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ABSTRACT. Building further on work of Marin and Wagner, we give a braid-type skein
theory of the Links—Gould polynomial invariant of oriented links, prove that it can be
used to evaluate any oriented link and prove that it is also shared by the Vi-polynomial
defined by two of the authors, deducing the equality of the two link polynomials. This
implies specialization properties of the Vi-polynomial to the Alexander polynomial and to
the ADOgs-invariant, the fact that it is a Vassiliev power series invariant, as well as a Seifert
genus bound for knots.
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1. INTRODUCTION

1.1. Multivariable knot polynomials. Recently, a systematic way to define and effec-
tively compute multivariable knot polynomials was introduced in [GK], using as input a
finite dimensional Nichols algebra (or a finite-dimensional Drienfeld—Yetter module of it)
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with an automorphism. From such an algebra, one can define a rigid R-matrix and con-
struct a state-sum invariant of long knots by applying the well-known Reshetikhin-Turaev
functor.

Nichols algebras are easy to describe, and in the simplest case of rank 1, such an algebra
is uniquely determined by the data

basis(V') = {z}, Alz) =21 +1®uz, T(r®z) = qr Rz, o(z) =tz. (1)

In [GK], it was shown that the corresponding invariants are the ADO invariants of a
knot [ADO92], and the colored Jones polynomials of a knot [RT90, Tur88].

The next case of a Nichols algebra of rank 2 leads to a family of 2-variable polynomials
A, (to,t1) at each root of unity w and a sequence V,,(t,q) of 2-variable polynomials, where
n = 1 is an integer.

The above polynomials are defined for oriented long knots, but the construction can often
be extended to polynomial invariants of framed, oriented links in 3-space. Whereas a general
theorem is not known for all finite dimensional Nichols algebras with automorphisms, it was
shown in [GHK™] that the long knot Vj, A;, and A_; polynomials do extend to framed,
oriented links (and that they are independent of the framing), and two of them were identified
with the Alexander polynomial and the sl3-link polynomial of [Har]

A1 p(to, t1) = Ap(te) AL(ty), A—1,L(t_2, s7?) = AWA (A (2)

as was conjectured in [GK]. Our goal is to identify the V] polynomial of [GK| with the
Links—Gould polynomial [LG92], as was conjectured in [GK].

1.2. Vi = LG via skein theory. Throughout the paper, all links will be oriented and
considered up to ambient isotopy in 3-space.

Theorem 1.1. For all links L we have:
VLL(to,tl) = LGL(to,tl) € Z[toil,tlil] (3)

Whereas both polynomial invariants V; and LG are defined by 4-dimensional R-matrices,
we were unable to show that these are conjugate or braid-conjugate (borrowing terminology
from [GHK*]), and hence we could not use the methods of [GHK™] to deduce the above
theorem.

Instead, we prove the above theorem by showing that both invariants satisfy a common
skein theory that uniquely determines them, hence equality follows. This common skein
theory that we shortly discuss does not describe a presentation of the braided monoidal
category of representations of U,(sl(2[1)), but instead is tailored to relations on the braid-
group representations of these invariants, and ultimately to polynomial equations satisfied
by the R-matrices of both the V; and the the LG invariants.

To describe these rather complicated skein relations, we choose to present braids alge-
braically rather than pictorially, as words in the standard generators s; and their inverses s;
for i = 1,...,n — 1 of the Artin braid group B, [Art47] shown in Figure 1.

There is a natural inclusion of B, — B, ;; obtained by adding a vertical strand on the
right, and as is customary in the literature (see e.g., [FM12] and references therein), we
denote by s; the corresponding elements in B,, and in B, 1.
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FIGURE 1. The standard generators s; of the braid group B,, and their inverses
sifori=1,....,.n— 1.

Lemma 1.2. Both V; and LG satisfy the skein relations in B,, and 4, j,k =1,...,n — 1:
s74+ (1 —tg—t1)si+ (toty —to —t1) 1+ (tot1) 5 = 0, (R1)
gisjsi — Sz’sjgi — gingi + Sigjgi = SZ'Sj — S,‘gj — gisj + gigj — SjSZ‘ + Sjgi + ngi — §j§i (RQ)

for [i — j| = 1,
78
S$iSkS;jSk — SkS;SkS; = Z Wy (R3)
=1

for k—2=j5—1=1i, where w is
w =(Si8j, 8iSj,SjSiySjSis SkSj,SkSjy SkSjsSkSj,SjSks SjSk, SjSkySjSks SiSkSj, SiSkSj, SiSkSj,

8i8kSj, 8iSkSj, SiSkSj, SiSkSj, SiSkSj, SiSjSk; SiSjSk; SiSjSk; SiSjSk, SiSjSk; SiSjSk; SiS;Sk;
S8iSjSks SjSiSk, SjSiSks SjSiSky SjSiSk, SjSiSk, SjSiSk, S;jSiSk, SjSiSk, SkS;jSis SkS;Si, SkSjSi,
SkSjSiy SkSjSiy SkSjSiy SkSjSiy SkSjSis SkSiSjSis SkSiSjSi, SkSiSjSiy SkSiSjSis SkSiS;Si, SkSiSjSi, (4)
8kSiS;jSis SkSiS;jSiy SkSiSjSiy SkSiSjSis SkSiSjSiy SkSiSjSiy SiSjSiSks SiSjSiSk, SiSjSiSk, SiSjSiSk,
5i8;SiSk, 5i5j5iSk;, SiSjSiSk, SiSjSiSk, 5i5jS5iSk, SiSjSiSk, SiSjSiSk, 5iS;jSiSk, SiSjSkSj, SiSjSkSs,
8i8j5kSj, SiSjSkSj, SiSjSkSj, S5j5kS;jSis SjSkS;Si, SjSkSjSi, Sj5kS;Sis sjskEjsi)

and the coefficients a; € Q(to,t1) for I = 1,...,78 are given explicitly in Appendix B.

The relation (R;) is derived from the R-matrix Ryg given in Appendix A whose minimal
polynomial is cubic with roots 1,%p,t;. The relation (Ry) was discovered by Ishii [Ish04b].
The existence of a relation (Rj3) was proven by Marin—Wagner [MW13, Sec.6.2, Sec.6.3] with
no explicit description. Since the support of (Rj3) is important in the reduction algorithm
of Theorem 1.3 below, we give its coefficients explicitly, and explain in Section (2.4) how it
was found.

Note that (R;), (Rs2) and (R3) come from relations in the braid groups Bs, Bs, and By
involving 2, 3, and 4 braid strands respectively.

The proof of the above lemma follows from the fact that the R-matrices for V; and LG
given in the appendix satisfy the polynomial identities (R;), (R2) and (R3), a fact certified
by a computer calculation.

An important complement of the above skein relations is their completeness, that is they
allow the computation of the invariant for every link. This is achieved by an effective
reduction algorithm given in Theorem 1.3 below. To phrase it, consider the quotient

Cn = Q(to, tl)[Bn]/(Rb RQa R3) (5)

of the group-algebra Q(ty,t1)[B,] of the braid group B, by the 2-sided ideal (R;, Ry, R3).
(), is an associative, non-commutative unital algebra over the field Q(to, ).
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Note that if ¢ € C}, for m <n and and 8 € B,,, then (¢, cf € C,,. In particular, there is a
natural map C,, — C,, obtained from the braid group inclusion B,, — B,,.

Theorem 1.3. For every n = 3, there is a reduction algorithm that implies an equality
Cn = Cn—l + Cn—lsn—lcn—l + Cn—lgn—lc’n—l + Cn—2§n—15n—2§n—1 (6)
of Q(to, t1)-vector spaces.

In other words, the theorem above asserts that for n > 3, every braid § € B, can be
reduced to an element of the right hand side of Equation (6).

Theorem 1.3 is an effective version of Theorem 5.4 (ii) and Theorem 6.1 (after fixing a
typo) of Marin-Wagner [MW13].

The next remark is important for specialization of this skein theory, e.g., to the case of
ADOQO,,.

Remark 1.4. Although C, is a Q(to, t1)-algebra and the relations (R;), (R2) and (R3) as
well as the proof of Theorem 1.3 involve denominators, the statement and the proof are valid
if we replace the field Q(tg,¢;) with the ring

Zto, t1,0(to, t1) "] (7)
where
S(to, t1) = toty(to+1t1)(tots + 1) (tots — 1) (1 + o) (1 +11)(to +t1 — 1) (1 +tots +toty +tot7) . (8)
The next remark concerns the dimension of C,,.

