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A SPACE LEVEL LIGHT BULB THEOREM IN ALL DIMENSIONS

DANICA KOSANOVIC AND PETER TEICHNER

ABsTRACT. Given a d-dimensional manifold M and a knotted sphere s: S¥=1 < M with 1 < k < d,
for which there exists a framed dual sphere G: S4=F < M, we show that the space of neat embeddings
D* < M with boundary s can be delooped by the space of neatly embedded (k — 1)-disks, with a
normal vector field, in the d-manifold obtained from M by attaching a handle to G. This increase in
codimension significantly simplifies the homotopy type of such embedding spaces, and is of interest also
in low-dimensional topology. In particular, we apply the work of Dax to describe the first interesting
homotopy group of these embedding spaces, in degree d — 2k. In a separate paper we use this to give a
complete isotopy classification of 2-disks in a 4-manifold with such a boundary dual.

1 INTRODUCTION AND SURVEY OF RESULTS

1.1 A space level light bulb theorem for arbitrary dimensions

Fix a d-dimensional manifold M and an embedding s: S*~! < 9M, and let Emb(D*, M) denote the
space of neat embeddings of the k-disk into M that restrict to s on the boundary. In this paper all
manifolds are smooth, compact, connected, oriented, and have nonempty boundary, and all embeddings
are smooth. A smooth map K: X — Y of manifolds is neat if it is transverse to Y and K ~1(9Y) = 0X.

For a setting with a (framed geometric) dual (in the boundary) we assume that there exists an
embedding G: S~ < OM with trivialized normal bundle, such that s h G is a single positive  (1.1)
point, and we fix such a framed sphere G.

In this setting, we denote by M the d-manifold obtained from M by attaching to OM a (d—k+1)-handle
along the framed sphere G. Then dM is the surgery on M along G, and since s intersects G, we have
s =1u_ Uy, uy for ug: S¥72 < OMg, u_: D*~! < OMg, and uy : DF~1 < Mg neat, see Figure 1.2.

When k£ = 1 and d = 3 this is precisely the setting of the well-known “light bulb trick” in knot theory,
see the top left of Figure 1.2. Thus, G is the “light bulb” to which a “cable” D' < M connects on one
end, while the other end is fixed in another component of M, the “ceiling”. The trick refers to the proof
that such cables K are isotopic if and only if they are homotopic, i.e. mo Embg (D!, M) = 7 M. Namely,
a homotopy from one knotted K to another can be turned into an isotopy using the swinging motion
around the light bulb G.

Motivated by ideas of Jean Cerf [Cer68] and recent generalizations of the light bulb trick to the setting of
2-spheres in 4-manifolds [Gab20; ST22], we prove the following theorem for general 1 < k < d. In [KT21]
we use it to recover and generalize those results in dimension d = 4.

THEOREM A. In the setting with a dual (1.1), any U € Emb,(D¥, M) leads to a fibration sequence

Jev
Emb, (D*, M) v, QEmb,, (D1, Mg) —2s QF-1gd-Fk
where fy(K) is obtained by foliating D* by a 1-parameter family of D*~! (rel. S¥=2), applying —U and
then K to it and getting a loop based at uy € Emb,,(D*~!, Mg).
1
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Recall that a sequence of based maps F % B % Bis a fibration sequence if ¢ factors through a weak
homotopy equivalence to a homotopy fiber of p. In particular, this induces a long exact sequence on
homotopy groups. For more details on the map fy we refer to Remark 2.3, and for de,, to Remark 1.7;
we use €2 to denote based loop spaces. Finally, we note that if the space Emb,(ID*, M) is nonempty, then

the diffeomorphism type of Mg does not depend on the sphere G or its framing, see Lemma 2.2.

“ u“

Figure 1.2. Correspondence of neat k-disks in M with boundary and half-disks in Mq for k = 1,2, d = 3.

Example 1.3. For k = 1 and d = 3 this indeed recovers the light bulb trick mo Embg(D!, M) = 71 M,
since Emby(D?, M) = Mg and m9Q°S? = 0. For ezample, we have Emby (D!, D! x S?) ~ QS? for the
inclusion s: OD x {pt} < 0D x S? (since (D! x S?)g = D?), so0 all arcs are isotopic; however, note that
m QS = Z, so there is a nontrivial loop of arcs (given by the swing around the dual, see Section 5.2.1).
In fact, we more generally have Emb, (D, M) ~ QS? x QM¢, see Example 1.4.

Example 1.4. Fork =1 and d > 2 the fibration splits by Lemma B.8, so we get a homotopy equivalence
Emb, (D!, M) =5 QS¥! x QMg = QS x Q(M Uga—r DY).

Here a dual for the boundary condition means that the two points s(S°) lie in distinct components of OM ,

one of which is diffeomorphic to S4=1, and along which a d-handle is attached, giving Mg = M Uga—1 D?.

For dim(M) = d = 2 it follows that the group Z x m (M Ug: D?) acts simply and transitively on the set
7o Embg (DY, M) of connected components, which are all contractible. The action of 7 is by Dehn twists
around one boundary component, while w1 (M Us: D?) acts by the “point-push” map, well known in the
surface community, see [FM11]. For d > 3 we get such an action of w1(M) on mo Emb, (D!, M). For all
d > 4 the connected components have nontrivial higher homotopy groups.

Example 1.5. For1 <k =d—1 we have S*F =S! so forn >0 (andn =0 if d > 4) Theorem A gives:
7, Embg (D41, M) 2 7,11 Emb,,, (D972, M Ug: h?).

In particular, this holds for M = S* x D41, s = px 9D, G = S x ¢, and Mg = M Ug1 h> = D?. This
case was discussed by Budney and Gabai [BG20] (using the same arguments of Cerf), who constructed
for d =4 and n =0 an infinitely generated subgroup of this group.

Example 1.6. For 1 < k = d any embedding (D¢, 0D?) < (M,0M) is a diffeomorphism, as we assumed
for simplicity that M is connected. However, Theorem A also applies to the disjoint union M = DL M’
with any d-manifold M', for s = D and G: S° < OM satisfying G(—1) € 9D, G(1) € OM'. Since
S¥=* = 8% and Mg = (DY U M') U, h' = M’ we obtain

Diff5(D?) = Emb,(D?, D¢ U M') ~ QEmb,,, (D, M").

For M' = D% this is the result of Cerf [Cer68, App.] that motivated our entire approach.
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In fact, Emb,(D*, M) is itself a loop space, as we explain next.

Firstly, a result of Cerf shows that this space is weakly homotopy equivalent to its subspace Emb,- (D*, M),
consisting of those embeddings which agree with a fixed one on an e-collar of the boundary 9DF (see
Proposition 2.10). Secondly, if we extend the foliation of D* from Theorem A to a l-parameter family
of thickened disks D¥~! x [0,¢], then K € Emb,:(D¥, M) gives a path in the space Emb;, (D=1, Mg)
of such e-augmented (k — 1)-disks D=1 x [0,¢] < Mg. We can similarly use U to complete this to a
loop i (K) based at u5. Let us point out that the space Embg, (D*=1 M¢) is homotopy equivalent to
Embz0 (D*=1 Mg), the space of (k — 1)-disks equipped with a normal vector field, see Proposition 5.1.

THEOREM B (Space level light bulb theorem for disks). In the setting with a dual (1.1), any basepoint
U € Emb,- (D*, M) leads to a pair of inverse homotopy equivalences

f5: Emb,-(DF, M) == QEmb;, (D" ', M¢) : ay

where f{; is the e-augmented foliation map, and for n > 0 the value of m,ay on an n-parameter family of
isotopies S' — EmbiO (D*=1, Mg) is the n-parameter family of k-disks obtained by applying the family
version of the ambient isotopy extension theorem.

We prove this in Section 3 using Cerf’s idea of considering the space of half-disks in M, which are k-disks
that restrict to u_ on one half of the boundary, and to u, on the other half 9, D*, see the third column
of Figure 1.2. This space is homotopy equivalent to Embg(D¥, M), but it is also the fiber of a restriction
map from the space of half-disks for which 9, D" is free to move in the interior of Mg. The latter space
is contractible, so the fiber is the loop space on the base. See Section 2.1 for a detailed outline.

Remark 1.7. Theorem A follows from Theorem B using Proposition 5.2, which says that forgetting the e-
augmentation is a fibration evo: Embg, (DF=1, Mg) — Emb,, (D=1, Mg), with fiber Q*~1S4=* measuring
the normal derivative in the e-direction; then dey, in Theorem A is the connecting map of this fibration.

Remark 1.8. One might hope to use Theorem B repeatedly. However, the boundary condition for (k—1)-
disks, ug: S¥=2 < Mg, is null homotopic (it bounds u_ C OMg), so cannot have a geometric dual.

1.2 Applications of the work of Dax

The essence of Theorem B is that it increases the codimension for the embedding space and thus simplifies
the computation of its homotopy groups. In particular, Jean-Pierre Dax [Dax72| computed the homotopy
groups 7, Emb,(D*, M) in the “metastable range”, i.e. in degrees n < 2d — 3k — 3, beyond the stable
range n < d — k — 2 where they are as for immersions (in turn determined by Smale-Hirsch theory). But
now in the setting with a dual, Theorem B implies that the group
Tnf5: mp Embge (DF, M) “= mpqq Embj (DF', Mg) @ mpay

can be computed using Dax’s techniques for all n < 2d — 3k — 1 (equivalently, n +1 < 2d — 3(k — 1) — 3).
For example, when d — k£ < 2 the range of Dax is empty, n < 1 — k, whereas we have n < 3 — k.

We remark that for & = d — 2 the Goodwillie-Weiss embedding tower [GKWO01|, which generalizes the
work of Dax, converges for Emb,,, (D=1, Mg), but it need not converge for Emb,(D*, M).

More precisely, Dax expresses the homotopy group 7, ( Immy(V, X), Emby (V, X); u) of neat immersions,
relative to neat embeddings of an ¢-manifold V' into a d-manifold X (the boundary condition ug: OV —
0X is omitted from the notation) as a certain bordism group, recalled in Theorem 4.3. However, to
compute this explicitly requires more work, which to our knowledge has not been done prior to the
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present paper. We identify this bordism group and the Daz invariant for n = d — 2¢ and V' simply
connected, as an isomorphism

Dax: 7z (Imma(V, X), Emba(V, X);u) = ZmX]. | (1.9)

where the group of relations rely 4 is trivial for £ = 1, and given by (g — (—1)4 g~ ! : g € 1 X)) for £ > 2.
The map Dax is the signed count of group elements at the double points of an associated generic immersion
[9=2¢ x V 95 19726 x X see Theorem 4.13. For d — 2¢ = 0 this resembles the result of Grant [Gral3]
which compares the invariant of Hatcher and Quinn [HQ74] (who study whether an immersion is regularly
homotopic to an embedding for 2d — 3¢ — 3 > 0) to Wall’s self-intersection invariant, see Remark 4.18.

We then specialize to V = D and prove the following (restated as Theorem 4.2, which includes d—2¢ = 0).

THEOREM C. Let X be a d-manifold and consider the space Embg (D¢, X) with a basepoint u. Assume
d > (+3 and d—2¢ > 1. Then the map p,: m,(Embs (D, X),u) = T e X, pu(f) = (£ —uUp f7), is an
isomorphism for 0 < n < d—2¢ — 2, and there is a short exact sequence of groups (sets if d—2¢(—1=10):

8t Pu
Z[THX \ 1}/relﬂd S daXu (Wd—KX) ﬁ WdiQe*l(Emba(]D)é, X)7 U) - ﬂ-dieilX.

The map dax,: mg—¢M — Z[r] whose image appears in the kernel of the extension is a restriction of
the isomorphism Dax from (1.9). The realization map Ot is an explicit inverse of Dax, constructed in
Section 4.1. The case £ = 1,d = 4 was also studied by Gabai [Gab21], see Remark 4.22. Some properties
of these invariants in that case can be found in [KT21], and for £ =1 and d > 3 in [Kos21].

Next, we extend this to e-augmented ¢-disks in Theorem 5.5, using some results on homotopy groups of
frame bundles, proven in Appendix B. In particular, when d — £ is odd it turns out that

Ta—20—1 (Embj. (DY, X),uf) 2 Z X 74_9¢—1 (Emby (D¢, X), u), (1.10)

so any S%2~!family of embedded /-disks in X has Z many e-augmentations (see Remark 5.15). In
Section 5.3 we combine the mentioned Theorem 5.5 for £ = k — 1 with Theorem B as follows.

THEOREM D. Assume the setting with a dual (1.1), and let m :== my M. Then there are isomorphisms
7 Emb, (D*, M) 2 7, oM forn < d—2k —1, and if d — k # 1,3,7 a group extension:

nw,u @ (—UUs)
Z[ﬂ-]/relk—l,d @ dax® (mg—p+1 M) ZT“} Ta—or(Emby(D¥, M), U) '————» Lk.a® 7rdik]w/Z[W]G

where Zy, 4 == Z for d — k even, Zy, q = Z/2 for d — k odd, and dax® (mg_r+1 M) = (1) & dax(mg_p+1 M) for
d —k even or k = 2. The map on the right is on the class of K : S=2¥ — Emb,(D* M) given as follows.

— The map —U U« assigns to K the homotopy class modulo Z[r] - G of the sphere —U U K €
Map, (S¢~2¥, Map, (S¥, M)) ~ Map, (S*~*, M), obtained by gluing the oppositely oriented U with
K along boundaries.

— Ifd—k is even and d — k # k, then nw u(K) is one half of e(vK,vU), the relative Euler number
of the normal bundle of the immersion 1972% x D¥ 9w T9=2k x M, given by (t,2) — (I, Kx(z)),
relative to the constant family U (they agree on O(19=2% x D¥)). Moreover, Zy 4 = Z splits back.

— Ifd—k=k=2or4 or8, then the relative Euler number e(vK,vU) might be odd, but we have

nw,u(K) = %(e(z/K, vU) - W(-UU K))

where the homomorphism W € Hom, (7, M,Z) with W(G) = 0 is an integral lift of the spherical
Stiefel-Whitney class wi € Hom, (m,M,Z/2) given by w§(a) = wy(a*(TM)) for a: S* — M.
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We show that such a W always exists in Lemma B.18. We use Theorem D in [KT21] to compute the set of
path components my Emb,(D?, M) for d = 4, thus classifying in the setting with a dual the set of isotopy
classes of disks in a 4-manifold. Note that this is precisely a case when 2d — 3k — 3 <n < 2d — 3k — 1.

Remark 1.11. It is an interesting problem to determine the equivalence class of the extension in Theo-
rem D. For d — k even we can divide out Z = Zy, 4 that splits off and pick a set theoretic section o of the
quotient extension. If x is the group structure on mq_op Embg(DF, M) = 14 o041 Embi(g) (D=1 Mg), then
for a; € mq_ Mg = mq_ M/Z[T|G the element o(ay) * o(az) x o(ay + az)~! is in the kernel of —U U,
and on this Dax o f{; inverts ay o Ov®. Thus, the group 2-cocycle is given by

Zlm M 1]/I’e|k—1,d @ dax(mg_gr1 M)’

We plan to study it in future work. Note that x is the usual group structure for d — 2k > 1, whereas for
d = 2k it is an unexpected group structure on the set mo Embg(D* M). For k = 2,d = 4 we compute the
commutators of this group in [KT21] and show that it is usually nonabelian.

