SUPER-REPRESENTATIONS OF 3-MANIFOLDS AND TORSION
POLYNOMIALS

STAVROS GAROUFALIDIS AND SEOKBEOM YOON

ABSTRACT. Torsion polynomials connect the genus of a hyperbolic knot (a topological in-
variant) with the discrete faithful representation (a geometric invariant). Using a new combi-
natorial structure of an ideal triangulation of a 3-manifold that involves edges as well as faces,
we associate a polynomial to a cusped hyperbolic manifold that conjecturally agrees with the
C2-torsion polynomial, which conjecturally detects the genus of the knot. The new combina-
torics is motivated by super-geometry in dimension 3, and more precisely by super-Ptolemy
assignments of ideally triangulated 3-manifolds and their OSpy; (C)-representations.
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1. INTRODUCTION

1.1. Overview. A well-known topic in geometry and topology is the study of representa-
tions of surface groups into simple Lie groups. Recently, this topic has been extended by
replacing simple Lie groups (such as SLy(C)) with super-Lie groups, most notably by the or-
thosymplectic group OSpy;(C). These representations have been studied from at least three
different points of view: as character varieties, as cluster algebras, and as super-Teichmiiller
space. See, for instance, [PZ19, IPZ18, MOZ, She] as well as [Wit].

In our paper, we extend this study on surfaces to the context of 3-manifolds equipped
with an ideal triangulation. Explicitly,

e We introduce super-Ptolemy coordinates for 3-dimensional triangulations that pa-
rametrize OSp,;(C)-representations of 3-manifold groups (see Section 2).

e We introduce a new 1-loop polynomial, using defining equations of super-Ptolemy
coordinates (see Section 3).

Regarding our 1-loop polynomial,

e We show that it is a topological invariant (Theorem 3.4).

e We show that an SLy(C)-representation lifts to an OSp,;(C)-representation if and
only if the 1-loop polynomial evaluated at ¢ = 1 vanishes (Theorem 3.6).

e We conjecture that our 1-loop polynomial coincides with the C2-torsion polynomial
(Conjecture 3.7).

Both the 1-loop and the C2-torsion polynomials have coefficients in the trace field and can
be exactly computed. Doing so, we will confirm our conjecture for the 4; knot.

1.2. Torsion polynomials: a Thurstonian connection. The complement M = S3\ K
of a hyperbolic knot K in S? has two interesting invariants, both defined by Thurston

e the genus, i.e., the minimal genus of all spanning surfaces of K [Thu86],
e the discrete faithful representation 7 (M) — PSLy(C) [Thu97].

These two invariants, one topological and the other geometric, are beautifully linked to each
other via torsion polynomials, revealing a “remarkable Thurstonian connection between the
topology and geometry of 3-manifolds”, to quote Agol-Dunfield [AD20]. Torsion polyno-
mials are twisted versions of the Alexander polynomial, where one twists the homology of
the infinite cyclic cover of M using an SLo(C)-lift p of the geometric representation, or a
symmetric power Sym”™ ' (p) of it, the corresponding polynomial being denoted by 7as . (t).
These geometric invariants are Laurent polynomials in ¢ with coefficients in the trace field
of M, and a key feature is that their degrees give bounds for the genus of the knot. More
precisely, one has

1
2 genus(K) — 1> —deg Taspn(t) (1)
n

for all n > 2. When n = 3, examples show that the above bound is not sharp, but when
n = 2, it was conjectured in [DFJ12], for reasons that are not entirely clear, and proven in
several families that the inequality in (1) becomes an equality [AD20]. As Agol-Dunfield
state, this is a remarkable Thurstonian connection between the topology and geometry of
3-manifolds.
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1.3. 1-loop polynomial from super-Ptolemy coordinates. Our paper is motivated by
the following problem, which asks about the relation of torsion polynomials with ideal tri-
angulations, another development by Thurston [Thu97].

Problem 1. Can one compute the C"-torsion polynomial 7y, ,(t) from an ideal triangula-
tion 7 of M?

In this paper, we address the problem for n = 2, which is the most interesting case as
explained in the previous section. Our answer begins by introducing super-Ptolemy assign-
ments for 7', which parametrize OSp,; (C)-representations of 7 (M). It may seem unrelated
to the problem, but we bulid an unexpected connection as follows. Super-Ptolemy assign-
ments lead new combinatorics of an ideal triangulation beyond the well-known Neumann—
Zagier matrices. This newly found combinatorics involves linear equations associated to
faces and tetrahedra. Using these linear equations, we introduce a new 1-loop polynomial
and conjecture that our 1-loop polynomial equals to the C3-torsion polynomial, thereby giv-
ing a (conjectural) solution to the problem for n = 2. In subsequent work with Dunfield,
this conjecture is proven for all fibered manifolds and numerically verified for thousands of
non-fibered manifolds [DGY].

Before delving into the details, we briefly outline the construction of our 1-loop polynomial
from super-Ptolemy assignments in dimension 3, postponing precise definitions, notations
and properties for later.

A Ptolemy assignment ¢ assigns a nonzero complex number to each edge of T satisfying
the equation

Co1C23 — Cp2C13 + Cp3C12 = 0 (2)
for each tetrahedron, where ¢;; := c(e;;) and e;; is the (4, j)-edge of a tetrahedron [GTZ15].
On the other hand, a super-Ptolemy assignment is a pair of assignments (c, #) that assign
an invertible even element of a Grassmann algebra to each edge and an odd element to each
face. Instead of Equation (2), a super-Ptolemy assignment satisfies one equation

Co1C23 — Co2C13 + Co3C12 + C01C03C12C13C230002 = 0 (3)
for each tetrahedron as well as one equation for each face
1200 — co26 + co162 = 0 1300 — co361 + co1tl3 = 0

(4)

of each tetrahedron. Here ¢;; := c(e;;) and 6y := 0(f)) where e;; is the edge (i,7) and fj
is the face opposite to the vertex k as in Figure 3. Super-Ptolemy assignments lead to a
fundamental correspondence described by a pair of bijections

Generically decorated 1-1 Py (T) 1-1_ J Natural (OSpy;(C), N)- (5)
(OSpy, (€), N)-reps on M cocycles on T

a3l — co3b2 + co2f3 = 0 o3t — c1302 + c1203 = 0

which are given explicitly in Figures 1 and 2; see Section 2 for details.
As written in (4), a super-Ptolemy assignment (c, §) satisfies linear equations in 6. It turns
out that these linear equations can be written in a matrix form

F.0=0 (6)
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g N
cij = (9N, g;N)
- [9iN,g; N,gx N]
ik = {g:N.g;N){g; N9 N) (91 N.g:N)

