r a c t e r  

~b o n  al__Jl n o n - z e r o  f r a c t i o n a l  i d e a l s  b y  t h e  r u l e  

k - 1  

T h e n  @ i s  a G r ~ J s s e n c h a r a c t e r  a s  a b o v e  w i t h  ~r / .=  (1), a n d  i n  p a r t i c u l a r ,  w e  h a v e  

~] = 1. H e n c e  t h e  f o r m  f a s  a b o v e  h a s  N e b e n t y p u s  a = ¢0, s o  i t  i s  a f o r m  w i t h  

c o m p l e x  m u l t i p l i c a t i o n  b y  i t s  o w n  N e b e n t y p u s .  B y  (3. 3),  t h i s  i m p l i e s  t h a t  t h e  

f i e l d  K of  e i g e n v a l u e s  f o r  f i s  t o t a l l y  r e a l .  In  f a c t ,  w e  s e e  f r o m  t h e  c o n s t r u c -  

t i o n  t h a t  t h e  e i g e n v a l u e s  a a r e  r a t i o n a l  i n t e g e r s ,  s o  t h a t  K = • .  
P 

§4 .  S t u d y  o_~f C o m p l e x  M u l t i p l i c a t i o n  v i a  k - a d i c  R e p r e s e n t a t i o n s .  

L e t  f b e  a n e w f o r m  o f  w e i g h t  k,  N e b e n t y p u s  ¢, a n d  l e v e l  N .  W e  w i s h  to  

s t u d y  p o s s i b l e  c o m p l e x  m u l t i p l i c a t i o n  o f  f v i a  t h e  ~ - a d i c  r e p r e s e n t a t i o n s  a t t a c h e d  

to  f.  P i c k  a n u m b e r  f i e l d  K C  C w h i c h  c o n t a i n s  t h e  e i g e n v a l u e s  a ( a n d  h e n c e  
P 

t h e  n u m b e r s  E(d)) f o r  f.  L e t  g b e  a p r i m e  n u m b e r ,  a n d l e t  k l ~  b e  a p r i m e  of  

K.  W e  p r o v e d  in  §2 t h a t  t h e  r e p r e s e n t a t i o n  PX a t t a c h e d  t o  f i s  K k - i r r e d u c i b l e .  

Proposition (4.1). The image G k of P k is non-abelian. 

Proof. Let c E G be a complex conjugation. Since c is of order 2, and since 

detpk(c) =Xf{c)k-l~(c) = (-l)k-l~(-l) = -i, 
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the eigenvalues of Pk(c) are +I, -I. These are distinct elements of Kk, so the 

elements of GL(2, I<k) which commute with pk(c) form an abelian diagonalizable 

subgroup T of GL(2,~). Because Pk is irreducible, Gk~T. Hence some 

element of G k does not commute with Pk(C), and in particular G k is non- 

a b e l i a n .  

Proposition (4.2). Let H be an open subgroup of G. Then the restriction of 

Pk to H is semisimple. 

Proof. The restriction of a semisimple representation of a group to a subgroup 

of finite index of that group is again semisimple. 

For the rest of this paper we will operate under the (tacit) assumption that 

k > i. The assumption is certainly necessary because the theorems below are 

not true for k = i. When k = i, the groups G k are all (by construction) 

the finite image of the complex representation of G associated to f by Deligne- 

Serre [5]. This representation is studied in [ZZ]. 

i 

Theorem (4. 3) (Serre). The image G k of G k in PGL(Z,Kk) is infinite. 

Proof (abstracted from a letter of Serre to the author). Suppose to the con- 

-- %/ 

trary that G k is finite. By the Cebotarev density theorem, infinitely many 

primes pf~N satisfy ~(p) = 1 and split in the extension of (~ corresponding to 

~k"  Such  p h a v e  F r o b e n i u s  e l e m e n t s  in  G w h i c h  m a p  to s c a l a r s  in  G L ( 2 , K k ) ;  

hence such p satisfy 

Z 4 k - 1  ) k - I  
a = p (p = 4p 

P 

If k-I is odd, this is already a contradiction: the above equation implies that 

infinitely many primes p become squares in K , contrary to the fact that only a 

finite number of primes can ramify in a given number field. Hence we may 

write k = Zm+l with m> i. 



Rib-22 38 

- i n  
Let 9p be the representation Pk ~ X~ of G with values in GL(2,Kk). The 

image of (p in PGL(2,14k) is the same as that of Pk' namely G k ( a finite 

group). Also, the determinant of ~ is a character of finite order, namely a. 

T h i s  i m p l i e s  t h a t  t he  i m a g e  of q~ is f i n i t e .  (Only  t h e  m a t r i c e s  + I h a v e  d e t e r m i -  

n a n t  1 and  m a p  to the  i d e n t i t y  in P G L ( Z ,  Kk).  ) 

L e t  L p ( s )  a n d  L (s) be  the  u s u a l  L - f u n c t i o n s  a t t a c h e d  to t he  r e p r e s e n t a -  

t i o n s  PX. a n d  q) (cf. [19, Ch.  I, §Z .5 ] ) ,  d e f i n e d  as  E u l e r  p r o d u c t s  o v e r  p r i m e s  

P~'~N. A s i d e  f r o m  p o s s i b i e  m i s s i n g  E u l e r  f a c t o r s ,  L is t h e  D i r i c h l e t  s e r i e s  
P 

- S  
2~a n 

n 

for the newforrn f and L is an Artin L-series. Hence each L-series has a 

m 
f u n c t i o n a l  e q u a t i o n  of a k n o w n  t y p e .  Bu t  the  r e l a t i o n  Pk = Xf N q) i m p l i e s  a n  

identity 

L (s-m) = Lp(s). 

Thus Lp(s) has two functional equations, and these turn out to be incompatible, 

giving the desired contradiction. 

First, from the modular point of view (§i), L (s) has a functional equation 
P 

with F-factor (2~)-SF(s) and symmetry s~" k-s. From the Artin point of view, 

however, there is also for L (s) a functional equation with F-factor 

-S 
(27r) F(s-m) and the same symmetry. Remembering the possible missing Euler 

factors, we find an identity 

t n 
F(s)F(m+[- s ) s~-~- 1 -s i 

- c.A 11(-~iPi ) , F(s-m)F(k- s) 
i=l 

where c and A are non-zero complex numbers, the n. are integers, the c~. 
[ I 

are complex numbers, and the Pi are primes. One sees easily that this is im- 

possible by considering the zeros and poles of the two sides of the equation. 

Proposition (4.4). ]Either 9k(H ) is an irreducible non-abelian group for each 
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open subgroup H of G, or else there exists an open subgroup H of index 2 in 

G with the following property: If H' is an open subgroup of G, Pk(H') is 

abelian if and only if }-I contains H' . In the latter case, the quadratic field F 

corresponding to H is unrarnified outside ~N, and f has complex multiplication 

by F. Conversely, if f has complex multiplication by a quadratic field F, then 

Pk(Gal(~/F)) is abelian. 

Proof. The first statement is an easy consequence {see [14, (Z.3)]) of the fact 

that G k is non-abelian and semisimple and has an infinite image in PGL(Z,Kk). 

One finds that if G k has an open abelian subgroup, then there is a Caftan sub- 

group ~ of GL(Z,Kk) whose nornnalizer 7% contains G k. The intersection 

GK('~ C has index Z in G k and its preimage in G is a closed subgroup H of 

index Z on which Pk is non-abelian. A subgroup H' of G is contained in H 

if and only if its image in GL(Z,Kk) is contained in ~ . Also, the character 

q~: G ~ G / H  2 [ / e  ~ { + l }  

is  u n r a m i f i e d  o u t s i d e  ~N b e c a u s e  Pk  i s .  N o w  t h e  c o m p l e m e n t  9~ - ~ c o n s i s t s  

o f  m a t r i c e s  w i t h  t r a c e  0. H e n c e  if qS(g) = -1, t h e n  t r 0 k ( g  ) = 0. I f  w e  t h i n k  of  99 

a s  a D i r i c h l e t  c h a r a c t e r ,  w e  m a y  t h u s  w r i t e  

a p  = t r  pk(Fp) = 0 

f o r  a l I  p j ' f  N s u c h  t h a t  q0(p) = - i .  S a i d  a n o t h e r  w a y ,  f h a s  c o m p l e x  m u l t i p l i c a t i o n  

b y  q), i . e .  , b y  F .  

N o w ,  c o n v e r s e l y ,  a s s u m e  t h a t  f h a s  c o m p l e x  m u l t i p l i c a t i o n  b y  a q u a d r a t i c  

c h a r a c t e r  q). L e t  H ~ G  b e  t h e  k e r n e l  of  q0, a n d  i e t  F b e  t h e  c o r r e s p o n d i n g  

q u a d r a t i c  f i e l d .  We w i s h  to  s h o w  t h a t  0 x ( H  ) i s  a b e l i a n .  

T h e  f a c t  t h a t  f h a s  m u I t i p l i c a t i o n  b y  q0 s h o w s  t h a t  0 k ID q0 a n d  Pk h a v e  

i d e n t i c a l  t r a c e s  on  F r o b e n i u s  e l e m e n t s  f o r  a i m o s t  a l l  p r i m e s  p .  H e n c e ,  b y  t h e  

v 

C e b o t a r e v  t h e o r e m  a g a i n ,  a n d  b e c a u s e  o f  t h e  s e m i s i m p l i c i t y  o f  t h e  r e p r e s e n t a t i o n s ,  
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the two representations are isomorphic. In concrete terms, this means that there 

is a matrix M c GL(Z, Kk) such that 

MpN(g)M -1 = qo(g)Pk(g) 

for all g c G. In particular, pk(H) is contained in the cornznutant of M. Let 

g ~ G be an element not in I~, and let T = Pk (g)" Then 

MTM -I = -T. 

This equation evidently shows that M is not a scalar matrix, and it also implies 

that M is semisimple. IIence the commutant of M is abelian, and this implies 

what we wanted. 

Theorem (4.5). Suppose that there exists an open subgroup H of G of index 2 

in G such that Pk(H) is abelian. Then Ok , IH is abelian for al___!l primes k' of 

K. Also, H corresponds to a quadratic field F which is (1) unramified at all 

(finite) primes away from N, but which is (i[) ramified at infinity (i. e. , 

imaginary). Further, f is obtained from a Gr3ssencharacter ~j as in (3.5). 

Proof. The first assertion follows from the above proposition, because the 

statement that f has complex multiplication by a quadratic field does not involve 

a prime k of K. Also, a field F of complex multiplication is unramified away 

from N, because it is unramified away from £N, where £ is an arbitrary prime. 

However, to prove that F is imaginary and to prove that f comes from a 

Gr~ssencharacter of F seem to be less elementary. 

Let us suppose that f has complex multiplication by a quadratic field F, 

and let H be the corresponding subgroup of G. We know that PK(H) is abelian 

and semis[mple for each prime k of K. But further, by theorems in [19], PklH 

is locally algebraic for each prime k of K, so that there is a map of K-algebraic 

groups 

r : S ~  'K/r~/-~ G L ( 2 ,  K) 
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giving rise to the system of representations (9kIH). Here ~gZ is an integral ideal 

of F, and S~zt. is the Q-algebraic group constructed for F and ~Tb as in [19, 21]. 

In fact, since STtz is of multiplicative type, r is described by a K-rational pair 

of elements of the character group of $97 z, 

o m  

(See [ZI] for a down-to-earth description of the elements of this group. Note that 

the two characters corresponding to r are not necessarily each defined over K, 

but they form a K-rational set. ) 

Now, for definiteness, choose 14 to be the algebraic closure of K in •. 

The two characters of $7~ in question correspond to two type-A Gr6ssen- 
O 

characters ~i and ~Z of F with values in K ~ C and conductor dividing 2}15. 

They are interchanged by the (' internal' ) conjugation of F over (~. (For each 

prime k of I~ the representation pkJ H corresponds to two Kk-valued charac- 

ters of H which are interchanged by conjugation (in G) by an element of G not 

in H. This conjugation takes the Frobenius elements in H for a prime ideal ~9 

of F to the Frobenius elements for the conjugate ideal ~. ) Their relation with 

the PKIH is that 

~i~2 = ~. (Norm) k-I 

(where Norm is the norm Gr6ssencharacter of F) and that for each k of K and 

any prime ~) of F not dividing (NK)IvIN we have 

w h e r e  F ~  ( H is  a F r o b e n i u s  f o r  t h e  p r i m e  ~ D  

N o w ,  u s i n g  t h e  a s s u m p t i o n  t h a t  k > 1, l e t  u s  p r o v e  t h a t  F i s  c o m p l e x .  If 

n o t ,  e a c h  %1 be  w r i t t e n  a s  a n  i n t e g r a l  p o w e r  of  t he  n o r m  c h a r a c t e r  t i m e s  a c h a r -  

a c t e r  of  f i n i t e  o r d e r ,  s a y  

n .  
1 

~b i = ( N o r m )  E . 
1 
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(See [19, Ch. II, §3. 3].) This gives 

n I n 2 
trpk(Ir]~)) = aI(~D)IW(~ ) + E2(P)NP 

for all but finitely many ~9 of F. If ~D IP is a split prime of F, the left-hand 

side is a . Hence, taking ~D split and of large norm, we find from the archi- 
P 

median estimates that n I = n Z = (k-l)/Z, as in §2. Then, over KK' PNIH takes 

the shape 
k-I 

o I 2 
EZ ~9 Xf 

It therefore has a finite image in PGL(Z,Kk), This contradicts (4. 3). 

We continue our analysis, having established that F is imaginary. Let 

~, 7 be the distinct embeddings of F into K~_ ~ (~, and let the infinity type of ~i 

n nq m n 
be o 9- We know that the infinity type of ~2 is o 9- (because the two char- 

acters are permuted by conjugation) and that n+m = k-i (because ~l~g = 

a(Norm)k-l). The above argument shows that m~ n. Without loss of 

_n~l 
generality assume n • m . Let ~ = ~i" (Norm) , so that the infinity type of 

n-m 
is ~ We have 

pj~NM(l_ap p ; - ~  -s+a(p)pk-l-Zs)-i = ~N!ViT]- (I-~I(~O)Np-S) -I 

I-~ (l-@(P)Npm-s) -I, 
~'{NM 

as can be checked p by p. Thus if g is the modular form of weight n-m+l 

associated to @ by the construction of §3, we have 

Lf (s) = Lg(S-m), 

where the * refers to the deletion of a finite number of Euler factors. By the 

argument of Serre given above (incompatibility of functional equations), we must 

have m = O. Hence f is the newform constructed from ~ = ~i by the process of 
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§5. T w i s t i n g  a n d  f - a d i c  L i e  A l g e b r a s .  

Let f be a newform of weight k and level N. The image Gf of the 

-adic representation attached to f is an f-adic Lie group, being a closed sub- 

group of some linear group GL(2,14~D(I~g), Its Lie algebra ~ is then a (l~f- 

subalgebra of the corresponding Lie algebra ~(Z,li~D(l]~) of 2 ×2 matrices 

over K N {I~. In a previous paper [14], we determined ~, in the special case of 

level N = i, i.e. , for eigenforms on SLzZ. As we shall see, the general case is 

complicated by "twisting. " 

To simplify matters, we will make two assumptions in this §. First of all, 

we again assume that k> i, and secondly, we assume that f does not have com- 

plex multiplication. These assumptions are not too serious since the algebras 

~f are all 0 in the case of weight 1 (the representations pf have finite images) 

and are abelian if f has complex multiplication. (In fact, from (4.5) and results 

of Serre, one sees that ~g = F ® Qf, where IF is the field of multiplication.) 

We let K be the number field generated by the eigenvalues a (p~N), and 
P 

we let L be the largest totally real subfield of I4. By (3.1), K contains the 

values of the Nebentypus character E of f. Also, since f does not have corn- 

plex multiplication, K = L if and only if 

field, and is quadratic over L. 

Let ~ be a prime, and let 

P~ : G ~  GL(Z,KI~) 

be the g-adic representation attached to f. 

det p~ is {l~g-valued on the kernel H of E. 

tained in the algebra 

T h i s  i n c l u s i o n  i s  a n  e q u a l i t y  w h e n  N = 1 [14]. 

is trivial. Otherwise, K is a CM 

k-I 
The determinant of p~ is aX~ , so 

Since H is open in G, ~f is con- 
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There is another constraint on ?~ in the case where 

This arises from the equation 

a =a E(p) 
P P 

of §i, which implies that a e L for all p such that ~ (p) : i, 
P 

Proposition (5.1). If H is the kernel of a, then 

trp~(H) ~ L ® Q~. 

is non-trivial. 

Proof. The Frobenii F e G for primes p such that E (p) = i all lie in H, 
P 

V 

and by the C e b o t a r e v  dens i ty  t h e o r e m  the i r  i m a g e s  in GL(Z,K N • f )  a r e  dense  in 

9f(H). By the remark above, their traces a all lie in L, Hence the result 
P 

follows by continuity. 

Corollary (5.2). Suppose that k is even. Then, after replacing pf 

morphic K~Q~-representation of O, we have 

Pf(H) ~_- GL(Z,L~9(~f) ~_ GL(Z,K~9(~). 

Proof. 

L 

9 k 

by an iso- 

Let kl~ be a prime of K, and let L k (resp. l<k) be the completion of 

(resp. K) at k. We contend that (up to Kk-isomorphism) the representation 

satisfies 

pk(H) ~_ GL(Z, Lk) ~_ or , (z ,  Kk). 

In fact, this is the mz[n point: The corollary easily follows from this claim be- 

cause of the theorem that two semisimple representations with the same trace are 

isomorphic. 

To prove the contention, we have to overcome a Schur-index obstruction to 

defining pkl H over L k. But H contains the complex conjugations in G, since 

is an even character (it has the same parity as k). Hence Pk(H) contains the 

images under Pk of such elements, each of which is a matrix with eigenvalues 

+i, -i. The desired statement then results from the following lemma, which may 
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be proved by direct computation (but see [16, IXa]). 

Lemma (5. 3). Let E ~F be fields, and let 

p : G -~ GL(2, E) 

be a semisimple representation of an arbitrary group G. Suppose that 

trp(G) C F andthat p(G) contains a matrix whose eigenvalues are distinct ele- 

ments of F. Then ~ may be defined over F, in the sense that some representa- 

tion E-isomorphic to p takes values in GL(2,F). 

Corollary (5. 4). 

Then 

Suppose that k is even, and let cu be the (l~-Lie algebra 

{u E~f (z,g)Itru ~ Q}. 

~t ~-0"f = 0~ID ~f. 

Proof. This follows from the above corollary and the previously-noted fact that 

To gain further insight into what is happening, and to investigate the situa- 

tion when k is odd, we introduce the action of the "W-operator" on the repre- 

sentation space for ~. This operator is seen in the construction of p~ (as was 

mentioned in §2), and we shall list axiomatically its properties as developed during 

[8]. 

In construction the representations p~, one begins with a certain vector 

space V of dimension 2 over Ix[ such that for each prime ~, G acts KID(l~f- 

linearly on Vf = V ~ (~f. The space V is in particular an L vector space, of 

dimension 4 if L ~ K. Already on V there is an L-linear operator W which 

satisfies 

W z = (_N) k-2 

and the commutation relation 
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wtw -I : 7 

f o r  t ~ K,  w h e r e  t h e  b a r  i s ,  a s  u s u a l ,  c o n j u g a t i o n  o f  K o v e r  L .  

For each prime 

the formula 

~, t h e  a c t i o n s  of  G a n d  W on  Vg 

-i 
W p t ( g )  = P~(g)E (g)W = p ¢ ( g ) W E  (g), 

commute according to 

a n d  i n  p a r t i c u l a r  t h e  a c t i o n s  of W a n d  H c o m m u t e  w i t h  e a c h  o t h e r .  

Then 

L e t  A C  E n d ( V )  b e  t h e  L - a l g e b r a  g e n e r a t e d  b y  W a n d  t h e  e l e m e n t s  o f  K. 

p f (H) ~ Aut A ~Qf (V ~f ). 

Let us analyze this group of autornorphisms in the case which is not yet treated, 

that where k is odd. 

2 
For this, choose X ~ I£ such that X = a is a totally negative element of 

L. We have X = -X. Set Z = XW, and let ~ = -N k-Z Then: 

W X  = X W  = - X W  = - Z ,  

2 
W = ~ ,  

X 2 = a, 

2 
Z = -~a, 

XZ = -ZX = aW, 

w z  = - z w  = - f i x .  

In o t h e r  w o r d s ,  A i s  t h e  q u a t e r n i o n  a l g e b r a  o v e r  L a s s o c i a t e d  to a, 

( B o u ~ b a k i ,  A l g .  I I I ,  p.  1 8 ) .  It  i s  a d i v i s i o n  a l g e b r a ,  a n d  in  f a c t  a t o t a l l y  d e f i n i t e  

q u a t e r n i o n  a l g e b r a ,  b e c a u s e  a a n d  [3 a r e  t o t a l l y  n e g a t i v e .  

S i n c e  d i m L V  = 4 = d i m L A  , t h e  ( le f t )  A - m o d u l e  V i s  f r e e  of  r a n k  1 o v e r  

A :  V i s  i s o m o r p h i c  to  A a c t i n g  on  i t s e l f  b y  l e f t  m u l t i p l i c a t i o n .  I t  i s  t h e n  i m -  

m e d i a t e  t h a t  i f  w e  i d e n t i f y  V w i t h  A t h e n  E n d A V  i s  t h e  s e t  o f  e n d o m o r p h i s m s  

of  V g o t t e n  b y  l e t t i n g  e l e m e n t s  o f  A a c t  o n  V = A on  t h e  r i g h t .  T a k e  { 1 , W }  
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V. T h e n  w e  f i n d  c o n c r e t e l y  t h a t  r i g h t  m u l t i p l i c a t i o n  b y  t + u W  

= (t t P) M t ,  u u 

a n d  t h a t  B = E n d A V  i s  t h e  s u b a l g e b r a  o f  E n d K V  c o n s i s t i n g  of  a l l  s u c h  m a t r i c e s .  

R e m e m b e r i n g  t h a t  A is  i s o m o r p h i c  to  i t s  o w n  o p p o s i t e  a l g e b r a  u n d e r  t h e  s t a n -  

dard quaternion involution 

t + u W ~  t - u W ,  

we find that 

t+uW ~ M_ 
t,-u 

i n d u c e s  a n  i s o m o r p h i s m  A B.  A n y  m a t r i x  M h a s  t r a c e  a n d  d e t e r m i n a n t  
t , u  

in L;  t h e s e  n u m b e r s  a r e  r e s p e c t i v e l y  t h e  ( r e d u c e d )  t r a c e  a n d  n o r m  of  t+uW.  

We  s u m m a r i z e  all t h i s  in the f o l l o w i n g  

Theorem (5.5). Let A~ EndL(V) be the algebra generated over L by the 

operator W and the elements of K. Then A is a totally definite quaternion 

algebra over L, as is its comrnutant 

t3 = E n d A V .  

For each prime f, we have 

0~ (H) C_ Aut A ~ ¢~ (V~) = (B ~Q~ 
.-?. 

) . 

Furthermore, pf(H) is contained in the group of elements of (B e(l~) whose 

reduced norms to (LI9  (l~f) l i e  in  (1~.  

In  a n a l o g y  w i t h  t h e  s i t u a t i o n  w h e n  k i s  e v e n ,  w e  I e t  0~ b e  t h e  (l~)-Lie 

algebra 

{u~ Bltru ~ Q} C ~(2,K). 

Corollary (5.6). For each prime ~, we have 
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The a l g e b r a  (/- in the  c a s e  of odd w e i g h t  is  a f o r m  of the  a l g e b r a  w h i c h  

a r i s e s  in the  c a s e  w h e r e  k is e v e n ,  n a m e l y ,  

{u ~ ~ f ( Z , L ) [ t r u  ( (l~}. 

(In other words, the two become equal over Q.) Both in the case where k is 

even and in the case where k is odd we have defined a Lie algebra t2-C~(Z,K), 

depending on f, such that 

f o r  a l l  p r i m e s  ~. We now a d d r e s s  the  q u e s t i o n  of w h e n  t h i s  i n c l u s i o n  m a y  be 

s t r i c t .  

Extra Twistin G . Let us say that a newform f admits an extra twist if f has 

complex multiplication o__rr if there exists a T e Aut((I~) which does not pointwise 

fix L, together with a (continuous) character 

unramified outside N, such that 

a 

P 

for all primes p in a set of primes of density i. 

:9 . (a  ) -  ¢~p) 
P 

Examples. Several examples of forms with extra twisting and without complex 

multiplicationhavebeengiveninweight k=Z a n d w i t h N e b e n t y p u s  E=I. The first two 

examples were noted by Doi and yamauchi [6], and others have recently been 

found by Birch (unpublished) and by Koike [i0]. The first example of [6] is a form 

f on F (IZ5) of weight Z and Nebentypus E = 1 for which 
O 

K = U : ~I~( 4~/~ ~ ) .  

We have a : 9.(a )(fl(p) for all p ~ 5, where ~0 is the quadratic character associ- 
P P 

ated to ~(~r~) and where 9- conjugates K over (~(~-5). 

It would be of interest to give an apriori construction of forms with extra 
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t w i s t i n g .  If t he  l e v e l  N is d i v i s i b l e  b y  a h i g h  p o w e r  of  a p r i m e ,  t h e s e  f o r m s  

s e e m  to b e  m o r e  t he  r u i e  t h a n  t he  e x c e p t i o n .  

T h e o r e m  ( 5 . 7 ) .  L e t  f b e  a n e w f o r m  of  w e i g h t  k >  1 w h i c h  d o e s  no t  h a v e  c o m -  

p l e x  m u l t i p l i c a t i o n .  L e t  ¢ be  a p r i m e .  We h a v e  t he  s t r i c t  i n c l u s i o n  

%< % 

if and only if f admits an extra twist. 

P r o o f .  We s h a l l  m e r e l y  s k e t c h  t he  p r o o f ,  w h i c h  f o l l o w s  the  p r o o f  of [15, ( 4 . 4 . 1 0 ) ] .  

By  e x t e n s i o n  of s c a l a r s ,  we r e g a r d  p~ as  the  K ~ l ~ l ! - r e p r e s e n t a t i o n  

G k GL(Z,  K ~ Q9 ) =--* GL(2, K Lg~ ). 

C h a n g i n g  b a s e s  i f  n e c e s s a r y ,  w e  m a y  a s s u m e  t h a t  pg m a p s  

- -  F -  a n d  t h a t  % ® ~l~f ,_ ~,l(2,  LN{I~f ) .  F o r  e a c h  e m b e d d i n g  

H into GL(Z,L~D(~f) 

w e  let p 
G 

be the composite 

G P--~ ~ GL(Z, K e~) ~ OL(Z,~), 

with the latter map being induced by (y. To calculate the Lie algebra of p~, we 

if  p a n d  p a g r e e  on  L. We m a y  r e s t r i c t  Oj to H. On H, P ~ OT o "r 

note the following facts: (i) pC is semisimple; (ii) the determinant of 0~ is of 

infinite order; (ill) no representation O k (with kI~) becomes abelian on an open 

subgroup of G (because f does not have complex n~ultiplicatlon). By applying 

the analysis of [15, Ch. IV, §4] we find that ~,~ < o~ if and only if there exist em- 

beddings ~, "r, distinct on L, such that the two representations p and 0 of 
(Y T 

G are i s o m o r p h i c  on  a n  o p e n  s u b g r o u p  of G. By t h e  ( e a s y )  f a c t  t h a t  P ( H )  h a s  
O 

c o m m u t a n t  in GL(2 ,  ~l~l) c o n s i s t i n g  of s c a l a r s  f o r  a n y  o p e n  s u b g r o u p  Ho of G,  

w e  f i nd  t h a t  if  ~ f  < % t h e r e  i s  a c o n t i n u o u s  c h a r a c t e r  

- - #  

q~: G ~ ~[~ 
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of finite order such that p and p 
T (7 

Clearly ~0 is unramified outside N because the 

equation 

for all p~IN~. 

~D ~0 are isomorphic representations of G. 

p' s are, and we end up with the 

-r(a ) =  a (a  )q~(p) (":~) 
P P 

Conversely, if such an equation holds for all p in a set of primes 

of density i, then we have p ~p ~D 9) by the ~ebotarev density theorem, and 
T U 

this implies @- < ~. 

But (~':-') is purely algebraic in the sense that in (~-~) we may replace (~ 

by any algebraically closed field of characteristic 0: for instance, (~. More 

specifically, (~",-~) holds for some ~, 7, ~ as above if and only if we have 

7(a )= a(a )~p) 
P P 

for some elements ~, 7 of Aut(([7) which are distinct on L and for some com- 

plex-valued character of finite order ~ Hence (~':-~) holds if and only if f has a 

non-trivial twist. 

Correction. The hypothesis to [14, (4. 3)] is misstated. It should read ~ > k, not 

f ~k. 
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A RESULT ON MODULAR FORMS IN CHARACTERISTIC p 

Nicholas M. Katz 

ABSTRACT 

d The action of the derivation e = q ~ on the q-expansions of 

modular forms in characteristic p is one of the fundamental tools 

in the Serre/Swinnerton-Dyer theory of mod p modular forms. In 

this note, we extend the basic results about this action, already 

known for P > 5 and level one, to arbitrary p and arbitrary 

prime-to-p level. 

!. Review of modular forms in characteristic p 

We fix an algebraically closed field K of characteristic 

p > 0, an integer N > 3 prime to p, and a primitive N'th root 

of unity ~ ~ K. The moduli problem "elliptic curves E over 

N structure ~ of determinant {" is K-algebras with level 

represented by 

(Euniv i ~univ) 

M N 

with M N a smooth affine irreducible curve over K. 

the invertible sheaf on M N 

I 

= ~, flEuniv/M N ' 

In terms of 

O HO(MN,@f k) 
k~ 

Given a K-algebra B, a test object (E,~) over B, and a 

nowhere-vanishing invariant differential ~ on E, any element 

the graded ring R~ of (not necessarily holomorphic at the cusps) 

level N modular forms over K is 
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f e R N (not necessarily homogeneous) has a value f(E,~,~) e B, 

and f is determined by all of its values (cf. [2]). 

Over B = K((ql/N)), we have the Tate curve Tare(q) with its 

"canonical" differential C0ca n (viewing Tare(q) as ~m/q ~, ~can 

"is" dt/t from ~m ). By evaluating at the level N structures 

as o of determinant ~ on Tare(q), all of which are defined over 

K((ql/n)), we obtain the q-expansions of elements f e R N at the 

corresponding cusps: 

dfn 
fm0(q) f(Tate(q),~can,~ 0) e K((ql/N)) 

k is uniquely determined by its weight A homogeneous element f e R N 

k is said k and by any one of its q-expansions. A form f c R N 

to be holomorphic if all of its q-expansions lie in K[[ql/N]], 

and to be a cusp form if all of its q-expansions lie in 

I/NK[[ql/N]] The holomorphic forms constitute a subring q 

R~,holo of RN, and the cusp forms are a graded ideal in RN,holo. 

The Hasse invariant A c R is defined modularly as 
olo 

follows. Given (E,~,(~) over B, let r i c HI(E,OE ) be the basis 
] 

dual to ~ c H0(E,CE/B). The p'th power endomorphism x -~ x p of 

O E induces an endormorphism of HI(E,OE ), which must carry r; to 

a multiple of itself. So we can write 

~P = A (E ,~ ,~ ) - , ~  in  HI (E,OE ) ,  

for some A(E,~,~) c B, which is the value of A on (E,~,~). 

All the q-expansions of the Hasse invariant are identically ]: 

A o(q ) = l in K((q~/N)) for each s o. 

For each level N structure s o on Tare(q), the corresponding 

q-expansion defines ring homomorphisms 

whose kernels are precisely the principal ideals (A-I)R~ and 
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(A-l)R~,holo respectively ([4], [5]). 

k is said to be of exact filtration k if it is A form f ~ R N 

not divisible by A in R~, or equivalently, if there is no form 

f' k~ k' R N with ( k which, at some cusp, has the same 

q-expansion that f does. 

I!. Statment of the theorem, and its corollaries 

The following theorem is due to Serre and Swinnerton-Dyer 

([4], [5]) in characteristic P > 5, and level N = I. 

Theorem. 

(I) There exists a derivation A0:R~ ~ RN+P+~ which 

increases degrees by p + I, and whose effect upon each q-expansion 

d 
is q~ : 

(A0f) (q) = q d_ (fso(q)) for each S O 
So dq 

k has exact filtration k, and p does not (2) If f c R N 

divide k, then A0f has exact filtration k + p + ~, and in 

particular A0f ~ O. 

(3) If f c R~ k and A0f = 0, then f = gP for a unique 

k 
g c R N . 

Some Corollaries 

(]) The operator A0 maps the subring of holomorphic forms 

to the ideal of cusp forms. (Look at q-expansions.) 

(2) If f is non-zero and holomorphic, of weight 

I ~ k ~ p - 2, then f has exact filtration k. (For if f = Ag, 

then g is holomorphic of weight k - (p-l) ~ O, hence g = 0.) 

(3) If ] ~ k ~ p 2, the map 0 k ~ Rk+P+1 - A :RN,holo N,holo is 

injective. (This follows from (2) above and the theorem.) 

(4) If f is non-zero and holomorphic of weight p - l, 

and vanishes at some cusp, then f has exact filtration p - ~. 

(For if f = Ag, then g is holomorphic of weight O, hence 

constant; as g vanishes at one cusp, it must be zero.) 
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k has Aef = 0, (5) (determination of Ker(Ae)). If f ~ R N 

then we can uniquely write f = Ar.g p with 0 ~ r < p - I, 

r + k ~ O(mod p), and g ~ R~ with pf + r(p-]) = k. (This is proven 

by induction on r, the case r = 0 being part (3) of the theorem. 

If r ~ O, then k @ O(p), but Aef = 0. Hence by part (2) of 

k + ] - p  t h e  t h e o r e m  f = Ah f o r  some h ~ R N B e c a u s e  f and  h 

h a v e  t h e  same q - e x p a n s i o n s ,  we h a v e  Aeh = O, and  h has  l o w e r  r . )  

(6 )  I n  (5)  a b o v e ,  i f  f i s  h o l o m o r p h i c  ( r e s p .  a cusp  f o r m ,  

r e s p .  i n v a r i a n t  by  a s u b g r o u p  o f  S L 2 ( Z / N Z ) ) ,  so i s  g ( b y  

u n i c i t y  o f  g ) .  

! I ! .  B e g i n n i n g  o f  t h e  p r o o f :  d e f i n i n g  e and  A~, and  p r o v i n g  p a r t  (1)  

The a b s o l u t e  F r o b e n i u s  e n d o m o r p h i s m  F o f  M N i n d u c e s  an  

F - l i n e a r  e n d o m o r p h i s m  o f  H 1 (E /M ~ as  f o l l o w s .  The p u l l -  DR u n i v "  N / '  

(F)  o f  i s  o b t a i n e d  by  d i v i d i n g  E u n i v  by  back Euniv Euniv 

its finite flat rank p subgroup scheme Ker Fr where 

~(F)  
Fr:Euniv > ~univ 

is the relative Frobenius morphism. The desired map is Fr 

* 1 ( F )  
F r :  HDR(Euniv /MN) 

~R(Euniv/MN) (F) 

>4R(Euniv/MN) 

Lemma ]. The image U of Fr is a locally free submodule 

of H~(Eunl~n "v/M-)N of rank one, with the quotient H~R(Euniv/MN)/U 

, H a s s e  
locally free of rank one. The open set M N C M N where A is 

invertible is the largest open set over which U splits the Hodge 

filtration, i.e., where ~@U > R(Euniv/MN). 

Proof. Because F~ k i l l s  HO(Euniv  , ~ E u n i v / M N  ) (F )  i t  f a c t o r s  

through the quotient H](Euniv,O) (F), where it induces the 

inclusion map in the "conjugate filtration" short exact sequence 
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(cf [~], 2.3) 

0 - - >  H I (F) Fr nl 
(Euniv,@) -->4R(Euniv/MN) --> HO(Euniv , Euniv/MN) --> O. 

This proves the first part of the lemma. To see where U splits 

the Hodge filtration, we can work locally on M N. Choose a basis 

~, rl of H~R adapted to the Hodge filtration, and satisfying 

<~,TI>DR = ] Then ~ projects to a basis of HI(E,OE ) dual to 

* 4 * ~) ~, and so the matrix of Fr on R is (remembering Fr(~ ( ) = 0) 

(0 A 
where A is the value of the Hasse invariant. Thus U is spanned 

by Be + A~, and the condition that e and Be + A~ together 

span H~R is precisely that A be invertible. Q.E.D. 

Remark. According to the first part of the lemma, the func- 

tions A and B which occur in the above matrix have no common 

zero. This will be crucial later. 

We can now define a derivation e of RN[I/A] as follows. 

(Compare [2 ] ,  A1.4 . )  Over M~ asse ,  we have the decompos i t ion  

which for each integer k > I induces a decomposition 

Symmk~R ~ _m®k(~) (e®k-1 (~U) ( ~ ) _  . . .  ~ U ®k 

The Gauss-Manin connection 

] I 

induces, for each k > I a connection 

Using the Kodaira-Spencer isomorphism ([2], A.].3.]7) 

£ ~ HN/K 
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we can define a mapping of sheaves 

®k ®k+ 2 

as the composite 

> Sym:L = ( ~  
-- DR -- "'" 

Iil f~M R 

KS 

- 

P r  1 

__} ~®k+ 2 

MHasse Passing to global sections over -N ' 

a map 

0,~Hasse Hasse ,,@k+ 2 ) 
e " > H0(mN ,m 
:H ~ N  "-- " 

Lemma 2. The effect of @ upon q-expansions is 

co®2 
c a n  

we obtain, for k > I, 

d 
qT@" 

Proof. Consider Tate(q) with its canonical differential 

over k((ql/N)) Under the Kodaira-Spencer isomorphism, 

®can corresponds to dq/q, the dual derivation to which is 

d q ~ . By the explicit calculations of ([2], A.2.2.7), U is 

by v(q ~)(~can). Thus given an element spanned 
®k 

~O,~Hasse~ _.~ , _®k), its local expression as a section of _ f C 

on (Tate(q), some ~0) is f 0(q).~ @kcan. Thus 

v(f 
c~ 0 

®k d q 
®k ) V(q ~--~)((q)'~can) q (q)'ecan = f~0 

®k ®2 
d (q)'~can) ~can : v(q T4)(f% 

d ®k+ 2 
: q d-q (f~0 (q))" ~can 

d 
®k+ I . V( q -d-~) (~can) ' + k~f~0(q)" can 

Because ~ (q ~q) (~can) lies in U, it follows from 
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d (q)) . 
the definition of e that we have (ef)~o(q) = q d-q (f~0 

Q.E.D. 

k ~k+p+1 
Lemma 3. For k ~ ], there is a unique map Ae:R N > m N 

such that the diagram below commutes 

HO ( 4 a s s e ,  ~ k ) _  9_~_> re'O". Hassek~N ,£®k+2~ ×A > n"O'kmN~asse ,~®k+ p+ ] ) 

U 
~k+p+l = HO(MN,fk+P+?) RNk = H0(MN, @k) A0 > ~N 

Proof. Again we work locally on M N. Let @ be a local 

I 
basis of £, ~ the local basis of ~MN/K corresponding to 

by the Kodaira-Spencer isomorphism, D the local basis of 

DerNN/K dual to ~, and ~' = V(D)@ ~ ~R" Then <@'~'>DR = I, 

(this characterizes D), so that @ and m' form a basis of 

] 
HDR , adapted to the Hodge filtration, in terms of which the 

matrix of Fr is 

0B) 
(0 A 

~asse 
with A = A(E,e). Let u e U be the basis of U over M N 

which is dual to e. Then u is proportional to Be + Ae', and 

satisfies <e'~'>DR = I, so that 

B l 
u = K ~ + e 

k and In terms of all this, we will compute 9f for f e RN, 

show that it has at worst a single power of A in its denominator. 

®k ®k 
Locally, f is the section f]-@ of ~ , with fl holomorphic. 

v(f~ ~k) = v(D)(f1~®k).~ 

= V(D)(flco ®k) .@®2 

®k+ 2 ®k+ 1 , 
= D(f] ).co + kf1@ .co 

B 
=D(f I) ®k+2 + kflco®k+1(u _ K d~) 
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B ®k+2 ®!<+I 
: (D(fl) - k f  1 • K) + k f l ¢  "u 

Thus from the definition of e it follows that the local expression 

of ~(f) is 

0(f) = (D(f~) - kf I ~--) ®k+2 Q.E.D. 

We can now conclude the proof of Part (1) of the theorem. Up 

to now, we have only defined A on elements of R~ of positive 

degree. But as R~ has units which are homogeneous of positive 

degree (e.g., A), the derivation Ae extends uniquely to all of 

RN by the explicit formula 

Aef A~(f'aPr) for r >> 0 
AP r 

The local expression for Ae(f) 

k Ae(f) = (AD(fl)-kfiB)~ ®k+p+1 for f e R N 

remains valid. 

IV. Conclusion of the proof: Parts (2) and (3) 

k has exact filtration k. This means that f Suppose f e R N 

is not divisible by A in R~, i.e., that at some zero of A, 

f has a lower order zero (as section of ®k) than A does 

(as section of ®p-l). (In fact, we know by Igusa [3] that A 

has simple zeros, so in fact f must be invertible at some zero 

of A. Rather surprisingly, we will not make use of this fact.) 

Locally on MN, we pick a basis ~ of ~. Then f becomes 

Ok 
f].~ , and A~(f) is given by 

A~(f~- ~k) = (kD(fl)_kBfl) 

Suppose now that k is not divisible by p. Recall that B 

is invertible at all zeros of A (of the remark following Lemma 

]). Thus if x s M N is a zero of A where ordx(f]) < Ordx(A), 
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we easily compute 

ordx(AD(f l)-kBf I) = ordx(f I) < ordx(A). 

This proves Part (2) of the theorem. 

pk have A@(f) = 0= To prove Part (3), let f c R N 

expression for Ae(f) gives 

An(f I ) ®k+p+1 = 0 

The local 

and hence D(fi) = 0. Because M N is a smooth curve over a perfect 

field of characteristic p, this implies that fl is a pth power• 

say fl = (gl)p" Thus fl ~®kp = (g1~®k) p, so that f, as 

section of _~kP, is, locally on M N, the pth power of a 

®k 
(necessarily unique) section g of ci~ By unicity, these local 

g's patch together. Q.E.D. 

171] 

[2] 

[3] 
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ON I - A D I C  REPRESENTATIONS AND CONGRUENCES 

FOR COEFFICIENTS OF MODULAR FORMS ( I I )  

H.P.F. Swinnerton-Dyer 

i. INTRODUCTION. 

Let f = [ Tk(n)q n be a cusp form of weight k for the full modular 

group, with the properties that T(1) : 1, that every T(n) is in Z, and 

that the associated Dirichlet series has an Euler product 

~(n)n-S = ~(l_T(p)p-S + pk-l-2s)-l. (1) 

For example, f may be the unique normalized cusp form of weight 12, 

16,18,20,22 or 26; by omitting the subscript k we do not imply the 

traditional usage that k = 12. 

It has long been known (at least in the case k = 12) that the T(p) 

satisfy congruences modulo powers of certain small primes. In a pre- 

vious paper [3] with the same title, which was based on joint work with 

Serre, it was shown that the existence and form of such congruences was 

closely linked to the Serre-Deligne representation theorem. By determin- 

ing the structure of the graded ring of modular forms mod l, we were 

able to establish a finite list of possible congruences for the T(p) 

mod I for each of the six values of k listed above. Using methods 

which for the most part go back to Ramanujan, we proved all but one of 

these congruences -some of which were already known. For the remaining 

one, the notorious case of T16(p) mod 592 the numerical evidence is 

overwhelming~ but although finite decision procedures are now known, no 

one has yet carried one of them through. 

What was novel in [3] was the use of the Serre-Deligne theorem to pro- 

ve that the potential congruences mod I were restricted to certain types 
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and that 1 < 4k unless 1 was a factor of the numerator of the Bernoulli 

number b k. This left a finite list of hypothetical congruences to de- 

cide. The methods used to prove (or disprove) such congruences were es- 

sentially traditional, though put into a more polished and systematic 

form; and it may be noted that the one new type of congruence which we 

discovered is also the only one which we were unable to prove. In fact, 

the traditional methods of proving congruences mod 1 are fairly straight- 

forward{ it is only the congruences modulo high powers of a prime which 

have in the past required the ingenious manipulation of complicated for- 

mulae. (See for example the list in [3], page 4 and the references the- 

re.) 

Very little, and that unhelpful, was said in [3] about congruences 

modulo prime powers; but it was suggested that such congruences would 

be a by-product of any structure theory of modular forms mod I n that 

might be developed. Such a theory has since been obtained by Katz [1]; 

indeed in that paper he claims to give "an explicit solution" to the 

problem of finding all congruences mod I which hold between the q-expan- 

sions of modular forms on SL(2,Z). But this paper contains no examples, 

and it is not clear to me what he means by "explicit". On the other 

hand, I noticed during the Bonn conference that the Serre-Deligne theorem 

can be used not only to determine the possible forms of congruences for 

T(p) mod I n but to prove those which are true; and the proofs obtained 

in this way are simpler and more systematic than the previous ones be- 

cause they use much less information about the particular modular form 

f concerned. Indeed, all that is needed is the corresponding congru- 

ence for ~(p) mod l, which is proved by the methods of [3], together 

with the values of T(p) for certain particular p. For example, let 

= q{(1-q)(1-q2)...~ 24 = ~ ~12(n)q n 

be the normalized cusp form of weight 12; to prove Lahivi's congruence 
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-30 41 
T12(p) ~ p + p mod 5 

by these methods, all we need to know is that 

T 1 2 ( P )  ~ p2 + p mod 5 

and that (2) holds for p = 2 and p = 11. 

(p ~ 5) (2) 

The object of this paper is to explain the ideas involved and to ap- 

ply them to obtain all congruences for T(p) mod I n with 1 ~ 2 and 

n > 1, for the six values of k listed in the first paragraph. We as- 

sume throughout that p # 1. Similar methods can probably be used for 

the case 1 = 2, but the details will be different and a glance at the 

Appendix to [3] makes it clear that they will be much more complicated. 

Ribet [2] has shown that the methods of [3] can be used even if the 

condition that the ~(n) are in Z is discarded; no doubt the same is true 

of the present paper. 

For the reader's convenience we summarize the relevant parts of [3]. 

Let K 1 be the maximal algebraic extension of Q ramified only at 1. The 

Serre-Deligne theorem states that there is associated with each cusp 

form f satisfying the conditions in the first paragraph a continuous 

homomorphism 

Pl : GaI(K//Q) ~ GL2(Z/) 

such that Pl (Frob(p)) has characteristic polynomial 

X 2 - T(p)X + pk-1 

If the image of Pl is small enough, a knowledge of the determinant of 

an element of the image will imply some /-adic information about the 

trace of that element; in particular, an approximate /-adic knowledge 

of p will imply some /-adic information about T(p) and may therefore 

yield a congruence for T(p) mod I n. Conversely, the existence of 

such a congruence restricts the image of Pl' because the set of 
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Frobenius elements is dense in the full Galois group. The image of 

_ ~ . k - 1  
det 0 Pl is (~-l) ~ so the image of Pl is contained in the group of 

- k-1 and is those elements of GL2(Z l) whose determinant is in (Z l) 

equal to this group if and only if the image contains SL2(ZI). Consi- 

der the composite map 

Pl : GaI(KI/Q) ~ GL2(ZI) ~ GL2(FI) 

where the right-hand arrow is reduction mod I. For I > 3 it was shown 

in [3] that the image of Pl contains SL2(Z l) if and only if the image 

of ~l contains SL2(FI) ; and for I = 2 or 3 Tare has shown that neither 

of these can happen. We shall say that I is an exceptional prime for 

f if the image of Pl does not contain SL2(ZI) , or equivalently if the 

image of ~l does not contain SL2(FI). 

There can only be a congruence for T(p) mod I if I is an excep- 

tional prime for f; this justifies replacing the search for congruence 

by the apparently more general search for exceptional primes. But con- 

versely, from a knowledge of the image of Pl it is easy to deduce what 

congruences ~(p) satisfies mod I. So one of the main objects of [3] 

was to determine what are the possible images of ~l and what congruen- 

ces they correspond to. The conclusion can be stated as follows : 

LEMMA 1. Let I be an exceptional prime for f, and denote by G the image 

of ~l; then G, and the associated congruence for T(p), is of one of the 

following three kinds : 

(i) G is contained in a Borel subgroup of GL2(FI) ; and there is an in- 

teger m such that 

T(p) ~ pm + pk-l-m mod I. (3) 

(ii) G is contained in the normalizer of a Cartan subgroup of GL2(F l) 

but not in the Cartan subgroup itself; and ~(p) ~ @ mod I when- 

ever p is a quadratic non-residue mod l. 
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(iii) The image of G in PGL2(F/) is isomorphic to the symmetric group 

$4; and pl-kT2(p) ~ 0,1,2 o_~r 4 mod 1. 

Case (ii) can only occur if 1 > 2, and case (iii) only if 1 > 3. 

In the rest of this paper we shall only be concerned with case (i). 