(a1,as) — Dax(o(ay) x o(ag) x o(ay +az) ') €

Remark 1.12. Ifin the setting with a dual we moreover have d > k+3 and d—2k > 1, then we can apply
Theorem C' directly to obtain a description of 74_o_1(Embg(D¥, M), U) as an estension of w7qg_p_1M by
a quotient of Z[m1 X \ 1]. However, Theorem D says that this quotient is trivial, and one can see why
explicitly: we compute daxy(g - [G]) = g in Example 4.19.
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2 PRELIMINARIES

2.1 Outline

We outline the contents of the paper and the ideas of proofs of Theorems B and D.

2.1.1 Light bulb tricks. The first step in the proof of Theorem B is illustrated in Figure 1.2: attaching a
handle to G transforms a neat k-disk in M into a “half-disk” Q% < Mg, namely, a k-disk whose boundary
0ak =sk-1 =pF-ty Dﬁ__l has one half u_ = s|p_ embedded in dMq and the other uy = s|p, neatly
embedded in Mg, with Ju_ = Ju,. Half-disks are not smooth embeddings in the classical sense, but in
the sense of manifolds with corners, which we review in Section 2.2. Moreover, this correspondence gives
a homotopy equivalence

Emb,- (D*, M) ~ Emb,-(Q*, M¢), (2.1)
since removing a tubular neighborhood vu, turns half-disks back into neat disks; we first ensure that
half-disks intersect vu, only along the collar u$ . This is done in Section 3.2.

LEMMA 2.2. The existence of a disk U: D* < M ensures that the diffeomorphism type of Mg is
independent of the choice of a framing 1 of G, and in fact, of the choice of a dual G to s all together.
Moreover, there is a diffeomorphism Mg = M\ vU.

Proof. First note that M is obtained from the complement M \ vU of an open tubular neighborhood of
U by attaching a (d — k)-handle with cocore U. As G is dual to OU and has trivial normal bundle, the
standard handle cancellation of this (d — k)- and (d — k + 1)-handle pair gives a diffeomorphism

Mg = M UG h*F = (M\vU) U U R4 R = MU, O

The second ingredient for Theorem B is Cerf-Palais “family version” of ambient isotopy extension The-
orem 2.9, saying that a map restricting embeddings to a fixed submanifold is a locally trivial fibration.
This is used in Section 3.1 as follows. Consider the space Embpe (Clk, Mg; U) of half-disks which agree
with our basepoint U only on the collar D€ of D_ C oa* , while Dy moves freely and neatly in Mg. Then
Emb,- (@%, Mg) = Embyqx (%, Mg; U) is by definition the fiber over uf of the restriction map evpe .
This gives rise to a fibration sequence

evpe

QEmbS, (D", Mg) --Y-> Emb,: (A", Mg) —— Embp: (@, Mg; U) —— EmbS, (D71, M¢).

in which the total space Embpe (Gk7 Myg; U) is contractible: in this space half-disks are allowed to shrink
arbitrarily close to their D° -collar, where they are fixed. This implies that the connecting map ay is a
homotopy equivalence with an explicit inverse f{; (given in general by Lemma A.4); see also Example 2.4.

Remark 2.3. One can try to define the map fu: Emb(D*, M) — QEmb,, (D=1, M) from Theorem A
directly as follows. Consider the foliation of K € Emb,(D* M) by K(s,t): D¥=1 < M C Mg, using a
parametrization DF = DF~1 x 1; this is a path from u_ to uy, so to get a closed loop use the inverse of
such a foliation of U. However, u_ is not neat so does not lie in the space Emb,,, (D*~1, Mg). One way
around this would be to enlarge this space to also include embeddings that lie in OMg; after all, they are
limits of neat embeddings and we believe the homotopy type of the space does not change.

We opted for a second way, making Embg(D¥, M) smaller by considering its homotopy equivalent (by
Cerf’s Proposition 2.10) subspace Embge (Dk,M). Then the mentioned explicit inverse fg; induces the
following fu = evg o 5 pick a neat i : DF~1 — U(S*1 x [1 — &,1]) that is close to u_, and define
fu(K) =f(=U) - f(K) as the path U(s, —t) from uy to u_, followed by K(s,t) from tu_ back to u,.
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Example 2.4. For k = 1,d = 3 think of v € QEmbj(D", M) as an isotopy of intervals D° x [0,¢].
Extend this to an ambient isotopy ®; of Mg, so diffeomorphism ®1 takes us to itself. Then ay(y) =
®,(U) € Emb,- (A", Mg) is the half-arc obtained by dragging the endpoint of U along v, as in Figure 2.5.
The homotopy inverse ff; of ay glues the given embedded arc K to U along their boundaries and foliates
the resulting loop —U U K by small intervals D° x [0,¢], to obtain §5;(K) € QEmbj(D°, Mg).

Figure 2.5. Moments t = 0, 0 < t < 1, t = 1 of an ambient isotopy ®; defining ay(vy). A neighborhood of
the intersection U N~ has to be “dragged along” all the way during the isotopy, whereas a neighborhood of the
undercrossing in « is dragged along only for a while.

2.1.2 The Dax invariant. In Section 4 we discuss the work of Dax and prove Theorem C. The goal is
to compute the homotopy groups ,,(Emb,,, (D*~!, Mg), u, ) for n < d— 2k, but we will work in a general
setting, with no restrictions on Mg and wug. Instead consider an arbitrary d-manifold X (with adjectives
as in the first paragraph of the paper), and write Embg (D¢, X) and Immg (D, X) for the spaces of neatly
embedded and immersed disks with boundary u: S‘~! <+ 90X and based at an arbitrary u: D¢ < X.

Remark 2.6. The unit derivative map D(U)~1-D(+): Immy(D!, X) — QV;(X) is a homotopy equivalence
by Smale [Smab8[, where V1 (X) is the unit sphere subbundle of the tangent bundle of X. Interestingly,
the proof idea is essentially the same Cerf’s trick outlined above, and the key ingredient is to show that
the restriction map for immersions is also a fibration. Note that QV;(X) ~ QS x QX see Lemma B.8.

Firstly, we will see that 7, (Embs (D%, X),u) = m,(Immps (D!, X),u) = m,,¢X for every n < d —2( — 2
and that the inclusion induces a surjection

Ta—20-1(Emby (D, X),u) - 7g—p¢—1(Immy (D, X),u) = 741 X.

We will compute its kernel in Section 4.2: it is the quotient of the relative homotopy group, computed in
Section 4.1 as
Dax: ma_z(Immp (D', X), Emby (D', X),u) = Zm&], |

by the image of m4—2¢(Immy(D¢, X),u) = Z/rel; 4 © m4—¢X, as computed in Proposition 4.28. Recall
from (1.9) that rel, 4 == (g — (=1) g™ : g € m X) except that rel; 4 := 0, and that the Dax invariant
Dax([H]) of the relative homotopy class of H: (I972¢ 9I19=2¢) — (Immg(D’, X), Emby(D¢, X)) is the
signed count of double point loops of the track H: 14720 x D¢ — 192 x X. Note that when £ = 1 we
can use the natural orientation of D' to order the two sheets intersecting at a double point, and hence
lend in Z[m X]. However, for £ > 2 we have to mod out the ambiguous choice of sheets: the double point
loop gets reversed and the sign changes exactly if the reflection on R4~ x R4~* changes the orientation.

In Theorem 4.20 (in Section 4.1) we describe the inverse v of Dax, schematically depicted in Figure 2.7.
For g € m1 X the class t(g) is represented by the (d — 2¢ — 1)-family of embedded disks that swing around
a meridian sphere S¥¢~1 to u at a point x, together with a path through immersed disks from this to
the trivial family using the meridian ball at z. In fact, discussion of Section 4.1 applies to any simply
connected manifold V in place of D'.
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u(~1) Sd,l,W u(+1)

Figure 2.7. Samples t(g); € Emby (D¢, X) for several t € S* and £ = 1,d = 4.

In Section 5.2 we show an analogous result for e-augmented arcs, see Theorem 5.5. The proof uses our
study of the augmentation map from Section 5.1 and of frame bundles from Appendix B. This almost
immediately proves Theorem D: it just remains to see that my_; Mg is the quotient of m4_x M by the

«

Z[m M]-multiples of G, and to determine the splitting nyw,y as an Euler number, see Section 5.3

2.2 Embeddings of manifolds with corners

Following Cerf [Cer61] a d-dimensional manifold with corners is a topological d-manifold X with boundary,
together with (a maximal atlas of) charts around all 2 € X with domain R‘(iq) = R? x [0, 00)%~7 for some
0 < ¢ < d that send the origin 0 to z. One requires that each transition map, initially defined only on an
open subset of R‘(iq), extends to a smooth map on an open subset of R?. This gives a notion of smooth
maps Y — X between manifolds with corners and a Whitney topology on the set C*°(Y, X).

A component of X(g) = {r € X |z + 0e R?q) in some chart} is called a g-face of X; it is a ¢-dimensional
smooth manifold (without boundary), and the set X is a disjoint union of its faces. The boundary X
is the union of codimension > 1 faces, and a corner of X is a face of codimension > 2 (e.g. one of the
vertices in a square). If ¢ € {d — 1,d} we recover the usual structure on X of a smooth manifold with
boundary. The role of a collar of 0X in X is in general played by Cerf’s “prismatic neighbourhoods”
(which restrict to collars of faces). Manifolds with corners are clearly closed under cartesian product.

For a d-manifold with corners X a subset X’ C X is a d’-dimensional submanifold for some 0 < d’ < d
if each point of X’ admits a chart in X for which X’ maps bijectively to some submodel R‘(i;/) - R‘(iq). A
submodel is given by choosing 0 < ¢’ < ¢, 0 < k < min{q —¢’,d’ — ¢’}, and inserting d — d’ many zeroes:

R?q') B (xla sy g Yty 7yd'—q’> = (:I;h' s Lg YLy e 7yk707 s 707y1€+17 s ayd’fq’) € R?q)
These relative charts induce the structure of a d’-manifold with corners on X’. For example, if X is

a smooth manifold with boundary, then for the corners of X’ of codimension d' — ¢’ < 2, we have the
following different cases, depending on the value of ¢’ listed on the left:

d’: For a top dimensional face F' C X' we have either FF C 90X or F' C X4 = X\ 0X.

d'—1: For a small neighborhood V,, C X' of p € XE w—1y there are 3 possibilities: either V, € 9X
respectively V, € X\ 90X as above, or (V,,9V,) C (X,0X) is a neat submanifold.

d'—2: A small neighborhood V,, C X' of p € de,72) looks like a neighborhood of 0 € R% ~2 x [0, 00)%, and
there are 4 possibilities for V,, € X. The case (z1,...,Z¢,¥1,Y2) = (21,...,Z¢,Y1,0,...,0,y2) is
the most interesting: exactly “one half” of 9V}, the one corresponding to 0 x [0,00) x {0}, lies in
0X while the rest of V, lies in X\ 0X.

Thus, a smooth submanifold with boundary is either neat or contained in the interior of X, while the
simplest next case is the local model listed last above, which we use for half-disks X' = Clk, see Figure 3.1.
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A smooth map f of manifolds with corners is an embedding, written f: Y < X, if f(Y) is a submanifold
of X whose induced corner structure makes f: Y — f(Y) a diffeomorphism. An immersion of manifolds
with corners is a smooth map that is locally an embedding. Spaces of embeddings and immersions inherit
the Whitney C*°-topology.

Definition 2.8. For y: Y < X let Emb(Y, X;y) C Emb(Y, X) consist of embeddings f: Y — X such
that for each p € Y and each face Fx C X we have f(p) € Fx if and only if y(p) € Fx; we say that y
and f have the same “incidence relations” [Cer61, p. 281].

Furthermore, for a closed subset Y' CY, let
Emby (Y, X;y) C Emb(Y, X;y)

consist of those embeddings f that agree withy on'Y’, that is fly: = y|y. We say that “y is the boundary
condition along Y'” (note that y at the same time determines the incidence relations).

2.2.1 Restriction maps for embeddings. Consider compact manifolds with corners and embeddings

z

L

A Z Y X.

We say a subset Y’ C Y is a local normal tube to Z CY along Z' if Y N Z = Z' and there is a tubular
neighborhood V C Y of Z in Y such that Y/ NV = pr=1(Z’), where pr: V. — Z is the projection.

THEOREM 2.9. With the above notation, the following restriction maps are both locally trivial:

I evz: Emb(Y, X;y) — Emb(Z, X;z) [Cer61, p.294 Cor.2, with notation E C H C F|;
II. evz: Emby/ (Y, X;y) — Emby (7, X;2) [Cer61, p.298 Cor.2].

Here a map p: £ — B is locally trivial if for each b € B there exists a neighborhood x € V' C B and
a homeomorphism p~!(V) = V x p~!(x). Palais [Pal60] showed 2.9.1 in the case when all manifolds
have empty boundary and Y is compact; Cerf extended this to manifolds with corners and quite general
boundary conditions as in 2.9.11. We also record the following fact (see [Cer61, p.331 Cor.3, p.337 Prop.9]),
which will be used to replace neat embeddings by those fixed on a collar.

PROPOSITION 2.10. In the same notation as above, if Z' =Y’ N Z is the closure of a codimension 1
face, then the inclusion Embzyy (Y, X;y) — Embz(Y, X;y) is a weak homotopy equivalence.

It is a standard fact that a locally trivial map over a paracompact base is a Hurewicz fibration. As
Emby- (Y, X;y) are metrizable infinite-dimensional manifolds [Mic80|, they are paracompact by Stone’s
theorem, so Theorem 2.9 implies that the restriction maps evy are Hurewicz fibrations. In Appendix A
we discuss some properties of fibrations and their connecting maps, needed in the proof of Theorem 3.2.

3 SPACES OF DISKS AND HALF-DISKS

In this section we work in arbitrary dimensions and prove Theorem B. Disks in M with duals in OM
are reduced to half-disks in X = Mg in Section 3.2, while half-disks in X are described as loops in
X of “e-augmented” disks of lower dimension in Section 3.1. Let us first fix notation for the setting of
half-disks.

Given an embedding U: D < X of compact manifolds with corners, and a closed subset b C D, recall
from Section 2.2 the space Emb,(D, X;U) consisting of those embeddings K: D < X which have the
same incidence relations (for faces in D, X) as U, and that agree with U on b. We let U be its basepoint.
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In particular, if D and X are manifolds with boundary, the incidence relation U(D) N 90X = U(dD)
together with the boundary condition s := U|, on b = 9D reproduces our space
Emb, (D, X) = Embsp (D, X;U)
of neat embeddings (see the first paragraph of the paper). For such U we can expand the boundary
condition to a closed collar b := (9D) x [0,¢] € D and define
Embss (D, X) = Emb(aD)x[O,s] (D, X; U).
By Proposition 2.10 the inclusion Embg: (D, X) < Emb, (D, X) is a weak homotopy equivalence.

