ON THE STAR-CONSTRUCTION FOR TOPOLOGICAL
4-M ANIFOLDS

PETER TEICHNER

ABSTRACT. We discuss existence and uniqueness of the x-construction which
reverses the Kirby-Siebenmann invariant of a topological 4-manifold while fix-
ing the homotopy type. In particular, we point out an error in Theorem 10.3
of [4] where a certain *-partner was mistakenly proven not to exist. The exis-
tence of this 4-manifold will follow from our Theorem 1 which proves that for
fundamental group Z/2 all possible isometries of the equivariant intersection
form are realized by homeomorphisms.

1. INTRODUCTION

One of the main surprises of Mike Freedman’s classification of closed simply
connected topological 4-manifolds in [3] was the existence of a manifold homotopy
equivalent to CP? but not homeomorphic to the same. In [4], Freedman and Quinn
denote this manifold by *CP? and use it to construct many more *-partners of
4-manifolds. More precisely, in [4, Thm.10.3] the authors prove that under the
assumption that the universal covering of M is not spin (and the fundamental
group is good) there exists a decomposition

(D) M# + CP? = x M #CP?

which preserves the decomposition of mo. By construction, M and xM are homotopy
equivalent and have opposite Kirby-Siebenmann invariants.

Freedman and Quinn proceed to define *M := M if the universal covering of
M is spin because they claim that in this case a decomposition as above does not
exist, see the last sentence in [4, Thm.10.3(1)]. However, we will show that this
sentence cannot be correct by proving the following result. (It is understood that
a decomposition (D) always preserves the decomposition of s.)

Proposition 1. Let E be the quotient of S x S? by the free involution sending
(z,y) to (—z,—y). Then a decomposition (D) as above exists for M := E.

We would like to remark that in [12] Richard Stong found independently a mis-
take in the proof of [4, Thm.10.3] and gave a corrected statement which confirms
our result on the existence of *xF. Our methods differ considerably from those of
Freedman, Quinn and Stong in that we make use of a modified surgery approach
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developed by Matthias Kreck in [11]. Proposition 1 will be implied by the following
result which seems interesting for its own sake.

Theorem 1. Let My and My be closed oriented 4-manifolds with fundamental
group Z/2 and with the same Kirby-Siebenmann invariants. Then any isometry
wo My — oMy of intersection forms which preserves the k-invariant is induced by
an orientation preserving homeomorphism.

Tan Hambleton pointed out to me that this result also follows from the classical
surgery sequence, the homotopy theory developed in [5] and the classification result
in [6]. Since this path of proof is very long it seems interesting to present the
completely different approach via Kreck’s modified surgery technique.

Let me mention the following subtlety in the definition of *M: In [7] we prove
the existence of a manifold R homotopy equivalent to RP* but with nontrivial
Kirby-Siebenmann invariant. We also show that R#CP? is not homeomorphic to
RP*# % CPP? which means that Theorem 1 is not true in the nonoriented case and
that R is not a *-partner of RP* in the sense of admitting a decomposition (D).
However, in the classification of nonoriented 4-manifolds with fundamental group
7/2 (see [7]), R plays a similar role as *CP? does in the simply connected case.
Similarly, in the known classification results for other fundamental groups (see [6]
or [15]) it is not necessary to know that a decomposition (D) exists as long as
one knows that one can reverse the Kirby-Siebenmann invariant while fixing the
homotopy type of a given manifold. It seems safe to make the following

Definition. Set «M := M if there exists no 4-manifold in the homotopy type of
M which has the opposite Kirby-Siebenmann invariant.

It is wellknown that this definition applies if M is a spin manifold because in
this case the homotopy type of M determines the Kirby-Siebenmann invariant by
the formula (see [10])

ks(M)=0o(M)/8 mod 2
where o(M) denotes the signature of the intersection form on Hs(M;Z).

It seemed not to be known whether our definition applies for any nonspin 4-

manifold. The following examples answer this question.