The example of case (ii) with k = 12, 1 = 23 is discussed in [3], pages 

38-39, where in particular the exact image of Pl and the best possible 

congruences for T(p) are determined. That example is probably typical; 

certainly the other known example of this case (with k = 16, 1 = 31) be- 

haves very similarly. As for case (iii), it seems best to postpone any 

further discussion until the congruences mod 1 have been proved for the 

one suspected example of this case which has so far been found. 

Most of the ideas in this paper were worked out at the Bonn conferen- 

ce. I am indebted to many of the participants, and particularly to 

Buhler, Coates, Serre, Tate and Wiles for useful conversations and for 

correcting my mistakes; and I am indebted to Atkin, Davenport and 

Stephens for providing numerical data without which the results below 

could not have been made explicit. 

2. THE DIVISION INTO CASES. 

Let X1 denote the canonical character 

X1 : GaI(K//Q) ~ GaI(K b/Q) ~ ~l 

which has the property that 

x/(Frob(p)) = p, 

and denote by ~ the reduction of X mod 1. 

that without loss of generality we may assume 

~m(~) 
p(~) = 

o 7k-1-~(~) 

The proof of (3) also shows 

(4) 
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for all ~ in GaI(K//Q); for details see [3], page 17. It is convenient 

to make two further normalizations, which will not affect the validity 

of (4). 

For the first of these, we choose once for all a prime P0 which is a 

generator of Z 1 regarded as a topological group. If the equation 

T(p0) : x + p~-ix-i (5) 

is regarded momentarily as a congruence mod l, its two roots are known 

to be p~ and p~-l-m these are incongruent because (/-1), being even, 

does not divide (k-l-2m). Hence (5) has a root x 0 in Z 1 such that 

x 0 ~ p~ mod l, (6) 

by Hensel's Lemma; and the eigenvalues of p/(Frob(P0)) are x 0 and 

k-i -i 
P0 x0 There is therefore a matrix M 0 in GL2(Z/) such that 

M01p/(Frob(P0))M 0 = 

x 0 0 

k-i -i 
0 p@ x 0 

and it follows from (4) and (6) that n 0 is upper triangular. Replacing 

M01p/M0 the representation Pl by , which does not affect (4), we may as- 

sume 

p/(Frob(P0)) = 

x 0 0 

k-i -i 
0 P0 x0 

(7 

For any z in Z 1 and any ~ in 

R = lim Z/(ln(1-1)) 

there is a natural definition of z ~ as an element of Z1, and this has 

all the p r o p e r t i e s  w h i c h  t h e  n o t a t i o n  s u g g e s t s .  I t  f o l l o w s  f r o m  ( 6 )  

that there exists ~ in R such that 
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x 0 : p~ 

and we can clearly replace 

their validity. But any z 

and ~ m m mod(£-l) (8) 

m by ~ in (3) and (4) without affecting 

n 
in Z£ can be expressed as lim P0 where n 

runs through a suitably chosen sequence of elements of Z; and by (7) and 

(8) the corresponding sequence of matrices p£((Frob(P0)) n) tends to 

z ~ 0 

(9) 
k-l-~ 0 z 

Since GaI(K£/Q) is compact, the image of p£ is closed; so the matrix (9) 

is in the image of p£ for every z in Z I. Moreover, by the way it has 

been constructed, (9) must be equal to p£(o) for some o with X(o) = z. 

The importance of this is that it allows us to work with 

r = {pz (o ) lx (o )  : 1 }  

instead of with the full image of p, since every coset of r in the image 

of p contains a matrix of the form (9). 

Before the second normalization, we must clear out of the way one 

highly implausible special case. 

LEMMA 2. The image of p£ is not contained in any Borel subgroup of 

GL2(Z£). 

PROOF. Suppose the lemma is false; then we may without loss of generali- 

ty assume that the image of p£ consists of upper triangular matriees~ 

say 

P£ (a) = [ a(o)0 b(O)d(o) 

Now d ~ a(o) and o ~ d(o) are continuous homomorphisms GaI(K£/Q) ~ Z£ 
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and hence must be powers of X1, by class-field theory. Hence for some 

~, which is in fact the same as in (9), we have 

T(p) : p~ + pk-l-~ (10) 

and by restricting ourselves to primes p ~ 1 mod 1 we can assume that 

is in Z 1 rather than in R. But (10) implies that p~ is algebraic over 

Q~ hence by a theorem of Lang ~ is rational, and since ~(p) is in Z, it 

follows from (10) that ~ is an integer with 0 ~ ~ ~ k-1. Now (1) gives 

f = [ n~gk_l_2~(n)q n 

which is in general a derivative of an Eisenstein series and certainly 

is never a cusp form. This contradiction proves the lemma. 

We may therefore assume that if we write 

a(g) b(~) 

p / ( g )  : 

c ( g )  d ( g )  

a s  we s h a l l  c o n s i s t e n t l y  d o  f r o m  now o n ,  t h e n  n e i t h e r  b ( g )  n o r  e ( a )  v a -  

n i s h e s  identically. Let n ~ 0 be the largest integer such that I n di- 

vides b(~) for every g, and write A = diag(/n,1); then we can replace 

the representation Pl by A-1p/A without affecting what we have done so 

far. This is equivalent to multiplying c(~) and dividing b(g) by /n 

so it ensures that not all b(d) are divisible by 1. Clearly this re- 

mains true even if we restrict ourselves to F. This completes the nor- 

malization of p. 

Let N 1 > 0 and N 2 > 0 be the largest integers such that 

N I N 
a(d) ~ d(d) ~ 1 mod I and c(g) ~ 0 mod ~ 2 (ii) 

for all p(g) in F. For the moment N 1 may be infinite~ but N 2 is finite 

by Lemma 2. Since anything in the image of p can be written as a 
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product of an element of F with a matrix of the form (9), the second 

congruence (11) holds for all ~ in GaI(K//Q). 

LEMMA 3. N 1 = N 2 and both are finite. 

PROOF. Consider the identity 

al b 1 

c I d I 

a 2 b 2 

c 2 d 2 

: [ ala2+blC2~ ~ 

in which the two matrices on the left are in F and are chosen that 1 ~ b 1 

and / N2+I 
c 2. Clearly al,a 2 and ala2+blC2 cannot all be congruent to 

mod /N2+I; so N 1 ~ N 2 . Suppose now that N 1 < N2~ then the continuous 

map 

o ~ a(o) mod / NI+I 

NI+I)~ 
induces a homomorphism GaI(K//Q) ~ (Z/1 . Since the image is com- 

mutative, this map must factor through X1 and hence all o with X(o) = 1 
NI+I 

lie in its kernel. This means that a(o) ~ 1 mod 1 for all p(o) in 

F, contrary to the definition of NI~ and this contradiction completes 

the proof of the lemma. Henceforth we shall write 

N 1 = N 2 = N i> 1 ; 

it is not hard to see that although our normalization depends on the 

choice of P0' the value of N depends only on f and 1. 

Let G denote the group of elements {~,~,y,~} with ~,~,y,6 in F 1 and 

subject to the condition 

+ ~ = ~y; (12) 

the group law in G is to be given by 

{~1,~1,71, 61}{~2,62,Y2,~ 2} = {~1+~2+61Y2,61+62,Y1+Y2,~1+B2+Y162 }. 
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It is easy to check that the map 

p(m) ~ {1-N(a_l),b,l-Nc,l-N(d-1)}, 

where the components on the right are to be replaced by their images in 

F1, defines a homomorphism F ~ G. Indeed this motivates the definition 

of G; in particular the condition (12) corresponds to ad-be = 1. Let 

be the image of F in G; our next task is to list the possibilies for ~. 

There is an exact sequence 

0 ~ C 1 ~ G ~ C 1 × C 1 ~ 0, 

where C 1 denotes the cyclic group of order 1 and the two inner maps are 

defined by 

~ {~,0,0,-~} and {~ 6 Y ~ ~ 8 × Y; 

moreover G is not commutative. By hypothesis, neither 8 nor y can va- 

nish identically on ~; straightforward calculation therefore shows that 

must be one of the following three types : 

(a) the whole group G; 

(b) the elements with B = Iy, for some fixed ~ in F1; 

(e) the cyclic group generated by {~0,60,Y0,60}, where B0y 0 ¢ 0. 

In these three cases the order of ~ will be £3,£2 or£ respectively. In 

connection with (c) we note that 

{~,6,y,6} n = {n~+~n(n-1)~y,nB,n~,n6+~n(n-1)6y}~ (13) 

as can easily be verified by induction. 

THEOREM 1. The group ~ is of type (c) if 

2(k-1-2m) ~ 0 mod(/-1) 

and of type (a) otherwise. It is never of type (b). 

(14) 
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PROOF. By (8), we can write p for m in (14). Any o in GaI(K//Q) acts 

on F by conjugation by p(~), and this induces an automorphism of ~o If 

p(~) is given by (9), then this automorphism is 

{~,6,7,~} ~ {~,B~,y~ -1,~} (15) 

where ~ is the image of z k-l-2~ in F 1. If (14)"is false we can choose 

z so that ~ ~ ±1; and in cases (b) and (c) this means that (15) does not 

map ~ to itself. So if (14) is false ~ must be of type (a). 

Suppose therefore that (14) is true, and write K = Q(~). Since k 

is even, 1 ~ -1 mod 4; so K is the unique quadratic subfield of K 1. 

Suppose ~ is in 

GaI(K//K) = {~ in GaI(K1/Q)IX(I-1)/2(~) ~ 1 mod 1}; 

then ~ = 1 and the automorphism (15) is the identity. Hence there is a 

homomorphism 

GaI(K//K) ~ F/IF,F] x E, (16) 

where the square brackets denote the commutator subgroup and E m Z is 

the group of z ~ 1 mod 1 in ~l; this homomorphism is given by 

~ (Image of p(~)Diag(x-P(a),x~+l-k(~))) × x/-l(o) 

and it is easily seen to be onto. In cases (a) and (b), 

~ / [ ] ~ , ~ ]  = C 1 × C 1 .  ( 1 7 )  

But crude estimates show tha-= the class number of K is less than I and 

prime to l; so class-field theory tells us that any commutative /-group 

which is a quotient of GaI(K1/K) has rank at most 2. Since (16) is on- 

to, (17) is impossible; and therefore F must be of type (c). 

i 
COROLLARY. If ~ is of type (e) then s 0 = ~0 = ~60Y0; in other words F 
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i 2 i 2 
consists of the {71n ,ln,n,7ln } where i i__nn F/ is fixed and n runs 

through the elements of F 1. 

PROOF. It follows from (14) that 

½(/-1) mod(/-1), (18) k-1-2~ 

since the left hand side is odd; so in the notation of (15) we can 

choose z so that ~ :-1. Comparison with (13) now gives 

{~0,-B0,-Y0,60} : {~0,60,~0,60 }-1 

i 
and therefore ~0 = 60 = 260Y0 " This proves the Corollary. 

In any particular example it is easy to check whether (14) holds and 

hence to find whether ~ is of type (a) or type (c). At first sight ty- 

pe (c) breaks up into (£-1) subtypes, according to the value of I in 

the Corollary; but we are still allowed to replace p by R -1 p R where 

R : Diag(r,1) with r in Z1, and this operation replaces I by r21. So 

there are really only two subtypes, according as ~ is a square or not. 

At this point the argument divides, according as we are in case (a) 

or case (c). For each case we wish to find the associated congruences 

for T(p), which will of course involve ~ and N; and we need to prove a 

constructive method of finding the value of N for any particular f. 

It would be desirable also to find the exact image of p, but I have been 

able to achieve this only in case (a). The 42 known examples of case 

(i) of Lemma 1 are listed in [3], page 32. Of these, 6 have 1 = 2 and 

hence fall outside the scope of this paper, 25 do not satisfy (14) and 

are therefore of type (a), and 11 do satisfy (14) and are therefore of 

type (e). Details of these 36 examples are given below. 
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3. FURTHER INVESTIGATION OF CASE (a). 

In case (a) we start by determining F, which is equivalent to deter- 

mining the image of p. It turns out that F is as large as possible, 

subject to (11) : 

THEOREM 2. In case (a), 

r = {(ca ~] in SL2(Z/)Ia-I~ c ~ d-1 ~ 0 mod /N}. 

PROOF. For r = 0,1,2,... let G r be the set of matrices (a 
c 

which s a t i s f y  

a-1 ~ c ~ d-1 ~ 0 

and let S r be the set of matrices (y 

~ y ~ ~ ~ 0 

~) in SL2(Z £) 

mod £N+r, b m 0 mod £r 

) in M2(Z £) which satisfy 

mod £N+r, 8 ~ 0 mod £r, 

thus g in G r implies (g-l) in S r. It is easy to see that G r is a 

group, that Gr+ 1 is a normal subgroup of G r of index 1 3, and that the 

G r form a base for the neighbourhoods of I in SL2(Z/). Moreover F is 

closed. So to prove the theorem it is enough to prove that F contains 

representatives of each coset of Gr+ 1 in G r for r = 0,1,2, .... This 

is true for r = 0, for the natural map F ~ G ~ Go/G 1 is onto since we 

are in case (a). We therefore proceed by induction, assuming the re- 

sult for r-1 and proving it for r; thus we can take r ~ 1. 

Write g = (c a b I and let g 

l lb, it follows easily that 

be in Gr_ 1 . If we further assume that 

(g-l) n is in Sr+n_ 2 for n = 1,2,... ; 

and since 1 > 2 this implies 
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1 I +...+ (g_l)/ g : I + /(g-l) + 7/(/-1)(g-I)2 

I + /(g-l) mod S 
r+1" 

1 1 
Thus if gl and g2 are in distinct cosets of G r in Gr_l, then gl and g2 

are in distinct cosets of Gr+ 1 in G r. For r > 1 this completes the in- 

duction step, because the condition llb is then automatic. 

For r = 1 this argument only shows that F meets those 12 cosets of 

G 2 in G 1 for which /21b. However, a similar argument shows that it al- 

so meets those cosets for which /N+21c ; and so F meets more than 12 co- 

sets of G 2 in G 1. The cosets which F meets form a subgroup of G1/G2, 

and since this has order 13 it has no proper subgroup of order greater 

than 12. This completes the induction step for r = 1, and thus also 

completes the proof of the theorem. 

COROLLARY 1. The image of Pl consists of all [~ ~) i_~n GL2(Z/) such 

that 

a-z ~ ~ c ~ d-z k-l-~ ~ @ mod 1 N 

for some z in Z 1. 

PROOF. The matrix (9) is in the image of p for every such z. 

COROLLARY 2. The coefficients T(p) satisfy, for p ~ l, 

T(p) ~ p~ + pk-l-~ mod 1 N (19) 

and in this congruence ~ can be replaced by any integer m ~ 

mod /N-1(/-1). Moreover this result is best possible in the sense that 

given any T in Z 1 and ~ i~n Z~ with • ~ + ~ mod 1 N, we can 

find a prime p such that ~(p)-~ and p-~ are both as small as we like in 

the /-adic metric. 
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PROOF. The congruence (19) is just the relation between trace and deter- 

minant which holds for every element of the image of p, by Corollary 1; 

and the rest of the first sentence is trivial. The second sentence fol- 

lows from Corollary 1 and the fact that Frobenius elements are dense in 

GaI(K//~). 

It remains only to give a method of calculating N for any given f; 

for the definition of N above was totally non-constructive. To prove 

N = 1 it is enough to find a prime p such that 

T(p) ~ p~ + pk-l-~ mod 12, 

and here we may replace ~ by any m ~ ~ mod /(/-1). This shortcuts 

the more elaborate argument below; and it enables one to show that of 

the 25 known examples of case (a), the 17 with 1 ~ 11 all have N = 1. 

The systematic calculation of N depends on finding a finite list of 

primes Pr (the list depending only on l) for at least one of which 

k-l-~ /N+I 
T(Pr) ~ Pr + Pr mod (20 

Write L = Q(lv~) and assume that 1 is a regular prime - that is, the 

class number of L is prime to l; it was to permit this assumption that 

the ad hoc test for N = 1 was given above. Since 

GaI(K//L) : {a in GaI(K//Q)IX(~) ~ 1 mod 1), 

there is a homomorphism 

which is given by 

a ~ (b(a) 

GaI(KI/L) ~ C l x C 1 x C 1 

mod l )  x ( / - N c ( a )  

and Theorem 2 shows that this is onto. 

(21 

mod l) x (X(a) mod /2); (22 

Let H 1 denote the group of /th 

roots of unity, and L the maximum abelian /-extension of L which is 
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unramified outside 1 and for which GaI(L/L) is annihilated by 1. The 

map (21) factors through GaI(L/L); and Kummer theory states that 

U/U 1 ~ Hom(GaI(L/L),u/) (23) 

is an isomorphism of GaI(L/Q) modules, where U is the multiplicative 

group of elements of L which are units outside of 1. Clearly (23) im- 

plies 

GaI(£/L) : C~/+I)/2 (24) 

as abelian groups; and it is known that the map (24) can be written as 

m ~ G0(a) x ~l(a ) x . . . x  ~ / _ 2 ( 0 )  

w h e r e  t h e  n o n - z e r o  s u b s c r i p t s  a r e  t h e  o d d  i n t e g e r s .  I n  t h i s  n o t a t i o n  

in GaI(L/Q) acts on ~(~) according to the rule 

~v(~ ~ -1) = ~ ~v(a), (25) 

where on the right ~ has been identified with its image in F I. In 

particular, 60 corresponds to X; to be precise 

g0(o) ~ I-I(x(~)-I) mod l, 

so that the third factor in (21) is just 60. 

a ~) Take p ~ 1 mod I and write p(Frob(p)). : [c ; then 

T(p) = a + d = 1 + pk-i + bc - (a-1)(d-1) 

1 + pk-i + bc - (pU-1)(pk-l-~-l) mod /N+I 

pU + pk-l-u + bc mod /N+I 

Denote the first two factors on the right of (22) by Xl(a) and x2(a) 

respectively. This last calculation shows that 

Xl(O)x2(a) is fixed under the action of GaI(L/~) (26) 
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at least when ~ = Frob(p) - and hence in general since the action is 

continuous and the Frob(p) are dense in GaI(K//L). The reader who is 

confused by the implied reference to the action of GaI(L/Q) on Frob(p) 

may be helped by the following explanation. Though by abuse of language 

one speaks of Frob(p) as an element of GaI(K//~), it is in fact an en- 

tire conjugacy class of such elements. If p ~ 1 mod l, all these 

elements lie in GaI(K//L); but there they form (/-1) conjugacy classes, 

corresponding to the (/-1) prime factors of p in L. By the same abuse 

of language, these are described as the (/gl) Frobenii of p for 

GaI(K//L); and GaI(L/~) permutes them in the same way as it permutes 

the prime factors of p in L. 

Now x i and x 2 are linear combinations of the [~; and Xl,X 2 and [0 

are linearly independent because (21) is onto. Let ~0 be a generator 

of GaI(L/Q); by (26), s 0 either takes each of x I and x 2 into a multiple 

of itself or into a multiple o~ the other. In either case ~ takes 

each of x I and x 2 into a multiple of itself. Suppose first that 1 ~ -1 

mod 4; then the only case where two of the ~ arising from (25) can be 

equal is when ~ = 0 or }(/-1). Hence either each of x I and x 2 is a mul- 

tiple of some [~ or 

x I : u[ 0 + v[(/_1)/2, x 2 : u[ 0 - v[(/_l)/2 

for some non-zero u,v. The second alternative is impossible, by the li- 

near independence of Xl,X 2 and ~0 ~ so (26) implies 

XlX 2 = u~2r_l[/_2r (27) 

for some non-zero u and some r with 0 < r < (£+1)/4. We cannot 

have r = (/+1)/4 because that would again contradict linear independen- 

ce. Now suppose instead that 1 ~ 1 mod 4. The same argument about 

the action of ~ shows that either each of x I and x 2 is a multiple of 

some ~ or 
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x I = u~ r + V~s, x 2 = u~ r - v~ s with s =r +i(£-1) 

for non-zero u,v and some odd r. The second alternative is again im- 

possible, this time because it contradicts (26); so again we have (27). 

What we have just proved can be summarized as follows : 

THEOREM 3. Suppose that we are in case (a) and let the ~ be as above. 

For each r with 0 < r < (/+1)/4 let Pr ~ 1 mod 1 be such that neither 

~2r_l(O) nor ~/_2r(d) vanishes for o = Frob(Pr). Then (20) holds for 

at least one of the Pr" 

For given f and l, (19) and (20) provide a completely constructive 

method of calculating N once we have obtained a suitable list of Pr" It 

is also possible to calculate the value of r in (27), though I have 

not in fact done so; but it seems unlikely that anything of interest 

would emerge. To obtain a list of suitable Pr we proceed as follows. 

To each ~ there corresponds a field L c L, of degree 1 over L, such 

that ~v(Frob(p)) = 0 if and only if p splits completely in L . If 

L : L(/~) with u in U, then (23) implies that 

(~u)/u~ is an /th power in L, (28) 

where @ is any element of GaI(L/Q) and n is the image of 1-~ in F 1. 

Conversely, if u satisfies (28) for every @, this gives a recipe for 

finding L . In particular we can take u 0 = 1/y and u I : 1. 

The two cases that concern us here are 1 = 5 and 1 : 7, for each of 

which r = 1 is forced. We can choose 

u 3 = i(1+~/~) for 1 = 5 

4 2 2 4 
u 3 : elE2~ 3 and u 5 : EI¢2~ 3 for 1 = 7 
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where ~ = 2 cos 2~i~/7; it is easy to check that these satisfy (28). 

Moreover p : 11 does not split in L or L for 1 = 5; and p = 29 does 
1 3 

not split in L 1 or L 5 for 1 = 7. Hence we have 

COROLLARY. Condition (20) holds for 1 = 5, p = 11 and for 1 = 7, p = 29. 

Explicit calculation now gives the following results : 

THEOREM 4. We have N > 1 for the following 8 examples of case (a), 

5 5 5 5 5 5 

12 ~6 18 20 22 26 

3 2 3 2 2 2 

41 17 22 13 14 6 

7 7 

16 22 

3 2 

85 37 

where ~ is to be taken mod /N-I(/-1). 

4. FURTHER INVESTIGATION OF CASE (c). 

In case (a) we were able to determine F quite easily, because there 

was only one way of lifting ~ back to a closed subset of SL2(ZI). In 

case (c) this is no longer true~ indeed even the extra information that 

the matrices (9) lie in the image of p is not enough to determine F uni- 

quely. The best substitute for Theorem 2 and its first Corollary that 

we have is that for fixed X and some n 

p(~) 

:[_, 2~N, ~ x~in (1 +][An ~ ~× 

k- i, 2~N, k-l-]J X l-]Jn/N (1 +Tnn ~ )X 

(29) 

where the congruences for a,e,d are to be taken mod /N+I and that for b 

is to be taken rood l; moreover for given X and n we can find ~ such 
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that these congruences hold. 

rollary to Theorem 1. It follows from (29) that 

i, 2~N, /N+I T(p) e (p~ + pk-l-~)(1 +~nn ~ j mod 

and remembering (18) this gives the following result. 

All this is just a restatement of the Co- 

(30)  

THEOREM 5. Assume we are in case (c), with p ~ l; then 

T(p) ~ p~ + pk-l-~ mod 1 N if (~) : +1, 

mod /N+I if (~) : -1. 
(31) 

In this congruence ~ can be replaced by any integer m ~ ~ mod /N(/-1). 

We have nothing here analogous to the last sentence of Corollary 2 to 

Theorem 2. For fixed p mod 1 N with (~) : +1, exactly ~(/+1) of the 
\ 

1 residue classes mod /N+I allowed by (31) actually occur; when (~) =-1 

we can say nothing. However, this theorem does fit the pattern of the 

known result for T12 when 1 = 3 or 7; see for example [3], page 4. 

As in §3 we can give an ad hoc method of proving N = 1 which short- 

cuts the more elaborate arguments below; this is less necessary than in 

case (a) because I < 2k in case (c), but it still saves effort. Suppose 

that (~) = +1; then to alter ~ by a multiple of (/-1) does not alter 

p~ + pk-l-~ mod 12. So to prove N = 1 it is enough to find p,m with 

T(p) @ pm + pk-l-m mod 12 , m :- mod (/-1),(~) = +1. 

This test is enough to prove that N = 1 for the cases 

1 = 7, k = 12,18,20,26 and 1 = 11, k = 18, 

leaving for systematic calculation only the 6 cases with 1 = 3. 

For the systematic calculation of N in this case we consider 
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{a in GaI(K//Q)Ixk-I-2~(~) ~ 1 mod l} Gal (K//K) 

where K = Q(~F/~) as in §2. There is a homomorphism 

GaI(K//K) ~ C 1 × C 1 (32) 

which is given by 

~ (X-~(o)b(~) mod l) × (X/-I(o) mod /2); (33) 

and the remarks following (29) show that this is onto. Let x(~) denote 

the first factor on the right of (33); then (29) and (30) imply 

i~-1 2~N, mod ~N+I ~(p) ~ (p~+pk-l-~)(l+TA x ~ (34) 

where x = x(Frob(p)). This equation determines x up to sign~ so 

just as in §3 the non-trivial automorphism of K over Q must either fix 

x(~) or take it to -x(~). In the former case x(o) would be a function 

of X(o), which is impossible because (32) is onto; so the latter case 

must hold. This is enough to determine x(~) up to multiplication by a 

non-zero constant. Thus if we choose p so that x ~ 0, then (34) pro- 

videds a completely constructive way of finding N. 

In particular, when 1 : 3 and p ~ 1 mod 3 we can write 

4p : u 2 + 27v 2 : 4~ (35) 

in essentially only one way, where 2~ = u+3vv~, and then 

x(Frob(~)) = ± v/u mod 3 

for a fixed choice of sign. So for 1 = 3 we can take p = 7 in (20); 

and indeed (34) gives 

T(p) ~ (p~+pk-l-~)(1 ± 3Nv 2) mod 3 N+I (36) 

where the sign depends only on f. This gives the following table. 
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k 

N 

N 
mod 2.3 

sign in (36) 

12 16 18 20 22 26 

6 5 5 5 6 6 

848 174 386 298 18 340 

+ + . . . .  

There are similar recipes for the cases I = 7 and I = 11. 

However, once we are willing to take into our congruences the factors 

of p in K (or the expression of p by the appropriate quadratic form, 

which is equivalent), we can do better than (34). The first evidence 

for this was the conjecture, based on extensive numerical evidence, that 

in the notation of (35) 

119 -108 36v 2 mod 38 (37) 
T12(p) ~ p + p 

and not merely mod 37 as (34) and the table following (36) would imply. 

This has been discovered more than once; see for example [3], page 42. 

On similar grounds Atkin has conjectured that 

~12(P) ~ P + pl0 _ 21v 2 mod 72 (38) 

whenever 4p = u 2 + 7v 2', (39) 

both these conjectures will be proved below. There are obvious histori- 

cal reasons why T12 has been studied more intensively than theother Tk, 

but there is no other reason whythere should not have been similar con- 

jectures for other values of k. Results of this kind can be fitted in- 

to the framework of the present paper, though the process is somewhat 

untidy - reflecting perhaps the diversity of possible images of Pl" 

The 3-adic results, for all which N > 1, depend on the following fact : 

LEMMA 4. Suppose that we are in case (c), and that N > 1; and let I de- 

note any pull-back to Z of the I in (29). Then the map 
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o ~ b(o)X-~(o) + l£-Nc(o)×~+l-k(o ) 

induces a homomorphism 

GaI(K[/K) ~ Z/(£2). 

(40) 

(41) 

PROOF. Denote the map (40) by f, and write a(o i) = ai, X(o i) = Xi and 

so on for i = 1 or 2. We have 

.~,-N ~,l-k.~ ~+l-k ~, 
f(ol~ 2) - f(o 1) - f(o 2) = b2X2~(aix~-l) + A~ c2x 2 <alX I -±J 

+blx~(d2x[~_l) + ~-N ~+l-k(a2x~+l-k_l ) 
A~ ,~IX 1 

The first two terms on the right are divisible by £ N, by (29); and for 

the same reason we have 

- ~+l-k -1 £N 
d2x2 ~ m ~2' a2x2 ~ v 2 mod (42) 

where ~2 = X~ -I-2~ Hence the right hand side is congruent mod £N to 

Aa elX 1 

Each of these two factors is divisible by £, by (29) again, and so 

f(olg 2) - f(o 1) - f(o 2) m 0 mod £2 

since N > 1. This completes the proof of the lemma. 

To identify the homomorphism (41) we recall that there are two inde- 

pendent abelian characters on GaI(KI/K). One of them, which is just 

the restriction of X£, is fixed under conjugation by the non-trivial 

element of GaI(K/Q); the other, which will be denoted by ~l' is taken 

into -1 by such conjugation. But conjugation of p(o) with a suitable 

element of p(GaI(K£/Q)), to wit the matrix (9) with z = -1, simply 

changes the signs of b(o) and c(o); so it reverses the sign of the homo- 

morphism (41) and that homomorphism therefore factors through log ~. 
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Explicitly we must have 

f(o) -= 8 log T](u) mod 12 

for some @ in Ql" But since the two summands in (40) are congruent 

l, their product is congruent to (if(o))2 rood 

i~ i k-i f2 £-Nb(a)c(o) -:~a- X (<~) (o) 

Moreover 

(43) 

mod /2 in other words 

mod 12 . 

X-~(a-x~)(d-x ~) + x~+l-k(a-xk-l-~)(d-x k-l-~) ~ 0 mod /N+2 

by (29) again, with N > 1. This implies 

2(a+d) ~ (X-~+X~+l-k)(ad+x k-l) 

(xk-l-~+X~)(2+xl-kbc) mod /N+2 

taking o = Frob(p) with (~) = +1 we finally obtain 

T(p) = a + d ~ (pk-l-~+p~)(l+~/Nl-lf2(o)) mod /N+2. 

Suppose in particular that 1 = 3 and that u,v are given by (35); then 

after replacing ~ by a certain power of itself we can assume 

n(Frob 7) : (u+3vx/~)/(u-3v~3), 

for this clearly has the right behaviour under GaI(K/Q). It follows 

from this and (43) that f(Frob 7) is congruent mod 32 to a constant mul- 

tiple of v/u. We can sum up what we have proved as follows : 

THEOREM 6. Suppose that 1 = 3 and k is such that N > 1; then there 

dependin~ only on k, such that 4p = u 2 + 27v 2 implies exists K i__nn Z3, 

• (p) ~ (pk-l-~+p~)(l+3NKv2/u2) mod 3 N+2 

In this congruence ~ can be replaced by any integer m ~ ~ mod 3 N. 
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For the six known cases of -this Theorem we have the following table, 

which repeats some of the information in the table which follows (36). 

k 

N 

mod 3 N 

12 :16 18 20 22 26 

6 5 5 5 6 5 

119 174 143 55 18 97 

7 i 8 8 5 8 

It is easily checked that the result for k = 12 is equivalent to (37){ 

and there are analogous simplifications of the other five results. 

To prove Atkin's conjectured congruence (38) we need a substitute for 

Lemma 4 valid when N = 1; but for the applications we can assume £ > 3, 

which is a substantial simplification. 

LEMMA 5. Suppose that we are in case (c), and that £ > 3 and N = 1; and 

denote by I any pull-back to Z of the I in (29). 

, 1 l-k o ~ (bx-~+I/-lex ~+l-k)<l-~be X ) 

induces a homomorphism 

GaI(KI/K) ~ Z/(12). 

Then the map 

(44) 

(45) 

PROOF. Denote the map (44) by g and the map (40) as before by f; and 

adopt the notation of the proof of Lemma 4 with the additional conven- 

tion that n i = n(~i) , where n is as in (29). The first displayed for- 

mula in the proof of Lemma 4 is still valid, but we now have to use the 

congruences 

ax -~ ~ dx ~+l-k ~ 1 + ~An2/ mod 12 

instead'of (42). This gives, mod 12, 
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fi(~1~2 ) 

by a further use of (29) for b and c. 

i~2~ 3 
g(~) - f(u) -~A ~n 

and the map ~ ~ n 

we have 

h(OlO2) - h (o  1) - h (o  2) ~ - t 2 / n l n 2 ( n l + n  2) 

The combination of this and (46) proves the Lemma. 

88 

i 2 -~ ~,l-k. 
f(~l ) - f(~2 ) ~lnl(lb2x 2 +Ic2x 2 ] 

i 2 -~ k-l-2~ ~ ~+l-k 2~+l-k) 
+ 7~n2(lblX 1 X 2 +AClX 1 X 2 

2 2 21n~n 1 :- I Inln 2 + I (46) 

But (29) also gives 

mod 12 , 

mod I is a homomorphism; thus if we write g-f = h 

mod 12 • 

The homomorphism (45), like (41), has its sign reversed by conjuga- 

tion with the non-trivial element of GaI(K/Q); so an argument exactly 

like the proof of (43) now gives 

g(~) ~ @ log n(~) mod 12 (47) 

for some 8 in Ql" Since the two summands in the first factor on the 

right in (44) are congruent mod l, we can again write down their pro- 

duct mod 12 and thereby obtain 

l/-1xl-kbc ~g2 i 1-k)-2 Z2 (1-~bc X mod 

from which it follows that 

1.-1 k-lg2 /-lbc ~ ~A X (1+/I-lg2/12) mod 12. 

Moreover (29) in this case gives, mod 13, 

X-~(a-x~)(d-x ~) + X ~+l-k (a_xk-l-~)(d_xk-l-B) 

= i~2 4~2,xk-I-~+X~ ) 2/2( ~A n ~ ~ -2-6~ - a+d)g 4 
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which implies 

(2+2-6k-2/2g4)(a+d) ~ (X-~+x~+l-k)(ad+x k-I 

(xk-l-~+X~)(2+xl-kbc) mod 13. 

Taking ~ = Frob(p) with ([) = +1 we finally obtain 

T(p) = a + d ~ (pk-l-Z+p~)(l+%A-11g2+l-212g 4/384) mod 13 , 

where g is given by (47). 

The five cases ~ we are concerned with all have £ = 7 or 11; and if 

(~) = +1 we can write 

2 + £v 2 = 4~ (l = 7 or 11) 4p = u 

in essentially only one way, where 2~ = u+v~&-[. We can assume 

n(Frob ~) = (u+v~C-1)/(u-v~C1), 

since this clearly has the right behaviour under GaI(K/Q). It follows 

from this and (47) that g(Frob ~) is congruent mod 12 to a constant 

multiple of 

v / u  - / v 3 / 3 u  3 .  

Cleaning up, we obtain the following result 

THEOREM 7. Suppose that 1 = 7 or 11, and that k is such that we are 

depending only on in case (c) with N = 1. Then there exists ~ i_~n Z/, 

k, such that 4p = u 2 + /v 2 implies 

T(p) ~ (pk-l-~+p~)(l+6Klv2/u2+<(6 K-4)12v4/u4) mod 13. 

In this congruence ~ can be replaced by any integer m ~ ~ mod /(/-1). 

This should of course be read with Theorem 5. For the five known 

cases of this Theorem we have the following table. 
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k 

1 

mod /(/-1) 

12 18 20 26 18 

7 7 7 7 11 

1 1 2 2 1 

13 11 40 1 35 

The values in the first column imply (38) and indeed give a stronger re- 

sult. The fact that in each column of this table we can choose m to 

be so small is almost certainly significant - particularly since the 

machinery of [3] virtually forces the values of m in that paper to be 

very small; but I can see no explanation for it. 
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INTRODUCTION 

Let N be a prime number, and ~o(N) be the group: 

ab 
%(N) ={ (c  d) ~ SL2(2t) I c =_ 0 mod N~ • 

This group acts on the complex upper half plane H = { z ~ C [ Im(z) > 0) . 

We denote by X (N) the "canonical model" of the natural compactification of 
o 

H/ ~o(N), which is defined over ~, and by Jo(N) the jacobian variety of Xo(N) 

defined over ~. Let go(N) be the genus of Xo(N). We denote by S2(~o(N)) the 

space of all cusp forms of weight 2 with respect to To(N), and write 

0 -i 
S[(Co(N)) = ~ f ~ S2(i~o(N)) I f{(N 0 ) = f } '  

0 -i 
S2(~o(N)) = { f E S2(~o(N)) I fl( N 0 j = -f ~ 

~o 
Let f(z) be an element of S2(~o(N)), and let f(z) = ~ anqn be its 

n=l 

Fourier expansion ( q = e2Riz). We assume that f(z) is a common eigenfunction 

of all the Hecke operators, and that a I = i. We denote by Kf the field 

generated by all an over ~, and by ~f the set of all the distinct embeddings 

of Kf i n t o  ¢. For a prime number p, we denote  by Hf,p the "p - th  Hecke polynomial"  

of f: 

Hf,p(T) = ~ (T - %), 
De Zf 

where T is an indeterminate. This is a polynomial of degree [Kf : ~] with 

rational integral coefficients. We will also consider a second eigenfunction 
o~ 

n 
g(z) = ~ hnq (b I = i) with the obvious definitions of Kg, ~-~,g, and Hg,p(T); 

n=l 
it will be always assumed tha t  g(z) i s  not  a "companion" of f ( z ) ,  i . e . , t h e r e  

is no element ~ E ~f which satisfies na °- = b for all n. 
n 
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The purpose of this paper is firstly to report that Hf,p(T) mod ~ and 

Hg,p(T) mod ~ , which are considered as polynomials with coefficients in ~/(~, 

have non-trivial common factors for some prime i and for small p. The numerical 

table is given in §l. We shall then study the meaning of the existence of such 

a congruence. Let R I (resp. R2) be the subring of Kf (resp. Kg) which is 

generated by all an (resp. bn) over ~. Then in some cases, we can prove a 

stronger congruence: 

There is a maximal ideal ~. of R° (i = i, 2) whose residue 
1 1 

characteristic is ~ such that 

(i) RI/ ~ i and R2/~ 2 are isomorphic, 

(2) By identifying RI/~ i with R2/ ~ 2 under the isomorphism in (i), 

we have an mod ~i = bn mod 22 for all n. 

This topic is studied in ~2. 

In ~3, we shall study the relation between the congruence (*) and the 

structure of the Galois modules of ~i-section points of the abelian varieties 

corresponding to f and g. In ~4, we shall study the structure of the ring of 

Hecke operators associated to the pair (f, g) in connection with (*). 
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~i. Consruences of Hecke polynomials; numerical table. 

Let the notation be as in the introduction. For f(z) and g(z) as above, it 

is known that a N (resp. bN) is equal to either -i or +i according as f(z) 

(resp. g(z)) belongs to S~(~o(N)) or $2(~o(N)) (cf. Atkin, eehner il] Th.3). 

Therefore if a N # bN, Hf,N(T) mod ~ and H ,N(T) mod ~ have no common factor g 

unless ~ = 2. For example, for N = 37, 43, 53, 61, we can in fact prove the 

existence of the congruence (*) with ~i dividing 2, but for N = 67, there is 

no congruence between f e S (~o(67)) and g ~ S2(Po(67)) with bn ~ ~" In the 

following discussions, we keep our attention only for the case a N = bN, i.e., 

we assume that f and g both belong to S +2 (~o(N)) or both to S2(~o(N)). We shall 

give all the possible values of ~ such that Hf,p(T) mod ~ and Hg,p(T) mod 

have non-trivial common factors for small p (at least for p~ 2go(N ) - I) for 

N ~ 223. For the computation, we used the table of Wada LI7J and the table 

in [18] (Table 5). 

In the following table, we describe the cases where the spaces S~(~o(N)) 

have non-trivial splittings and list(in the last column) the values of ~ for 

which congruences have been found. We underline the ~ for which we could prove 

the stronger congruence (*) (by the method described in ~ 2). 

Table (i.i) 

N 

67 

71 

73 

sign ~ splitting of S~(~(N)) possible 

- 1+2 5 

- 3+3 3 

- 1+2 3 
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89 

109 

113 

139 

151 

163 

179 

193 

197 

199 

211 

223 

i+5 5 

1+4 2 

1+2+3 

1+7 

3+6 

1+5 

2 for "i + 2" 

3 for "i + 3" 

ii for "2 + 3" 

2, 3 

2, 67 

3 

- i + i i  3 

+ 2+5 ii 

+ 1+5 5 

- 2 + i0 71 

+ 3+3 7 

- 2+9 41 

+ 2+4 7 

Remark (1.2) As we have remarked above, except for the underlined ~ , it 

is not known to us whether Hf,p(T) mod ~ and Hg,p(T) mod ~ have common factors 

for all p. But it should be noted that the set of "possible ~ " is non-empty 

whenever the spaces S%(~o(N)) decompose, within the limit of the table. 

§2. Congruences of cusp forms. 

Let f(z) and g(z) be as in the introduction. We use the following lemma to 

deduce the congruence (*) from the congruence for a finite number of Hecke 

polynomials. 
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Le=~a (2.1)°Let K be an algebraic number field of finite degree which 

contains Kf and K . Let ~ be a prime ideal of K which does not divide the level 
g 

N. If a mod ~ = b mod ~ for all prime numbers p such that p ~ 2go(N ) - i, 
P P 

then we have a mod ~ = b mod~ for all n. 
n n 

Proof. First note that Xo(N)~K has good reduction mod i by IgusaE6] . 

We also remark the following points: 

(i) By the natural isomorphism: S2(ino(N))~ H0(X (N)~C,~ I) which sends 

h to h dq, f dqand g d--~-q are differential forms of the first kind rational 
q q q 

over K. 

(2) The cusp at infinity determines a ~-rational point of Xo(N) , and q is 

a local parameter at this point, q has the same property in characteristic ~ ( 

being the residue characteristic of ~). 

(3) The expansion of ( f  d_~) mod $ a t  i n f i n i t y  i s  given by 

(a n mod ~ )qn-ldq, and the same holds for g. 
n=l 

Then by the Riemann-Roch theorem, if a mod ~ = b mod ~ for all 
n n 

n ~ 2g o(N) - i, we conclude that (f ~) hod ~ = (g ~) mod ~ . But since f 

and g are common eigenfunctions of all the Hecke operators, this condition is 

satisfied under our assumption, q.e.d. 

We give here two typical examples. The other cases, which are underlined 

in the table (i.i), can be verified by a similar method. 

Example i. N = 73. We consider the space $2(~o(73)). In this case, we 

can take f(z) (resp. g(z)) so that a ~ ~ (resp. b E Z[ I+ i~ L---~J ) for all n 
n n 

(and in fact R 2 ~ ~[ i+2~--13 ] ). By a result of Koike [7J, we can determine the 

values of h . 
n 
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p 2 3 5 7 

a 1 0 2 2 
P 

-l+ ~i~ 
b 
P 2 

l+ fi~ 
2 

-i 

(i - b + p E 0 mod (4 - i~) for all primes p ~ 73.) 
P 

Thus we see that a mod 3 = b mod (4 + ~) for p ~ 7. Hence we have 
P P 

a mod 3 = b mod (4 + ~) for all n, by the Lemma (2.1). 
n n 

Example 2. N = 89. We consider the space $2(~o(89)) which splits as 

"i + 5". We can take f(z) (resp. g(z)) so that a ~ ~ (resp. b ~ K with 
n n g 

[K : ~] = 5) for all n. By the table of Wada [17], we have: 
g 

H g , 3 ( T )  = T 5 + 3T 4 - 4T 3 - 16T 2 - 9T - 1 ,  

which is irreducible over ~. Therefore b 3 generates K over ~. By an easy 
g 

computation, we have: 

(i) The discriminant of the order ~ [b3~ C K is equal to 24"5-6689. 
g 

(2) Hg,3(T) ~ (T - 2) 2 (T 3 + 2T 2 + i) mod 5, where the last factor of the 

right hand side is irreducible over ~/52. 

Then we see that 5 is prime to the conductor of R2, and 5 decomposes in Kg 

2 
as ~2 ~2 w h e r e  l 2 a n d  ~2 a r e  p r i m e s  o f  Kg,  a n d  t h e i r  a b s o l u t e  n o r m s  a r e  e q u a l  

5 and 53 , respectively. On the other hand, one can check that Hg,p(T) mod 5 to 

= ((T - ap) mod 5) 2 Ip(T) with a ~/5~-irreducible Ip(T) for p <~ 13. We then 

conclude that a mod 5 = b mod ~2 for all n, by the Lemma (2.1). 
n n 
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§3. The Galois modules of ~.-section points of abelian varieties. 
i 

The discussion~of this and the next section are based on the existence of 

the congruence (*). As above, we start with f and g, and we assume that f, g, 

and ~i (i = i, 2) satisfy (*). In this section, we also assume the following 

(3.1). ~i is prime to the conductor of R. (i = i, 2). 
i 

By Shimura [15], we obtain an abelian variety Af (resp. Ag) associated to 

f (resp. g) as a factor of Jo(N). Af (resp. Ag) is defined over Q, and R 1 (resp. 

R2) acts on this abelian variety unitarily as its ~-endomorphisms. Let ~iAf(~) 

(resp. ~2Ag(~)) be the group of ~i- (resp. ~2-) section points of Af (resp. 

Ag) in the sense of Shimura, Taniyama El6]. Under the assumption (3.1), ~IAf(~) 

(resp. ~2Ag(Q)) is isomorphic to (RI/~I)2 (resp. (R2/$2)2) as R I- (resp. R2-) 

modules. Therefore we obtain natural representations of the Galois group: 

(3.2) ~ ~f'~l: Gal(~/~) ---> AUtRl (~iAf(~)) ~ GL2(RI/~I) , 

~ ~g'~2: GaI(Q/~) ~ AUtR2 (~2Ag(Q)) ~ GL2(R242 ) . 

By the Eichler-Shimura congruence relation (cf. Shimura [14] 7.4, 7.5), we 

have: 

(3.3) Let F be a Frobenius element in GaI(Q/~) with a prime p ~ ~ , N° 
P 

Then under the assumption (3.1), the congruence (*) implies that the 

characteristic polynomials of ~f,~l(Fp) and ~g,~2(Fp) coincide. 

v 

This, combined with the density theorem of Cebotarev, implies that the 

representations ~f'~l and ~g'~2 are equivalent provided that these 

representations are semi-simple. For this, we have the following 
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Proposition (3.4)~) Let the notation be as above (and N be prime as usual), 

and assume that the condition (3.1) is satisfied for il" If the representation 

- + p for all primes p # N. ~f'~l is reducible, then we have: ~i B 1 ap 

Proof. Let Af/~ be the N~ron model of Af over ~. We denote by G the group 

of il-section points of Af/~ in the schemetic sense (cf. Giraud [3]), i.e. G 

represents the functor: T~--~ HOmRl(Rl/il, Af/~(T)) for (~-) schemes T. Since 

N is prime, Af has semi-stable reduction at N (cf. Deligne, Rapoport 52~ V~ 

6.9), and has good reduction outside N (£63). From this, one sees that G is 

_ 1 
a quasi-finite flat group scheme over ~, and G~ 2 L ~] is finite and of rank 

#(RI/~I)2 ~ Rl/$1-vect°r over X[ ] . Moreover, G is a scheme in spaces (schema 

en Rl/~l-vectoriels) in the sense of Raynaud [ii]. 

Assume that there exists a Gal(~/~)-stable Rl/il-SUbspace of dimension one 

in G(~). We then first claim that there exists a subscheme in Rl/~l-vector 

spaces H of G, which is finite, flat and of rank #(Rl/il) over ~. In fact, if 

G itself is finite over ~, this is obvious. If not, we have: G®~N = X ~ X', 

where X is finite over ZN, and X'~ N = ~ (643 II (6.2.6)). In our case, X is 

flat and this is a scheme in Rl/~l-vector spaces of rank #(Rl/il) over XN' By 

the universal property of the ~eron model, X(~N) is the unique non-trivial 

Rl/il-SUbspace of G(@N) which is stable under the action of the inertia group 

in GaI(~N/~N) (cf. the arguments of Grothendieck [53 2.2.5 and 5.7). Therefore 

in particular G® ~ has the unique subscheme in Rl/~l-vector spaces H~ which is 

of rank #(RI/~I) over ~. The schemetic closure H of H~ in G then satisfies the 

*) This might be known to specialists; cf. Mazur, Serre [ 8], and also 

Ribet 5133. 
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desired property. 

It is known that such an H must be isomorphic to the constant scheme or its 

Cartier dual (CI0]~I). Therefore, by the Eichler-Shimura congruence relation, 

1 - a + p annihilates H~ (p ~ N). But if 1 - a + p is not contained in 
P P P 

~i' this induces an automorphism of H over Z, which is impossible, q.e.d. 

Now for the underlined ~ in the table (i.I), and for the corresponding %i 

(i = i, 2) which satisfy (*), we can check (3.1). Except for the "i + 2" part 

- +p of N = 113, we can also check that ~i (resp. ~2 ) does not contain 1 ap 

(resp. 1 - bp + p) for some prime p # N. This implies that £f'~l and ~g'~2 

are equivalent in such cases, by the above proposition. We give again two 

examples. 

Example 1 (bis). Let the situation be as in Example i in ~2. Then 

and R2 = ~ [ ~ ]  . We have: 

I i - a 2 + 2 = 2, which is prime to ~i = (3), 

i - b 2 + 2 5 + i~2 , which is prime to ~2 = (4 + ~i3). 

RI~ 

Example 3. N = 71. We consider the space $2(~o(71)) which splits as 

"3 + 3". In this case, we have: 

Hf,2(T) = - 5T + 3, 

T 3 T 2 Hg,2(T) = + - 4T - 3. 