Cij

FI1GURE 1. From decorated representations to Ptolemy assignments, with the
bilinear and trilinear forms as in (26) and (27).

k
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ple)=|c; 0 |0
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eij

Cz‘j

FIGURE 2. From Ptolemy assignments to natural cocycles.

where F,. is a sqaure matrix whose entries are given by the Ptolemy variable ¢ with some
signs. Obviously, we are interested in the case of F,. being singular; otherwise, 6 should be
trivial. This motivates the definition of a 1-loop invariant

1 1
0T e2 = (H © 1;[ - (€A>> det F, (7)

given in terms of the determinant of F,. with some normalizations multified. What’s more,
it motivates the definition of a 1-loop polynomial

07 ea(t) = (H Tl@ I1 C@) det F.(t) (8)

given in terms of the determinant of a ¢-twisted version F.(t) of F,; see Section 3 for details.
Regarding the 1-loop polynomial d7 .2(t), we will prove two important features:

e it is unchanged under Pachner 2-3 moves (see Theorem 3.4);

o its value d7.2(1) at t = 1 determines whether the SLy(C)-representation of (M)
corresponding to the Ptolemy assignment ¢ admits an OSpy; (C)-lift or not (see
Theorem 3.6).

Furthermore, based on the analogy of our previous work [GY23], we conjecture that the 1-
loop polynomial 07 .2(t) equals to the C*-torsion polynomial 7y ,2(t) (see Conjecture 3.7).
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2. OSpy);(C)-REPRESENTATIONS OF 3-MANIFOLDS

2.1. The orthosymplectic group. In this section, we recall the definition of the orthosym-
plectic group OSpQ‘l((D). For a detailed description of super-manifolds and super-Lie groups
we refer the reader to [Ber87, Man91, CRS88|.

Let G(C) be the Grassmann algebra over the complex numbers with unit 1 generated by
€; for 1 € IN:

G(C) =C(1,€1,€,... |le; =€ = €1, €,¢; = —¢je; for all 4,5 € N) . (9)

It is a Z/27-graded algebra with the unit having degree 0 and each ¢; having degree 1. We
denote by Go(C) and G;(C) its even and odd part, respectively, and by G§(C) the set of
invertible elements in Go(C). There is an algebra epimorphism  : G(C) — C sending all ¢;
to 0, hence an element e € G(C) is invertible if and only if #(e) # 0. We write f(e) simply
as e! and call it the body of e.

An even n|m X n|m-matrix g is of the form

g= %‘%) (10)

where A € M, ,(Go(C)), B € M, m(G1(C)), C € My, ,(G1(C)), and D € My, 1 (Go(C)).
The super-transpose of ¢ is given by

s At | Ct
g = %‘T]ﬁ) (11)

and the Berezinian (or super-determinant) of g is defined as
Ber(g) = det(A — BD™'C) det(D)! (12)

provided that A and D are invertible.
The orthosymplectic group OSp2|1((D) is the group of even 2|1 x 2|1-matrices g satisfying

sl ) (D el o) 03
‘o o1/ (o 01

and Ber(g) = 1. Writing an even 2|1 x 2|1-matrix explicitly as

a bl
g=|c d|p for a,b,c,d,e € Go(C), «,B,7,0 € G1(C), (14)
v 0 le

the defining equations (13) of OSp,;(C) are
ad —bc — 0 = e* + 223 = 1, af —ca—ey =bf —da—ed =0 (15)

together with
Ber(g) = (ad — be)(1 — 2aBe )e™ ! = 1. (16)
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Note that these equations imply that e*! = 1 F vd; in particular, ef = 1. Note also that the
inverse of g as in (14) is given by

d —b| ¢
gt=|-c a|—]. (17)
\—ﬁ Q ‘ e
The special linear group SLy(C) embeds in OSpy; (C) in an obvious way:
0 b a b|0
¢ d 0 01

Conversely, applying the epimorphism f entrywise, we obtain an epimorphism
a b|a §
at ot
y e

Abusing notation, we also denote by # the above epimorphism and refer to f(g) = ¢* as the
body of g € OSpy;(C). It follows from (18) and (19) that for any group G' the epimorphism
# induces a surjective map

#
Hom(G, OSp2|1((D))/N — Hom(G, SLy(C))/~ (20)
where the quotient ~ is given by conjugation.

Remark 2.1. For full generality we use the Grassmann algebra with infinitely many gener-
ators as in (9), but one may use one with finitely many generators. In particular, if we use
the Grassmann algebra with one odd generator

C{l,e|le=e=¢l, & =0) = Cle]/(*), (21)

then its even and odd parts are € and Ce, respectively, and the orthosymplectic group
OSpy); (€) reduces to the special affine transformation group SLy(C) x €2, Indeed, for the

case of one odd generator, the map
a b Q
~(E0)6) e

is an isomorphism. This may seem to simplify things too much but, in fact, will be sufficient
for our 1-loop invariants—see Section 3 below.

OSpy), (C) — SLy(C) x C?,

2.2. The unipotent subgroup and pairings. Since the body ¢* of g € OSp, (C) is in
SLy(C), the natural action of OSpy,(C) on Go(C)? @ G;(C) restricts to an action on A/,
the pre-image of C?\ {(0,0)'} under the map

Co(C)?2 @ G1(C) = €%, (a,b,a) +— (a*,b)". (23)
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The induced action is transitive, and the stabilizer group at (1,0,0)" € A% is the unipotent
subgroup of OSpy; (C):

1 b |«
N = 0 1 0 b e Go(@), o€ Gl(@) . (24)
0 —a|l
This induces a bijection
OSpy (C)/N < A2 gN < left column of g. (25)

The space A% ~ OSp,); (C)/N comes equipped with an even-valued bilinear pairing

a c
(--) - AP AP 5 Gy (D), < b|,|d > ‘= ad — bc — aff (26)
o B
and an odd-valued trilinear pairing
a b e a b e
[, ] s A2 % A% 5 AP Gy (), bl.(c],lf]|]| =det|[b ¢ f|—2ap7y.
a/ \f) \v a f v
(27)
Both pairings are skew-symmetric and OSp,; (C)-invariant
(v,0) = (gogu),  [wv,w] = [gugv.gu], g€ OSpy,(T). (28)

2.3. Super-Ptolemy assignments. Let M be a compact 3-manifold with non-empty bound-
ary and 7 be an ideal triangulation of its interior. We denote by 7' and 72 the sets of

oriented edges and unoriented faces of T, respectively. We first consider the case when T is

ordered, i.e., each tetrahedron of 7 has a vertex-ordering respecting the face-gluing. This

condition will be relaxed in Section 2.8.

