J. Knot Theory Ramifications 1998.07:1065-1071. Downloaded from www.worldscientific.com
by MAX-PLANCK-INSTITUTE FOR MATHEMATICS LIBRARY on 03/17/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

Journal of Knot Theory and Its Ramifications, Vol. 7, No. 8 (1998) 1065-1071
{0 World Scientific Publishing Company

A REAPPPEARANCE OF WHEELS

STAVROS GAROUFALIDIS

Department of Mathematics, Harvard University, Cambridge, MA 02138, USA
E-mail: stavros@math. harvard. edu

Received 27 May 1998

ABSTRACT. Recently, a number of authors [KS, Oh2, Ro] have independently shown that
the universal finite type invariant of rational homology 3-spheres on the level of 5l; can be
recovered from the Reshetikbin-Turaev sl invariant. An important role in Ohtsuki’s proof
{Oh3] plays a map j1 (which joins the legs of 2-legged chinese characters) and its relation to
a map « in terms of a power serieg (on the level of sls). The purpose of the present note is to
give & universal forrmila of the map e in terms of a power series ¥ of wheel chinese characters.
The above formula is similar to universal formulas of wheel chinese characters considered in
{BGRT1] and leads to a simple conceptual proof of the above mentioned relation hetween
the maps #; and « on the level of slz.
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1. INTRODUCTION

L.1. History. Shortly after the introduction of finite type invariants of integral homology
3-spheres (see [Ohl), and {GO] for an extension to rational homology 3-spheres} and the
construction of the upiversal such invarant by T.T.Q. Le, J. Murakami and T, Ohtsuki
(see [LMO, L}, and in addition [BGRT2, BGRT3J]) it hes beer a folk conjecture that finite
type invariants of rational homology 3-spheres should be related to the topological quantum
fleld theory invariants. For a statement of the above mentioned folk conjecture on the
level of the semisimple Lie algebras see [Oh2, conjecture 8.4 The conjecture has been
proven independently in {KS, Ohl, Ro, BGRT2) in the case of sly. A key ingredient in the
construction of the universal 3-manifeld invariant, (often known as the LM O invariant) and
in Ohtsuki’s proof of the folk conjecture on the level of sl is a map 7, : A'(S') - A'(¢)
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(which joins the legs of 2-legged chinese characters) and its relation mod sl, to a map o :
A'(SY) ~ A'(SY) in terms of a power series Py, (M) € Q[IA]} with rational cosfficients.

1.2. Statement of the results. We begin by reviewing some standard definitions and
notation. A4'(5'} (resp. A'(¢)) is the vector space on chord diagrams on 5! (resp. on the
empty set) and B’ is the vector space on chinese characters, [B-N]|. Note that we include
chord diagrams some of whose components are dashed trivalent graphs as well as chord
diagrams that contain dashed circles; this is why we have chosen 1o put ' in A'(S%), A'(¢)
and B'.

The porpose of the present note is to

s Give a universal expression for the map « in terms of wheels, see Proposition 1.3.
¢ To give an explicit formula for the power series By (K).

For a chinese character C with 7 legs (i.e., univalent vertices), define an operator C': B —
A'($) as follows:

0 if €' does not have exactly n legs
C(C"y = { the sum of all n! ways of gluing if C' has exactly n legs
all legs of € to all lags of C*

Note that the above operator is a minor variation of the operator considered in [BGRTY,
definition 1.1], and as such it can be linearly extended to the case of C being an infinite
linear combination of chinese characters with an incressing number of legs. This defines
s map B x B - A'(¢) where the left copy of B’ is equipped with the disjoint unien
multiplication of chinese characters. Following [LMQ, Qh2), we define a map j, : B' — A'(¢)
by i1 = 1;2;‘ , where [ is the connected chinese character with no trivalent aand 2 univalent
vertices. Note that by definition j, closes a chinese character with 2 legs to a trivalent
graph if the chinese character has 2 legs, and vanishes otherwise. The map j; is a key
ingredient in the construction of the Le-Murakami-Ohisuki invariant of 3-manifolds. On the
level of sly, Ohtsuki expressed j, as a power series Py, on a map ex and used this expression
in his proof of the above mentioned folk conjecture on the level of sf;. Recall [Oh2! that
o A(SY) — A'(S1) is defined (for every C € A'(S1)) by:

afC) = (replace the leftoby:" {) o Ag{C) ~ \ ue

where A'(S' 11 5"} is the vector space of chord diagrams on two ordered circles {called Jeft
and right circle}, Ag : A'(SY} —+ A'(S* L1.5) is & comultiplication map which sends a chord
disgram on §* to the sum of all pessible ways of lifting the endpoints of its chords to either
of the two ordered circles.