The discriminant of the orders ~[a 2] and ~[b2"~ are both prime to 3, and 3 

decomposes in Kf (resp. Kg) as follows: 

I (3) = ~I ~i in Kf, 

(3) ~2 ~2 in Kg, 

where the absolute norm of ~I (resp. ~2 ) is equal to 3, and that of ~ (resp. 
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~) is equal to 9. Also we know that a mod ~i = b mod ~ for all n, and 
n n 2 

there is no other congruence. On the other hand, we have: 

I Hf,5(T) = T 3 + 3T 2 - 2T - 7, 

T 3 5T 2 2T + 25 Hg,5 (r) = _ _ . 

The absolute norm of i - a 5 + 5 (resp. i - b 5 + 5) is obviously prime to 3. 

§4. The Hecke rin~ associated to the pair (f, g). 

Let f and g be as before, and assume the congruence (*) for f, g and ~i 

(i = i, 2). We denote by R the subring of R = R I ~ R 2 which is generated over 

by all (an, bn) ~ R . The purpose of this section is to study the relation 

between (*) and the structure of R. 

We begin with elementary ring theory. In general, let R i (i = i, 2) be 

an integral domain, and R be a subring of R = RI ~R 2 such that [ R 

We denote by ~ the conductor of R in R : 

* R* * (4.1) Z = R : R = i r ~ I mR ~ R 

is an ideal of R which is contained in R. Obviously we have: 

(4.2) - an ideal of R. (i = i, 2). = LI~2 with£i i 

Assume that the natural projection 

in this case, we easily see: 

: R3< ~o. 

Pi: R---~R.I is surjective (i = i, 2). Then, 

(4.3) The natural projection Pi 

R/~ ~ Ri/~i (i = i, 2). 

Therefore for a maximal ideal ~ of R which contains 

induces an isomorphism: 

R/+ ---~ Ri/~i (i = i, 2) via Pi' where ~i = Pi (~)" 

, we have an isomorphism: 

Conversely, let ~i be a maximal ideal of RAI (i = i, 2) which satisfies 
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(4.4). There is an isomorphism ~ : RI/% i ~ R2/~2 such that ~'ql = q2' 

where qi is the natural homomorphism: R ~ Ri/~ i" 

Then it is also easy to see that ~ = Ker ql = Ker q2 is a maximal ideal 

of R which contains 

Now this situation can be applied to our previous Ri, R and R. Summing up 

what we have said, we obtain the follwing 

Proposition (4.5). The congruence (*) holds for ~i (i = i, 2) if and only 

if ( ~i ~ ~2 ) ~ R is a maximal ideal of R which contains ~ . 

Let us consider the underlined cases in the table (i.i). 

Example 4. N = 139. We consider the space $2(~o(139)) which splits as 

"i + 7". Here we have the congruence (*) with ~. (i = i, 2) dividing 2, and 
1 

with ~ (i = i, 2) dividing 3. On the other hand, by ~17] , we have: 

Hf,2(T) = T - i, 

H 2(T) = T 7 - T 6 - lIT 5 + 8T 4 + 35T 3 - lOT 2 - 32T - 8, 
g, 

Hf,5(T) = T + i, 

H (T) = T 7 - lIT 6 + 36T 5 + 2T 4 - 211T 3 + 319T 2 - 55T - 83. 
g,5 

From this, we see that (0, 1 - b2) , (0, -i - b5) E R, and the absolute norm 

of 1 - b 2 (resp. -i - b 5) is equal to -18 (resp. 456). Therefore we have: 

R* ' ' R = i (a, b) ~ 1 a mod 41 = b mod ~2' a mod 41 = b mod ~2 ~ ' 

! 

~= (~i ~2) F% ( li~2 ). 

Except for this, and the case N = 71 and N = 109, we can check that there 

is an element (0, b) e R such that the absolute norm of b is not divisible by 
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~2 
• Therefore for these ten cases, we have: 

R* R = ~ (a, b) ~ I a mod il = b mod ~2 

= ~1 ~ ~2' 

Concludin$ remark.Let Kf and K be as before. Since f and g are not 
g 

companions to each other, Kf ~ K can be considered as a direct factor of 
g 

EndQ(Jo(N))® ~, which is isomorphic to a sum of totally real fields. Then 

by the same method as in Shimura [15], we obtain an abelian variety A(f,g) 

which is the factor (as a quotient) of J (N) corresponding to Kf ~ K . 
o g 

A(f,g) is a quotient of Jo(N) by an abelian subvariety rational over ~. 

By the construction (loc. cit.), the ring R acts on A(f,g) as ~-endomorphisms, 

i.e., 

(4.7) There is a natural injective homomorphism 

: R > End~(A(f,g)). 

By a theorem of Ribet ~12], 0(R) is of finite index in End~(A(f,g)) = 

End~(A(f,g)). In [93 (95, Prop.4), Mazur and Swinnerton-Dyer have proved 

that 0 is surJective when N = 37. (In this case, f ~ $2(~o(37)), 

g e $2(~o(37)), A(f,g) = Jo(37), and R ~ { (a, b) ~ ~ • ~ a-- b mod 2 ~.) 

Although we know no other example, it seems interesting to study whether O 

is surJective in general or not. 
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RATIONAL POINTS ON MODULAR CURVES 

THEOREM 1. 

el l ipt ic curve 

groups: 

§ i .  Introduction 

In the course  of p repar ing  my lec tu res  for this conference,  I found a proof 

of the following theorem,  conjectured by Ogg (conjecture 1 [ 17b ]): 

Let 

E ,  

be the tors ion  subgroup of the Mordel l -Weil  group of an 

over @. Then ~ is  i somorphic  to one of the following 15 

Z / m . Z  for m <  10 or m =  12 

2g/2 . Z X 7../2v • ~ for v < 4 

]-his proof will be presented here  (see also [ 14a ]) . 

The above 15 groups do indeed occur,  for the i r  "associated" moduli p roblems 

1) 
a re  of genus 0 with known rat ional  paramet r iza t ions .  

Theorem 1 fi ts  into a broader  conjecture ,  at t r ibuted by Casse l s  ( [ 3 ] 

p. 264 ; cf. also bibliography) to the "folklore": 

i) The equations a re  collected in ([  10 ] ,  Table 3, page 217) ,  and were  known for 
the most  par t  to Fr icke .  It i s  amus ing  to consider~ however, that, in disguised form, 
some of these pa ramet r i za t ions  may have been known far  e a r l i e r  than that. Griffiths 
pointed out to me that the data of the c lass ica l  Poncelet theorem (an n-gon insc r ibed  
in one conic and c i r cumscr ibed  about another) provides one with an ell iptic curve and 
a point of o rder  n on that el l ipt ic curve.  (As was known, in effect, to ]acobi. See 
[ 7 ]  ~ l d . )  

But judging from the hints  given in [ 6 ] ,  the mathemat ic ian  Nicolaus Fuss  (1755- 
1826 ; a fr iend and student of Euler)  may have found ra t ional  pa ramet r i za t ions  of 
Poncelet quadri laterals~ pentagons, hexagons, heptagons and octagons (Nova Acta 
Petropol. XIII 1798~ which I have not been able to t rack  down). 
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C o n j e c t u r e  A 

I f  K is  a n u m b e r  field~ t h e r e  i s  a p o s i t i v e  i n t e g e r  B(K) such  that  f o r  

e l l i p t i c  c u r v e  E o v e r  K , the  t o r s i o n  subgroup  of E(K) (the M o r d e l l - W e i l  

g roup  of E o v e r  K)  i s  of o r d e r  < B(K).  

T h e o r e m  1 a l so  f i t s  into a g e n e r a l  p r o g r a m :  

/ x  
B. Given  a n u m b e r  f i e ld  K and a subgroup  H of. GL22~ = II GL 2 Z c l a s s i f y  

p P 

a l l  e l l i p t i c  c u r v e s  E / K  whose  a s s o c i a t e d  Ga lo i s  r e p r e s e n t a t i o n  on t o r s i o n  po in t s  

m a p s  Ga l (K/K)  into H c GL  2 ~ . 

C o n c e r n i n g  c o n j e c t u r e  A one has  v e r y  l i t t l e  g e n e r a l  i n f o r m a t i o n  excep t  

f o r  t he  c a s e  K = (~ . F o r  no K ~ (~ i s  the  c o n j e c t u r e  p roved ,  n o r  does  one even  

p o s s e s s  any s e r i o u s  l o w e r  bounds  fo r  B(K) . 

One has ,  h o w e v e r ,  p a r t i a l  i n f o r m a t i o n  of two s o r t s .  F i r s t l y ,  f o r  a g iven  

n u m b e r  f ie ld  K , and p r i m e  n u m b e r  p ,  t h e r e  i s  a f in i t e  p o w e r  of P , q  = pe(p,  
K) 

such  tha t  no e l l i p t i c  c u r v e  def ined o v e r  K p o s s e s s e s  a K - r a t i o n a l  point  of o r d e r  

( d i v i s i b l e  by) q . Th i s  fo l lows  f r o m  a m o r e  g e n e r a l  t h e o r e m  of Manin  (us ing  the  

t h e o r y  of he igh t s  and m e t h o d s  of Demjanenko  [ 13 ] [ 22b ]).  The  exponents  e(p, K) 

h a v e  r e c e n t l y  been  m a d e  e f f e c t i v e  by B e r k o v i c  [ i ] (us ing  the  d e s c e n t  t e chn iques  of 

[ 14a ]) . 

Secondly ,  t h e r e  i s  an e x t r e m e l y  i n t r i g u i n g  t echn ique  of a s s o c i a t i n g  to a 

K - r a t i o n a l  t o r s i o n  poin t  on any e l l i p t i c  c u r v e  o v e r  K (which i s  r e q u i r e d  to be 

' r i g i d i f i e d '  o v e r  K by e x t r a  data)  K - r a t i o n a l  po in ts  of s o m e  spec i f i c  a l g e b r a i c  
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c u r v e  V of genus  > 1 o v e r  K .  In th i s  way one  ob ta ins  u n i f o r m  bounds fo r  the  

o r d e r  of the  t o r s i o n  p a r t s  of the M o r d e l l - W e i l  g r o u p s  of t h o s e  e l l i p t i c  c u r v e s  o v e r  

( c e r t a i n  f i e lds )  K which  p o s s e s s  the  r e q u i s i t e  r i g i d i f i c a t i o n  o v e r  K , p r o v i d e d  

V(K) i s  f in i t e  ( m o r e  p r e c i s e l y :  the  bound is  in t e r m s  of the  c a r d i n a l i t y  of V(K)). i )  

T h e s e  t e c h n i q u e s  o c c u r  in the  w o r k  of Demjanenko  [ 5 ] in which  f u r t h e r  

c l a i m s  a r e  m a d e  which a r e ,  i t  s e e m s ,  un jus t i f i ed .  See  [ 10 ] f o r  a r i g o r o u s  

d e v e l o p m e n t  and b r o a d e n i n g  of t h e s e  me thods .  F o r  a r e l a t i o n s h i p  be tween  the p r o b l e m  

of e x i s t e n c e  of r a t i o n a l  2 N - t o r s i o n  in e l l i p t i c  c u r v e s  o v e r  K and K - r a t i o n a l  

po in t s  on t h e F e r m a t  c u r v e  X N + y N  = 1 s e e  [ 1 1 ] .  q-he p a p e r  of Kuber t  [ 1 0 ]  

should be  consu l t ed  fo r  i t s  c l o s e  study and ingenious u s e  of t h e s e  (and o ther )  me thods  

to obta in  a n u m b e r  of s p e c i f i c  app l i ca t i ons .  

C o n c e r n i n g  the  g e n e r a l  p r o g r a m  (B) , a t h e o r e m  of S e r r e  [ 22a ] a s s u r e s  us  

that ,  if  we i g n o r e  e l l i p t i c  c u r v e s  of c o m p l e x  m u l t i p l i c a t i o n ,  we  may  take  H to be a 

/-. 
subgroup  of f in i t e  index  in GL 2 2~ . As  we sha l l  s e e  be low,  a d i v e r s e  r a n g e  of 

d iophant ine  q u e s t i o n s  a r e  e m b r a c e d  by p r o g r a m  (B) (See [ 14a ])  . Inc luded,  in 

p a r t i c u l a r ,  i s  the  p r o b l e m  of c l a s s i f y i n g  e l l i p t i c  c u r v e s  o v e r  K p o s s e s s i n g  a 

K - r a t i o n a l  N - i s o g e n y  (N a g iven  i n t e g e r  > 1 ) , o r  equ iva l en t l y ,  a 

K - r a t i o n a l  c y c l i c  subgroup  of o r d e r  N .  Th i s  p r o b l e m ,  m o r e o v e r ,  i s  a l s o  

1) Th i s  i s  r e m i n i s c e n t  of a me thod  in t roduced  by H e l l e g o u a r c h  [ 8 ] w h e r e  he r e l a t e d  

the  e x i s t e n c e  of a (~ - r a t i o n a l  po in t  of o r d e r  ph (p a p r i m e  n u m b e r  > 13 , 

h _ 1)/2 r a t i o n a l  po in t s  of an a p p r o p r i a t e  h > I) to the existence of systeesiN of ,,-~(Pl 

(generalized) Fermat variety: ~ X. p = 0 where N is an integer independent 
j=l J 

of p and h. 
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equ iva len t  to the p r o b l e m  of d e t e r m i n i n g  the  K - r a t i o n a l  po in ts  of the m o d u l a r  

cu r ve  X0(N ) . Al though our  knowledge of i s o g e n i e s  is  not  a s  sha rp  a s  that  of r a t i o n a l  

i )  
t o r s i o n ,  the  theory  of the E i s e n s t e i n  idea l  p r o v i d e s  m u c h  i n f o r m a t i o n  when K = (I}. 

[Ogg and I expect  to find n o  1~ - r a t i o n a l  N - i s o g e n i e s  when  N > 163 .] F o r  

K ¢ ~ , aga in ,  v e r y  l i t t l e  is  known. To be su re ,  e l l ip t ic  c u r v e s  p o s s e s s i n g  complex  

m u l t i p l i c a t i o n  m u s t  be t r e a t e d  spec ia l ly  when s tudy ing  i sogen ie s :  if E / K  is  such an  

e l l ip t i c  cu rve ,  for  any r a t i o n a l  p r i m e  N which sp l i t s  in R = EndK(E) (N = ?r • ~' 

with n e i t h e r  7r n o r  ~r' u n i t s  in  R)  m u l t i p l i c a t i o n  by ~r in  E p r o v i d e s  us  

2) 
with a K - r a t iona I  N - i s o g e n y .  

Le t  u s  say,  p r o v i s i o n a l l y ,  that  an  i sogeny  i s  l a r g e  if i t  i s  an N - i sogeny  

fo r  an  i n t e g e r  N such  that  genus  X0(N) > 2 (equiva lent ly :  N > 21 and 

N #  24, 25, 27, 32, 36, 4 9 ) .  It i s  t e m p t i n g  to a sk  

Ques t ion  c :  Is  i t  t r u e  that  for  a g iven  n u m b e r  f ie ld  

n u m b e r  of v a l u e s  J l '  J 2 '  " " " ' JC(K) such  that  if  

K , t h e r e  a r e  only a f in i t e  

E / K  i s  an e l l ip t i c  c u r v e  

p o s s e s s i n g  a l a r g e  K - r a t i o n a l  isogeny~ then  the  e l l ip t i c  m o d u l a r  i n v a r i a n t  

j ( E ) = J m  fo r  s o m e  m_< C ( K ) ?  

It would be i n t e r e s t i n g  to make  e m p i r i c a l  i n v e s t i g a t i o n s  in  th is  a r ea .  

m o m e n t ,  one lacks  suf f ic ien t  e x p e r i e n c e  to make  any c o n j e c t u r e s  f o r  K ¢ Q .  

At the 

1) 
Surveys  of some  of the r e s u l t s  of th i s  t heo ry  o c c u r  in  [ 14b ] ,  [ i6 ] ,  [ 17b ] and 

the  comple t e  de ta i l s  wi l l  a p p e a r  in  [ 14a ] .  See a l so  94 below. 

2) 
If N does  not  sp l i t  in  the  c o m p l e x  q u a d ra t i c  f ie ld  K = Q( / ' -  d ) ,  see  §4 cor .  2 

below.  
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Notational  conventions: If X is  a scheme ove r  a base  S and T-* S a 

m o r p h i s m  of schemes ,  we shall  indicate the pullback of X to T (X x S T) by 

X / T  " If T = S p e c A ,  we may also wr i te  X / A .  The T - valued points of X 

we denote X ( T ) ,  and a g a i n i f  X = S p e c A  we may also denote i t  X(A).  If X 

is  a scheme over  the field of complex numbers  ¢ , then X¢ denotes the under -  

lying analytic space. 
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~2. Modula r  c u r v e s  

Let  I-t be  the  upper  ha l f -p l ane  r e g a r d e d  as  homogeneous  space  unde r  

P S L 2 ~ /  b y t h e u s u a l a c t i o n  ( : b )  : z ~az+'-----~bcz+d" T o a p o i n t  z ¢ ~ t  w e m a y  

a s s o c i a t e  a l a t t i c e  / k  = Z + z . ~ . .  c G and an e l l ip t i c  cu rve  E = ( ~ / / X  Xhe 
Z Z Z 

l a t t i c e  does  not  change  u n d e r  modi f i ca t ion  of z by any  e l e m e n t  of F(1)  = PSL 2 Z 

and one has  the  o n e - t o - o n e  c o r r e s p o n d e n c e s  

I ¢I ove r  q] , up to}  < - - >  up to 
i s o m o r p h i s m }  t homothe ty  I 

J >~2 
< - - >  r ( a ) \ ~  = 

w h e r e  the  ana ly t i c  i s o m o r p h i s m  j i s  the e l l ip t ic  m o d u l a r  i n v a r i a n t .  

Let  E be  an  e l l ip t i c  c u rv e  def ined ove r  a f ield K and N an i n t ege r  

> 1 .  Let  E [ N ]  denote  the  k e r n e l  in E of m u l t i p l i c a t i o n  by N .  If N is  

p r i m e  to the  c h a r a c t e r i s t i c  of K , we v iew E [ N ]  a s  Gal (K/K)  - module  . It i s  

a f r ee  7../N module  of r a n k  2 and the c l a s s i c a l  e N - p a i r i n g  p rov ides  us  with a 

c anon i ca l  i s o m o r p h i s m  

/%2 E [ N ]  ~-N-> INN ( = Gal(K-/K) - module  of N-th  roo t s  of i) . 1) 

m 

Thus  the d e t e r m i n a n t  of the r e p r e s e n t a t i o n  of Gal (K/K)  on E [N ] (viewed 

a s  a 2 - d i m e n s i o n a l  r e p r e s e n t a t i o n  ove r  Z / N )  i s  equal  to the s t anda rd  c h a r a c t e r  

i) 
There are, indeed, two canonical isomorphisms, which differ by sign. A 

convention we make below will stipulate which of these two we are choosing but this 
choice is irrelevant for our considerations. 
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X : Gal(K/K) - - >  (Z/N)* 

and ~ ¢ I~N(K). In par t i cu la r ,  note that the image of the de terminant ,  

det(Gal(K/K)) , is  equal to (Z/N)* . 

Any i somorph i sm E IN ] > 2~/N x Z / N  is called a level 

To a levet N s t ruc ture  a N we may associa te  an N-th root of 1 , 

~(aN) = ¢~N'I(I,0)/X c ~ l ( 0 ,  1) e/~N(K-) where the wedge denotes the 

e N - p a i r i n g .  

If E is defined over  ¢ , we shall say that 

s t ruc tu re  provided 

If z e l l ,  

obtained by sending 

2~/N × ~ / N  is  seen to be canonical  (which pins down our choice of sign for the 

e N - pa i r ing)  . 

If (S ,  O%q) 

canonical  level  N 

isomorphic  to a pa i r  

single orbi t  under  

114 

defined by the ru le  ~(~) = ~X(ff) where ~ ¢ Gal(K/K) 

0~ N is a canonical  level 

~(~N ) = exp(2~ti/n) . 

the level  N s t ruc ture  ~N : Ez [ N ] - - ~ - >  Z / N  × Z / N  

1 
a / N + z . b / N  in Ez I N ]  = ~ / ~ z / / X z  to (a ,b)  in 

is  any pai r  consis t ing of an el l ipt ic curve E/@ and a 

s t ruc ture  a N : E[N]--~--> Z / N  × Z / N  then ( E , a  N ) is 

(E z ,  ¢~N) and the set of z for which this  is  t rue  forms  a 

0)mo0 ,o 
(the pr incipal  congruence subgroup of level  N ) .  One compactif ies  the open 

Riemann surface F(N) \ I - I  (of iso. c lasses  of el l ipt ic curves  over  ¢ with 

"canonical"  level  

N - s t r u c t u r e .  

N 

N s t ruc tures)  by adjunction of a finite set of points (cusps) which 



be iden t i f i ed  wi th  F ( N ) \ ~ I ( Q )  m a y  

( the m o d u l a r  c u r v e  of l e v e l  N ) : 

115 

to obtain  the  c o m p a c t  a l g e b r a i c  c u r v e  

X(N)¢  = p(N) \ H  IJ F(N) \ pl((~) 

See ( [ 4  ] I I )  fo r  an i n t e r p r e t a t i o n  of the  c u s p s  of X(N) in t e r m s  of 

M~Z--9 

X(N)/¢ 

d e g e n e r a t e  f o r m s  of e l l i p t i c  c u r v e s  (C* × Z / N )  with c a n o n i c a l  l e v e l  N s t r u c t u r e .  

] h e  c u r v e  X(N) i s  a G a l o i s  c o v e r i n g  of X(1) = ¢ U = (via  t he  e l l i p t i c  m o d u l a r  

funct ion  j )  , wi th  Ga lo i s  g roup  F(1)/F(N) (--- P S L 2 Z / N Z  , i f  N is  a 

p r i m e ) .  If H c GL 2 Z / N Z ,  se t  Ho = H • SL 2 Z / N Z ,  and le t  X H denote  

t he  i n t e r m e d i a t e  c o v e r i n g  H \ X(N) . A u o n - c u s p i d a l  point  of X H is  g iven  e i t h e r  
O 

by a (C - i s o m o r p h i s m  c l a s s  of p a i r s  c o n s i s t i n g  in an e l l i p t i c  c u r v e  E and an 

H - o rb i t  of l e v e l  N s t r u c t u r e s  on E , o r  equ iva l en t ly ,  an H - o rb i t  of 
o 

c a n o n i c a l  l e v e l  N s t r u c t u r e s .  As  a c u r v e  o v e r  ~ , X H is  dependen t  only on the 

subgroup Ho ; h o w e v e r  X H a d m i t s  a na tu r a l  s t r u c t u r e  o v e r  the  f ie ld  

(1)(exp(27ri/N))det H , the  f ixed f ie ld  u n d e r  the  ac t ion  of  det  H c ( Z / N ) *  = Gal((~(~.N)/(1)) , 

w h e r e  det  H deno tes  t he  i m a g e  of the d e t e r m i n a n t .  (See  [4  ] IV 3 . 2 0 . 4 )  

In p a r t i c u l a r ,  if  de t  H = ( Z / N ) *  , then  X H i s  def ined o v e r  ~ . 

If  H = {(~ ~) ¢ GL  2 Z / N } ,  the  s t anda rd  nota t ion  f o r  X H is  XI(N) and 

i t s  n o n - c u s p i d a l  po in ts  c o r r e s p o n d  to e l l ip t i c  c u r v e s  wi th  a c h o s e n  point  of o r d e r  N .  

i f  H = ¢ GL 2 ~ / N } ,  the  s t anda rd  nota t ion  f o r  X H is  X0(N) and 

i t s  n o n - c u s p i d a l  po in ts  c l a s s i f y  N - i s o g e n i e s .  

M o r e  s y s t e m a t i c a l l y ,  i f  N > 5 i s  a p r i m e  n u m b e r ,  any p r o p e r  subgroup  



Maz-10 116 

H c GL 2 Z / N  is conjugate to a subgroup of one of the entr ies  of the following table, 

in which J denotes the symmet r i c  group on n le t ters ,  G the al ternating 
n n 

group and Q(XN) denotes the quadratic subfield of (~(e 2~i/N) . 

(N = pr ime _> 5) 

H Notation for  X N Field of definition 

(a) The Borel 
subgroup 

. , )  
(0 * 

(b) The norma l i ze r  
of a split Caftan 

* 0) 0 *  
(o • I.I ( ,  o ) 

(c) The norma l i ze r  
of a nonsplit Cartan 
subgroup IF* 2 c GL 2 ~./N 

N 

(d) The inverse  image in 
GL 2 7,./N of "/4 c PGL 2 ~,/N 

(e) The inverse  image in 
GL 2 Z / N  of G 5 C P G L  2 Z / N  

(possible only if N =: ~- 1 mod 5) 

(f) The inverse  image in 
GL 2 7../N of ~4 c PGL 2 ~./N 

X0(N) 

Xsplit(N) 

Xnonsplit (N) 

Xd4(N) 

X%(N) 

XG4(N) 

if N - = i 3  mod 8 
(~(XN) if N ~ 3  mod 8 

@(X N) 

Q(x N) 
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R e m a r k s :  

1. The n o r m a l i z e r  of C a f t a n  su b g ro u p s .  

If N > 5 i s  a p r i m e  n u m b e r ,  one has  t h e s e  f o r m u l a e  fo r  the genus  of 

Xspl i t (N)  and Xnonspl i t (N ) r e s p e c t i v e l y :  

l l + ( N  - 8) • N -  4(-N 3) 

g s p l i t  (N) = 24 

23 + ( N -  lo) . N  + + 

gnonsp l i t  (N) = 24 

w h e r e  (N)  deno te s  the  L e g e n d r e  symbol .  

It i s  i m m e d i a t e  t ha t  Xspl i t (N)  c o r r e s p o n d s  to the  p r o b l e m  of c l a s s i f y i n g  

e l l i p t i c  c u r v e s  endowed wi th  an u n o r d e r e d  p a i r  of i n d e p e n d e n t  N - i s o g e n i e s ,  and 

Xnonspl i t (N)  c o r r e s p o n d s  to  the  p r o b l e m  of c l a s s i f y i n g  an e l l i p t i c  c u r v e  t o g e t h e r  

wi th  a chosen  subf ie ld  of o r d e r  N 2 in the e n d o m o r p h i s m  r i n g  of E IN ] 

( equ iva len t ly :  an N2 

con juga t ion  in  IF ) . 
N 2 

One s e e s  e a s i l y  tha t  the  c u r v e  Xspl i t (N ) i s  i s o m o r p h i c  ( o v e r  •) 

X0(N2)/w w h e r e  w is  the  c a n o n i c a l  involu t ion  ( induced  f r o m  z ~ - i / N 2 z  

I-I ) . In con t ras t~  the  f a m i l y  of c u r v e s  Xnonspl i t (N ) 

r e l a t e d  to  any of the  m o r e  " f a m i l i a r "  m o d u l a r  c u r v e s .  

IF - v e c t o r  s p a c e  s t r u c t u r e  on E [ N ] d e t e r m i n e d  up to  the  

tO 

in 

does  not  s e e m  to be  d i r e c t l y  
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2. N - ad ic  po in t s  of the  m o d u l a r  c u r v e s  a s s o c i a t e d  to excep t iona l  subgroups .  

S e r r e  has  p roved  the  fo l lowing  loca l  r e s u l t  f o r  e l l i p t i c  c u r v e s  (which Ribe t  

and I have  checked  r e m a i n s  va l id  fo r  abe l i an  v a r i e t i e s  of  a r b i t r a r y  d imens ion) :  

Le t  K be  a f in i te  ex tens ion  of (~N of r a m i f i c a t i o n  index  e . Le__!t E 

be  an e l l i p t i c  c u r v e  o v e r  K wi th  a s e m i - s t a b l e  NSron m o d e l  o v e r  t he  r i n g  of 

i n t e g e r s  @K " Le t  r : G a l ( ~ / K )  -. P G L ( E [ N  ]) denote  the  p r o j e c t i v e  r e p r e s e n t a t i o  n 

a s s o c i a t e d  to the  ac t ion  of  G a l o i s  on N - d iv i s i on  po in t s  of E .  Then: i f  

2e < N - i , the image of the inertia subgroup under 

> (N - 1 ) / e .  

U s i n g  th i s  l oca l  r e s u l t ,  one obta ins  a bound 

r con ta ins  an e l e m e n t  of 

c(K) such that X H 

p o s s e s s e s  no K - r a t i o n a l  po in ts ,  when H is  an e x c e p t i o n a l  subgroup  of 

GL  2 Z / N  and N > c(K) . In p a r t i c u l a r ,  S e r r e  has  shown that  X,24(N) p o s s e s s e s  

no po in t s  r a t i o n a l  o v e r  QN if  N > 13 . 

1) 
3. ' E x p e c t e d '  r a t i o n a l  po in t s  on X H . 

Le t  N be  a p r i m e  n u m b e r  and E be  an e l l i p t i c  c u r v e  with  c o m p l e x  

m u l t i p l i c a t i o n  o v e r  ¢ .  Le t  R =  E n d u E .  It i s  w e l l  known that  E [ N ]  i s a f r e e  

R / N ? R -  m o d u l e  of r a n k  I .  2) Since R / N . R  i s  an IF N -  a l g e b r a  of d i m e n s i o n  

2 ,  t h e r e  a r e  3 p o s s i b i l i t i e s :  

1) T h e s e  a r e  c l o s e l y  r e l a t e d  to the H e e g n e r  po in t s  s tud ied  by Bi rch  and Stephens .  
C o m p a r e  a l so  [ 1 4 a ]  Ch. III § 2 .  

2) Th i s  fo l lows  e . g .  f r o m  ( [ 1 2 ]  Ch. 8 ,  }1 Cor .  1 ) .  
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(a) R/N . R has a nontrivial radical, in this case R/N • R = IF [ ¢ ], 
N 

where ¢ is a nontrivial element in the radical, necessarily of square zero. 

(b) R / N . R  is  a product  of two f ie lds  (each ~ I F  N ) .  In this  c a s e  we 

have the equation 1= e I + ¢  2 in R / N . R  where  e I ,  e 2 a r e a p a i r o f  

or thogonal  idempotents .  

(c) R / N . R  i s a f i e l d .  

In case  ( a ) ,  the ke rne l  of ¢ in E [ N ]  i s a  subgroup of o r d e r  N ,  and 

the p a i r  ( E , k e r  e)  d e t e r m i n e s  a point a E ¢ X 0 ( N ) .  

In case  (b) , the ke rne l s  of e 1 and ¢ 2 in E [ N ]  provide  an 

unordered  pa i r  of independent  cyc l ic  subgroups of o r d e r  N , and the reby  d e t e r m i n e s  

a point a E e Xspl i t (N) .  

In case  (c) we obtain a point a E ¢ Xnonsplit(N ) . 

Consequently,  for  each e l l ip t ic  curve with complex  mul t ip l ica t ion  E , we 

obtain a (noncuspidal)  point a E = aE(N) ¢ X0(N) [I Xsplit(N) U Xnonsplit(N) which, by 

the  theory  of complex  mul t ip l ica t ion  (e. g. [ 12 ] pa r t  two Chapter  10) , is  defined 

ove r  a subfield of index two in the r ay  c l a s s  f ield of R ® (I}, with conductor  equal  to 

the conductor  of R . 

Since the re  a r e  13 complex  quadra t ic  o r d e r s  R with c l a s s  number  1 

for  each N we obtain 13 (I} - r a t i ona l  points  aE(N) in 

X0(N ) II Xspli t(N ) II Xnonsplit(N ) (the "expec ted"  r a t iona l  points).  

F o r  R =  Z[--I+c~-- ' -N] E = q ~ / R  and N =  i1,  19, 43, 67, i 6 3 ,  the  point  
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aE(N) l ands  in X0(N ) . F o r  a l l  o the r  c a s e s  (N > 11) the "expec ted"  r a t i o n a l  

po in ts  d i s t r i b u t e  t h e m s e l v e s  a m o n g  Xspl i  t and Xnonspl i t  . 

4. The  s ta tus  of knowledge of (~ - r a t i o n a l  poin ts  of the  m o d u l a r  c u r v e s .  

If N i s  p r i m e ,  and H c G L  2 Z / N  i s  an e n t r y  of the above tab le ,  

such that  gH > 0 , and X H is  def ined ove r  ~ ,  the  fo l lowing fac t s  a r e  known: 

(a) X H = X0(N) h a s  only a f in i te  n u m b e r  of q~ - r a t i o n a l  poin ts .  If v 

denotes  the  n u m b e r  of noncusp ida l  r a t i o n a l  poin ts  on X0(N) , then  v i s  known for  

a l l  N <  250 except  N =  151 and 227 and v = 0  in  th i s  r ange  except  for  the 

fo l lowing v a l u e s  of N : 

N I I  17 19 37 43 67 (151) 163 (227) 

V 3 2 1 2 1 1 ? 1 ? 

(bes ides  the  t e chn iques  of [ 14a ] ,  th i s  t abu la t ion  m a k e s  u se  of c a l cu l a t i ons  and 

r e s u l t s  due to Atkin ,  B r u m e r  and K r a m e r ,  Ogg, P a r r y ,  T ing ley  and Wada. See 

[ 14a ]). 

(b) X H = Xspli t(N) has  only a f in i te  n u m b e r  of ~ - r a t i o n a l  poin ts  if  

N ~ 1 3 .  S ince  Xspli t (13) i s  of genus  3 , one expec t s  that  it ,  too,  has  only a f in i t e  

n u m b e r  of r a t i o n a l  points .  ( [ 14a ] Ch. III 96 ) . 

(c) F o r  X H = Xnonspl i t (N)  no th ing  i s  known. 

(d) By r e m a r k  3 , X I4(N) has  no r a t i o n a l  po in ts  for  N > 13 . S e r r e ,  

however ,  has  c o n s t r u c t e d  a r a t i o n a l  point  on X,24(11) and on XM4(13) u s ing  
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e l l i p t i c  c u r v e s  wi th  c o m p l e x  m u l t i p l i c a t i o n  by / ' -  3 . 

To be  s u r e ,  t h e  l a s t  two e n t r i e s  in the  t a b l e  a r e  not  de f ined  o v e r  

t h e r e f o r e  can  have  no (~ - r a t i o n a l  po in t s .  

Q, and 
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§3. A p r o o f  o f  T h e o r e m  i 

T h e o r e m  1 i m p l i e s  t ha t  i f  m < o~ is  the  o r d e r  o f  a (~ - r a t i o n a l  t o r s i o n  

p o i n t  o f  an e l l i p t i c  c u r v e  o v e r  (~,  then  m < 10 o r  m = 12 . T h i s  s t a t e m e n t  i s  

e q u i v a l e n t  to:  

T H E O R E M  2. I f  t he  genus  of  X l ( m )  i s  > 0 ( i . e .  m =  11 o r  m >  1 3 ) ,  t hen  

the  on l y  ~ - r a t i o n a l  p o i n t s  on X l ( m )  a r e  the  Q - r a t i o n a l  cusps.  

Kuber t  ( [ 10 ] IV. 1 .2  ) has  shown tha t  to p r o v e  T h e o r e m  1 , i t  su f f i c e s  to 

p r o v e  T h e o r e m  2 fo r  m a p r i m e  n u m b e r  > 23 ; th i s  i s  what  we sha l l  do below.  

The p roo f  we sha l l  g ive  f o r  T h e o r e m  2 wi l l  in fac t  be va l id  fo r  m = N ,  

a p r i m e  n u m b e r  such  tha t  e i t h e r  N =  1 1 ,  o r  N >  17 ( i . e .  such  that  the  genus  of 

X0(N) i s  > 0 )  . S ince  i t  may  be  of i n t e r e s t ,  at  l e a s t  fo r  c l a r i t y  of p r e s e n t a t i o n ,  to 

m a k e  e s s e n t i a l  i n g r e d i e n t s  of t he  p roo f  e x p l i c i t  a t  the  ou t se t ,  we sha l l  do th i s  by 

a x i o m a t i z i n g  what  i s  needed .  

We sha l l  p rove :  

PROPOSITION: Let  (K, N) be  a p a i r  c o n s i s t i n g  in a n u m b e r  f ie ld  K and a p r i m e  

n u m b e r  N ,  which  s a t i s f i e s  A x i o m s  1 ,2 ,  and 3 below.  

cusps .  

Then  the  only K - r a t i o n a l  points  of XI(N) a r e  the  K - r a t i o n a l  

1) 

1) At p r e s e n t ,  I h a v e  n_o e x a m p l e  of a n u m b e r  f i e ld  K d i f f e r en t  f r o m  Q and a 
p r i m e  n u m b e r  N such  tha t  (K, N) s a t i s f i e s  t h e s e  a x i o m s .  But c o m p a r e  the  nex t  
foo tno te  wi th  §4 Cor .  1 .  
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Our f i rs t  axiom is  simply a bound: 

Axiom 1: Let d =  [K:Q] .  Then N > 1 + 3 d + 2 . 3  d / 2 .  

Axiom 2: There  is  a nonconstant  map (over  ~)  

f : Xo(N ) -. A 

where  A is  an abel ian var ie ty  7 such that: 

(i) if 0 and = are  t h e c u s p s o f  X0(N),  then f(O)~f(~o). 

(ii) The Mordel l -Weil  group A(K) is  finite. 

Remark:  If K = ~ , then Axiom 2 is  satisfied when A is  taken to be the 

Eisens te in  quotient of J = the jacobian of X0(N) provided N = 11 or N > 17. 

(cf. [ 14a ] theorem 4 of introduction and §4 b e l o w ) .  

F o r  our third axiom, we need a definition. Let L/K be a Galois 

extension such that -~N (a p r imi t ive  N-th root of 1) l ies  in L and such that 

V = GaI(L/K(~N)) is  an abel ian group killed by N . 

L 
v{ K(~ N) 

K 

Suppose that the na tura l  action of Gal(K(~N)/K ) on V (via conjugation 

through Gal(L/K)) is  given by mult ipl icat ion by the j - th  power of the s tandard 

cha rac te r  X • That is 

r ' v  = X(r) j . v  

where we reca l l  that the s tandard cha rac te r  X : Gal(K(~N)/K) -" (~ /N)*  
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x(T) 
i s  de f ined  by  t he  r u l e :  -~N = r • ~N ' f o r  ~ ¢ Ga l (K(~N) /K  ) . 

H e r e  j m a y  b e  t a k e n  to  be  a n  i n t e g e r  m o d u l o  N -  i .  

If  t he  a b o v e  i s  t h e  c a s e ,  l e t  u s  r e f e r  to  L a s  a X j - e x t e n s i o n  of 

K(~N) • 

A x i o m  3: T h e r e  a r e  no  n o n t r i v i a l  e v e r y w h e r e  u n r a m i f i e d  
-1 

X - e x t e n s i o n s  

of  K(~N) . 

R e m a r k :  When  K = (I}, A x i o m  3 i s  i n d e e d  v a l i d ,  and  fo l l ows  f r o m  a t h e o r e m  of 

H e r b r a n d ,  w h i c h  i s  a s h a r p e n e d  v e r s i o n  of K u m m e r ' s  f a m o u s  c r i t e r i o n .  E x p l i c i t l y ,  if  

1 1 
B2k d e n o t e s  t he  2 k - t h  B e r n o u l l i  n u m b e r  (B 2 = ~ ,  B 3 = 0  , B 4 = 3 0  ' ) and  

2 < 2 k <  N - 1 ,  w r i t e  j = 1 - 2k mod  N -  1 .  X'nen: 

T H E O R E M  ( H e r b r a n d - K u m m e r ) :  If B2k i s  a N - ad i c  un i t  7 t h e n  t h e r e  a r e  no  

n o n t r i v i a l  e v e r y w h e r e  u n r a m i f i e d  X j - e x t e n s i o n s  of Q(~N ) . 

In p a r t i c u l a r ,  s i n c e  B 2 = 1 / 6  , A x i o m  3 fo l l ows  f o r  K = ~ . 

F u r t h e r  r e m a r k s :  R i b e t  h a s  r e c e n t l y  shown  [ 2 0 b  ] t h a t ,  u n d e r  t h e  s a m e  c o n d i t i o n s  

a s  a b o v e ,  B2k i s  an  N - a d i c  un i t  i f  and  on ly  i f  t h e r e  a r e  no  n o n t r i v i a l  e v e r y w h e r e  

u n r a m i f i e d  )~ - e x t e n s i o n s  , of (~(~N) . 

G i l l e s  R o b e r t  [ 21 ] h a s  d e v e l o p e d  m a c h i n e r y  f o r  t he  s tudy  of u n r a m i f i e d  

~ -  e x t e n s i o n s  of K(~N) w h e r e  K i s  a q u a d r a t i c  i m a g i n a r y  f ie ld .  In p a r t i c u l a r  

h e  h a s  a g e n e r a l i z a t i o n  of  t he  K u m m e r  c r i t e r i o n  to  t h i s  c a s e ,  w h e r e  t he  B e r n o u l l i  

n u m b e r s  a r e  r e p l a c e d  by  c e r t a i n  d e t e r m i n a n t s  of c e r t a i n  " H u r w i t z  n u m b e r s " .  



125 Maz- 19 

H o w e v e r ,  the  ( c o n j e c t u r e d )  ana logue  of H e r b r a n d ' s  " s h a r p e n i n g "  is  not  ye t  known. 1) 

We m a y  now p r o c e e d  wi th  the  p r o o f  of the  above  p ropos i t i on .  F o r  the  

r e m a i n d e r  of the  p roo f  we sha l l  l e t  E / K  denote  an e l l i p t i c  c u r v e  with  a K - r a t i ona l  

t o r s i o n  point  of o r d e r  N (equiva len t ly :  a Ga lo i s  s u b - m o d u l e  i s o m o r p h i c  to the  

cons t an t  Ga l (K/K)  - m o d u l e  Z / N )  and we sha l l  s tudy the  p r o p e r t i e s  of such  a 

c u r v e  E , suppos ing  that  

tha t  E cannot  ex i s t .  

The  e N - p a i r i n g  

t h e r e f o r e  our  K - r a t i o n a l  

Ga l (K/K)  modules :  

(K,N)  s a t i s f i e s  ou r  a x i o m s .  In the  end we shal l  conc lude  

p r o v i d e s  a s e l f - d u a l i t y  of E [ N ]  into l# N , and 

point  of o r d e r  N g i v e s  us an exac t  s equence  of 

(~) 0 - - >  7 . /N- -> E [ N  ] - - > / R  N - - >  0 

Choos ing  a Z / N  - b a s i s  of E [N ] (K) c o m p a t i b l e  wi th  t h i s  exac t  

sequence (i. e. such that the first member is a nontrivial K - rational point) enables 

us to view the 2 - dimensional GaI(K/K) - representation over ~../N (the action of 

Gal (K/K)  on E [ N  ] (K)) a s  a r e p r e s e n t a t i o n  p : Ga l (K/K)  - - >  GL 2 Z / N  of t he  

1 *) w h e r e  X i s  the  s t anda rd  c h a r a c t e r .  Let  L / K  be  the  f ie ld  form (0 X ' 

extension generated by the N - division points of E (i. e. the 'splitting field' of 

the representation p) . It is evident that L/K is Galois. The field L contains 

K(~N) , and from the exact sequence (*) one gets a natural injection 

i) 
It might nevertheless be of interest to have lists of (K,N) where K is a 

quadratic imaginary field, and N is a rational prime, > 5 remaining prime in 
K such that N is a regular prime in K in the terminology of [21 ]. These 
(K,N) would indeed satisfy Axiom 3 . ([21] Cor. 2). 
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(**) 

N , 

on 

t h i s  ca l cu l a t i on  is  p a r t i c u l a r l y  t r a n s p a r e n t  if one v iews  Gal(L/K(~N))  

of / / - 1 ( ~ )  u s ing  (**) above.  

-1 
Thus:  L/K(~N) is  a X - ex tens ion  . 

We shal l  p rove  the  fo l lowing 

MAIN LEMMA: (a) L/K(~N ) i s  e v e r y w h e r e  u n r a m i f i e d .  

(b) E i s  not an  e l l ip t ic  cu rve  of complex  mul t ip l i ca t ion .  

Proof  of the  proposi t ion~ g r a n t ed  the  ma in  l e m m a :  

Since the  X - I  - ex tens ion  L/K(~N ) is  e v e r y w h e r e  u n r a m i f i e d ,  by 

Axiom 3 , i t  i s  t r i v i a l .  It fo l lows that  the exact  s equence  (*) sp l i t s ,  g iv ing  a 

Gal(K-/K) - i s o m o r p h i s m  E [N ] = ~. /N x [~Z N • That  i s ,  we may  view the  Gal(K--/K) 

module  Z / N !  X ]PIN as  con ta ined  in E / K  . We m ay  p a s s  to the  quot ient  

E' = E/I~N which i s ,  aga in ,  an e l l ip t i c  c u rv e  ove r  K , and the  i m a g e  of the  sub -  

Ga lo i s  module  Z / N  c E in E' i s ,  aga in ,  a s u b - O a l o i s  module  i s o m o r p h i c  to 

~ / N .  Since Z / N  c E' s a t i s f i e s  a l l  the hypo theses  that  Z / N  c E does ,  the 

m a i n  l e m m a  i s  app l i cab le  to i t  a l so .  P roceed ing  a s  above ,  we get  a s equence  of 

e l l ip t i c  c u r v e s  ove r  K 

126 

Gal (L /K( [N) )  c > Hom(I~N(K--) , •,/N) (= I~NI(K)) 

To be sure, this shows that GaI(L/K(~N) ) is an abelian group killed by 

But a simple calculation shows, further, that the natural action of GaI(K((N)/K) 

-I 
GaI(L/K((N)) is by multiplication by the character X As Serre pointed out, 

as a subgroup 
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E -, E '  - E "  --. . . . . .  E "~" . . . . .  

UI Ul UI Ul 

z / n  ~/N Z/N Z/N 

e a c h  o b t a i n e d  f r o m  the  nex t  by  an  N - i s o g e n y  , and  s u c h  t h a t  t he  o r i g i n a l  s u b g r o u p  

Z / N  c E m a p s  i s o m o r p h i c a l l y  in to  e v e r y  E (j) . 

S i n c e  a l l  t h e  c u r v e s  E (j) w i l l  h a v e  good r e d u c t i o n  o u t s i d e  a f ixed f in i t e  

s e t  of c l o s e d  p o i n t s  of S = t he  s p e c t r u m  of t he  r i n g  of i n t e g e r s  in  K , i t  f o l l ows  

f r o m S h a f a r e v i c ' s t h e o r e m  ( [ 2 2 c ]  Ch. IV 1 . 4 )  t h a t  a m o n g  t he  s e t  of E ( J ) ' s  

t h e r e  c a n  b e  on ly  a f i n i t e  n u m b e r  of K - i s o m o r p h i s m  c l a s s e s  of e l l i p t i c  c u r v e s  

r e p r e s e n t e d .  C o n s e q u e n t l y ,  f o r  s o m e  i n d i c e s  j > j '  we  m u s t  h a v e  

E (j)  --~ E ( j ' )  . But E (j)  m a p s  to  E ( j ' )  by  a n o n s c a l a r  i sogeuy .  T h e r e f o r e  E (j)  

a n d  h e n c e  E , i s  an  e l l i p t i c  c u r v e  of c o m p l e x  m u l t i p l i c a t i o n .  But t h i s  c o n t r a d i c t s  

p a r t  (b) of t h e  m a i n  l e m m a .  

R e m a r k s : l .  T h e  a b o v e  a r g u m e n t ,  u s i n g  p a r t  (a)  of t h e  m a i n  l e m m a ,  s h o w s  t h a t  E 

h a s  a c o m p l e x  m u l t i p l i c a t i o n  de f ined  o v e r  K , w h i c h  i s  i m p o s s i b l e  w h e n  K = • . 

So, in  t h a t  c a s e ,  one  h a s  a c o n t r a d i c t i o n  f r o m  p a r t  (a) a lone .  

2. A l t h o u g h  P a r t  (a) i s  an  a s s e r t i o n  w h i c h  i s  ' l o c a l '  f o r  e v e r y  p r i m e  of 

K , t he  e s s e n t i a l  s t ep  (2 be low)  in  t he  p r o o f  of t h e  m a i n  l e m m a  i s  g loba l .  

S tep  1: ( T h e  N ~ r o n  m o d e l  of E / K )  

L e t  S b e  t h e  s p e c t r u m  of t he  r i n g  of i n t e g e r s  in  K , and  E / S  t he  

N ~ r o n  m o d e l  of E / K  . By t he  u n i v e r s a l  p r o p e r t y  of N ~ r o n  m o d e l s  t he  m o r p h i s m  
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Z / N / K  -* E /K 

c l o su re  in E/S  of Z / N / K  c E / K  (the 'group scheme extens ion '  of 

( [ 1 9 ]  §2 ; [ 1 4 a ]  Ch. l ( c ) . )  This group scheme extension G/S i s a  

( sepa ra t ed )  quas i - f in i t e  group scheme over  S whose gener i c  f ib re  is  Z / N .  Since, 

however ,  it  admi t s  a map f rom Z / N / s  which i s  an i s o m o r p h i s m  on the gene r i c  

f ibe r ,  i t  fol lows that  G/S i s  a f ini te  f iat  group scheme (of o r d e r  N ) .  Since, by 

Axiom 1 , N > d + 1 , for  each c losed point s ¢ S ,  the absolu te  r ami f i ca t i on  index 

extends to a morph i sm ~ / N / s  -. E /S  which maps  to the Z a r i sk i  

Z / N / K  

e (over  Spec 7,,) is  < N - 1 , 
S 

( [ 1 9 1 3 . 3 . 6 )  G / S _  7Z./N/s.  