Proposition 2. If M is either the nontrivial S3-bundle over S' or the nontriv-
ial orientable S%-bundle over a surface of genus > 0 then any manifold homotopy
equivalent to M has trivial Kirby-Siebenmann invariant. In fact, it is stably home-
omorphic to M, i.e. homeomorphic up to connected sum with copies of S% x S2.

Let me now turn to the uniqueness question of the x-construction which is cer-
tainly one of the most desirable properties. If the fundamental group is good and
the universal covering of M is not spin, Stong shows in [13] that the decompo-
sition (D) determines *M uniquely. (In the simply connected case this follows
directly from Freedman’s classification result [3].) Unfortunately, the following ex-
ample shows that such a uniqueness statement cannot hold in general. First note
that for M := E# =+ E, F as in Proposition 1, the two manifolds E#FE and xE#« E
both satisfy a decomposition (D). Therefore, uniquess of the #-construction fails by
the following result.

Proposition 3. The manifolds E#E and xE# x E are not stably homeomorphic.
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I would like to thank my former advisor Matthias Kreck for helpful discussions
concerning Theorem 1.

2. PROOFS OF PROPOSITIONS 2 AND 3

Propositions 2 and 3 are consequences of Kreck’s stable classification theorem
(see [11] or [15]). We will summarize the relevant definitions and results. Let M
be a manifold with fundamental group m and universal covering spin. Choosing
a 2-equivalence u : M — K(m, 1), the homotopy fibration MM K(m, 1)
induces an exact sequence

0 — H2(m:2/2) 5 H2(M;2/2) 2> H2(M;Z/2).

Since 0 = wyM = p* (we M), there exists a unique element wy € H?(m;Z/2) with
woM = u*(wg). Clearly there also is a unique element wy € H!(m;Z/2) with
w1M = u*(wy). The triple (m,w;,ws) is determined by M up to automorphisms
of m. We call the isomorphism class of this triple the w-type of M and define the
concept of (topological) (m, w1, we)-bordism groups as follows. The classes w1, we
give a fibration (wq,ws) : K(m,1) — K(Z/2,1) x K(Z/2,2) and we can form the
pullback
B(m,wy,ws) ——— K(m, 1)

ﬁ(ﬂ,whwz)l l(wlywz)

Brop X0 g0 1) % K(2)2,2)
where v denotes the stable universal micro-bundle over BTOP, the classifying space
of stable micro-bundles. Now the bordism groups

Qn(m, w1, w2) 1= Qy (§(m, w1, w2))
can be defined as in [14]. They consist of bordism classes of triangles

b B(']T,’l,l)l,H}g)

/ lﬁ(ﬂ',wl,’wg)
M — BTOP

where M is a closed manifold and v is the stable normal Gaufl map of M given by
some embedding into Euclidean space. The map 7 is called a (mw, w1, ws)-structure
on M. If U is a 2-equivalence, it is called a normal 1-smoothing. The following
result is contained in [11].

Theorem. Two closed 4-manifolds with the same w-type (mw,wi,w2) are stably
homeomorphic if and only if they admit (7, w1, ws)-bordant normal 1-smoothings.
Moreover, any element in Q, (7, w1, ws) can be represented by a 4-manifold with
w-type (7, w1, ws) together with a normal 1-smoothing.

We remark that two such normal 1-smoothings always differ by a fibre homo-
topy equivalence of the fibration &(m, w1, ws). Therefore, a 4-manifold with w-type
(7, w1, wsz) which is (7, wy, wa)-zero-bordant can never be stably homeomorphic to
a 4-manifold which does not bound in Q4 (7, wy, ws).

This applies in particular to the manifolds E#FE and xE#x*E of Proposition 3. Note
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that F is an S%-bundle over RP? and the corresponding D3-bundle is a (Z/2,0, x?)-
bordism (here x € H*(Z/2;Z/2) is a generator). The boundary connected sum of
two copies of it provides a (Z/2 * Z/2,0, 2% 4+ x3)-bordism for E#E. We will prove
below that xE# x E is not zero in this bordism group which will finish the proof of
Proposition 3.