Remark 1.5. A corollary of Theorem 1.3 is that C), is a finite-dimensional Q(t¢, ¢;)-vector
space. In fact, it is conjectured in [MW13] and in analogous algebras studied in [Ang21],
that
(2n —2)!(2n — 1)!

e )

with the first few values for n = 3,...,10 given by

dim(C,) =

3,20,175,1764, 19404, 226512, 2760615, 34763300 . (10)

Unfortunately, Equation (6) for n = 3 gives only the bound dim(C3) < 22, and in this case
it can be improved to an explicit spanning set of 20 elements which is linearly independent,
hence deducing dim(C5) = 20; see Corollary 2.5 below. But beyond that, although Theo-
rem 1.3 constructs explicit spanning sets for C,,, it does not give sharp bounds for dim(C,,)
for n > 3.

A straightforward consequence of Theorem 1.3 is the following.

Corollary 1.6. A link invariant that satisfies the skein relations (R;), (Rs) and (R3) and
vanishes on split links is uniquely determined by its value on the unknot.

This corollary combined with Lemma 1.2 and Lemma 3.2 below implies Theorem 1.1.
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Corollary 1.6 has an alternative formulation that swaps the global condition of vanishing
on diagrams of split links for an extra local skein relation that involves tangles (as opposed
to braids). Consider the relation (53) introduced by Ishii [Ish04al:

Q t0t1+1)(+t0t1§+2 (to — 1)( 1—1)>< 0. (S2)

In [IshO4a, Prop.3.3], Ishii shows that a link invariant that satisfies (R;) and (S2) vanishes
on split links. Therefore Corollary 1.6 implies the following result.

Corollary 1.7. A link invariant that satisfies the skein relations (R;), (R2), (S2) and (R3)
is uniquely determined by its value on the unknot.

Another consequence of Corollary 1.6 is that a rank 1 Nichols algebra invariant, namely
ADQ,, is equal to a specialization of a rank 2 Nichols algebra invariant, namely the LG
invariant, as conjectured by Geer and Patureau-Mirand [GPMO08, Conj.4.7] and by [GK].

Theorem 1.8. For every link L we have

ADO,, 1(t) = LG (t*, w?t ™), (11)

where w = e2™/9,

This follows from the fact that the R-matrix for ADO,, satisfies the (to,t;) = (%, w?*t™2)
specialization of (R;), (Rz2) and (Rj3) and Remark 1.4.

A partial case of the above theorem for links that come from closures of 5-strand braids
was given by Takenov [Tak].

Note that the multi-color version of the Geer-Patureau-Mirand conjecture remains open.

Interestingly, Theorem 1.8 gives an example of two R matrices on a 3 and a 4-dimensional
vector space with the same knot polynomial invariant. Any connection between these two
R-matrices remains to be investigated.

Remark 1.9. The effective proof of Theorem 1.3, which leads to an effective computation of
the V; = LG-polynomials, is by no means comparable in speed to the tangle computation of
these invariants given in [GL]. Indeed, skein theory computations have apparent exponential
complexity whereas tangle computations tend to have polynomial complexity.

1.3. Specialization, Vassiliev invariants and genus bounds for V;. We now discuss
some applications of our main Theorem 1.1.

Using the variables (to,t1), the equality of LG and V; and previously known results for
LG [DWILO05, Ish06, Koh16, KPM17] imply the following corollaries conjectured in [GK].

Corollary 1.10. The V; polynomial of a link L satisfies the specializations
Vip(to,tg") = Ar(to)?, Vip(to, —t5 ') = AL(t5), Vip(to, 1) =Vip(1,t) =1 (12)
The genus bounds for LG from [KT] imply the following.

Corollary 1.11. For a knot K, we have the bound
deg, V1 k(t,q) < 4genus(K), (13)
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where deg, of a Laurent polynomial in ¢ is the difference between the highest and the lowest
power of ¢ and genus(K) is the minimal genus of an embedded oriented surface spanning K.

Vassiliev power series invariants were introduced in [BNG96]. Geer [Gee05] showed that
the Links—Gould polynomial is obtained from the evaluation of the Kontsevich integral under
the s[(2|1) weight-system.

Corollary 1.12. The oriented link polynomial V; is a Vassiliev power series invariant.

Remark 1.13. Note that there are three sets of variables used in the literature, namely
(to, 1) introduced by Ishii [Ish06], (¢, ¢) used in the context of representation theory e.g. to
study LG [LG92, KT] and (¢, ¢) used in [GK]. This is a point that leads to much confusion.
The relations between these different sets of variables are

(to,tr) = (LG "2 ¢71G7"2), (g% q) = (¢3¢, G7'7). (14)

In this work we mostly use the known properties of LG to deduce similar results for the
Vi-polynomial, but we can also do the converse. A corollary of Theorem 1.1 is the following
nontrivial symmetry of the LG-polynomial due to Ishii.

Corollary 1.14 ([Ish06, Thm.1}). For any link L, we have
LGy (to, t1) € Z[t3", 5] (15)

We end this section with a caution regarding deducing statements by specialization of
skein-theory.

Remark 1.15. Although the Alexander polynomial comes from an enhanced R-matrix, the
skein theory approach that proves Theorem 1.1 cannot be used to provide novel proofs of
either of the known specializations

LGy (to, ty") = AL(to)?, LGy (to, —ty") = AL(t) (16)

of [DWILO05, Ish06, Koh16, KPM17]. This is because the left side of the (R3) relation vanishes
under these specializations and thus, the reduction algorithm does not apply. However, the
symmetry of the relations (Ry), (Rs), (R3) in to and ¢; give an alternative proof of the fact

LGL(t(),tl) = LGL(tl,to) . (17)

1.4. Organization of the paper. In Section 2 we introduce the main properties of skein
relations based on the braid group and use them to prove Theorem 1.3. In Section 3 we
recall briefly the definition and common properties of the three link polynomials LG, V; and
ADQ,, that are the focus of our paper. We also explain how we found the explicit relation
(R3).

In Appendix A we give the R-matrices of the three polynomial invariants that we study,
and in Appendix B we give the lengthy coefficients of the skein relation (R3). Appendices C
and D are dedicated to the proof of two technical results used in the proof of Theorem 1.3.

Acknowledgements. The authors would like to thank Ivan Marin and Emmanuel Wagner
for enlightening conversations.
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2. SKEIN THEORY FOR THE LG POLYNOMIAL

In this section we prove Theorem 1.3 with a reduction algorithm. Recall that the braid
group B, has standard generators s; with inverses 5; for ¢ = 1,...,n — 1 shown in Figure 1.
They satisfy the relations

$iSj8; = s;8;8; for |i — j| =1, s;sj = s;s; for |t — j| > 1. (18)
Fix a braid g € B, for n = 2. We will prove that it can be reduced to belong to the
Q(to, t1)-vector space on the right hand side of Equation (6).
Note that if n = 2, it follows from (R;) that every braid in By can be reduced to a linear
combination of 1, s1, 5;.
We will first prove Theorem 1.3 for n = 3,4, which are the hardest cases. Then we prove
the result by induction on n > 5.
2.1. The n = 3 case. Let € Bs. By applying (R;), reduce it to the case
f=si's?sP ... or B =s5's72s50 ... g = +1 (19)
Lemma 2.1 (Equivalent formulation of (R;)). The following relation is equivalent to relation
(R3) modulo relation (R;). For 1 <i<n—2and j=1i+ I
$;8i8; = (tot1 + 1 —tg —t1) si + (to +t1 —tot1 — 1)5;
— (to + t1 — 1) 8585 + (to + t1 — 1) Sisj + toty 855 — tot1 Si5;
+ 558 — 8;5; — (to +t1 — tot1) S;8; + (to + t1 — tot1) 555,
— (to + t1) 54558 + (to + t1) 5,55 + 5i5j5; — tot15:5;5; + tot1 5,85 .
Proof. We start by writing (R») - s; :
(sj51)s; = (Sisj8i)s; — (si55:)s; — (5:5581) 55 + (5i5;5:) 55 — (sis5)s5 + (5555)s;
+ (5is;)s; — (5i55) 5 + (s581)s; — (5j80)85 + (5554)s;
= 5,(8i5j8;) — 581585 — $;5:i5;8; + $:i5:5;5; — si((to + 11 — 1) s
+ (to + t1 — tot1) 1 — toty §j) + 8;
+ 35 ((to+t1 — 1) s + (to + t1 — tot1) 1 — tot15;) — S + 8iS;8; — $i5jS; + $i5,5;
= 5;8 — 5;8;((to +t1 — 1) s; + (to + t1 — tot1) 1 — tot15;) — 555;
+ ((to +t1 — 1) s; + (to + t1 — tot1) 1 — tot1 ;)55
— (to +t1 — 1) s;8; — (to + t1 — tot1) si + tot1 5i5; + s;
+ (to+t1 —1)3;sj + (to + t1 — tot1) 5; — tot15:5; — S; + $iS;Si — 8iS;S; + $i5;5;
= s;8 — (to +t1 — 1) 8;8;5; — (to + t1 — tot1) S;8; + tot15;5:5;
— 8;8; + (to+t1 — 1) 8;5;5; + (to + t1 — tot1) 5;5; — tot1 5;5;5;
— (to +t1 — 1) s;8; — (to + t1 — tot1) si + tot1 55 + s;
+ (to+ 11— 1)S;sj + (to + t1 — tot1) Sy — tot15:5; — S; + $iS;Si — 8iS;S; + $i5;5;
= (tot1 + 1 —tg —t1) s; + (to + t1 —tot1 — 1)5; — (to +t1 — 1) 845
+ (to +t1 — 1) 555 + tot1 55 — tot15;5; + Sj8; — 5;5; — (to + t1 — tot1) 5;s;
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+ (to + tl — tOtl)gjgi — (to + tl) Sisjgi + (t[) + tl) Sigjgi + SZ‘S]‘SZ‘ — totl gigjgi
+ totl §j5i§j .
O

We now consider the inner automorphism b — b of the braid group B, defined by

bvn = gglbgn (21)

where ¢, = ($182...Sn-1) - .- (515283)(s152)(s1) is a half twist in n strands. Topologically, b
is braid b “looked at from behind”. It is easy to show the following.