The re fo re  we shal l  identify 

for each closed point s e S 

and consequently,  by a t heo rem of Raynaud 

G/S with Z / N / s ,  

the subgroups  ~ . / N / s  c E / s  

and we obtain, therefore, 

in the N~ron fibre over 

s (the ' spec i a l i za t i ons ' ) .  

LEMMA h E/S is semi-stable. That is 7 for each s ¢ S , E/s is either an 

elliptic curv% or its connected component (E s )° is of multiplicative type. / 

Proof: Suppose that (E/s)0 is an additive group. Then the index of (E/s)° in 

O 
E/s is <__ 4 ([24 §6 Tahlep. 46). It follows that Z/N/s c (E/s) Let k(s) 

is killed by denote the residue field of s . Since the addi t ive  group over  k(s) 

mul t ip l ica t ion  by the c h a r a c t e r i s t i c  of k(s) (= "cha r  s , )  i t  fol lows that  cha r  s = N . 

Now let  K denote the complet ion  of K at s , and note that t he re  is  a f ield 
S 

extension K's/K s whose r e l a t i ve  r ami f i ca t ion  index is  < 6 , and such that  E 
/K '  

S 

p o s s e s s  a s e m i - s t a b l e  NSron model  8/@, where  @'s is  the r ing  of in tege r s  in 
S 
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K's [23] .  1) If E/@, denotes  the  pu l lback  of E /S  to O's' 
S 

El@' s ~o > P~/O' s 

we have a m o r p h i s m  

which i s  an  i s o m o r p h i s m  on g e n e r i c  f i b r e s ,  u s i n g  the  U n i v e r s a l  N6ron  Proper ty  of 

g /~ ,  . The m a p p i n g  ~ is  z e r o  on the  connec ted  componen t  of the  spec ia l  f i b re  of 
s 

E/~,/ s ince  t h e r e  a r e  no n o n - z e r o  m o r p h i s m s  f r o m  an addi t ive  to a m u l t i p l i c a t i v e  
s 

type  group ove r  a f ield.  Consequen t ly ,  the mapp ing  W r e s t r i c t e d  to the spec ia l  

f i b r e  of Z/N/@,  s is  ze ro .  As in  the  d i s c u s s i o n  be fo re  the  p r e s e n t  l e m m a ,  one s e e s  

that  if q/@'s i s  t h e ' g r o u p  s c h e m e  ex tens ion '  in ¢/@'s of Z / N / K ' s  then t h e r e  i s  a 

morphism from Z/N/@, to q/@, 
S S 

which is  an  i s o m o r p h i s m  on g e n e r i c  f i b r e s ,  and 

which i s  z e r o  on spec ia l  f i b r e s .  

Us ing  R a y n a u d ' s  Cor .  3 . 3 . 6  [ i9 ] ,  aga in ,  one s e e s  tha t  th i s  i s  i m p o s s i b l e ,  

s ince  the  abso lu t e  r a m i f i c a t i o n  index of K' i s  < 6d and N - i > 6d by  
S 

Axiom i . 

LEMMA 2: If s e S is  a point  of c h a r a c t e r i s t i c  2 o r  3 , then  E has  bad (hence 

m u l t i p l i c a t i ve )  r educ t i o n  ove r  s , and Z / N / s  ~ (Es)°  . (Reca l l  that  o deno tes  

connec ted  component) .  

1) 
Proof: apply §2 C o r o l l a r y  3 of [ 2 3 ]  with m = 3 and 4 ,  no t ing  that  

N = c h a r  s i s  d i f fe ren t  f r o m  2 and 3 .  
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Proof: Let d = [K : (~] .  If s has cha rac te r i s t i c  £ then the cardinal i ty  of 

k(s) is < d If E has good reduct ion at s ,  it has at most  1+  d + 2 .  d/2 
- -  S 

points by the "Riemann hypothesis" . Since ~ / N  c E this  contradicts  Axiom 1 
s 

if £ = 2 or 3 .  Thus E has mult ipl icat ive  type reduct ion at the point s .  Then 

over the quadrat ic  extension k(s) of k(s) , we have an i somorph i sm 

O 

(E/k~s)) -~ ~m/k~s)  ( [22c ] IV A. 1 .1)  and therefore  N must  divide the 

~ 2r 
cardinal i ty  of k(s).  If card(k(s)) = ~ with r < d , then N divides 

2r 
- 1 = (  r _  1 ) ( r + l )  which again violates  Axiom 1 ,  since N is pr ime.  

Remark: We have establ ished par t  (b) of the main  lemma,  since if E were  a 

complex mul t ip l ica t ion el l ipt ic curv% its N~ron model could not have mul t ip l ica t ive  

type reduction at any point s ~ S .  

Step 2: (The Global Step). 

LEMMA 3: 

Z / N / s  

Proof: 

Lemma 1 ,  

I f  s ¢ S is  any point of bad reduction for E/S then the ' special izat ion '  

is  not contained in the connected component of the identity (E / s ) °  

Let s be a point of bad reduction such that )o .  By o Z / N / s  ° c (E/s  ° 

char  s # N  and by L e m m a 2 ,  char  s # 2 , 3 .  Let 
O ~ O 

be the T = S p e c  @ [ l / N ]  where @ is the r ing  of in tegers  in K ,  and let X0(N)/T 

modular  curve over the indicated base.  It is a smooth scheme over  T .  Let O / T ,  

~-/T denote the cuspidal sections of X0(N)/T and let  x denote the T - valued 

point of X0(N) determined by our couple (2~/N/T c E / @  . It is  i l luminat ing  to 

draw a scheme- theore t ic  diagram: 
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oO 

O 

T • • • 

Here  s 2 is  any point of T of c h a r a c t e r i s t i c  2 and s 3 i s  any point of 

c h a r a c t e r i s t i c  3 . Such points exis t .  We a r e  jus t i f ied  in drawing the i n t e r s ec t i ons  

X/s  2 = _/s2= and X/s 3 = cO_/s 3 because ,  by ( [ 4 ]  VI 95) the modu la r  i n t e r p r e -  

tat-ion of ~-/s is  the ' gene ra l i zed  e l l ip t ic  cu rve '  ( • /N  c (I;m x ~ / N )  (i. e. the 

cyc l i c  subgroup of o r d e r  N which g ives  the F0(N ) - s t r uc tu r e  i s  not  contained in 

the  connected component  of the  identi ty)  while the i n t e rp re t a t i on  of 0 i s  the - / s  

' g ene r a l i z ed  e l l ip t ic  cu rve '  (iplN c @m x 2~/N ) (i. e. the cyc l ic  subgroup of o r d e r  

N which give the F0(N ) - s t r uc tu r e  i s  contained in the connected component  

containing the identi ty).  

Let us consider, now, any abelian variety quotient B/(I} of the jacobian J 

of X0(N)/( ~. We assume therefore the existence of a homomorphism J -. B defined 

over (I} • Since J has 'good reduction' over Spec 2~[ I/N ] , by the Criterion of 

N~ron-Ogg-Shafarevic (cf. [23] §I) , the N~ron model of B over Spec Z[I/N] 

is an abelian scheme, and consequently so is its pullback B/T. We have a morphism 

X0(N)/T f> B/T which sends ~-/T to the zero-section. This morphism is simply 

the composition of the natural morphisms X0(N)/T (~ > ]/T --> B/T where (~ 

sends a section z to the divisor class of z - co . 
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Cla im:  The i m a g e  of the  

o r d e r  in B(T) . 

T - s e c t i o n  x u n d e r  f i s  e i t h e r  0 o r  of in f in i t e  

The  p r o o f  of  the  above  c l a i m  i s  a s  fo l lows:  If f(x) w e r e  of f in i t e  o r d e r  m , 

since 7(X)/s2 = 0 , m isapower of 2 (=char s2) ; but since y(X)/s3 = 0, 

m isapowerof 3(=char s3). 

We are now ready to invoke Axiom 3. Applying the above Claim to the 

abelian variety B = A of Axiom 3, we deduce that f(x) = 0 . Consequently 

f(O/s )=0 (in B/so) But since f is defined over the base S' =Spec Z[I/N] 
O 

and 0 -co is an S' - section of finite order # 0, one obtains byOort-Tate [18] 

o r  b y R a y n a u d ( [ 1 9 ]  3 . 3 . 6 )  tha t  f ( 0 _ / s , ) # 0  f o r  any poin t  s '  ¢ S '  of 

c h a r a c t e r i s t i c  # 2 . Taking  s '  to  be the  i m a g e  of s in S' , we a r r i v e  at a 
o 

c o n t r a d i c t i o n ,  and we  c o n c l u d e  the  a s s e r t i o n  of L e m m a  3 . 

Step 3: (L /K(~N)  i s  u n r a m i f i e d )  

Proof:  We sha l l  p r o v e  the  above  a s s e r t i o n  fo r  a l l  c l o s e d  po in t s  s ¢ S : 

(a) If E has  good r e d u c t i o n  at  s , and c h a r  s ~ N  then  E [ N ]  i s  an 

6 ta le  f in i t e  f ia t  g r o u p  s c h e m e  in a Z a r i s k i  open  s e t  about  s . In p a r t i c u l a r ,  L / K  i s  

u n r a m i f i e d  ' above '  the  point  s ¢ S .  

(b) If E h a s  good r e d u c t i o n  at s ,  and c h a r  s = N  then  E [ N ]  i s a  

f i n i t e  f ia t  g roup  s c h e m e  o v e r  S s , t he  c o m p l e t i o n  of S at  t he  po in t  s . App ly ing  

t h e  c o n n e c t e d  c o m p o n e n t  of the  i den t i t y  f u n c t o r  (deno ted  o)  to the  e x a c t  s e q u e n c e  of 

f i n i t e  f ia t  g r o u p  s c h e m e s  o v e r  Ss : 0 -~ Z / N  -* E [ N ] -. ]/~N -" 0 , one  s e e s  tha t  
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E [ N ]o = IPlN , g iv ing  us  a c a n o n i c a l  spl i t t ing:  E [ N ] = 2•/N x/plN which  shows,  

aga in ,  tha t  L /K(~N)  is  u n r a m i f i e d  ' above '  the  point  s ~ S . 

(c) If E has  bad (hence  m u l t i p l i c a t i v e )  r e d u c t i o n  at s , we sha l l  work ,  

a s  in (b) , o v e r  the  b a s e  Ss " The q u a s i - f i n i t e  g roup  s c h e m e  E [ N ] / s  s ( = k e r n e l  

of m u l t i p l i c a t i o n  by N in the group s c h e m e  E / S s )  f i t s  into a s h o r t  e x a c t  s e q u e n c e  

of q u a s i - f i n i t e  g roup  s c h e m e s  o v e r  S : 0 - Z / N  -~ E [ N ] -~ G -~ 0 w h e r e  the  g e n e r i c  
s 

f i b r e  of G is  i s o m o r p h i c  to /p N . The point  of L e m m a  3 in Step 2 i s  to i n s u r e  

that  the  spec i a l  f i b r e  of G i s  n o n - z e r o .  Exp l i c i t l y ,  s i nce  ~ / N / s  ¢ ( E / s ) °  , we 

have  that  the  k e r n e l  of N in the  m u l t i p l i c a t i v e  group ( E / s ) °  m a p s  i n j e c t i v e l y  to 

G / s  . It f o l l ows  tha t  G , and hence  E [ N ]  i s  a f in i t e  f la t  g roup  s c h e m e  o v e r  

S . If c h a r  s ~ N  then E [ N ]  is  an S ta le  f in i te  f l a t  g roup  s c h e m e ,  and one 
s 

c o n c l u d e s  as  in (a) above .  If c h a r  s = N , then  l e t  us  note  that  O = iplN o v e r  

S s . (He re  a r e  two p o s s i b l e  a r g u m e n t s  f o r  th is :  By Ax iom 1 , the  abso lu t e  r a m I f i c a t i o n  

index  of K i s  < N - i , and t h e r e f o r e  a f in i t e  f la t  g roup  s c h e m e  o v e r  S of 
s s 

o r d e r  N is  d e t e r m i n e d  by i t s  g e n e r i c  f i b r e  ( [ 1 9 ]  3 . 3 . 6 ) .  Or ,  one can show 

d i r e c t l y  tha t  E [ N ] ,  be ing  a f in i t e  f la t  g roup s c h e m e  m u s t  be  se l f  ( C a r t i e r )  dual ,  

u s i n g  an au todua l i ty  f o r m u l a  fo r  N6ron  m o d e l s  and ' N S r o n - c o n n e c t e d '  mode l s .  

[15] Ch. I 5. I). 

We thus have a short exact sequence of finite flat group schemes as in (b) 

above, and we conclude the argument similarly. 
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~4. Eisens te in  quotients. 

Our presenta t ion of the proof of Theorem 1 would be incomplete without 

some account of the proof that the pai r  ((~,N) sa t i s f ies  Axiom 2 when N = 11 or 

N_> 17 ( i ,e .  when the genus of X0(N ) is > 0 ) .  Two different proofs of this are  

given in [ 14a ] .  (Let us call  these the easy and hard proofs. The ' easy '  proof is  

also sketched in [ 1 6 ] .  It i s  given in [ 14a ]  in Ch. III ~ 3 ) .  Both proofs re ly  on 

an a rgument  of 'geometr ic  descent '  us ing the 'E i sens te in  ideal '  in the Hecke algebra 

of endomorphisms of J the jacobian of X0(N ) . The easy proof is  an ' inf ini te  

descent '  (a more  appropria te  t i t le  would be: an ' indefinite descent ' )  which uses  

su rpr i s ing ly  l i t t le  informat ion concerning the Eisens te in  ideal. The hard proof uses  

the detailed study of the Eisens te in  ideal given in Ch. II of [ t4a ] .  It i s  a ' f i r s t  

descent '  and yields more  prec ise  informat ion concern ing  the Shafarevic-Tate  group. 

Rather  than repeat  e i ther  of these proofs here,  we shall  adapt the hard proof 

so as to make it yield information in the case where K is a quadrat ic  imaginary  

field. In par t i cu la r ,  we shall  prove that (K, N) sa t i s f ies  Axiom 2 (ii) (i. e. the 

Eisens te in  quotient of J has a nontr iv ia l  factor with finite Mordel l -Weil  group over 

K ) provided K is  a quadratic imaginary  field in which N does not split ,  and 

N > N(K) where N(K) is an explici t  constant,  dependent upon K (Cor. 2 below). 

The easy proof would not suffice for this  application. The r eade r  should easi ly  be able 

to reconst i tu te  the hard proof for K = (~ from the facts concerning the Eisens te in  

ideal  collected below, and the proof given. 

We shall  t ry  to introduce the r eade r  to the re levant  par ts  of the theory of the 



35 Maz-29 

Eisens te in  ideal  by presen t ing  the needed definit ions in t e r spe r sed  with r e su l t s  quoted 

f rom [ 14a ] (collected in the facts numbered 1 - 6 below). Having accumulated what 

we need, it will  be a re la t ive ly  s imple mat te r  to ' pe r fo rm the required  descent ' .  

To begin, N will denote a fixed pr ime number  such that genus (X0(N)) > 0 

( i .e .  N =  11 or  N >  1 7 ) .  Let J be t b e j a c o b i a n o f  X0(N) over ~ ,  and 

J / z  i ts  N~ron model over  ~ . .  

"IF: The Hecke a lgebra  is  the subalgebra of the endomorphism r ing  End(E J 

generated by the Hecke opera tors  T~ (~ running through all ra t ional  p r ime  

number s  # N ) and by w (the canonical  involution induced from z ~ - 1/Nz on 

the upper  half plane H )  . 

Fact  h "IF= E n d ~ J  ( [ 1 4 a ]  Ch. II 9 . 5 ) .  

I: The Eisens te in  ideal is the ideal in "IF generated by the e lements  

and by i + w .  

Fac t  2: B_~ ( [ 1 4 a ]  Ch. II 9 . 7 )  one has lF/I  = • / n Z  where  

n = numera to r  ( . Let us r e s e r v e  the le t te r  p to denote a rat ional  p r ime  

number  d iv id ing  n .  "Ihe p r ime  ideals  of W which are  in the support of I 

(called the Eisens te in  p r imes )  are  in one-one correspondence  with the p r ime  d iv isors  

p of n .  

Let P be the (Eisenstein)  p r ime generated by I and p .  Then 

~IP = ~ / p  • 
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Fac t  3: The E i sens te in  idea l  i s  loca l ly  p r inc ipa l  in ~IF ([  14a ] Ch. II 18. 1 0 ) .  

Expl ic i t ly  we have the following c r i t e r i o n  which fu rn i shes  us amply  with loca l  

g e n e r a t o r s  of I at  an E i sens te in  p r i m e  P = (I ,p)  : 

Let  ( p , l )  be a pa i r  of r a t iona l  p r i m e s  ¢ (2, 2) such that  p d iv ides  

n .  Then t h e e l e m e n t  ~ = 1 + £  - T i s  a g e n e r a t o r  of the idea l  I l o c a l l y a t  

P = (I ,p)  if and only if: 

(i) ~ is  n o t a  p - t h  power  m o d N  

(ii) I @  ~ 0 modp . 

In the exceptional case (p,I) = (2, 2) we have that ~2 is a local 

generator of I at P = (1,2) if and only if 2 is not a quartic residue modulo N . 

C: the cuspidal subgroup. If c is the class of the divisor of degree zero 

0 -~  in J(q~), then ([17a] ,  [14a] Ch. II i i . i )  n = order (c). The 

cuspidal subgroup C is the subgroup of J((~) generated by c . We use the 

notation C/Z to indicate the finite flat subgroup scheme over Z generated by 

C in J / z  " By ( [ 1 4 a ]  Ch. II 11.1)  C is  annihi la ted by the E i s e n s t e i n i d e a l .  

l [ I ] / ( l}  : the ke rne l  of the  idea l  I in the jacobian  J/(I}" This  i s ,  by 

defini t ion,  the i n t e r sec t i on  of the ke rne l s  in J / ~  of a l l  (or  of a gene ra t ing  s y s t e m  of) 

e l emen t s  in I .  

2 
F a c t 4 :  By ( [ 1 4 a ]  Ch. II 16.4 and 17 .9)  J [ I ] / ( l}  i s o f o r d e r  n By 

( [ 1 4 a ]  Ch. II 1 . 7 )  t h e r e  i s a G a l o i s  submodule N c J [ I ] / Q  (cal led  t h e S h i m u r a  

subgroup) such that  ~ i s  i somorph ic  (as G a l ( ~ / Q ) -  module)  to INn" If  n i s  
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od__dd(i.e. N ~  1 rood 8) then J [ I ]  = C $ E .  If~ however~ 

C N E i s a  sub-Galois  module of o rder  2 and thus C + E 

J [ I ] .  Only in cer ta in  cases  (i. e. N=-9 rood 16) 

construct ion of the ' remain ing  piece'  in J [ I ] .  

Fact  5: (The fibre of N~ron in charac te r i s t i c  N) 
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n is even~ then 

is of index two in 

have we given an explicit 

The 'bad'  N~ron f iber  J/IF N has the following s t ructure:  

O 
= 

J/IF N (J/IF N) × 

where ~ is a cycl ic  group of o rde r  n , 

of the cuspidal group 

Appendix).  

t o  1F N C , and 

([ 14a] 

Fact  6: (Quotients of J) An abelian var ie ty  quotient of J , J/(~ f >  B/(~ 

called an optimal quotient ff the kernel  of f is an abelian subvariety of J 

which may be viewed as  the specialization 

)o (]/~N is  a multiplication type group. 

will be 

( i .e .  

if it is connected). Clearly every quotient is isogenous to a unique optimal quotient. 

~11e ~ -  simple quotients of J are  ¢ - simple [ 2 0 a ] .  

k .  
J 

The Hecke algebra "~ has the proper ty  that "IF ® (~ = I I k .  (***) where 
j J 

a re  (totally real)  a lgebraic  number  fields. One has the following natural  one-one 

correspondences: 

simple opt imal~< > t fac to rs  
quotients of J )  - -  t TM (***)kj) 

= { irreducible 1 
components in Spec "F 

= Iminimal prime ideals 1 
of "IF 
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co 
r 

If a is  any ideal  in ~ let  Ya c "IF be the ideal y = N a and 
r = l  

J(~)/Q the optimal quotient of J obtained by pass ing  to the quotient of J by the 

abel ian subvar ie ty  ~'a ° J c J .  Geometr ica l ly ,  we may view J(~) as that optimal 

quotient of J , which under  the one-one cor respondence  above cor responds  to the set  

of all those irreducible components of Spec IF which meet the support of a • 

: The Eisenstein quotient; it is the optimal quotient j(1) where I 

the Eisenstein ideal. 

~P) : The p - Eisenstein quotient, J(P) , where P = (l,p) . 

One has that the Eisens te in  quotient is  that optimal quotient of J 

al l  the s imple quotients of ~(P) p In 

Fo r  a detailed study of these quotients and numer ica l  data for 

[ 14a ] .  

~p,  Zp : 

Hi(s, 5) 

is 

comprising 

N < 250 see 

If W i s a  finite T -  module, ~p(W) is the P -  length of 

W . tf W is  a finite abel ian group then ~p(W) denotes i t s  

p - length ( i .e .  logp of the o rder  of the p - Sylow subgroup 

of W ) .  

will denote cohomology for the fppf site ( [ 26 ] exp. IV 6.3 ) 

over  a scheme S , where ~ is an abel ian fppf - shea f .  The 

r eade r  will  note that the only fppf sheaves we use explicit ly a re  

flat group schemes over  S (although ~ , which occurs  below, 

is  an ~tale nonseparated group scheme). Moreover,  the only 
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dimens ions  i we consider  are:  

sect ions  of IF , and HI(s,  IF). 
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H0(S, IF) = group of S - valued 

Conventions: Fix  p a p r ime  divisor  of n , and ~ =rt~ a local genera tor  of I 

at P = (I,p) (See fact 3) . One sees  by an e lementa ry  a rgument  that ~ is  an 

isogeny of J (cf. [ 14a ]  Ch. I I .  proof of 16.10). 

Let A c Spec qF be the closed subscheme (the finite set of closed points) 

whcih is  the complement  of the point P in the support of the ideal  (~) .  We shall 

work consis tent ly  modulo ~ .  That is,  we shall ignore  finite lit - modules 

supported on A . 

Let K be a quadrat ic  imaginary  field and S the Spectrum of the r ing  of 

in tegers  in K .  

Consider  the exact sequence of abel ian fppf sheaves over  S: 

(the "descent  sequence") :  0 - - >  J[~ ] - - >  J-q-> J - - >  ~ - - >  0 

Here  J[N ] is  the kernel  of ~ in J/S " It i s  a quas i - f in i te  (separated) 

flat group scheme. The c akernel of ~ , ~ , is a 'skyscraper sheaf' concentrated 

at the points s of S of characteristic N . Its stalk at any such point is 

i somorphic  to C (fact 5) . 

Now let p~ denote the maximal  power of p dividing n .  Thus,  

tp(C) = . modulo ~ (fact 4) . %p(C)= c~ If p / 2  , J [ ~ ] - ~  Z / p  a @  1~ a 

P 

Let h(K) denote the c lass  number  of K and ~ =  ~p(h(K)). We make 

the fur ther  hypothesis that c~ > /~ which will be s trengthened la ter .  
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The M o r d e l l - W e i l  g roup  of J o v e r  K i s  the  f in i t e ly  g e n e r a t e d  group 

H0(S, J) = J(S) = J(K) , which  we v i e w  as  a "IF - m o d u l e  ( indeed:  a s  a c o h e r e n t  sheaf  

over 

and 

S p e c T ) .  Le t  M = J ( K ) / t o r s i o n .  

Set  u = 0  i f  N does  not s p l i t i n  

u = 1 i f  N s p l i t s i n  K .  

The  d e s c e n t  e s t i m a t e :  

~ p ( M / ~ . M )  < 2 ~ + u . c ~  

w h e r e  g i s  the  

g roup  of  K .  

K , (i. e. r a m i f i e s  o r  s t ays  p r i m e )  , 

i f  p ~ t 2  , and 

£ p ( M / ~ . M )  < 2 ~ + v . ~ + ( l + g + v )  i f  p = 2 ,  

2 - l e n g t h  of the  subgroup  of po in t s  of o r d e r  two in the  i dea l  c l a s s  

Proof :  We ind ica t e  the  p r o o f  in s o m e  de t a i l  when p ¢ 2 .  When p = 2 , we ' l o s e '  

the  quant i ty  (1 + g + u) in ou r  e s t i m a t e  s ince  we l a c k  a c o m p l e t e  d e s c r i p t i o n  of the  

P - p r i m a r y  componen t  of J[  I ] and p o s s e s s  a d e s c r i p t i o n  only 'up to a g roup  of 

1) 
o r d e r  two ' .  

Suppose ,  then ,  p ¢ 2 . 

Note  tha t  ~p(W) depends  only on W modulo  5 .  7 h e  e s t i m a t e  i s  

e s t a b l i s h e d  by f i r s t  obta in ing  a bound fo r  the  P - l eng th  of J(K)/~ • J(K) , by 

e s t i m a t i n g  the  P - l eng ths  of t e r m s  o c c u r i n g  in the  long (fppf) - c o h o m o l o g i c a l  

e x a c t s  s e q u e n c e s  a r i s i n g  f r o m  the  " d e s c e n t  s e q u e n c e " .  F o r  t h i s  c a l c u l a t i o n  one 

1) To c o m p l e t e  the  a r g u m e n t  f o r  p = 2 when K = (~(~/- 1 ) one  m u s t  m a k e  u s e  of 
the  e x p l i c i t  Ga lo i s  modu le  s t r u c t u r e  of t he  po in t s  of o r d e r  2 in J [ I ] ( [ 14a ] 
Ch. II § 1 2 ) .  
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must  know that: 

(a) ~ (HI(s,Z/p~)) = ~ , 
P 

fo r  (since t y > ~ )  H I ( s , Z / p  ¢~) is isomorphic  to the dual of the 

p - p r imary  component of the Hilbert  Class Field of K .  

(b) 2p(HI(s,/Iz ) ) =  ~ if (p,K) # (3,  (~ (~-3) )  

P 
= ~ +  1 if (p,K) = (3 ,Q(~ i23 ) )  

Proof: By Kummer  theory for //~ a ,  

P 

we have the short  exact  sequence: 

(y 

0 > S*/s*P > HI ( s ' /~  2 > HI(s ' (3m ) [ p ~ ]  

P 

> 0  

where  S* denotes GIn(S) = Global units in K , and [ p a ]  means,  as usual,  the 

kernel  of multiplication by p~ .  

If we reca l l  that HI(S,(1lm ) is the ideal c lass  group of K , and, again, 

that a >  ~ ,  we obtain (b) .  

HO(s (c) , 4 )  = C if N does not split in K . 

= C (9 C if N does split in K . 

2p(H0( S,  4))  = (1 + v )  . a  • 

From the "descent sequence" and (a) , (b) , and (c) one may deduce that 

£p(J(K)/~].J(K))is < _ ( i + v ) ~ + 2 / ~ + ¢  where ¢= 1 if (p ,K)=(3, (~( i~-3))  and 

¢ = 0 otherwise. By applying the snake-lemma to the endomorphism ~ operating 

on the short exact sequence 0 -~ torsion -. J(K) -. M -. 0 , one obtains the "descent 
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e s t i m a t e "  above.  

If pc_  "IF 

P .  

PROPOSITION: 

142 

is a prime ideal, let the subscript 

Suppose 

e~ > 2 8 if  p ¢ 2 

2 f l + ( l + g + v )  i f  p = 2  . 

Then t h e r e  i s  a m i n i m a l  p r i m e  idea l  P c P c T  

(P) deno te  l o c a l i z a t i o n  at 

such  that  the 

and is  < 1 i f  N 2 F ( p ) - r a n k o f  M(p) i s  0 i f  N does  not  sp l i t  in K ,  

sp l i t s  i n K .  

Proof :  C o m p a r i n g  our  h y p o t h e s e s  wt ih  the  d e s c e n t  e s t i m a t e s  we s e e  tha t  we have  

(1 + u ) a  = (1 +V)~p(W/~] • lF) > ~p(M/~ • M) . Consequen t ly ,  

> 2 (M (1 + u )  .Zp("ll"(p)/~ . lF(p))  ,p (p) /~ .M(p))  

C la im:  M(p) does  not  con ta in  a f r e e  2F(p) - modu le  of r a n k  l + v  • 

Proof :  If F c M(p) i s  such  a ~'(p) - modu le  , and Q i s  the  quot ien t  of M(p) 

by F , apply  the  s n a k e - l e m m a  to  the  e n d o m o r p h i s m  ~ o p e r a t i n g  on the exac t  

s e q u e n c e  0 -. F -. M(p) -. Q -. 0 and one qu ick ly  deduces  a c o n t r a d i c t i o n  to t he  

i n e q u a l i t y  d i sp l ayed  above .  

O u r  p r o p o s i t i o n  then  fo l lows  f r o m  the c l a i m ,  f o r  i f  R is  a c o m m u t a t i v e  

n o e t h e r i a n  l oca l  s u b r i n g  o f  R ® @ = a p roduc t  of f i e lds ,  and if  W is  an 

R - m o d u l e  of f in i t e  type ,  then  W con ta ins  a f r e e  R - modu le  of r a n k  r i f  
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and only if W(p) is  f ree  of rank _> r over R(p) for every min imal  pr ime 

in R .  

COROLLARY h If the inequal i t ies  of the previous  proposi t ion hold 7 and if~ fur ther ,  

N 

~(P)-oA defined over Q ,  such that A(K) is  finite. 

Proof: This follows d i rec t ly  f rom the proposit ion (cf. [ 14a ] Ch. 

does not spli t  in K , then there  is  an (optimal) abel ian var ie ty  quotient 

ni 3.5 ) .  

f l = 0 ,  the 

2. It seems likely that, if  N does split  in K , the :IF(p) rank of 

M(~) is  > 1 for every min ima l  p r ime  pc_ P .  1) 

1) If 

N <  250 is  for p = 2 ,  N =  113 (See the table 

If one admits  ce r ta in  s tandard conjec tures  (of Weil, 

Ch. III ~7) one sees ,  however, that t 2) is  not 

x ¢ X0(N) is  represen ted  by an el l ipt ic curve with complex mult ipl icat ion by 
the r ing  of in tegers  in K , with N-isogeny given by one of i t s  complex 
mul t ip l icat ions ,  there  is  some evidence to support  the hope that the t race  to K of 
the c lass  x - co in J genera tes  a ]F(p)-vectorspace of d imension one in M(p) 
for every  min ima l  p r ime  P c "IF . 

The only example of this  when 

in the introduct ion of [ 14a ]) . 

and Hardy-Lit t lewood. [ 14a ] 

s imple  for an infinite number  of va lues  of N .  

Remarks :  1. If p # 2 , and in the frequently encountered case 

above a rgument  can be made to show that ~(P) i tself  has a finite Mordel l -Weil  group 

over  K .  One has no reason  to bel ieve that this will continue to be t rue when 

,8>0. 

Never theless  it seems  difficult to get examples where t iP )  is not simple.  
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As a consequence of the proposit ion one would then have the existence of a min imal  

p r ime  P such that the "iF(p) - rank of M(p) is  p rec i se ly  1 . 

3. For  a fixed quadrat ic  imaginary  number  field K , the inequal i t ies  

requi red  by the proposi t ion will hold for some pr ime divisor  p of n = n u m ( - ~  1) 

for  all  but a finite number  of values  of N . (e. g. 

i n su re  the existence of such a p .  ) 

COROLLARY 2: If  N >  48 .h (K)  3 + 1  , and N 

imag ina ry  field K , then X0(N ) (K) is finite. 

N >  48 .h (K)  3 + 1  will cer ta in ly  

does not split  in the quadratic 

Xo(N) f-~> A 

is  finite. Since 

Proof: In this  case Cor. 1 applies,  giving a nonconstant  map 

(defined over Q) where A is  an abel ian var ie ty  such that A(K) 

X0(N) is  of d imens ion  one, the f ibers  of the mapping f are  finite. Therefore  

X0(N) (K) is  also finite. 

4. (Examples of isogenies  over quadratic imaginary  f ie lds . )  

Consider  only p r ime  number s  N such that genus X0(N ) > i . Let X + =  X0(N) + 

denote the quotient of X = X0(N ) by the canonical  involution w .  Since N is 

p r ime,  it is known that the rea i  locus X(IR) consis ts  in a s ingle c i rc le ,  and if 

X+(IR) ° is  the connected components in X+(IR) containing the image of the cusps,  

then the na tura l  project ion sends X(IR) to a proper  arc  in X+(IR) ° (s ince w has 

a fixed point in X(1R)) . Call the complement  of this image the imaginary  arc  in 

X+(IR) ° . Any ~ - ra t ional  point of X + in this imaginary  arc  will provide (by 

pass ing  to the inverse  image in X) an N - isogeny , ra t ional  over some quadrat ic  



imaginary  field. When a r e  there  an infini te  number  of @ - ra t ional  

lying in the imaginary  arc?  Xhis will cer ta in ly  be the case when X + 

(N= 23,29,31,41,47,59, and 71). 

1 (N = 37, 43, 53, 617 79~ 83, 89, i01~ 

it  is proved in [ 14a ] ( introduction. 

then the Mordel l -Weil  group of J+ 
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points of X + 

is of genus 0 

This will also be the case when X + is of genus 

and 131) .  For ,  if J+ is  the jacobian of X + ,  

Theorem 3) that if the genus of X + is > 0 ,  

is  a free abel ian group of posit ive rank. Thus, 

in par t icu lar ,  when X + is  an el l ipt ic curve,  i ts  MordelI-Weil  group is infinite 1) 

and therefore  i ts  in te rsec t ion  with the c i rc le  group X+(IR) ° (which is at most  of 

index 2 in X+(IR)) mus t  l ikewise be infini te ,  hence dense. 

It would be in te res t ing  to obtain N - isogeuies  (pr ime N ) over quadratic 

imag ina ry  fields which do not a r i s e  f rom the above p rocess  nor  f rom complex 

mult ipl icat ion.  In this connection one might mention that there  are  four values  of N 

known (N = 389,419,479 and 491) such that X0(N ) has only a finite number  of 

cubic points. That is ,  the totality of rat ional  points of X0(N ) in all  cubic fields is a 

finite set  ( [ 14a ] Ch. III 4 .6 , us ing data provided by Atkin on New Year '  s eve 

1975). Does this  pe r s i s t  for l a rge r  values  of N ? 

1)Brumer and K r a m e r  have shown it to be infinite cyclic.  
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INTRODUCTION 

On appelle groupe de congruence de niveau 11 tout sous-groupe de 

SL2(~) qui contient le groupe F(11) des matrices congrues & la 

matrice unit~ modulo 11. 

Soient Xd@p(11), resp. Xnd@p(11), resp. X~4(11) ies courbes al- 

g@briques associ@es aux groupes de congruence dont l'image dans 

PSL2(~11) est le normalisateur d'un groupe de Caftan d&ploy~, resp. non 

d&ploy@, resp. d'un groupe isomorphe au groupe ~4 ' groupe altern@ de 

quatre &l&ments. Ii existe une fagon canonique de munir ces eourbes 

d'une structure de courbe sur Q . Une consequence de ce travail est le 

r@sultat suivant : 

(I) La courbe Xd@p(11) poss&de un nombre fini de points 

rationnels sur @ ; les points rationnels sur ~ d__ee Xnd&p(11), resp. 

X~(11) forment un qroupe isomorphe & ~ , resp. un qroupe r&duit & 

l'&l&ment neutre. 

Pour d&montrer ceci, on se ram~ne & consid&rer des courbes ellip- 

tiques dont on connait le groupe des points rationnels, grace aux tables 

de [2]. Plus pr~cis&ment, consid~rons par exemple la courbe Xnd&p(11). 

C'est une courbe elliptique, d~finie sur ~ , et qui admet une bonne 

r~duction en dehors de {11} . D'apr&s une conjecture de Weil, une telle 

courbe est un quotient sur Q de la jacobienne Jo(121) de la courbe 

modulaire X (121). 
o 

Ceci nous amine & ~tudier, dans un premier temps, les courbes el- 

liptiques qui sont des quotients de J (121). La liste de ces courbes 
o 

est essentiellement connue, grace & Swinnerton-Dyer, V61u et aux calculs 

de Tingley (cf. [2] et [16]). Cependant, nous avons besoin de renseigne- 

ments suppl6mentaires sur la structure du groupe engendr6 dans J (121) 
o 

par les pointes de Xo(121). Pour d6terminer cette structure, on utilise 
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les propri~t~s des symboles modulaires ainsi que la description de la 

vari~t~ ab~lienne Jo(121) en termes des p~riodes des formes parabo- 

liques attach~es ~ Fo(121). C'est de eette fagon que Manin d~montre le 

fait que la difference de deux pointes est d'ordre fini dans la jaco- 

bienne. Comme G. Goldsteinl'a fait remarquer ~ l'auteur, cette m~thode 

permet en fait la d~termination explicite de la classe d'homologie du 

chemin joignant deux pointes. 

Nos calculs fournissent une d~monstration directe, ind~pendante de 

la d~termination d'~quations explicites, du r~sultat suivant : les cour- 

bes figurant dans la liste de Swinnerton-Dyer et V~lu sont les courbes 

elliptiques quotients de J (121) ; ils nous permettent de retrouver, 
o 

et de pr~ciser les propri~t~s de ces courbes. 

En particulier, chacune des courbes consid~r~es est caract~ris~e 

par des propri~t~s simples de ses points de torsion. Plus pr~cis~ment : 

(2) Soit E une courbe elliptique d~finie sur @ , quotient 

sur Q d_~e Jo(121). Alors on est dans l'un des deux cas suivants : 

(a) la courbe E, ou la courbe tordue de E sur Q(V-11), 

est isoq~ne sur ~ ~ Xo(11) ; dans ce cas, les propri~t~s qaloisiennes 

des points d'ordre 25 caract~risent E ; 

(b) la courbe E contient un qroupe d'ordre 11 rationnel 

sur Q ; la structure qaloisienne de ce qroupe caract~rise E . 

Ceci fait, deux m~thodes peuvent ~tre utilis~es pour montrer que 

Xnd~p(11) est effectivement l'une des courbes dont on vient de faire 

la liste, et pour d~terminer de quelle courbe il s'agit. 

- La premiere consiste ~ ~tudier le groupe engendr~ par les 

pointes de Xnd~p(11). Pour cela, on utilise la construction explicite 

de fonctions dont le diviseur est concentr~ aux pointes. On sait grace 

Kubert et Lang E57 que !es formes de Klein sont des outils bien 

adapt~s pour cet~construction, en ce sens que toute fonction inversible 

et non nulle en dehors des pointes est essentiellement un produit de 

formes de Klein. 



Lig-b 152 

On montre ainsi que Xnd&p(11) contient un groupe d'ordre 11, 

rationnel sur ~ ; de plus, on a une description de la structure galoi- 

sienne de ce groupe. Ceci suffit ~ montrer que Xnd&p(11) est l'une 

des courbes de la liste, et plus pr~cis~ment que c'est l'une des courbes 

dont le groupe des points rationnels sur ~ est isomorphe ~ ~ ; d'ou 

le r~sultat annonc~. 

- Une seconde m~thode consiste ~ adopter le point de rue des 

repr&sentations de Hecke. Plus pr~cis&ment, consid&rons la representa- 

tion de PSL2(F11 ) r~alis~e par les formes paraboliques de poids 2 sur 

le groupe T(11). On sait, grace & Hecke, d~composer cette repr&senta- 

tion en somme de ses composantes irr&ductibles. On constate que chacune 

de ces composantes correspond & une classe d'isog&nie sur ~(V-11) de 

courbes elliptiques quotients de J (121). La d&termination de 
o 

Xnd&p(11) & ~(V-11) isog&nie pr&s (ce qui suffit pour notre propos) 

6quivaut alors & la d~termination de la composante qui contient les 

invariants du normalisateur du groupe de Cartan non d&ploy&. 

Le chapitre Iest consacr& & l'~tude des courbes elliptiques quo- 

tients de Jo(121). Dans le §I, on d~termine une base des formes para- 

boliques de poids 2 sur r (121). Ceci n'est pas n&cessaire Dour 
o 

la suite des calculs, mais il est commode d'avoir une expression per- 

mettant d'&crire des d&veloppements de ces formes. On donne ensuite dans 

le §2 la liste des courbes obtenues, ainsi que les propri&t&s de ces der- 

ni&res . Apr&s avoir rappel~ au §3 les r&sultats sur lesquels se basent 

les calculs, on d&crit ces derniers dans le §4. Les principaux r&sultats 

num&riques sont rassembl&s dans les tables. On explique au §5 comment 

on d&duit du §4 les r6sultats annonc&s, et on fait la liaison avec les 

tables de Swinnerton-Dyer et V&lu. 

Le chapitre II d&veloppe la premi&re des deux m&thodes expos&es 

plus haut. Les deux premiers §§ constituent des rappels sur les pro- 

pri&t~s des courbes associ&es & un groupe de congruence de niveau p , 

pour p premier, p~5 . On s'int&resse en particulier au calcul du 
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genre, et ~ la construction de fonctions au moyen de formes de Klein. 

Le §3 est 6galement un rappel sur les faqons de munir ces courbes 

d'une structure sur ~ . L'~tude proprement dite des courbes Xd~p(11), 

Xnd~p(11), X~4(11) fait l'objet du §4. 

Enfin, le chapitre III reprend le probl~me du pr~c6dent en termes 

de representations de Hecke. Les trois premiers §§ rappellent les r~sul- 

tats de Hecke. Le §4 en tire les consequences qui nous int~ressent. On 

obtient en particulier le r~sultat suivant, qui pr6cise un 6nonc6 de 

Hecke : 

(3) La jacobienne J(11) d'un mod61e convenable sur @ d_~e 

X(11), courbe associ~e ~ T(11), est isoq~ne sur QiV-11) au produit 

d_~e 26 courbes elliptiques. 

Je tiens ~ exprimer ici mes remerciements pour leur aide 

J.-P. Serre, dont les questions sont ~ l'origine de ce travail, ainsi qu'~ 

B. Mazur, dont les suggestions m'ont 6t6 pr~cieuses. 

Je remercie ~galement Mme Bonnardel, qui a bien voulu se charger 

de la frappe de mon manuscrit. 

Notations 

Ce travail est divis~ en trois chapitres ; chaque chapitre est 

subdivis~ en paragraphes. Les renvois internes ~ un m~me chapitre ne 

mentionnent pas le num~ro de ce dernier. 

Soit p un nombre premier. On note F(p) le groupe des matrices 

de SL2(~) dont la r~duction modulo p est la matrice unit~. Le quo- 

tient du demi-plan de Poincar~ compl~tfi par l'action de V(p) 

est une surface de Riemann compacte notre X(p). 
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I. Courbes elliptiques quotients de Jo(121) 

O. Notations. 

O.1 Soit N un entier > I . On note Fo(N) le sous-groupe de 

SL2(~) form~ des matrices (a b c d ) telles que c ~O (mod N). On d~signe 

par Xo(N) la courbe projective et lisse, d6finie sur ~ , qui est 

associ6e ~ Fo(N). Plus pr6cis6ment, le corps des fonctions de Xo(N) 

est @(j,jN ), o~ j(z) d6signe la fonction invariant modulaire, et o~ 

jN(z) = j(Nz). La surface de Riemann Xo(N)(~) s'identifie de faqon 

canonique au quotient de B e , demi-plan de Poincar~ compl6t6, par l'ac- 

tion naturelle de Fo(N) (cf. [7], 1.2). On note Jo(N) la jacobienne 

de X (N). 
O 

0.2 Consid~rons la courbe X (121). C'est une courbe alg~brique de 
O 

genre 6. On convient de plonger Xo(121) dans sa jacobienne Jo(121) 

en envoyant la pointe & l'infini de la courbe sur l'~l~ment neutre de 

la vari~t& ab~lienne (cf. [7], 1.2). 

0.3 L'objet de ce chapitre est la d6termination de toutes les cour- 

bes elliptiques d6finies sur Q qui sont quotients sur Q de J (121). 
O 

I. Formes paraboliques de poids 2 sur Fo(121). 

1.1 On notera <~o(N),2> ° (N entier > I) l'espace des formes 

paraboliques de poids 2 sur F (N). Un ~l~ment f de cet espace se 
o 

d~veloppe en s6rie de Fourier : 

n 2~iz f(z) = E a(n).q , q = e 
n=1 

Soit X un caract6re de Dirichlet. On note 
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oo 
n 

f (z) = E x(n).a(n)q 
X n=1 

la forme "tordue par X " 

Lig-7 

1.2 Notre premi&re t~che consiste & d&terminer une base de l'espace 

<F (121),2> 
o o 

Pour ce faire, soit 9(z) la forme modulaire de Dedekind (cf. [7], 

3.1) et consid6rons 

f1(z) = ~(z) 2 ~ 1~z) 2 = q n (1-qn) 2 (1-qlln) 2 

n=1 

Ii est bien connu (cf. par exemple [7], prop. 3.1.1) que fl est 

la forme primitive normalis~e (cf. [7] d&f. 2.4.1) de <Fo(11 ) 2> 
t • O 

Par cons&quent, f1(z) et f1(11z) engendrent dans <F (121) 2> 
O ' O 

le sous-espace des formes non primitives. Pour des raisons qui apparai- 

tront plus tard (cf. II, 4.2.13), nous poserons : 

f2(z) = f1(z) - 11f(11z) 

fl 

non primitives. 

Soit d'autre part : 

g1(z) = ~(z)9(11z)29(121z) = q6 

et f2 sont normalis6es et engendrent le sous-espace des formes 

co 

H ( I -qn) ( I-qi I n) 2( I-qi 21n) 

n= l  

Ii est facile de montrer (on peut utiliser par exemple la prop. 

3.1.1 de [7]) que gl est un ~l~ment de <F (121) 2> 
o ' o 

1.3 On note T 
n 

engendr&e par les T 
n 

Soit K le corps quadratique imaginaire Q(~), et soit O K 

l'anneau des entiers de K . On note X11 le caract&re de Legendre 

modulo 11. Si ~ 6 O K , on s'autorisera &noter X11(~) l'image par 

X11 d'un repr&sentant dans ~ de la classe de ~ modulo V-11 

(n~1) les op6rateurs de Hecke, et ~ l'alg&bre 

1.4 La r&ponse au probl&me pos6 en 1.2 est donn6e par la proposi- 

tion suivante : 
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Proposition 1.4.1 : Les formes primitives normalis&es de 

<Fo(121)'2>o sont les formes f3 ' f4 ' f5 ' f6 d&finies comme suit : 

f3 = -gl ! (2 + 3T2 +2T4 +TS) ' 

f4 = gl I (2- T4- TS) ' 

f5 = -gl I(2-T4 +TS) 
N~/Q(~) 

f6(z) = E ~.q 
~EO~ 

X l1 (~ ,1  
On ales identit&s : 

= 1--~(10f 1 = f3 f3 f1,x11 ' ,X11 

= = f4 ; f4,x11 f5 ' f5,x11 

f6, = f6 " 
×11 

+ f2 ) ; 

1.4.2 Donnons les premiers termes du d&veloppement de Fourier de 

f3' f4' f5' f6 

f3(z) q+ 2q2 _ q3 + 2q4 +q5 _ 2q6 +2q7 _ 2q9 + 2qiO_ 2q12 

. . . .  4q13 + 4q14 q15 4q16 + 2q17 4q18 (rood q20) ; 

f4(z ) ~ q+q2 +2q3_ q4 +q5 + 2q6_ 2q7 _ 3q8+q9+q10_ 2q12 

+ q13_ 2q14+ 2q15_ q16_ 5q17 +q18 +6q19 (mod q20) ; 

f5(z ) ~ q- q2 +2q3 _ q4+q5_ 2q6 + 2q7 + 3q8 +q9_ q10_ 2q12 

13 4 15 16 5q17 18 9 q20) -q - 2q I + 2q - q + - q - 6q I (mod ; 

f6(z ) ~ q- q3_ 2q4_ 3q5_ 2q9 + 2q12 + 3q15 +4q16 (mod q20). 

1.5 D~monstration de la proposition 1.4.1. 

L'id&e naturelle pour construire des formes paraboliques, connais- 

sant l'une d'entre elles, est de faire op~rer l'alg~bre ~ sur cette 

derni&re. 

1.5.1 On part donc de gl et on essaie de d~terminer g11~. Pratique- 

ment, on d~veloppe gl avec suffisamment de coefficients pour pouvoir & 

chaque ~tape appliquer le principe suivant, consequence du th~or~me de 

Riemann-Roch : 

Si les 11 premiers coefficients de f sont nuls, alors f = O . 
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On constate alors que fl ' f2' gl ' g2 ' g3 ' o~ 

g2 = g11T2 ' g3 = g21T2 ' 

engendrent dans <Fo(121)'2>o un sous-espace de codimension I qui est 

stable sous l'action de ~ . 

Ii suffit alors de diagonaliser T 2 , par exemple, dans ce sous- 

espace, pour obtenir f3 ' f4 et f5 . Par contre, l'invariance sous 

montre qu'on ne peut pas esp~rer obtenir f6 de cette fagon. 