Definition 2.2. A super-Ptolemy assignment on 7T is a pair of maps

c:TH— GiO), 0:T%— Gy (C) (29)
satisfying c¢(—e) = —c(e) for all e € T and
Co1C23 — C02€13 + C03C12 + Co1C03C12C13C230002 = 0 (30)
as well as
Enpy 0 c1200 — coath + coilp =0 Enyp, 0 c130y — cozbh + coil3 =0 (31)
En g+ ca3bly — cozlla + coatls = 0 En gy 1 c2301 — 1302 + ci263 = 0

for each tetrahedron A of 7. Here ¢;; = c(e;;) where e;; is the oriented edge [, j] of A and
0. = 0(fx) where f is the face of A opposite to the vertex k as in Figure 3.

Lemma 2.3. If any two of (31) together with (30) are satisfied, then so are the other two.
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f.13

FiGURE 3. Edge and face labels for a tetrahedron.

Proof. Multiplying the first equation in (31) by 6y implies that cg10p62 = co2006;1. Similarly,
we deduce that c[jleﬂj does not depend on a choice of i # j. It follows that Equation (30)
is equivalent to

—1 . .
Co1C23 — C02C13 + C03C12 + C01C02C03C12C13C23 Cj) 0;0; =0 for i #j. (32)

This implies that (coi1ca3 — co2c13 + co3¢12)0; = 0 for all i. Then one easily checks that any
three out of the four equations in (31) are linearly dependent. For instance,

corEn,f, — cooEa g, + cosEap, = 0. (33)
This completes the proof. O
Remark 2.4. Each equation in (31) corresponds to a face of a tetrahedron A. It follows
that
EA,fo - 0 90
—EA f - 0 91
7 & Fae =0 34
EA,fz =0 A 92 ( )
_EA,fg = 0 93

where Fa . is a 4 x 4 matrix whose rows and columns are indexed by the faces of A, given
explicitly by

0 Ca3 —C13 Ci2
—Ca3 0 Cos  —Co2
Fr, = (35)
’ ci3 —cz 0 Co1
—ci2 ¢z —cor 0

Note that Fa . is a skew-symmetric matrix whose (4, j)-entry for ¢ # j is, up to a sign, the
Ptolemy variable of the edge f; N f;. Note also that Fa . has rank 3, whereas its body Fivc
(the matrix obtained by applying the epimorphism f to all entries of Fa .) has rank 2.

Let Py1(T) be the set of all super-Ptolemy assignments on 7. Composing the epimorphism
£ : G(C) — C with a super-Ptolemy assignment (c,#), we obtain a Ptolemy assignment
¢ T' — C* (note that § vanishes if we apply #). That is, ¢* satisfies

Cg10g3 - ngcﬁs + Cg30§2 =0 (36)
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for each tetrahedron of 7 [GTZ15]. On the other hand, any Ptolemy assignment on 7 forms
a super-Ptolemy assignment with the trivial map 72 — G;(C), assigning 0 to all faces.
Therefore, the epimorphism £ induces a surjective map

#
Py (T) = Pa(T) (37)
where Po(7) is the set of all Ptolemy assignments on 7.

2.4. Natural cocycles. After truncating the ideal tetrahedra of 7, one obtains a cell de-
composition T of M ; see Figure 4. We denote by 71 and T2 the sets of oriented edges and
unoriented faces of ’70', respectively. An edge of T is either long or short, and a face is either
hexagal or triangular; short edges are ones in the boundary of a triangular face. The trian-
gles of T form a triangulation of the boundary OM of M, and the 2-skeleton of T defines a
natural groupoid associated to T, whose generators are the edges of 7 and relations are the
faces of T.

3
€02

FIGURE 4. Truncating an ideal tetrahedron.

Definition 2.5. A natural (OSpy;(C), N)-cocycle, or simply natural cocycle, on 7 is a map
o: T — OSp,) (C) of the form

1 a |6 0 —b1|0
@(short) =0 1 |0], e(long)=(b 0 |0 (38)
0 —6|1 0 0 1

that maps the hexagons and the triangles to the identity. In other words, a natural cocycle
is an OSp,; (C)-representation of the groupoid of 7" whose generators have the form (38).

Given a natural cocycle ¢, let us denote

wo(short) := p(short); 5 € Go(C), @o(long) := p(long)s; € Gi(C),
1 (short) := p(short); 3 € G1(C) .

We now express the cocycle condition for ¢ explicitly in terms of ¢y and ¢;. Note that
o(—e) = (e)™! for e € Tt if and only if @;(—e) = —¢;(e) for i = 0, 1; see Equation (17).
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Lemma 2.6. ¢ satisfies the cocycle condition for a hexagon if and only if

k

900(63'1‘) _ 50()(62‘]‘) (39)

~ olejn)oler:)
for all cyclic permutations (4, j, k) of (0,1,2) and

S01(6%0) o ‘101(6(2)1) o 301(662)
vo(eo1) N vole12) N wo(ean) (40)

where e;; and efj denote the edges of the hexagon as in Figure 5.

2

Ay

€01
FIGURE 5. A hexagonal face.

Proof. The proof follows from a straightforward computation for the cocycle condition, i.e.,
comparing the entries of p(e3;)p(eo1)p(ely) = plean) tpledy) to(ern) O
Equation (40) is an equality of odd elements, and we denote its value by 6§ € G;(C).

Lemma 2.6 shows that the ¢y and ¢;-values on the short edges are determined by the -
values on the long edges, together with 6. Precisely, we have

wo(eij) -
k 1 "~ polejn)polers) 900(6”)9
ples) =10 1 0

\0  —gole;)0 | 1 )/

for any cyclic permutations (i, 7, k) of (0,1, 2). Identifying each long edge of 7 with an edge

(41)

of 7 and placing the odd element 6 to the corresponding hexagonal face of 70‘, or equivalently,
to the corresponding face of T, we deduce that a natural cocycle ¢ is determined by two
maps

c:TH—=GHTC), 6:T%— Gy(C)
where ¢ is the restriction of ¢y to the long edges.
Lemma 2.7. ¢ satisfies the cocycle condition for all triangular faces of T if and only if the

pair (c,0) defined above is a super-Ptolemy assignment, i.e., satisfies (30) and (31) for all
tetrahedra of 7.
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Proof. Labeling the vertices of a tetrahedron with {0,1,2,3} and using the same nota-
tion as in Lemma 2.6, the cocycle condition for the triangular faces has the form go(eé.l) =

o(eh)p(el,). For instance, the triangular face near the vertex 0 gives @(eg;) = p(ed;)p (€3, ):

1 - 030(11201 01302 1 - 036020302 02301 1 - C2(;16201 01293
0 1 0o |={0o 1 0 0 1 0o |. (42)
\O —01362 ‘ 1 / \O —02361 ‘ 1 / \0 —01203 ‘ 1 /

Comparing the entries of the above equation, we obtain (30) and the first equation in (31).
We obtain the other three equations of (31) similarly from the other triangular faces. O

Lemmas 2.6 and 2.7 imply a one-to-one correspondence

Py () 5 {Natural (OSpy, (T), N)-} | (43)

cocycles on T

the second bijection in the fundamental correspondence (5), where its explicit formula is
summarized in Figure 2.