Lemma 2.2. The following hold true:
e forallk=1,...,n—1, we have s, = s,,_,
e for all b,c e B, be = be,
e for all b e B,, braids b and b have the same link closure.

This automorphism will be used in the proof of Lemma 2.3 below as well as in numerous
locations in the Appendix C and D. In addition, applying this automorphism shows that
(20) of Lemma 2.1 is also true if you exchange the roles of i and j, even though they do not
play symmetric roles in the relation.

Lemma 2.3. The following relations hold in C),. In each ¢-letter relation, we assume 1 <
1<n—V{ j=1+1,and k =1+ 2.
1-letter relations

e Inverse relation:
$iSi = Sisi = 1, (22)
e Relation (R;) and its equivalent version:

2 = (to + 1 — 1) S; + ('[Z() +t — totl) 1-— (totl)gi,

7
o 1 . il a1 1, 1, (23)
2-letter relations
e Far commutativity:
sitlstl = stlsit! for |l —m| =2, (24)
e The braid relation and its equivalent formulations:
Sisjsi = SjSZ‘Sj,
a.a\ b br.a_a a.a\ b b(.aa <25)
(s§si)s; = s;(s]si) and (sis])s; = s;(s{s]) fora,b= %1,
for |t — j] = 1.
e Relation (R») and its equivalent version:
EZ’SjSi — Sisjfi — ?Ejsi —tiigjgi = ) ) o (26)
8iSj — 8;Sj — 8;Sj + 8;Sj — SjS; + 8jS; + SjS; — SjS;,
ngiSj — Sjsz@j — §j§isj + Sjgz‘gj = (27)

SjSZ' — Sjgi — ngi + gjgl — SiSj + Sigj + giSj — g’tgj .
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3-letter relations
e Relations implied by (Rj3):

Ftlo o= = o= okl 1, = = o ot
S; SkSjSk = SkS;jSkS; + o, S;7 SkSjSk = SkS;SkS; + v, (28)
Flo o = _ = o= ol 1, < Z.c. okl

Si SiSjSi = 8i5;8iS), + (5, Sk SiSjSi = 85585y, + n,
where «, v are Q(to, t1)-linear combinations of braid words with at most 4 letters and at
most one 3,';“, and 9, n are Q(to, t1)-linear combinations of braid words with at most 4 letters
and at most one s;.

Proof. The only non-obvious relations are the 3-letter relations. The first of these four
relations is (R3) in the case of the positive exponents. In the case of the negative exponents,
the first relation is obtained from (R3) by writing s; ' - (R3) - s;*. The two versions of the
second relation follow from the two versions of the first relation and from Lemma 2.1:

s (sk3;8%) = tot1 57 (31.8;8k) + words with at most 4 letters and at most one si:', (29)

and
(sk3;81k)57" = tot1 (Sks;5k)s;" + words with at most 4 letters and at most one si'. (30)

Replacing si' (35;3%) and (31,5;3;)s; ' in the different versions of (R3) using these two iden-
tities, we get both versions of the second 3 letter identity of Lemma 2.3. Finally, the third
and fourth 3-letter relations are obtained from the first two relations by applying the inner
automorphism defined through Equation (21). O

Lemma 2.4. In ('3, any word [ € Bs is a linear combination of at most 3 letter words, each
of which:

e cither has at most one s3 ',

® Or IS S$951Ss.

We prove Lemma 2.4 in Appendix C. This implies Theorem 1.3 in the three strand case
n = 3. Actually it implies an enhancement of Equation (6) for n = 3 given in the next
corollary.

Corollary 2.5. The following set is a Q(to, t1)-linear basis of Cj:

{1, 51,51, S2, 52, 5251, $251, 5251, 5251, 152, 5152, S152, 5152, $15251, 515251,

o ___ _ _ - (31)
$15251, 515281, 515251, 515251 (OT $15281), 525152} ,
hence the dimension of Cj is 20.
Proof. Using Lemma 2.4, the following set is a Q(to, t1)-generating set of Ci:
{1, 317§17 SQ,EQ, 5951, 82§1,§281, 3251, 5189, 3182, Slgg,glgg, 5185981, 8182§1, (32)

$15951, 515251, S15251, $15251, S15251, 515251, 525152} -

Relation (R;) shows that the vector S;ses; can be expressed in terms of the other vectors
of the family. Once that vector is removed, (20) shows that s152s1 (or 51825;) can also be
removed. Thus we have a generating set for C's with 20 elements.
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Just as Marin-Wagner did in [MW13, Thm.1.1], we can prove that this set of 20 elements
is linearly independent over Q(to,t;) by using the map prg : C3 — End(V®?) on a 4-
dimensional vector space V and check that the system of 45 = 4096 linear equations in 20
unknowns with coefficients in the field Q(%o,¢1) has a unique solution, namely zero. 0J

2.2. The n = 4 case. We prove Theorem 1.3 for words € By inductively on #3(f3), where
#3(6) is the sum of the number of s3 and of the number of 53 that appear in the expression
of 5 in terms Artin generators. Moreover, like in the three strand case, because of (R;), we
need only to consider

B =s1s2s3 ... g =%l (33)

i1 12 “i3
The base case of the induction — where the result is obviously true — is when #3(5) < 1.
Now consider a word 3 such that #3(8) = 2. We can write 8 = zs3 ws;'y with w,y €
{s1,82) = Bz and x € B,. Since w € Bz, we may express it in the generating set of Lemma 2.4:

e cither w has at most one s3 ',
® O W = §95189.

[Case 1: #o(w) = 0.] In this case, w is a power of s; and 8 = zs3 ws3 'y = vws3 's3'y. The

number of s3' used to write 3 decreases thanks to (Ry) or a straightforward simplification
of inverses. So we have the result in this case inductively.
[Case 2: #o(w) = 1.] We can write w = s5s3's] for some €, € {—1,0,1}. Then g =

2'sitsitsity’ with o € (s1,s5) and 2’ € By. We apply Lemma 2.4 to s3's3's3! € (sy,53) =

Bs, then modulo terms with fewer s37,

B = x'538953y" for some y” € (s1, 52). (34)

If the left-most letter in y” is s7*, then that letter commutes with 535553 modulo words with
fewer sg—”l by applications of (R3). If the left-most letter is s3', then we may apply Lemma
2.4 once again. The sub-word 533253551 reduces in (s, s3) = Bj t0 $35953 modulo words with
fewer s3' and we have removed the left-most letter from 3. Thus, an inductive argument

on length of 3’ shows
B = 2"535953 for some z” € By (35)

modulo words with fewer s3'. Note that
#3(1’”§382§3) = #3(:E§3w§3y) and #3(£L'”) < #3(m§3w§3y). (36)

Thus, using the inductive hypothesis on x”, it can be written as a linear combination of
words as described in Theorem 1.3. The different elements in the sum can be considered
independently.

Sub-case 2.1: Suppose z” € {s1,82) =~ Bs. In this instance, 2" can itself be reduced using

Lemma 2.4. If 2" = s7'53?s7® for ¢; € {—1,0, 1}, then modulo words with fewer s3' and up
to a scalar,
_ &€ €2 E€3— - (&’)) € Eo0— — £
B = s7'55%(57°538953) =" s7'(552535253)s7°
24 () (37)
= 57'(535953)57° = 57 (53528357°) = 871" 535,5;.
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Now [3 is expressed in the desired form.
If on the other hand 2” = 355,35, then modulo words with fewer 5311 and up to a scalar,

[ = 5251(52535253) & 5251(535253), (38)

which now expresses 1”(335553) in the form s{s;'s!(535,33) considered previously.

Sub-case 2.2: Suppose #3(z”) = 1. This time 2" = usi'v, with u, v € {(s1, 55). Modulo terms
with fewer s3' and up to a scalar we write:

Sub-case 2.1

+1/ — _ +1 e— = € tl1= =
B = usy (vS359353) uS3y S1S35253 = US]S3 S35253

Sub-cise 2.1 <39)

o N24 e _ _
= us; (53 '535253) = uS 535953 518389383.