Les formes f3 ' f4 et f5 ont leurs coefficients entiers ration- 

nels : Iien est donc de m~me des coefficients de la forme primitive 

normalis&e manquante f6 " 

1.5.2 La fagon la plus simple de d@terminer cette derni&re consiste 

v&rifier que l'expression donn@e par la proposition 1.4.1 d&finit bien 

une forme primitive normalis~e, distincte de f3 ' f4 et f5 " 

Pour ce faire, choisissons un plongement de K dans ~ , et consi- 

d~rons l'unique Gr~ssencharakter X sur K , dont le conducteur est 

~-~ , qui v@rifie : 

i((~)) = ~ pour ~ ~ I + ~ . O  K , 

et qui est ~ valeurs dans K . En d'autres termes : 

k((~)) = X11 (~)°~ pour tout ~ E O K . 

Ii r6sulte par exemple de [I ~1 ~j lemme 3, p. 203, que la forme 

f6(z) associ@e & :< est un 61&ment de <Fo(121),2> ° , vecteur propre 

de tousles T pour n premier & 11. Or cette forme n'est autre que 
n 

celle consid6r&e dans la proposition, et il est clair qu'elle est pri- 

mitive et distincte de f3 ' f4 et f5 " 

1.5.3 Consid6rons enfin l'op6rateur R11 d'Atkin-Lehner ([I], 6.4). 

Nous verrons plus loin (3.4) comment cet op&rateur s'interpr&te en ter- 

mes g&om@triques. En tons cas, cet op&rateur transforme un sous-espace 

propre sous ~ en un autre sous-espace propre.L'examen des premiers coef- 

ficients des formes f. , i = I ..... 6 , montre que l'on a : ! 
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fl R11 = i~.f 
I,X11 

f4 R11 = i~]'f4,x11 

w 

f6 R11 = i~'f6,x11 

= i ~  f3 ' 

= i11~" f5 ' 

= i~ f6 

2. Enonc@ des r6sultats. 

L'objet de ce paragraphe est d'~noncer les r6sultats obtenus con- 

cernant les courbes elliptiques quotients de J (121). Ces r~sultats 
o 

sont rassembl6s dans la proposition 2.6.1. La d6monstration de cette 

derni6re occupe les trois paragraphes suivants. 

2.1Consid6rons les six formes normalis6es d6termin6es au para- 

graphe I : 

n 
fi(z) = E ai(n), q , i = I ..... 6 . 

n=1 

Les coefficients de chacune de ces formes sont des entiers ration- 

nels. De plus, ces formes sont des vecteurs propres de tousles op6ra- 

teurs de Hecke T (n~ I). D'apr6s Shimura ([13], th. I), il existe 
n 

des morphismes canoniques : 

• . : J (121) ~ E , i = I ..... 6 , 
1 o l 

d&finis sur ~ , dont l'image est une courbe elliptique E d&finie 
1 

sur ~ . Moyennant l'application canonique du demi-plan de Poincar& ~* 

dans Xo(121), l'image inverse par ~i d'une diff&rentielle de premi&re 

esp~ce non nulle sur E. est un multiple non nul de f.(z)dz . Enfin, 
1 i 

le noyau de ~i est une vari~t~ ab&lienne. En particulier, ~i est une 

param&trisation de Weil de E. , et E. est une courbe de Weil (cf. 
1 1 

[IO~) pour i = 3,4,5,6 . 

On aura besoin plus loin (cf. §3) d'une description plus pr&cise 

des morphismes ~. 
1 

2.2 Soit Cj le groupe engendr~ dans la jacobienne Jo(121) par 

les pointes de X (121). C'est un groupe rationnel sur Q (le groupe de 
o 

Galois agit sur les pointes par permutation, cf. If, §3), d'ordre fini. 
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(Plus pr6cis6ment, on sait que l'ordre d'une quelconque des pointes di- 

vise 25.11, d'apr&s [8]). 

On d&signe par C i (i = I ..... 6) l'image du groupe Cj dans la 

courbe E i . Nous dirons que le groupe Cj , resp. C i , est le groupe 

cuspidal de J (121)~ resp. E. 
o 1 

2.3 Soit E une courbe elliptique d6finie sur ~ . On suppose que 

E n'a pas d'autres automorphismes que ~I . Alors, il existe, & iso- 

morphisme pr&s sur Q , une courbe E' et une seule, telle que E' 

soit isomorphe & E sur Q(~_c/~) mais non sur ~ . On dit que E' est 

la forme tordue de E sur Q(~-11). 

× 
2.4 Soit n ~ In] l'isomorphisme canonique de F11 avec le groupe 

sur Q ' ~11 d&signant une racine primitive 11-i~me de Galois de Q({1t ) 
de l'unit6. 

On note 

(2.4.1) s : FXI ~ (~/25~) × 

le morphisme de groupe multiplicatif qui est injectif et envoie la 

x 
classe de 5 sur celle de -4. Ce morphisme induit un isomorphisme de F11 

avec le sous-groupe de (~/25~) x form& des &l&ments qui sont des carr&s. 

~a (a un entier mod 10) le 2.5 On se permettra de noter U~11 

Gal(Q(C11)/~)-module galoisien d&fini de la fagon suivante : 

le groupe sous-jacent & ~11®a est le groupe cyclique ~/11~ , not& 

additivement ; l'&l&ment En] de GaI(@(C11)/~) agit sur PE ~/11~ 

par : 

p[nj = na p . 

2.6 Nous pouvons maintenant 6noncer le r6sultat principal de ce 

paragraphe : 

Proposition 2.6.1 : 1) Ii existe douze courbes elliptiques d6finies 

sur Q qui sont quotients sur Q de J (121). Trois d'entre elles ont 
-- o 

pour conducteur 11 :: ce sont les courbes E I , E 2 , E2/C 2 . Elles sont 
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li6es par des isoq6nies rationnelles sur Q , de deqr6 5 : 

(a) E 2 ~ E I ~ E2/C 2 ; 

on a E I = E2/5C 2 

Les neuf courbes restantes ont pour conducteur 121. Ce sont les 

quatre courbes E 3 , E 4 , E 5 , E 6 , et les courbes obtenues par les 

~-isoq~nies suivantes : 

(a') E 3 ~ E3/5C 3 ~ E3/C 3 , isoq~nies de deqr6 5 ; 

(b) E 4 ~ E4/C 4 , 

(c) E 5 ~ E5/C 5 , 

(d) E 6 ~ E6/C 6 , isoq~nies de deqr~ 11. 

2) On a : 

E½ ~ E 3 , E~ ~ E3/5C 3 , (E2/C2)' ~ E3/C 3 , 

E~ = Es/c s 

E~ ~ E 4 / c  4 , 

E~ ~ E6/C 6 

3) La structure qaloisienne des qroupes cuspidaux C. (i = I ..... 6) 
1 

est la suivante : 

(a) C 2 est cyclique d'ordre 25, et l'action du qroupe de 

Galois est donn6e par : 

s__~i PE C 2 , In] ~ Gal(~({11 )/Q) , 

alors pin] = X11(n).~(n)P ; 

C I = C2/5C 2 est un qroupe cyclique d'ordre 5 muni de 

l'action triviale du qroupe de Galois ; 

(a') C 3 est cyclique d'ordre 25, et l'action du qroupe de 

Galois est donn~e par : 

s_Ai P 6 C 3 , In] E GaI(Q(611)/~) , 

alors pin] = ~(n).P ; 

®7 
(b) C 4 est isomorphe ~ P11 en tant que module qaloisien ; 

®9 
(c) C 5 est isomorphe A b11 ; 

®8 
(d) C 6 est isomorphe & P11 
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4) Les douze courbes consid~r&es coincident avec les courbes fiqu- 

rant dans la liste de Swinnerton-Dyer et V&lu (cf. [2], p. 82 et p. 97). 

Plus pr~cis&ment, le tableau suivant donne la correspondance entre les 

courbes consid&r&es ici et celle de la table I de [2] : 

courbe 

notation 

dans [2] 

table I 

En partieulier (cf. [16]) : 

j(E 5) = -11.1313 , 

j(E 4) = _112 , 

15 
j(E 6) = -2 

Corollaire. Les coefficients a (n) des formes 
i 

v&rifient les conqruences suivantes : 

(a) a1(e) ~ ×11(~)(~(~)+~(~)-I) 

( a ' )  a3(e)  = X 1 1 ( ~ ) a l ( e )  ~ ~ (~)+e(e)  -1 

(b) a 4 ( e  ) ~ ~4+~7 (mod 11) ; 

(c) a5(~ ) ~ ~2+~9 (mod 11) ; 

(d) a6(e ) ~ ~3+~8 (mod 11) 

pour tout ~ premier ~ 11. 

conducteur 11 conducteur 121 

E 2 E I E2/C 2 E 3 E3/5C 3 E3/C 3 E 6 E6/C 6 E 4 E4/C 4 E 5 E5/C 5 

I 

A B C A B C D E IF G H I 

f (i= 1,3,4,5,6) 
1 

(mod 25) ; 

(mod 25) ; 

La d&monstration de la proposition 2.6.1 va faire l'objet des para- 

graphes 3, 4 et 5. 

3. Rappel de r&sultats q~n~raux. 

Ce paragraphe regroupe un certain nombre de r~sultats de nature 

g&n~rale dont nous aurons besoin dans les paragraphes 4 et 5. 

Ii s'agit tout d'abord de la description, en termes de p~riodes, 

des vari&t~s ab&liennes associ&es aux formes paraboliques normalis&es 

vecteurs propres des op~rateurs de Hecke. Cette description est due & 
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Shimura (cf. [13], [14] et [15]). On la rappelle en 3.1 . 

On utilise ~galement les propri~t&s des symboles modulaires de 

Birch et Manin (cf. [9] et [10]). En particulier, ces symboles permet- 

tent de d@crire l'homologie de X (N) ; cf. 3.2. L'action des op&rateurs 
o 

de Hecke se traduit par des identit~s rappel~es en 3.3. 

Enfin, on fait un rappel rapide des d~finitions et de quelques pro- 

pri~t~s de certains endomorphismes de torsion analogues & ceux utilis~s 

par Shimura dans [15]. Ceci fair l'objet de 3.4. 

Dans tout ce paragraphe, on note N un entier >I , et on suppose 

choisie une base fl ..... fgj de l'espace <Fo(N),2> ° (on note gj le 

genre de Xo(N)). Soit Jo(N) = J la jacobienne de Xo(N). 

3.1 P~riodes des formes paraboliques. 

L'espace <F (N),2> s'identifie de faqon canonique avec l'espace 
o o 

Dj des !-formes diff~rentielles invariantes sur J . Soit ~f la 

forme diff~rentielle associ~e & f . Le choix de la base {fl ..... fgj} 

permet d'identifier & cgJ l'espace tangent ~ J ~ l'origine 

Hom¢_lin(Dj,¢) : 

gj 
(3.1.1) Hom¢_lin(Dj,~) -~ , 

en associant & une forme lin~aire ses valeurs sur Ofl ..... ~f 
gj 

Soient z ° , z I deux ~16ments du demi-plan de Poincar~ compl~t~ 

~ = ~ U @U{i~} . On note 

{Zo,Z I} 6 ¢gJ , 

le vecteur de coordonn~es 

z I r 

{Zo,Zl}fi = ~ fi(z)dz i = I ..... gj . 
z 
o 

On peut alors ~noncer ([14], §3) : 

gj 
Proposition 3.1.2 : Soit Lj le sous-~-module de • enqendr~ 

par les vecteurs {Zo,M(Zo)} , _~ z ° E ~ est fix~, et ou M parcourt 

r (N). 
o 
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L'application 

: ~ ~ ~gJ 

Z 

z ~ (~ fi(t)dt)~_1 
i -- ..... gJ 

induit un isomorphisme de vari~t~s ab61iennes : 

gj 
: J(C)~ /Lj 

Consid@rons maintenant une forme f E <Fo(N) ,2> 0 qui soit vecteur 

propre de tousles T pour n premier ~ N , et normalis~e ([7], 
n 

d~f. 2.1.~). Soit ~ le sous-corps de ~ engendr~ sur @ par les 

coefficients de f . Enfin, soit I l'ensemble des plongements de 

dans C . 

Alors, ~ la forme f est associ6 de fagon canonique un morphisme 

~-rationnel surjectif 

~A : J4 A 

o~ A est une vari6t6 ab61ienne sur W , de dimension gA = IT :W] 

De plus ([~4], prop. 3) : 

Proposition 3. I .3 : Soit fl ..... fgA une base de @ ~. fo , o_~u 
~6I 

f (z) = E a(n)~.q n . Soit L A le sous-~-module de e gA enqendr6 par 
n=1 

les vecteurs 

pour z ° 6 

Alors 

commutatif : 

{Zo,M(z o)~ , i = I ..... gA ' 
l 

fix~, e_tt M parcourant F (N). 
O 

induit un i somorphisme ~A qui  rend  l e  diaqramme s u i v a n t  

gj 
J(~) % • • /Lj 

A(¢) ¢9 /LA 

la fl6che verticale de droite 6tant celle qui provient de la projection 
gj 

C ~ C gA sur les gA premieres composantes. 
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3.2 Description de l'homoloqie en termes de symboles modulaires. 

Consid~rons le groupe d'homologie HI(Xo(N)({),~) de la surface 

de Riemann X (N)(C). Ii existe une fagon naturelle de l'identifier 
O 

un r6seau de rang maximal dans l'espace tangent ~ J ~ l'origine grace 

la fl~che : 

HI(Xo(N)(¢),~ ) ~ Hom¢_lin(nj,¢) 

d6finie par 

Q) 
O 

Par composition avec l'isomorphisme (3.1 .I), on obtient une injec- 
gj 

tion de HI(Xo(N)(C),~) dans ~ , d6finie par 

(3.2.1) ~ ~ (~ fi(z)dz)i=1 gJ ~ ~gJ 
, --or 

Par tensorisation avec R cette injection donne un isomorphisme 

d'espaces vectoriels r6els. 

Rappelons maintenant le r6sultat suivant de Manin ([9], prop. 1.4): 

Proposition 3.2.2 : Soit z ° 6 < . L'application 

Fo(N) ~ HI(Xo(N)(~),~) 

M ~ classe d'un chemin } 

joignant z ~ M(z ) 
O O 

est un homomorphisme surjectif de qroupes, ind~pendant du choix de z 
o 

Par composition avec (3.2.1), on obtient l'application 
gj 

F (N) ~ • d~finie par 
o 

M ~ {Zo,M(Zo)} 

Vu la d6finition du r~seau Lj (cf. prop. 3.1.2), ceci montre que le 

r6seau Lj s'identifie ~ l'image de HI (Xo(N)({),~) par l'injection 

(3.2.1). 

Ii reste ~ d6crire le r6seau Lj en termes de symboles modulaires. 

Ceci est r~alis6 par la proposition suivante ([9] th. 2.7, a) : 
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Proposition 3.2.3 : Soit Z'(N) le qroupe ab~lien enqendr@ par 

les symboles (c:d) E pI(2~/N~), avec les relations • 

(c:d) + (-d:c) = 0 

(c:d) + ((c-d):c) + (--~:(c-~)) = 0 . 

Soit Z(N) 

(ef. [9], 2.6). 

Soit enfin 

le sous-qroupe de Z'(N) noyau de l'op@ration cobord 

~((c:d)) = {b , a}c ' __o~ a,b,c,d E 

v&rifient ad-bc = I , e_~t c -= c(mod N), ~ =- d(mod N). 

' ~ • Alors 1 appl_cat!on ~ se prolonqe par lin@arit~ en un isomorphis- 

me de qroupes ab~liens : 

{ : Z(N) ~ Lj . 

La proposition suivante ([9], th. 2.7, b) permet de ramener la 

d~termination de {0 ~} b E Q ~ celle d'une somme d'~l@ments con- 

tenus dans l'image de ~ : 

q ents successifs 

Proposition 3.2.4 : Soit ~ E ~ , ~ > 0 . Consid@rons les conver- a a 

du d~veloppement de ~ en fraction continue : a 

b bn bn-1 bl bo bo 

a a n ' an_ I ' "''' a I ao I 

Alors, on a 

n 

{o,b-} = z 

a k=1 

Revenons ~ l'identification des points de J({) 
gj 

par Lj : 

gj 
: J(~) ~ C /Lj 

)k-1~k 
~((-I : ak_ I ) . 

avec le quotient de 

La courbe Xo(N) est d@finie sur ~ , de fagon canonique. Par 

consequent, la conjugaison complexe op~re sur X (N)(C). Cette action 
O 

n'est autre que la sym~trie par rapport ~ l'axe imaginaire, lorsqu'on 

identifie Xo(N)(C) ~ ~*/L(N) de la fagon canonique ([9 7 , § 2.~). ~ u 
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Iien r&sulte une action sur l'homologie, donc sur Lj . En parti- 

culler, l'action sur les &l&ments contenus dans l'image de $ est la 

suivante ([91, cor. 2.5) : 

Proposition 3.2.5 = La coniuqaison complexe op&re de la fagon 

suivante sur Lj = 

(c:d) = -~(~:c) 

3.30p&rateurs de Hecke et symboles modulaires. 

Supposons maintenant que la base fl .... , fgj choisie au d&but de 

ce paragraphe soit form&e de vecteurs propres pour les op&rateurs de 

Hecke T , pour (n,N) = I . On a donc 
n 

filTh = c~ (n).fi 

On note ~(n) la matrice diagonale 

i = I ..... gj 

n>~ I 

(n,N) = I 

dimension 2gj 

C (n) ) 
0 

~(n) = "- 
\ 

O Cgj(n) 

Le th&or&me 3.5 de [9] s'exprime alors de la fagon suivante : 

Proposition 3.3.1 : Soit z E ~e . Sous les hypoth&ses pr~c~dentes, 

on a : 

(3.3.1.1) c(n) .{O,z} = E ({O n d-lz+%}- {0,~}) 
- dln ' d 

b mod d 

(On identifie les ~l~ments de C gJ & des vecteurs ~ gj colonnes). 

C'est cette formule qui nous permettra de d~terminer la structure 

du groupe engendr& par les pointes. 

de telle Remarque 3.3.2 : I) Choisissons 2gj valeurs de z E 

sorte que les vecteurs {O,z} engendrent le r&seau Lj . Ii est clair 

que les vecteurs figurant au second membre de (3.3 .1.1) sont des ~l&ments 

de Lj . On obtient donc de cette fagon une representation enti~re de 
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=~ 2) Soit ~ un nombre premier, premier & N . Soit z v 

une pointe de X (N), v 6tant un diviseur positif de N , et u un 
O 

entier d6fini modulo le pgcd de v et N/v (ef. [9], prop. 2.2). La 

formule (3.3.1.1), appliqu6e 

U 
z = - et n = 

V 

devient : 

(3.3.2.1) 

(~+I-c(~)){o, H} = {o,U-}-{o ~u} 
-- V V '~ 

+ E 
b=O 
~-I 

+ E 
b=O 

Si on suppose de plus que ~ ~ I 

({°'U}v -{°'u+bV}~v ) 

b 
{0, 7 } 

(mod(v,N/v)) , !e second membre 

est un ~l~ment de Lj . On en d~duit que l'ordre de la difference des 

pointes O et ~ dans la jacobienne divise det(1+e- c(~)) pour tout 
V -- ' 

~ I (mod(v,N/v)). 

3.4 Endomorphismes de torsion. On suppose, dans cette partie seule- 

ment, que N = p2 o~ p est premier > 3 t 

la courbe Xo(p2), pour p premier > 3 . Consid~rons 

La matrice (IO u<p) , pour u entier premier & p , d6finit une 

correspondance modulaire sur la courbe X ( p 2 ) ,  a i n s i  q u ' i l  e s t  e x p l i q u ~  
O 

dans [13], 7.3. Cette correspondance ne d6pend que du r6sidu quadratique 
+ 

de u (mod p). On la notera Rp selon que (~)F = ~I . On note de m~me 
+ 

jo(p2 les e n d o m o r p h i s m e s  de  l a  j a c o b i e n n e  ) d ~ f i n i s  p a r  Rp 

S o i t  R = R + - R- . 
P P P 

On v6rifie sans peine les propri6t6s suivantes (cf. [15]) : 

Rp est d~finie sur le corps @(V(~)P)~ ; (i) 

(ii) R 3 = (~).p R ; 
P P 

(iii) R p O T e  = (~) Te ORp , p o u r  t o u t  e p r e m i e r  d i s t i n c t  

de p . 

L'espace < F o ( p 2 ) ' 2 > O  s ' i d e n t i f i e  de  f a ~ o n  c a n o n i q u e  a v e c  l ' e s p a c e  

des 1-formes diff~rentielles invariantes sur Jo(p2). L'endomorphisme 
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induit donc un op@rateur sur <To(p2),2> ° , et l'on a : Rp 

(iv) L'op&rateur induit par Rp sur <Fo(p2)'2>o est l'op~- 

d' rateur R Atkin et Lehner [I], 6.4, d&fini par : 
P 

= 

a mod p 

~.fx(Z) si p ~ I (mod 4), 

L 
i~.fx(Z) si p ~ 3 (mod 4). 

(X d&signe le caract&re de Legendre modulo p). 

4. Description des calculs. 

4.1Dans ce paragraphe, nous allons utiliser les r&sultats g&n&raux 

rappel&s dans le paragraphe pr@c&dent. 

Reprenons doric les notations du §3, et supposons que N = 121. Soit 

fl ..... f6 la base de <Co(121),2> d&termin&e au §I. 
o 

4.2 Dans un premier temps (cf. 4.6), nous d~crivons le r&seau 

L = Lj en termes des symboles modulaires introduits en 3.2. Nous en 

ferons de m~me pour les r&seaux L + , L- correspondant aux valeurs 

propres +I et -I de la conjugaison complexe (cf. (4.7)). Ceci fait, 

la prop. 3.1.3 nous permettra de d&crire en termes de r~seaux les mor- 

phJsmes ~i : Jo(121 ) w Ei associ~s aux formes fi (i = I ..... 6) 

(cf. 4.8). 

4.3 Dans un second temps (cf. (4.9)), nous utilisons la descrip- 

tion de l'action des op~rateurs de Hecke donn6e par la prop. 3.3.1. 

Plus pr~cis&ment, faisons parcourir & z ~ ~e un ensemble de valeurs 

tel que {O,z} ~{O,-z} engendre le r~seau L + resp L- (cf. rem. 3.3 2) r • • , 

et utilisons la prop. 3.3.1, pour un nombre premier n = ~ fix6 (en 

fait, n = 2). Le syst~me lin6aire obtenu permet d'une part, de d&termi- 

her les valeurs propres de T 
n 

coordonn&es des g~n~rateurs de 

+ 
w. , resp. w? des projections 
1 1 

resp. L 

, et d'autre part, de d~terminer les 

L + resp. L- en fonction de g~n~rateurs 

L + L + L T i = I ,6 des r~seaux 
i ' _ i w --- 
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4.4 On peut alors utiliser les r~s,~itats obtenus pour d~terminer 

l'ordre des pointes de Xo(121). C'est ce qui est fait dans 4.10. Pour 

cela, on utilise de nouveau la proposition 3.3.1. 

4.5 Enfin, on montre dans 4.11 quelles sont les relations corres- 

pondant aux identit&s fi,×11 = f3 ' etc. du §I. 

4.6 Le qroupe Z(121). 

Consid&rons tout d'abord l'ensemble PI(~/121~). Les &16ments de 

cet ensemble sont les couples suivants : 

: , (0;I) ; , , c=O ..... 120 ; (c:11) , c=I ..... 10 . 

Avec les notations de Manin [9], prop. 2.2 , les douze pointes de 

X ( 1 21 sont : 
o 

[I :I mod I] , [121;I mod 11 , [11;d rood 11] , d= I ..... 10 . 

L application cobord ([9], cor. 2.6) est la suivante : 

6(1:0) = [1:1 mod II - [121;I mod I] ; 

5(0:7) = [121;I rood I]-[I;I rood I] ; 

~[~I;~ ~od I~]-[I;~ rood ~3 si ~I di~ise c, 
a (c:~) L 

0 sinon (c = I ..... 1 20) ; 

~ ( c - 7 1 ) =  [ I ; I  rood I ] - [ 1 1 ; - c  - I  rood 1 1 ] ,  ( ° = I  . . . . .  I 0 ) .  

L e s  110  & l & m e n t s  ( c : ~ ) ,  c = I . . . . .  120  , ( c , 1 1 )  = I , s o n t  d o n c  

d e s  & l & m e n t s  d e  ~ ( 1 2 1 ) .  De p l u s ,  l e u r s  i m a g e s  e n g e n d r e n t  ~ ( 1 2 1 ) ,  comme 

le montre la prop. 3.2.3. La m~me proposition permet, apr&s un calcul 

facile mais fastidieux, d'obtenir un syst~me de g&n&rateurs : 

Lemme 4.6.1 : Le qroupe ~(121) admet comme syst&me de q&n~rateurs 

les douze ~l~ments suivants : 

(c,I) , c E ~ , 

o_~ ~ = {2,3,4,5,7,8,9,18,26,36,49,51} . 

Tout &l&ment de ~4 (121) s' &crit donc comme combinaison lin&aire 

coefficients entiers de ces douze &l~ments. La table I donne, & toutes 
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fins utiles, cette expression pour chacun des ~l~ments (c:I), 

c = I ..... 120 , (c,11) = I 

D'apr~s la prop. 3.2.3, le r~seau Lj est l'image du groupe 

M(121) par l'application ~ . Tenant compte de ce que 

{(c:~) = {0,1} , pour tout C E ~ , 

le lemme 4.6.1 s'6nonce sous la forme 6quivalente : 

Proposition 4.6.2 : Le r~seau L = Lj est le r6seau enqendr~ darts 

C 6 par les douze vecteurs : 

<o,} , (o, ~ . . . .  

4.7 Les r@seaux L + et L- 

Introduisons maintenant l'action de la conjugaison complexe. Le 

conjugu~ de chacun des vecteurs qui engendrent L est donn~ par la 

prop. 3.2.5. L'utilisation de la prop. 3.2.3 et de la table I permet 

d'exprimer ce transform6 en fonction des g6n&rateurs. Les r~sultats 

obtenus sont dorm's dans la table 2. 

Un calcul facile permet de d~terminer les sous-r~seaux L + et L- 

associ6s aux valeurs propres +I et -I. On trouve : 

+ 

Proposition 4.7.1 : Soient L- les sous-r~seaux de L correspon- 

dant aux valeurs +I de la conjuqaison complexe (prop. 3.2.5). Alors : 

L + est enqendr~ par les vecteurs : 

~I = {o, } + {o,-~} , ~2 = 

Y3 + : {0, } + {o,-g} ' ~4 : {0, } + {0,- } , 

~5 = }Z } + {°'-~Z} ' Y6 = {0, } + {0,- } , 

L- est enqendr6 par les vecteurs : 

½ ~ I} _ {o,_~ ~ = {o, } - {o,- 5} , v~ = {o,~ ~} , 

I 

- ,; = ~5 = {o,~} - {o,-~} , 
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La table 3 donne l'expression des vecteurs {0, !} , cE~ , qui 
C + 

engendrent L , en fonction des vecteurs Yk ' k= J,...,6 . Un calcul 

~16mentaire permet de montrer le r6sultat suivant : 

Proposition 4.7.2 : Le r6seau L est un sous-r6seau d'indice 26 

I + e ½L- Plus pr~cis6ment, un ~l~ment z de ce dernie~ du r6seau ~L 

6 a k + b k 
z = E (~- Yk + ~ Wk ) ' ak,b k E ~ , 

k=1 

est un 616ment de L si et seulement si les conditions suivantes sont 

v6rifi6es : 

b I { a I +a 3 +a 5 (mod 2), 

b 2 ~ a 5 (mod 2), 

b 3 = a 3 +a 4+a 5 +a 6 (mod 2), 

b 4 = a 4+a 6 (mod 2), 

b 5 ~ a 6 (mod 2), 

b 6 ~ a 2 (mod 2). 

4.8 Les courbes E. (i = I ..... 6). 
1 

Soit f. l'une des formes paraboliques d~termin6e au §I. La pro- 
l 

p o s i t i o n  3 . 1 . 3  s ' a p p l i q u e  ~ f i  e t  donne  : 

Proposition 4.8.1 : Soit ~. : ~6 ~ C la i-i~me projection ! 

(i = 1, . . . . .  ,6) Soit L l le sous-r6seau de • imaqe de L par ~'l : 

L i = ~i(L) 

L ' application : 

~ ~6 

z ~ { i ~ , z }  = (~z f ( t ) d t ) i = l , l  . . . , 6  
l o o  

induit des isomorphismes ~ , 3. de vari~t~s ab~liennes rendant commu- 
1 

tatifs les diaqrammes suivants : 

Jo(121)(~) 

Ei(¢) 

~ (E6/L 

- , ~/L i . 
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+ + 

4.8.2 Notations. On pose : L? _ = ~i(L-) o 

96 
Soit z E ~ . on convient de poser : 

6 + + 
{O,z} t {0,-z} = z x-(z).~k " 

k=1 

Enfin, on note 

+ + 

Yk,i = ~i(Yk ) 
+ 

(On rappelle que les vecteurs Yk ' k = I ..... 6 

par la prop. 4.7.1). 

sont ceux d@termin@s 

4.9 D6termination de L en fonction des p6riodes des courbes E. 
1 

4.9.1 Nous arrivons au point fondamental de ce paragraphe, dont 

le r6sultat final consistera A d6crire le r6seau L en termes des 

p6riodes des courbes E. (i = I ..... 6). 
1 

Pour ce faire, nous allons utiliser l'action des op@rateurs de 

Hecke sous la forme donn6e par la proposition 3.3.1. 

Soit n= 2 . La formule (3.3.1.1) s'6crit : 

(4.9.1.1) c(2).{O,z}_ = {O,2z} + {o,Z+1~--_ + {O,~} - {O, I~} 

Utilisons les notations introduites en 4.8.2. La formule pr6c6dente 

est @quivalente aux deux suivantes : 

6 6 
(4.9.1 .2)+: . ~c]T: 

+ 
c(2) ( E (z).yk) = 

k=1 k=1 

6 6 
(4 .9 .1 .3 ) - :  e (2 ) . (  r .--3~(zl.V~) = E 

k=1 k=1 

I< + z +,z+1, + I ~ + 
(2z) +~(~) +~-~--) -~(~) "Yk' 

z -,z+1 ,7 

soit encore, coordonn~e par coordonn6e, aux douze identit@s : 

(4.9.1 .2) + .: ! 

i = 1  . . . . .  6 

(4.9.1 .3)i: 

i=I ..... 6 

6 { c i ( 2 ) . ~ ( z  ) _ i ~ ( 2 z  ) +x  k+(z~) +Xk(._~_)_+ z+l >+(1,k 2 ) ] } 'Yk , i+  
k=l 

6 

- " + -~-) "Yk,i " 
k=1 

=O, 

+ 
4.9.2 Ecrivons les formules (4.9.1.2)i pour les valeurs suivantes 

de z : 

1 1 1 1 1 1 
z - 3 '  3 6 '  8 '  51 ' 2 6 '  1 8  
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(rappelons que les six vecteurs {O,z} + {O,-z} correspondants engen- 

drent le r6seau L+). 

On obtient ainsi un syst&me lin6aire homog6ne de six 6quations aux 

+ < six inconnues Yk,i ' I ~ i,k ~ 6 . Les coefficients ~ (z) se calculent 

de faqon effective de la fagon suivante : 

(i) On exprime {O, ~} comme combinaison lin~aire d'~l~- 
a 

ments contenus dans l'image de { , en utilisant la prop. 3.2.4. 

(ii) Utilisant la table I, on ~crit les couples (~:~) en 

fonction des g6n&rateurs du groupe Z(121). 

(iii) Enfin, la table 3 permet d'6crire {O, ~} en fonctJon 
a 

des g6n&rateurs ?~ et Yk (k= I ..... 6) des r6seaux L + et L- 

+(2) • 
Donnons & titre d'exemple le calcul de x k ~ k = I ..... 6 . 

2 I 
On a : -=O + ~ . 

3 I+½ 

Par cons&quent, avec les notations de la prop. 3.2.4 : 

= b2__ I bl 0 _ bo 

3 a 2 ' T=aT ' I a ° 

On a donc : 

~ 

{ 0 ,  } = ~ ( -~ : 'T )  + ~ ( 3 : 1 )  

Utilisant la table I, on obtient : 

( - 7 - 7 )  = ( 1 % : ? )  = o . 

Utilisant maintenant la table 3 : 

1 ) 
{o, 5 

On en d~duit, avec les notations de 4.8.2 : 

2 +2 
x (5) = I x±(~) = 0 2 < i < 6 . 

4.9.3 Si l'on exprime que le syst&me lin&aire homog&ne obtenu est 

de rang < 6 , on obtient : 

c (2) E {0,+I,-+2} 

De faqon plus precise, le syst&me est de rang 5 pour 
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el(2) = 0,~I,+2 et de rang 4 seulement lorsque ci(2) = -2 . (Si l'on 

se rappelle que la valeur propre -2 correspond aux formes fl ' f2 

qui ne sont pas primitives, la difficult6 rencontr6e est pr6visible). 

En tous cas, si l'on ne connaJssait pas ~ l'avance les valeurs propres 

c.(2) , i= I ..... 6 , on les obtiendrait ~ ce stade des calculs. 
1 

4.9.4 Consid6rons tout d'abord les cas i = 3,4,5 et 6 . On a donc 

ci(2) ~ -2 , et le syst6me est de rang 5. On obtient eomme solution 

g@n~rale, notant simplement c. (2) = c. : 
1 1 

2c, (c2 + c. - 11 
+ ! ] 1 + 

Y1,i = c 2- 2 Y4, i ' 
1 

+ + 
Y2,i = c~_ Y4,i ' 

2c, + ) + 

~3,i c .  2 -  2 ~ 4 , i  ' 
! 

+ 
V5, i = (1-ei)v4, i , 

Y6,i = (c -I i 

En particulier, ceci montre que les r@seaux L + i (i= 3,4,5,6) 

engendr@s par les nombres : 

sont 

+ + 
wi = Y4,i (i= 3,4,5,6) 

Avec la num~rotation choisie, on a (cf. prop. 1.4.1) : 

c3= 2 , c4= I , c5=-I , c6=O • 

Portant ces valeurs dans la solution que l'on vient d'~crire, on 

obtient l'expression des J-i~mes coordonn~es (i = 3,4,5,6) des vecteurs 

+ + L~ Yk (k = I .. 6) en fonction de la p~riode r~elle w. du r~seau 
, .r 1 ! 

(cf. la table 4). 

4.9.5 Passons maintenant aux cas i= 1,2 o~ c. = -2 . 
1 

a) Soit i = I . On est r~men6 au calcul de symboles modulaires 

sur la courbe X (11), qui est une courbe elliptique. On peut donc uti- 
o + 

liser les r~sultats de Manin ([9], p. 59). Une base des r@seaux L; 

est constitute par les vecteurs 
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+ 
- I + I 

m I - - { 0 ,  = {0,3}fi -5}fi 

Le r&seau L I est alors le r6seau d'indice 2 contenu dans 

I + 0 ½ L~ qui contient lui-m~me L I e L~ comme sous-r6seau L I 

d ' i n d i e e  2 .  

+ + 
L ' e x p r e s s i o n  d e s  ~ k , 1  ( k =  1 . . . . .  6 )  e n  f o n c t i o n  d e  w 1 e s t  

d o n n 6 e  d a n s  l a  t a b l e  4 .  

Lig-27 

b) Soit i = 2 . On a f2(z) = f1(z) -11f1(11z) (cf. 1.2). 

IIen r&sulte : 

{Zo'Zl } f 2  = {z°'zl }fl - { 1 1 z ° ' 1 1 Z l  }fl 

pour tous z o,z I 6 ~ 

On est donc ramen6 & un calcul du m~me type que celui de 4.9.2 pour 

+ 
calculer les ~k,2 (k= I,...,6) . Le r~sultat figure dans la table 4. 

4.9.6 Nous ne donnerons pas de d~tails concernant la d~termination 

des ?k,i (I ( k,i ~ 6). Le calcul est tout & fair parall&le au pr~c6- 

dent. On part des identit&s (4.9.1.3)~ , i= I ..... 6 , que l'on 6crit 

pour les valeurs de z : 

1 1 1 1 1 1 
z= ~, 9' 5' 7' 49' 

On obtient de nouveau un syst&me lin6aire homog~ne, qui donnerait une 

fois de plus les valeurs propres c (2) si on ne les connaissait d6j&. 
! 

Ce syst&me suffit A d6terminer les Yk,i lorsque i= 3,4,5,6 ; lorsque 

i= 1,2 , on raisonne comme pr6c6demment. 

Les r6sultats obtenus figurent dans la table 5. 

4.9.7 Les r~seaux L. 
! 

Revenons maintenant aux r@seaux L. ! 

+ + 
Wl = Y 1 , 1  " 

+ + 
w 2 = 5w 1 

+ + 

i V4,i 

(i= I ..... 6). Soient : 

(i= 3,4,5,6). 

Soient ~galement : 
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Wl = ~1,1 ' 

w2 : ~T ' 

• ½ 
: '{5,3 ' 

~4 = ~5,4 , 

w5 = Y5, 5 , 

I Y5 " 
~6 = 2 ,6 

+ 

Les r&sultats de la table 5 montrent que les nombres w. , 
+ i 

i= I ..... 6 , engendrent L- . Plus pr&cis&ment, un calcul &l~mentaire 
1 

montre le r~sultat suivant : 

Proposition 4.9.7.1 : Pour chaque i= I ..... 6 , le r6seau L. 
1 

I L+@ I le sous-r&seau d'indice 2 du r&seau ~ ~ L- d&fini par : 

= <+} 9i 
1 " a. - b (mod 2) 

! 1 

Corollaire. Le noyau de l'isoq6nie canonique : 

6 6 
9o. : J (121) ~ i"I E. 

i=I z o i=I z 

est contenu dans le sous-qroupe des points de Jo(121 ) 

multiplication par 24. 

est 

annul6s par la 

~6 

En d'autres termes : 

6 
n ~11(Li ) c__ 2~ L . 
i=I 

6 
En effet, soit z = 12 E (ak~+bk7 $ ) ~  , ak,b k E ~ , un vecteur de 

k=1 

les projections de z . 

s , t. sont donn&es par 
! ! 

Soient ~. (z) = s.w +, + t.w? , i= I,...,6 
! 1 1 1 1 

Les expressions de ak,b k en fonction des 

la table 6. 
6 

La condition pour que z E ~] ~I (Lj) s'&crit : 
i=I 

( 4 . 9 . 7 . 2 )  sj_ ~ : ~  , t i E ~" , s ~ + t ~  E ~' , i ] . . . . .  6 . 
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6 

(akYk k ' = , = 
, I ' ++b~ ), donc: a k 24a k , b k 24b k . Soit z = 24z = ~ k I 

i i Remplagons a k , b k par leur expression en fonction de s k , t k tir6e 

de la table 6. On constate que les conditions (4.9.7.2) entra~nent que 

i l 
a k et b k sont entiers et v6rifient les conditions de la proposition 

4.7.2. Par cons6quent, z' = 24z 6 L . 

4.10 D~termination de l'ordre des pointes. 

Soit z E ~e une pointe de Xo(121). On se propose de d6terminer 

l'ordre de cette pointe dans la jacobienne. Pour cela, on va d~terminer 
+ 

{O,z} en fonction des ~? , i= I ..... 6 . 
3. 

4.10.1Commenqons par la d6termination de {O,i~} qui est plus 

facile. 

Soit z = i~ . Portant cette valeur dans (4.9.1 .I), on obtient : 

I 
(4.10.1 .I) (c(2) - 3){O,i~} : -{O,~} 

D'apr~s la table 3 : 

Projetant les deux membres de (4.10.1.1) sur chaque coordonn6e, et 

+ 
remplagant les termes Wk,i ' I ~ k ~ i par leurs valeurs tJr6es de la 

table 4, on obtient : 
+ 

{O'~}f I - 5 , {O,i~}f2 : O , 

O,i~}f3 , i~}f4 -w 4 + { = 2~ {O, = i 

4~}f6 
{O,i~}f5 -w~ {O, : O 

En particulier, ceci montre que l'image de la pointe O est d'ordre 

5 dans la jacobienne Jo(121). Plus pr~cis~ment, son image sur E I est 

un point d'ordre 5, et ses images sur E. , i= 2 ..... 6 coincident avec 
! 

l'origine. 

u 
4.10.20rdre des pointes z = ~ , u = I ..... 10 • 

Ii est commode ~ ce point d'introduire une nouvelle notation. Soit 

u un entier rationnel. On pose : 
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(4.10.2.1) 2{i~,~}f.,, = X(u,i)~ t~ + Y(u,i)w~_ , I < i ~ 6 i 

On sait a priori que les fonctions X(u,i) resp. Y(u,i) sont & 

valeurs dans ~ . De plus X(u,i) resp. Y(u,i) est une fonction paire 

resp. impaire de la variable u . 

u 
Ecrivons maintenant la formule 4.9.1 .I pour z - 11 . On obtient : 

2u u+11} + {0,~2} { I c(2){0,~i} = {O,T~} + {0,~ - O,~} 

Remplagons u par -u , et ajoutons les deux formules obtenues. Faisons 

parcourir & u les valeurs 1,3,4,5,9. Apr&s projection sur chacune des 

coordonn&es, on obtient un syst&me de 5 × 6 = 30 6quations lin&aires 

aux inconnues X(u,i) , u = 1,3,4,5,9 , i = I ..... 6 . La r~solution de 

ce syst~me donne les r6sultats qui figurent dans la table 7. 

De fagon analogue, on obtient un syst&me de 30 6quations lin&aires 

aux inconnues Y(u,i), u = 1,3,4,5,9 , i = I ..... 6 , en retranchant les 

formules relatives & u et & -u . 

Ce syst~me se r~soud et donne les r~sultats indiqu6s par la table 7. 

4.11 Nous allons maintenant utiliser les identit&s : 

f1,x11 = f3 ' f4,x 11 = f5'x11 = f4 ' f6,x 11 = f6 ' 

d&montr&es au §I. (Rappelons que X11 d&signe le caract&re de Legendre 

mod 11). 

4.11.1 Remarquons tout d'abord que si l'on pose : 

fo(Z) = f1(z) - f1(11z) , soit 

f _ Iof 1 + f2  
o 11 ' 

on a : f3, = f 
X11 o 

4.11.2 Remarquons &galement qu'on aurait pu remplacer la forme f2 

par la forme fo dans le §4. On aurait obtenu un morphisme 

~o : Jo (121) ~ EO 

Les tables 4 et 5 montrent que le r&seau L d~finissant E est 
o o 
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1 w+ 1 + - 
engendr& par les vecteurs ~ o ' 2(Wo+Wo)' o~ 

+ 5 +  o 1 -  
= ~ 1  ~ = o ~ "  ' 

Enfin, 

1 .~ ,--, 4" 40o,  ,.-, l 2 + 
{i~,O}fo = 1--T fl 11 - g Wo (cf.4.10.I). 

Par c o n s 6 q u e n t ,  s i  l ' o n  ~ t e n d  l a  n o t a t i o n  ( 4 . 1 0 . 2 . 1 )  a u  c a s  0 6  

f ,  -- f , o n a  : 
1 0 

4 
x(o,o) = - g , Y(O,O) -- o . 

4.11.3 Rappelons maintenant le r6sultat suivant (cf [9], 3.9) : 

Lemme 4.11.3.1 : Soit f 6 <~o(121),2> ° , e__tt X un caract&re de 

Dirichlet primitif modulo I I. Soit fx la forme tordue de f par X . 

On.a alors : 

10 

{O,z}f× = - ~ u=IZ ×(u) {I~' z+1~}f " 

Nous allons appliquer ce r~sultat aux formes f ; soit donc 
! 

i -- 0,1 ..... 6 , et d&finissons i' par : 

f, ~ f- i 

±'~I - 

Consid@rons d'abord le cas o6 z = i~ . On obtient l'identit@ : 

IO 
{l~'O}f i , '  -- ~T-i u=IE X11(u) {i~,fi}fl ' soit encore, 

utilisant les notations (4.10.2.1) : 

(4.11.3.2) X(O,J')e~ - 2i E Y(u,i).m? 
' I~ u mod 11 l 

×11(u)=I 

4.11.4 Appliquons la formule pr~c~dente dans les cas suivants : 

(a) i= 3 , i' = 0 ; tenant compte de ce que : 

X(O,O) - 4 + 5 + 5 et w O ~ ~I on obtient : 

w3 - 5i w~ 

(b) i= I , i' --3 ; avec l'aide de la table 7, on trouve : 

+ _ i - 
w3 I~7 i 
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(c) i= 4 , i' = 5 et i= 5 , i '= 4 , donnent : 

+ i ~ et 
w5 = - ~ 

4.11.5 Pour i= 6 , i' = 6 , les deux membres de (4.11.3.2) sont 

nuls. Ii faut donc utiliser un point autre que z = i~ , par exemple 

I 
z = I--[ pour obtenir une identit~ non triviale. 

I 
Faisant z = ~ , f = f6 dans le lemme 4.11.3.1, on obtient : 

i + 
~6=~--~w 6 • 

5. Interpretation des r~sultats. 

5.1 Nous utiliserons ~ plusieurs reprises le r~sultat suivant : 

Lemme 5.1.1 : Soient X I , X 2 deux courbes elliptiques sur ~ . 

On suppose que X I e_!t X 2 deviennent isomorphes sur ~ , et ont bonne 

r~duction en dehors de 11. 

Alors, ou bien X I est isomorphe ~ X 2 sur Q , ou bien X I est 

tordue de X 2 sur ~(~). 

Tout d'abord, X I et X 2 n'ont pas d'autres automorphismes que 

~I . En effet, une courbe elliptique d'invariant j = 1728 , resp. 

j =O , a n6cessairement mauvaise r6duction en 2 , resp. en 3 . Par 

consequent, X I et X 2 sont isomorphes sur une extension de @ de 

degr6 au plus 2. De plus, cette extension est non ramifi~e en dehors de 

11. C'est donc ou bien @ , ou bien @(~). 

5.2 Les courbes E I , E 2 . 

5.2.1 Consid6rons la courbe 

+ 
L I engendr~ par les vecteurs w I 

est d~fini uniquement en termes de la forme fl " Plus pr6cis6ment, la 

prop. 3.1.2 appliqu6e ~ fl , base de <Fo(11),2> ° , montre que 

Xo(11) = Jo(11) est d~finie, en tant que courbe sur C , par le r6seau 

L I 

E I . Cette courbe correspond au r~seau 

I + - 
et 2(~I +wl) dans • . Or ce r&seau 
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Utilisons le lemme 5.1.1. Comme les coefficients de la s~rie L de 

E I et Xo(11) coincident, et que f1,x ~ fl ' les courbes E I et 

11 
Xo(11) ne sont pas tordues l'une de l'autre. Elles sont donc isomorphes 

sur @ . L'image de la pointe O engendre dans E I un sous-groupe 

cyclique d'ordre 5, not~ C I . Ce groupe correspond au sous-groupe 

engendr~ dans L I par ~+I 

5.2.2 La courbe E 2 correspond au r~seau L 2 engendr~ par les 

I + - I vecteurs w 2 et ~(w 2 +w2), avec w 2 = 5~ et w 2 = ~T . La pointe O 

a pour image l'origine de E 2 , et les autres pointes engendrent le 

I + 
groupe C 2 d~fini par le vecteur ~w 2 . Consid~rons le quotient 

E2/5C 2 . Ii s'agit de la courbe elliptique correspondant au r~seau d~fi- 

I + I + - 
ni par 5~2 et ~(w2+w2), qui n'est autre que le r~seau L I 

On a donc une suite d'isog~nies de degr~ 5 : 

E 2 ~ E I ~ E2/C 2 

E2/5C 2 EI/C I 

5.2.3 Examinons l'action du groupe de Galois sur les po!ntes. 

D'apr~s Ogg [11~ (cf. ~galement II, §3), les pointes de X (121) sont 
o 

rationnelles sur le corps cyclotomique ~(~11) ; de plus, si l'on d~signe 

u (u = I, ,10) l'~l~ment par P11,u la pointe correspondant ~ z = 4--[ .... 

[n~ de Gal(@(~11)/~) agit par : 

Pl n~1,u = P11 ,n -lu ' 

la pointe O ~tant elle-m~me rationnelle sur @ . 

Par consequent, le groupe C I est rationnel sur ~ point par point. 

D'autre part, la table 7 montre que l'on a, avec les notations de 

la prop. 2.6.1 : 

• 2(P11,u) = E (u4).~2(P11,1) 

Le morphisme ~2 ~tant ~-rationnel, on en d~duit : 
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~2(P11,u)[n] ¢(u4) = ~2(P11,n-1.u) = ~ 2 ( P l l  1 ) ~(n 4 ) 

= ~ ( n ) 6 ~ 2 ( P 1 1 , u  ) = X11(n)  S ( n ) ~ 2 ( P 1 1 , u )  

C'est la structure galoisienne de C 2 annonc6e dans la prop. 2.6.1. 

5.2.4 En particulier, les groupes C 2 , 5C 2 sont globalement 

rationnels sur @ . Les isog6nies correspondantes sont doric d6finies 

sur Q . 

De plus, il r6sulte de : 

X11(n)¢(n) ~ I (mod 5) 

que tousles points du groupe 5C 2 sont rationnels sur @ . 

