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is now an in between step for

÷÷
'

.
:

f

,

to

]
'

↳ f ,

/
} f ,

I 9

fz

Ifz
This  is  isotopic to  our previous  move :

Isins

! →

&A£1
Is



choices  of lauother
picture for )

Whitney arcs

÷:
.

.  - - - - - -

- f.

tp = ty  
= tz

3. Independenceof Wife
forced us to  introduce INT -

relation
'

This finishes proof of main lemma  •

Proof of theorem :

Assume  K3C f) = 0
. Then  we

can find a Whitney tower W

( after adding spheres ! ) and that

↳ (d) =oe 21Th
.



After  a  number of our  moves ,

may assume that all trees  are of the form

1¥}
fz

fg
/

we
I

-

TNF
\ .

.
.

.

.

.

Ht
.

HfHt
Wf

Finally , remove all of f. lnfz :

( assuming all trees lie  on  one Wiz )

Depending
on the  index  i we push fi down across

*
/ . 0 Wearsn f

, for  i= 3

*pwY¥
I creating new fslnfz )

bonceAM&({↳mg . @Wnisnwnforin_t.li

In this  case  we past both newA intersections  with Wu
down  across 0W

,
n fi

&
( i=  1,21 .

( creating self - intersections of fi ) .

Then Way ,g
is clean  and a Whitney move

gina clean Was , further W
.  move  inches fi disjoint .



AwwAdhd

¥ka.
W transfer

mis

p
.

to
p !

and create

Was
( & unwanted

Lpga fi fz In fi )MGHAD



Ahhh#dM
f

,

%
Last step :

&MM
pair neufglnf ,

by Wz
,

and

show Axi9t
have same

group
element

.

Ahh f
,#tbb p•AGAINHRHBmMF%
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Tue

Theorem 3
. f. I Its ? do IM90 )

,

Mannered
,

it IN

The
following are  equivalent :

IN t  £,
f

'

andfi.fi.fi have disjoint  

images
.

old push down

1in f  extends to  a  non -

repeating Whitney tower of  order 2

for . # f) transfer  more  i  transfer pair  of  inter .  to  the  same  Wh .  dim

kin f  extends to  anon -

repeating Whitney tower of  ordersWHWii.wj.W.itwith insist - s¥g?II.
 

a.name?:htiI:hi:sa
.  

As *

IN Bothhalf ) ⇒  and is IH = o  E ZI

m

Theorem 4
. f. I HID ? do I M90 )

,

Mannered
,

it IN

I stand The
following are  equivalent :

in t  £,
f

'

and fi have disjoint  

images
.

old push down

1in f  extends to  a  non -

repeating Whitney tower of  order m - n

for . # f) transfer  more  i  transfer pair  of  inter .  to  the  same  Wh .  time

Iiiit f  extends to  a  non -

repeating Whitney tower of  order m -2 Wm
,

withtmttwm.NOin A-  mttt

IN UNKNOWN Where should Xml f) live ?

example
m=5

order 3 2 3  4

÷

"

÷;::÷÷.



Recall :

Jemma
. The little  circle 0 a

,

s  a

can be moved anywhere in the tree . }t¥sq12  12,3  112.314

^

Def . IM1H is the abelian
group generated by

labelled oriented uni - trivalent trees

- univalent vertices

qq.mg

-

edges  oriented two types of  vertices

labelled by ettt  of - trivalent  vertices univalent Iemotthau )
have cynic  order a  trivalent

-  edges labelled by get on  incident  edges

modulo : a

holonumy
relation : staff;  

= skin8h

Orientation relation .

T  -

anti -

symmetry
relation :

µ
,

=
 -IT

IHX I Jacobi ) identity :

a  6 a

,

6

•
a  6 •  •

i

t  =  0

•

• ④

d  e
d  e

d  e

1in !

f- 6

is
"

• ⑨  •  •

T4q⑥§to

52



examples . HtW8#z)
All elements  in I.

 mth are  realized

irony given IM9 ! !