Remark 2.8. Applying the epimorphism § : OSpy;(C) — SLy(C) to both sides of (43),
the correspondence (43) reduces to the bijection between P,(7) and the set of natural
(SLy(C), No)-cocycles [GGZ15b, Sec.1.2]. Here N, is the set of unipotent matrices in SLy(C).
Namely, there is a commutative diagram

Pyu(T) RSN {Natural (OSp2|1((D),N)—}

cocycles on T

4 lti (44)

Py(T) PRSI {Natural (SLQ((D),NQ)_}

cocycles on T

2.5. Decorations. Let M be the universal cover of M and T be the ideal triangulation of
its interior induced from 7. We denote by T the set of (ideal) vertices of 7 and use similar
notations for 7.

Definition 2.9. (a) An (OSpy;(C), N)-representation is an OSp,; (C)-representation p of
m1 (M) such that p(m (0M)) lies in the unipotent subgroup N up to conjugation.
(b) A decoration of an (OSpy;(C), N)-representation p is a map

D : T = OSp,,(C)/N (45)

such that D(y - v) = p(7)D(v) for v € (M) and v € T°. We say that a decoration is
generic if for all vertices vy and vy joined by an edge of 7, we have

(D(vo), D(v1))* #0. (46)
Here we use the identification (25) and the bilinear pairing (26).
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In what follows, by a generically decorated representation we mean an (OSp,;(C), N)-
representation with a generic decoration. For simplicity we identify a generically decorated
representation (p, D) with (gpg~', gD) for all g € OSpy;(C). Note that if D is a generic
decoration of p, then gD is a generic decoration of gpg—*.

Lemma 2.10. For N-cosets gN and AN with (gN,hN)* # 0, there is a unique pair of
coset-representatives ¢ € gN and h' € hN such that (¢")~'h’ is of the form

0 —c 1|0
()*W=1c 0 |0]. (47)
0 0 |1

Moreover, ¢ = (gN, hN).

Proof. We may assume that gN = N and AN corresponds to (a,c,7v)" € A%' with ¢* # 0.
Then a straightforward computation
a— ee\l
B (48)

1 f e /e b|a a—cf—ey b—df —ed
0 110 c d|{f| = c d
\O —6‘1/ \’y 5‘6/ \ ce+ 7y de + ¢ ‘eﬁ—l—e/
shows that the right-hand side has the form (47) only if e = —vy/c, f = a/c and d = = 0.

Then it follows from the defining equations of OSp,;(C) that § =0, e =1, b= —1/c and
a = —v/c. This proves that the desired pair of coset-representatives exists and is unique. [J

For a generically decorated representation (p, D), Lemma 2.10 implies that there is a
unique map
20
such that

e (v) € D(w) if v is in the boundary component of M corresponding to w € TO,
e (vg) '(v1) is a matrix of the form (47) if vy and v; are joined by a long edge.

From the definition of a decoration, we have (v - v) = p(y)w(v) for v € w1 (M), hence

(- v0) (v - o) = Y(we) T (0n) (50)
for any vertices vg and v;. Therefore, if we define
@ T = 0Spy, (C),  ¢(e) = v(v) (1) (51)

for any lift [vg,v1] of an edge e € 7!, then @ is well-defined and by definition is a natural
cocycle. This construction induces a one-to-one correspondence

o

Natural (OSp,;(C), N)- | 1-1 Generically decorated . (52)
(OSpyp (€), N)-reps on M

cocycles on T

Remark 2.11. Applying the epimoprhism £ : OSp,;(C) — SLy(C) to both sides of (52),
the correspondence (52) reduces to the bijection between natural (SLy(C), Ny)-cocycles and
generically decorated (SLo(C), No)-representations; see [GGZ15b, Sec 1.2].
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Combining the correspondences (43) and (52), we obtain

Generically decorated 1-1 P "
{<OSP2|1(@)7N)—reps on M} on(T) (53)

the first bijection in the fundamental correspondence (5), where its explicit formula is sum-
marized in Figure 1:

(9:N. g;N){(g;N, e N) (91N, 9:N)
Here we use the identification (25) and the bilinear and trilinear pairings (26) and (27).

The next theorem is a direct consequence of the fundamental correspondence (5) (see also
the diagram (44)).

Theorem 2.12. There is a map Py (T) — Hom(m (M), OSpy(C))/~ which fits into a
commutative diagram

c(eij) = (9N, g;N), O(fijr) = (54)

qu(T) — Hom(m(M),OSpQH(@))/N

) ! &
(T

PQ ) e Hom(ﬂ'l(M),SLg(@))/N

and whose image is the set of all conjugacy classes of (OSpy; (C), N)-representations admit-
ting a generic decoration.

2.6. Action on P5i(7T). Let h be the the number of (ideal) vertices of 7. There is an action
of Gé(@)h on P2|1(7-)

Go(©)' x Pop(T) = Pop(T),  (z,(c,0)) = x-(c,0) = (x- ¢, - 0) (56)
where z - ¢ and z - 0 are defined as follows. Regarding that z = (x1,...,z;) is assigned to
the vertices of T,

z-c: T = Gi(C), e~ zzjc(e) (57)
where x; and x; are assigned to the vertices of e, and
-0:T? = Gi(C), [+ (wxjmr) ' 0(f) (58)

where z;, z;, and zj, are assigned to the vertices of f. One easily checks that = (c, §) satisfies
Equations (30) and (31), i.e., z- (c,0) € Py (T). This action reduces to the (C*)"-action on
Po(T) described in [GGZ15b, §4] if we forget 6 and restrict x to (C*)".

Theorem 2.13. The super-Ptolemy assignments (c,0) and x - (c,0) determine up to conju-
gation the same representation.