En r6sum6, le diagramme : 

E 2 ~ E I ~ EI/C I (cf. 5.2.2) 

est form6 d'isog6nies W-rationnelles de degr6 5, et les courbes E I , E 2 

contiennent chacune un point d'ordre 5 rationnel sur W . 

5.2.5 On a d6j& vu que E I est la courbe Xo(11). La courbe EI/C I 

est le quotient de Xo(11) par le sous-groupe d'ordre 5 engendr6 par 

les pointes. Par cons6quent, la courbe E 2 est la troisi6me courbe 

isog6ne sur ~ & Xo(11) (cf. [73, 7.5.1) : c'est la courbe XI(11), 

notre 11A dans la table I de [2]. Les courbes E I , EI/C I sont donc 

les courbes 11B , 11C . (Dans [7~, les courbes E 2 , E I , EI/C I sont 

not6es A11 , X11 , C11 resp.). 

5.3 Les courbes E 3 , E3/5C 3 , E3/C 3 

+ 
5.3.1 La courbe E 3 correspond au r6seau L 3 engendr6 par w 3 

1(w+ - 
et 2" 3 +w3)" D'apr&s 4.11.4, a, b, ce r6seau n'est autre que le r6seau 

L 2 . Les courbes E 2 , E 3 sont donc isomorphes sur { . 

Le lemme 5.1.1, joint au fait que les s6ries L de ces deux courbes 

sont distinctes, entra[ne que E 2 et E 3 sont tordues l'une de l'autre 

l . 

sur Q(V-11) : E 3 ~ E 2 
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5.3.2 La table 7 montre que l'on a : 

• 3(P11,u) = Z(u9).~3(P11,1) 

On en d6duit : 

~3(P11,u)[n] = ~(n).~3(P11,u) 

C'est bien l& l'action galoisienne annonc6e par la prop. 2.6.1. 

Du reste, ceci r6sulte ~galement du fair que E 3 est tordue de E 2 

sur @(~I), et de l'action connue du groupe de Galois sur C 2 . 

5.3.3 On obtJent, de fagon analogue au cas de E 2 , deux isog~nies 

de degr~ 5 , d~finies sur ~ : 

E 3 ~ E3/5C 3 ~ E3/C 3 • 

On peut aussi consid~rer que ce diagramme se d~duit par torsion du 

diagramme 

E 2 ~ E I ~ EI/C I 

5.3.4 Montrons comment l'utilisation des endomorphismes de torsion 

d~finis en 3.4 permet de retrouver le fait que les courbes E 2 et E 3 

sont tordues l'une de l'autre sur ~ ( ~  , et ceci sans avoir & utiliser 

le lemme 5.1.1. 

Consid&rons l'endomorphisme R11 de J = Jo(121). On montre faci- 

lement (cf. [13], prop. 8) l'existenee d'±sog~nies ~o ' v 3 , d~finies 

sur ~(~I), et telles que le diagramme suivant soit commutatif : 

(on rappelle que 
o 

d~finie en 4.11.1). 

RI I RI I 
J -J , J 

x) x) 3 
0 

, E 3 , E Eo o 

d~signe le morphisme associ~ & la forme f 
o 

On a d~j& remarqu& que la courbe E est d~finie par le r~seau L 
o o 

engendr6 par ~w I et ~t~w I + ~i ). Par consequent, L ° = L 2 , et il 

est facile d'en d~duire que E ° E 2 . 
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Sur les formes paraboliques, R11 induit l'op6rateur R11 (cf. 

= i~ f3 ' f31R11 = i~ f Iien r6sulte 3.4), et l'on a : foIR11 o 

que ~3 o ~o est la multiplication par -11 Comme E ° . , E 3 n'ont pas 

de multiplication complexe, ceci entra[ne que l'une des isog~nies est 

un isomorphisme. On v6rifie facilement, en interpr~tant R11 en termes 

de r6seaux, que ~o est un isomorphisme, et que ~11 a pour noyau le 

noyau de la multiplication par 11. 

5.4 Les courbes E 4 , E 5 , E4/C 4 , E5/C 5 . 
+ 

5.4.1La courbe E 4 correspond au r6seau L 4 engendr~ par ~4 et 

I + - 
2(~4 +~4 )" La table 7 montre que le groupe cuspidal C 4 est engendr6 

par w 4 , donc cyclique d'ordre 11, et que de plus : 

3 
~4(P11,u) = u .~4(P11,1). 

Utilisant : 

on en d6duit : 

~4(PII,u )In] = 94(P11,n-1u )' 

~4(P11,u)[n] 7 = n .~4(P11,1), 

ce qui montre que le module galoisien C 4 est isomorphe ~ ~?~ 

+ 
5.4.2 La courbe E 5 correspond au r6seau L 5 engendr6 par ~5 et 

I + - 
2(~5 +m5 )" D'apr6s 4.11.4, c, ce r6seau est aussi celui engendr6 par 

i ~ et - ~i (m4-- I I~). On reconnait i~ un r&seau homoth&tique 

au r6seau qui d6finit E4/C 4 . Comme E 5 et E4/C 4 ne sont pas iso- 

morphes sur ~ (leurs s6ries L sont distinctes), on a n6cessairement : 

(E4/C4) , E 5 = 

5.4.3 L'existence de la forme bilin6aire de ?{eil sur les points de 

E 4 annul6s par 11 entra[ne l'existence dans E4/C 4 d'un sous-groupe 

®4 
isomorphe ~ ~11 comme module galoisien. On en d6duit par torsion 

®9 
l'existence dans E 5 d'un groupe isomorphe A b11 . Ce r6sultat se 

retrouve direetement eomme suit : la table 7 montre que le groupe cus- 

C 5 est engendr6 par i~w5 , donc cyclique d'ordre 11, et que pidal 
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On en d6duit : 

~5(P11,u) = u.~5(P11,1), u = I ..... 10 . 

~5(P11,u)[n] : n9.~5(~1,u ), ce qui montre que 

®9 
C 5 est isomorphe ~ ~11 

On montre comme plus haut : 

E 4 = (E5/C 5) ' 

5.4.4 On peut 14 encore retrouver une pattie de ces r~sultats en 

utilisant les endomorphismes de torsion, ce qui ~vite l'emploi du 

lemme 5.1.1. 

En effet, on peut montrer l'existence d'isog~nies 

hies sur @(~L~I), rendant commutatif le diagramme : 

RI I RI I 
J , J • J 

'o4 `o5 
E 4 ~ E 5 * E 4 • 

L~ encore, on d6duit de 

`o4 ' `o5 
d6fi- 

f4 IR11 = i~ f5 • f5J~11 = i~ f4 ' 

que ~5 o ~4 est la multiplication par -11. Nous allons voir qu'en 

fait : 

deg v 4 = deg `o5 = 11 

en exhibant un point d'ordre 11 qui se trouve dans le noyau de `o4,resp.~5 

En effet, consid~rons la pointe P11,1 . On a d6j~ remarqu~ que sa 

projection ~4(~1,1 ) resp. ~5(~1,1 ) engendre C 4 resp. C 5 . 

D'une part, notant Po la pointe correspondant ~ z = O , on a : 

(5.4.4.1) RII(P11,I) = P11,2 + P11,4 + P11,5 + P11,6 + P11,10 

- P11,3 - P11,7 - P11,8 - P11,9 - Po ' 

par d~finition m~me de R11 

Or ~4(Po) = O , ~5 (Po) = O , et 
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~4(P11,u) = u 3 ~4(P11,1) , 

resp. ~5(P11,u) = u ~5(P11,1) 

On en d&duit : 

g4oRII(P11,I = O , ~5oRII(P11,I) = O , 

ce qui montre que le noyau de ~4 resp. ~5 est le groupe cuspidal C 4 

resp. C 5 

Comme les isog&nies ~4 ' ~5 ne sont pas d&finies sur @ , ce sont 

n&cessairement les compos&es de l'isog&nie naturelle : 

resp. 

avec la torsion sur @(~). 

5.5 La courbe E. . 

E 4 ~ E4/C 4 • 

E 5 ~ E5/C 5 , 

5.5.1 La courbe E 6 est d~finie par le r~seau L 6 , engendr~ par 

I + - D' • 6 et 2(~6 +~6 )" apr~s 4.1~ .5, ce r~seau est engendr~ par ~6 et 

w6 (I - i~ ) On a donc : 
2 

L 6 = ~6.O K 

oQ O K d~signe l'anneau des entiers du corps K = Q(V-11). 

5.5.2 Le groupe cuspidal C 6 correspond au groupe engendr~ par le 

I + i - 
vecteur ~6 = - ~ 6  " Ii est donc cyclique d'ordre 11. De plus : 

~6(P11,u) = u2.~6(P11,1 ) , u = I ..... 10 . 

On en d~duit : 

~6(P11,u)[n] = n8.~6(P11,u ) 

5.5.3 La courbe E 6 admet une multiplication complexe par l'anneau 

O K . On v~rifie imm~diatement que C 6 est le noyau de l'endomorphisme 

de multiplicatJon par -i~ . En particulier, ceci entra~ne que E6/C 6 

est isomorphe ~ la courbe E~ , tordue de E 6 sur Q(I~I). 
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5.5.4 On peut ici 6galement consid6rer l'endomorphisme de torsion 

R11 . On montre l'existence d'une isog6nie v 6 , d6finie sur Q(~), 

telle que le diagramme 

RI I 
J , J 

v 6 

E 6 P E 6 

soit eommutatif. L'identit~ f6]R~1 = i~ f6 entra[ne que 2 = 

On peut alors utiliser l'expression de RII(P11,I) donn6e en 

(5.4.4.1). Du fait que 

~6(P11,u ) = u2"~6(P11,1 ) 

r~sulte que : 

~6oRII(P11,1) = v6(~6(P11,1)) = 0 . 

Par cons@quent, le noyau de v6 est le groupe C 6 . On en d~duit 

E6/C 6 ~ E~ . 

5.6 ComDaraison avec i~s courbes de Swinnerton-Dyer et V~lu. 

On peut maintenant ~noncer : 

Proposition & 6.1 : Soit E une courbe elliptique d~finie sur @ , 

ayant bonne r&duction en dehors de 11. On suppose que E contient un 

qroupe cyclique C d'ordre 11, rationnel sur @ . 

E~ Alors E est isomorphe & l'une des six courbes El ' 1 ' 

i = 4,5,6 , et le qroupe C est isomorphe comme module qaloisien au 

®a 
qroupe ~11 . Plus pr&cis~ment 

a = 7,9,8 , resp. 2,4,3 selon que E = E. , i = 4,5,6 resp. 
! 

E = E! i = 4,5,6 , -- . 
1 

Remarquons tout d'abord que les trois couples (E4,E4/C4), 

(E5,E5/C5), (E6,E6/C 6) constituent trois solutions W-rationnelles du 

probl&me modulaire associ~ & la courbe X (11). Plus pr~cis~ment, on 
o 
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sait qu'& un couple (E,C) v@rifiant les conditions de la proposition 

est associ~ un point de X (11), rationnel sur Q , et distinct des 
o 

pointes de Xo(11). D'autre part, les invariants J(E4), j(E 5) et 

j(E 6) sont distincts, par exemple parce que E 6 admet une multiplica- 

tion complexe, ce qui n'est pas le cas de E 4 et E 5 . Ceci entra~ne 

que les trois points correspondants de X (11) sont distincts. 
o 

On sait aussi que la courbe Xo(11) n'a que trois points ration- 

nels sur @ autres que les pointes. Le couple (E,E/C) coincide donc, 

en tant que solution du probl~me modulaire, avec l'un des trois pr~c~- 

dents. En particulier, il existe un i , I ~ i ~ 6 tel que j(E) = J(Ei)- 

On peut donc appliquer le lemme 5.1.1 aux courbes E , E i , et la pre- 

miere conclusion de la proposition en r~su!te. 

D'autre part, il est exclu que tousles points d'ordre 11 de E 

soient rationnels sur le corps cyclotomique ~(~11 ) : Si cela ~tait le 

cas, la r~duction de E modulo £ , pour tout ~ premier tel que 

m I (mod 11), par exemple ~ = 23 , aurait un nombre de points ration- 

nels sur ~ congru ~ O (mod 121) ; or ce n'est pas le cas. 

®a 
Par consequent, la courbe E contient un ~11 ' avec un a bien 

d~termin~ qui caract@rise la courbe en question. 

Remarquons ici que les valeurs a = O,I ,5,6(mod 10) sont exclues : 

La valeur O parce que la courbe XI(11) n'a pas dlautres points ra- 

tionnels que les pointes. Les autres, parce qu'on se ram~nerait ~ a= O 

en tordant la courbe, ou en consid~rant le quotient par le groupe en 

question. 

5.6.2 Consid~rons les courbes not~es 121D,E,F,G,H,I dans [2]. 

Elles v~rifient toutes les hypotheses de la prop. 5.6.1. Ce sont donc, 

l'ordre pros les courbes E i , E!l ' i = 4,5,6 . Si l'on tient compte 

des renseignements sur les s~ries L d'une part, et sur le fait que 

l'on connait laquelle d'entre ces courbes est une courbe de Weil, on 

arrive & la correspondance donn~e par la prop. 2.6.1 . Les invariants 

correspondants sont tir@s de la liste de V~lu [I 6]. 
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Enfin, toute courbe elliptique d~finie sur ~ , isog~ne sur ~ 

• El i = I, ,6 , EI/C I , E3/C 3 (rappe- l'une des douze courbes El ' i ' "'" 

lons que E~ = E 3) co[ncide avec l'une d'entre elles : En effet, les 

courbes de la liste de V61u [16] poss6dent cette propri~t6. On a donc 

d~termin~ toutes les courbes elliptiques quotients sur @ de Jo(121). 
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II. Courbes associ6es aux sous-qroupes de SL2(F11) 

Avant d'aborder, au §4, l'6tude des courbes associ6es aux sous- 

groupes de SL2(F11), nous allons rappeler un certain nombre de r6sul- 

tats g6n6raux, concernant les courbes associ6es ~ des sous-groupes de 

SL2(Fp), pour p premier, p ~ 5 . La d6monstration des affirmations 

non justifi6es des §2 et 3 se trouve dans [8]. 

I. Notations. Toutes les notations que nous allons introduire ont cours 

dans l'ensemble du chapitre II. Simplement, on supposera que p = 11 

partir du §4. 

Soit p un nombre premier ~ 5 . 

Soit H un sous-groupe de SL2(Fp), contenant la matrice -I. On 

notera ~ l'image inverse de H dans SL2(~) par le morphisme de 

r~duction modulo p . Le groupe ~ est un groupe de congruence de 

niveau p , c'est-~-dire contenant T(p). 

On notera X H la courbe alg~brique associ~e ~ H . En d'autres 

termes, les points de X H ~ valeurs dans C s'identifient avec la 

surface de Riemann compacte quotient du demi-plan de Poincar6 compl~t~ 

~ l'action de H E n  l'injection naturelle de F(p) par particulier, B 

dans ~ d~finit un morphisme canonique 

x(p) ~ x H 

qui permet aussi de consid6rer X H comme le quotient de X(p) par le 

sous-groupe d'automorphismes d6fini par H . 

Une cons6quence de ceci est que les pointes de X H s'identifient 

aux orbites de l'action de H sur les pointes de X(p). 
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2. Les courbes X H et leurs pointes : Rappels. 

2.1 Genre de X H (el. [8]). 

2.1.1 Le genre de la courbe X H est donn6 par la formule : 

~H e2,H e3,H e~,H 
genre de X H = I + 12 4 3 2 ' 

o~ : ~ = [SL2(~):~] = [SL2(Fp):~] = ~ ; 

e2, H est le non@ore de points elliptiques de ~ d'ordre 2 ou 4 ; 

e3, H est le nombre de points elliptiques de H d'ordre 3 ou 6 ; 

e , H est le nombre de pointes de H . 

2.1.2 Calcul de e , H • 

a) Supposons que l'ordre de H soit premier ~ p . Alors 

= H/{~I} op~re librement sur les pointes de X(p), d'oQ : 

e = P2-I mH 
~ , ~  l~I  p 

b) Soit 6 un diviseur positif de p-1 et posons 
2 ' 

p-1 = 266'. Prenons pour H le groupe HI, 6 d~fini de la faqon 

suivante : 

' a -  a E E  8 ' 
P 

O~ l'on note Ep /{~I} , et E 8 = le sous-groupe de E 
P P 

~16ments d'ordre divisant 6' 

form~ des 

(Le groupe HI, 6 

On a alors : 

est d'ordre 2p8', d'oQ mH = (p+I)6). 

e = 25 oonH 

2.1.3 Calcul de e2, H , e3, H . 

Les non@0res e2, H , e3, H sont donn~s par la proposition suivante 

(el.  [8]) : 

Proposition 2.1 .3.1 : Avec les notations pr~c~dentes, on a 

P-(~ 
e2, H = --~ Card {hE H I tr(h) = O} , 
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e3, H - Card {h 6 H I tr h:-1} 

Exemples : a) Supposons que H soit un groupe de Cartan d6ploy6, 

resp. non d&ploy6, resp. le normalisateur de l'un des pr&c6dents. Les 

nombres e2, H , e3, H sont donn6s par le tableau suivant : 

H e2, H e3, H 

Cartan O sip ~ 3(mod 4) O si pm 2(mod 3) 

d~ploy6 2 si p~ 1(mod 4) 2 sip ~ 1(mod 3) 

normalisateur 

de Cartan d6ploy& 

Cartan 

non d6ploy& 

normalisateur de 

Cartan non d6ploy6 

m£ 
2 

2 sip ~ 3(mod 4) 

9 si p~ 1(mod 4) 

p+3 si p~ 3(mod 4) 
2 

p-1 si p~ 1(mod 4) 
2 

O sip ~ 2(mod 3) 

I si p~ 1(mod 3) 

0 si p~ I (mod 3) 

2 si pm 2(mod 3) 

O si p~ I (mod 3) 

I si pm 2(mod 3) 

(Une partie des r6sultats de ce tableau figure dans [3]). 

b) Supposons que H = H/{~I} soit isomorphe au groupe altern& 

~4 . Ce groupe contient trois 61&ments d'ordre 2 et huit &l&ments d'ordre 

3. Par cons6quent, H contient 6 616ments de trace nulle et 8 de trace 

-I. Comme IHI = 24 , on a : 

e2, H = 

-I p (y) 
4 

p -  (~1 
et e3,H = 3 

c) Supposons que H soit le groupe HI, 6 

Un calcul facile montre que 

f 26 si p~ I (mod 4) 

e2,H L 
O sinon ; 

26 si pm 1(mod 3) 

e3,H < 
O sinon. 

d&fini en 2.1.2, b. 

et 6' ~ O(mod 2), 

et 6' ZO(mod 3), 

Par exemple, si 6 = I , la courbe associ&e & HI, I n'est autre que 

la courbe Xo(P). Si 6 = ~ , on a affaire & la courbe Xl (p). Pour la 

premiere, on trouve 
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Pour la seconde 

e2, H = I + (~) , 

e3,H = I + (~) 

e2, H = e3, H = O . 

2.2 Pointes de X H . 

2.2.1 Sur l'ensemble de couples d'entiers ~ : 

d~finissons la relation d'6quivalence : 

(u I) est @quivalent & (~) si et seulement si : 
V 

+.u) (mod p). 
(;:) - -i v 

soit ~ le quotient de ~ par cette relation d'&quivalence. C'est 
2 

ensemble fini qui contient p ~I 616ments. un 

L'ensemble ~ s'identifie & l'ensemble des pointes de X(p) de 

la faqon suivante : 

Soit (~) ~ un repr~sentant de (~) E-~, avec v#O . On lui 

associe l'image de ~ E @ par l'application canonique : 
V 

qui est une pointe de X(p) (cf. [11]). 

On utilisera constamment cette identification par la suite. 

Le groupe H op6re & gauche sur -~ , et l'ensemble des pointes 

de X H s'identifie & l'ensemble H\~ des orbites de cette action. 

2.2.2 Consid6rons une pointe de X H , repr&sent6e par (~) (~. 

Soit M6 SL2(~) une matrice telle que M.(~[) = (~). Ii existe un plus 

petit entier n > O tel que la matrice : 

In 
M-I.( O I)M 

soit un @16ment de H (en fait, n= I ou p) . 
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2.3 Formes cuspidales. 

2.3.1 Utilisons les notations et les r6sultats de [5]. 

Etant donn6 un couple (r,w) d'entiers, dont l'un au moins n'est 

O (mod p), on consid6re la forme de Klein ~(r,w) pas congru 

(el. [5], §I) : 

rz1+wz2~ (rz l -~  2 
~(r,w)(Zl z 2) = exp( r31+w:2 ~ !~ ;Z I,z2) ' p - p ' 

O~ ~I ' [2 sont les quasi-p6riodes de la fonction z~ta de Weierstrass 

associ6e au r6seau engendr6 par z I , z 2 , et o~ [ est la fonction 

sigma de Weierstrass. 

Nous consid6rerons des formes modulaires de la forme : 

(2.3.1.1) F(z) : ~. ~ ~n(r'W)(z) 
(r,w) ~(r,w) 

o~ ~ E ~× est une constante, n(r,w) un entier et o~ (r,w) parcourt 

un ensemble fini de couples d'entiers. La puissance 2p-i6me de [(r,w) 

est une forme sur F(p). Plus g6n6ralement, on ale r6sultat suivant : 

Proposition 2.3.1.2 : Pour que la forme F(z) d6finie par (2.3.1.J) 

soit une forme modulaire sur F(p), il faut et il suffit que soient 

v6rifi6es les conqruences suivantes : 

E n(r,w)r 2 ~ E n(r,w)rw ~ E n(r,w).w 2 ~ O (mod p). 
(r,w) (r,w) (r,w) 

La d6monstration est 616mentaire ~ partir des propri6t6s KI, K2, 

K3 de [5], §I. (On rappelle que p est impair). 

P est une forme sur F(p) En particulier, ~(r,w) 

Les formes ~(r,w) poss6dent un d6veloppement en produit eul6rien 

(cf. [5], §I, K4). 

2.3.2 Consid~rons l'ensemble ~ : 

] I = { (r,w) ] (~) E ~} . 

Le groupe H op6re ~ droite sur ~ . Soit ~ @ ~/H une orbite. 

On peut lui associer de fagon canonique une forme F en posant : 
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Fm(z) = S m. ~ ~(r,w)(z) , 
(r,w) E w 

la constante Km 6tant choisie de telle sorte que le coefficient de la 

2~iz 
plus petite puissance de q = e dans !e produit eul6rien de Fw(z) 

soit I L unlc_te r6sulte de ce que 

~(-r,-w) = - ~(r,w) ' aw-br 
-2~i 

~(r+ap,w+bp) : (-I) ab+a+b e 2p ~(r,w) ' 

ce qui montre que le choix de repr6sentants distincts dans ~2 de 

(r,w) 6 i~ modifie le produit en le multipliant par une racine 2p-i6me 

de l'unit6. 

Les formes F~ v6rifient de fagon 6vidente, vu leur d6finition et 

ab 
les propri6t6s rappel6es : Pour tout (c d ) @ ~ ' on a 

ab 
F~(az I +bz 2 , czl +dz 2) = X~(( c d )) F~(zl,z 2) , 

oQ X~ est un caract6re ab61ien de H : H/{~I} , ~ valeurs dans le 

groupe des racines 2p-i~mes de l'unit6. (Par consequent, XW prend en 

fait ses valeurs dans l'intersection des groupes ~2p et ~½1HI). 

2.3.3 Consid~rons la pointe de X H repr~sent~e par (~) E ~ . 

M une matrice de SL2(~) telle que M(~) = (~) , et soit n Soit 

l'entier d6fini en 2.2.2. 

L'ordre de F~ en la pointe consid~r6e est alors donn~ par la 

formule suivante : 

u) _ n E r(r-p) (2.3.3.1) ordre de F m en (v 2p 2 (r,w) ~.M -I 

les entiers r 6tant choisis de fagon A v6rifier : 

O ~ r ~ p-1 
2 

La formule (2.3.3.1) r~sulte facilement de l'expression du produit 

eul~rien (cf. [5], § I, K4). 

2.3.4 Kubert et Lang montrent dans [5] le r~sultat suivant : Si 

le diviseur de F , fonction surX(p), est concentr~ aux pointes, il 
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existe une puissance de F qui est un produit de formes de Klein 

~(r,w) . Un r6sultat analogue vaut pour la courbe X H et les formes 

F~ , cf. [8]. Les calculs explicites que nous ferons au §4 constituent 

une v~rification de ce r~sultat pour les courbes particuli~res ~tudi~es. 

3. ModUles sur @ . 

Le but de ce paragraphe est de d~finir des modules sur Q de 

certaines des courbes X H consid6r6es aux paragraphes precedents. Pour 

cela, le point de vue naturel consiste ~ partir non pas d'un sous-groupe 

de SL2(~p), mais d'un sous-groupe de GL2(~p). 

3.1 Consid6rons le corps @(9,{(a,b)), o~ j d6signe la fonction 

invariant modulaire, et ou les ~(a,b) sont les "Teilwerte" de niveau p 

(cf. [13], 6.6). Ce corps contient comme sous-corps alg~briquement ferm~ 
2~i 

p)  = le corps cyclotomique Q(~ , o~ ~p e P 

D~finition 3-1.1 : Le module canonique de X(p) sur @(~p) est 

la courbe propre et lisse sur Q(~p) dont le corps des fonctions est 

Q(J,{(a,b) )" 

Nous r~servons dor~navant la notation X(p) pour d~signer le module 

canonique ainsi d6fini. 

L'application qui, & z 6~ associe les valeurs en z de j et des 

~(a,b) d~finit une bijection canonique de ~e/F(p) sur les points du 

Q(~p)-Sch~ma X(p) ~ valeurs dans 

3.2 Soit Y(p) l'ouvert de X(p) form6 du compl6mentaire des 

pointes. Du point de vue des schemas de modules, (cf. l'expos~ de Deligne 

et Rapoport ~ Anvers (Lecture Notes n ° 349)), le sch6ma Y(p) repr~sente 

le foncteur qui, ~ tout Q-schema S , associe l'ensemble des classes 

d'isomorphie des courbes elliptiques E/S munies d'un isomorphisme du 

noyau de la multiplication par p avec le sch6ma (~/p~)2 . Le morphisme 

canonique de Y(p) sur Q(~p), qui fait de Y(p) un ~(Cp)-Sch~ma, est 

d~fini par la forme de Weil. 
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Comme indiqu~ dans loc. cit., introd., il y a lieu de distinguer 

entre le ~-sch~ma Y(p) et le ~(~p)-Sch~ma Y(p). En particulier, la 

fibre g~om~trique Y(p) ~@~ du premier est la somme disjointe de (p-l) 

exemplaires de la fibre g~om~trique Y(p) ® @(~p)@ , qui, elle, est lisse 

et connexe. 

Les points du W-schema Y(p) ~ valeurs dans ~ param~trisent les 

P classes d'isomorphisme des triplets (E,(Q)) form's d'une courbe ellip- 

tique E et d'une base {P,Q} du groupe des points de E annul~s par 

p . Les points ~ valeurs dans ~ du @(~ )-schema Y(p) correspondent 
P 

aux triplets v~rifiant la condition suppl~mentaire : 

<P.Q> = ~ , o~ <-> d~signe la forme bilin~aire de Weil. 
P 

L'application canonique de 3.1 s'interpr~te comme celle qui associe 

z 6~ le triplet form~ de la courbe elliptique d~finie par le r~seau 

~z +~ et de la base (z/P~ ~i/pJ des points annul~s par p . 

3.3 Le groupe GL2(Fp)/{~I} op~re de fagon naturelle sur le 

Q-schema Y(p). En termes de triplets, la matrice M E GL2(F p) associe 

au triplet : 

(E, (~)) le triplet (E,M(~)). 

Cette action ne respecte pas la structure sur Q(~p). En termes de 

fonctions, l'action pr~c~dente correspond ~ l'action suivante sur 

~(j,£(a,b)) : 

et 

~a,b) IM = £(a,b)M ' 

3.4 Soit 

repr6sentant un point du ~-sch6ma Y(p) 

une ~quation de E : 

2 3 
y = x - B2x- B 3 t 

IM  = {det M , cf. [ 1 3 3 ,  th. 6 . 6  . 
P P 

un automorphisme de C . Soit (E,(~)) un triplet 

valeurs dans ~ . Choisissons 

B2,B 3 6 { ; 
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le transform~ de (E, (Q)) par ~ est le triplet 

p~ 
(~,(a)) , 

Q 

o~ E ° d6signe la courbe : 

2 3 o 
y = x - B2x - B 3 , 

et pC , Q~ les points obtenus en faisant agir ~ sur les coordonn~es 

de P,Q . 

En particulier, si ~ fixe Q(Cp), et si <P.Q> = ~p , on a 

<P~.Q > = ~ , et ce qui precede d6crit l'action galoisienne sur les 
P 

points du @(~p)-Sch~ma Y(p) & valeurs dans • . 

Les pointes du module canonique X(p) sont rationnelles sur ~(~p). 

3.5 Soit G un sous-groupe de GL2(F p) contenant -I 

Soit H l'intersection de G avec SL2(Fp). 

Notons @(j,~a,b)~ le sous-corps de ~(j,~a,b)) fix~ par G , et 

a,b) ~ n " soit @G = ~(J'~ Q(~p).Le corps QG est alg~briquement ferm6 dans 

W(J'~a,b)~ " 

D~finition 3.5.1 : On appelle module canonique associ~ ~ G , e__tt 

on note XG(P), la courbe propre et lisse sur @G dont le corps des 

fonetions est @(j,~a,b)~ . 

Les points du @G-SChema XG(P) & valeurs dans • qui ne sont pas 

des pointes param~trisent !es classes d'isomorphie d'orbites (E,G(~)) 

qui contiennent un triplet (E,(~)) v~rifiant la condition <P-Q> = ~p. 

De faqon analogue & (3.1), on a une bijection eanonique de ~e/~ 

sur les pointes du QG-SCh~ma XG(P) ~ valeurs dans • , ou H (cf. §I) 

d6signe l'image inverse de H dans SL2(~). 

3.6 Consid~rons le cas particulier oQ det(G) = ~× c'est-~-dire p ' 

o~ la suite 

I ~ H ~ G det • ~× ~ I 
P 
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est exacte. Dans ce cas, @G = @ ' et le module XG(p) est d~fini sur 

. Les points de XG(P), autres que les pointes, param~trisent les 

classes d'isomorphie d'orbites (E,G(Q)). 

Soit ~ un automorphisme de • . Le transform~ par ~ de (E,G(Q)) 

est (E~,G(P~)). Si on a choisi dans (E, (Q)) un triplet v~rifiant 
Q 

G(P ) <P.Q> = ~ , on peut faire de m~me dans (E , ). Plus pr~cis~ment, 
P Q 

soit m un g~n&rateur de F X , et supposons que : induise l'automor- 
P 

phisme [m a] (notation de 1.2.4) sur ~(~p). Soit enfin M E G une 

matrice de d~terminant m . Alors le triplet : 

(3.6.1) (E ~;M-a(p~)) 
Q 

est dans 1 o_blte (E°,G( )), et v~rifie la condition voulue. 

Consid~rons enfin une pointe de XG(P), repr~sent~e par un ~l~ment 

(Uv) 6 ~ (cf. 2.2.1). La pointe transform~e par ~ est repr~sent~e 

par : 

(3.6.2) (vU) [ma~ = M-a.(u). 

3.7 Exemples. 

3.7.1 Supposons que G soit un groupe de Borel, resp. un groupe de 

Cartan (d~ploy~ ou non), resp. le normalisateur d'un groupe de Cartan de 

GL2(Fp). Alors H est un groupe de m~me type de SL2(Fp). On a 

det G = ~× donc ~G = ~ ' et les modules canoniques XG(p) correspon- p ' 
m 

dants sont des courbes sur ~ . 

3.7.2 Soit G l'image r~ciproque dans GL2(F p) d'un sous-groupe 

de PGL2(~ p) isomorphe au groupe sym~trique Gr 4 . si p ~ I (mod 4), le 

sous-groupe de PGL2(F p) consid~r~ est contenu dans PSL2(Fp). On a 

alors @G = ~(~)" Si p ~-I (mod 4), det G = ~× et la courbe XG(p) p ' 

associ~e & G est d~finie sur ~ . 

3.7.3 Soit G le groupe form~ des homoth~ties dans GL2(Fp). La 

courbe correspondante est d~finie sur l'extension quadratique K de 
P 
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Q , o~ K : @(~) si p - I (mod 4), K = Q(~) sinon. Nous noterons 
P P 

cette courbe X(p) K . C'est un Kp-mod6le de X(p) (cf. [13], 6.8). 
P 

L'~action de GL2(~ p) sur le ~-sch~ma X(p) donne lieu ~ une action de 

PSL2(F p) sur le Kp-SCh6ma X(p) K , d'o~ une injection 
P 

(3.7.3.1) PSL2(F p) ~ Aut K X(p) K 
P P 

3.7.4 Soit G le sous-groupe de GLz(F p) engendr~ par les matrices 

* I 
de la forme (0 1 ) et la matrice -I . Le module associ6 ~ G est un 

@-modUle de la courbe X1(P). C'est le module consid6r~ par Ogg dans [11]. 

3.7.5 Soit M une matrice de GL2(~ p) satisfaisant aux deux 

conditions : 

(i) det M engendre Fx ; 
P 

(ii) M p-I = ~I 

Soit G le plus petit groupe de GL2(F p) contenant M et -1- 

La courbe associ~e ~ G , que nous noterons XM(P), est un W-modUle de 

X(p). Nous dirons que c'est le M-modUle de X(p). Les formules 3.6.1 et 

3.6.2 d~crivent l'action d'un automorphisme ~ de • sur un point de 

XM(p) ~ valeurs dans • . 

4. Les courbes Xd6p(11), Xnd6p(11), X~4(11). 

Nous sommes maintenant en mesure d'appliquer les techniques et 

r@sultats des paragraphes pr~c@dent$ au cas o~ p = 11 

4.1 Notations. 

Soit G O le groupe de Cartan d~ploy~ de GL2(F11) form~ des 

matrices diagonales. 

Soit Gd~ p le normalisateur de G O darts GL2(~11). 

Soit Gnd~p le normalisateur du groupe de Cartan non d~ploy~ form~ 

des matrices de GL2(~11) de la forme 
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a b) , a~b E F11 , a2+b 2 / O . 
(-b a 

Soit H~4 le sous-groupe de SL2(~11) engendr~ par les matrices : 

O -~ " 5 5), h"' 2 -4 
h' = (4 ), h = (-4 5 = (-2 -I ) 

On ales relations : 

2 3 3 
h' =-I, h" = I, h"' = -I , h'h"h'" = -I 

Iien r6sulte que H~ contient -I , et que l'image H~4/{~I} 

de H~4 dans PSL2(F11) est isomorphe au groupe altern& ~4 " 

3 O 
La matrice M = (O -3 ) normalise H~4 . Soit G~4 le sous-groupe 

de GL2(F11) engendr& par H~ et M . Comme -M 2 engendre le groupe 

des homoth~ties, G~4 contient les homoth6ties. D'autre part, det(M) = 2 

X 
engendre ~11 ; ceci entra~ne que l'image de G~4 dans PSL2(F11) con- 

tient ~4 comme sous-groupe normal d'indice 2, donc est isomorphe ~ ~r 4. 

Soit H ° , resp. Hd& p , resp. Hnd&p , l'intersection de G O , resp. 

Gd6 p , resp. Gnd&p avec SL2(F11). 

Nous noterons Xd~p(11), Xnd&p(11), X~4(11) 

niques associ&s aux groupes Gd& p , Gnd&p , G~4 

des courbes sur ~ . 

Remarquons que chacun des trois groupes Gd& p , Gnd&p , G~ con- 

tient la matrice M . Les courbes associ6es apparaissent donc comme quo- 

tients sur @ du M-modUle XM(11) d&fini par M . 

La formule 3.6.2 montre que l'automorphisme [2] E Gal(~(~11)/@) 

agit de la fagon suivante sur la pointe (~) E ~ de XM(11) : 

)[ 4u) (4.1.1) (~ 2] = (-4,," 

resp. les modules cano- 

(cf. 3.5. I ) . Ce sont 

Enfin, rappelons (cf. 2.1.2) que l'on note E11 le groupe 

FlXl/{ +1 } 
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Passons ~ l'~tude de chacune des trois courbes Xd~p(11 ), 

Xnd@p(11 ), X~4(11 ). 

4.2 La courbe Xd~ p(11 ). 

4.2.1 Les formules de 2.1 montrent que le genre de Xd~p(11) est 2. 

On est dans le cas oQ l'ordre du groupe H est premier ~ p . Par 

consequent, H op~re librement sur ~ . On a donc P2-I = 6 pointes. 

Ces pointes sont la pointe Pd~p,~ ' correspondant ~ l'orbite de (~), et 

les pointes Pd@p,i correspondant & l'orbite de (~), pour i E E11 

La pointe Pd~p,~ est rationnelle sur Q ; d'autre part, on a, 

d'apr~s 4 I I : _[2~ ~ E ~I " " Pd6p,i = Pd@p,6i ' - I " 

De m~me, ~ chacune des six orbites de l'action de Hd~ p sur ~ , 

qui sont celles de (1,O) et de (i,O), i E E11 , correspond d'apr~s 

2.3.2 une forme modulaire, notre Fd~p, ~ et Fd@p, i , i E E11 , respec- 

tivement. 

4.2.2 Nous n'utiliserons pas les r@sultats de [8 ! concernant l'or- 

dre des pointes de Xd@p(p). Ces r@sultats entra~neraient ici que l'or- 

dre des pointes divise 25.11. Nous allons au contraire proc@der explici- 

tement. Nous ferons de m~me pour Xnd@p(11) et X~4(11). 

Consid~rons d'abord l'ordre de Fd~p, ~ aux diff@rentes pointes. 

On a (cf. 2.3.3.1) : 

ordre de Fd~p, ~ en Pd~p,~ = -5 ; 

ordre de Fd~p, ~ en Pd~p,i = -10 , 

ordre de Fd@p, i en Pd@p,~ - 10 , i E E11 

Consid~rons ensuite l'ordre de Fd@p, j en la pointe Pd~p,i ' 

i,j 6 E11 . On a : 

ordre de Fd~p, j en Pd@p,i = ordre de Fd~p, I en Pd~p,ij ' i,j E E11 , 
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en Pd~p,i)i,j EE11 

(-9, -7 , -9, -10, -10). 

4.2.3 Consid~rons la forme : 

F55 F-16 -86 F-I F19 F29 
d~p,~ d~p,1 Fd~p,2 d@p,3 d~p,4 d@p,5 ; 

cette forme d~finit sur Xd~p(11) une fonction dont le diviseur est 

25.11 (Pd@p, ~- Pd@p,1). 

Plongeons la courbe Xd~p(11) dans sa jacobienne Jd@p(11) en envoyant 

la pointe Pd@p,~ (qui est rationnelle sur @) sur l'origine. 

4.2.4 Les propri~t@s de sym~trie de la matrice donnant les ordres 

aux pointes entra~nent : 

La forme : 

F55 -16 -86 -I F19 29 
Fd@p' i i 

d~p,~ Fd~p,½ 2 Fd~p, ~ d~p, 4 ~d~p,~ ' i~ ~11 ' 

d~finit sur Xd~p(11) une fonction dont le diviseur est : 

25.11 (Pd@p, ~- Pd@p,i ) , i6 E11 

Les pointes Pd~p,i ' i E E11 sont donc dans la jacobienne des 

points d'ordre divisant 25.11. Du reste, l'examen des d&veloppements 

en produit eul~rien montre que cet ordre est exactement 25.11 (on 

utilise le fait que les coefficients de la s@rie de Fourier ont des 

d@nominateurs horn,s ; cf. [7], d@m. du lemme 3.2.15). 

4.2.5 Consid@rons la forme : 

F45 F-9 F-64 F I F 6 21 
d6p,~ d~p,1 d~p,2 d~p,3 d~p,4 Fd@p,5 

Cette forme d~finit sur Xd@p(11) une fonction dont le diviseur est 

25(9Pd~p, ~ - 8Pd~p, I - Pd~p,5 ) . 

D'autre part, la forme 
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F11 F-5 F-20 F-I 8 7 
d&p,~ d6p,1 d@p,2 d&p,3 Fd&p,4 Fd&p,5 

d6finit une fonction de diviseur : 

11(5Pd6p, ~- 6Pd@p, I +Pd&p,5 )- 

4.2.6 De fagon analogue ~ 4.2.4, on d&duit 1 existence sur 

Xd@p(11) de fonctions dont le diviseur est : 

25(9Pd6p, ~- 8Pd6p, i- Pd6p,5i ) , i 6~11 ; 

11 (5Pd~p, ~- 6Pdsp, i +Pd&p,5i ) , i 6 E11 

4.2.7 NOUS allons d&duire de ce qui pr6c&de : 

Proposition 4.2..7.1 : Le qroupe cuspidal de Jd&p(11) est iso- 

morphe, comme module qaloisien, & la somme directe 

C 2 ~ C 6 , 

les modules qaloisiens C 2 , C 6 6tant ceux consid&r~s dans la prop. 

2.6.1 du chapitre I. 

En effet, soit Cd6 p le groupe cuspidal de Jd6p(11), engendr@ par 

les pointes Pd6p,i ' i E ~11 

Consid&rons l'isomorphisme : 

Cd~ p ~ 11 Cd6 p × 25 Cd6 p d&fini par : 

P ~ (11P , 25P), 

et soit (Qi ' Q[)' i 6 E11 , l'image de Pd6p, i 

D'apr&s 4.2.4, on a : 

25Q i = O , 11Q~ = O , i E ~11; 

d'apr&s 4.2.5 : 

= - 8  4 [  , i %1. 

Par cons6quent, les groupes 11Cd6 p , 25Cd6 p sont cycliques 

d'ordre 25 et 11 respectivement. D'autre part, si l'on se reporte ~ la 
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d6finition de 

s'6crivent : 

, cf. I, 2.4.1, les identit6s : 

Q'5i = 6Qi 

on a : 

Q~ = X11 (i4) .~(i4)Q~ , i E~11 

Comme l'action du groupe de Galois est donn~e par : 

p[2] = , cf. 4.2 I , d ~ p , i  Pdap,6 i  

i[ Q 2] = Q, (9i4)~(9i4)Q~ = X(2)~(2)Qi 
• 6i = X11 

ce qui est pr~cis~ment l'action sur le groupe C 2 c E 2 , cf. I, prop. 

2.6.1. 

De m~me, les identit6s : 

s'6crivent : 

on a : 

Comme 

Q" = -8 Q" 
5i 

Q,, _- i2.Q , 
1 ' i6En 

Q,,[ 2] ,, 
i = Q6i ' 

Q[2]  = 3i2Q  : 2sQ:  , 

ce qui est l'action galoisienne sur C 6 , cf. I, prop. 2.6.1. 

4.2.8 Nous allons d6montrer le r6sultat suivant : 

Proposition 4.2.8.1 : Ii existe une isoq6nie d6finie sur ~ , d_~e 

noyau contenu dans le qroupe des points de Jd6p(11) annul6s par la 

multiplication par 24 : 

Jd6p(11) ~ E 2×E 6 ; 

la restriction de cette isoq6nie au qroupe cuspidal est un isomorphisme : 
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Cd& p -~. C 2 x C 6 . 

Corollaire. La courbe XdTp(11) n'a qu'un nombre fini de points 

rationnels sur @ . 

En effet, d'apr~s les tables de [2], on a : E2(Q) ~ ~/5~ et 

E6(~) ~ ~ . Consid&rons l'image X de Xd&p(11) dans le produit 

E 2 × E 6 . Ii suffit de d&montrer que X(Q) est fini. Consid&rons la 

projection X ~ E 2 . Si X(@) est infini, il existe une infinit& de 

points rationnels dans l'une des cinq fibres au-dessus des cinq points 

rationnels de E 2 . Comme X engendre E 2 x E 6 , la projection X ~ E 2 

est de degr& fini, d'oQ une contradiction. 

4.2.9 Remarquons tout d'abord que la courbe associ&e au groupe 

H O , groupe diagonal de SL2(FIj), d'indice 2 dans Hd~ p , n'est autre 

que la courbe X (121). En effet, l'application 
o 

z ~ 11z 

demi-plan de Poincar6 compl&t6 ~* dans lui-m&me induit un isomor- du 

phisme des surfaces de Riemann assoei6es : 

#~ : ~*/Vo(121) ~*/Ho 
L'image inverse par ~C de la diff&rentielle associ&e & une forme 

f(z) est la diff&rentielle associ~e & 11.f(11z). 

Cet isomorphisme ~ provient d'un isomorphisme d&fini sur ~ . 

Plus pr&cis&ment, un point de X (121) autre qu'une pointe est repr&- 
o 

sent& par un couple : 

(E;C), 

06 E est une courbe elliptique, et C un sous-groupe de E cyclique 

d'ordre 121. 

Soit alors 11E le sous-groupe de E form& des points de E 

annul&s par 11. Au couple (E,C), associons le triplet : 

~(E,C) = (E/11C ; I1E/11C,  C /1 tC) .  
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Ce triplet est form~ d'une courbe elliptique et de deux groupes 

cycliques d'ordre 11, dont la somme est le groupe des points annul~s 

par 11. Un tel triplet repr~sente un point de la courbe X H associ~e 
o 

H ° . On obtient ainsi une application de X(121) dans ~ , dont on 
o 

v~rifie qu'elle est d~finie sur @ , et qu'elle coincide sur ~ avec 

l'isomorphisme ~ 

De plus, la structure de X H sur ~ induite par le choix du 
o 

module naturel de X(11) coincide avec la structure canonique de 

Xo(121), lorsqu'on identifie X H et Xo(121) au moyen de 
o 

4.2.10 La courbe X (121) poss~de une involution, l'involution 
o 

d'Atk_n-Lehneri W11 (cf. [I]), qui est un automorphisme de Xo(121) 

d~fini sur @ . 

En termes de couples (E,C), cette involution correspond 

l'application 

(E;C) ~ (E/C, I 21 E/C) . 

En termes de surfaces de Riemann, W11 

I 
z ~ 121z 

est d~finie par l'application: 

de ~e dans lui-m~me. 

4.2.11La courbe X H admet elle aussi une involution naturelle 
o 

V11 , d6finie sur ~ , qui correspond, en termes de triplets (E;C',C"), 

form, s d'une courbe elliptique E et de deux sous-groupes de E d'or- 

dre 11, ~ l'~change de C' et C". 

En termes de surfaces de Riemann, V11 est d~finie par l'application: 

I 
z 

de ~e dans lui-m~me. 

4.2.12 Une v~rification ~16mentaire, sur l'une ou l'autre des d~fi- 

nitions de ~ , montre que le diagramme 
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X o ( 1 2 1 )  , X H 
o 

x ( 1 2 1 /  , x ~  
o 

o 

est commutatif. 

4.2.13 La courbe Xd&p(11) est le quotient de X H par l'invo- 
o 

lution V11 . Elle s'identifie doric, grace au morphisme ~ , au quotient 

de Xo(121) par l'involution d'Atkin-Lehner W11 

Lemme 4.2.13.1 : Le sous-espace de <F (121),2> invariant par 
o o 

l'involution d'Atkin-Lehner W11 est l'espace enqendr& par les formes 

f2 e_~t f6 (cf. I, prop. 1.4.1). 

Ii suffit pour v~rifier ce r~sultat d'utiliser les tables de [2~. 

On y trouve le fait que : 

fi]W11 = -fi ' pour i = 3,4,5 , et f61W11 = f6 " 

D'autre part, se reportant aux d6finitions de fl et f2 ' et utilisant 

O -I) = -fl (cf. [2] ou [7] 2 5.4) on obtient le le fait que fll (11 O ' " ' 

r~sultat annonc~. 

On d~duit du lemme : 

Proposition 4.2.13.2 : Le quotient de Jo(121) par l'involution 

d'Atkin-Lehner W11 est isoq~ne sur @ au produit ~E 2 XE 6 . 

4.2.14 D&montrons maintenant la prop. 4.2.8.1. Tout d'abord : 

Lemme 4.2.14.1 : Soit ~ un qroupe fini operant sur une courbe 

alq~brique propre et lisse X . Si tout ~l~ment de I poss~de au moins 

un point fixe, l'application canonique de la jacobienne de X/~ dans 

celle de X est injective. 

La d&monstration ne pr&sente pas de difficult~s. 

Le lemme p r e c e d e n t  s ' a p p l i q u e  & l a  c o u r b e  X H e t  a u  g r o u p e  e n -  
o 

gendr~ par V11 . Par consequent, la jaeobienne Jd&p(11) s'injecte 

dans J ( 1 2 1 ) .  
o 
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Plagons-nous sur le corps des complexes, et consid~rons le diagram- 

me commutatif : 

jo(121) ~ ~6/L 

J d ~ p ( ] l )  ~ E 2 X  E 6 . 

Le m o r p h i s m e  du  b a s  e s t  s u r j e c t i f ,  e t  s o n  n o y a u  e s t  c o n t e n u  d a n s  

l ' i n t e r s e c t i o n  d e  f fd&p(11)  a v e c  l e  n o y a u  d e  l ' i s o g & n i e  c a n o n i q u e  

6 6 
~ W. : J o ( 1 2 1 ) ~  I E. 

i=I i i=I i' 

d'oQ le r~sultat, d'apr&s le cor. de la prop. 4.9.7.1 du chap. I. 