We will need the the next simplest case of manifolds with corners,
which also have codimension 2 faces. Namely, we now take the

domain D to be @* = {z € R* : ||z|| < 1,21 < 0}, which is
the west half of the unit k-dimensional disk, and consider subsets

D= {zed |z =1}and D, = {z € @ : z; = 0}, \ I

which are (k — 1)-dimensional disks with 0¥ = D_ U D, and o

So := D_ ND,, which is a (k — 2)-dimensional sphere. Then Q" e
u

is a k-manifold with corners with one k-face ¥, two (k —1)-faces
D. and one (k — 2)-face Sy, the unique corner of @*. ‘

Moreover, consider subsets D¢ = {z € A" : ||z]| > 1 — &} and \ X
o . o N 3K

D5 = {z € A" : &1 > —¢} (shaded strips in Figure 3.1), both

diffeomorphic to D*~! x [0,1] and with D NDS = Sy x [0,£]?.  Figure 3.1. A half-disk for k = 2, d = 3.

Denote 9°@* := D= UD% (an example of Cerf’s prismatic collar).

Next, we fix a smooth manifold with boundary X and an embedding U: @* < X of manifolds with
corners such that U maps d¥ to the interior of X and the other incidence relations are determined by the
restrictions of U to Dy as follows (see Figure 3.1): the image of u_ := Ulp_ is contained in 90X, while
uy = Ulp, : Dy — X is a neat embedding, with ug := 0(u_) = d(uy): Sp — 9X.

Similarly, we write u§ = Ulps and ug := Ulps nps , and identify their domains with the corresponding
products. Let us also still write s := Ulgp and s° := Ulgpe

The elements of Cerf’s space Emb((]k, X;U) are called half-disks in X. We are interested in its subspace
Emb,- (A%, X) := Emb. g« (A¥, X; U) which by definition consists of those half-disks K: ¥ < X that
agree with U on the prismatic collar 9° ak. Equivalently, K is a topological embedding that agrees with
U on 9°A* and restricts to an (ordinary) smooth embedding on interiors a* < X\ 0X.

We saw in Proposition 2.10 that the space of neat disks Emb,,(D*~!, X) = Embg, (D4, X;uy) has a
weakly equivalent subspace Emb,g (D1 X) = Embg, xj0,e] (D4, X;u) of disks fixed on a collar Sy x
[0,e] € D;. We will also need a space where each such disk is augmented with “push-offs”, namely

Embg (D*~!, X) := Embpe nps (D3, X;u3).

A point here is a topological embedding K : D=1 x [0,¢] < X that restricts to u§ on (Sy x [0,€]) x [0, €]
and to an (ordinary) smooth embedding D¥~1 x [0, e] < X\0X; we call K an “c-augmented” (k —1)-disk.

3.1 From half-disks to loops of c-augmented disks

Our embedding spaces are always equipped with basepoints according to the convention above; in the
next theorem these are respectively u% and U. A proof of this result was essentially given in [Cer68,
App.], but we also identify the maps involved, needed for future geometric applications, see [KT21].
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THEOREM 3.2. For all k > 1 and d > 1 there are inverse homotopy equivalences
ay: QEmbS. (D71, X) = Emb,- (0" X): (3.3)

where ay Is given on homotopy groups by the family ambient isotopy theorem, while ft; maps a half-disk
K to the loop of e-augmented (k — 1)-disks induced by appropriate foliation of the sphere —U U K.

Proof. Consider the fibration sequence
evpe
Emb,- (0", X) := evps (uf) — Embp: (@*, X;U) — Embj, (D*"!, X)

where evpe restricts K: ¥ < X to the e-collar Ds C a” of the unconstrained half of its boundary. This
is a fibration by Cerf’s Theorem 2.9.11 for Y’ .= D¢ C a* =Y and Z' :=D* N D €D = Z. We will
show that its total space E° := Embpe (Gk , X;U) admits an explicit contraction
R: EF x [0,1] — E®, with Ry = consty, R; = Id. (3.4)
Then Lemma A.4 implies that any connecting map
ay: QEmbg: (D*', X) — Emb,- (0", X)

is a homotopy equivalence, and is by definition is given by lifting the loop in the base space to a path
in the total space and taking the endpoint. In our setting this amounts to extending a loop S of e-
augmented (k — 1)-disks based at u% to an isotopy of half-disks starting with U and ending with the
desired half-disk ay(3). By the same lemma, the restriction fi;(K)(t) = evpe o Ri(K) = R¢(K)[ps is a
homotopy inverse to ay, and we will see below that it is indeed given by a foliation, cf. Section 1.1.
To construct the retraction R we start with a path of re-embeddings ¢ : ak—ak te [€,1], such that

(1) ¢1 =1dg and @tlpes2 = 1Ide/2 for all ¢,

(2) ¢e(@*) CD*,

(3) (D) CDE for all ¢.

It is not hard write down such an isotopy ¢; using radial coordinates, see Figure 3.5 for k = 2.

S, S,

’ SU SU

Figure 3.5. The image of ¢ for t = 2/3,1/3,e. Dashed strips show where ¢; is the identity; they are always
contained in the blue-colored strip D¢ C d¥. The black line is the image of DF~1 x {e} C Df C ak.

Consider the homotopy E° x [¢,1] — E*/? = Emb, /> (Clk, X;U), defined by K — Koy;. By Property (1)
this indeed defines paths in the space E</? (E° C E°/? is smaller as it has the stronger boundary
condition), ending with K¢; = K, and starting with K. = Ug,, using Property (2) and that K € E°.
We next modify this homotopy to have image contained in the subspace E°. We fix an ambient isotopy
®;: X — X, t € [g,1], supported in a collar of X, such that ®; = Idx and Uo ¢p: = ®; ' o Ulpe
for t € [g,1]. This can be constructed explicitly in a collar 0X x [0,e] — X (or extend the isotopy of
half-disks Uy, by the usual ambient isotopy theorem).
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Then for t € [g,1] let

Ri(K) == ®; 0 K o py.
This defines a path from R.(K) = ?. K. = ®. Uy, to R1(K) = Idx KIdg = K, and now each half-disk
R.(K) for t € [g,1] is in E*, i.e. it agrees with U on D¢ . Indeed, by Property (3) and K € E° we have
Koipe = Upilpe , 80 Ry(K)|ps == . K¢ilps = ®,Up,|ps = Ulps by construction of .
Finally, for t € [0,¢] we let R;(K) = Ry4;—¢/c(U). This goes from U to ®.Ugp,, so glues with the above
Ri,t € [g,1] to a map R: E° x [0,1] — E° which is the desired contraction as in (3.4). Finally, the
homotopy inverse to ay is defined by the formula

@iyt yyeoUvo <p1+t7t/s|]D>j_7 t€[0,¢]

F (1) = Re(K) o = {@tome | te el

which we call the foliation: outside of a fixed collar of X it agrees either with the e-augmented arc Uy |]D)s+
or Kp¢|ps , and in the collar uses their modifications by ®;, making “a turn” at u = ®.Upe|ps . O

3.2 From neat disks to half-disks

Recall that the model half-disk * C D¥ has boundary decomposed into two (k—1)-disks oak =m_ Us, D+
intersecting along the (k — 2)-sphere Sy, the corner of ak. Also recall that U: ¥ < X by definition
restricts to a neat (k — 1)-disk u4 : D — X, while the image of D_ is contained in X.

Using a Riemannian metric on X we extend uy to an embedding V': Dy x ]D)i;’”l — X onto a closed
tubular neighborhood 7°u,.. We may assume that the restriction V|: Dy x [0,] 2 D — X to the first
normal vector agrees with our preferred e-augmentation uf = U|]Ds+ and also, by decreasing ¢ if necessary,

that im(u ) = 7°uy Nim(U), i.e. the half-disk U does not return to this neighborhood of ..
We can view V(D x ID)C;’/CQH) as a (d—k+1)-handle attached to X\V (D, x ]D)‘i;%rl) along V(D4 x Sg/}k),
see Figure 3.6. Conversely, that complement is obtained from X by removing a (k — 1)-handle with core

us (Dg), and is a smooth manifold with boundary only if we first smoothen the corner V(Sp x Sg/_zk).

S()
D,
D | M%
€
D.
S,
Figure 3.6. Removing a handle h; C X turns the Figure 3.7. The model smoothening.

half-disk U in X into a neat disk U’ in X\ h.

This is a standard procedure, used for example when attaching handles in the smooth category. In our
context it amounts to picking an open subset hy C 7®uy which is the union of V(D4 X ]D)‘i;’;; 1) and a
small set near the corner, so that X \ h; is a compact smooth manifold with boundary. We make such

a choice once and for all in Dy X ID)‘Z’“'H, and then let hy be its image in X under V, see Figure 3.7.
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Namely, the constant radius €/2 along D, increases near Sy by a smooth function with fairly obvious
properties (ensuring that the stretching function o in the next proof is well defined on all of A, ).

Now let I’ := @*\V~'(hy) C A" and fix a diffeomorphism D* = D' that is the identity near D* \ D5 .
Then the restriction of U to I is a neat embedding U’: D' < X \ h, by our choice of €. This is an
element in the space of neat embeddings Emb,./2(D’, X \ hy) C Emb(D¥, X \ h,), where the boundary
condition is the remaining ¢/2-part of u% in ', as well as the original u® along u_. Note that we can
reconstruct U from U’ as U = U' Uwug.

LEMMA 3.8. The map «UuS : Emb../> (D', X\ hy) — Emb,- (@*, X) is a homotopy equivalence.
Proof. The chosen boundary conditions s°/2 make this map well-defined. It is continuous with image
£ C Emb,e (Gk,X) consisting of those half-disks that meet h, only along im(ui/z). In fact, it is a
homeomorphism onto £ whose inverse is given by restricting embeddings from a* to V. It thus suffices
to construct a homotopy inverse from Embge (Clk7 X) back to this subspace &.

To this end, use the Riemannian metric on X to obtain the continuous map

r: Emb,. (Q¥, X) — (0, 3¢)

"5

so that r(K) gives the minimal distance of K(D') to K(D4) = U(D4). Possibly shrinking e further, we
may assume that the geodesic distance to U(ID;) on the sphere bundle in v%u, is § for all § < . By
compactness and the injectivity of K, r(K) is strictly positive as claimed and we will now stretch it to

%5, in order to deform K until it lies in £. So we pick a smooth “stretching” function

o:(0,e/2) x [0,1] x [0,e] —> [0, ¢]

such that o(r,¢,2) = « whenever one of the following conditions is satisfied: ¢ =0 or z = 0 or = > %a.
Moreover, we require o(r,1,r) = %E for all r and that each o(r, t, —) is strictly increasing, see Figure 3.10.

y
e+ - - - - - - — — —
4ed
5 o(r) |
et —— \
%® | |
|
Le+4
=T [ |
| o(r,0)=Id \
1]/ \
\ \
E —
1 3 4 X
T /28 {58 {58 £
Figure 3.9. Stretch K towards the dashed Figure 3.10. Stretching functions o(r,t): [0,g] — [0, €]
lines to avoid the smallest central disk h. for fixed r < £/2 and three values of ¢ € [0, 1].

If (x,v) € [0,¢] x S¥=* are polar coordinates, then we will refer to “stretching by o(r,t)” as the self-
diffeomorphism (z,v) + (o(r,t,x),v) of DL see Figure 3.9. The same formula applies to disk
bundles in vector bundles if we stretch in a constant way along the base. Using the parametrization
V', we can apply such diffeomorphisms also to our tubular neighborhood 7. u. The stretching near the
smoothened corners along Sy needs to be slightly modified but we leave this variation to the reader.
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We can then construct a homotopy H: Emb,- (A%, X) x [0,1] — Emb,-(0*, X) with Hy = Id and
im(H;) C &, induced by a smooth family of diffeomorphisms ¢, k) ,: X — X that are the identity
outside v3u, and on w.u, they stretch by o(r(K),t). More precisely, we define H(K,t) to be the
half-disk that equals K on 97a* but away from that collar is given by the composition ¢,k K.

The properties of the stretching function o show that each H; sends & to itself and that H; is the required
homotopy inverse. In fact, homotopies for both compositions to the identity are constructed from H; as
follows: If j: £ C Embge (Gk, X) is the inclusion then Hyoj: & — £ is homotopic via Hyoj to Hpej = Idg.
Similarly, j o Hy = H; ~ Hy = Id. O

We can now prove Theorem B. This is about the space of neat k-disks in a d-manifold M, with the
boundary s: S¥~! < @M which has a framed geometric dual G: S*=* < OM, that is, the normal bundle
vom(G) is trivial and G s = {p}. Then the theorem says Emb,(D*, M) ~ QEmbj,. (D¥=1, M), where
Mg == M UG,y h, is obtained by attaching a (d — k + 1)-handle h = D4~*1 x D¥~1 along any framing
P S4F x DFL < 155, (G) (this choice is inessential because Mg = M \vU, see Lemma 2.2).

Proof of Theorem B. Removing from Mg an open e-neighborhood h of the cocore {0} x D*~! of h gives
M back because we are all together just attaching S“=F x [g,1] x D=1 along S4=% x {1} x D*~! < oM.
Using this diffeomorphism Mg\ hy =2 M and Proposition 2.10 we have

Emb, (D¥, M) = Emb, (D, Mg\ hy ) ~ Emb,- (D¥, Mg\ hy).
Applying Lemma 3.8 and Theorem 3.2 to X := Mg we obtain
Emb,- (D*, Mg\ hy) ~ Emb, (Q*, Mg) ~ QEmbi: (D* ', M).

The final statement of Theorem B, identifying homotopy equivalences, follows from Proposition 5.2. [

4 ON HOMOTOPY GROUPS OF SPACES OF NEAT DISKS

In this section we apply Dax’s results to compute the first homotopy group of the space of embedded
disks differing from that of immersed disks. In the next section we extend this to e-augmented disks.

In fact, in Section 4.1 we follow Dax and work more generally with V,; X smooth (oriented) manifolds with
boundary, and V' compact (but X not necessarily). We consider the space Embs(V, X) (for V = D+~!
this was previously denoted Emb,,,(D*~1, X)) of neat embeddings of V into X that are on the boundary
given by wup = u|ay, for a fixed “unknot” u: V < X; note that no dual is assumed.

We study the homotopy groups of Embg(V, X)) by comparing them to the space Immg(V, X) of immersions
V 9 X with the same boundary condition ug. Denoting dimV = /¢ < d = dim X, and assuming d—2¢ > 0
and d > ¢ + 3, the Dax invariant will be an isomorphism (bijection for d —2¢ =0 or 1):

Dax: Wd_gg(lmma(v, X),Emba(V,X);u) — Z[ﬂ-lX}/relgd
given on a relative homotopy class
Fro (197261972070 5 {0}, o127 x TUT 271 x {1}) — (Immp(V, X), Emby(V, X), u)

as the count of double point loops of the associated track F': 1972¢ x V — 19-2¢ x X, see Theorem 4.13.
The group of relations rel 4 is trivial for £ = 1, whereas for ¢ > 2 it is given by (g—(—1)4"%g™1 : g € 7 X).
We will then concentrate on the case V = Df and study the connecting map

Otmm : Td—2e Immy (DY, X) — mg_o¢(Immp (DF, X), Emby (D¢, X), ). (4.1)

in order to prove the following in Section 4.2.
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THEOREM 4.2. The inclusion i: Embg (D¢, X) — Immy (D¢ X) is (d — 2¢ — 1)-connected. Assume
d>0+3. Ifd—2¢—1>1 there is a short exact sequence of groups:

Ot Tqg—_p_11
Zlm XA 1]/re|1z 4 @ daxy (mg_¢X) =2 > g—2e—1(Emby (D, X),u) ———5 mg_pe_1(Imma(D’, X), u),
where the homomorphism dax,, : 74—¢X — Z[m1X\1]/rely 4 is defined in (4.30) below in terms of Daxodpym.
The dashed arrow Dax inverts on ker(mg_,—11) an explicit realization map Or.