The expression for S completes the proof in this sub-case.
Sub-case 2.3: Next assume 2”7 = 59835,53 with 6 € {—1,0,1}. Again, modulo terms with
fewer si' we have, up to a scalar:

B = 50(535953535053) = 50535053 (40)
And we get the result in this case by structural induction.
LCase 3w = 3251§2J Then 8 = xs3'5y515s3 'y with y € {(s1,55) = Bs. We need to be able
to reduce 33%13251523;1 in order to conclude in this case. The following lemma is proven in
Appendix D and does just that.

Lemma 2.6. In C}, the four words 3§1§231§25§1 € B, can be reduced to linear combinations
of words of one of the following types:

e words with at most one s3°,
L4 338253, 81338233 or 51338253.

Using Lemma 2.6, § reduces modulo words with fewer sg—rl and up to a scalar to:
26 e _
B = x57535253Y. (41)

Here we have 8 given in the form of Case 2 (34). Case 3 is now proven in the same way.
This proves Theorem 1.3 in the four strand case n = 4.

2.3. The n > 5 case. We suppose that Theorem 1.3 is true for some n > 5. Let us prove
that then it is also true for B, ;. Because of (R;), we need only to prove the result for
B € B,,1 that can be written:

b =182 ... g = +1. (42)

i1 219 213
Like in the four strand case, we prove the result for words by structural induction on #,(5).
The result is clearly true when #,(8) < 1. For § such that #,(8) > 2, we can write
B = wstlwstly with w,y € {(s1,89,...,8,-1) = B,. Using the induction hypothesis, w is a
Q(to, t1)-linear combination of words in the form prescribed by Theorem 1.3. In the following
we assume that w is given in the form of one of these spanning words.
[Case 1 #n(w) < 1.] Like in the four strand case, we can write w = as_,bwithe € {—1,0,1}

and a,b € (s, ..., Sp_o). Therefore

B=a'sttsS sty withy € (s1,80,...,8,_1) and 2’ € By, 1. (43)
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Again following the ideas of the By case, this word reduces to match the description of it

given in Theorem 1.3. The proof is completely similar because s1, ss, . . ., s,_3 commute with
Sp—1 and s,,.
[Case 2: W = uS,_18,-25,-1, U € {s1,... ,sn,3>] In this case we can write:

B =a's15, 15, 95, 15 'y for some 2’ € (s1,59,...,5,_1). (44)
The conclusion follows like in the By case. This concludes the proof of Theorem 1.3. O

2.4. How (R3) was found. Once (Rj) is found, Lemma 1.2 follows by a machine compu-
tation. But this also gives a method to find an (R3). Namely, (Rj3) is derived from the
realization of $1535953 — 53528351 € Cy as a Q(ty, t1)-linear combination of the 175 words in a
spanning set for a version of Cy given in [MW13]. We can use the explicit R-matrices of LG
or V; and the corresponding Q(to, t;)-linear map C; — End(V®?) for a 4-dimensional vector
space V' to reduce this to a linear algebra question over Q(tg,t;). This results in solving a
system of 4% = 65536 sparse linear equations in 175 variables.

To reduce the complexity of the task we used the R-matrix Ry for V; rather than Ry since
the former appeared to have simpler coefficients. Then, we solved the sparse linear system
of equations for a sample of 20 different values of the pair (ty,¢1). Doing this, we found that
only 78 of the 175 unknown variables are rational functions with nonzero specializations,
which reflects the sparsity of the system, and moreover, the set of these 78 variables was the
same for all attempted specializations. We thus reduced the system of unknowns from 175 to
the 78 ones found above, and then by the use of a computer and some by-hand eliminations,
we found the unique solution given in the appendix.

This produced a potential 80-term (R3) skein relation that we then checked was satisfied
for both R-matrices involved.

A Mathematica program that includes the R-matrices of the LG, Vi and ADO,-polynomials
and checks that they satisfy the skein relations is given in [Gar].

3. Basics or THE LG, Vi AND ADO,, LINK INVARIANTS

The three polynomial invariants of links that we study in our paper, namely the LG,
Vi and ADO,, come from the well-known Reshetikhin—Turaev construction [RT90, Tur94]
applied to enhanced matrices given below.

Instead of repeating definitions and notations from previous works and arguments that
we will not use, we comment briefly how these invariants are defined following [GHK™| and
references therein.

A rigid R-matrix leads to invariants of long knots [Kas23] and Nichols algebras with
automorphisms (or suitable finite dimensional quotients thereof) produce rigid R-matrices
and hence invariants of long knots [GK].

All three polynomial invariants come from rigid R-matrices, and in fact from enhanced
ones, in the sense of Ohtsuki and Turaev [Oht02, Tur88|. For a precise definition see [GHK™,
Sec.2|, where an extension to tangles is given, and a comparison of the various definitions is
also discussed.
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A common feature of the invariants of tangles given by the three polynomials that we study
is that they vanish when evaluated to closed links, since in a sense all three are fermionic
invariants.

To overcome this problem and define a nontrivial invariant of oriented links, one cuts
one component to obtain a (1, 1)-tangle, and then shows that the invariant of (1,1)-tangles
is a scalar (so-called property (P;) in [GHK™, Sec.1.1]), and then that an invariant of a
(2,2)-tangle is unchanged if we close it on one or the other side (property (P)).

All three tangle invariants satisfy properties (P;) and (P,) and consequently give well-
defined invariants of oriented links. Although these link invariants are highly nontrivial,
they do vanish on split links.

Note that in dealing with the Links—Gould invariant of links, we stick to conventions used
by Ishii for example in [Ish06]. In doing so, LG (p~2,p*¢?) with p = ¢* coincides with the
Links-Gould invariant from [DWLK99].

Having discussed the basic properties of the three invariants of interest, we give their
R-matrices in Appendix A, and their enhancements here:

hie = diag(ty ', —t1, —t; ', t1) € End(W)
hy = diag(—1,1,1,—1) € End(V) (45)
hapo = diag(t?, w?*t?, w*t?) e End(X).

Lemma 3.1. (Ryg, hrg), (Rv, hy) and (Rapo, hapo) are enhanced R-matrices and satisfy
properties (Py) and (P,) of [GHK™, Sec.1.1].

The statement about enhancement follows by an explicit computation. Regarding proper-
ties (P1) and (P2), (Ry, hy) satisfies them as was shown in [GHK™, Sec.3]. So do (Ryg, hrc)
and (Rapo, hapo) since they are defined representation theoretically via a ribbon cate-
gory and the tangle invariants are colored by a simple ambidextrous object in the sense
of [GPMT09].

The link invariants can be computed in terms of a braid presentation § € B,, of an oriented
link L as stated in [GHK*, Rem.2.3] and for the convenience of the reader, we reproduce
here:

Frew = tra,_, ((idy @ h®™™Y) 0 pp(B)) € End(V)

(Fron) = goste (v @) o pa(B)) o

1
dim (V)

As mentioned before, all three link invariants thus defined have the following common
feature.

Lemma 3.2. The LG, V; and ADO,, polynomials vanish on split links, and are equal to 1
on the unknot.

Proof. The vanishing on split links follows from the definition of the invariants and the fact
that the diagonal matrices hyg, hy and hapo have trace zero. The value of the unknot,
whose long version is a single vertical strand, is obvious. 0]
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APPENDIX A. THE R-MATRICES FOR THE LINKS—GouLD, ADO, AND V; POLYNOMIALS

In this appendix we write the three R-matrices that we need in the paper.

Since all three R-matrices are sparse, we present them in the following way. Suppose V' is a
vector space over a field k£ with an ordered basis (vy, . .., v,) and an R matrix R € End(V®V).
Abbreviating v;; = v; @ v; for i,j = 1,...n, the n* x n? matrix R can be presented as an
n x n matrix R := (R(z;;))1<ij<n Whose entries are k-linear combinations of v;;.

We now give the three R-matrices, beginning with the Links—Gould polynomial whose
R-matrix is defined as follows. Consider a 4-dimensional Q(to,t1)-vector space W with
ordered basis (wy,ws, ws, wy). Abbreviating w;; = w; ® w; for 4,5 = 1,...4, the R-matrix
Rra = ((Rra)(wij))i<i,j<a is given by

; /2 2
W11 o wa1 0 w31 wyy
1/2 1/2,1/2 1/2,1/2 1/2
R _ tO/ w12 + (to — 1)11)21 —w22 (tOtl — 1)11)23 — t()/ tl/ w32 — t()/ tl/ YUI41 tl/ W42
LG = 1/2 1/2,1/2 1/2
to “wiz + (to — Dwsy —ty "ty Twag + Ywy —wWs3 t) "was
1/2,1/2 9 1/2 1/2
wW1g — tO tl Ywsosz + Ywss + Ywys tl wWoq + (tl — 1)11)42 tl wsq + (tl — 1)11)43 t1wyq

with Y = 4/(to — 1)(1 — ¢;). Actually, the entries in the above matrix are in the quadratic
extension Q(to, t1)[Y'] of the field Q(to, t1) but this plays no important role in our arguments.