Though the map « is defined in a rather ad-hoc way, using the following principle!

Principle 1.1. Replace chord diegrams in terms of chinese charucters, via the (normalized)
isomorphism y : B' — A'(S') of [B-N, theorem 8|. Ezpressed in terms of chinese characters,
many meps simplify end their description often involves wheels, see Figure 1,

! For other examples of the above principle, see [BGRT1, BGRT2, GH, KS4A)
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it turns out that the composite map oy is mmuch easier to deseribe in terms of wheels, thus
explaining the title of the paper. Indeed, let )

N~ Uz
) F=2 )

where woy, is the 2n-wheel, [BGRT1}, see also figure 1.

Figure 1. The wheel wy with 4 legs. its trivalent vertices are criented clackwise.

Using the map € : A'(51) — A'(#) defined by
] if there are chords touching the solid 5!
€(D} = ) .
erase §' otherwise
we can express j1 in terms of ¢ as follows:
Proposition 1.2.
2 j1 = €0 Py (@) 0 xmod sly
where mod sy is ezplained in section 2.2 gnd Py, is the formal power series defined by:

(3) 8P, (Fun(B)) = ki where Fy,{f) = anah\/g -2

Moreover, Fy, is the unigue power series so that the above equation holds.
Furthermore, we can express ¢ o & in terms of wheels as follows:

Proposition 1.3. For oll non-negative integers m we have:

(4) eca™oy= »

k follows from equation {3) that the power series Py, (H) can be calenlated explicitly.
T.T.Q Le and D. Thurston [LT) kindly inform us that their independent calculation implies
that:

oo
_ (_1)11--1 E"
{5) Pp(B) =) )

n=l

1.3. Some Questions. It is a puzzle to explain the appearance of wheels in [BGRT1} and
in the map o The two power series (F considered here, and Q considered in [BGRT1]) are
very similar, with the only exception of the appearance of Bernoulli numbers in 2 but not
in F,

It is an interesting question (related to & proof of the folk conjecture on the level of
semnisimple Lie algebras) to find an analogue of Proposition 1.2 for any semisimple Lie alge-
bra.
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2. PROOFS
2.1. Proof of Proposition 1.3.

Proof of Proposition 1.3. Throughout this proof we fix a chinese character C with ! legs.
Then, we have the fc}llowing equality:

" Join Imn Life

SIIN

Join Liftall -

where the notation is as follows:

» “Join” is all i ways of joining the ! legs of C to ! points in a solid circle.

s “Lift” is all ways of lifting some non-empty subset of the [ points of the solid circle to
the m ordered dashed circles.

» “Liftall” is s}l ways of lifting all the I points of a solid circle to m ordered dashed circles
in such a way that each dashed circle has an even nonzero number of points.

The proof of the above identity follows easily from the definition of o together with the fact
that a wheel with an odd number of legs vanishes.

If { is odd, this implies that € 0 o™ o x(C) = 0 and also F™(C) = 0 (since F™ is a linear
combmatmn of even legged diagrams and €' has odd many leggs).

Assume from now on that { = 2n is even. Notice that every element of “Liftall” gives rise
to a partition of 2n into m ordered pieces, so that each piece has a positive even number

associated toib. For i = 1,...,m, let 4 denote the number of pieces of size 2i. Then we
have,

o o
{6) Z 2pj, = 2n and ij =m

=1 p=l

where of course both are finite sums. Qur goal is to replace each of the dashed ordered circles
with a disjoint union of unordered wheels. There are:

2
" ways of choosing a partition of the legs of C
2,2,4,4 ..