Take M =D

?
f :/ ED90 ) - ID90

Theorem

tkttamofriiemsame information  as

µ; i.6¥ !

Milner /
unum 5

e- 8  let ④ Hunt  aww

invariants .

too fish Barrings
'

¥Ez
J

Immovable

⇐  to -0

Ma
-

-

a

I
f) '

4

¥ BD4H

. '

@ef.Tnlmlisdefnednmilaryashmlt.mlbut  now allow
repeating

indices from the set 4,2 ,
.  .

m }

for lakhs of  univalent  vertices with k trivalent  vertices .

•

Ilm ) Of IK1M 2KW :  = just the trim ) except trees have a  root

KE0

Lemma Ilm ) is the free lie algebra on  

mgenerators
.

proof .

•
2cm ) - LIK . -  . Xml

¥53 IX.
 XD

xD4
2

IHX ¥¥ tIt I xilxil-fxslx.x.DTLK.fxs.X.tl Jacobi

As - As



Define the lie brand - on 2cm ) leg .

t '  to

take Llm ) - Hi
.

til ¥
D

es

D

this  is the inverse !Finally . define the  map I ← Xi
D

Remark 21mi is IN -

graded by weight : deglbil-teglk.tn
deglt ) = # trivalent +1

vertices

f. Tonne  
map :

y
: Term - In Im ) 0 Zm

t  -

Etr
Xin

choice  of

root  r

e. g. oft

This  is  a well-defined

"

¥ 1- ¥£xt¥% +¥Ixz
group homomorphism .

Milner : IK1M 0ZM - free  asrocalgonxn.im .
.

.

Theorem
.

TY43
if

takes  data A-  - fml to
. . .

% .

is lBorr)= %
µ%i

xsxxettiiiixaxsxntlu.fi?x.xsoxxzyuIiirt
. .

.

them
. All the  symmetries of Minor  nuts  come from the fact they come from trees !

%



PART OF A WHITNEY TOWER W ↬ M4 

WHICH IS CLEAN: ALL W-DISKS ARE 
FRAMED AND EMBEDDED Class 15

Nov 29



IT CAN BE SPLIT...



...BY FINGER MOVES



GET ONE TREE FOR EACH TOP 
ORDER INTERSECTION POINT



_ +   =  0IHX:

JI J I

  =  

 g =    =  

0+

HOL:OR:

AS:

g

g
g

c

c

c
c cd

d d

c

c

g

a

a

a aa

e e e

a

ab

b

b
b b

b

b

1

RELATIONS ON ORIENTED TREES
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TREES ARE NOT PRESERVED WHEN 
MOVING WHITNEY ARCS

1

4

4 small spheres in the 4-ball will be made complicated:



TO GIVE A 4-DIMENSIONAL 
 JACOBI IDENTITY

p+

p+

p+ p-

p-

p-

3 2

1

W(4,1)(4,1)

W(3,4) W(2,4)(2,4)+

+

+

-

-

-

(3,4)

(2,4)(3,4)

(2,4)

(1,4) (1,4),4)



MOVE WHITNEY ARCS

p
1234

W(2,(3,4))

W(3,4)

3



A WHITNEY TOWER OF 
ORDER 2 ARISES

W(3,4)

W
(2,(3,4))

4

3

2

1



MAKE ALL ARCS INTO DISJOINT



GET IHX-RELATION OR 
4-DIM JACOBI IDENTITY 

4 4 43 3 3

1 1 12 2 2

W(3,4)

W(4,1) W(2,4)W(3,(4,1))

W(2,(3,4))

W(1,(2,4))0 =



FILTERING THE SET OF LINKS IN S³
Order n Whitney towers 
in the 4-ball, clean, and up to 
isotopy and Whitney moves

Tn := abelian group generated by 
labelled oriented trees of order n, 
up to AS- and IHX-relations

Wn := links that bound order 
n Whitney towers, up to those 
bounding order n+1.

Links in the 3-sphere 
that are boundaries of 
order n Whitney towers

intersection tree    τn

∂n

Rn

associated    graded

exists by geometric
obstruction theory:

If a Whitney tower W of order n has vanishing intersection invariant, 
τn (W)=0, then it extends to order n+1, after some Whitney moves. 