Proof. Let (p, D) be a generically decorated representation corresponding to (c, ) € Py (T).
Regarding x = (1, ..., ;) is assigned to the vertices of T, we define

z-D:T%— OSpy (C)/N, v 2;D(v) (59)
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if v is a lift of the i-th vertex of 7. Here we use the identification OSp,,(C)/N ~ A%,
hence the scalar multiplication is well-defined. Then x - D is also a generic decoration of p,
and Equation (54) implies that (p,x - D) corresponds to (z - ¢,z - 0). O
Remark 2.14. For k € G}(C) we have (k,...,k) - (c,0) = (k?c,k=30). In particular, (c,6)
and (¢, —0) determine the same representation, up to conjugation.

2.7. (m,l)-deformation. One can generalize super-Ptolemy assignments and all previous
arguments to OSpy; (C)-representations that may not (OSpy;(C), N). This can be done
by considering the natural action of OSp,,(C) on A?1'/G§(C), instead of A%, where the
quotient is given by identifying (a,b, )" and c¢(a,b, )" for all ¢ € Gi(C). Note that the
stabilizer group of this action at [(1,0,0)"] is

a

a b
B = 0 at |0
\0 —a'a|1)
To be preicse, we fix a cocycle o that assigns an element of Gj(C) to each short edge of T
and consider representations p : (M) — OSp,; (C) such that up to conjugation
*

( o(y)  * \|
o= 0 o(y)"t]0 for all v € m (OM) . (61)
Vo« 1

Here we use the same notation o for the cocycle and for the morphism m (0M) — G§(C)
induced from it; hopefully this will cause no confusion. As a generalization of Definitions 2.2,
2.5, and 2.9, we define:

Definition 2.15. A o-deformed super-Ptolemy assignment on T is a pair of maps
c:TH— Gi(C), 0:7T?— Gy(C) (62)
satisfying ¢(—e) = —c(e) for all e € T* and

a € GHD), be Go(T), a € Gy(T) 5. (60)

2 3 3
2.0 03,0 o
030712 02013 02
C01C23 — —1—5 C02€13 + —7 —5 C03C12 + —1~C01C03C12€13C230002 = 0 (63)
003012 002013 002
as well as
ol o9 o3, o9,
Eny, - 012‘90 — co2b1 + —00192 0  Eayp :cizth — —00391 + —00193 0
023 012 01 012 (64)
1 o3 1 1
o ol o
_ 003 003 23 _
Eng @ —5co3bly — —00392 + 23 =0 Enjy 1 502301 — 136 + —5-c1203 = 0
003 01 003 023

for each tetrahedron A of 7. Here o}, € G§(C) is the element assigned by o at the short
edge that is near to the vertex i and parallel to the edge [j, k]; see Figure 5.

Definition 2.16. A o-deformed natural cocycle on T is map © T — OSp,) (C) of the
form

o (short) a 0 0 —=b7']0
¢(short) = 0 (short)* 0], e(long)=1b 0 |0 (65)
\ 0 o(short)~'6 1)/ 0 0 |1
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that maps the hexagons and the triangles to the identity. In other words, a natural cocycle
is an OSpy; (C)-representation of the groupoid of 7" whose generators have the form (65).

Definition 2.17. (a) An (OSpy;(C), B)-representation is an OSpy); (C)-representation p of
m (M) such that p(m(0OM)) lies in the stabilizer group B up to conjugation.
(b) A decoration of an (OSp,;(C), B)-representation p is a map

D :T°— OSpy,(T)/B (66)

such that D(y - v) = p(y)D(v) for v € m(M) and v € T°. We say that a decoration is
generic if for all vertices vy and vy joined by an edge of 7, we have

(D(vo), D(v1))* # 0 (67)
Note that this condition makes sense, even though (D(vg), D(v1)) can be only defined up to
G§(O).

Repeating the same arguments in Sections 2.3-2.5 (see also [Yoo19, §2]), we obtain

Generically decorated - - dof. d |
(S (), Breps on M <= Py, (7) =% {o-deformed matawal L (g
e cocycles on T
satisfying (61)
where P2"|1 (T) is the set of all o-deformed super-Ptolemy assignments on 7. We note that:

1. The same argument used in Lemma 2.3 shows that any three of (64) are linearly depen-
dent.

2. Composing the epimorphism § : G(C) — C with (¢, 0) € Py}, (T), we obtain a of-deformed
Ptolemy assignment ¢ : 7' — C*. That is, c* satisfies

2 \i( 3\t 3 V(2 |8
ioA _(‘703) G (052)" (015)" & t 0 69
B () D (ool o
for each tetrahedron of 7 [Yoo19]. This defines a map
2|1(T) = Py (T) (70)

where P§*(T) is the set of all o*-deformed Ptolemy assignments on 7. This map is surjective
if o* = 7, i.e. o takes values in C*.

3. The o-deformed natural cocycle ¢ corresponding to (c,0) € P2"|1 (T) is explicitly given by

J »
ok _ ik _Cij

7 —1
ples) =1 o 1/a% o | wley)=|¢c 0 |0 (71)
\0 —e,0/(oi,0f) | 1 ) \o o0 [1)

J

for Figure 5 where (i, j, k) is a cyclic permutation of (0, 1, 2).
4. There is a G (C)"-action on Pg,(T) defined in the same way as that on P51 (7). Moreover,
Theorem 2.13 also holds for (c,0) € Py, (T).

The next theorem is a direct consequence of the correspondence (68).
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Theorem 2.18. There is a map Py, (T) — Hom(m (M), OSp,(C))/~ which fits into

PQUH(T) —— Hom(m1 (M), OSpy (©))/~

lﬂ iﬁ (72)

PS*(T) ——— Hom(m (M), SLy(T))/~

and whose image s the set of all conjugacy classes of (OSp2|1(@), B)-representations admit-
ting a generic decoration and satisfying (61).

2.8. Concrete triangulations. In Section 2.3, we defined the super-Ptolemy assignments
for ordered triangulations. In this section, we discuss how to define these assignments for
concrete triangulations, that is, for triangulations where each tetrahedron comes with a
bijection of its vertices with those of the standard 3-simplex. Concrete triangulations were
used in [GGZ15a] to define the gluing equations of PGL,, (C) representations of 7y (M), as well
as in [GGZ15b]. Note that all the triangulations in SnapPy and Regina are concrete [CDW,
Bur].

Recall that a super-Ptolemy assignment consists of two assignments: one assigns an in-
vertible even element to each oriented edge and the other assigns an odd element to each
unoriented face. The former deals with every edge with both orientations, satisfying that
reversing the orientation of an edge reverses the value of the assigned element. Therefore,
the former has no issues for concrete triangulations, where edges could be identified in an
orientation-reversed way. However, the latter may cause a problem, as it only deals with
unoriented faces. To prevent this problem, we simply consider both sides of a face with each
side having one odd element. Namely, we assign one odd element to each oriented face. This
seems to double the number of odd elements, but in fact, two odd elements 6 and 8" assigned
to the front and back sides of a face (as in Figure 6) should be related as follows.