B B
m ways for ordering the partition
However, we must multiply by:

I, %!

if we do not distinguish dashed circles

with the same number of points
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The above consideration together with the fact that 2n (2 ) imply
2,2,4,4 .. H (2 )z

;i Jj2
anmox Z 2nlm HAh(C)
2n)' Il 2p)')le
where the summation is over all {j} that satlsfy the condltlons of equation (6). Using the

disjoint union multiplication of wheels, together with the multibinomial theorem, it implies
that:

that:

eoamox(C) ZleZp )m
which concludes the proof of the Proposition. ]

2.2. Proof of Proposition 1.2. We begin by recalling some standard facts about weight
systems, for a detailed discussion see {B-N, section 2.4]. Given a semisimple Lie algebra
(such as sl) there is a map Wy, : A'(S*) — Q|[A]] defined by coloring the circle S* with
the adjoint representation. This induces a map B' — Q[[A]] (defined by composing with
x: B = A'(SY)) as well as a restriction map to .A'(¢) obtained by the inclusion A'(¢) = B'.
Without loss of generality, we will denote the above three weight systems with the same
pame. We call two elements Cy, C, of B' sly-equivalent if W,,(C)) = Wy, (Cs). Similarly,
we call two operators C, and C, sly-equivalent if for every chinese character C, we have:
Wi, (C1(C)) = Wiy, (C2(C)) € QI[A]-
We need the following classical indentity:?

=2

P

with the understanding that the chinese characters out31de the figure are equal. An alter-
native proof can be obtained as follows: From the theory of invariant sl, tensors it follows
that

-2 ,\’\ mod sl

’

 =a
PR 1 1

for some constants a,b. By AS it follows that a + b = 0. If we join the left two legs, using
the fact that the value of the quadratic Casimir of sl in the adjoint representation is 4, we
obtain that: 4.3 = 9a + 3b from which it follows that a = 2,5 = —2.

\ \\ II’
'+b [+ mod sl

Lemma 2.1. For every integer number p > 1, we have:

Wyp = T 111)2mod sl,

which together with the notation of equation (3) implies that:
F = Fy, (10;) mod sly

2D, Bar-Natan informs us that it is usually written in the form: A x (B x C) = (4-B)C —(A-C)B, for
A,B,C vectors in R3.
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Proof. Modulo sl,, the classical identity above implies that:

~ . . . . .
- N )

where the middle equality the right term is zero (since it is a tree chinese character) and
third equality follows from the fact that ws is central, with value the quadratic Casimir in
the adjoint representation of sly, i.e., 4. This shows that

. 1 _—
Wgp = 5'(1)2‘,_2102m0d sly

(where wa,_ow, is the disjoint union multiplication of Wyp—2 and wo), from which the first
part of the lemma, follows by induction on p. The second part of the lemma follows from the

first together with the mod sl, identity: F' = oot 2,,,—_"%,—)-, = 2coshy /% — 2 O

Proof of Proposition 1.2. We begin by fixing a power series P(R) = Y%°_, ¢,,i™ € Q[[]].

Using the definition of j;, together with the fact that 1, = 47, it follows that equation (2)
is equivalent to:

(7) €o Z cne™x{C) = 1/8,(C) mod sl
m=1
for all chinese characters C. On the other hand, Proposition 1.3 implies that eoa™ox(C) = 0
for m > n % number of legs(C)/2, and together with Lemma 2.1, it follows that equation
(7) is equivalent to:
1/8(C) = €0y ema™ox(C) mod sl,
n 1 F™(C) mod sl,
Y ome1 emFap (02)™(C) mod sl
P(F,[z (@2))(0) mod sl

which in turn is equivalent to the identity of equation (3). This finishes the proof of Propo-
sition 1.2. 0

An explicit calculation of the coefficients of P,;, (k) up to arbitrary degree n can be obtained
by running Mathematica:

In[1]:= Plh.,n_):=1/8 InverseSeries[Sum[t~r/(2"(r-1) (2 r)! ), {r,1,n}]
+ 0[t]"(n+1), h]
In[2]:= P[h,6]
2 3 4 5 6
h h h h h h 7
Outf2l= - - —= + === = mem b e e + 0[k]
4 48 360 2240 12600 66528
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