Base of  our tower HW1 where f- Hatful . I DID :o) - ID ?  a)

is  an  m -

component link of

7Worder I tower L→  half ) =o ⇒ bn ( of 1=0

continue this to get  a filtration :

im Idol

7
am I ON

7
pm I od

z
.  - .

.

11 11

lines ht¥tew_ms
isotopy isotuvy

Now look at the  associated graded
:

THE =

"MI "

÷
imon

MD ht  I ninth

m

Here Lay Lz ⇒ 7W Wh . tower of  order n - a  in $xI with base W8 'xI

At . do W =L
.

QW =L ,

Class OETWI  is  represented by times that bound  order htt Wh . towers .

Realization map Rn : tu - TWI

T to Bing double  
according

to the tree

I connect  him  components

corresponding to repetitions )

It  is  surjective ! Can  use  IHX to  write T  as  a ten . comb .  of . anted trees

and those  are  realized .

yµ
Example

pal =
= Elwin

Whitehead
double !



Whitney tower concordance of classical links 13

constructions (section 4.3). These geometric constructions will explain the origin of
the framing relations introduced above in Definition 1.6.

Setting �T2k := T2k in even orders, Theorem 5.9 will show that the reduced realization
maps �Rn : �Tn ⌅ Wn are isomorphisms in three quarters of the cases, in close analogy
with Theorem 1.13 above. Then the higher-order Arf invariants will again appear in the
other quarter of cases, and Conjecture 1.17 will have an analogous expression in terms
of the framed Whitney tower filtration classification as the statement: “the realization
maps �Rn : �Tn ⌅Wn are isomorphisms for all n” (section 5.3).

However, the analogy with Theorem 1.13 does not hold for the Milnor invariants µn

in the framed filtration, leading to the appearance of the higher-order Sato-Levine
invariants in the classification of the framed filtration described in Corollary 5.11. This
subtle interaction between Milnor invariants and framing obstructions is the reason
why the framed classification is trickier to describe.

A table of the framed filtration groups Wn(m) for low values of n, m is given in Figure 9,
where the higher-order Arf invariant Arf2 appears in order 5. The higher-order Sato-
Levine invariants correspond to 2-torsion in all odd orders (for m > 1), and the ranges
of possible ranks of the 2-torsion subgroups of the groups W5(m) correspond to the
possible ranks of Arf2 (as in Figure 8).

1 2 3 4 5
0 3 6 10 15

1 2
3
2 ⇥ 6

2
4 ⇥ 10

2
10 ⇥ 15

2
2 0 6 20 50

3 0 2
2

6 ⇥ 8
2

36 ⇥ 20
2

126 ⇥ 40
2

4 0 3 28 146 540

5 0 e2
2

36 ⇥ e3
2

340 ⇥ e4
2

1740 ⇥ e5
2

6 0 6 126 1200 7050

Figure 9: A table of the groups Wn(m), where m runs horizontally and n runs vertically. The
possible ranges of the torsion exponents in order 5 depend on the currently unknown ranks of
Arf2 : 3 ⇤ e2 ⇤ 4, 18 ⇤ e3 ⇤ 21, 60 ⇤ e4 ⇤ 66, 150 ⇤ e5 ⇤ 160.

For n = 0, the groups come from trees i�� j, and are detected by linking numbers for
i ⇧= j and framings for i = j. For order n = 1, the generators come (via R1 ) from trees
i�<j

k . If all indices are distinct then they are detected by Milnor’s triple invariants
µ(ijk). However, in �T1 repeating indices also give nontrivial elements of order 2. If

Whitney tower concordance of classical links 13

constructions (section 4.3). These geometric constructions will explain the origin of
the framing relations introduced above in Definition 1.6.