Recall from Equation (71) that for any cyclic permutation (4, j, k) of (0,1, 2), we have

k ol _ci i

ji B ci;0 j
kY O-Jz Tk cjkkcm- J /ak] -3
@(eji)— 0 1/01.@. 0 . (73)

\ 0

—cij0/ (0407

L/

Applying the same formula to the back side of the face, we obtain

k O-lkj _%}: C;]ij cjigl/ Uii
90(6@') =10 1/05 0 ) (74)
\0 —cit/ /(o) 1 )]
Note that ¢;; = —cj; and o}, = 1/0};. Then a straightforward computation shows that
w(eé?i)()p(efj) = [ if and only if
¢ = ol -

This shows that super-Ptolemy assignments on a concrete triangulation are described by the

same equations (63) and (64) but some of #; may be replaced by 6., where 6y, ..
., f3 that face front. Note that if a face-pairing preserves the

are assigned to the sides of fy, ..

.05 in (64)
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orientation of the faces induced from the vertex-orderings, then only one of 6; or 8 appears
in the face equations, and otherwise, both 6; and 6. appear.

? flip 2

V

FIGURE 6. Front/back sides of a face

2.9. Example: the 4; knot. Let 7 be the standard ideal triangulation of the knot com-
plement of 4; obtained by the face-pairings of two ordered ideal tetrahedra A; and A, with
edges e; and ey and with faces f1,..., fi. See Figure 7. We choose a cocycle o on the short
edges for m, ¢ € Gi(C) as follows (see [Yool9, Ex.2.8]):

o(sy) = 0(s5) = 0(sg) = a(s11) =m, 0o(sg) = 0(s9) = o(s12) =m™* (76)
o(s4) =0(s7) =0(s10) =1, o(s1) =0"m 2  o(s3) =tm (77)
where s, ..., s12 are the short edges of T as in Figure 7. Note that the morphism induced

by o sends the meridian and canonical longitude of the knot to m and /¢, respectively.

,‘ 2y

\ A

AN AN
R

FI1GURE 7. The knot complement of 4;.



18 STAVROS GAROUFALIDIS AND SEOKBEOM YOON

A o-deformed super-Ptolemy assignments is a pair of maps ¢ : {e1,es} — G§(C) and

0:{fi,..., fa} = G1(C) satisfying

2 4.2 2 2 3.2
c; —Im"ci + ImZcico + m-cics0205 = 0

A — 0 0 ey + 0 m T 2050, = 0 (78)
and

IR 0 m 200y — mTlesls + 10, = 0

En s 16y —m " ealy +m e = 0 (79)

Eng s col3 — cobly 416 = 0

Ens,ts le10y — coby + 26, = 0

where ¢; := c(e;) and 6; := 0(f;). Writing the equations in (79) in a matrix form, we have

m2cy 1 0 —m ey 0, 0
. 0'mT%c —mTle 0 61 |0
—Co C1 Co 0 93 o 0 (80>
gCI —C9 0 Co 04 0

We are interested in the case of the above 4 x 4-matrix F' being singular, as all 6; should be
zero, otherwise. One computes that if det F' = 0, then the kernel F is a free G;(C)-module
of rank 1:

1 2 1 2 2 1 2
c1+ 7-Co . mei + g-c;  lef + (m+ —-)eier — ¢

mey — ¢ ca(mer — co)’ ca(mey — ¢o)

(91,92,937Q4)=7I( ) . neGi(0).

It follows that either det " = 0 or not, we have 6,0; = 0 for any 4, j and thus Equation (78)
is simplified to
cg — €m4c§ +Im%cic0 =0
2 12 g1 (81)
i =0 s+l ciep =0

with

det F = 2cicam™2(m+m™' —1). (82)
This shows that a o-deformed Ptolemy assignment (c,6) with 6 # 0 exists if and only if
m +m~' — 1 = 0. For instance, we restrict m and ¢ to complex numbers, then we have

14++v/—3 1Fv/-3
m=———, -

5 (=-1, (c1,¢0) =k ( 5 ,1) for k € G(C). (83)

Note that the C*-torsion 2(m+m~ —1) of the knot 4; appears as a factor of Equation (82).

3. 1-LoOP AND C2-TORSION POLYNOMIALS

In this section, we define the 1-loop invariant, the 1-loop polynomial, and their (m,[)-
deformed version from an ideal triangulation.
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3.1. The face-matrix of an ideal triangulation. As mentioned in Remark 2.1, hence-
forth, we use the Grassmann algebra with one odd generator. Its even and odd part are both
isomorphic to €, and a product of any two odd elements is zero. In particular, Equation (30)
reduces to the ordinary Ptolemy equation

Cp1C23 — Co2C13 + Co3c12 = 0. (84)

Therefore, a super-Ptolemy assignment (¢, ) on an ideal triangulation 7 is given by a pair
of a Ptolemy assignment ¢ : 7+ — C* with a map 0 : T2 — C satisfying Equation (31) for
each tetrahedron of 7.

Suppose T has N tetrahedra. Then it has N edges and 2N faces. Hence a super-Ptolemy
assignment is represented by a tuple ¢ = (¢y, ..., cx) of non-zero complex numbers satisfying
the Ptolemy equation (84) for each tetrahedron and a tuple 6 = (6y,...,0,x)" of complex
numbers satisfying four linear equations (31) for each tetrahedron. We call these linear
equations face-equations and write them in matrix form as

G 9:0, 6:<91,...,92N>t (85)

where F* for k= 0,1,2,3 are N x 2N matrices whose rows and columns are indexed by the
tetrahedra and the faces of T, respectively. However, it was shown in Lemma 2.3 that at
each tetrahedron any three of the linear equations in (31) are dependent. Thus we choose
two equations from each tetrahedron A. Such a choice can be represented by an edge of
A, as each equation in (31) corresponds to a face of A. More precisely, we choose an edge
en for each tetrahedron A of 7 and use two equations in (31) that correspond to the two
faces adjacent to en. This creates a 2N x 2N matrix F,, called a face-matrix, so that the
face-equations for 6 take the form

F.0=0. (86)

Note that F, is a trimmed version of the 4N x 2N matrix of Equation (85) and that entries
of F, are linear forms on ¢ (in fact, the nonzero entries at up to sign, equal the value of ¢ on
an edge, see Equation (35)).