But first we need to describe a method for computing the above bordism groups.
The first step is to note that for any fibration £ : B — BT OP the Pontrjagin-Thom
construction gives an isomorphism

Qn (&) = m, (M)

where M¢ is the Thom spectrum for £ with its bottom cell in dimension zero. In
all the cases considered in this paper there exists a vector bundle F over K (m,1)
such that w;(E) = w; for i = 1,2. Then the fibration £(, wy,ws) is fibre homotopy
equivalent [15, Ch.5] to

&=y E:B:=BSpinTOP x K(r,1) — BTOP

where 7 is the universal spin micro-bundle over BSpinT OP. But this implies that
we have a homotopy equivalence

Mé¢~M~yANME
and thus get an Atiyah-Hirzebruch spectral sequence (with respect to the homology
theory associated to the spectrum M7)

B2, = Hy(ME; Q3P TOPy — QS TOP (M E) = 0y 4(€).

Finally, using the Thom isomorphism (for ordinary homology), the E2-term be-
comes Hy,(m; Q5P TOF) where the coefficients are twisted via w;. This also implies
(compare [16]) that the dp-differentials for ¢ < 2 are dual to the homomorphisms
sending x € HP(m;Z/2) to Sq¢*(z) + Sq* (x) - w1 + x - we. This information implies
the following

Lemma 2. The signature and Kirby-Siebenmann invariant induce an isomorphism
04(7/2,0,2%) =8 -7 x 7./2.

Moreover, together with an additional Z/2-valued invariant they induce an isomor-
phism
Q(Z/2%7)2,0,27 +23) =2 8-Z x L/2 x /2.

Now fix (Z/2,0,x?)-structures on E and *E which are normal 1-smoothings
and always use their connected sum as (Z/2 x Z/2,0, 2% + 3)-structures on the
connected sum manifolds. Consider the two inclusions f; : Z/2 — Z/2*Z/2. There
are induced homomorphisms

fis : Q(Z)2,0,22%) — Qu(Z)2 % 7./2,0, 2% + x3)

which send *E to E# x E respectively *x E#FE. A comparison of the corresponding
spectral sequences implies that these two elements are generators of the two Z/2-
summands in this bordism group. Therefore, the sum of these two elements, which
is bordant to *E# x E, is nontrivial. W

Now let m(g) be the fundamental group of a surface of genus ¢ > 0. Then
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H?(n(g);Z/2) = Z/2 so there is a unique orientable but nonspin w-type for 7(g).
Similarly, H*(Z;Z/2) = Z/2, H*(Z;Z/2) = 0 implies that there is a unique non-
spin w-type for fundamental group Z. Proposition 2 immediately follows from the
following

Theorem 3. If M is one of the manifolds in Proposition 2, the bordism groups of
its w-type are

Q4(Z,# 0,0) = Z/2 and Q4(r(g),0,# 0) 2 8- Z x 72

where the isomorphisms are given by the Kirby-Siebenmann invariant respectively
the signature and the Kirby-Siebenmann invariant. Moreover, the intersection form
on my induces (additive) isomorphisms with Wall’s L-groups

Qu(m, w1, wa) = Ly(m, wr).

In particular, the stable intersection form on me determines the stable homeomor-
phism type of 4-manifolds in the w-type of M.

Proof. The computation of the bordism groups is a straightforward application of
the methods described above. The second part splits naturally into two cases.
Case 1: M is the nontrivial $3-bundle over S*.

Then M and M#FEg constitute all stable homeomorphism classes in the w-type
(Z,+# 0,0). Therefore, 7o is always a stably free Z[Z]-module and the intersection
form is nondegenerate. Since it uniquely determines a quadratic refinement, the
class in Ly(Z,+# 0) is welldefined. But one knows from [17] that this L-group is
isomorphic to Z/2, generated by Fg ® Z[Z] = mo(M#Es).

Case 2: M is the nontrivial orientable S2-bundle over a surface of genus g.