If d — 2¢ — 1 = 0 there is an analogous exact sequence of sets, with u omitted and Ot extending to an
action on my Emby(D, X). Finally, if d — 2¢ = 0 there is an exact sequence of sets

Dax o d1mm
—

0 Emba(]De,X) 7T_01> o Imma(Dz,X) Z[W1X}/re|£ 4’

and Dax o d1ym agrees with the Wall self-intersection invariant p, (see Remark 4.18).

This can be made more explicit by computing homotopy groups of Immg(D, X) using Smale-Hirsch
immersion theory, see Corollary 4.26, which immediately gives Theorem C. An analogue for e-augmented
disks will be given as Theorem 5.5 in Section 5.2, and its case £ = k — 1 and X = Mg will be used to
prove Theorem D in Section 5.3.

The first sentence of Theorem 4.2 follows by general position. Namely, for a family of immersed disks
F (f} :Df ¢ X, £ € S", their double points correspond to double points of the track F:S"xDf - St x X ,
defined by (£,v) — (£, F(£)(v)). The set of double points of F has dimension n+d — 2(d—¢) = n—d+2l.
This is negative if n < d — 2¢, when a generic n-family is embedded, i.e. gives a class in 7, Embs(D?, X).
If n < d—2¢—1 then these lifts are also unique, by an analogous argument with one more parameter,
implying the injectivity on 7, as well.

Thus, it remains to determine the kernel of m4_o,_1i. This amounts to computing the relative homotopy
group in degree d — 2¢ and the image of the connecting map drmm-

4.1 The work of Dax: the relative homotopy group

4.1.1 The original formulation. As mentioned in the introduction (Section 1.2), Dax computes the
homotopy groups of immersions relative to embeddings in the metastable range 0 < n < 2d — 3l — 3, in
terms of certain bordism groups. His manifolds are more general than considered so far in this paper:
they can be disconnected and nonorientable, and the target can be noncompact.

THEOREM 4.3 (|Dax72, p. 375]). Let V be a smooth, compact {-manifold with boundary, X a smooth
d-manifold with boundary, and u: V < X a smooth neat embedding. If 1 < { < d are such that
d—2¢ >0, then for 0 < n < 2d — 3l — 3 there is an explicit isomorphism (injection for n =0):

Bt T (Immp (V, X)), Emby(V, X);u) — Q—(d—20)(Cu; V).

For n = 0 the relative homotopy group is understood as the set-theoretic quotient of 7o Immy(V, X)
by the image of mo Embs(V, X). Thus, 5y is a complete obstruction for an immersion to be regularly
homotopic to an embedding; this was also studied in [HQ74] using similar techniques, see Remark 4.18.

As usual, the normal bordism group Q;(Y;4) of a space Y with a stable vector bundle ¥ over it, consists
of bordism classes of tuples (D,b: D — Y, B: b*(¥) — vp) where D is an i-manifold with the stable
normal bundle vp, b is a map, and B is a bundle isomorphism. We do not recall here the definitions from
[Dax72, p. 338] of the space C, and the stable vector bundle ¥,, over it, to save space as we do not need
them explicitly. We only point out the following three properties they have.



16 DANICA KOSANOVIC AND PETER TEICHNER

Firstly, there is a fibration sequence QX — C, ©% W, where W is a compactification (to a manifold

with boundary) of the quotient of V2\ Ay, where V2 =V x V and Ay = {(v,v) € V?} is the diagonal,
by the involution (v,w) — (w,v). Thus, the interior is the space of coinvariants, int W = (VZ\ Ay )z/s.

Secondly, the subspace E, = pr;vl (int W) C C,, can be described as the quotient of the space

E) = {(v,w,p) € (V*NAy) x Map([-1,1], X) : p(—1) = u(v), p(1) = u(w)}
by the free involution (v,w, p) — (w,v,p~t). We use notation [v,w,p] € E, . This description follows
from the definition of the bundle w over W, implying it is trivial over intW, see [Dax72, p. 337].

Thirdly, the restricted bundle ¥, |gy is obtained as the quotient of a bundle 1% over El . Namely, for
the stable normal bundle vy and the tangent bundle T'X, let &L be the pullback of V‘2/ @® TX under
(prve,prx): B — V2 x X, (v,w,p) — (v,w, p(0)). This map is equivariant for the involution which
switches the two V' factors and is identity on X, giving an involution on 1%, whose quotient is ¥, |my .
The following is used in the survey article [GKWO01] without proof (with £, denoted by E™ (u, u) there).

LEMMA 4.4. The space C,, is homotopy equivalent to its subspace E,’ . In particular,
Qi (d—20)(Cui V) = Q_a—20)(E 5 Yulpy).
Proof. As int W is the interior of the compact manifold W with boundary, the inclusion i: int W — W
is a homotopy equivalence. Thus, the pullback i*(C,) = p~!(int W) is homotopy equivalent to C,. (I
Let us now translate the isomorphism (3, from Theorem 4.3 to this simpler target bordism group as
B+ (Imma(V, X), Embo (V, X)) —+ Qu_(amaey (E); Dulpy). (4.5)
We also need the following standard result; see for example [Dax72, p. 335 (note that Dax considers all
maps rather than immersions, so has more conditions on perfect maps, regarding singular points).
LEMMA 4.6. Under assumptions of Theorem 4.3, a smooth map
F: (I", 1" x {0}, oI" ' x TUT™ ! x {1}) — (Immy(V, X), Emby(V, X), u)
can be approximated, relative to the boundary, by a perfect map, i.e. a smooth map F' whose track
F: T"xV —TI'"x X, (tv)— (&, F({)(v)) (4.7)
has no triple points, and double points are isolated and transverse. Equivalently, the restricted square
F2|: (I" x V)2\ Apayy — (I" x X)? is transverse to the diagonal Apny x .
For F a perfect map as in the lemma, let /3/,[F] be the bordism class of the tuple (Apaz,bpaz, Bpaz)
defined as follows. Firstly, the double point preimage set is defined as
Apaz = (F2)) " HAmxx) = {(f0,w) € I" x (VE\Ay) : F(i)(v) = F({)(w)},
whereas Ap,, is the quotient of ADas by the free involution interchanging the factors:
Apas = (Bpas)zys = {(Ev,u]) € 1" x int W : F(D)(v) = F()(w)} .

Note that F: Apa, — X, F(t,[v,w]) = F(#)(v) = F(t)(w), embeds Apg, as the double point set, and
we have a double cover N
q: ADaac — ADaa\c~

Next, bpaz: Apaz — F,f is defined by
bpaa(t, [v,w]) = [v,w,p = F(T = s(T = 1))(0)|sefo) - F(T = (T = H) ()| o1 (4.8)
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So p is a path in X from p(—1) = F(I)(v) = u(v) to p(0) = F(i)(v) = F(f)(w) followed by a path to
p(1) = F(I)(w) = u(w). Note that Dax takes relative classes to instead be u on the O-face I"~! x {0}, so
has a slightly different formula for p.

Finally, Bpa, is an isomorphism of the stable normal bundle va,,, and b}, (Yu|Ey ), given as follows.
Taking the pullback under g: Aps, — Apes We have
q*VADaz = V&Dax = V(Hn'XV)Q‘ZDam ® VZDG,IQ(H"XV)2 = V%/IZD(I,T ©® (F2|)*(VAmxxg(]I"><X)2)~ (49)
On the other hand, ¢*b},, (VulEy) = E*Dam (1%) for the obvious double cover EDam: ADM; — EJ of bpas-
Since pry © bpas(t,v,w) = F(£)(v) = pry o ﬁ2|(f, v,w) and T(I" x X) = §*(vac@nxx)2), we have
bhae (rx (TX)) = (pry o F2)(TX) =, (F2))* (pri(T(I" x X)) = (F?))*(vac@rxx)?); (4.10)
Since ¥, = priavd @ priy(TX) and [ (pri2viy) = v|x . » we have a stable isomorphism Bpas of

T 0par(VulEy) and ¢*va,,,. Moreover, this respects the involutions, so gives the desired Bpgs. Thus,
we have defined a bordism class (Apaz, bpazs Bpaz) € Qn—(a—20) (B 3 DulEy)-

4.1.2 The Dax bordism group for a simply connected source. One can identify the 0-th bordism
group with the target of Wall’s self-intersection invariants.

PROPOSITION 4.11. Let V, X, u be as in the first sentence of Dax’s Theorem 4.3. Additionally assume
that V and X are oriented, and that V is 1-connected. Then

0 ift=1
Qo(E);9u|py) = Z[WlX]/ with relgg =14 7
of Ey) rely.q td (g—(=1)4tg=1 . g e m X), otherwise.

Proof. 1t is a standard fact that Qo(E);0u|py) = Ho(E, ; Z(Uu|Ey)), where Z(¥y|py) are the local
coefficients induced by the orientation of the bundle, so over the connected component ¢ of E,. the
coefficient group is Z or Z/2 depending on whether 4, |. is orientable or not.

To compute the set moE,” of components, we first find 7ri(V2\AV)Z/2 for i = 1,2, using the exact sequence

(VN Ay) >—— 1 (V2\Ay)z/0 7./2 To(VENAy) — mo(VENAy)z)2.

For ¢ > 2 we have mo(VZ\ Ay )z/2 = mo(VE\ Ay) = 1, whereas (D')*\ Ap: has two components which
get identified by the involution Z/2 = mo((D')2\ Ap), so again mo(VZ\ Ay )z = 1.

Since V is 1-connected, from the fibration sequence V\pt — V2\ Ay — V we see that m (VZ\Ay) = 1,
unless ¢ = 1,2. For £ = 1,2, the only examples are D! and D?, for which (D!)?\ Ap: is two triangles, so
simply connected, whereas 1 ((D?)%\ Apz) = mS! = Z for the meridian S! of Apz C (D?)2. Thus, from
the displayed exact sequence we see 71 (V2\ Ay )z = Z/2 for £ > 3 and m((D')?\ Aa1)z/2 = 1. For
¢ =2inZ < m1((D?)?\ Ap2)z/2 — Z/2 note that Z/2 acts by —Id on Z. Thus, 71 ((D?)?\ Ay)z/s = Z.

Next, we claim that there is a fibration sequence

QX B 22 (VAN Av)ze. (4.12)

u

Indeed, the fiber over [v,w] € (V2\ Ay )z/2 consists of paths p from u(v) to u(w) (or equivalently from
u(w) to u(v)), so taking v € QX to the path p = u(d,) - v - u(¢,) ! gives a homotopy equivalence,
for some fixed whiskers ¢, from v to ey € V (alternatively, restrict Dax’s fibration pry : C, — W to
intW = (V2\Ay)z s2)- The bottom of the induced long exact sequence of homotopy groups is:

m(E),c) —— {1} or Z or Z/2 m X o E,
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for £ =1 or £ = 2 or £ > 3 respectively, and a component ¢ € mgE, . A generator o of Z/2 or Z sends
g = [y] € mX to g~!: indeed, o is represented by the loop of two points in V switching positions, so
if the lifted path starts at [v,w,u(¢,) - v - u(¢w) 1] € E) then it ends at [w,v,u(py) - v - u(p,) 1] =

[v, w, u(¢y) - 7_1 'u(¢w)_1]' Thus,
— {mX, (=1
b, =

mX gl £22

Moreover, o fixes an element g € 7 X if and only if g = ¢g=!. Thus, 7 (E),c) — Z/2 or Z is surjective
if and only if ¢ corresponds to an order 2 element g (i.e. ¢ = [v, w, u(dy) - 7 - u(py) "] for [v] = g).

Now, we claim that for ¢ = [g] € moE, the bundle ¥,|. is nonorientable if and only if ¢ > 2, d — ¢ is odd
and ¢ = 1. Indeed, recall that 9,|gy is the quotient of pri.(vv) & pri(TX) = pri.(vi) ® pr(vx)
(using that vy = v, @ vx and vx & TX is trivial) by the involution swapping the two V factors. As X
is orientable, it suffices to check if there is a loop in (VZ\ Ay) /2 which is orientation-reversing for the
quotient of v7, and lifts to B . We saw 71 (VZ\ Ay )z/2 is Z or Z/2, and along the generating loop ¢ the
monodromy is (—1)47*, since (d — ¢) is the rank of v,. By the previous paragraph, o lifts to 71 (E,’, [g])
if and only if g2 = 1. Therefore, Qq(E,\ ;9. gy) is canonically isomorphic to

Z[r], (=1
T = Z[W] _ _
AL E 7y ¢>2,dteven,
{gem:g®#1} 2 ~ Z[r] B
Z[ /gwg—l}@Z/ﬂ{gew.g # 1] =040 _ -y, £22,d—Lodd.
where 7 := m1 X. This was exactly denoted Z[m; X]/rel; ¢ in the statement, and finishes its proof. O

4.1.3 The Dax invariant for a simply connected source. We next simplify the Dax isomorphism /3],
from (4.5) for n = d—2¢ using the description Qn,(d,%)zo(ﬁx; Vulpy) = Zm X]/relg q from the previous
section. First note that for this to fall into the metastable range we need to have 0 < d—2¢ < 2d — 31— 3,
which says d > £+ 3, and d —2¢ > 0. For £ = 1 and d = 4 the following interpretation of Dax’s work was
also studied and used by Gabai in [Gab21] (his spinning map is analogous to our Jt, see Remark 4.22).

THEOREM 4.13. Let V, X, u be as in the first sentence of Dax’s Theorem 4.3. Additionally assume that
V and X are oriented, that V is 1-connected, and d > ¢ + 3 and d — 2¢ > 0. Under the isomorphism of
Proposition 4.11, B!,_,, is equivalent to the isomorphism

Dax: 7g_a¢(Immp(V, X), Emby(V, X );u) — Z[WlX]/relgd’

k
Dax[F| =Y (7 49> (4.14)
1=1

which sends a perfect map F to the sum over all double points (t;,x;) of its track F from (4.7), of the
associated signed loops €(F,m)Jzis where EFm) € {£1} and g,, € m X are defined below.

Firstly, for any v € V fix a whisker ¢,: [0,1] — V from the basepoint e, € 9V to v. For example, for
V = D’ take the straight line ¢,(s) = sv + (1 — s)e, from e, = (—1,0,...,0) to v € V. For £ = 1 we
simply have e, = —1 and ¢, = [—1,v].