3.2. 1-loop invariant. We now have all the ingredients to define the 1-loop invariant.

Definition 3.1. For a Ptolemy assignment ¢ on 7 we define the 1-loop invariant by

0T c2 1= H% H% det F, (87)
cle) 4t clea)

where the products are taken over all edges e and all tetrahedra A of T, respectively.

Note that the 1-loop invariant d7 .2 has degree 0 in ¢, i.e., is invariant under scaling c
to kc for all k € C*. It turns out that the 1-loop invariant does not depend on the choice
of edges ex and is invariant under 2-3 Pachner moves. This follows from the specialization
of Lemma 3.3 and Theorem 3.4 at t = 1 below. In addition, we conjecture that the 1-loop
invariant d7 .o is equal to the C*-torsion Ty, up to sign, where p : m (M) — SLy(C) is a
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representation associated to the Ptolemy assignment c. This is the specialization at ¢t = 1 of
Conjecture 3.7 below.

3.3. 1-loop polynomial. In this section, we upgrade our 1-loop invariant to the 1-loop
polynomial.

Suppose M has an infinite cyclic cover M and let T be the ideal triangulation of M
induced from 7. We identify the deck transformation group of M with {tF|k € Z} for a
formal variable ¢ and fix a lift of every cell of T to 7. Then a cell of T is uniquely represented

by a cell of 7 with a monomial in ¢. For instance, a face of T is represented by t* - f for a
face f of T and k € Z.
Recall that a face-equation is of the form

ca 0(fo) +c50(f1) +c,0(f2) =0 (88)

where fy, fi, and f5 are three faces of a tetrahedron A. Since the lift of A has three faces
that are represented by t* - f; for some k; € Z, we can formally modify Equation (88) as

cat®™ O(fo) + cst™ O(f1) +c, 2 0(f2) = 0. (89)
The effect of this insertion of monomials in ¢ leads to a t-twisted version F.(t) of F..

Definition 3.2. For a Ptolemy assignment ¢ on 7 we define the 1-loop polynomial by

1 1
0T c2(t) = (1:[ @ 1;[ c(ea)

where the products are taken over all edges e and all tetrahedra A of T, respectively.

) det F.(t) (90)

It is clear from F, = F,(1) that the 1-loop invariant d7 . is the specialization d7.2(1) at
t = 1. In addition, the 1-loop polynomial é7.2(t) determines the 1-loop invariant d7) .
of all cyclic n-covers M (™ of M. This follows by arguments similar to the ones presented
in [GY23] (for the 1-loop polynomial d7.3(¢)) and will not be repeated here.

Lemma 3.3. The 1-loop polynomial d7 .2(t) does not depend on the choice of edge ea.

Proof. Tt suffices to compare two different edge-choices for one tetrahedron A. Comparing
ea = [0,1] and ep = [0, 2], we have from Equation (33)

Co2 —Cos\ (c13 —co3 O co) _ (coo O\ fcas 0 —co3 coo (o1)
0 1 12 —Cp2 co1 0 0 1 Ci2 —Co2 Col 0 .
It implies that the 1-loop invariant dr .2 is unchanged even if we change ex = [0,1] to
[0,2]. The insertion of monomials in ¢ affects on both sides of (91) by multiplying the

same diagonal matrix (with diagonal in monomials in ¢) on the right. Therefore, the 1-loop
polynomial d7.2(t) is also unchanged. O

Theorem 3.4. The 1-loop polynomial 61 .2(t) is invariant under 2-3 Pachner moves.

Proof. Suppose that 7 has two tetrahedra [0,2,3,4] and [1,2,3,4] with a common face
2,3,4] as in Figure 8. Let 7" denote the ideal triangulation obtained by replacing these two
tetrahedra by [0, 1,2, 3], [0,1,3,4], and [0, 1,2, 4].
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1

0

FIGURE 8. A 2-3 Pachner move.

Recall that the face equation of a face [i, j, k] of a tetrahedron [¢, j, k, 1] with i < j < k is
given by

E;jk : Cij0iji — Cirbira + cipbi = 0. (92)

1,

For A = [0,2,3,4] and [1,2,3,4] we choose ex = [2,4]. Then the face-matrix Fr. of T
contains a submatrix

034 | others
3 3
Efoy | coa | Rigoy

B3, Rjs (93)
E %24 Coq 3?24
E%34 R%34

where R{j, is the row of EJ;; except the f34-entry. Using an elementary row operation, we
can modify the face-matrix without changing its determinant as

0234 others
Efas Riyy — Ry
B33 Ry, (94)
By | 2 Ry,
B, Ry,
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For A = [0,1,2,3] (resp., [0,1,3,4] and [0, 1,2,4]) we choose ex = [2,3] (resp., [3,4] and

2,4]). Then the face-matrix 7. of 7' contains a submatrix

0012 8013 9014 others
Ely | c12 | —cu3 Ry,
Egos | o2 | —Cos Ry
By cis | —ca| RYyy
Egss o3 | —Cos | Rigy
By | 12 —c1a | Ry,
Egos | oo —cos | Ry

Preserving the determinant, we apply elementary row operations to obtain:

Oo12 |  bOo13 0014 other 6 faces

0 0 _cizpl _ cascoa PO c23 c14 Pl
Efgs Rigs — G2 Rogg — 224 Rygy + 2 24 Rogy
E} c —c R}

023 02 03 023

0 €34 0 _ caspl
B3 e, 01 Risy — 24 Ry

1 1
Bz, o3 —Co4 Riay

0 0 0 0
Efyy Riyy — Risy — Riag

1 1 1 1
Eoy Rgoy — Rozq — Roos

On the other hand, one computes that
R834 = R(1)24 - R(1)34 - R(1)23
3%34 = R(1)24 - R(1)34 - R(1)23

Co2 C12 Co4 C14

Ry — Riyy = — Ry — — Ry — — Rigy + — Ry,
Ca23 Ca3 C34 C34

It follows that (96) is equal to

Oo12 | Oz | Oowa others
By %(3824 — Ry
Eggs | co2 | —cos Riss
EYy, — e Con Risy — %R(l)w
E(%34 Co3 —Co4 R(1)34
By, Ry,
Ego Ry
Comparing (94) and (98), we have
det Fr, = —2 det Frr,.
C01C23C34

(95)

(98)

(99)

The monomial factor in the right-hand side agrees with the difference coming from the
monomial term [[c(e) [[c(ea) in (87). This proves that d7 .2 = d77 2. As the effect of the
insertion of monomials in ¢ is separated from the above computation, this also proves that

6T,c,2 <t> = 57/,0,2 (t)

O
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Remark 3.5. The proof of the above theorem contains the behavior of the Ptolemy variety
under Pachner 2-3 moves. This can be used to show that the determinant of the Jacobian
of the Ptolemy variety, suitable normalized, is invariant under 2-3 Pachner moves, and
conjecturally equal to the 1-loop invariant defined in [DG13]; see [Yoo].