Next we give the R-matrix of the V;-polynomial whose explicit computation was discussed
in [GK] and further studied in [GHK*]. We consider a 4-dimensional Q(to, t1)-vector space
V' with ordered basis (vq,vs,v3,v4). As before, with v;; = v; ® v;, the R-matrix Ry, :=
(Rv,r(vij))1<i<a Is given by

—v11 —tova1 —t1v31 —tot1v41
—v19 + (t() — 1)1}21 ) tova2 —rtiv3e + (t() — 1)t11)41 rtot1v42
RVJ. = —v13 + (tl — 1)1)31 —Tﬁltl_ V93 + 7”71(]. — t())’U41 t1v33 7‘71'1)43

—v14 + (tl_l — 1)’023

1,1 _ _ B
[+T(t1 B 1)/032 v (t(] - 2)1)41:| Tt v + (to 1)1}42 rt1vsg + (tl 1)1}43 V44

Taking r = 1, the R-matrix Ry := Ry, has an enhancement as was explained in [GHK™,
Sec.3].

Lastly, we give the R-matrix used to define the ADO,, invariant of links. With w = e
consider a 3-dimensional Q(w,?)-vector space X with an ordered basis (z¢,x1,2z2). With
Tij = Ty ®$j, the 3 x 3 R-matrix RADO = (RADO(xij))ngg is given by

2mi/6
)

t2l‘00 <t2 — 1)[)301 + t{L‘lo (t2 — 1)(1 — w2t72)l‘02 + (til + wt)xu + 20
RADO = txor (t — til)l‘og + w2x11 (w2t72 — 1)1’12 + —wtfll‘gl
Xo2 *wtflflg w2t’2x22

APPENDIX B. THE COEFFICIENTS OF THE ([Rj3) SKEIN RELATION

In this section we give the coefficients of the (R3)-skein relation.

(1 —1)(to — 1)(—t1 — to — 2tato — t5to — t1td + L2 + t3t])
al = — )
t1t()(t1 + t())(tlto — 1)(1 + t1to)
(tl — 1)(t0 — 1)(t1 +to + 2t1t0)

(t1 + to)(t1to — 1)(1 + t1to)

az = —



as

a4

as

ag =

ar

asg

ay

aio

ail

ai2

ai3

ai4

ais

ale

ai7 =

aisg

aig =

a20

a1 =

a2

a3

a24

azs

a6 =

az7 =
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(t1 — 1) (to — 1)(—t1 — to — 2t1tg — t3to — t1t3 + t3t3 + t3t3)

tlto(tl + to)(t1t0 — 1)(1 + tlto)
(tl — 1)(t0 — 1)(t1 +to + 2t1t0)
(tl + to)(tlto — 1)(1 + tlto)
1+ titg + t3to + t1t3
tl(l + tl)to(l + t())(l + tito) ’
t1 +to + tito + t3¢2
(1 + t)to(1+ to)(1 + tito)

)

(1 + tato + 20 + t1t2) (1 — t2 + to — tato + t3to — 12 + 162 + t343)

t1 (14 t1)to(1 + to)(t1 +to) (1 + tito)
(t1 + to + tito + t2t2) (t1 — t2 + to — tito + tito — t3 + t1td + t3t2)

tl(l + tl)to(l + to)(tl + to)(l + tlto)

L+ tito + tto + t1t3
t1(1+t1)to(1 + to)(l + t1t0) ?

)

(1+ tato + t2to + t1t2) (¢ — t2 + to — tato + t3to — t3 + t1t2 + t3¢2)

tl(l + tl)t()(l + to)(tl + tQ)(l + tlto)

t1 + to + tito + t3t3
t1(1+ t1)to(1 +to)(1 + tito)

(t1 +to + tito + t3t2) (t1 — t3 + to — tato + t3to — t2 + 112 + t213)

tl(l + tl)to(l + to)(tl + to)(l + tlt())

—12 —t1tg — t3tg — t2 — t1t3 + t3t2
t1(1+t1)to(1 + to)(t1 + to)(1 + tito) '

—t1 + 3 —to + tito + thto + 13 + 163 — t32 + 24342 + 132 + 233 + 233 + 1] + 2ed + 548

)

)

)

tl(l + tl)to(l + to)(tl + to)(l + tlto)

1 —tato — thto — 1717 — 3 + t1t] — tatg + 1345
t1(1+t1)to(1 + o) (t1 + to)(1 + tato)

—12 + 3 — tito + t2tg + t30o — 12 + t112 + 3t2d + 12 + 15 + ta1td + 233 + 1] + t3ed + 3¢

)

tl(l + tl)to(l + to)(tl + to)(l + tlto)

1+ tito + t3to + t1t3

(1+t1)(1 +to)(t1 + to)(1 + tito)

(1 +to = 1)(1 + tato + tto + t1t7)
(L+t1)(1 +to)(t1 + to)(1 + t1to)
t1 +to + tito + ¢33
(1+t1)(1 +to)(tr + to)(1 + tito)
(t1 +to — 1)(t1 + to + t1to + t3t2)
(1 +t1)(1 +to)(t1 + to)(1 + trto)
t1 + to + tito + t2t2

St (1 + t)to(1+ to)(t1 + to)(1 + tato)

—t2 —tito — tito — 3 + 122 — 312 — 133 + tid — t1td + 5]

tl(l + tl)to(l + to)(tl + to)(l + tlto)

t1 —t2 + to — tito — thto — 13 + 1312 — 24342 — 23 + t143 — tatg + 315

)

tl(l + tl)to(l + to)(tl + to)(l + tlto)

(1 +to — 1)(—1] — tato — Bt — 7 — t1tF + t715)
t1(1 + t1)to(1 + to)(t1 + to)(1 + tito)
1+ tito + t3to + t1t2
(1 +t1)(1+to)(t1 + to)(1 + titg)
t1 + to + tito + t3t2
(1 +t1)(1 +to)(t1 + to)(1 + tito) ’
(t1 4+ to — 1)(1 + tito + t3to + t1t2)
(1+t1)(1 +to)(t1 + to)(1 + trtg)

)

)

)

)

15



16 S. GAROUFALIDIS, M. HARPER, R. KASHAEV, B.-M. KOHLI, J. SONG, AND G. TAHAR

(t1 +to — 1)(t1 + to + tito + t3t2)

az8 = — )
(1 +t1)(1 4 to)(t1 + to)(1 + tito)
(14 t1)(1 + o)
a9 = ’
(tl + to)(tlto — 1)(1 + tlto)
a5 — —1— 2ty + 13 — 2t + tato — t3to + 3 — 26242 + 1342 — 113 + 243
(tl + to)(tlto — 1)(1 + tlto)
sy = (1 + tito + t3tg + t1t2) (=13 — t1to — t3tg — t2 — t1t2 + t343)

tl(l + tl)to(l + to)(tl + to)(t1t0 — 1)(1 + tlto)

s = — (t1 + to + tito + t343)(—t2 — tato — t3tg — t3 — tat3 + t3¢2) 7
t1(1 +t1)to(1 + to)(f1 + to)(trto — 1)(1 + tato)
agq = _ LT to T tato + 240 + 13t + t12 + 40202 — 142 4 6143 — 343 + 143 + 1343 — 1343 + 308 + 2%d + 4543 + 343 + 1443 ’
tl(l + tl)to(l + to)(tl + to)(tlto — 1)(1 + tlto)

2 2 3 2 2 342 3 243 343 543 4.4 544 345 415
ny = T30t + 26800 — tto + 1+ 2000F + 303 — 1} + 0} + 0] + 9] + 2044 + 30 + 1345 + 443
b
t1(L+t1)to(1 + to)(t1 + to)(trto — 1)(1 + t1to)