Then 7o (M) = Z is not a free 7(g)-module but a trivial module. Also the intersec-
tion form vanishes for M. We claim that any 4-manifold with the given w-type has
the trivial module Z as the radical of its intersection form on m and the form on
the quotient is nondegenerate on a stably free 7(g)-module with a unique quadratic
refinement. This defines our map to L4(7(g),0). To prove our claim, let X — M
be a degree 1 normal map with signature 0 and ks(X) # 0 (which always exists by
[10, p.329] if M is orientable but nonspin). Then M#W and X#W, W a simply
connected closed spin 4-manifold, constitute all stable homeomorphism classes in
the w-type (7(g),0,# 0). But the kernel on 3 of a degree 1 normal map is always a
nondegenerate form on a stably free module which proves our claim for X and thus
for all manifolds in our w-type. Using the fact that the addition in the bordism
group is realized by connected sum along the 1-skeleton [11] of manifolds with the
correct w-type, it is not hard to check that our map to L4 is a homomorphism. It
is well known [1] that for surface groups the assembly map gives an isomorphism
(w1 =0 in all cases and g > 0 as before)

Ly(m(g)) 2 Ly(1) X Ly(1) 2 8-Z x Z,/2

induced by the signature and the codimension 2 Arf invariant. But this Arf invariant
equals 0(N)/8 4+ ks(N) if N has the correct w-type. This finishes our proof. W
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3. PROOF OF THEOREM 1

Our proof will not use the more difficult classification of oriented 4-manifolds
with fundamental group Z/2 in [6] in terms of the intersection form on Hy(.;Z/2).
Instead, we will work along the lines of the method of Kreck in [11, Ch.13] who
proved the analogue of Theorem 1 for certain odd order fundamental groups, e.g.
odd order groups in which every Sylow subgroup has an abelian normal subgroup
with cyclic quotient. However, our bordism calculations are much more involved
in that we have to prove the existence of a nontrivial ds-differential in a certain
Atiyah-Hirzebruch spectral sequence.

Let me now show how Theorem 1 implies Proposition 1: Let M be a closed
nonspin 4-manifold such that m (M) is finite with a 2-Sylow subgroup of periodic
cohomology. Then a result of [8] on the Wall obstruction for closed manifold surgery
problems implies the existence of a manifold M’ homotopy equivalent to M but
with opposite Kirby-Siebenmann invariant. For details of this argument see [15,
Ch.8]. In particular, we get a 4-manifold E’ ~ F with ks(E’) # 0. This gives a
homotopy equivalence

E+4 +« CP? — E'#CP?

which preserves the decomposition on 75. Since any homotopy equivalence preserves
the k-invariant, Theorem 1 implies that the same decomposition of 75 is induced by
a homeomorphism. This proves Proposition 1 and shows the existence of *E. Note
that by construction £’ and *FE are homotopy equivalent and a second application
of Theorem 1 proves that they are homeomorphic. W

Proof of Theorem 1. In order to control mo we have to climb up one more step in
the Postnikov tower of the stable normal Gaufl map of an oriented 4-manifold M.
To do so, let X denote a CW-complex with trivial homotopy groups in dimensions 3
and higher and admitting a 3-equivalence v : M — X. Then X is determined up to
homotopy by M, in fact by the triple (w1 M, o M, k(M)) where mo M is considered as
a m M-module and k(M) € H3(my M;maM) is the first k-invariant of M classifying
the fibration

(*) K(mM,2) — X — K(m1M,1).

Using obstruction theory, it is easy to see that any automorphism of the above
triple is induced by a self-homotopy equivalence of X. In particular, given an
isomorphism of triples

(m1 My, oMy, k(My)) = (w1 Ma, ma Ma, k(Ma))

we may choose 3-equivalences u; : M; — X such that uj, 0 u;*l induces the isomor-
phism. If we assume further that this isomorphism is an isometry of intersection
forms on 5 and that 7y is cyclic then by [5] we also have

ul*[Ml] = 'LLQ*[MQ] S H4(X, Z)

Let £ : BSpinTOP x X 2L, BSTOP be a fibration coming from the classifying
map of the Whitney sum of the universal spin micro-bundle v and a complex line
bundle L over X with ws(L) = u*(w2M). By construction, the stable normal Gaufl
map v : M — BSTOP lifts over £ and any such lift 7 is called a normal2-structure

of M. If v is a 3-equivalence, it is called a mormal 2-smoothing. Note that the
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difference bundle v(M) — u*(L) is spin and thus we obtain a normal 2-smoothing
of the form 7 = (s,u) with s some spin structure on this difference. We will use
the following theorem from [11].

