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Knot table :

Ordered by
crossing #
0 : unknot

3 : trefoil

4 : figure 8
÷

Look for a
better

organization ?
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Quantum Chern - Simons knot invariants

Let G be compact Lie , V c- Rep (G) ,
<

.
> inv . form on g.

pert
. iCS(A)

• CS (K) = f Try ( hoc IA) /et DA e ①Gti]
G.V K

Atg
• A =

space of connections on ( trivial ) G- bundle
on S3 ( or Q - homology 3- sphere )

• g :=

gauge group
= Ctcss

, G)

• CS : Afg →
"Zz, usual Chera - Simons action

• K : S
"

y. 53 is a knot and we think of

• csqv : Space of knots TL → ① [1-11] .



Configuration space integrals
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CS ( K ) = 2 Hutt ftp.CKI.wpCGHEG
G.V n

Feynman
diagrams T

' of degn
"
• '

•

Wp (Gv ) is the usual Feynman weight , given
I 0

by contracting the following tensors :

* hieCGI-i.gs> Endlv)
µ,g*g④g-¥g* I ④

f- g : q*⑦V⑦v* 9 : 9*-09*-0 go g o

V

Uses also
.

the non - deg . g- invariant pairing on g
"

level :
"

g
' g☒

f-E.gg
't

v*#V
got c.) : V⑦V*→①



Miracle 1 : Csg ,, (K ) is an isotopy invariantmodulo the
"

anomaly
" n

Miracle 2 : 2- (K ) := I 1Antti? Ipck) - [ TH
n

Tof degn it

is also an isotopy invariant when considered in

Q ⑦ - linear combinations
Ah := of Feynman diagramsµ

Jacobi - relations

of degree in
1Goal : Explain a geometric

aspect of this version of the - - -
" "

Katse rich integral 2- (K) [ aib] = a. b- b. a
and relate that to G-W tower

.



Thin
.
: Jfk and k

'

co bound an embedded

[ Conant -T. , capped grope of degree n in § then
Bar - Natan -
GarouGalich's - Z< in ( K)

= 2-
←
( Kl )

D. Thurston ]

Abstract gropes are the following types of 2- complexes :

2in
dont

⇐ g-- F⇐ F
degree = 2 deg =3 → deg = 4 . . - - . .

If Y→ ✗
,
it measures YI . it]E"T(✗%(✗Ian,

where the lower central series is [GG←
, ,
]= : Gcu, •



Def . : A (capped) grope cobordism between

K ,
K

"
:S
"

↳ IRS is a ( capped) embedded grope
Y-☒ IRS with OY = KIK

'
.

Write kid K ' .

Example : A Seifert surface for K gives a

deg 2 grope cobordism from K to the unknot U
.

" K U Note that a

g.
I¥ cap for a band inY exists

⇐ the bend is unknotted
lWo
u

and untwisted
.

Question : How to construct higher degree grope cobordism s ?



A shortcut: Capped gropes in IRP from trees in 1
U

U

&
... 12 isotopy

U

⑤,. I S
-----



⇒

Cappued
gropes of higher degree are

obtained by induction from trees

attached to a knot :

deg 4

a) He¥#
thin

.
: TTY are finitely generated abelian groups

[Conant -T
.] the (capped ) grope filtration is (under #) .

Def . : . . . . .EE?i.eGY:-- {Kek / K'I'll} e.. ex
Open problem : AGE = { U} "

do Vassiliev inv
. "

detect knots ?



grope
degree / TYPE of µ ]Vcapped / Jtgropegrope gropes cobordism /
2
-

⇒
3 -

4 -0
4Os-0
5 0

→5

Note : abhlvbrhs

Ke Gi ←→ K hair vanishing Vassiliev iv. of type < n .



Goodwillie- Weiss tower: It⑳ for the space of ↓
-

1 IEI long notesa Tw = Th(x)
jj 12

Emb(bid") * Strat (bi, G(b)
Idea: Approximate an interval

·
-

by a finite number n of points aso
to (er): *((()-to (T) are ⑧

anot invariants.* *eve
K 2

Thm.: They factor Krough a i.e. throughH I

[Badney - Conant- degree a capped grope cobordism,
koytcleff-Sixde] i.e. they are finite type of degreen.2017



Goodwillie 's punctured
x
É ¥

,

knots T

F- ÷

Embo ( I. ①3)
4-I in
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net : him Emb@CIg.D} → Kolin Emb ( Is ,Ñ )
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where e----- ---1
,
Is := I - U Ts , SEH

o To ]
,
- In SES

Space levee simple capped
refinement : { grope cobordism } J Path - space

of degree in → of The
[Danica Kosanovic -

0.110. 0.110.
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Chern - Simons Goodwillie - Weiss

log (Z ) ^ , eves
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the knot invariant éih
.

: Jtz→ ii. (E)
tales values in an unknown abelian

group
!

We approach it inductively via Fu+,→ The ,→Tn
Goodwillie - Weiss & Sinha via •simplicial methods

Skow
total fibre )
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si-gc.gs,
Ñ£→Ch+

,

(1) l - C
,

Hilton Whitehead

⇒ To Fn+FlI+, (
k ) ¥e↳± Low E Z

"-" "
where

you := < deign
trees as before > Free hieaeg.

Tacotiu
€8

Oh Yi - - in

spanned by basic words
, %#É→ [ ×, , [✗e. ✗51 )

containing all u letters .

g.
root

a=3 = # of caps



thm. The spectral sequence for CW-tower
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Summary : 1%12 A ④Q

¥4 d) I E<w:= conf. space integral
capped grope Idly⇒ To Tu
cobordism

V1
V1

IG = Gn
,/~→ EI,u ± Ker (1%1*0.1%12)

w-n

rational
R ¥-1

"

in Fa modindr , rational
Isom .

v72 Iso
.

[ Conant-T. ]
""AI ~= E-

2

h- l - him [ Pedro - Geoffrey]

Conjecture [Danica , Yugi-g. Peter] : CS & GW are

completely compatible , i.e.

d) The above square commutes
,
i. p . eÑ is onto ,

ci) 2- factors through it Tu ,
i. p . eÑ④Q is an Isom

.

en