Secondly, the map F has finitely many double points, all of the form (t_;,xi) with 1 <4 < k, for some
t; € 1972 and z; == F(£;)(v;) = F(&;)(w;) € X with v;,w; € V. Let us pick an order (v;,w;). In other
words, for the immersed manifold F(;) we choose “an order of the sheets” at the double point z;.
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Figure 4.15. The double point z; € X of the arc F(f;) € Immg(D', X) has the associated loop gz; = G-

Leteg .,y € {#1} be the relative orientation at (f;, z;), obtained by comparing orientations of the tangent
space T(g, ) (17 x X) and (in this order):

dﬁ(T@ oI xV)) @ dﬁ(T@ w7 X V). (4.16)

Again using the fact that we chose an order of sheets at x;, we define the group element g,., € m (X, u(er))
to be represented by the following loop based at u(e;) (see Figure 4.15 for £ = 1):

Yoo = F(t)(¢0,) - F(E) (dw,) ™! (4.17)
Now note that if £ = 1 the order v; < w; is canonical in the interval D'. On the other hand, if £ > 2 and
we switch the order then the sign (4.16) changes by (—1)?~* and the loop (4.17) becomes its inverse. But
since g, — (—1)?“g; ! € relg 4 the class Dax(F) is well defined.
Proof of Theorem 4.13. Since Ap,, is 0-dimensional, the bordism class of bpas: Apex — FE, is by
definition the sum of signed components of E,/ containing bpa. (A paz), with the sign € g, ([v, ], t)=+1
if and only if Bpg, is an orientation-preserving isomorphism va,,,, = b}, (Vu|Ey ). Equivalently, this is
the sum of signed components of Ex containing bDDan (ADM), modulo the involution. For (t_: v,w) € Apas
the component of bpqae (£, v, w) = (v, w, p) corresponds to the class [u(¢y,) - p- u(dgt)] € X (see (4.12)),
with p as in (4.8). We claim that this loop in X is based homotopic to the loop ~,, from (4.17). Indeed,
I9-2¢ x V is simply connected, so the choice of whiskers is irrelevant: Dax chooses to go in a direction

Hd—%

tangent to , while we opt for a direction tangent to V.

Finally, the sign of this component [ (t,v,w) is positive if and only if Bpas | (F.v.w) Preserves orientations.
Tracing through isomorphisms (4.9) and (4.10) we see that the source of the sign is the isomorphism
VA paw C(1-20x V)2 =2 (ﬁ2|)*(VAg(]Id—2ﬁxx)2). Equivalently, €pas([v,w],#) = +1 if and only if d(F?|) is
orientation preserving at (v,w,t) if and only if the orientation of VAC(é-2¢x x)2 agrees with that of
dF?|, 5T x V)2 = (dF| 7, (T[4 X V), dF| 7, (T (1972 x V). This is precisely our definition
of the sign €7, in (4.16). O

Remark 4.18. For d — 2¢ = 0 this should be compared to Grant’s result [Gral3] that the Wall invariant

.ol V, X Zm X

. 7o mma( )/7'('0 EInba(V7 X) — [71'1 ]/relg,d

agrees with the Hatcher—Quinn invariant [HQ74] for V simply connected (the latter is defined for any
V, X with 2d — 3¢ —3 > 0). On one hand, py is defined as the count of signed double point loops, so
it clearly agrees with Dax. On the other hand, one can check that 5 agrees with the Hatcher—Quinn
invariant (in fact for any V, X with 2d —3¢—3 > 0).

e

Example 4.19. Let us compute the Dax invariant of the following class. Assume U: DF < M has a
boundary dual G: S*F — OM and pick g € miM. Push G into the interior of M and foliate it by
a (d — 2k)-family of k-spheres (see Figure 4.21), then drag a piece of U around g and connect sum it
into each of those k-spheres. This defines a class in 74— (Immy(D¥, X),U), which clearly lifts g - [G] €
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7g_ kM. When considered as a relative class mq_ox(Immg(D¥, M), Emby(D¥, M), U) we can compute its
Dax invariant: we see a single double point, namely UNG' = {pt}, with the signed double point loop g.

4.1.4 The realization map.

THEOREM 4.20. Let V, X, u be as in the first sentence of Dax’s Theorem 4.3. Additionally assume that
V and X are oriented. There is an explicit realization map

t: Z[WlX]/relg’d — mg—o2¢(Immy(V, X), Emby(V, X), u).

If V is 1-connected, and d > £+ 3 and d — 2¢ > 0, then v is the inverse of Dax given in Theorem 4.13.

Proof. For g € m; X we define
t(g): (I972671 I 1972671 x {0}, 91927 x TUT?= 271 x {1}) — (Immp(V, X), Embs(V, X), u).

Firstly, define for £ € T972¢~1 x {0} the embedded arcs dt(g)(t) = t(g)7 by dragging a piece of u near
u(eg) along the group element g, then “swing a lasso” around a meridian p(S?~*~1) at a point x € u
near u(eg), then drag back to u. More precisely, we foliate S=¢~1 by a (d — 2¢ — 1)-family of ¢-disks
o D¢ < S¥ 41 based at two fixed points, see Figure 4.21. Use the pinch map I¢72¢~1 — [ v §4-2¢-1
and along I apply the finger move to a small disk in «(V') following g, ending with the connect sum of u
with the /-disk p(an). For £ € S972~1 connect sum with the disk p(a;z) instead.

For (f,s) € T9°2=1 x T the paths of immersions t(g)zs: V & X from v(g)7o = v(g); back to t(g)z; = u
are defined by similarly foliating by ¢-disks the meridian ball 7Z(B?~*) bounded by pu(S—¢~1).

Define t(—g) analogously, but connecting into the meridian p(S¢~!) from “below”. Then extend t to
Z|m1 X] linearly: for d > 4 the target is an abelian group, but for £ = 1,d = 4 we need to check that t(g)
and t(h) commute. Namely, they can be constructed using disjoint supports J; and different meridian
balls 11;(B3), so there is a null homotopy I x 12 — Immg(D', X) of their commutator, given at (to,;,t2)
by applying the map t(g)(to,¢1) on J; and t(h)(to,t2) on Jo, and u otherwise.

=u(-1) d—1—1 3 u(1)
e N

Figure 4.21. Left. The samples t(g): € Emby(D?, X) for several t € I', £ = 1,d = 4, with t(g)o = t(g)1 = u as
the horizontal arc. Right. The double point loop gx = g is the dashed arc followed by the solid red arc.

Let us show that Daxot(g) = g. In the family v(g);, all disks are embedded except one, for which
there is exactly one double point {x} = v N7E(B?*) and the associated loop is precisely gx = g € T X,
see the right part of Figure 4.21. To determine the sign choose coordinates R? = R2(+1 x Rd—2¢-1
around x € X so that R2*! x {0} contains R x {0} x {0} as the w-sheet and {0} x R’ x {0} as the
v-sheet (for £ = 1 this is depicted in the figure). The derivative at v-sheet of t(g) applied to I9-2¢~!
[d—26-1 R4—26=1 applied to I it is the sum of the

gives the positive basis of and the positive basis of



A SPACE LEVEL LIGHT BULB THEOREM IN ALL DIMENSIONS 21

positive I direction and the upward pointing vector in our R%-chart, i.e. in {6} X {6} x R C R+,
while applied to D it gives the positive basis of {0} x R x {0}. At w-sheet we see the vector in the
positive 1472~ 1_direction and the positive basis of R¢ x {0} x {0}. Comparing to the canonical basis of
[4=26=1 5 [ x RI726-1 x R241 C [9720-1 x [ x X we use 2(d — £ — 1) transpositions, so ex = +1. We also
clearly have Daxot(—g) = —g.

Finally, we check that t(g) = (—1)4~‘x(g™1) if £ > 2. Firstly, for any ¢ we can perform a homotopy of t(g)
by making the first sheet stand still whereas the second sheet moves, and then pushing the neighborhood
of  back around g, so that the root and the tip of the finger switch positions and the finger follows g~ '.
However, when £ > 2 the root of the finger can also be freely moved around D, so that we obtain the
class (—1)%*t(g~1). Namely, the meridian sphere ;(S?~“~1) to the second sheet became the meridian
sphere to the first sheet but with the sign (—1)?~¢, since it got inverted (cf. (anti)symmetry of the linking

number). Thus, Daxot = 1dz(rx, x1/rel, 4 Dy construction. O

Remark 4.22. This proves that Dax is surjective, without using Dax’s Theorem 4.3. For { = 1,d = 4,
Gabai proves in [Gab21, Step 4] that Dax is injective also directly, avoiding a parametrized double point
elimination argument of Dax. Namely, Gabai shows that z'fF has double points x; with signed loops €4, gz,
then F is homotopic to v(r), 7 = >, €2,9x,. But if r =0 € Z[m X] then v(r) is clearly null homotopic.

Remark 4.23. To show voDax = Id one could instead of Dax’s theorem use the fundamental theorem of
embedding calculus [GKWO01], which implies that the evaluation map evy from Embg (D¢, X) to the second
Taylor stage Ty is (2d — 31 — 3)-connected. Since T ~ Immg(D?, X) and d — £ > 3 we have

Td—2p€V2 Wd_gg(Imma(De,X), Emb@(]D)e7 X),u) — wg_o0(T1, To, u).

For example, for £ =1 the last group is isomorphic to Z[m1 X| via an isomorphism X, see e.g. [Kos20].
Moreover, by a slight generalization of the results there, we have X o mg_3evy ot = ldz(,, x], see [Ko0s20,
Rem. 1.10]. Thus, v is an isomorphism for £ =1, so its unique left inverse Dax is as well.

4.2 Proof of Theorem 4.2

4.2.1 On homotopy groups of spaces of immersions.

LEMMA 4.24. There is a homotopy equivalence D, () = —D(u) Uy D(+): Immy(D*, X) ~ QV,(X),
where V;(X) denotes the frame bundle of orthonormal ¢-frames in the tangent bundle TX .

Proof. By Smale-Hirsch [Sma58; Hir59| the derivative map gives a homotopy equivalence

D: Emby- (D, X) — Map,(D*, Vi(X); Du.)
to the space of sections over Df of the frame bundle V;(X) (¢-frames in TX), which are constant on the
boundary (given by the derivative of u along D). This map takes derivatives in all k—1 tangent directions

at each point of Df. The next lemma identifies this mapping space with a loop space using a map —uUg -,
s0 Do (—uUp *) = D(—u) Ug D(s) is the claimed homotopy equivalence Immgy(D*, X) ~ QV,(X). O

LEMMA 4.25. For a space Y let u: D' — Y be a based map, u(e;) = ey for basepoints e, € OD' and
ey €Y. Then there are inverse homotopy equivalences (based for v and —u Uy )

—uUge: Mapy (D', Y;u) PR Map, (S, Y) = QY :uve

where —u Uy K glues two disks along the boundary, while vV S: DY — D VS’ — Y is the wedge sum
(pinch off a sphere from a neighborhood of the point opposite to the basepoint e, € OD* in OD*).
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Proof. For a homotopy from —u Uy (u V) to Idgey use the obvious null homotopy —u Uy u ~ conste,, .

Similarly, for the homotopy from u V (—u Uy *) = (uV —u) Ug « to the identity collapse the part uV —u
to ex: use the foliation ¢, C D’ by the straight lines from v € 9D’ to e, € OD* and then for each v the
obvious null homotopy of loop u(¢,)u(é,) ! through loops based at u(v). a

The homotopy equivalence D,, induces isomorphisms 7, Immgy (D¢, X) — m,.¢V¢(X). Using this and
Proposition B.16 from Appendix B about homotopy groups of frame bundles, we obtain the following
corollary. Note that it implies that Theorem C indeed follows from Theorem 4.2.

COROLLARY 4.26. Assume d — 2{ > 0. The homomorphism p,: 7, Immg(D, X) — 7, ¢X, given by
pu(f) = (f' = —uUp f7) union the canonical null homotopy of —uUpu on the boundary, is an isomorphism
for alln < d —2¢ — 1, and we have an exact sequence

Zpg ——> Tz Immy(D', X) —2%% 74, X, (4.27)

where Zy,q = Z/rel; 4 is isomorphic to Z for | =1 or d — ¢ even, and to Z/2 for d — ¢ odd with ¢ > 2.
4.2.2 The connecting map. Recall the connecting map i from (4.1), and consider the composite

T s mg_pg(Immp(DF, X), 1) 22205 7o (Tmmp (DY, X), Emby (DY, X), u) »225 ZmXy

PROPOSITION 4.28. This composite takes 1 € Z; 4 to the class of the unit 1 in Z[m X]/rel; 4.

Proof. The map i, for any X factors through the one for X = D?, so it suffices to consider that case.
Then both i, and Dax are isomorphisms with Zy 4 = Z/rel; 4. By definition, i.(1) is the class of any
map 7: S — Immy(D*, DY) whose Smale-Hirsch derivative D, o 7: S¥=2¢ — QV, (DY) ~ Q°V,(d) is a
generator of my_,Vy(d) = Zg 4 of the Stiefel manifold (see Corollary B.10).

Let us describe one such 7. Firstly, for parameters (f, s) € T9726=1 x T = D42 of the upper hemisphere of
S¥=20 Net 7(t, 5) == t(1)7;_, be the time-reversed path of immersed disks from the previous proof. Recall
that this drags a piece of u to the position ay, and then uses (¢ + 1)-disks foliating the meridian ball
7(B?%) to slide a into an embedded (-disk v(1); C (S~ *~1). For parameters in the lower hemisphere
of S*=2¢ we now describe how to undo disks t(1)7 by an isotopy, so it will immediately follow that
Dax(i«(1)) = Dax([r]) = Daxot(1) = 1.

_

u(—1) u(l)  wu(-1) u(1)

Figure 4.29. The present slice D3 x {0} C D¢ contains an arc ¢ C t(1)7 , and a 2-disk C C E(B5™). In the

Ty
second picture c is isotoped so that now the subarc ag can be slid across C' without creating any double points.

Observe that in the foliation of (B¢~) there is a unique (¢ + 1)-disk 7(B5"!) which contains x, the only
double point in the homotopy. We can pick coordinates so that the intersection of this disk with the
“present” slice is a 2-disk 7(B2) = @(BLH) ND3 x {0} € D? with E(B2) = an Us g as on the left of
Figure 4.29. In particular, t(1); contains ag.
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Now, let us first isotope the arc t(1); N D3 x {6} as in Figure 4.29: we isotope the front guiding arc

and a part of u in v(1)z by “pulling them through” 7(B2) (using the rotation around the vertical axis).
Note that in the new position ag can be slid to o across fi(B2) without creating any double points, and
that from there we have an obvious isotopy to u — namely, “by pulling tight”. More generally, the desired
isotopy from each v(1);ND? x {0} to u consists of the same isotopy as in Figure 4.29, then sliding across
the corresponding 2-disk ﬁ(]B%fiH) ND3 x {6} C D4 to get to position ayy, and then pulling it tight.