Theorem. Let w1 be a good group with LE(m1) = 0. If there exist {-bordant normal
2-smoothings (M;, ;) then there exists an orientation preserving homeomorphism
h: My — My over X. In particular, h induces the given isometry on ms.

Noting that by [17] LE(Z/2) = 0, our Theorem 1 follows from the following

Proposition 4. Let w1 = Z/2. Then signature, Kirby-Siebenmann invariant and
image of the fundamental class induce a monomorphism

(0,ks,uy) : Qu(§) — Z x Z)2 x Hy(X;Z).

Proof. As in the previous section we make use of the Atiyah-Hirzebruch spectral
sequence

B2, = Hy(ML; QP TOP) — Q2P TOP (ML) 22 Q4 (6).

Since we are in the oriented case, we may use the Thom isomorphism to iden-
tify Hy,(ML; Q5P TOF) with H,(X; QJP"TOP) (ordinary homology, no twisting).
Then the ds-differentials for ¢ < 2 are dual to the homomorphisms sending x €
H?(X;7/2) to Sq*(x)+x-wz(L). Moreover, the boundary homomorphism Q4(¢) —
Hy(X;Z) is just the image of the fundamental class under u, (see [16]) and con-
trolling the signature means that we can work with the reduced theory ?24({).
Therefore, our aim is to show that we have

E$S =0 and ESS = Z/2.

This last Z/2 will then necessarily have to be detected by the Kirby-Siebenmann
invariant. The homology of X may be calculated using the Leray-Serre spectral
sequence for the fibration (*) once one knows the structure of o := mo X = ma M as
a m1-module and the k-invariant. But for fundamental group Z/2 this is easy since
by [2] any Z-torsionfree Z/2-module has a unique decomposition as a direct sum of
only three possible building blocks, namely Z*, Z~ and A. Here A := Z[Z/2] is the
free module of rank 1 and Z/2 acts trivially on Z* and as —1 on Z~. Therefore,
the stable information on 7o which one gets by the methods of the previous section
imply the unstable isomorphism (see also [5])

T =L ®Z ©A"and 0 £ k € H*(Z/2;m) = Z/2 x Z)2.

Since the nontrivial k-invariant implies a nontrivial differential d3 in the Leray-Serre
spectral sequence, it follows that for the generator z € H(X;Z/2) = Z/2 we have
the relation 2® = 0. Moreover, a basis for H?(X;Z/2) is given by

{22 a,21,...,2,}

with a restricting to the Z— @& Z~ part of 75 in the kernel of ds and z; corresponding
to the augmentation homomorphism of the i-th A-factor. We note also the relations
z'-z; =0 Vi> 0and the linear independence of all zfzé, ak-zé and a®-2™  Vk,l >
0,m < 3.



8 PETER TEICHNER

__Corresponding to the three possible ws-types of M, i.e. M nonspin, M spin and
M spin but M nonspin, there are three possibilities for wy(L) (after a change of
basis of A™):

(1) we(L) = 22 + 21.
(1) ws(L) = 0.
(I11) ws(L) = 2.

In all these cases we have Eg)l = 0 because the differential
dy : Hs(X;7Z) — H3(X;7Z/2)

is onto: Since Hs(X;Z) consists only of 2-torsion, it is enough to show that the
composition

Sq" o (Sq? +wa(L)) : HY(X; Z/2) — HO(X;Z/2)

is injective. But H?3(X;Z/2) is generated by a - # which is mapped to a? - 22 # 0
under the above map. For Eg)g we have to study the kernel of the map

Sq¢* +wo(L) : HX(X;2/2) — H*(X;Z/2).