Theorem 3.6. A Ptolemy assignment ¢ on T lifts to a super-Ptolemy assignment (c,0) with
0 # 0 if and only if 67 .2(1) = 0.

Proof. 1t is clear that if d7.2(1) # 0, or equivalently, if F, = F,.(1) is non-singular, then 6
should be zero. Conversely, if d7.2(1) = 0, then there is a nonzero vector v € C* with
F.v =0, and for any n # 0 € C the pair (¢,nv) is a super-Ptolemy assignment. O

Conjecture 3.7. The 1-loop polynomial is equal to the C?-torsion polynomial

5’7’7072(t) = TM,p,2 (t) (100)

up to multiplying signs and monomials in ¢. Here p : m (M) — SLy(C) is a representation
associated to the Ptolemy assignment c.

3.4. (m,l)-deformation. In this section, we deform the 1-loop invariant as well as the 1-
loop polynomial.

We fix a cocycle o that assigns a non-zero complex number to each short edge of 7. Recall
Equation (64) that the face-equations in (31) admit a deformation according to o. As in
Section 3.1, we choose two face-equations in (64) by choosing an edge e for each tetrahedron
A of T. This creates a 2N x 2N matrix F7, so that the chosen face-equations take the form

F70=0 (101)
as well as its t-twisted version F?7(t), as explained in Section 3.3.

Definition 3.8. For a o-deformed Ptolemy assignment ¢ on 7 we define the 1-loop invariant

by
1 1 i
OF e = (H "B 1;[ ~ (eA)> det F (102)

and the 1-loop polynomial by

57 ca(t) = (H C(le> 11 CU(;)) det F7 (1) (103)

where ¢?(ea) is the value of ¢ on the edge e times its o-coefficient in (64):

€A ‘ [Oal] ‘[072“ [073] ‘ [1172] ‘[173]‘ [1273]

L Lol L L (104)
?(ea) ‘ —3Lcor ‘ Coz | -5+Co3 | S2C12 ‘ C13 | ;9 Ca3
12 01 23 03

Repeating the same computation given in Sections 3.2 and 3.3, one can prove that (a) a
o-deformed Ptolemy assignment ¢ on T lifts to a super-Ptolemy assignment (¢, ) with 6 # 0
if and only if 67 .2 = 0; (b) the 1-loop polynomial §7 .2(t) does not depend on the choice of
edge ea and is invariant under 2-3 Pachner moves up to scalar multiplication by non-zero
complex numbers. In addition, we proposed the same conjecture (100) for o-deformed ones,
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but up to multiplying non-zero complex numbers and monomials in ¢. Note that this scalar-
multiplication ambiguity is given by a product of complex numbers that o assigns to short
edges. In particular, if o takes values in {£1} (for instance, if M is hyperbolic and p is a lift
of the geometric representation), then we can replace this scalar-multiplication ambiguity by
sign-ambiguity as in Conjecture 3.7.

3.5. Example: the 4; knot continued. In this section we verify our conjecture for the 4,
knot. With the notation of Section 2.9, we have e, = [0, 3] and ea, = [1, 2], hence
O'(Slo)_l . Co

— c“(en,) = olss)
o(ss) = m’ (ea2) o (s6)

As explained in Section 3.3 and [GY23, Sec.3.1], we insert monomials in ¢ to the matrix in
Equation (80) to obtain

“(ea,) = Co = Cy (105)

m2cy 1 0 —m ey
o ¢, 'mT%e, —mTle 0
ORI " . o (106)
Ecl —C2 0 Cgt
Then, we have
1
Oren(t) = —— 2 det FO(t) = m (2 — 2(m + m ™)t + 1) (107)
C1C2 Cy
which agrees with the C2-torsion polynomial of 4; up to m=!.
In particular, for m = 1 (and [ = —1), we obtain the C?-torsion polynomial
t— 4t +1 (108)

for an SLy(C)-lift of the geometric representation of the 4; knot, in agreement with SnapPy

snappy -Manifold(’4_1’) .hyperbolic_SLN_torsion(2)

2 a2 - 4.0000000000000000000000000000*xa + 0.99999999999999999999999999999

4. FURTHER DISCUSSION

In this paper and in our prior work [GY23], we introduced 1-loop polynomials d7o(t) and
d7 3(t) determined, respectively, by the twisted face-matrix and twisted NZ-matrix of an ideal
triangulation T of a 3-manifold M, and conjectured to be equal to the torsion polynomials
Tam2(t) and 7y 3(t). In this section we explain briefly how to derive 1-loop polynomials that
conjecturally equal to the torsion polynomials 7y, () for all n > 2.

The torsion polynomials are closely related to the adjoint reprensentation of PGL,(C)
which decomposes

Ad(PGL,(C)) = @l !C*H! (109)
into odd dimensional representations of SLy(C). This decomposition is not special to PGL,,(C),
indeed every complex semisimple Lie group G has a canonical principal SLy(C) subgroup,
and decomposing the adjoint representation of G as an SLg(C)-representation

Ad(G) = @]_,C*H! (110)
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one obtains only odd dimensional irreducible representations of SLo(C), where e; are the
exponents of G [Kosh9]. Using the above decomposition (109), one can define for each n > 2
the product

n—1
H o 2i41 (%) (111)
i=1

from which one can extract the odd torsion polynomials 7as0aa(t), see e.g. [Por, Sec.5].

Using the fact that PGL, (C)-representations can be described by gluing equations asso-
ciated to PGL, (C)-type Neumann—Zagier matrices [GGZ15a], if one twists these matrices
by considering their lifts to an infinite cyclic cover as was done in [GY23], one can define a
1-loop polynomial d7 pgr, (t) which would factor as H?;ll O 2i+1(t) and would conjecturally
equal to the polynomial (111). Doing so, one can obtain the odd 1-loop polynomials that
conjecturally equal to the corresponding odd torsion polynomials.

Likewise, an extension of the decomposition (110) to high-dimensional orthosymplectic
groups, together with a construction of Neumann—Zagier matrices that describe representa-
tions of 3-manifold groups to orthosymplectic groups, along with their twisted version would
determine even 1-loop polynomials that conjecturally equal to the corresponding even torsion
polynomials.
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