(1+ tito + t2to + t122) (43 + tato + 12 — t312 + 3123 + 1343)

agzs = )
tl(l + tl)to(l + to)(tl + to)(tlto — 1)(1 + tlto)
asg = — (t1 + to + tito + t212) (12 + tato + t2 — t342 + t5¢3 + t2t3)
t1(1+ t1)to(1 + to)(t1 + to)(trto — 1)(1 + tato)
" t1 +to + tito + 1343
37 = — 5
tlto(tl + to)(tlto — 1)(1 + tltO)
s = — (1 + tato + t2tg + t112)(—t3 — titg — t3tg — 12 — t112 + 1343)
t1(1 + t1)t0(1 + to)(tl + t())(tlto — 1)(1 + tlto)
" t1 4 to + tito + 2620 + t3tg — tito + 2t1td + A2 — 312 + 1502 + tatd — 1343 + 345 + 3] — tatd + 33 — 33 + 124] — 143
39 =
tl(l + tl)to(l + t())(tl + to)(tlto — 1)(1 + tlt())
ho = — (1+ tato + t2t0 + tatd)(t2 + tato + t3 — t242 + 1512 + 13t3)
t1(1 +t1)to(1 + to)(f1 + to)(t1to — 1)(1 + tato)
2 2 2 2 242 342 442 243 343 413 244 314
aut — 12 + 3tito — t3to + 12 — t1t2 + 342 + 542 — 12 + 343 — 2633 + 1143 — t2td + 3¢ 7
tlto(tl + to)(tlto — 1)(1 + tlto)
g — (t1 + to + tito + t33)(—t2 — tatg — t3tg — t3 — t1t3 + t2t2)
tl(l + tl)to(l + to)(h + to)(tlto — 1)(1 + tlt())
s — ]+ Btato + 2t§t0 — tto + g + 2017 + 237 + ¢7t7 — t1td + 23765 + 3t} + 174
tl(l + tl)to(l + tO)(tl + to)(t1t0 — 1)(1 + tlto)
an — (t1 + to + tito + t3t3) (13 + tato + 13 — t3t3 + L3123 + t3t3)
t1(1 + tl)to(l + to)(tl + t())(tlto — 1)(1 + tlto)
s — (1 + tito + t3to + t1t2) (t1 + to + tato + t3t3)
(L+t1)(1 +to)(t1 + to)(trto — 1)(1 + t1tg)
(t1 + to + tito + t2t3)>
ase = — )
(]. + t1)(1 + to)(tl + to)(tlto — 1)(1 + tlto)
1+ tito + t3to + tatd
aqT = )
(1 +t1)(1 +to)(t1 + to)(1 + tito)
t1 + to + tito + t3t2
asg = — )
(1 +t1)(1 + to)(t1 + to)(1 + tito)
(t1 +to + 2t1to) (1 + tato + thto + t1t2)
aq9 = — )
(14 t1)(1 + to)(t1 + to)(trto — 1)(1 + tato)
(t1 + to + 2t1to)(t1 + to + tito + t3¢3)
a5 = )
(1 + tl)(l + to)(tl + to)(t1t0 — l)(l + tlto)
as1 — (1 + tato + t2tg + t112)(—t3 — t1to — tito — 12 — t112 + t343)
9 - K
t1(1 + tl)to(l + to)(tl + to)(t1t0 — 1)(1 + t1t0)
sy — — (t1 + to + tito + t2t2)(—t3 — tito — t3tg — t2 — t1t3 + t3t3)

tl(l + tl)to(l + to)(t1 + tO)(tltO — 1)(1 + tlto)



as4 =

ass

ase =

as7

asg

as9 =

aeo =

ae1

a2 =

a3

a4 =

ags =

a6 =

aer

aeg =

ae9

aro

ary =

ar2

ar3

ar4

ars

are =

arr
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(t1 + to + tito) (1 + tito + t3to + t1t2)
Tt (1 + t)to(1 + to)(t1 + to) (1 + tito)
(t1 + to + tito) (t1 + to + t1to + t3t2)
t1(1+t1)to(1 + to)(t1 + to)(1 + titg) '

(14 tito + t2to + t1t3) (¢7 + t3to + t3 + t1t2)
t1(1 + t1)to(1 + to)(t1 + to)(t1to — 1)(1 + tito) ’

(82 + 3t + 3 + tatd)(t1 + o + t1to + t33)
Tt (L+t)to(L+ to) (1 + to)(trto — (1 + trto)
(14 t1to + t2t0 + t1t2) (t1 + to + trto + t5t2)

(1 +t1)(1 + to)(t1 + to)(t1to — 1)(1 + tito)

(t1 + to + tito + t3t3)?
(1 +t1)(1 + to)(t1 + to)(t1to — 1)(1 + tato)
1+ tito + t3to + t1t2
(1 +t1)(1 + to)(t1 + to)(1 + t1to)
t1 4 to + tito + t3t2
(1 +t1)(1 +to)(t1 + to)(1 + titg)

(t1 + to + 2t1to) (1 + t1to + tito + t1t2)

(1+t1)(1 +to)(t1 + to)(t1to — 1)(1 + tato) ’
(t1 + to + 2t1to) (t1 + to + tato + t3¢3)

(L +t1)(1 + to)(t1 + to)(t1to — 1)(1 + t1to)

(1 + tito + t3t0 + t182)(—t2 — t1to — t2t0 — 12 — t182 + £2¢2)
- t1(1+ t1)to(1 + to)(t1 + to)(trto — 1)(1 + tito)
(t1 + to + tato + t33)(—t2 — tatg — t3tg — t3 — t1td + t2t2)

tl(l + tl)to(l + to)(h + to)(tlto — 1)(1 + t1to)
(t1 + to + tito) (1 + tato + tto + t1t2)
t1(1 4 t1)to(1 + to)(t1 + to)(1 + t1tg)
(t1 + to + tito)(t1 + to + tito + t3t2)
St (1 + t)to(L+ to)(t1 + to)(1 + tito)
(1 + tato + t2t0 + t1t3) (¢2 + 20 + 2 + t1td)
(1 + t)to(1 + to)(t1 + to)(trto — 1)(1 + t1to) |

(t2 + t2to + t3 + t1t3)(t1 + to + tito + t3t3)

t1(1 + t1)to(1 + to)(t1 + to)(t1to — 1)(1 + tato) ’
1
t1 +to ’

tito
1+titg’

(tr — 1)(1 4+ t1)(to — 1)(1 + to)

(tl + t())(tlto — 1)(1 + tlto)

1
1+ttt
2412 -2
(t1 +to)(t1to — 1)(1 + t1to) '
1
Tttty
t1to
1+ttt
(t1 — 1)(1 + t1)(to — 1)(1 + to)
(tl + to)(tlto — 1)(1 + tlto)
1
14 tito

17
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12+ 12 —2
(t1 +to)(t1to — 1)(1 + t1to)

arg = —

ApPPENDIX C. PROOF OF LEMMA 2.4

Here we prove Lemma 2.4. Note that it is enough to prove the result when the word has
at most 4 letters. The general case follows by induction on the length of the word. Now,
recall that for 8 € Bs, because of (R;), we need only to consider

o1 €2 JE3 _ ofl oE2 €3 o
B =s's37s% ... or B =55'57°s5" ..., = %1

So, taking all reductions into account, it is enough to prove the statement for the following

list of 16 + 16 + 8 = 40 words:

+1 41 +1 41, 41 _+1 41 _+1 . _+1 _+1 _+1
81 82 81 82 5 83 851 S5 51 ;83 81 S -

We will express these words as linear combinations of:
e words of length at most 3 with at most one s3*,
° 528132.

To do that we can use the one and two letter relations from Lemmas 2.1 and 2.3. Starting

with the 32 four letter words, let us see which ones reduce obviously to a linear combination

of words with at most one s3' and fewer letter words.

s1(s28182): reduces modulo braid relation and (R1), (s25182)s1: reduces modulo braid relation and (R;),
(s15251)S2: reduces modulo braid relation, $2(818281): reduces modulo braid relation,
(818251)82: reduces modulo braid relation and (Ry), (s28132)s1: reduces modulo braid relation and (Ry),
(8152381)82: reduces modulo braid relation, $2(815251): reduces modulo braid relation,

51(828182): reduces modulo braid relation and (R;), s2(S182s1): reduces modulo braid relation and (R;),

$18258182): harder, must be studied separately, 52515281 ): harder, must be studied separately,
($15281)82: reduces modulo braid relation and (R1), (s25152)s1: reduces modulo braid relation and (R;),
($15251)S2: reduces modulo braid relation, ($25182)81: reduces modulo braid relation,
(318251)82: reduces modulo braid relation, (328152)s1: reduces modulo braid relation,
(518281)82: reduces modulo braid relation and (R1), (828182)31: reduces modulo braid relation and (Ry),

51525152): harder, must be studied separately, 52815251 ) harder, must be studied separately,
51(825132): reduces modulo braid relation and (R;), $2($15251): reduces modulo braid relation and (Ry),
1(828182): reduces modulo braid relation, S2(518281): reduces modulo braid relation,
(515251)82: reduces modulo braid relation and (R1), (828152)31: reduces modulo braid relation and (Ry),
(315251 )s2: reduces modulo braid relation, 52(815251): reduces modulo braid relation,
(315251)32: reduces modulo braid relation and (R;), (828152)S1: reduces modulo braid relation and (Ry).