From the above information on H*(X;Z/2) we can easily deduce that for we-type I
this kernel is generated by x? and z; whereas for wo-types II and II1 it is generated
solely by 22. In these last cases we are done since a single element must survive to
E3% because of the Kirby-Siebenmann invariant. For ws-type I we have to show
that the differential d3 : E3 ; — E3, is nontrivial which will finish our proof. We
concentrate on the important information by considering the commutative diagram
of fibrations

K(Z~,2) Y K(Z/2,1)
3 1| H
K (m3,2) X K(Z/2,1)

where Y has nontrivial k-invariant and the map ¢ on the fibres is induced by the
Z/2-homomorphism sending the generator of Z~ to the sum x + (1 — ¢) - a;. Here
Kk € Z~ @ Z~ reduces to the k-invariant and a; is the free generator of the first
component in A" (which we decided to carry one part of wo(L)). Also ¢ denotes the
generator of Z/2. Since the class x is the pullback of the generator in H'(Z/2;7Z/2)
we can denote f*(z) again by z and it will generate H'(Y;Z/2). We will now show
the crucial property f*(z1) = x?: This follows from the commutative diagram of
Gysin-sequences where we consider the universal coverings (~ fibres) of X and Y’
as SY%-bundles over X respectively Y (both having first Stiefel-Whitney class equal
to z):
HX(Y;7)2) - H2(Y;7/2) —2— H3(Y;Z/2)

: ] 1

H2(X;7/2) -2 H2(X;7/2) —%— H3(X:Z)
Since both k-invariants are nontrivial, the above multiplication with x is identically
zero. In H?(X;Z/2) we know that there exists a class z corresponding to the

nonequivariant homomorphism A™ — Z which sends a; to 1, t- a1 to 0 and also all
the other free generators and their t-translates to 0. Then trx(z) = z1 and i*(2)
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generates H2(Y;7Z/2) = Z/2. Using the fact that try is an isomorphism and that
H?(Y;Z/2) is generated by 22 we get

Fr(z) = fr(trx (2) = try (i"(2)) = 2*.

This implies that the pullback under f of the line bundle L over X gives the trivial
bundle and thus we get an induced map

prinTOP (Y) o~ prmTOP(Mf*(L)) N prinTOP(ML) _ Q*(§)

Because the map f. : E3 (M f*(L)) — Ej ,(ML) is nontrivial it suffices to show
that the ds-differential in question is nontrivial in the Atiyah-Hirzebruch spectral
sequence for Q57 mTOP(Y). To do so, we have to ask the reader for some more
patience because we have to make two more comparisons to reduce the problem to
a dp-differential where it finally will be solved. For the first comparison, let 1 be
the real line bundle over Y with w;(n) = = and thus S(n) =Y. Writing T'(n) for
its Thom space we get a cofibration

Y Ly L T1@).

This cofibration induces long exact sequences in any (generalized) homology theory.
We conclude that g, is an isomorphism in Hy({Z/2) and Hs(igz) and thus it suffices
to show the nontriviality of our ds-differential in the Atiyah-Hirzebruch spectral
sequence for Odd mTop(T(n)). For the second comparison, we use the cofibration
(compare [9])

T(p*(m) —T(n) — T ®n).

Since p*(n) is the trivial line bundle over Y we get the suspension isomorphism

Qu(T(p*(n)) = Qs(Y).

This group is easily checked to be trivial by the usual spectral sequence (only
dy-differentials are needed here!) We may conclude that Q5779 (T'(n)) maps
injectively into Q7" TP (T(n @ n)). Since the filtration degree of an element in a
spectral sequence can only go up, we are certainly done if E3 ,(T(n® n)) = 0. But
this follows from the injectivity of the map

Sq* : H*(T(n&n); 2/2) — H (T (n ©1); Z/2)
which sends the Thom class u to S¢*(u) = we(n®n) - u=2>-u#0. W
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