Finally, we make this into an isotopy of the whole family v(1); Firstly, we“taper off” in the remaining
d— 3 dimensions the isotopy of the guiding arc performed in the present slice; this is a standard procedure
using smooth bump functions. From there, we simply use the isotopies across E(IBB?H) as before. |

4.2.3 Proof of Theorem 4.2. The last proposition implies 1 € im(Daxo d1m,). We can use any section
of pu: mg_oe(Immp(D, X),u) — mq_¢X to define a group homomorphism

daxu: Wd_zX e Wd_gg(Imma(De,X)7u) Mﬂ Z[W1XJ/<1, I’e|g d> = Z[ﬂ-lX\l]/reu d (430)

By construction the value dax, ([f]) is computed by lifting f: (I97¢, 919*) — (X,u(—1)) to any family
F: 1972 — Tmmy(D*, X) (in this case the entire O1¢~¢ goes to u), calculating its Dax invariant Dax(F) =
n(f) -1+ dax,(f) € Z[m1 X]/(relsq), and disregarding the trivial group elements n(f).

Thus im(Dax o d1mm ) = (1, dax, (mq—¢ X)), finishing the proof. O

5 ON HOMOTOPY GROUPS OF SPACES OF c-AUGMENTED DISKS, AND OF DISKS
WITH A DUAL

Recall that the space of e-augmented disks Embj. (D¢, X) (previously denoted Embig (D*=1, X)) consists
of embeddings D’ x [0, ] < X that agree on (S*~1 x [0, ¢]) x [0, ] C D x [0, €] with one such u® (previously
denoted u% ). In other words, their boundary condition is u§ = u®|(g¢-1x[0,c])x[0,]- Note that whereas
0° records, as before, a stronger boundary condition u|se-14[g,.] along a collar of OD*, the superscript e
reflects additional structure, the e-augmentation.

This additional structure has a fairly simple homotopy type that just reflects a normal vector field along
an (-disk. In other words, the fiber of the forgetful map evy: Embj. (D, X) — Embg. (D¢, X) agrees with
the analogous fiber for immersions, or equivalently frame bundles, see Section 5.1. Using this and results
about frame bundles from Appendix B, in Section 5.2 we extend Theorem C to the space Embj. (D, X).
Finally, in Section 5.3 we combine this with our Space Level Light Bulb Theorem 3.2 to prove Theorem D.

5.1 Forgetting augmentations

PROPOSITION 5.1. The space Embj. (D, X) is homotopy equivalent to the space Emb!. (D*, X) of neat
embeddings D' — X equipped with a normal vector field (a nonvanishing section of the normal bundle).

Proof. Firstly, we claim that there is a commutative diagram of fibration sequences

evy ' (1) —— Embj. (DY, X) —2 Emby- (D', X)

(
| il H
T
T (Svu) —> Emb). (DY, X) —2— Emby- (D', X).

where Ige (Svu) = (pr")~!(u') is the space of those sections of the unit sphere bundle Svu of the normal
bundle of our basepoint u: D¢ < X that agree with the basepoint u' := DT(uf) on a collar of oD,
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Indeed, both evy and pr' are fibrations by Theorem 2.9.11, and for a fixed Riemannian metric on X, the
unit derivative along D x {0} in the direction of [0, €] is a map D' between total spaces. Once we show
that its restriction to fibers DT: evy 1(u) — T (Suu) are homotopy equivalences, the result will follow.

A homotopy inverse Exp,, of DT comes from identifying the total space of vu with a tubular neighborhood
of u via a scaled exponential map: for a unit normal vector field ¢ along u define Exp,,(¢): Df x[0,¢] — X
by Exp,(£)(v, s) := exp(s - £(v)). Here we may assume by compactness of X that e is smaller than the
injectivity radius of the chosen metric. We have DT o Exp,, = Id by construction. To define a homotopy
from Exp,, o DT to the identity in the space evy ! (u) we observe that by continuously scaling the parameter
and using the exponential map, it suffices to construct such a homotopy K; for K: D! x [0,¢] < vu.
This is given by K;(v,s) = M for t € [0, 1], since K is indeed the usual description of the normal
derivative of K = K; at (v,0). O

Recall that V;(X) denotes the ¢-frame bundle of the tangent bundle of X, and that the unit derivative
defines a map D,,: Emby: (D, X) — Q!'V;(X), see Lemma 4.24. We similarly have a map

Dy : Bmb. (DY, X) — Mapy (D', Vi1 (X); D(u)) — QViga X,

which to a k-disk K with a normal vector field assigns D+ (K) := —D(u') Uy D(K), where D(K) is given
by derivatives of K at (v,0) in all £ tangent directions, followed by the normal vector.

PROPOSITION 5.2. There is a commutative diagram of fibration sequences

R
Q/sTt-1 5 Emb). (D', X) -2 Emby- (D, X)

| o i

Qfsd—t-1 L 0fy,, (X)) —2E S ().

In particular, we can choose the connecting map 6., for the top fibration sequence in the diagram of

Proposition 5.2 to be the composite of ¥D,, with the connecting map d, for the bottom sequence.

Te4+1

Proof. A trivialization of the sphere bundle Svu = Df x S4~¢~1 induces a homeomorphism h between the
space I'(Svu) of all its sections and the space Map(ID¥,S¥~*~1). This identifies the basepoint u" = DT (u?)
with some u’: DY — S=¢~1 50 that the subspace I's (Svu) of sections which agree near boundary with "
is homotopy equivalent to the subspace 971 (9u’) C Map(D, S4=¢~1), the fiber over du’ of the restriction
map 9: Map(D¥,S¥*~1) — Map(S*~*,S9¢~1). Moreover, we can identify this space 97! (du’) of maps
rel. boundary with a (k — 1)-fold loop space as in Lemma 4.25, to obtain the map

n: QIS WY g1y — B 1o (Svu) <5 Emb), (D', X) (5.3)

o

which we use as the top left arrow in the diagram of the statement. For basepoints at the bottom we use
the images of u' and v under the vertical derivative maps. The square on the right clearly commutes:
forgetting normal vector corresponds to forgetting the last vector in an (£ + 1)-frame. The square on the
left also commutes, since the map S — —D(u') Uy D(h(v' V S)) = D(—u') Uy D(u' Uh(S)) is homotopic
to the inclusion S+ ip41(S) of the fiber of preiy over the basepoint D, (u) = —D(u) Uy D(u). O

Remark 5.4. Combining Theorem B with Proposition 5.2 (for { = k—1) we obtain a proof of Theorem A:
in the setting with a dual there is a fibration sequence

Exp o ay

= o 3 6ev
QFsd—k Emb, (D*, M) Tu = evoefo, QEmby(DF 1, Mg) —2s QF-1gdF,

In particular, fu is a homotopy equivalence if d =k ord = k+1 > 3. If d > 2k, then mofu is a bijection.
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5.2 On homotopy groups of spaces of c-augmented disks

We have the following analogue of Theorem C for e-augmented disks. Note that we assume d — 2¢ > 1
for simplicity and as the case d — 2¢ = 0 does not arise in Theorem D.

THEOREM 5.5. Assume 1 < { < d—3 andd—2¢ > 1, and X is a d-manifold with boundary, 7 := m X.
For 1 < n < d— 2¢ — 2 there are isomorphisms p,,: T, (Embj. (D, X),u®) = 7,,,X, and a short exact
sequences of groups:

_ Zlm\1
=1, [ ]/daxu(wd_lX)
a c £ €
022d-Codd, FML L ) (o Taae (Bmbj. (D, X), u)
_ Z[n)
£>2,d—{ even, /<gfg*1)@daxig(7rd_gX) (Mw © Dus) @ pu

d — ¢ odd, z

B mg_r1X
d—10#2,4,8 even, Z/2} =t

Moreover, for d — ¢ odd, (0, Tq_o¢_1evo): Tg_20—1 Emb§. (D¢, X) = Z x m4_o¢_1 Emby(D*, X) is an iso-
morphism, so any S*~2~1_family of embedded disks has 7 many e-augmentations. On the other hand,
in the even case, the number of augmentations is twice the order of the element 1 in Z|r]/dax . (mq_¢X).

The homomorphisms dax;. and 7y will be defined in the course of the proof, see (5.8). The map Ot is
the family of disks Jv with suitable e-augmentations; p, is the same composite of a forgetful map and
concatenation with —u as in (4.27).

To prove Theorem 5.5 we consider the diagram of fibration sequences from Proposition 5.2. Taking the
long exact sequences in homotopy groups of these fibrations implies that D,+ is (d — 2¢)-connected (as is
Dy), 80 is Dye = Dy+ o DT, and gives the following commutative diagram with exact rows and columns:

Ta— ST s 1 Ve (X) Ta- P Ta—eVe(X)

J/ l51mm€ ~Lalmm

0 ———> Ta 90 (Vi1 (X), Bmb®) —> 74 (QVy(X), Emb )

| | Js

ev _y_1Ta—2¢-1Exp Td—20—1€V0
Tg—o¢ Emb —— 7Td_g_1Sd =1 —"7Tg_o¢—1 Emb® —————— 7m;_9,_1 Emb
7Td72lDuJ/ ” lﬁd72671D1L5 lﬂ'd72éflpu

Ta—eVe(X) M Mo St I Ve (X) P e Vi(X)
(5.6)
We abbreviate Emb = Embg- (D¢, X) and Emb® ~ Embj. (D¢, X), and dr is the connecting map for
a fibration f. Recall the isomorphism Dax: mg_2¢(Q/Vy(X),Emb) — Z[m X]/rel; 4 and its inverse v
from Section 4.1 (using that Immg(D¢ X) ~ Q°V,(X) by Lemma 4.24). Thus, we need to compute
Ta—r—1Ve+1(X) and the kernel of the surjection m4_os—1Dy:. To this end, we study homotopy groups of
frame bundles, and in Proposition B.16 show that for d —2¢ —1 > 0:

COkeI‘((sp”+l> = Z€+1)d >IZ+% Wd,g,1W+1(X) % Wd,g,1W(X) = ﬂd,gle (57)

where Zyy 1,4 = Z if d—{—1 even (i.e. im(épy,,,) = 0), and Zy 41,4 = Z/2if d—£—1 odd (im(py,.,) = 27Z).
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Moreover, there are splittings nw of mg_p_1i9041 for every d — £ # 2,4, 8, see Proposition B.16. Thus, in
these cases we have the desired right hand side in Theorem 5.5:

nw @ Ta—e—107041: Ta—t—1Veg1(X) = Zgt1,a D mg—e—1 X.

Proof of Theorem 5.5. Tt remains to find ker(mg_2¢—1Dye ), which is the quotient of Z[mr; X| by im(dpmme )-
Assume first d—£ is odd, so d—¢—1 is even. Since im(dpr,,,) = 0 the map mq_¢pr4 is surjective. Looking
at the top right of (5.6), it follows that im(drmm) = im(dimme ), SO Tg—2¢—1€Vo induces an isomorphism
(evg)«: ker(mg—2p—1Duye) = ker(mg—2¢-1D,). The latter is isomorphic to Z[m1 X \1]/relsq ® dax, (mqg—1X)
by Theorem C, so we get the desired exact sequence in the theorem in this case. The maps are Jt¢ =
(evg); t0t, and Ny o Tg_2¢0_ 1Dy and py o Tg_20_1€Vo.

Furthermore, in this case m4_2¢—1Exp,, is injective (since mg_y—1i¢4+1 18), S0 Ny o Dye is its left splitting.
Therefore, we have the claimed isomorphism
(77W o Dus) D Tg—20—16V0: Tqg—20—1 Emb%(]D)l, X) =78 Td—20—1 Emba(Dl, X)

Now assume d — ¢ is even, so d — £ — 1 is odd. Since im(é,

pres) = 272 and ker(d,,,, ) = im(mq_gpres1) we
have the following horizontal exact sequence

Z

!

im(mg—gproq1) > ma—eVe(X)

X yr d—ePTe

7Td,gX

Il

6177"e+1
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The vertical sequence is just (5.7) with the index ¢+ 1 replaced by ¢ (note Z; 4 = Z for d — £ even). This
implies that p is an isomorphism, and we can define dax}. as the composite

-1

daxt. : oo X >E—s im(ra_epres) C ma_eVe(X) = mg_on(Tmmp(DY, X), u) —22X 2 dtmm

Z [7’(’1 X] .
(5.8)
Cf. the definition of dax, in (4.30). Then by construction we have im(dimme) = im(daxt.) C Z[m X].
This gives the second claimed short exact sequence in the theorem, with the maps as before.
Finally, note that in this case (evg).: ker(mg_o¢—1Dy:) — ker(mg_o¢—1D,) is not an isomorphism in
general, but has for the kernel the cyclic group generated by the class of 1 € Z[mr; X| modulo daxt. (m4_1X).
Taking the kernels in the bottom of (5.6) we get the exact sequence ker(evg). < ker(mg_os—18vo) — Z/2,
so the cardinality of ker(mg_2¢—1evg) = Z/im(dey,) — which is precisely the number of augmentations of
an arc u € mq_o¢_1 Embg(Df, X) — is equal to two times the mentioned order. O

Remark 5.9. The map m4_20—1(Exp,): Z — Tq_2¢—1 Embj. (D, X) is on a generator given by “inte-
grating” the (d —{ —1)-family of unit normal vector fields to u, given by its meridian u(S**=1) at a point
p = uy(x). See the proof of Proposition 5.2, Remark 5.15 and [KT21, Fig.5.9].

5.2.1 The 3-dimensional case. We have so far considered d > 4. However, for d = 3 we still have an
exact sequence comparing embedded to immersed arcs, which using Lemma 4.24 translates to:

71 (Immp (DY, X), u) 2 Z & m X Otonn el 7o Emby (D', X) —%5» 7o Immg (D', X) = m X

where an element of the set 77¢ = 7 (Immp (D, X), Embs (D!, X);u) is represented by a knot together
with a path to u through immersed arcs. Moreover, one still has a well-defined surjection Dax: 7€ —»

Z|m1 X], with a set-theoretic section t, given by doing crossing changes along group elements. In particular,
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we can define an invariant of knots homotopic to u, namely
. - ZmX\1
Dax,: K(X,u) 1= (o) fu] — 2 XMLy %
In [Kos21] the first author shows that this is the universal Vassiliev invariant of type < 1 for knots in X.

When du has a geometric dual, then mi: m1 (X Usz D?) — 7 X has trivial kernel K(X;u) = 0, see
Example 1.4. Instead, there is a distinguished class u$;, € 71 Emby(D!, X), given by “swinging the lasso”
around the parallel push-off of the dual G into X.

Now consider e-augmented arcs for d = 3 (equivalently, framed long knots). From (5.6) we have
an extension Z/dax.(mX) < (moevo) ‘[u] — Z/2, with Z/dax.(maX) = ker(m}"®/im(rmme ) —

77 /im(Stmm)) is generated by the crossing change along 1 € 71 X, and Z/2 = ker(mpra) by (5.7).

Interestingly, there are now only two distinct cases for this extension, depending on whether du has a
geometric dual or not: u has respectively either exactly two framings — that is, (mpevo) '[u] = Z/2, or
countably many, (moevg) '[u] = Z. The first case is immediate from dax;.(G) = 1 as in Example 4.19.
To see this more explicitly, the mentioned loop u$, can be extended to a path of e-augmented arcs, whose
start and end framings on v differ by 2, 50 ey, (u$,) = 2. This is precisely the well-known light bulb trick
for framed knots! To prove that in cases without a dual there is Z many framings, one approach would

be to show that 1 € Z[m X]/dax; (m2X) has infinite order; see [CCS14] for another proof.