L'assertion concernant le groupe cuspidal est immediate, compte 

tenu de la proposition 4.2.7.1. 

4.3 La courbe Xnd~p(11). 

4.3.1 Les formules de 2.1 montrent que la courbe Xnd~p(11) est 

de genre I. 

Les pointes de Xnd~p(11), not~es Pnd~p,i ' i E ~11 ' correspondent 

u) = aux cinq orbites de (v ' u2+v2 i , i 6 ~11 

L'action du groupe de Galois est donn~e par : 

P~Ip, i = Pnd~p,5i ' i E ~11 ' cf. 4.1.1 

Les cinq orbites de l'action de Hnd6p sur ~ sont celles de 

(r,w), r 2 +w 2 = j , j 6 E11 . A chacune est associ6e une forme modulaire 

notre Fnd~p,j 

4.3.2 Consid~rons l'ordre des formes Fnd~p,j aux pointes 

Pnd6p,i . On a (cf. 2.3.3.1) : 

ordre de Fnd6p, j en Pnd~p,i= ordre de Fnd~p,1 en Pnd&p, ij ' i'JEE11 ' 

et la premi&re ligne de la matrice : 

(ordre de Fnd~p,j en Pnd6p, i)i,j E611 

est 
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(-11 , -10 , -13 , -11 , -10). 

4.3.3 Consid~rons la forme : 

-6 F 9 -21 1 4 F 4 
Fnd~p,1 nd6p,2 Fnd~p,3 Fnd~p,4 nd~p,5 ; 

elle d~finit sur Xnd~p(11) une fonction dont le diviseur est : 

5.11(Pnd6p,1 - Pnd~p,2)" 

Les propri~t~s de sym~trie de la matrice donnant les ordres aux 

pointes entra~nent : 

La forme 

F -6 F 9 F -21 F14 F 4 

nd~p, [ nd~p, nd~p, nd~p, [ nd~p, [ 

d~finit sur Xnd~p(11) une fonction dont le diviseur est : 

5 .] I (Pnd6p, i - Pnd6p, 2i ) " 

4.3.4 Consid6rons maintenant le morphisme ~ de Xnd~p(11) dans sa 

jacobienne Jnd~p(~ I ) d6fini de la fagon suivante : 

: Xnd~p(11) ~ Jnd~p(11) 

5 
P ~ 5P - E Pnd~p,i = ~(P)" 

i=I 

Le morphisme ~ est d6fini sur @ , parce que le diviseur 
5 
E est rationnel sur 

i=I Pnd~p,i 

4.3.5 Consid~rons la forme : 

F 2 -4 F-I F 3 
nd~p,2 Fnd~p,3 nd~p,4 nd~p,5 ; 

elle d~finit sur Xnd~p(11) une fonction de diviseur : 

13Pnd~p,1 - 2Pnd~p,2 - 2Pnd6p,3 - 2Pnd~p,4 - 

soit encore 

= 3~(Pnd~p,1) -~(Pnd~p,5 ). 

7Pnd~p,5 

On en d~duit par permutation des fonctions de diviseur 

3~(Pnd~p,i) - ~(Pnd6p,5i ), i E~11 
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4.3.6 Consid~rons enfin les fonctions : 

F 2 F 8 F-I 5 F-I F 6 
I 2 3 nd~p,~ nd&p,~ ' i 6 E11 ; 

nd&p,~ nd6p, i nd6p, i 

elles d&finissent sur Xnd&p des fonctions de diviseurs 

11(4Pnd&p,i - Pnd&p,2i - Pnd&p,3i - Pnd6p,4i- Pnd6p,5i )' 

= 11.~(Pnd&p,i). 

4.3.7 D'apr&s 4.3.5, 4.3.6, le groupe engendr& dans Jnd&p(11) par 

les images des pointes est cyclique d'ordre 11. Plus pr&cis6ment, on 

d~duit de 4.3.5 : 

~(Pnd~p,i ) = i2.~(Pnd&p,1 ). 

L'action du groupe de Galois commute ~ ~ , et on a : 

(Pnd&p,i)[2] (Pnd6p,5i) = 3 i2~(Pnd&p,1) = 28 = ~ . -~(Pnd~p,i ), 

ce qui montre que l'image du groupe cuspidal par ~ est isomorphe comme 

®8 
module galoisien au groupe C6= ~11 

La prop. 5.6.1 du chap. I s'applique & Jnd6p(11), et entra[ne : 

Jnd&p(11) est isomorphe sur @ & la courbe E 6 . 

4.3.8 On sait construire des points de Xnd~p(11) rationDels sur 

, par exemple au moyen de courbes d _nvarlant j = O ou 1728. Par 

cons6quent, la courbe Xnd6p(11) est isomorphe sur ~ ~ sa jacobienne, 

donc ~ E 6 : 

Proposition 4.3.8.1 : La courbe Xnd&p(11) est isomorphe sur 

la courbe E 6 , d'~quation : 

2 3 2 
y +y = x - x - 7x+ 10 (cf. I, 2.6 et [2]). 

Corollaire. Le qrouDe des points de Xnd&p(11) rationnels sur 

est isomorphe ~ 7 . 

En effet, E6(~) ~ ~ , d'apr&s les tables de [2]. 
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4.4 La courbe X~4(11 ). 

4.4.1 Les formules de 2.% montrent que la courbe X~4(11) est de 

genre I. 

Les pointes de X.(~4(I I ) , not@es ~4' i ' i E ~I I , correspondent 

aux cinq orbites de (O) , i E E11 

L'action du groupe de Ga!ois est donn~e par : 

p[ 2] P~4' 4i i E E 11 cf 4. I I 
~4' i = ' ' " " 

Les cinq orbites de l'action de H~4 sur ]] sont celles de 

(j,o), j E E 11 . A chacune est associ~e une forme modulaire notre F<~4, j . 

4.4.2 Consid~rons l'ordre des formes F~4, j aux pointes P~4, i 

On a (cf. 2.3.3.1) : 

ordre de F@[4, j en P~,i : ordre de F~4,1 en P~,ij' i, j E F11 , 

et la premi6re ligne de la matrice : 

(ordre de F~4, j en P(~4,i ) 
i,JEE11 

est (-11 , -9 , -12 , -12 , -11). 

4.4.3 Consid~rons la forme : 

F-17 F23 F-7 F-2 F 3 
~4,~ %,2 ~4,3 q~4,4 ~4,5 ; 

elle induit sur X~ (11) une fonction de diviseur : 

5.11(P~4,1 -Pc4,2). 
Les propri&t~s de sym~trie de la matrice dormant les ordres aux 

pointes entra[nent : 

La forme 

induit sur X~4(11) 

~-171 F23 2 ~7 3F-<,4 ~3 iE~  
 4'i i I '  
une fonction de diviseur 

5.11 (P~4,i - P~4, 2i). 
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4.4.4 Consid6rons le morphisme ~ de X~4(11) dans sa jacobienne 

J~4(11), d6fini de la fagon suivante : 

: X~4(~I) ~ J~ (11) 
4 5 

P ~ 5P - E p = ~(p) 
i=I ~4 'i 

Ce morphisme est d~fini sur @ (cf. 4.3.4). 

4.4.5 La forme : 

d6finit sur X~4(11) 

F64, 2 F-~:, F -3 F -I 3 %,4 ~4,5 

une fonction de diviseur 

17P~4,1 - 3P~4,2- 3P~4,3-8~4, 4- 3Pc~4,5 

= 4~(P~, I) -~(P~,4 ). 

On en d6duit par permutation des fonctions de diviseurs 

4~(P~, i) - ~(P~,4i) , i~F~1 

4.4.6 Enfin, les formes : 

F~2 1 F15 2 F:6 3 F~ 8 _4 F~,5 , 
4'i ~4,i ~4'i -4'i i 

induisent sur X~4(11) des fonctions de diviseurs : 

i~E11 , 

11(4P~4.i- P~4,2i- P%,3i- P~4' 4i- P%,si) 

= 11.~(P~4, i). 

4.4.7 Ii r6sulte de 4.4.5 et 4.4.6 que le groupe engendr~ dans 

J • 4 ( 1 1 )  par les images des pointes est cyclique d'ordre 11. Plus pr~- 

cis~ment, on d~duit de 4.4.5 : 

~(P~4,i) = i 6. ~(P~4,~) , i~11 

L'action du groupe de Galois commute & ~ , et on a : 

~(Pe4,i)[2] = ~(Pe4,4 i) : 4 i6 ~(p%,~) : 22 ~(P~4,i) 
ce qui montre que l'image du groupe cuspidal par ~ est isomorphe 

@2 
comme module galoisien au groupe ~11 
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La prop. 5.6.1 du chap. I s'applique ~ J~(11), et entra~ne : 

J~4(11) est isomorphe sur @ ~ la courbe E~ = E5/C 5 . 

4.4.8 Un point rationnel sur Q de la courbe X~4(11) a ~t~ 

construit explicitement par J.-P. Serre. Par consequent, la courbe 

X~4(11) est isomorphe sur Q ~ sa jacobienne : 

Proposition 4.4.8.1 : La courbe X~4(11) est isomorphe sur ~ 

la courbe E~ ~ E5/C 5 ," d'~quation : 

2 3 y +xy+y = x +x 2- 305x+ 7888 (cf. I, 2.6 et [21). 

Corollaire. La courbe X~(11) poss~de un seul point rationnel 

sur ~ . 

En effet, les tables de [2] montrent que E~(Q) contient un seul 

~l~ment. 
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III. Representations de Hecke 

I. Expos~ du probl~me. 

1.1 Soit ~ = <F(p),2> l'espace des formes paraboliques de poids 
o 

2 sur le groupe F(p). 

Le groupe SL2(~) op~re sur ~ de la fagon habituelle : 

ab 
Si fE ~ , et M = (c d ) E SL2(~), 

(fiM) (z) ( cz+d)-2 _. az+b. 
= .Z<c--~-~) ; le sous-groupe 

{~1}.F(p)- op~re trivialement, d'o~ une action du groupe quotient 

Qp= PSL~Fp) sur ~ . 

Nous dirons que ~ , munie de l'action de Qp , est la representation 

de Hecke de Qp 

1.2 Hecke a consid~r~ dans [3~, puis dans [4~, le probl~me suivant: 

Probl~me. D~terminer la d~composition de la representation ~ d__ee Qp 

en somme de representations irr~ductibles. 

(En fait, le second article traite du cas plus g~n~ral o~ l'on 

remplace F(p) par un sous-groupe arbitraire de SL2(Z), normal et 

d'indice fini dans SL2(~)). 

Le probl~me se subdivise en deux probl~mes de natures distinctes, 

savoir : 

I) Soit ~ une representation irr6ductible de Qp , et soit 

la representation conjugu~e de ~ . Soient r~ , r~ les multiplici- 

t~s respectives de ~ et ~ dans ~ . D6terminer r~ + r~ 

Ce probl~me est de nature topologique. 

2) Si ~ et ~ ne sont pas isomorphes, d~terminer r~ . 

Ce deuxi~me probl~me fait intervenir des considerations de nature 
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arithm6tique. 

1.3 Les deux articles mentionn~s plus haut fournissent chacun une 

m@thode pour aborder le probl~me I. 

1.3.1 Premier probl&me. Soit H un sous-groupe de Qp . Soit ~H 

le sous-espace de ~ invariant sous H . 

On a : 

dim ~H = genre de la courbe X H 

= E r~.dim ~H , 

o~ ~H d6signe le sous-espace de ~ invariant sous H . 

On salt d6terminer le genre de X H (lorsque H est cyclique, ceci 

est fait dans [3] ; cf. 6galement II, 2.1). 

D'autre part : 

dim ~H I E x$(h) , 
= ~ hEH 

o~ X~ d6signe le caract&re de la repr6sentation irr6ductible ~ . 

Si l'on porte cette expression dans celle obtenue pour dim ~H , et 

si l'on fait parcourir & H l'ensemble des sous-groupes cycliques de 

Qp , on obtient un syst&me lin6aire d'6quations aux inconnues r~ . On 

sait (cf. [12], II.13.1, cor. du th. 30') qu'une repr6sentation dont le 

caract~re est & valeurs dans ~ est connue lorsqu'on connait les inva- 

riants des sous-groupes cycliques. La r&solution du syst6me donne donc, 

pour chaque repr6sentation irr6ductible ~ de ~p , la valeur de 

r~, , ~' parcourant les representations conjugu6es de ~ sur Q . 

A cause des propri6t6s particuli~res de Qp (cf. 1.4) et de la repr6- 

sentation ~ (cf. prop. 3.1.1), ceci 6quivaut & la r6solution du 

probl&me I. 

Un inconv6nient de cette m~thode est que la d~termination de rz , 

pour ~ donn~, exige la connaissance des caract&res X~, , pour tous 

les ~' 
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1.3.2 Deuxi&me m&thode. L'espace ~ s'identifie de faqon canonique 

avec l'espace des diff&rentielles de premiere esp&ce sur la surface de 

Riemann X(p). L'id@e de Hecke, mise en oeuvre dans [41, consiste & 

consid@rer, plut~t que les diff&rentielles, !es int@gra!es de premiere 

esp&ce. 

On obtient ainsi une repr@sentation affine du groupe Qp o~, en 

quelque sorte, les r$ copies d'une repr@sentation $ intervenant 

avec la multiplicit@ r$ sont s&par~es. 

Le r&sultat principal est le suivant ([4], th. 8) : D@signons par 

0 - 1  1 1  
S , resp. Tles matrices (I O ), resp. (O I )" 

Proposition 1.3.2.1 : Soit $ une repr@sentation irr@ductible de 

Qp , distincte de la repr6sentation unit6. Soit X~ son caract~re. 

Alors : 

_ I E X$((ST) a ) 1 E X$(S a)  - ~ r~ + r~ = deg $ -I Z x$(T a) _ 
P a mod p a mod 2 a mod 3 

Le premier probl&me pos& est ainsi enti&rement r@solu. De plus, la 

connaissance de r~ + r~ ne demande que celle du caract&re X~ de la 

repr@sentation $ consid~r&e. 

1.4 Repr&sentations irr@ductibles de Qp 

Pour r&soudre le second probl&me, on doit avoir plus d'informa- 

tions sur les representations irr&ductibles de Qp . En particulier, on 

d&sire savoir lesquelles sont r&elles. 

1.4.1 On conna~t, grace & Frobenius, toutes les repr&sentations 

irr~ductibles de Qp = PSL2(~p), (cf. [3], §I). Elles sont au nombre de 

p+s 
2 

Mise & part la repr&sentation unit@, ce sont les repr@sentations 

donn&es par le tableau suivant : 
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degr6 

repr6sentation 

caract6re 

P 

I repr6s. 

irr6ductible 

P 

r&el 

(rationnel) 

p-1 
.p+(-1 ) 2 

2 

2 repr6s. 

conjugu~es 

~k 

=k 

r6el ou non 

iselon que p ~ I 

ou 3 (mod 4) 

(& valeurs 

dans K ) 
P 

p+t 

pour chaque 

diviseur t de 

p-1 , t > 2, 
2 

! ~(t) repros 
2 

~(a)(t ) 
p+1 

r6el 

(& valeurs 

dans 

@(~t+C~ I ) ) 

p-1 

pour chaque 

diviseur t de 

p+1 t > 2 2 t i 

~(t) repr6s. 

~(a) 
p_1 (t) 

r6el 

(& valeurs 

dans 

1.4.1.2 I) Consid&rons la repr&sentation naturellement associ~e & 

l'action de ~p sur la droite projective PI(Fp). Elle contient une 

sous-repr~sentation irr~ductible de degr~ p qui est ~ . Cette der- 
P 

nitre est donc r&alisable sur ~ . 

2) On peut d~montrer ([4], Satz 14) que toute representation 

irr~ductible de Qp est r@alisable sur le corps engendr& par son 

caract~re. 

3) Lorsque p ~ 3 (mod 4), on sait construire explicitement 

au moyen de s~ries th~ta, un sous-espace invariant de ~ qui est somme 

directe d'un certain nombre (&gal au hombre de classes du corps ~(~)) 

d'exemplaires de la representation ~D-I (cf. [3], §4). Nous allons 

2 
expliciter cette construction dans le cas o~ p = 11 (cf. 2.2). 

2. Le cas p = 11 

2.~ Lorsque p = 11 , la representation ~ est de dimension 26. 

Utilisons la prop. 1.3.2.1. Les valeurs de X~ sont donn6es par 

le tableau de [3], §I. On trouve : 
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r~ + r~ 0 

rep. unit& ~11 ~5 ou ~5 ~IO (3) ~I0 (6) ~(I)(5)12 ~(2)(5)12 

1 1 1 0 0 0 

Ii reste & r&soudre le probl&me 2, c'est-&-dire ici ~ d@terminer 

des repr&sentations $5 ' ~5 intervient dans laquelle 

2.2 Consid&rons les s@ries th~ta : 

2~iz I-T 
e(z,j,V~]1) = E ~.e , j = I ..... 5 . 

Eo K 
~j(mod V-11) 

Ces s&ries engendrent une sous-repr6sentation de dimension 5 de ~ , 

isomorphe A ~5 " On en d&duit que r~ = I , r~5 = O . 
5 

2.3 En d&finitive, la repr&sentation ~ est isomorphe & la 

somme directe : 

~11 @ ~5 e ~1o(3). 

Les repr&sentations ~11 , ~Io(3) sont r&alisables sur ~ . La 

repr&sentation ~5 est r&alisable sur K = Q(~I). 

2.4 Consid&rons les sous-groupes Hd& p , Hnd&p , H~ (cf. II,4.1). 

Utilisant ~ nouveau la connaissance explicite des caract~res des repr&- 

sentations irr@ductibles, et la prop. 1.3.2.1, on calcule la dimension 

de l'espace des invariants de chacun de ces groupes dans les repr&senta- 

tions irr6ductibles ~11 ' ~5 ' ~i0(3). Le calcul ne pr&sente pas de 

difficult&s. On obtient le r&sultat suivant : 

'~11 ~q5 ~10 (3) 
Hd& p I I O 

Hnd&p O I 0 

H~4 0 O I 
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3. InterprTtation q&om&trique. 

3.1 Reprenons les notations de II, §§3 et 4. Rappelons (cf. II, 

ex. 3.7.3) que X(p) K note le modTle canonique associ& au sous-groupe 

P 
de GL2(~ p) form@ des homoth&ties, et que l'on a une injection 

canonique : 

qp = PSL2(Fp) ~ Aut K (X(P) K ) 
P P 

On notera J(P)K la jacobienne de X(p) K . On dTduit du mor- 
P P 

phisme pr&c~dent un morphisme canonique : 

Qp ~ AUtK (J(P)K) 
P P 

Soit D K l'espace des 1-diff&rentielles invariantes sur la 

P 
varJ~t& ab&lienne J(P)K . Le morphisme que l'on vient de d&finir 

P 
induit Jn morphisme 

~p ~ Aut K (D K ) , 
P P 

qui fait de D K une repr@sentation K -lin&aire de Qp . Cette repr&- 
p P 

sentation est une rTalisation sur K de la reprTsentation de Hecke ~. 
P 

Par cons&quent : 

Proposition 3.1.1 : La repr@sentation de Hecke ~ est r&alisable 

sur le corps K 
P 

3.2 On suppose maintenant que p = 11 . On notera simplement M 

l'automorphisme de J(11) K associ& & M E q11" 

3.2.1 Soit H un sous-groupe de SL2(~11), et supposons que la 

courbe X H associ@e soit de genre I. Les invariants de H forment donc 

un espace de dimension I dans une repr@sentation irr@ductible Sd de 

= ~11 
Soit f une base de l'espace des invariants de H . La repr@senta- 

tion Sd &tant irr&ductible, on a : 
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fl~ = ~ 
d 

On peut donc choisir d @l&ments M I = I , M 2 ..... M d de 

les formes : 

tels que 

fM. = f]M i , i= I ..... d ¢ 

1 

soient une base de 
d " 

Consid&rons alors les sous-groupes : 

H. = M? I HM , i= I ..... d . 
1 1 1 

Le vecteur fM est une base de l'espace des invariants sous le 
1 

groupe H. 
1 

Soit ~ , resp. ~. la courbe quotient de X(11) K par le groupe 
l 

d ' a u t o m o r p h i s m e s  d & f i n i  p a r  H , r e s p .  H. . R e m a r q u o n s  q u e ,  s i  H e s t  
1 

l'un des groupes consid~r~s en 4.1, la courbe X H s'obtient ~ partir 

du module canonique d&fini en 4.1 par extension des scalaires de 

~. K . L ' a u t o m o r p h i s m e  d e  X ( 1 1 )  K d & f i n i  p a r  M i d @ f i n i t  u n  i s o m o r -  

phisme de X H avec XH. : 
1 

x .Xx H • 
]_ 

3.2.2 Consid~rons le K-morphisme 

×.. .×N 
X(11)K I d 

p r o d u i t  d e s  m o r p h i s m e s  c a n o n i q u e s .  

On en d&duit un morphisme des jacobiennes : 

j(II)K ~ jd 
H " 

Ce morphisme est surjectif. En effet, l'application cotangente 

correspond ~ l'injection du sous-espace engendr& par les fM. ' c'est- 
1 

~-dire de ~d dans l'espace ~ lui-m~me. 

3.2.3 En d~finitive, on a montr~ : 

La d~composition de J(11) K en classes d'isoq~nies sur K con- 

tient d exemplaires de JH " 
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3.3 Ce qui precede s'applique dans les trois cas suivants, (cf. 

tableau de 2.4) : 

I) Le groupe H est le groupe de Borel de SL2(F11) form~ 

des matrices triangulaires sup~rieures, et ~ = ~11 

2) Le groupe H est Hnd~p , et ~ = ~5 " 

3) Le groupe H est H~ , et ~ = ~i0(3). 

On obtient donc : 

La d~composition de J(11) K en classes d'isog~nies sur K contient : 

I) 11 exemplaires de X (11) ; 
o 

2) 5 exemplaires de Jnd~p(11) ; 

3) 10 exemplaires de J~4(11). 

3.4 Consid~rons maintenant le groupe Hd& p , L'espace de ses inva- 

riants est de dimension un dans 
5 

Soit f une base des invariants de Hd~ p dans ~5 ' et soit f' 

une base des invariants de Hnd~p dans ~5 " Ii existe un ~l~ment M 

de Q envoyant f' sur f : 

f = f'IM . 

On en d~duit l'existence d'un diagramme co~nutatif : 

J(II)K Mj J(I1)K 

t t 
Jd~p(1 1 ) ~ Jnd~p( 11 ) 

o~ le morphisme du bas est surjectif. On montre de m~me l'existence 

d'une K-isog~nie : 

Jd~p(11) ~ Xo(11) 

3.5 D'autre part, comparons l'expression explic!te de la forme 

f6(z), donn@e par la prop. 1.4.1 du chap. I, avec les s~ries th@ta de 

2.2. Ii est clair que l'on a : 
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5 
f 6 ( 1 ~  ) = E ( 1 ~ 1 ) . e ( z , j , V - 1 1 ) o  

3=1 
I i e n  r 6 s u l t e  q u e  J n d & p ( 1 1 )  e s t  i s o g 6 n e  s u r  K & l a  c o u r b e  E 6 . 

P a r  c o n s & q u e n t ,  J d & p ( 1 1 )  e s t  K - i s o g & n e  au p r o d u i t  X o ( 1 1 )  X S 6 , 

e t  5 ~ 4 ( 1 1 )  e s t  i s o g & n e  s u r  K & Sa c o u r b e  S 6 . 

3 . 6  On a d o n c  r e t r o u v &  s o u s  une  f o r m e  p l u s  f a i b l e  l e s  r & s u l t a t s  du  

§4 du chap. II, & savoir : 

Jd~p(11) est isog&ne sur K au produit Xo(11) ×E 6 ; 

Jnd~p(11) est isog&ne sur K & E 6 

J~4(11) est isog&ne sur K & E 4 

De plus : 

Proposition 3.6.1 : La jacobienne J(11 K du module canonique 

associ~ aux homoth~ties (cf. II, ex. 3.7.3) est isoq&ne sur @(~) 

11 5 10 
au produit : E I ×E 6 ×E 4 

3.7 Une faqon plus conceptuelle d'envisager les r&sultats pr&c&- 

dents est la suivante. 

3.7.1 Plaqons-nous de nouveau sur le corps K , et consid&rons le 

morphisme : 

Q ~ Aut(J(11)K ). 

Consid~rons la vari~t~ ab~lienne J(11) K & K-isog~nie pr~s. Par 

lin~arit~, on obtient un morphisme : 

: Q[~] ~ End(J(11 )K ) ®~ . 

3.7.2 Les r~sultats de Hecke rappel~s en 2.3 signifient que ce 

morphisme se factorise & travers la projection : 

Q[Q~ ~ M11 (Q)×M5(K)XMIo(~), d'oQ un morphisme P : 

0 : MII(Q)×M5(K ) XMIo(@ ) ~ End(J(11)K ) ®~ . 
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3.7.3 En particulier, les matrices unit6s de M11(~), M5(K), 

MIo(~) d6finissent des projecteurs de dimension 11, 5 et 10 respecti- 

vement ; par cons6quent, J(11) K A isog6nie pr6s, se coupe en trois mor- 

ceaux de dimensions 11, 5 et 10, correspondant aux images de ces matrices 

unit~s. 

3.7.4 Soit M(i) la matrice de MI](~) dont le terme diagonal 

i-i6me est I, et dont tousles autres termes sont nuls, i = I,...,11 

Cette matrice d6finit un projecteur de dimension I. D'autre part, deux 

matrices M(i), M(j) sont conjugu6es par une matrice de permutation. 

On en d6duit : 

L'image de 0(M11(~)) est isog6ne sur K au produit de 11 courbes 

elliptiques, isog6nes entre elles sur K . 

On a un r6sultat analogue pour M5(K), MIo(Q). 

3.7.5 De plus, K est dans le centre de M5(K), et par cons6quent : 

L'image de 0(M5(K)) est isog6ne sur K au produit de 5 courbes 

elliptiques dont le corps d'endomorphismes est K . 

3.7.6 Soit H un sous-groupe de ~ . Ii lui est associ6 un pro- 

jecteur, image de l'616ment : 

I ~ h de Q[~] 

L'image de ce projecteur se r~partit suivant les trois morceaux 

correspondant aux reprSsentations S11 ' $5' $10 (3). L'image dans le 

morceau correspondant & $ est de dimension donn~e par la trace de 

l'&lSment consid&r~, soit 

I Z x$(h), dimension des invariants de H. 

3.7.7 On peut alors proc6der comme en 3.3, 3.4 ; en prenant des 

groupes H convenables, on obtient de nouveau le fait que J(11) K est 

11 5 I0 
isog&ne au produit E I XE 6 XE 4 , et que Jd&p(11), Jnd&p(11) et 

(11) sont isog6nes sur K ~ E I ×E 6 , E 6 et E 4 respectivement. 
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Table 1 

Le qroupe ; ]4(121) (cf.I.3.2.3) 

Cette table donne l'expression des 110 ~l~ments (c:I) 

c= I ..... 120 , (c,11) = I , en fonction des douze &l~ments 

o~ ~ = {2,3,4,5,7,8,9,18,26,36,49,51} 

On note simplement ( c ) i' ~l~nent ( c : I ) . 

(~:~), c ~ ,  

( 1 )  = o 

(6) = (5) 

( l O )  = o 

( 1 2 )  = 0 

( 1 3 )  = ( 9 )  

( 1 4 )  = - ( 8 )  + ( 9 )  

( 1 5 )  = - ( 8 )  

(16) = (7)- (8) 

(17) = (7)- (8) 

(19) = -(5 + (7) 

(2O) = -(5 

(21) = O 

(23) = O 

24) = -(5 

25 )  = ( 4 ) - ( 5 )  

27) = -(4) + (5) + (26) 

28) = -(4) + (5) + (26) 

29) = -(4) + (5) 

30) = -(4) 

31 )  = ( 3 ) -  (4) 

32) = O 

34) = O 

35) = (3)- (4) 

(37) = -(3) + (4) + (36) 

( 3 8 )  = - ( 3 ) +  ( 4 )  

( 3 9 )  = - ( 3 )  + ( 4 )  

(40) = -(3) 

(41) = (2)- (3) 

(42) = -(5) + (7) - (18) 

I(43) = O 

(45) = O 

(46) = -(5)+ (7)- (18) 

(47) = -(18) 

( 4 8 )  = ( 7 ) -  ( 8 ) -  ( 1 8 )  

(50) = (49) 

52) = -(2) +(3)- 

53) = -(2) + (3) - 

5 4 )  = 0 

56) = o 

57) = -(2) + (3) - 

58) = -(2) + (3) - 

59) = -(2) + (3) 

6o) = -(2) 

61 ) = -(2) 

62) = -(7) + (8) + 18) + (49) 

63) = -(7) + (8) + 18) 

64) = -(7) + (8) 

65) = O 

(67) = O 

( 6 8 )  = - ( 7 )  + ( 8 )  

( 6 9 )  = - ( 7 )  

(70) = (5)- (7) 

(71) = (5)- (7) + (18) 

(72) = (5) - (7) + (18) 

(73) = (2)- (3) + (5)- (7)+ (18) 

(74) = -(49) + (51) 

(75) = -(49) 

(76) = O 

( 7 8 )  = 0 

( 7 9 )  = - ( 4 9 )  

4) + (7) - (18) - (49) + 

5) + (7) - (18) - (49) + 

5 )  + ( 7 )  - ( 1 8 )  - ( 4 9 )  + 

5) + ( 7 )  - ( 1 8 )  

51 

51 

51 
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80)  = ( 7 )  - ( 8 )  - ( 1 8 )  - ( 4 9 )  

81 ) = - ( 2 )  + (7 )  - ( 8 )  - ( 1 8 )  - ( 4 9 )  

82) = -(3) + (4) 

83)  = - ( 3 )  + (4 )  

84)  = - ( 3 6 )  

85)  = ( 3 )  - ( 4 )  - ( 3 6 )  

86) = (3)- (4) 

87) = 0 

89) = 0 

90)  = - ( 3 )  + ( 4 )  

91)  = - ( 2 )  + (3 )  - ( 4 )  + (7 - ( 8 )  - ( 1 8 )  - ( 4 9 )  

92) = -(8) 

93) = -(9) 

94) = -(9) 

95) = (8) - (9) 

96) = (8) 

97) = -(2) + (3) - (4) + (7 - (18) - (49) 

i 98) = 0 

1 o o ) =  o 

! 1 0 1 ) =  - ( 2 )  + ( 3 )  - ( 4 )  + ( 7  - ( 1 8 )  - ( 4 9 )  
I 

I 1 0 2 ) =  - ( 5 1 )  

1 0 3 ) =  ( 4 9 )  - ( 5 1 )  

1 0 4 ) =  ( 2 )  - ( 3 )  + ( 5 )  - 7)  + (18  + ( 4 9 )  - (51 

105)= (2) - (3) + (5) - 7) + (18 + (49) - (51 

106)= -(4) + (5) 

(107) = -(26) 

108)= (4) - (5) - (26) 

1 0 9 ) =  0 

1 1 1 ) =  0 

1 1 2 ) =  ( 4 )  - ( 5 )  - ( 2 6 )  

1 1 3 ) =  ( 4 )  - ( 5 )  

1 1 4 ) =  ( 2 )  - ( 3 )  + ( 4 )  - 7)  + (18  + ( 4 9 )  - (51 

1 1 5 ) =  ( 2 )  - ( 3 )  + ( 4 )  - 7)  + (18  + ( 4 9 )  

1 1 6 ) =  ( 2 )  - ( 3 )  + ( 4 )  - 7) + (18 + ( 4 9 )  

1 1 7 ) =  ( 2 )  - ( 3 )  + ( 4 )  - 7)  + ( 8 )  + ( 1 8 )  + ( 4 9 )  

1 1 8 ) =  (2 )  - ( 7 )  + (8 )  + 18) + ( 4 9 )  

t 1 9 ) =  ( 2 )  

1 2 0 ) =  0 
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Table 2 

Formules de conjuqaison complexe 

Cette table donne l'expression des transform~s des vecteurs 

(c:I), c E • , par la conjugaison complexe (cf. 1.3.2.5). 

On note simplement (~:~) = (c), comme dans la table I. 

(2) 

(3) 

(4) 

(5) 

(7) 

(8) 

9) 

18 

= (2) 

= (2)- (7) 

= (2)- (3) 

= (2)- (3) 

= (2)- (3) 

= (4) -(5) 

= (4)- (5) 

) = ( 4 ~ - ( 5 1  

26) = ( 8 ) -  (9)  

36) = ( 3 ) -  (4)  

49) = ( 5 ) -  ( 7 )  

51) = (5)- (7) 

8) + (18) + (49) 

4) - (7) + (S) + (18) + (49) 

4) - (7) + (18) + (49) 

4) - (7) + (18) + (49) - (51) 

- 26) 

) 

- (36) 

+ (18)  
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Table 4 

+ 
Coordonn&es des vecteurs %`_ , k= I, .... 6 

+ 
fonction des en perlodes 0o. , 

1 

des r&seaux L~ (i= I ..... 6) (cf. 1.4.9). 
1 

Notations. 

+ i} }fl ' 0ol = {o ,  + {o ,  - 1  
3 f l  

+ + 
w 2 = 5~ I , 

0o" = ~4, = { 0 ,  + { 0 , -  1 i f. 
1 

(i = 3,4,5,6). 

+ 
Y 1 , 1  = ~ 1  

+ + 

%'2, 1 = °°1 

%`+ 
1 , 2  = 0 

+ 
~2,2 = 0 

+ = 10~o 3 ' { 1 , 3  

+ + 
~2,3 = 2w3 

+ + + = -2w 5 %`I,4= -2W4 ~I,5 

+ + 
%`2,5 = -0o5 

+ 
~1,6 = 0 

+ 
Y2,6 = 0 

+ + 
'{2,4 = w 4 

+ = w t + = + + + + + = 20o + + ~3,1 %`3,2 0 Y3,3 = 2m3 Y3,4=-2w4 Y3,5 5 Y3,6 = 0 

+ + 
~4, 3 = w3 

+ + 

~4,2 = ~2 

+ + 

~5,2 = -~2 

+ + 
Y4,4 = 0o4 

+ + 
3,4,5 = w 5 

+ + 

%`4, I = -°°I 

+ + 
%'5,1 = - 0 o l  

+ = 0o~ 
'/4,6 

+ = o~ + ÷ = 20o~ ÷ = °~ 3,5,3 3,5,4 = O %`5,5 ~6,6 

+ 0or + 0o~ + =~0o~ + + ÷ ~ ~6,1 Y6,2 ~6,3 Y6,4 = 0 W6,5 = 0 3,6,6 = 
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Table 5 

Coordonn&es des vecteurs yk , k = I ..... 6 

en f o n c t i o n  des  p ~ r i o d e s  w? 
1 

des r6seaux LT (i = I ..... 6) (cf. 1.4.9). 
1 

Notations. 

w l  = { 0 ' 1 } f l  - 1 {O,-~}fl , 

~. = w ~  , 

m4 = {0'l}f 4 - {0'-1} 49 f4 ' 

~ = {o,1} q - {o,-±}49 q ' 

= o,~ ~6 - {o,-~}~] . 

,,~,~= ~ y1,2= 2~ ,~1,3= o ,,~,4= o y1,5=o 
,~.1= o ,,~.~=-~3" ,,~_.~= ~ ;  ,,~.4=~3. ,,~,~=o 

W3,1 = 0 

Y4, I = -m? 

Y3,2 = O 

Y4,2 = -Wl 

Y3,3 = 0 

Y4, 3 = w3 

Y3,4 = 0 

Y4,4 = w4 

Y3,5 =0 

Y4,5=~5 

YI ,6 = -2w6 

Y3,6 = -4w6 
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Table 7 

Pointes de X (121) 
o 

Soit u un entier. On pose (cf. I, 4.10.2) : 

u }f. = X(u,i)mi+ i)~ . . . . . .  2{i~,11 + Y(u, i= I ,6 
1 

Cette table donne les valeurs de (X(u,i),Y(u,i)) pour 

u = O,1,3,4,5,9 , i= I ..... 6 

I 

2 

3 

4 

5 

6 

0 

2 
-z,O 

O,O 

-4,0 

2,0 

2,0 

0,O 

I 3 

O,O -I ,I 

3 
• 2 5 , 1  

32 27 -2,~Z I '~Z 

1,11 -I, 

1,11  I ,  

4 

1,1 

7,1 

13 3, -~-g 

4 
0,11 

4 O,F~" 

T~, -1 

5 9 

2,0 -2,0 

12 8,O ~-g,O 
8 28 

O, 25 O, 25 

3 6 
- 1 , ~ -  O, 11 

-3, O, -iT 
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INDEX 
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[ h i  

< p . ~  
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ON THE NORMALIZER OF F (N). 
0 

by P.G. Kluit 

0. INTRODUCTION. 

Let N be apositive integer and let F0(N) be the subgroup of the mo- 

dular group F = SL(2,~)/(- + 1) defined by the matrices (a b c d ) with N 

dividing c. 

Let H as usual be the upper half plane and H ~ = H u Q u {~}, then the 

quotient X0(N) = H~/F0(N) is a compact Riemann surface. Let F~(N) be 

the subgroup of SL(2,R)/{ ± 1} consisting of the matrices 

Wm = m-1/2(a b)with miN, NIc, mla and told; a,b,c,d e Z. 

ad c N 
(This implies ~ ~ m - b ~ ~ : 1~ so (.m,Nm -1) : 1). Then F~(N) is 

the abelian normalizer of F0(N) in SL(2,R)/{ ± 1}. In case neither 4 

nor 9 divides N it is even the full normalizer. The factor group 

G(N) = F~(N)/F0(N) is abelian of type (2,2,...,2), the number of direct 

factors being equal to the number of prime factors dividing N. We may 

conceive this group as a subgroup of the automorphism group of X0(N) ; 

its elements are the involutions w m of Atkin-Lehner type. (Here w m 

denotes the image of some W in G(N))'. See for all this : [7], [1] and 
m 

[8 ] .  

1. THE FIXED POINTS OF W . 
m 

Take N = mm', with (m,m') = 1. For any such N and m (~1) we will cal- 

culate the number v(N,m) of fixed points of the involution w m on X0(N) , 

i.e. the number of ramification points of the quotient map : 

~m,N 
Xo(N) ~ Xo(N)/(w m) 

Observe that the degree of ~m,n' and hence the ramification-index, is 2. 
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In case N = m we have Fricke's result [4]; for m ~ 5 it reads : 

~(m,m) = h(-4m) 

h(-4m) + h(-m) 

if m ~ -1 mod 4 

if m ~ -1 mod 4 

Starting from this we may obtain a formula for ~(N,m), using the fol- 

lowing diagrams : 

~m~m 
F0(m) C = < F0(m),W m > X0(m) m X@(m)/(w m) 

3 J m 
F0(N ) C ~ < F0(N),Wm > H • ~ ~ X0(N ) ~m,N ~ X0(N)/(Wm) 

Observe that : F0(m ) n < F0(N),W m > = F0(N). For W m we may take the 

same matrix above and below; the w m have a different meaning each time, 

but this will give no confusion. 

If %m,N ramifies in a • X0(N) , say a : ~(z), then 3 M e Wm. F0(N) such 

that Mz = z. Then evidently M e Wm. Fo(m), so %m,m ramifies in ~(a). 

Conversely~ let b • X0(m) be a point of ramification of %; say 

b = ~ 0 ~ (z) (z • H~). Then 3 M e Wm. F0(m ) such that Mz = z. Let 

{R i} be a set of coset-representatives of F0(N) in F0(m). Then 

e-l(b) = {~ o Ri(z)}. Any of these points is a ramification point of 

~m,N if and only if 3T e Wm. F0(N ) such that Rill TRi(z) = z. Now if 

m ~ 5 then Wm. F0(m) contains no parabolic elements, and elliptic ele- 

ments only of order 2. It follows that ~ o Ri(z) is a point of ramifi- 

cation of ~m,N precisely if R i MR~ll • Wm. F0(N). 

As we can explicitly give a set ~R i} of representatives (cf. [i0] 

p. 25), this last condition may be written out for any M, and reduces 

to some congruence mod m'. 
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Calculations can be simplified by doing these things step by step; 

first for the powers of 2 (the prime 2, as usual, needs special atten- 

tion; this time because of the occurrence of 4m in Fricke's formula). 

So the following diagram is used, first for N = m, and q = 21; then for 

N arbitrarily, q an odd prime : 

X0(N) 

Xo(Nq) 

@m,N 
) X0(N)/(w m) 

J 
I 

~m,Nq~ X@(Nq)/(Wm ) 

If m = 2,3 or 4 the cosets Wm. Fo(m) contain elliptic elements of order 

4 and 6 resp.parabolic elements. It may happen then, that ~ is rami- 

fied in a e X0(N), and that %m,m is ramified in ~(a), so these cases 

need special attention. We will not go into details now, but just state 

the results. 

THEOREM. 

0) If m ~ 5 : v(m,m) = h(-4m) 

h(-4m) + h(-m) 

if m ~ -i mod 4 

if m-= -1 mod 4. 

1) If m I> 5 and odd : 

v(m21,m) : h(-4m) i = 1 

J 0 i>1 

h(-4m) + 3h(-m) I = 1 

2h(-4m) + 2(1 + (~))h(-m) I = 2 ~ 

i 

2(1 + (~))v(m,m) A > 2 J 

2) If m i> 5, m' odd and (m,2Am ') = i (I = 0,1,2, ..... ) 

v(mm'21,m) = ~ (1 + (~)) ~(m21,m) 
plm' 

m-=l rood 4 

m ~-1 mod 4 
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3) (i) 

(ii) 

If m' odd : v(2m',2) : Z (1 + (-1)) + ~ (1 + (~)) 
-- pl m, P pl m , 

If (m',3.2 I) 1 : v(3.2 t .F~ = .m',3) = 2 ~ (1 + ( )) if I = 0,1,2 
p[m' 

= 0 if I>2 

(iii) If m' odd : v(4m';4) = H (1 +(~))+ ~ ¢((d,m'd-1)) 
plm' d m' 

(Here ¢ denotes Euler's function). 

2. WEIERSTRASS POINTS. 

As is indicated in [7]these formulae may be helpful to determine 

Weierstrass points of X0(N). We have Schoeneberg's theorem: 

THEOREM. Let T be a fixed point of an automorphism w of X of period 

p > 1; let g be the genus of X,g ~ the genus of X/< w>. If g~ ~ [4], 

then T is a Weierstrass point of X. 

Applying this to the case w = Wm, X = X0(N), p : 2, and using Hurwitz' 

formula : 

g 2g~ 1 
- : -1 + 7 ~(N,m), 

we find by simple calculation : 

COROLLARY. If ~(N,m) > 4 then the fixed points of w 
m 

points. 

are Weierstrass 

The cases in which 0 < ~(N,m) < 4 may be determined more or less expiici 

tly. We make the following observations : 

a) Assume N ~ m, ~(m,m) = 2. It is known that h(d) ~ 2 ~ d ~ -427, so 

we have explicitly: ~(m,m)= 2 ~ m ( 10 or m = 12,13,16,18,22,25, 

28,37,58. 
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Then ~(N,m) is either zero or > 4, provided that Nm -1 is sufficient- 

ly composite (this can be made specific in each case; for m ~ 5 two 

odd primes is sufficient). 

b) Assume N ~ m, ~(m,m) > 2. Then always : ~(N,m) = 0 or ~(N,m) > 4. 

c) Assume N = m. This is the case handled by Lehner and Newman [7]. 

They proved : ~(m,m) ~ 4 for only finitely many m. If m t -1 mod 4 

we have ~(m,m) = h(-4m). This reduces the problem to the rather hard 

question of determining all m for which h(-4m) = 4. By machine pro- 

gram I found : ~(m,m) > 4 if 252 < m < 4000. It seems reasonable to 

expect v(m,m) > 4 if m > 4000 as well. 

There is at least one instance (i.e. N = m = 37), for which ~(N,m) = 2, 

and the fixed points of w m are certainly not Weierstrass points (see 

[8]). On the other hand, for almost all N this method gives some 

Weierstrass points of X0(N). Unfortunately, in only very few cases it 

gives all the Weierstrass points. 

3. GENERA AND INVARIANTS. 

Let G be any subgroup of G(N) of order 2 ~, let g be the genus of 

X0(N) , and let g be the genus of the quotient-curve : X0(N)/G. Then 

applying Hurwitz' formula again we have : 

g = 1 + 2-e(g - 1 - 1/2 [ ~(N,m)). 
w eG 
m 

This is obvious once we realize that a point x of X0(N) is a ramifica- 

tion point of the map X0(N) ~ X0(N)/G if and only if it is a fixed point 

of some w m c G. A common fixed point of w ml and w m2 would have a stabi- 

lizer group cyclic of order 4 in G, which is impossible. 

For the case G = G(N), with N squarefree, this formula was given by 

H. Helling [5], be it in a slightly different form. 
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A special case, which had much attention already, is given by the 

groups F@(N) = < F0(N),W N >. Let us denote the genus of the quotient 

curve X0(N)/(WN) = X0(N) by gl(N). Fricke calculated gl(N) up to 71, 

(making a mistake for N = 59) [4]. 

Helling [8] claims that gl(N) ~ 1 ~ N ~ 131~ referring to existing ta- 

bles [3] for N < 1000, and giving an estimation for N ~ 1000. His es- 

timation however is easily seen to be valid only for N ) 3600. Calcula- 

ting gl(N) up to N = 4000 by computer program I verified that indeed 

gl(N) ~ 1 ~ N < 131. 

A more elegant method to find all solutions of gl(N) = 0 is obtained 

using a result of Ogg [8]. If X~(N) is rational, then the map 

X0(N) ~ X~(N) gives rise to a function of degree 2 on X0(N). So in that 

case X0(N) must be either rational, elliptic or hyperelliptic. Now the 

main result of [8] is a complete list of all N for which X0(N) is hyper- 

elliptic. The cases for which X0(N) has genus 0 or 1 are easily deter- 

mined (they are given in [8] as well). This reduces the problem to the 

range N < 71, where even Fricke's table is sufficient. (By an extension 

of Ogg's method of estimation in [8], theorem 3, we can find a manageable 

bound for gl(N) < 2. This will be worked out elsewhere). 

Let us now restrict ourselves to the case gl(N) = 0. For any such 

N there exists a function JN : H ~ C, fulfilling the following condi- 

tions : 

1° JN is holomorphic on H 

2° JN is invariant under F~(N) 

3 ° As a function on X~(N), jN(z) is injective, and has a simple pole 

at i~. 

This last condition says, that jN(z) has a Fourier series : 
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oo 

jN(Z) = ~ c (n)exp(2~ihz) . 
n=-i 

The function can be normalized such that c(-1) = 1; c(0) = 0. With this 

normalization it is unique. For N = 2,3 these functions have been known a 

long time~ they are discussed in [9] and [11]. In [21 B.J0 Birch con- 

structs Js0' using ~-functions. Following this and other methods I 

constructed JN for all other N for which gl(N) = 0, and found as a remark- 

able result : 

LEMHA. Under the above conditions we have : cN(n) • X Vn • N. 

(Of course we easily obtain : cN(n) e Q, for all n, with bounded deno- 

minators, by writing JN as a quotient of modular forms with integral 

coefficients). I expect the same thing to happen with any subgroup 

G c G(N) giving a rational quotient curve X0(N)/G. 

The method of H-functions was not always successful in constructing JN; 

sometimes 0-series and Eisenstein series had to be used. In other cases 

however more than one solution was found, giving rise to remarkable iden- 

tities. We conclude with an example of these : 

J36(z) = 

8 
n (6z).n(4z).n(gz) 

2 3 
(n(2z).n(18z)) . (n(3z).n(12z)) 

n(9z).~(4z) 1 
n(z).n(36z) 

= (q(2z) .n (18z)) 3.q(3z) .n(f2z) 
2. 

(n(z). n (36z))2. n (4z). n (gz) .n 2 (6z) 
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We shall mostly summarize what is in the list of 

papers [KL] of the bibliography~ but we also include 

some new results° We only sketch the ideas of some 

of the proofs~ referring to the original papers for a 

complete treatment. 

§i. UNITS AND DIVISOR CLASSES AT INFINITY 

Let H be the upper half plane. Let H* = H U Q U oo. 

Let r(N) be the subgroup of SL2(Z) = ~(l) consisting 

o f  t h e  m a t r i c e s  _~ 1 mod N. T h e r e  i s  an a f f i n e  c u r v e  Y(N) 

defined over Q(~N ) such that Y(N) c ~ ~(N)\H, and its 

complete curve X(N) is such that X(N)c ~ ~(N)\H*, where 

t h e  i s o m o r p h i s m  i s  c o m p l e x  a n a l y t i c .  The  c u s p s ~  o r  p o i n t s  

at infinity, are by definition Q, oo, or their images in 

X(N), so the complement of Y(N) in X(N). 

We let R N be the integral closure of Z[j] in the 

function field F N of X(N) over Q(~N ) , and Q~ the 

integral closure of Q[j]. Elements of (QQRN)* will be 

c a l l e d  u n i t s ,  and  e l e m e n t s  o f  I ~  w i l l  b e  c a l l e d  u n i t s  o v e r  

Z. The rank of (Q~)/constants is obviously bounded by 

No.  o f  c u s p s  - 1 .  
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THEOREM i.i. The rank of the units mod constants is 

equal to the number of cusps - !. 