Setting �T2k := T2k in even orders, Theorem 5.9 will show that the reduced realization
maps �Rn : �Tn ⌅ Wn are isomorphisms in three quarters of the cases, in close analogy
with Theorem 1.13 above. Then the higher-order Arf invariants will again appear in the
other quarter of cases, and Conjecture 1.17 will have an analogous expression in terms
of the framed Whitney tower filtration classification as the statement: “the realization
maps �Rn : �Tn ⌅Wn are isomorphisms for all n” (section 5.3).

However, the analogy with Theorem 1.13 does not hold for the Milnor invariants µn

in the framed filtration, leading to the appearance of the higher-order Sato-Levine
invariants in the classification of the framed filtration described in Corollary 5.11. This
subtle interaction between Milnor invariants and framing obstructions is the reason
why the framed classification is trickier to describe.

A table of the framed filtration groups Wn(m) for low values of n, m is given in Figure 9,
where the higher-order Arf invariant Arf2 appears in order 5. The higher-order Sato-
Levine invariants correspond to 2-torsion in all odd orders (for m > 1), and the ranges
of possible ranks of the 2-torsion subgroups of the groups W5(m) correspond to the
possible ranks of Arf2 (as in Figure 8).

1 2 3 4 5
0 3 6 10 15

1 2
3
2 ⇥ 6

2
4 ⇥ 10

2
10 ⇥ 15

2
2 0 6 20 50

3 0 2
2

6 ⇥ 8
2

36 ⇥ 20
2

126 ⇥ 40
2

4 0 3 28 146 540

5 0 e2
2

36 ⇥ e3
2

340 ⇥ e4
2

1740 ⇥ e5
2

6 0 6 126 1200 7050

Figure 9: A table of the groups Wn(m), where m runs horizontally and n runs vertically. The
possible ranges of the torsion exponents in order 5 depend on the currently unknown ranks of
Arf2 : 3 ⇤ e2 ⇤ 4, 18 ⇤ e3 ⇤ 21, 60 ⇤ e4 ⇤ 66, 150 ⇤ e5 ⇤ 160.

For n = 0, the groups come from trees i�� j, and are detected by linking numbers for
i ⇧= j and framings for i = j. For order n = 1, the generators come (via R1 ) from trees
i�<j

k . If all indices are distinct then they are detected by Milnor’s triple invariants
µ(ijk). However, in �T1 repeating indices also give nontrivial elements of order 2. If

order n

number m of components of the link
Wn(m) =

Theorem [Conant, Schneiderman, T., 2010]:
For even n, Rn is an isomorphism and Wn = Wn(m) is a free abelian 
group of known rank. For odd n, there is at most 2-torsion: 



SURJECTIVITY OF MAP GIVEN BY THE 
INTERSECTION TREE

Take the Whitney towers W
 in our standard pictures:

Then t = τn (W) runs through 
trees that generate Tn and the
link on the boundary is Rn(t).



LINK ON THE BOUNDARY IS A 
BING DOUBLE:

p

1 1

2

2

3
34 4

τ



Tn := abelian group generated 
by trees of order n, up to AS- 
and IHX-relations

Dn , a free abelian group of 
known rank, target of order n 
Milnor invariants μn

D’n < abelian group generated by 
rooted labelled oriented trees 
of order n, up to AS- and IHX-relations

Wn := links that bound order 
n Whitney towers, up to those 
bounding order n+1.

ηn = sum over roots μn

Rn

discrete
Morse theory: ≅

pn

free 
Lie algebra: 

[x,x]=0

free quasi 
Lie algebra: 
[x,y]=-[y,x]

kernel is
2-torsion: [x,x]

MASTER DIAGRAM



MILNOR INVARIANTS VIA TREE GROUPS

Recall that T(m) is the abelian group generated by 
oriented trivalent trees, with leaves labelled by 
{1, 2, ...., m}, modulo the two local relations:

IHX:

AS:Anti-symmetry:

Jacobi Identity:







This  is  indeed  in

the kennel
,

because :

a IN .

tones  nbhd of  ith  
comp

.

has longitude li
.

meridian  mi

Define total Milner  invariant :

tenth If lui ④  mi

I
image of  li  in Lhtn

obtained fun

⇐ nishi )nh

,

± III ± huh

%