5.3 On homotopy groups of spaces of disks with a dual: proof of Theorem D

We collect the results obtained so far in order to prove Theorem D, concerning the space Embg (D, M)
of neat embeddings of the k-disk in a d-manifold M such that d — k > 2, with the boundary condition
s: SF=1 <5 OM, which has a framed geometric dual G: S¥F=1 < 9M.

Firstly, Theorem B gives for all n > 0 explicit “ambient isotopy” and “e-foliation” isomorphisms
_ _
TofSs: 7, Emb, (DF, M) T = 7rn+1(EmeS(]D)k 1,Mg),ui): Tpay

depending on the choice of a basepoint U € Emb,(D¥, M) (recall Mg := M U,g h? ! and s = u_ Uu,).
Secondly, Theorem 5.5 gives for n < d — 2¢ — 2 isomorphisms Wn(Emeg (D, X),u®) = 7,1 X and an
extension on my_2¢—1 by a quotient of Z[r; X]. Combining these two results by putting X = Mg and
u = uy and £ = k — 1, we obtain isomorphisms

7, Emb, (DF, M) 2 7, oMg, forn<d—2(k—-1)-3=d—2k—1,
and the extension:

_ Z[r\1
k=2, [71' ]/daXu(ﬂ'd_lMg)
Z|m\1 Ta—2k0y © Ot° &
k23d—keven, LN M) Ta—ok (Emb, (D¥, M), U)

k>3,d—kodd, Z, |

(9—g 1> & dax;- (mg—k+1Mc) (nw © Dye @ pu) © Ta—2kf0
¥
d — k even, 7 \
@ T
d—k#1,3,70dd, z/2( "¢

In Theorem D we have such an extension but only in terms of the original manifold M, so we now remove
all appearances of Mg. Moreover, our u, is homotopic into M in which case we simply write

dax :=dax,,, and dax®:= daxii. (5.10)
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LEMMA 5.11. The inclusion M C Mg induces isomorphisms m; M = m; Mg for all0 < i< d—k—1, a
surjection wq_g+1 M — mg_i+1 Mg, and a split short exact sequence of Z[m M]-modules

Z|m M) &2 Ma—kM —> mi—x Mg,
Aat (Use)

where Nl : (M, OM) X 74— (M) — Z[r1 M] is the relative equivariant intersection form.

Proof. A (d—k+1)-handle is homotopy equivalent to a (d—k+1)-cell, so we immediately get m; M = 7; M
below degree d — k. Moreover, the relative homotopy group mgq—g+1 (Mg, M) is the free Z[m; M]-module
spanned by h4~¥*1. Once we show that homomorphism A7 (U, +) is a splitting, the surjectivity on m4_ g1
will follow from the long exact sequence of a pair. Indeed, since G is the geometric dual for s = U, we
have A\par(s, G) = 1, so a push-off of G intersects U in the interior with A% (U, G) = 1. O

LEMMA 5.12. We have dax(mg—g+1M¢g) = dax(mq—xr+1M) as subgroups of Z[my M]. Similarly for dax®.

Proof. We need show that im(daxs) = im(daxpy, ) for the respective dax maps. The diagram

daxMG

kM > maoeiMe 2 D]

daxM

commutes, since attaching a handle to &M does not influence the calculation of daxy([f]) = Dax(F).
Indeed, if f: S¥~*+1 — M is represented by a (d — 2k)-family F(£): D*~' 95 M, the same family also
computes daxpz, ([f]). This immediately implies im daxp; € imdaxpg,. The other inclusion follows since
p is surjective (by Lemma 5.11): if r = daxps, (@) for a € mg_g41 M, then r = daxps(b) for b = p(a). The
argument is the same for dax®. ([l

Proof of Theorem D. By the last two lemmas, we may replace mg_ Mg by mg—rM/Z[mM] - G and
dax(mg—p+1Ma) by dax(mg—g+1 M), and dax®(mg_r11Mg) by dax®(mg_gr1M). It thus only remains to
see that the maps are as claimed in Theorem D, namely
(Mw © Dys ® pu,) o Ta—afy = nw,u ® (=U Us).

For K: S%=2k — Emb,(D¥, M) the map 5 (K): ST-2k+1 — Emb;, (DF=1, Mg) maps tAt € SE2F AST =
S?=2k+1 to £ (K7)(t), the time ¢ of the foliation of the sphere —UU K (use the canonical null homotopy of
—UUU to get the map on the smash product). Then, p, ([ff;(K)]) is the homotopy class of the map which
takes £ € ST=2F+1 to —u,y Up f5; (K7) (1) € @M (based at uy (epr-1)), see the discussion after Theorem 5.5.

It is not hard to see that —u. is inessential, i.e. this is homotopic to —U U K : S9=2k — Map, (S¥, M),
80 (pu, © Ta—2kf5)(K) = [-U U K] modulo Z[m; M]G.

For d — k even we next identify the composite nwu = nw o Wd,ngDui o mg—2kfy for the splitting
nw: Ta—k Vi (Mg) — Z constructed in Proposition B.14. Unless d — k = k = 2,4, 8, it was given by ny =
el /2 where e{([f]) = (e(f*(TMg)a—r), [S?*]) € 2Z (see Definition B.1), while for d — k = k = 2,4,8 we
also have the correction term W[f]. The following lemma then finishes the proof of Theorem D. ]

Remark 5.13. The homomorphism wq_s,ay © 8tz+ can be made explicit: its value on g € m X 1is the
family of k-disks in M obtained by applying to the half-disk U in Mg the ambient isotopy extended from
the family oy, (g). Alternatively, one can guess a geometric candidate fq € Tq—2y Emb,(D?, M) and
check that its foliation has the correct Dax invariant, that is, Daxofi(fg) = g, so fg = ma—2kay 0 0tg, ().
The latter approach is carried through for k = 2,d = 4 in [KT21]. Moreover, in these cases we also
compute there the kernel and cokernel of —U U «: mq_op Emb,(D¥, M) — m4_1. M.
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LEMMA 5.14. The number e oDy °fi([K]) € Z is equal to the relative Euler number e(vK,vU) of the

normal bundle of the immersion K : 1972F x DF s 192k 5 M given by (I, ) — (£, Ky(x)), relative to the
immersion U corresponding to the constant family U. In particular, the map m4_o1,(Emb,(D*, M), U) —
Z, given by [K] — e(vK,vU), is a homomorphism.

Proof. The normal bundle to K consists of vectors (0, v,) where 0 € T H1972%) and v, is a normal direction
to Ky at « in M. We need to compute the Euler class of the bundle f*(T'M¢g)q—r over S4* where
[ = Dus f5(K): S%* — Vi(Mg). This is obtained by gluing together two maps I¢"*=1 — QV},(Mg),
namely fr (1) = Dy f°(K7) and the constant family fou(t) = Dys f5(=U).

First observe we can disregard uS. as before, so that fr: 1972F x D* — Vi (Mg) is at (£,z) given by the
derivative at z € D¥ of the embedded disk K in Mg. Then the bundle f5 (T Mg)a— is by definition
given at a point (£,z) as the subspace of T,Mg, for p = Ki(z), orthogonal to the derivative D, Ky, so
belongs to the normal bundle of Ky in Mg. The same is true for the constant family t +— —U in place
of K, and they agree on the boundary 9(I¢~2* x D*). Moreover, these normal bundles can be taken in
19-2F x M instead. Thus, the Euler number of f *(TMg)q—r is precisely the relative Euler number of the
normal bundles to the immersions K and U. (Il

Remark 5.15. For d — k even we describe a map U, = ayBExp(1): S?=2¢ — Emb,(D*, M) that splits
off the Z factor, nw,u(US,) = 1. Firstly, Exp(1) is the (d—2k+1)-family of augmentations of the (k—1)-
disk u obtained by integrating the normal vector field given by its meridian p(S4=* 1), see Remark 5.9.
Applying the ambient isotopy map ay to this gives a family US (£) = ay(Exp(1)(£ A —)), supported in a
neighborhood of U; for a fized t € S*2* the ambient isotopy pushes U around ,u(f/\ —), so U is obtained
by a “family interior twist” to U, plus tubing the unique double point at p into G. See [KT21, Fig.5.9]
for the 2-disk UG when d = 4 (in other dimensions this is one of the disks in the family U ).

A ON HUREWICZ FIBRATIONS
Recall that a map p: F — B is a Hurewicz fibration if any homotopy lifting problem as in

X x {0} 1 B
[ 2 (A1)

XX[071]T>B

has a solution H, a so-called “lift”. We will need some properties of such lifts.

LEMMA A.2. Up to homotopy rel. X x {0} and over B, the lift H as in the diagram (A.1) is uniquely
determined by the initial conditions (h, Hy). As a consequence, its restriction Hy: X x {1} — E is also
unique up to homotopy.

Proof. If A¥=1 C 9AF is a (k —1)-horn, i.e. it consists of all (k — 1)-faces of the k-simplex, except for one,
then a Hurewicz fibration also has the lifting property for pairs (X x A*, X x A), by the fact that these
are acyclic cofibrations in the model structure on topological spaces for which the Hurewicz fibrations are
the fibrations. The case k = 1 is precisely the lifting problem (A.1), and we use the case k = 2 to show
the uniqueness of the lifted homotopy. Namely, suppose we have two lifts H and H’ in diagram (A.1).
Since they agree on X x {0} we can glue them together at the vertex vg € A? to give amap X x A - E
that lifts (the restriction of) the map h: X x A% — B which equals & on all rays from vy to the opposite
edge (v1,v2) C A% The lift X x A? — F is thus a homotopy from H to H' rel. X x {0} and over B. O
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In particular, consider in (A.1) the space X = QB of loops based at b := p(e) for a basepoint e € F, and
the initial conditions Hy = const.: 3+ e and h = ev: (3,t) — SB(t). Any lift év := H: QB x[0,1] — E at
time t = 1 takes values in the fiber ' := p~1(b), hence gives a so-called connecting map 6 := évy: QB — F.

COROLLARY A.3. Up to homotopy, the map §: QB — F is independent of the choice of a lift év and
only depends on the Hurewicz fibration p and the basepoint e € E. Moreover, it is natural: given two
commuting squares on the right of the diagram

/

5 p

QB F E B
2(gs) Lo Lo Iz
oB —9% S F E B

any choice of connecting maps 6,0’ makes the square on the left commute up to homotopy.

Proof. The first part follows directly from Lemma A.2. The naturality follows from it as well, this time
applied to lifting gp o ev’': 2B’ x [0,1] — B with the initial condition g o const,. |

If B is well-based the above discussion holds in the based category; this is the case for our spaces
of embeddings as they are locally contractible. Then QB is well-based at const, and there are based
connecting maps ¢: 2B — F, inducing the boundary maps in the long exact sequence of homotopy
groups for the fibration p. In particular, if E is contractible then any such § is a weak homotopy
equivalence. We will also need the following strengthening, whose proof we did not find in the literature.

LEMMA A.4. If F is contractible, a connecting map § is a homotopy equivalence with homotopy inverse
(p«R)|p: F — QB given by © — (t — po Ri(z)), where R: E — P.E ={n:[0,1] - E | n(0) =e} is a

contraction of E with evi o R =1dg.

Proof. Consider the following diagram of two fibrations and a lifting problem on top:

OB x {1} PyB x {0} >—— P,B x [0,1]
ld constel ej// -7 lev
F E «—~ p B (A5)
L. Rls peR| ||
OB spB— B

As a map between contractible spaces, p.R = (t — po R;) is a homotopy equivalence. Being over B
(evips« R = p), this is also a fiber homotopy equivalence [Hat02, 4.H]. For the same reason, the restriction
q = évi: PpyB — FE of the lift év is a fiber homotopy equivalence over B. We claim that there is a
homotopy p«Roq ~ Id over B, so uniqueness of inverses will imply that p, R and ¢ are inverse homotopy
equivalences, as well as the desired restrictions p.R|r to F C FE and ¢ = ¢lap to QB C P, B.

To find the claimed homotopy we observe two solutions for the outer lifting problem on the right of (A.5)
(for the fibration evy). One lift is clearly p.R o év. We define the second by the formula

pop(ts),  se[0,1—1]
(B.1) = (‘SH {B(s—(l—t)), s € [1—t,1]>’

where p; € QF for ¢ € [0, 1] is a homotopy from py = R(e) to p; = const,, which exists by the argument
below. This is indeed another solution, since ev; evaluates all paths at s = 1, so it gives 5(t) = ev(8, t),
while restricting to ¢t = 0 gives exactly ppg = pR(e). The first lift at t = 1 is p, R o ¢ whereas the second
is Idp, B, so the uniqueness from Lemma A.2 gives the desired homotopy over B between them.
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To find a homotopy p; from R(e) € QE to const, rel. e, first observe that these loops are homotopic (since
E is contractible to e), and then by the usual argument they are also based homotopic: free homotopy
classes in a path-connected space are in bijection with the conjugacy classes in the fundamental group,
and for the unit this consists of a single element. O

B ON HOMOTOPY GROUPS OF FRAME BUNDLES

In this appendix we collect some information needed for the results in the body of the paper. For the
convenience of the reader we include short arguments, some of which may be new.

B.1 Universal Euler classes of frame bundles

Fix integers 0 < ¢ < d, a topological space X, and a rank d vector bundle £ on X with inner product. Let
fro: V4(€) — X be the associated ¢-frame bundle, given by orthonormal sequences (vy, ..., vy) of vectors
v; € €|y, € X, meaning that v; are pairwise orthogonal and have unit norm. The pullback bundle fry (&)
has ¢ canonical sections, and we consider their orthogonal complement £;_,, which is a rank (d —¢) vector
bundle on V;(&). Note that V5(¢) = X and frog = Id.

We will not assume that £ is orientable in this appendix, although this will be the case in our applications.
Recall that one can define the twisted Euler class of £;_¢ as a class e(£q_¢) € HY(V,(€); Z"), where the
coefficients are twisted by the first Stiefel-Whitney class w = wq(§4—¢).

Definition B.1. Define the map eg: 7a—oVe(€) — Z by the formula:
ef(f) = (ela-e)s £ = (e(S" (€a=0)), 5.

Note that the last expression shows that eg is a group homomorphism.

LEMMA B.2. For ¢ > 1 let pro: Vo(§) — Ve—1(§) be the fibration that forgets the last vector in an
(-frame, and i,: S4* — V,(€) its fiber inclusion. Then el(i;) = x(S¢~*), the Euler characteristic of S*~*.