For the 8 three letter words, let us similarly see which ones reduce directly.
S95189 : reduces modulo braid relation,
$95159 : reduces modulo braid relation,

$951 82 : reduces using the equivalent version of (Rjy) expressed in Lemma 2.1,

595159 : reduces modulo braid relation,
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S98189 : reduces modulo braid relation,
S95159 : reduced already,
S95189 : reduces modulo braid relation,

595159 : reduces modulo braid relation.
So 4 words remain to be studied more precisely:

$1825152; S1525182; S2515251; 2515251

. [Case of 51§Qsl§z.j Let us compute s;3 - (Ry) :

$152(8182) = —$152(515251) + 5152(515251) + $152(5152) — 5152(5152)
+ 5152(5152) — 5152(5251) + 5152(5251) + 5152(5251) — 5152(5251)
+ 5152(515251) — S152(515251)
= —(8151)52(5181) + $1(8282)5152 + (5151)8251 — (8181)5251
+ (5151)5281 — (s181) + 1
+s((tg 7 =D+ (gt =t T =t s9) s
— sty + = D)+ (gt =ty ) T =t se) 5
+ (5151)52(5151) — 51(5252) 5159
=—((to+t1—1)s1 + (to + t1 — tot1) 1 — tot1351) 5o
+si((tgt + 7 = D)y + (gt + 7 =t ) 1 — 15 s0) 5189
+ ((to+t1 — 1) s1 + (to + t1 — tot1) 1 — tot151) s251
— ((to +t1 — 1) 81 + (to + t1 — tot1) 1 — tot151) So5y
+ 35951 — ((to +t1 — 1) 81+ (to + t1 — tot1) 1 — tot1 51)
14 (gt + 7t = 1) s1Basy + (tg + 7t —to Mt Y) s1s1 — tg t s18051
—(tot + 7 = 1) 81398 — (tg it =ty ) L+t 5180
— 5y —si((tgt ity = )B4+ (gt +tt — ) Tty sa) Brse
= —(to +t1 — 1) 5155 — (to + t1 — tot1) S2 + tot1 5152
+ (tgt + 7t = 1) s1(Bas182) + (tgt + 17t — oM h) (s181)s2 — to 'ty ! s1(s05180)
+ (to + t1 — 1) s18981 + (to + t1 — tot1) S951 — tot1 15951
— (to + t1 — 1) 815251 — (to + t1 — tot1) 5251 + toly 515251 + 251
—(to+ty—1) sy — (to + 1ty —toty) L +tot1 51 + 1+ (tg " + 17" — 1) 51528
+ (gt =t ) (o + 6 — 1) sy + (o + 1 — toty) 1 — toty 51)
—tott sys081 — (Lot A+t — 1) 81595 — (tgt + 1t — gt 1
+ ittt 818981 + 5 — (tgt 17 — 1) 51(525180)

— (tgt 7t =t so + gt (51595180 -
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If we then expand all the terms in the sum and group together those that are multiples of
the same braid word, we find that:
§189(5152) = (to +t1 —toty — D)(tg* + 7' — o7 — 1)1
+ o+t =Dty +t7 =ttty = D) sy + (o +t —tots — D)ty + 7 — ot h) 5o
— (to+t1 —tots — 1)51 — (to + t1 — tot; — 1) 5o
+(to+t— D)t + 7t =ttty sisa — (to +t1 — 1) 8152 — (tg + t1 — 1) 515y
+tot1 5152 — (gt + 17 = 1) sasy + (tg ' + 1) (to + 11 — tot1) 8251
+ (gt H it = 1) Basy + (to + 11 — tot]t —tg 't — 1) 398 — (tg ' +t11) 518281
+ (to + 1) (bt + 1) s1s981 + (tgt + 17 — 1) 818081 — (tg 't + tot]t + 1) 51555,

+ 318281 — (to + t1)§182§1 + (to + t1>§1§2§1 — 525132 .

. [Case of 31325182.] Like in the previous case, one can compute (Rs) - s152 to find that:

51898180 = (to + 1t —toty — V)(tgt + 7 —to Mty = )1+ (1 —t5 47 ) (to + 11 — tots — 1) sy
+ (ot + =2 (to+t —toti — 1)E + (bt =ttt = D(to + 1 — 1) 89
—(to+t1 —toty — 1)Ba + (1=t 'ty ) (ko + t1 — 1) 5180 + (1 — toty) 51359
+ (gt = 2)(to + 11 — 1) S8y — (to + 11 — 2tot1) 5180 + (to + t1 — tot1) 5asy
— (to + t1 — tot1 — 1)35251 — 515251 + (to + 1) $15251 — (to +t1 — 1) $1525;

+ 515281 - 318251 + totl §1§2§1 — tgtl 328152 .

. [Case of 52515251.] If we simplify s951 - (Ry) we get the following expression:

59518951 = (to +t1 —toty — D)(tgt + 7 —to 7 — D)1+ (1=t (to + 11 — toty — 1) 51
ottt =2 (to+t—toth — 1)F + (tg H it =ttt = D(to + 1 — 1) 89
— (to+t1 —tots — 1)5y — (tg ' + 171 — 1) (to + t1) 5152
+(tgt 7 D) (b + 1 —toty) 5152 + (tgt + 7 — 1) (to + t1) 5182
+(1—(tgt + 4+ 1)(150 +ty — tot1)) 5152 + (1 +t01t1 +toty =t =ty gt sas
(to + 1ot + 1ty + 170 —2) 595 — (1 4+ttt + tot]t —to — t1 + tot1) Sasy
+tot (14 (tgt + 171 — 1)2)598; — s18951 + (1 — (t5" + 71— 1)(to + 1)) 515051
+ (gt = D) (o + t1) 515981 + (85 + 171 (to + 1) 515281 — 51895
(

— taltl + totfl + 1)315251 + t[)tl 515251 — totl 328152 .

. [Case of 52315281] Finally, if we write Sys1 - (R2) we get:

B9850 = (to + 1y —toty — D)(tg a7 —tg 7t = 1)1+ (o +t, — Dt + 7 — M7 — 1) sy
—(to+ 1ty —toty — 1)5; — (tgt + 7 —tg'ty — 1) 89
+ (tg + 1ty —toty — 1)(tgt + 171 — 1) 3y + 5159 — 5152 + 5157
—(tgt it =ty ) sas1 + 8081 + (to + 1t — 1)ty + 1 — 1) Bas
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— (t() + tl — totl)gggl + 818231 — 815281 + 513281 — 523152 .

This ends the proof of Lemma 2.4.

APPENDIX D. PROOF OF LEMMA 2.6

Let us show that the following four words
5359515983 , 359515953 , $359515283 and S$359515253 € By
can be reduced to linear combinations of Words of one of the following types:
e [Type 1] words with at most one s3*,

o [Type 2] 535253, $1535283 OT 51535253.
To do so we write some equations that will be useful eventually.
Proposition D.1. The following equations are true in Cy4, modulo terms of Types 1 and 2:
5332815283 = 5332815283 — 82835281§253 + 82§3§281§283, (47)
5332815233 = 528332513233 — 825332815233 + 5352815253. (48)
Proof. We use relation (Ry) on the first two letters of certain words to find Equations (47)
and (48). The following equalities are written modulo Type 1 and Type 2 terms.
(8352)813283 = —(538283)81§253 + (838253)815283 + (8382)815283
— (5382)513283 + (5332)813283 - (8283)815283
+ (8233)315283 + (§283)81§283 — (5253)81§283
+ (§3§253)81§253 — (835253)815283 .
Some of the terms can be simplified modulo Type 1 and Type 2 terms:
(535253)515283 = 5253(525152)53 = 525351525153 = 5251(535253)81 = 525152535251,
53(525252)53 = 5351525153 = 51(535253)51 = 5152535251 ,

S3(525152)s3 = 5351525153 = 3133323331 = 5152835251,

_ reductlon in (s2,s3) _ (R3) _ _
5253515283 = 52(81335233) (32533233)51 53525351 = 51535253,
5953515253 = 5251(535253) = 5251525352,

_ _ _ (R3) reductlon in (s2,s3) _ (R3) _ _
5253515283 = 52(51535283) = (82838283)81 53598351 = 51535253,
3233815283 § <838283) 5332 s

(833233)815283 = § § (828182)83 § § 5158985183 = 8231(838283)81 = 328132838281

So
8332813283 = —(338283)813283 + 5332815283 + (533283)815283
= —828352515283 + 3332813283 + 825352815253 .
This proves Equation (47).
(3352)815253 = —(328382)815253 + (828332)815233 + (8283)815233

— (8253)513253 — (3283)813253 + (3253)513253
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— (8382)815253 + (8352)815253 + (§382)81§2§3
+ (§2§352)81§2§3 — (825352)815253 .
Like in the previous case, most terms can be reduced to linear combinations of Type 1 and

Type 2 quantities: §283$281§2§3, 8283815233, 825381§2§3, §28351§2§3, 5253815253, 8382815233,
5359815253 and S95352515253. And we can write:

5359515953 = $25359515953 + 359515253 — $953525152S53 .
So Equation (48) holds. O
Proposition D.2. The words 5355515953 and $355515253 reduce.
Proof. Let us start by writing an identity that will be useful subsequently. All equalities

here are to be understood modulo Type 1 and Type 2 terms.