Viewing X(N) as embedded in its Jacobian, this theorem 

is equivalent to the fact that the cusps are of finite 

order in the Jacobian. Let Xl, x 2 be two cusps. We 

denote by {Xl~X2~ the functional on the space of diffe- 

rentials of first kind given by 

x 2 

~Xl,X2~: w~--~ Sx w 
1 

A priori~ ~Xl~X2} lies in HI(x(N) ~R). Martin and Drinfeld 

have shown that {Xl,X2 ~ in fact lies in HI(x(N) ~Q). This 

is a third equivalent statement to the above. They use 

Hecke operators. Their method sugges~generalizations to 

higher dimensional bounded symmetric domains. We shall 

leave this method aside in the present exposition~ but shall 

discuss the manner in which explicit units may be constructed 

to prove the theorem. 

Units may be characterized as elements of the function 

field all of whose zeros and poles are at the cusps. Let 

f be a unit~ and let 

f = ~ an qn/N 

be its q-expansion, which may have a finite number of terms 

with n < 0. Let a ~ 0 be the lowest non-zero coeffi- 
m 

cient. We also write a m = am(f ) . The following criterion 
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will be used constantly. 

If the coefficients an(fOy) 

and the lowest coefficient 

~Q(~N ) for all ¥ E SL2(Z~) , 

§2. CONSTRUCTION OF UNITS, KLEIN FORMS 

are algebraic integers , 

am(fOT) is a unit in 

then f is a unit over Z. 

Modular functions whose only zeros and poles are at the 

cusps have been constructed previously as in Newman [Ne] , 

Ogg [O] , and also [L I] , Chapter 18, }6. Here we follow 

[KL II]. Let L be a lattice, L = [Wl~W2] . The Weierstrass 

zeta function satisfies 

where ~(z,L) 

that 

(z+w,L) = ~ (z~L) + ~(w,L) , 

i s  R - l i n e a r  i n  z .  I n  f a c t ~  i t  c a n  b e  s h o w n  

(z,L) = s2(L) Z + ~ z, 
NL 

where NL is the area of a fundamental domain, and s (L) 
~ 2 

is the limit lim ~i/w2~w~2S. Cf. appendix. We won't 
s -~ 0 w~0 

need this. We define the Klein forms (homogeneous of degree 

1 in z ~ L) by 

k(z~L) = e-~ (z'L) z/2 ~(z,L) . 

Let 9(~,L) = 1 if ~/2 6 L and -i otherwise. Then 

_ ~i Im(z~) 
NL 

k(z+W~L) = k__(z,n) e ..-, V/(w,L) . 

t e  a  ewrte 

w 2 

z = alw I + a2w 2 = a.W 
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where a = (al,~2) is a pair of real numbers, not both in Z. 

We then also put ka(W) = k(z,L). For h 6 C* we have 

k (kW) = kk (W). --~ --a 

If b = (bl,b2) 6 ~Z 2 then 

ka+b(W) = ~o(a,b)ka(W) 

where 
blb2+bl+b 2 

Co(a,b) = (-i) 
-2~i(bla2-b2al)/2 

e 

has absolute value I. As usual we put --ak (~) = ~a(W~). Then 

we define the Siegel function (homogeneous of degree O) 

ka(T)Al/12(~) = ga(~) 

1 oo 
B 2 (a I) 2~ia 2 (al-l)/2 

q~ e (l-qz) ~ (l-qnqz) (l-qn/qz) 

n=l 

= = , = X 2 1 where ~ e 2~i~ and qz e2~iz and B 2 (X) - X + 6 " 

We note that z ~-~ logig(z) l is the local component of the 

i 

Neron-Tate height function at infinity, cf. [Ner], last page. 

We shall be concerned with (al,a2) = (rl/N ~ r2/N ) 

r I, r 2 E Z. We may take 0 < al, a 2 < i~ and it is conve- 
&A. ----- ~- 

nient to write <t> for the smallest real number > 0 in the 

residue class of t mod ~ZZ. The expression for ~o(a,b) 

above shows that eo(a~b)2N = i. Also if ~ =~ b I E SL2(Z) , 
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k ((~W) = k (W) = e(~)k (W) , --a --a~ --a 

this last equality holding for e 6 F(N) with c (~) = 

(_~__al+~2+ 1 ) a - I  c (~a l+__~_a2+l)b d-i 2~i (ba21 + (d-a) ala2-ca2)2/2N 2 
- (-1) e 

Therefore e(~) 2N = i, e(~) = 1 if ~ 6 F(2N 2) , k is 
- -  --a - -  

a m o d u l a r  f o r m  on  ~ ( 2 N 2 ) ,  and  k 2N i s  on  ~ ( N ) .  

THEOREM 2.1. If a = r/N, write k 
- -  -r 

A product 

~ km(r) 
--r 

r 

instead of k 

(with a finite family m(r) o_~f integers ~ 0) has 

level N if and only if 

Z S • m(r) r 2 _~ m(r) r~ ~_ m(r) rlr 2 ~ 0 mod N 

if N is odd, and if N is even, then the first 

two congruences should be ~ 0 mod 2N. 

1 z 2 z 2 THEOREM 2.2. Let a 6 ~ / be primitive. 

i) __If N i__ss composite, then ga is a unit over ~-Z" 

n 
2) __If N = p is a prime power, then ga is a unit 

i__n_n ~[ i/p] . 

3) I_~f C 6 Z, c ~ 0 is prlme to N, then gca/g a 

is a unit over Z. 

In particular, if we have a point y 6 Y(N) in a number 



253 IG.~-T 

field K such that j (y) E OK ~ then we get a homomorphism 

thus parametrizing units in K. These may be called modular 

units in the field of N-th division points of an elliptic 

curve over K. Analogously~ if j(y) is not integral~ one 

gets by pull back a homomorphism from the divisors at infinity 

on X(N) into the group of fractional ideals~ inducing 

a homomorphism from divisor classes to ideal classes, of 

which it would be very interesting to know significant 

examples when it is non-degenerate. Cf. [KL I] ~ the last 

chapter of [L] ~ Ramachandra [Ra] and Robert [Ro] for cases 

with complex multiplication. The Shimura reciprocity law 

can be used with good effect in this case to describe the 

behavior of the special units under the Galois group. 

In [KL II], the rank of the units over z is deter- 

mined, and a criterion is given for a unit to be a unit 

over Z as follows. Let 

g = g (a) 

a 

be a f i n i t e  product,  w i th  in teger  exponents re(a) ~ a E Q2 

and a ~ Z 2. Wri te 

Ug (p) g = gcomp 
P 

where gcomp is the partial product taken over those a 
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which have composite period with respect to Z 2, and g(P) 

is the product taken over those a having p-power period 

for the prime p. We kno~1 that gcomp is a unit over ~-Z~ 

and it is easy to see that 

g is a unit over Z if and only i_~f g(P) 

o v e r  Z f o r  e a c h  p r i m e  p .  

Now fix a prime p, and suppose 

is a unit 

is expressed as a product where a has p-power period mod 

Z 2. Using the distribution relation (see Theorem 5.1 

below) ~ we can achieve that g is equal to such a product 

in which the exact periods of elements a are all equal to 

n 
a fixed power p ~ in which case we say that the product 

2 2 is normalized. Note that ~PZ* operates on ~Zp.Q Z We 

consider the orbits under this action. 

Let g = g(P) = ~ I g re(a) be a norma- THEOREM 2.3. 

lized product. Then g is a unit over Z if and 

only if for each orbit of Z* we have 

m(a) = 0. 

a6orbit 

We could also formulate a similar criterion without dealing 

with normalized products. 
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Robert's construction of units in the complex multi- 

plication case is seen to come from the following modular 

Let L c L' be lattices with (L':L) construction. 

odd. Define 

k(Z,L'/L) = k(z,L) (L':L)/k(z,L,) . 

Then ~(z,LW/L) is elliptic and periodic with respect to L 

(the anti-holomorphic term and $(w~L) drop out~). We have 

f-T 1 (z ~L '/n) 
= II~(z,L)_~(w,L) 

where the product is taken over w 6 (L'/L)/!I ~ and ~ O, 

because both sides have the same zeros and poles. 

4- 
Let ~ 6 Mat2(Z) be an integral matrix with odd 

determinant~ and let N~ = det ~. Define 

Ne ~W ~(z,~,w) = k(z,w). /k(z,~). 

In view of the periodicity property of k(z~L'/L) ~ the 

above value depends only on the left coset of ~ with 

respect to SL 2(Z) ~ so we may assume that 

is triangular. Let A = ~dj~nj~ 
j6J 

where ej are matrices as above~ and 

be a finite family~ 

n are integers 
3 
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such that nj(N~j-l) = 0. We let 

n. 

9(Z,A,W) = I I 9(Z,~j,W) 3o 

Then ~ has weight 0 in (z~W) , and is an even elliptic 

function. For z = a.W its q-expansion is easily deter- 

mined from that of the Klein forms. We assume again that 

a = (rl/N , r2/N) has denominator N, and similarly b = 

(b l,b2) . We let 

~(a0W,~,W) = ~a(~,w) 

and similarly for ~a(A,W) , replacing ~ by aj and taking 

the product raising each term to the power n.. We assume 
3 

that N~, ~j i__~sprime to the denominator N o__ff a~ b. 

THEOREM 2.4. The function 

~a (A ,W)/gb (A ,W) 

is a unit over Z. 

Finally let 8(W) = A 1/12(W) . Let 

Ne ~W 

v4~ 

--~6 (aj n. 
6(A,W) = ,W) 3 

Then: 

The product ~ (A,W) ~a (A,W) is a unit over Z. 
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The proof is done by comparing lowest coefficients. 

Let f = ~-an qn/N be a power series in ql/N having 

possibly a finite number of polar terms. If g is 

another such power series, we write f ~ g to mean that 

the coefficients of the lowest terms in f and g have 

a quotient which is a unit in a cyclotomic field. Then 

~(al~+a2, ~, [~,i]) /%/ I a a I - ql / 

~aa2> 
1 - ql 

if a I ~ 0 

if a I = O. 

The theorem follows at once. 

Specializing to complex multiplication, one gets 

Robert's units, using ideals a -I. instead of the matrices 
--3 

~j/N~j. If L = [~i,~2] ~ for any ideal a there is a 

matrix ~ such that a-iL has the basis ~W We can 

take e to be in triangular form by operating on the left 

with an element of SL2(Z ) . As a variation~ if 

i s  p r i n c i p a l ,  t h e n  t h e  p r o d u c t  

~ i  nj k( z ,ajlL/b) 

aj = (~j) 

is a unit in the ray class field with conductor ~ when 

L is an ideal, z 6 ~-IL, and all ideals ~j are odd, 

and prime to c. Working with the Klein forms and the 

delta function separately gives a splitting of the group 

of units which may have arithmetic significance. 
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§5. REPRESENTATION OF THE CUSPS 

On the modular function field FN, the group SL2(Z/N~) 

operates in the usual way. Matrices ~d = " II 0~ " with d 
0 d I 

prime to N operate by leaving ql/N fixed~ and moving 

d 
the coefficients of the q-expansion, ~d: ~N i---~ ~N" Then 

GL2(Z/NZ) operates~ and the isotropy group of oo is 

There is a direct decomposition 

GL 2(N) = C(N)Goo (N) , 

where C(N) is described as follows. It is multiplicative 

(pn (p) "~ over prime powers, C(N) = C ) if N = pn(p) 

The group Cp is taken to be the group of units o* in --p 

the unramified extension of degree 2 over Zp~ under the 

regular representation. We let C(p n) = Cp mod pn. Tl%en 

C(p n) operates simply transitively on (Z2/pnz2) * = Z2(pn)*~ 

1 Whence on --~ Z2/Z 2 by 

a ~ a~ .  

1 2  2 Similarly, C(N) operates simply transitively on (~Z /Z )*. 

If P is the standard place at infinity of FN, 

then ~P~ for ~ 6 C(N)/~I gives all the other places at 

infinity. By this device, the cusps can be analysed with 

a commutative group as in complex multiplication. See [KL II]. 
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§4. ANALYSIS OF THE REGULATOR 

Then 

i_2,~2 Let a 6 ---J. /Y.. Let ga be the Siegel function. 

1 ord ga = B2(<a1>)" 

We may write the divisor of ga in the group ring 

1 
(ga) = ~ B 2 , with E C(N)/+I. 

cl 

W e have put T(al,a 2) = a I. If a is primitive, so 

a = (I/N,0) 8 with some 8, then 

1 (<T 
(ga) = (gs) = ~ Y B2 

Let f(~8) denote the coefficient of ~ in this 

expression. Then we have the idempotent decomposition 

(gs) = ~ ~(~)S(~,f)e~, 

where ~ ranges over the character group of C(N)/+I, 

e9 is the ort~ogonal idempotent of ~, and 

S(~,f) = ~_ ~(~)f(~). 

Let ~Z be the restriction of 9 to (Z/NZ)*. Then 

S(~,f) = (non-zero constant)B2,~Z 

where _- ~ 

B2,~, Z N ~Z (w) B2 (<N>) , 
WE (Z/NZ) * ~ 

provided that the conductor of ~ is N. 
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The factorization of the sum S(9,f) is carried out in 

[KL D] , following a suggestion of Tate, using Fourier 

expansions of the function f. The non-zero constant 

consists mostly of ordinary Gauss sums~ and it is known 

that B2,%Z ~ 0 for even characters ~Z~ so the 

regulator ~f the Siegel functions is not 0. 

Along the same lines, one can construct a Stickel- 

berber element in the group ring, annihilating the 

divisor classes at infinity [KL III]. This is a 2-dimen- 

sional analogue of the situation which has arisen in 

the work of Leopoldt, Iwasawa, etc. 

§5. DISTRIBUTION RELATIONS 

Let G = lim G/G n be a compact group, which is the 

projective limit of finite factor groups X n = G/G n. Let 

~n~ be a family of functions~ where maps X n ~n 

into some abelian group. We say that this family is con- 

sistent, or defines a distribution on G, if it satisfies 

the following condition. Let x 6 Xn, let ~: Xn+l--~ X n 

be the canonical map. Then 

~n+l (y) : ~n (x) . 

7[y=x 

Suppose the values of ~n are in a ring R. We let 

8 n = ~ 9n(X)X 6 R[O/Sn]. 
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The elements @n are compatible under the natural homo- 

morphisms of the group rings. We are especially interes- 

ted in distributions defined by a function ~ on Q2/Z2 

satisfying the condition 

~ ~(s) = ~(r) 

Ds=r 

for every positive integer D. Such distributions are 

called ordinary. If the condition is satisfied only for 

r ~ 0 we say the distribution is punctured. 

THEOREM 5.1. The map a ~ ga modulo roots of 

unity is an ordinary, punctured distribution. 

The relation in the case r = 0 has to be exceptional, 

since for instance go is not defined. The product 

~ga for Da = 0, a ~ 0 in Q2/Z2 is a constant 
~ v~ 

depending on D. Cf. Klein, Ramachandra [Ra] and Robert 

[Ro] , the latter however not looking at things modularly, 

but through theta functions. The proofs of the relations 

are given from the q-expansions in [KL III]. 

In addition, Kubert [K 2] constructs a free basis 

for the units (of all level) modulo constants, showing that 

the distribution of Theorem 5.1 is a universal distribution 

(even) into abelian groups on which 2 is invertible. 

The combinatorics are relatively complicated, due in part 

to composite N, mostly to the + 1 ambiguity. It is simple 

when N is a prime power. 
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If f is a unit, then df/f is a differential of 

third kind on the modular curve X(N). Let us fix a 

determination of log f on H. For each y 6 ~(N) 

there is an integer ~f,y> in Z such that for all 

z 6 H we have 

(log f)(yz) = log f(z) + ~f,y> 2~i. 

Each y thus induces a homomorphism of the group of 

units modulo constants into Z, and gives rise to a 

homomorphic image of the Siegel distribution. 

Distributions involving the higher Bernoulli numbers 

are discussed in [KL D] , independently of the context 

of units in the modular function field. 

§6. CHARACTERIZATION OF THE UNITS 

We ask whether the construction of units by means 

of the Klein forms and Siegel functions gives all units 

in the modular function field (of all levels). The 

answer is yes~ up to possibly 2-torsion. Let S(N) be 

the group generated by the Siegel functions ga with 

a 6 Q2 such that Na E Z 2, and the non-zero constants. 

THEOREM 6.1. Let g be a unit. 

(i) I__~f N = pn is a prime power~ and gm 6 S(N) 

for some integer m > 0 then g 6 S(N). 
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(ii) I__ff N i__ss composite and 6 is an odd prime, 

such that g~ 6 S(N) , then g E S(N). 

Hence the units modulo the union of the groups S(N) 

for all N form a 2-torsion group~ equal t__oo 1 i_~f 

N is a prime power. 

The proof is in [KL IV]. It is based on a lemma of 

Shimura that the Fourier coefficients of a modular form 

have bounded denominators. Let us write 

g = c q h g  * , 

where c is a constant, and g* is a power series 

starting with i. The q-expansion of the Siegel functions 

shows that 

~a = 1 + power series in ql/N with integral coeffs. 

Suppose 

g,~ = ~g~m(a) 

a 

so that 

m(a)/£ 
g* = g~ , 

a 

taking the root with the binomial series. Suppose first 

that N is a prime p. We look at the coefficient of 

ql/p. In g~m(a)/~ it is equal to 

i m,(~)~ 
- 

~=0 
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where ~ is a primitive p-th root of unity. We can choose 

a "good" basis for the cyclotomic integers in order to see 

that the coefficient has a denominator unless g E S(p). 

In general, when N is not prime, we look at the first 

non-constant coefficient and use induction. 

The same method can be used to prove independence 

relations among the Siegel units, yielding rather easily 

when N is a prime power the fact that they have the 

proper rank as in Theorem i.i, modulo constants. In this 

way one gets an independent proof that B2~ ~ ~ 0, without 

using the L-series. A similar method works to get the 

right rank when N is composite, but in a more complicated 

fashion. 

§7. WEIERSTRASS UNITS 

IZ2-Z 2 For a E ~q~ let ~a(~) = (alT+a2; [T,I]). 

Then 

- 

is a unit. Simple conditions can also be given on a, b 

c, d to determine when such an expression is a unit over Z. 

Note that 

= 

Let K(N) be the group of forms expressible as products 
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~ ~ (a) 

a 

which are modular with respect to ~(N). Let K+(N) be 

the subgroup of forms of even degree~ i.e. such that 
-- J 

~_m(a) is Let W(N) be the even. subgroup genera- 

ted by the Weierstrass forms~ consisting of elements 

which are modular with respect to ~(N), 

THEOREM 7.1. W_~e hav_____e W(N) = K+(N). 

The proof in Kubert [K i] is done by descent, and 

involves only combinatorial juggling with the quadratic 

relation and the parallelogram relations 

(a+b) + (a-b) - 2(a) - 2(b) . 

KL-19 

~8. APPLICATIONS TO DIOPHANTINE ANALYSIS 

The h-function (generator of the modular function 

field of level 2) has the form of a Weierstrass unit, 

and so does l-k. Put u = k~ v = l-h, so that u+v = i. 

Let 
N N N N 

u = x , v = y , so x + y = i. 

Fricke [F] already knew that this gives a parametrization 

of the Fermat curve by modular functions, which do not 

belong to a congruence subgroup° It gives a correspondence 

between X(2N) and the Fermat curve V(N) , called standard. 
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In view of the identity 

x3-x I x2-x 3 
+ - 1 

x2-x I x2-x I 

we get infinitely many non-standard correspondences between 

the Fermat curve and modular curves. The standard one is 

especially good~ however~ because it is unramified above 

both X(2N) and V(N). From this and an old theorem of 

Chevalley-Weil (recalled in [KL I]), one gets: 

The Fermat curve has only a finite number of rational 

points in any number field if and only if the 

modular curve X(2N) has this same property. 

In [K 3] ~ Kubert also proves~ using the Weierstrass units: 

Let K be a number field~ and 6 a prime > 5. 

There is a universal bound on the torsion of elliptic 

curves A over K such that 6 does not divide 

the order of the Galois group G(K(At)/K). 

This follows the work of Demjanenko [D] ~ which has not yet 

certifiably shown that the order of the torsion group over 

K is uniformly bounded~ an outstanding conjecture. 

The equation u+v = 1 has only a finite number of 

solutions with u~ v in any finitely generated multiplica- 

tive group of complex numbers [L 3]. The Weierstrass units 

provide a significant example of such solutions. 
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The standard uniformization of the Fermat curve puts 

the Fermat conjecture in the light that the only rational 

points (over Q~) should be at the cusps (in line with 

the Ogg conjecture for the modular curves belonging to 

congruence subgroups), cf. [KL I]. 

The existence of units such that u+v = 1 also gives 

a direct reduction on the modular curves for the finiteness 

of integral points to the situation where one can apply 

Gelfond's idea to use a diophantine inequality for linear 

combinations of logarithms of algebraic numbers, proved 

by Baker in general. 

Let F N be the modular function field again. If we 

assume the Mordell conjecture for subfields of F N proper- 

ly containing Q(j) and of genus > 2, then we see that 

one gets the following irreducibility statement [KL I]. 

Let k b__ee~ numbe______~_r fiel____~dcontaining the N-th roots 

o__ff unity. Assume that N is such that every 

subfield of kF~ properly containin@ k(j) has 

genus > 2 (satisfied if N is prime sufficiently 

Then for all but a finite number of la r~e) . 

values Jo 

where ~: X(N) ) X(1) 

o_~f j i___nn k ~ we have 

[k(~-l(jo )) : k] = [kF N : k(j)], 

is the natural map. 

In fact, we conjecture following uniformity property 

as in [KL I] ~ in connection with Serre's theorem. 
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For all but a finite number of Jo E k, and all but a 

finite number of primes p, the Galois group of the 

p-primary torsion of an elliptic curve A over k 

with invariant Jo i__ss equal t__oo GL2(~p ) . 

Next we consider another aspect of torsion points. 

The Manin-Mumford conjecture asserts that on a curve 

of genus ~ 2 there are only a finite number of points 

of finite order in the Jacobian. The cusps on the modular 

curves provide significant example s of such points~ 

according to the Manin-Drinfeld theorem (equivalent to 

Theorem i.i). The question can be raised whether the 

cusps are also of finite order on curves which are 

quotients of non-congruence subgroups. This is true 

for the standard representation of the Fermat curve, as 

shown by Rohrlich [Rob], who determines completely the 

structure of the divisor class group generated by the 

cusps. On the other hand, Rohrlich has observed that 

the answer is negative in general. The argument goes 

as follows. 

In [L 3], Lang reduces the Manin-Mumford conjecture 

to a Galois property of the field of torsion points on 

the Jacobian, namely that the index of the subgroup of 

the Galois group of the N-th torsion points over the 

given number field generated by the homotheties (that is, 
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inducing multiplication by an integer prime to N on the 

N-th torsion points) should be bounded in (Z/NZ)*. 

Recently Shimura has informed us that this property can 

be proved in the case of complex multiplication~ and 

therefore: 

The Manin-Mumford conjecture is true in the case of 

complex multiplication. 

In particular~ it is true for the Fermat curve~ which has 

complex multiplication. 

By choosing infinitely many suitable non-standard 

correspondences of the Fermat curve with modular curves~ 

ioe. representations as quotient of the upper half plane 

by non-congruence subgroups associated with units satisfy- 

ing u+v = i~ Rohrlich shows that one would get infini- 

tely many points on the curve of finite order in the 

Jacobian if the Manin-Drinfeld theorem were true in the 

non-congruence case~ a contradiction. 
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APPENDIX 

Because of its fundamental interest~ we shall carry 

out here the analysis of the Weierstrass eta function ~(z~L) 

in detail. We recall first some facts about Eisenstein 

series. 

By Kronecker's first limit formula or otherwise~ 

know that 
£ s 

E(~ ,s) = Y _ 7r + 0(i) . 
Im~+nl 2s s-i 

w e  

Let L = [Wl~W2], and let 

E(L,s) = ~ 
wJo 

/ 
E T = Wl/W 2 H. 

1 

lw~ 2s 

Let 

Then in a neighborhood of s = 1 

E(L,s) N ~ 1 
NL s-i 

we have 

where 

NL = 1 (Wl~ 2 _ ~i~2 ) 
2i 

is the area of the fundamental domain. 

at s = 1 is therefore ~/NL. 

THEOREM A1. (i) The function ~ 

The residue of E(L~s) 

2 2s 
is holo- 
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morphic a__tt s = 0 (it is even an entire function). 

(ii) The function defined for z { L by 

>~ z+~ 
G(z~L~s) = l ~l'Z+w'2s for Re s > 3/2 

wJ0 

has an analytic continuation t__oo Re s > i/2~ and is 

holomorphic a_~t s = i. 

Proof. These are essentially well known~ and can 

be proved by standard techniques using Poisson's summa- 

tion formula. Cf. Siegel [Si] ~ Theorem 3~ p. 69. 

In particular~ we can define s2(L ) as the value 

of the function in (i) , at s = 0. 

Follcw ing Birch-Swinnerton Dyer [B-SwD] we define 

~z+w ~ sz 
l~.l 2s + ~0Llz+~l 2s I~I 2s + l®l 2s-2 ~2 

+ ~ s  (s-I 
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The series converges absolutely for Re s > 1/2 by the usual 

argument~ and we have 

lira ~s(Z,L) = ~(z,L) 
s-~l 

taking the limit for s real > 1. For 

rearrange the terms in { ~ . Combining 

~ - 0. 
w~0 lwl 2s 

s > 3/2 we can 

w with -w shows 

Since E(L~s) has only a simple pole at s = I~ it follows 

tha t 

2S (s-l) • z 7r_ 
lWi NL 

for s > I. 

Therefore the function 

I z+w 

we0 i z÷wl2s 
sz I + 2s-2 2 

is holomorphie at s = i. From the definition of s2(L) we 

then find: 

~(z,L) = 1 + G(Z~L,I) + s2(L) z + 7r ~. 
z NL 
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THEOREM A2. ~(z,L) = s 2(L) z + 
NL 

b~ 

Proof. The e x p r e s s i o n  

+ G(z~L~I) - 

z izi2S 

is periodic in L. Hence 

at s = 1 

~(z+w~L) - ~(z~L) = s2(L) w + 
NL 

~° 

= ~(w,L) . 

The theorem follows by R-linearity. It may be viewed as a 

generalization of the Legendre relation~ which is seen to 

result from the above by putting z = w I and z = w 2. 

The relation is known in the case of complex multiplication 

cf. Damerell~ Acta Arith. XVII (1970) pp. 294 and 299~ but 

we could find no reference for it in general. 
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CLASS FIELDS AND 

MODULAR FORMS OF WEIGHT ONE 

by H.M. S t a r k  

1. INTRODUCTION. 

Let f(z) be a normalized newform on F0(N) with a character. Accor- 

ding to a theorem of Deligne and Serre [1] there is a normal extension 

K of Q and an irreducible two dimensional representation p of GaI(K/Q) 

such that the Artin L-series L(s,p,K/Q) corresponds to f(z) via a 

Mellin transform. Here we put forward a conjecture (see Section 3) which 

should aid materially in explicitly determining K from f(z). Our con- 

jecture can be proved when K is an abelian extension of a complex qua- 

dratic field and it has been numerically verified in some other instan- 

ces. In the next section, we summarize the theory of Kronecker's limit 

formulae and complex multiplication. These results will be applied to 

L-series for complex quadratic fields and related via the Mellin trans- 

form to certain modular forms of weight one. 

2. THE KRONECKER LIMIT FORMULAE AND COMPLEX MULTIPLICATION. 

The Kronecker limit formulae are usually presented at s = 1. We pre- 

sent them here from the point of view of s = 0 where they would seem to 

be more easily applicable. Let z be in H (the upper half plane), u 

and v be real numbers not both integral and let y = uz + v. We define 

~(u,v,z) = e ~iu¥ 
e l(y,z) 

n(z) 

where n(z) is the Dedekind eta function and 

2 I i ½ 
el(y,z) = ~ exp[~iz(n +~) + 2~i(n +~)(y - )]. 

n 
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Let ~ and v be complex numbers with ~/v in N and set 

and 

where 

F ( s )  = [ I m ~ + n o l  - 2 s  - 2 ( ( 2 s )  
m,n~0,0 

G(s)  : ~ Imp+nv+~l 
m~n 

- 2 s  

with u and v real and not both integral. We have 

F(0) = G(O) = 0. 

Kronecker's first limit formula at s = @ is 

£ ' ( 0 )  = - 4 l o g l n ( p / v ) l + 2 1 o g l v l  

and the second limit formula is 

G'(0) : -21ogI~(u,v,~/~) I . 

Suppose N > 1 is an integer such that Nu and Nv are integers. 

@(u,v,z) is a modular function of level 12N 2 and 

F(u,v,z) : @(u,v,z) 12N 

Then 

is a modular function of level N [at one or two points in what follows 

it will be convenient to write Fu,v(Z) instead of F(u,v,z)]. It will 

be useful to recall some basic facts about such functions. Let F N de- 

note the field of modular functions of level N whose q-expansions at 

every ousphave coefficients in Q(e2zi/N). When Nu and Nv are integers, 

~(u,v,z) is in F12N2 and F(u,v,z) is in F N 

The field F N is a normal extension of F 1 and we recall [2] that the 

Galois group is just GL2(Z/NZ)/±I. If g is in F N and B is a 2 x 2 

matrix of integers whose determinant is relatively prime to N, we 
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denote by g o B the image of g under the action of the element of 

GL2(7-/NZ)/-+I represented by B. There are two basic rules for calcula- 

ting g o B. One rule is that if B is in F, then 

(g o B) (z) = g(Bz). 

The other rule is that if B = I~ 0pl where p is prime and 

g(z) = ~ ~n q'n 

then 

a ( p )  n 
(g 0 B)(z) = X a n q 

where a(p) is the Frobenius automorphism of Q(e 2~i/N), associated with 

p : 

aP =_ ea(P)(mod p). 

There are functions in F N which are indexed in such a way that the ac- 

tion by any B is easily given. The functions F are among these. 
u,v 

If B is a matrix of integers with determinant relatively prime to N 

and Nu and Nv are integers, then 

F u ,  v o B = F ( u , v ) B .  

The theory of complex multiplication applies to the functions of 

F N and for this purpose, we need the reciprocity law. Over the years, 

many authors have produced versions of the reciprocity law. The best 

version to date is that of Shimura [4,2]. However, a somewhat less 

general, but still eminently usable, version which is easily proved 

along classical lines may be of interest. Let d < 0 be the discriminant 

of k = Q(~/d). If f is an integral ideal of k, we denote by K(f) the 

ray class field of k(mod f). If p is a prime ideal in k relatively 

prime to f, we denote by a(p) the Frobenius automorphism of K(f)/k 

corresponding to p. 
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THEOREM 1. [7]. Let g(z) be in F N and suppose that (p) = pp i_nn k 

where p is a rational prime such that (p,dN) = 1. Suppose a : [~,~] 

is a fractional ideal of k with 8 = ~/~ i__nn H and let B(~) be a basis 

for pa. Then g(8) is in K(N) and 

(1) g(8) ~(p) : [g o (pB-1)](BS). 

If in addition g is analytic in the interior of H and has algebraic 

integer coefficients in its q-expansign at every cusp then g(8) is an 

algebraic integer and we may replace (1) by 

g(8) p ~ [g o (pB-1)](B@) (mod p). 

We now apply these results to L-serles at s = 0. Let f ~ (1) be an 

integral ideal in k : Q(x/d) where d < 0 is the discriminant of k. If 

X is a ray class character of k (mod f) (not necessarily primitive), 

we may write 

L(s,x) = Z x(C)z(s,C) 

C 

where C runs thmough the ray classes (mod f) and 

z(s,C) : ~ N(a) -s. 
aeC 

Let f be the minimal positive rational integer divisible by f and 

let w(f) be the number of roots of unity in k which are congruent to 

1 (mod f). Let b be an integral ideal relatively prime to f such that 

ab is principal for a in C. Let a 0 be a fixed ideal in C and aob : (~). 

We have 

w(f)z(s,C) = N(b) s [ N(B) -s : N(b) s [ 16+~I -2s 

B e b ~ e bf 
m ~ (mod f) 

) where u Suppose bf = [~,~] where @ = ~/~ is in H and ~ = (u,v) ( 

and v are rational and indeed fu and fv are integral. Then by 
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Kronecker's second limit formula, 

1 
z'(0,C) = 6fw(-~ l°glF(u'v'@)l" 

We set E(C) = F(u,v,9). One can show that E(C) 

choice of ~,~,~ or even a 0 and b and we have 

(2) 

is independent of the 

Z x(c) loglE(C)l.  L'(O,x) = - ~ C 

By Theorem 1, the numbers E(C) are in K(f). But in fact they are in 

To see this, let p be a first degree prime ideal in k of norm K(f). 

Let p such that (p,df) = 1. 

and B be defined by 

F(u,v,0) p ~ [Fu, v o (pB-1)](Be) 

F((u,v)pB-1,B9) 

By Theorem 1, 

(mod p) 

(mod p). 

But the ideal (pb)f = [D,T] has p/T = Be and 

P) = = [(u'v)pB-1]( T 

(pa) = (Pao)(Pb). 

E(C) p m E(Cp) (mod p). 

where 

Hence 

Thus the E(C) are all conjugate algebraic integers in K(~). 

Let E = E(C 1) where C 1 is the principal ray class (mod ~). It is 

easily seen that E is a unit if and only if ~ has two distinct prime 

factors. Indeed with × = X1, the principal (imprimitive) character 

(mod ~), we have from (2), 
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Iog(NK(f)/QE) = -12fw(f)L'(@,X 1) 

where the derivative of 

L(s,x1) = ~k(S) ~ (i -N(p) -s) 
plf 

is 0 at s = 0 if and only if f has two distinct prime factors. 

When the numbers E(C) are units, the question arises as to the index 

of the subgroup of the unit group of K(f) that the E(C) and certain 

other units generate. See [3] for example. The factor of 6f in the de- 

nominator of (2) makes this index annoyingly high. The explicit reci- 

procity law allows us to improve this state of affairs considerably. 

LEMMA I. ],et 1 be a first degree prime ideal in k of norm I with 

(Z,12fd) : 1 and suppose 1 is in the ray class C 2 (mod f)o Then 

E(C2)/E Z is the (12f) th power of a number in K(f). 

PROOF. Up to a root of unity, we found that 

E(C) 1/(12f) = ~(u,v,8) 

and ~(u,v,z) is a modular function in F Hence E(C) 1/(12f) is 
12f 2 

in K(12f2), a field which incidentally contains the (12f) th roots of 

unity. Let 6 denote one of the (12f) th roots of E and set 6(1) = 6 ~(/) 

where ~(1) denotes the Frobenius automorphism in K(12f 2) corresponding 

to 1. In particular 6(/)12f = E(C2). Let p be a first degree prime 

ideal in k of norm p such that p is in C~ and (p,12fd) = 1. Since 

~12f is preserved by ~(p), we see that 6~(P) = ~6 where 12f = 1. 

But now, 

6(1)~(p)  : ~ ( 1 ) ~ ( p )  : 6~(p)~(1)  = ( w ~ ) ~ ( l )  : w l 6 ( 1 )  

and so ~(p) preserves B(1)/B l and the lemma follows. 

COROLLARY 1. Suppose K(f) contains exactly W roots of unity. Then 

E W is a (12f) th power of an integer in K(f). 
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PROOF. We use the criterion that a necessary and sufficient condition 

th 
for K({) to contain the m roots of unity is that 

N(/) = 1 (mod m) 

for all first degree prime ideals 1 in C 1 with (N(/),m) = 1. Thus W is 

the greatest common divisor of the set of numbers N(/) - 1 as 1 runs 

through those first degree nrime ideals of k in C 1 with (N(/),W) = 1. 

The corollary now follows from Lemma 1 and the Euclidean algorithm. 

THEOREM 2. Suppose K({) contains exactly W roots of unity. 

a_re conjugate algebraic integers s(C) i~n K({) such that 

L,(0,X ) : 1 [ X(C)logls(C)i 
Ww(f) C 

(Note that w({) is usually 1.) 

Then there 

The proof is immediate. 

Similar results are possible for fields intermediate to K({) and 

k. For details on this and other questions related to this section, 

see [7]. 

3. FORMS OF WEIGHT ONE. 

Again, let ~ ~ (1) be an integral ideal in Q(x/d) where d < 0 is the 

discriminant of Q(v~) and let × be a not necessarily primitive charac- 

ter (mod ~). Define gX(z) by the Mellin transform, 

(2~)-SF(s)L(s'x) = I Y S-lgx(iy)dy" 
0 

Thus gX(z) is a modular form of weight one on FI(N) with N = IdIN(~). 

[This is true even when X is not primitive. Eliminating the p 
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factor of L(s, X) is accomplished by multiplying L(s,X) by (1 -X(P)N(p) -s) 

and this corresponds to replacing gX(z) by gX(z) -X(p)gx(N(p)z) which 

raises the level by a factor of N(p) at worst.] In particular, 

0 

When we compare this with the results of the last section, we are led 

to the following conjecture. 

CONJECTURE 1. Let f(z) be a modular form of weight one on FI(N) which 

is 0 at i ~. Then 

f(iy) = ~ pj log sj 
0 j:l 

where the sj are algebraic integers and the pj lie in the field genera- 

ted over ~ by adjoining the coefficients of the q-expansion of f(z) at 

Except for the problem that the field given by adjoining the values 

of ×(C) to Q may be slightly bigger than the field given by adjoining 

the coefficients of gx to Q, we proved this conjecture for gx in Theo- 

rem 2. Of course f : (1) may be allowed also provided we exclude 

X = X 1, the principal character (the corresponding form is not 0 at i~). 

As an example, let X be either one of the two cubic ideal class charac- 

ters of Q(~-23) so that 

g×(z) : n(z)n(23z). 

Here the q-expansion of gx has rational coefficients (the values of X 

generate ~(~)) and 

I gx(iY)~ = L'(0,X) : log e 

0 
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where e is the real root of 

3 
X x - 1 = 0. 

The principal interest in Conjecture 1 lies in determining the field 

containing the E.. In particular, it should ultimately lead to a con- 
] 

structive version of the Deligne-Serre theorem. To make this clearer, 

let f(z) be a normalized newform on FI(N). Thus f(z) is actually defined 

on F0(N) with a character and according to the theorem of Deligne and 

Serre there is a normal extension K of Q and an irreducible two dimen- 

sional representation p of GaI(K/Q) such that the Dirichlet series cor- 

responding to f(z) is just the Artin L-series L(s,x,K/Q) where X is the 

character of GaI(K/Q) corresponding to p. 

Let ~l,...,en be an integral basis of the field giving by adjoining 

the values of X to ~ and set 

n 

f(z) = [ ejgj(z) 
j=i 

so that the gj(z) are also cusp forms on FI(N) with rational coeffi- 

cients. A refined version of Conjecture 1 is 

CONJECTURE 2. There is a rational integer m such that 

gj(iy) = m log ~j 

0 

where sj is an integer in the maximal real subfield of K. 

All available evidence says that the number m is closely related 

2 
to the number of roots of unity in K. Note that the numbers Is(C)l 

of the previous section lie in the minimal normal extension of Q con- 

taining K(f). As a numerical verification of Conjecture 2, let N = 145. 

We take f(z) to be the modular form corresponding to the Dirichlet 
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series L(s,x) on Q(~/5) where X is the ray class character of order 4 

 ovo 
\ I, 

f(z) = g(z) + ih(z) 

where g and h are on F1(145) with rational coefficients. We find for 

(3) I g(iy)dy -~ : 1"656@74962913147"'" 

0 

Let / 

(3+ 2V~)+ ~ 7+ 2~/[+ ~( 2O+ 14~F~)+ (6 +4~/~) J 7+ 2V~ : 

4 

so that e is a unit in the ray class field (mod {p~) of Q(~/~). We have 

(4) log s = 1.656074962913158--- 

The discrepancies between (3) and (4) at the end are presumably due to 

round off errors on the computer which did all calculations to 16 deci- 

mal places. This example was discussed more fully in my Durham talk 

[5] from another viewpoint. In particular, it was shown how the numeri- 

cal values of the integral in (3) and the corresponding integral for h 

can be used to find e and why this t is more reasonable than any of the 

other infinitely many units close to s. There is considerable numeri- 

cal evidence [5,6] for Conjecture 2 when the modular form f comes from 

a real quadratic field. A meaningful numerical verification for N = 133 

would be of some interest. 

example, 
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An Icosahedral Modular Form of Weight One 

Joe Buhler 

It is conjectured that there is a one-to-one correspondence between odd 

two-dimensional galois representations p :Gal(~/Q) --> GL2(C) of conductor N 

and determinant ¢ , and newfo~ns f on ~o(N) of weight one and character ¢. 

The L-series L(s, p ) associated (by Artin) to a galois representation should 

coincide with the L-series Lf(s) associated (by Hecke) to the corresponding 

modular form f. For a precise discussion of the situation (and a description 

of the notation) the reader should consult [2]. 

A two-dimensional galois representation over Q determines a finite galois 

extension L of Q together with a faithful representation Gal(L/Q) --> GL2(C) of 

the galois group of L/~. If K is the fixed field of the kernel of the compo- 

sition 

GaI(L/Q) --> GL2(C) --> PGL2(C) = GL2(C)/C* 

then we get a diagram as follows: 

0 --> Gal(L/K) --> Gal(L/Q) --> Gal(K/~) --> 0 

0 --> C* --> GL2(C) --> PGL2(C) --> 0 

The finite subgroups of PGL2(C) have been classified since the days of Klein; 

such a group is either cyclic, dihedral or the group of symmetries of one of 

the Platonic solids: the tetrahedral group (isomorphic to A4), the octahedral 

group (isomorphic to $4), or the icosahedral group (isomorphic to A5). 

If f is a cuspidal newform of level N and character e (so that, in par- 

ticular, f is an eigenform of all of the Hecke operators Tp for p ~ N) then a 
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theorem of Deligne and Serre (see [2]) implies the existence of an irreducible 

odd galois representation p:Gal(~/Q) --> GL2(C) such that L(s,p) = Lf(s). 

If p is an irreducible monomial representation (= induced from a one- 

dimensional representation) then the corresponding projective group is 

dihedral; in this case call the modular form f a dihedral form. Similarly 

call the form f tetrahedral (resp. octahedral, icosahedral) if the representa- 

tion P is tetrahedral (resp. octahedral, icosahedral). 

Results of Weil and Langlands, together with Langlands' results on the 

constants in the functional equation for L(s,p), imply that if Artin's con- 

jecture is true for a galois representation p and all of its "twists" p® 

by one-dimensional representations ~ , then there is a modular form f as above 

such that Lf(s) = L(s, p). The validity of Artin's conjecture for reducible 

representations (= those representations whose associated projective groups 

are cyclic) is classical; similarly for monomial representations. Recently 

Langlands (see [5]) has shown that Artin's conjecture is true for tetrahedral 

representations and for "half" of the octahedral representations. Thus in all 

of these cases the one-to-one correspondence alluded to above has been esta- 

blished. 

The ideas used in [5] pivot around the fact that the galois groups asso- 

ciated to tetrahedral and octahedral representations are solvable (for an idea 

of the techniques involved see [3]). The object of this note is to discuss a 

proof of Artin's conjecture for one case of an icosahedral (and thus non- 

solvable) representation. More specifically, we I) outline the steps of the 

proof of the existence of an icosahedral form, and 2) state a general result 

on conductors of local galois representations obtained in the course of find- 

ing the icosahedral form. The details can be found in [I]. 

Theorem I: There is an icosahedral form of level 800. 

Corollary: There is an icosahedral representation p :GaI(~/Q) --> GL2(C) of 

conductor 800 such that L(s, p ) is an entire function. 
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Remark: The corollary follows immediately from the theorem by the result of 

Deligne and Serre together with the fact that Lf(s) is holomorphic for every 

cuspidal newform f. 

The first step of the proof of the theorem is the construction of an 

icosahedral galois representation. An icosahedral representation determines 

an A 5 extension K of Q as in diagram I) above. It is natural to describe K by 

giving a quintic polynomial with integral coefficients such that K is the 

splitting field of this polynomial. 

Given such a quintic polynomial, the next step is to calculate the 

minimal conductor of a representation p :Gal(L/Q) --> GL2(C) that "lifts" the 

projective representation Gal(K/~) --> PGL2(C). (In fact that are two non- 

ieomorphic two-dimensional projective representations of A5; the conductor of 

a lifting is independent of which projective representation is chosen.) 

According to some results of Tate the minimal conductor problem reduces 

to a collection of local problems (for a statement of these results and a gen- 

eral discussion of this "lifting" problem see [7]). Thus we are given a 

galois extension K of Q and a projective representation 
P P 

:Gal(Kp/Qp) --> PGL2(C), and we want to find a linear representation of 

minimal conductor that lifts ~. The most difficult case is when p is primi- 

tive (which means that any linear representation that lifts ~ is not monomial). 

The ideas necessary to find the local minimal conductor in this case gen- 

eralize easily to the case of primitive representations of prime degree over 

an arbitrary local field. The degree of such a representation must be equal 

to the residue characteristic of the local field, and the image of the wild 

ramification group must be an elementary abelian group whose order is the 

square of the residue characteristic. For a description of the images of 

primitive projective representations of arbitrary degree see [4]. 

Theorem 2: Let F be a local field of residue characteristic p. Let 
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~:GaI(K/F) --> PGL (C) be a faithful primitive projective representation of p --- 

degree p. Let e be the tame ramification index of K/F, and let r be the larg- 

est integer such that G r W {0}, where G = GaI(K/F) and {G n} is the sequence of 

ramification subgroup of G in the "lower numbering". Then the minimal conduc- 

tor of a lifting p:Gal(~/F) --> GLp(C) of # i__ss 

p + (P+__Zl)r. 
e 

In order to find candidates for icosahedral representations that might 

yield icosahedral forms I first used a computer to search for appropriate 

quintic polynomials. The machine sieved through many (about 107) quintics and 

discarded those whose galois groups were not A 5. Then the minimal conductor 

associated to the splitting field of the quintic was calculated using Theorem 

2 together with an analysis of the reducible and monomial local representa- 

tions. The smallest conductors that were found are as follows: 

800 = 2552 1188 = 223311 1687 = 7 241 

837 = 3331 1376 = 2543 1825 = 5273 

992 = 2531 1501 = 19 79 1948 = 22487 

1161 = 3343 1600 = 2652 2083 = a prime 

The quintic with "conductor" 800 was chosen for detailed consideration 

not only because it gave the lowest conductor but also because of the in- 

teresting local behavior of the representation at 2 and 5; e.g., the local 

galois extension of the quintic at p = 2 is the unique tetrahedral extension 

K2/~ 2 of Q2 (see [9]). 

The next stage in the proof of Theorem I is the calculation of some of 

the coefficients of the L-series L(s,p) of a representation p attached to 

the specific quintic field. This requires a description of the extension L/K 

as in diagram I). Fortunately L/K "comes from" a cyclic extension L'/E, where 
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E is a subfield of K fixed by a dihedral subgroup of A 5 of order 10. Thus E 

is a sextic extension of Q; in fact E is the classical sextic resolvent field 

associated to the given A 5 polynomial. The calculation of L(s, p) essentially 

reduces to some computations in a generalized ideal class group of E. 

Let f = E an qn be the "Mellin transform" of the Dirichlet series 

-s 
L(s,p ) = ~ ann ; in principle, the ideas above enable one to compute any 

desired initial segment of the power series f. Hence we can follow the tech- 

nique of [8] and take a known modular form of weight one and level 800, say g, 

and multiply the q-expansion of g by f. If g is chosen so that its character 

is the inverse of the Dirichlet character det(p), then one would hope to have 

2) fg = h 

for some modular form h of weight 2 (and trivial character) on r0(800). 

In order to carry out this computation explicitly it is necessary to I) 

construct a basis for the (97-dimensional) space of forms of weight 2, and 2) 

know the first 360 coefficients of f. If we then let f' be the quotient of h 

by g, then f' is a modular form as in Theorem I except that it might not be 

holomorphic at the zeroes of g, and it might not be an eigenform for the Hecke 

operators T (p £ 2,5). With some work we can actually show that f' is holo- 
P 

morphic by considering several different gi's, finding f'gi = hi' and then 

showing that the gi have no common zero. Moreover enough coefficients of f' 

are known to show that it is an eigenform for the Hecke operator T 3. It can 

be checked that there are no tetrahedral or octahedral representations of con- 

ductor dividing 800, and hence (by Deligne-Serre) no tetrahedral or octahedral 

forms of level 800. It is also easy to enumerate the dihedral forms of this 

level and character; their eigenvalues for T 3 are unequal to the eigenvalue of 

f' under the action of T 3. The only possibility is that there must be an 

icosahedral form as claimed in the theorem. 

The proof shows only that the first 360 coefficients of the q-expansion 
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of f' agree with the corresponding initial segment of the power series f ob- 

tained from L(s, p); in particular, this does not show that the representation 

p that we started with is the same as the representation of the Corollary. 

Using the technique of Odlyzko-Poitou-Serre (see [6]) for bounding discrim- 

inants it is possible to show that if the Generalized Riemann Hypothesis is 

true (resp. if f' is an eigenform for T11) then p is the only galois 

representation of conductor 800 and with the given determinant (resp. the 

only galois representation of conductor 800, the given determinant, and the 

given L-series coefficients a 3 and a11). 
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