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RELATIONS ON ORIENTED TREES
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TREES ARE NOT PRESERVED WHEN
MOVING WHITNEY ARCS

ARVARYA

4 small spheres in the 4-ball will be made complicated:




TO GIVE A 4-DIMENSIONAL
JACOBI IDENTITY
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GET IHX-RELATION OR
4-DIM JACOBI IDENTITY
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FILTERING THE SET OF LINKS IN $°

Order n Whitney towers On Links in the 3-sphere
in the 4-ball, clean, and up to > that are boundaries of
isotopy and Whitney moves order n Whitney towers
intersection tree | T associated | graded
T := abelian group generated by Ri n .= links that bound order
labelled oriented trees of order n, -+ " >>»  nWhitney towers, up to those
up to AS- and IHX-relations bounding order n+1.

exists by geometric
obstruction theory:

If a Whitney tower WV of order n has vanishing intersection invariant,
Tn (W)=0, then it extends to order n+ |, after some Whitney moves.



Bme of cur fuwer (€W where (66 (DD2) 9— (D7 0)

qn on m—wmponeu,{- lnw ‘a(:.

(U odert tower <=> A (=0 <=> fe(2f)=0
e U o gera ﬁ'lHaﬁm;
m(2) 2 (N 2 m() 2

I 1
Ly It 2evo s

""“"W 1'4th6,
Wow (oo at-the amotiated. grocked -

W :" "l\(Y\faw ".: 'im'aw
w

M Dngn Nnra

MNee Lo Lo <> 3W Whtoueroforer na m ST with bane [ ISHT
g nit. BOUJ:L", a«lIU:LL
(o 0e W feprentiies éxé Ciws ok bouud order it (Uh fowers.

(Ré?w%cﬂh‘uv» Meup Rw 1 To—p WW
T —— Wy dauble aword«\n) tr tne dree
( connetk quum cowponeUm
corr%pwu@ +o ereﬁh‘omB
Xﬂ o AUukive U lune THX fo write T on a dn.coub-of . lufed breen

omd thove owe vealitred. \/y
Toauple - iz
1 2 (Y- (D) - (D e
—rT (Wliteead

doudole !



Theorem [Conant, Schneiderman, 1., 20101
For even n, Ry Is an isomorphism and Wn = Wi(m) Is a free abelian
osroup of known rank. For odd n, there Is at most 2-torsion:

number m of components of the link

Wh(m) =11 2 3 4 5
7 7° Z° 7" VA
1|2, 23 29725 7°¢Z) ZVsZ7
R0 7 7k 7% 72

SlecEn 3| o 2 5078 7¥¢70 7% g 7%
41 0 Z3 Z28 2146 2540
510 Z;z Z36 D Z? Z34O D Z§4 Zl740 D Z;S
61 0 Z6 2126 Zl200 Z7050

Arf,: 3< e, <4, 18 <e3 <21, 60<e <66, 150 < e5 < 160.



SURJECTIVITY OF MAP GIVEN BY THE
INTERSECTION TREE

lake the Whitney towers W \u
In our standard pictures: S

hen t = Tn (W) runs through
trees that generate |, and the
ink on the boundary i1s Rn(1).




LINK ON THE BOUNDARY IS A
BING DOUBLE:

AN /
- Lj




MASTER DIAGRAM

T := abelian group generated Rn WVh := links that bound order
by trees of order n, up to AS- > nWhitney towers, up to those
and IHX-relations bounding order n+1.
discrete =
Morse theory: = | fIn= Sum over roots Mn
’ Y v
D’h < abelian group generated by Pn Dh , a free abelian group of
rooted labelled oriented trees >> known rank, target of order n

of order n, up to AS- and IHX-relations |kerne| j§ Milnor invariants U,
2-torsion: [x,X]

free quasi free

Lie algebra:

Lie algebra:

<y ]=-[yx] [xx]=0




MILNOR INVARIANTS VIAT
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Recall that I (m) Is the abelian group generated

O

{

Anti-symmetry:

rlented trivalent trees, with leaves labelled by

, 2, ..., M}, modulo the two local relations:

ROU

by

Y Y

B

Jacobi Identity: I_ >_< +\<=0
acobi |dentrty D



RECALL THE FREEALIE ALGEBRA
ap. L (m) \r{/.\p./a)(}asi—a /a

L(m\/

)'Is the abelian group generated by oriented
trivalent trees, with leaves labelled by {I, 2, ..., m} and
one root, modulo the two local relations:

Anti-symmetry: Y +?/ 0
e xx]=0  quasi-lie
Jacobi |dentity: :E‘— >—< T \/<=0




YET ANOTHER DIAGRAMMATIC GROUP

VeA(&~ L((w\\ Y

wA
L(m)®Z is the abelian group generated by oriented
trivalent trees, leaves labelled by {I, 2, ..., m} and one
labelled root, modulo the two local relations:

Anti-symmetry: . Y n W/ '
X x]=0, respectively: ] }

acobi Identity: R e = ()
J : I.; :, XZ
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