Proof. This follows since i}(£4—¢) = TS? . Indeed, the fiber of £;_¢ over (z,v1,...,v) € V() is the
orthogonal complement (vy, ..., v,)"t C &, so if v, = u € S(U) for a fixed U := (vy,...,v,_1)" C &, then
the fiber is ut C U, so exactly the tangent space to the (d — ¢)-sphere S(U) C U at wu. O

By induction and the long exact sequence of homotopy groups for the fibration preyi: Ver1(£) — Vi(€)
we get isomorphisms
frz

7T»,LV4(§) —= T X (Bg)
for alln < d — ¢ — 1, and an exact sequence in the first interesting case
Opre s o1 0 fr
TaeVe(€) —5 ma_p 1 ST — w1 Vi () — ma—e—1 X. (B.4)

LEMMA B.5. For0 < ¢ < d the connecting map 6,
e?: Wd,g‘/g(f) — 7 = ﬂ'd,g,lgd_e_l.

repr O proq1 can be identified with the homomorphism

Proof. Since the statement is inherited by pullbacks of vector bundles, it suffices to check it for £ =y, the
universal rank d bundle y — BOy over the Grassmannian BOy of d-planes in R*. Then FOy4 = Vy(y)
is a contractible, free O4-space and we have for 0 < ¢ < d homotopy equivalences

Ve(y) =~ EOCVOd_g ~ BOg4_y.
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The map pryyq is induced by the inclusion Oy_y_1 < Og4_; and we have a 5-term fibration sequence,

where the connecting map in question is induced by the action map act on a basepoint in S¢—¢~1:
t [y Pre+i
Odg—p—1 Og—y 25 8771 —— Vi (v) — Vily). (B.6)

Recall that the Euler class is the unique (necessary and sufficient) obstruction for finding a nonvanishing
section in an rank n vector bundle over S™, and wy_y_104_, are isomorphism classes of such bundles for
n = d — ¢ (via clutching). Then the claim follows since m4—¢—1(act) is also the unique obstruction for
such a section by the exact sequence above. O

As a consequence, for 0 < £ < d we get an extension of groups

] fr
Z/im(e;i) s e Vi1 (€) —2 a1 X (B.7)

and we determine the image of the homomorphism ej,l next.

If d — ¢ is odd then e = 0, because it is given by Euler classes of bundles f*(£4_s) — S~* of rank d — ¢,
for which fiberwise —Id is an orientation reversing vector bundle isomorphism over Id on the base.

If =0 and d is even then im(e?) = e(£)(myX) is simply the image of the Euler-class e(¢) evaluated on
74(X) under the Hurewicz map. Then any image is possible, for example, take X = S? and d = 2. Then
e(€)[S?] € Z can be any integer n by taking ¢ to be the n-fold (complex) tensor product of the Hopf
bundle. As a consequence im(ed) = e(¢)(725%) = n - Z. Note that for higher genus surfaces X we have

m X = 0 and hence this image always vanishes. This example can be generalized as follows.

LEMMA B.8. Let X be a compact d-manifold.

— If X has nonempty boundary then el = 0 and the sequence (B.7) splits for £ = 0. In fact, there
are isomorphisms 7, Vi (£) = 7,89 @ 1, X for all n > 1.

— If X is closed then e(TX)(mqX) is nontrivial if and only if d is even and the universal cover of
X is a rational homology d-sphere. More precisely, X is either a simply connected Q-homology
d-sphere (orientable) or a Q-homology ball (non-orientable) with fundamental group Z/2.

Proof. If X has nonempty boundary then H¢(X;Z") = 0 and hence e(¢) = 0. This means that we have
a continuous section of V1(£) — X. As a consequence, the long exact sequence of the fibration turns into
(split) short exact sequences on homotopy groups.

For closed X we consider the case £ = T'X. We may assume that d is even, otherwise eg =0. IfYisa
simply connected Q-homology sphere then the degree 1 map ¥ — S is a rational homotopy equivalence
and hence 74(2)®Q = Q. It follows that there is a map S* — X of nonzero degree and so e(T'%)(mg%) # 0
since the Euler characteristic of ¥ is 2. If X is covered by X, it therefore also satisfies e(TX)(mqX) # 0.

Conversely, if this group is nontrivial then there is a map S¢ — X of nonzero degree. Let ¥ be the
universal cover of X. Then this map lifts to a map S? — % of nonzero degree (which implies that this
is a finite cover). Then ¥ must be a Q-homology sphere, otherwise there would be a nontrivial rational
cup product in its top cohomology which contradicts that all cup products are trivial for S?. This also
implies that the only free action on ¥ can be by Z/2 and that the quotient is a Q-homology ball. |

Finally, we consider the case d — ¢ even with [ > 1. We define the spherical Stiefel-Whitney class
wi(€): ;X — Z/2 as the evaluation of the i-th Stiefel-Whitney class w;(£) € H*(X;Z/2) on spherical
classes, namely those in the image of the Hurewicz homomorphism h: m; X — H,;(X;Z).
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PROPOSITION B.9. For X,¢ and 1 < ¢ < d = dim(€) as above, assume that d — { is even. Then e
is either onto or has image 2 - Z. The latter happens if and only if the spherical Stiefel-Whitney class
w5_y(&): mq—¢X — Z/2 vanishes. This homomorphism can be nontrivial only for d — ¢ =2, 4, or 8.

Proof. If d—{is even and | > 1, then ef(i;) = x(S?~¢) = 2 by Lemma B.2, so 2-Z is contained in the image
of e‘}. To decide whether this is the entire image, we only need to understand the Euler class modulo 2.
But then it equals the Stiefel-Whitney class wq_, which is a stable characteristic class and hence we can
evaluate it on & rather then £;_,. This implies our claim regarding the spherical Stiefel-Whitney class.

Recall that Adams’ solution of the Hopf invariant 1 problem implies that rank n vector bundles over S™
have even Euler class unless n = 2,4, 8. The universal complex, quaternion and octonian line bundles over
the corresponding projective spaces have Euler number 1, so for d — ¢ = 2,4, 8 both cases can arise. [

For X = x, the frame bundle V;(&) is just the Stiefel manifold V;(d), whereas for X = BOy and the
universal rank d bundle £ :=y over it we have V;(y) ~ BO4_; (see the proof of Lemma B.5).

COROLLARY B.10. If1 < k < d, the groups 7,V (d) vanish for n < d—k—1 and there are isomorphisms

Z k=1 ord—k even,

ma_Vi(d) 27 =
d—kVi(d) k.d {Z/Q otherwise,

generated by the fiber inclusion i3, : ST™% — V.(d).

Proof. For X = % we have m,Vj,(d) = 0 for n < d—k—1by (B.3), and 74— Vi(d) = ker fr, =2 Z/im(ef_,)
by (B.7) for [+1 = k. We saw after (B.7) that for d—k even this is infinite cyclic, as well as for & = 1 since
79X = 0. For d — k odd we trivially have w$_,(¢) = 0, so Proposition B.9 implies im(ef ;) = 2Z. |
COROLLARY B.11. For m > 1 there are isomorphisms 7w, BO,,_1 = 7, BO,, for n < m—2, and a short
exact sequence

m odd Z Z m=1,5 (mod 8),
m#2,4,8 even Z/2} >—— 7, 1BOyp_1 —» (Z/2 m=2,3 (mod8),
m=2,4,8 0 0 m=0,4,6,7 (mod 8).

Proof. The kernel was computed in Proposition B.9 for m = (d—¥¢). Just recall that m,,, Vo (y) = 7, BOs,
consists of isomorphism classes of all rank m vector bundles over S, including those with Euler number
1. To compute the right hand side, note that by (B.7) the group m;,—1BO,, = 7,,—1BO is in the stable
range, so the result follows from Bott periodicity. O

B.2 Splittings for the first interesting homotopy groups
For X, ¢ as above, let k.= ¢+ 1 with 2 < k <d. If d—k is even (i.e. d— ¢ odd) there is a group extension
ik fl’k
7 — ﬂd,ka(f) —d Fd,;cX (B.l?)

as we showed below (B.7). On the other hand, when d — k is odd, k > 2, d — k # 1, 3,7, we know from
Proposition B.9 that our extension is by Z/2:

Z/2 >L> wd,ka(g) % Wd,kX. (Bl?))

We now ask in which circumstances these extensions split and how to construct such splittings.
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ProposITION B.14. If 2 < k < d = dim(§) with d — k even, splittings n: wqg—;Vi(§) — Z of the
extension (B.12) are in bijection with integer lifts W: w4_1 X — 7Z of the spherical Stiefel-Whitney class

1
W — nw = 5(eg + W o fry,).

Moreover, wj_,(§) can be nontrivial only for d — k = 2, 4, or 8, so apart from these cases W = 0 gives
the preferred splitting ng = %eg,

Proof. To show that the claimed formula for ny is a splitting, first note that the division by 2 makes
sense for any integer lift W of wj_,(§). Both summands are homomorphisms and ny splits the inclusion
i, because ef (i) = 2 and fry(ix) = 0. Conversely, if 7 is any splitting then (2 —ef)(ix) =2 -2 =0, so
2n — e factors through a homomorphism W,,: mq_xX — Z. This is an integer lift of w3_, (€).

Moreover, two splittings 7 differ by a unique homomorphism w: 74—y X — Z (composed with fri). Given
one integer lift W of w5 _,(§), we have a second lift W + 2u, leading to another splitting ny 4o, =
nw + wo fri. This shows the claimed 1-1 correspondence. The last claim follows from the solution of the
Hopf invariant 1 problem as in Proposition B.9. (]

ProprosITION B.15. If 2 < k < d = dim(§) with d — k # 1,3,7 odd, then there is a splitting
n: Ta—iVi(§) — Z/2 of (B.13) that only depends on the isomorphism class of the vector bundle &;_j,.

Proof. Note that for d — k odd Euler numbers ez = 0 are trivial, so the method of the preceding proof
does not construct splittings. However, Corollary B.11 gives for d — k # 1, 3,7 odd a short exact sequence

Z/2 d—k=1 (mod8),

Z)2 >—— m4_ ,BO4g_, —> 74—, BO =
/ ok - {o d—k#1 (mod8).

Thus, in the case d — k # 1 (mod 8), returning to X and comparing to the universal bundle, we see that
a splitting 7 arises by the formula n(f) == f*(4—k) € Ta—xBOg—r = Z/2. On the other hand, if d—k =1
(mod 8) the displayed sequence splits, mg_xBOg4—r = Z/2 x Z/2, by Kervaire [Ker60| (this is the entry
r=—1and m = 8s+ 1 = d — k in his second table, with s > 1, which is also our case since d — k # 1).
In particular, we get our splitting that again only depends on the isomorphism class of {4_ — Vi (X)
(but in these cases we do not know an explicit formula). d

B.3 Tangent bundles

We now improve the above results in the case £ = T X is the tangent bundle of a manifold. For d — k
odd this follows from (B.13), Proposition B.15 and Lemma B.17 below. For d — k even this follows from
(B.12), Proposition B.14 and Lemma B.18. In Lemma B.8 we looked at k = 1.

PROPOSITION B.16. For a compact d-manifold X let Vi(X) = Vi(TX) be its k-frame bundle. For
any 2 < k < d except possibly fork=d—1>3ork=d—3>5o0rk=d—72>9, there is an extension

d—k even, 7

] fr
— Td —F s 1y V(X)) — s 1y X,
d— & odd, Z/2} k,d Ta—1kVi(X) Td—k

These extensions split and for d — k even splittings are given by nw = %(ez + W o fry), where one can
take W =0 unlessd — k = 2,4 or 8 and d < 2k.

LEMMA B.17. Assume k > 2 and d — k is odd. The homomorphism e¢ (T X) has image 2 - Z unless
k=d—1>3o0ork=d—3>50rk=d—-72>9.
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Proof. By Proposition B.9 the image of €}(£) is 2 - Z if and only if the spherical Stiefel-Whitney class
w5_,(&) vanishes, which is true unless d — ¢ = 2,4,8. Thus, we just need to show that for { = T'X we
additionally must have d < 2¢ with ¢ = k — 1 for wj_,(TX) to vanish (since then d —k = 1,3 or 7, and
d<2k—2givesk>d—k+2=3,5or 9 respectively).

If v; € HY(X;Z/2) are the Wu classes of X and Sq’ denotes Steenrod squares, the Wu formula says
wao(TX) = > S¢'(v;).

itj=d—t
Since the cohomology of S?~* is concentrated in two dimensions, pulling back to it kills all these sum-
mands, except possibly S¢°(vq_¢) = vg_¢. For any a € HY(X,0X;7Z/2), by the defining property

(va—e Ua, [X]) = (S¢""(a), [X]).

This vanishes on compact d-manifolds X such that d > 2/, since Sq' is zero on cohomology classes in
degrees < i. So wq_¢(TX) vanishes on spherical classes unless d < 2¢. O

LEMMA B.18. Assume k > 2 and d — k is even. The extension (B.12) for mq_1 Vi (X) splits also in the
casesd — k = 2,4 or 8 if d > 2k.

Proof. The previous proof shows that wj_,(7X) vanishes unless d < 2k, so nw with W = 0 is a splitting
unless d < 2k. Thus, it remains to show that a lift W of w3_, (T'X) also exists in the middle-dimensional
setting d = 2k with k =d — k = 2,4 or 8. The following argument actually works for any k.

Consider the twisted intersection form of X, a bilinear pairing (—, —)x: Hg(X;Z) x H(X;Z%) — Z,
where the second term denotes coefficients twisted by w := w;(T'X). The pairing is given algebraically by
Poincaré duality and cup products and geometrically by counting transverse intersection points carefully
with signs.

There are Hurewicz homomorphisms h: 7, X — Hy(X;Z) and their twisted partners

W e X 2w X s Hy(X:Z) = Ho(X: Zim X)) < Hy(X3Z%),

where €¥': Z[m X] — Z" is the m; X-linear map determined by €% (g) := w(g) € {£1} forall g € m X. In
this middle dimension, any class a € 7, X is represented by a generic immersion A: S¥ 9 X and

(h(a),h”(a))x = (a,a)x = 2(A)x + e(va), (B.19)

where (A)x is the self-intersection number (the sum of signed double points of A) and e(v4) is the Euler
number of the normal bundle v, — S*. The formula is proven by intersecting A with a transverse push-off
AT of A, and noting that intersection points in A th AT are either those where the normal vector vanishes,
contributing to e(r4), or occur as a pair of points in a neighborhood of a self-intersection of A.

Using a*(TX) = TSF @ v4 we get
wi (TX)(a) = wi(a*(TX)) = wi(TS*) + wi(va) = e(va) = (a,a)x  (mod 2). (B.20)

By definition, wj(TX) factors through the quotient 74X/ ker(h) and the twisted intersection form can
also be restricted to a bilinear pairing on 7, X/ ker(h) x Hy(X;Z"). Since it takes values in the torsion-
free group Z, the formula (B.20) implies that wj(TX) actually factors even further, namely through
(mx X/ ker(h))/torsion. By compactness of X we know that Hy(X;Z) is finitely generated and so is its
subgroup im(h) = 7, X/ ker(h). Therefore, we have shown that w$ (T X) factors through a finitely gener-
ated torsion-free abelian group. As such groups are free, the required integer lift W can be constructed
by defining it on the free generators of this group. ]
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We note that the 5-manifold X = SU(3)/SO(3) is simply connected, has moX = Z/2 with nontrivial
wi(TX). So there is no integer lift W and Lemmas B.17 and B.18 indeed fail for d = 5,k = 4 and
d =5,k = 3. As a consequence, our assumptions are the best possible for d = 5.
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