_ _ R _ _ _ _ _
89835951 (S283) (&) — 89838951 (528382) + $2835251(525352) + $2535251(S253)

— 82833281(8253) + 82835281(§2§3) — 5283§251(8382> (49)
+ 8283§281<83§2) + 82835281(5382) — 8283§281(§3§2)
+ 82833281(325382) — 82835281<82§332) .

Some of the terms in the previous equality are linear combinations of Type 1 and Type 2
terms:

$253(525152) 8352 = $2535152515352 = $251(535283)5152 = $2515253525152 ,
5253(525152)53 = 525351525153 = 5251(535253)51 = 525152535251
$253(525152)33 = $95351595153 = S251(535253)51 = $25152535251 ,

) reduction in {s2,s3)

_ _ (R3) _ _
5983592515382 = 32(83823381)82 = 8281(83828382 82(81838283)

reduction in {s2,s3) _ (Rs) _ _
= 53528381 = 81838253,

o) (52535953)$1

reduction in {(s2,s3)

_ _ _ _ (Ra) _ _ _
$25352515352 = S2(53525351)S2 = S251(53525352) 52(51535253)

reduction in {(s2,s3) _ (Rs) _ _
= §3525351 = 51535283,

) = =
=" (52535253)51
525352515352 = S52(535253)5182 = 525253525152,
525352515352 = 52(535253)5152 = 525253525152,
8283<§28182)§3§2 = 82838182§1§3§2 = 8281(838253)3132 = 82815283825152 .
So Equation (49) can be written in a simpler way.
828332815283 = —82835281328382 + 828352813233 + 82833281523382 .
Let us reduce each of the three terms on the right hand side of the previous equality.
(828352)81328382 = 53828381528382 = 53828183(328382) = 538281(8383)8253
= (to + tl — 1) 338281 (838253) + (to + tl - totl) 53(828152)53 - totl 535281538233

= (to + tl — 1)§3(8281§2)8382 -+ (to + tl — t0t1> 3381828153 — totl 338281338233

(to + tl — 1) _33182518382 + (to + tl - totl) 8153823381 - totl 535281338233
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= (t() + tl - 1)§ S 352535152 + (to + tl - totl) 8181538253 - totl §38281§382§3

(to + t1 — 1)S18283528182 + (to + t1 — tot1)(S151)535253 — tot1 535251535253
= —1pl1 535251535953 .
Now continuing down the rabbit hole, we can use Lemma 2.1’s version of (Rs) to write that:
82833281525382 = —totl 338281(338253) (}ig) —(totl)(taltl_l)538281(833283) + )\
= —(535253)818283 + A\ = —$28352515253 + A,
where A is a linear combination of the following words, all of which reduce:

$359251(525352) = S3(525152)3352 = 53(515251)5352

— (R3) ,_ _ _ _ reductlon in {s2,83) _
=51 (83828381)82 = (8181)(83828382) 535253 ,
535251(525352) = S3(S25152)8352 = 535152515352 = 51(535253)5152 = S15253525152 ,
$359251(825352) = S3(S25182)3352 = 535152515352
_ _ (R3) _ _ _ \ reduction in {s2,s3) .
= 81( 828381)82 = 8181(83828382) = 8181(838283),
835251(528352) = 33(525182)5382 = 53(515251)5382 = 51(535283)8152 518253525152,
_ _ _ _ (R3) _ _ _ \ reduction in {s2,s3) _  _
538281( 2) = (83828351)82 = 81(53828382) = 51538253,
_ _ (R3) _ _ reduction in {s2,s3)  _ _
838281( 382) = (83828381)82 = 31(83828382) = 51535253,
535251(5352) = 5352535152 = (535253)5152 = 253525152 ,
S35251(5352) = $352835182 = (535283)5152 = $253525152 ,
_ _ —\— _ _ (R3) . _  _ _ _
833231( 528 3) = 83(328182)33 = 8381528183 = 1( 3328381) = 5151535253 = S35253,
_ _ _ _ _ R, _ _
833281(82 3) = 83(823182)33 = 8351528183 = 81( 828381) (=3) (3181)333233;
535251(5253) = S3(525152)83 = 5351525153 = 51(535253)51 = 5152535251 ,
S35251(5253) = S3(525152)S3 = S351525153 = 51(535253)S1 = 5152535251 ,
535251(52) = 53525152,
338231(82) = 53828182 .

This means that modulo Type 1 and Type 2 terms:
52535251525352 = —S25352515253 ,
and Equation (49) can be further simplified:
S S 1_28 = —S8 S 1_28382 + 8283§281§2§3 + 82835281§2§382 .
Also:
52535251(525382) = $2535251535253 = (525352)53515253 = 5352(5353)515253
(B1) D (s — - — — = -
(t() + tl - ) (838283)818283 + (to + tl - totl) 83(828182)83 - totl 5352535159853

= (to + tl — 1) 828332813233 + (to + tl - totl) 5351528153 - totl 338281 (335233)
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= (to + tl — 1) 8283§281§2§3 + (t[) + tl — totl) §1 (53825381> — totl §3(8281§2)§3§2

R,
(23) (to + tl — ].) 82835281§2§3 + (to + tl — totl) (5181)538253 — totl §3§18281§3§2

= (to + tl — 1) 828352815253 + (t() + tl — totl) 338253 — totl 31 <§352§381>§2
R: _ o _ _ _ o _
(Id) (t() + tl — 1) 5983598515253 — totl S151 (53828352)
= (to + tl - 1) 82835281§2§3 — t()tl 33825352
= (to + tl - 1) 8283?2813253 (reduction n <52, 83>) .
So Equation (49) can now be written:

0 = 595359515253 + (to + 11 — 1) 595359518253 , 1.e. 0 = (to + tl) 598359515983 .

SO0 $95359515953 reduces. And multiplying by S, from the left, we deduce that s3S5515,53
reduces as well. Indeed:

82835281§2§3 = CL(Sl, SQ) + b(Sh 82) S3 C(Sl, 82) + d(Sl, SQ) §3 6(81, 82)
+ )\538253 + [ 51538983 + IV 51535253 s
SO

8352513233 = 32 &(Sl, 52) + 52 b(Sl, 52) S3 C(Sl, SQ) + 32 d(Sl, 52) 33 6(81, 52)
+ A\S9535983 + 5251535283 + IV S951535253
= a(sy,89) + (3(51, S9) s3¢(s1, $2) + cZ(sl, S2) 83 e(s1, 52)
+ AS35953 + 11 51(52838983) + 1/ 52(51538283) (reduction in (ss, s3))
= a(sy,89) + (3(51, Sg) s3¢(s1, $2) + J(sl, S2) 83 e(s1, 52)
+ AS35953 + (1 S1838953 + V (S2838283)51 (reduction in (s, s3) + (R3))
= a(sy,89) + B(sl, S2) s3¢(s1, $2) + ci(sb S2) 83 e(s1, S2)
+ A$38983 + [1 S1535253 + I/ 83895351 (reduction in (s, s3))
= a(sy,s9) + 5(31, S2) s3¢(s1, $2) + ci(sl, S2) S5 e(s1, 52)
+ )\338253 + ,u31§382§3 + V§1§382§3 ((Rg))
=0.

Since s352515953 reduces, if we start the previous computation again writing everything
from right to left when it was written from left to right, we find in the same way that
5352515983 reduces. OJ

Proposition D.3. The words 5359515253 and 5359515253 reduce.
Proof. Using Proposition D.2, Equations (47) and (48) can be written in a simpler way:

(47) : 5359515953 + S95352515953 = 0,

(48) I§3§251§2§3 + 823352813233 =0.
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To prove e.g. that s355515283 reduces, one way is to find a different equation involving
$389515983 and $98352515283. 1o do so, we write down (R3) - Ses3 explicitly and we find that
modulo Type 1 and Type 2 terms, it can be expressed as follows:

arsg (82835281)§283 + (a39 — Q75 — Az3 — (147) 8352815283 =0. (50)
Therefore the system

(Z) . S3§281§283 + 82835251§283 =0
a7s (52535251)3283 + (ag9 — a75 — Q53 — Qu7) 352515253 = 0

has the following determinant:

asg — Q75 — As3 — Qg7 1
= —Qrg + A39 — Q5 — A53 — Q47
ars 1

_ (to+ty — 1)(1 + toty + 5ty + tot?) 20
(to + t1)(toty + 1)(tot; — 1) '
So (X) is an invertible system. Thus s35,515283 (and $253525135283) can be reduced.
Similarly, we can prove that $352515253 (and $58352515253) reduce by considering the system
comprised of the reduced version of Equation (48) and (Rj3) - S2353. O

det(X) =

Summing up, Lemma 2.6 is now proved.
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