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ABSTRACT. The partition function of complex Chern-Simons theory on a 3-manifold with
torus boundary reduces to a finite dimensional state-integral which is a holomorphic function
of a complexified Planck’s constant 7 in the complex cut plane and an entire function of a
complex parameter u. This gives rise to a vector of factorially divergent perturbative formal
power series whose Stokes rays form a peacock-like pattern in the complex plane.

We conjecture that these perturbative series are resurgent, their trans-series involve two
non-perturbative variables, their Stokes automorphism satisfies a unique factorization prop-
erty and that it is given explicitly in terms of a fundamental matrix solution to a (dual)
linear g-difference equation. We further conjecture that a distinguished entry of the Stokes
automorphism matrix is the 3D-index of Dimofte-Gaiotto—-Gukov. We provide proofs of
our statements regarding the g-difference equations and their properties of their fundamen-
tal solutions and illustrate our conjectures regarding the Stokes matrices with numerical
calculations for the two simplest hyperbolic 4; and 55 knots.
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1. INTRODUCTION

1.1. Chern—Simons theory with compact and complex gauge group. Chern-Simons
gauge theory, introduced by Witten in his seminal paper [Wit89] as a quantum field theory
proposal of the Jones polynomial [Jon87|, remains one of the most fascinating quantum field
theories. It gives a powerful framework to study the quantum topology of knots and three-
manifolds, and at the same time it provides a rich yet tractable model to explore general
aspects of quantum field theories.

In [Wit89], Witten analyzed in detail Chern—Simons gauge theory with a compact gauge
group (such as SU(2)). Its partition function on a 3-manifold M with torus boundary
components depends on a quantized version k € Z of Planck’s constant (or equivalently, on
a complex root of unity ™), as well as a discrete color (a finite dimensional irreducible
representation of SU(2)) per boundary component of M. A more powerful Chern—Simons
theory with complex gauge group (such as SL(2,C)) was introduced by Witten [Wit91]
and developed extensively by Gukov |Guk05]. A key feature of complex Chern—Simons
theory is that the partition function Zy;(u;7) for a 3-manifold M with torus boundary
components depends analytically on a complex parameter 7 (where 7 = 1/k in the Chern—
Simons theory with compact gauge group) as well as on a complex parameter u per each
boundary component of M that plays the role of the holonomy of a peripheral curve. The
analytic dependence of Z/(u; 7) on the parameters v and 7 allows one to formulate questions
of complex analysis and complex geometry which would be difficult, or impossible, to do in
Chern—Simons theory with compact gauge group.

There is a key difference between Chern—Simons theory with compact versus complex
gauge group: the former is an exactly solvable theory, meaning that the partition function
can be computed by a finite state-sum, a consequence of the fact that it is a TQFT in 3
dimensions. On the other hand, the situation with complex Chern—Simons theory is more
mysterious. For reasons that are not entirely understood, the partition function Zy(u;7)
for manifolds with torus boundary components reduces to a finite-dimensional integral (the
so called-state integral) whose integrand is a product of Faddeev’s quantum dilogarithm
functions [Fad95|, assembled out of an ideal triangulation of the manifold. This was the
approach taken by Andersen-Kashaev [AK14, AK18| and Dimofte [Dim17| following prior
ideas of [Hik07, DGLZ09|. Focusing for simplicity on the case of a 3-manifold with a single
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torus boundary component (such as the complement of a hyperbolic knot in S?), the state-
integral Zys(u; 7) is a holomorphic function of 7 € €' = C\ (—o00, 0] and u € C that satisfies
a pair of linear ¢-difference equations. The existence of these equations for a state-integral
follows from the closure properties of Zeilberger’s theory of g-holonomic functions and the
the quasi-periodicity properties of Faddeev’s quantum dilogarithm, in much the same way
as the g-holonomicity of the colored Jones polynomial of a knot follows from a state-sum
formula [GLO5]. In fact, it is conjectured that the linear g-difference equation satisfied by
the colored Jones polynomial of a knot coincides with the linear g¢-difference equations of
Zn(u;T) (see e.g. [AM17] and Sections 5 and 6 below for examples).

1.2. Resurgence and the Stokes automorphism. The global function Zy(u; 7) gives rise
to a vector ®(z;7) of perturbative series in 7 whose coefficients are meromorphic functions
of u. These series are typically factorially divergent and a key question is a description
of the analytic continuation of their Borel transform in Borel plane, their trans-series and
their Stokes automorphisms. This is a typical question in perturbative quantum field theory
where resurgence aims to reproduce analytic functions from factorially divergent series (for an
introduction to resurgence, see for instance [MS16, ABS19, Mn14, Mn15]), and where Chern—
Simons theory with a compact or complex gauge group is an excellent case to analyze. Some
aspects of resurgence in Chern—Simons theory were studied in [Gar08, CG11, Mn14, GMnP,
GH18, GZa, GZb|. The multi-valuedness of the complex Chern-Simons action dictates that
the transseries are assembled out of monomials in # and ¢ where ¢ = e >™/7 and & = /7.
Our discoveries are summarized as follows:

e The singularities of the series ®(z;7) in Borel plane are arranged in horizontal lines
2mi apart, and within these lines in finitely many points log x apart. This defines a
collection of Stokes lines in a peacock-like pattern (see Figure 1) whose corresponding
Stokes automorphisms satisfy a unique factorization property with integer Stokes
constants.

e The Stokes automorphism S(x; q) along a half-plane is a fundamental matrix solution
to a (dual) linear g-difference equation, hence fully computable.

e The function Zys(u; 7) is one entry of a matrix-valued collection of descendant par-
tition functions which are a fundamental solution to a g-holonomic system in two
variables.

The arrangement of the singularities in Borel plane is reminiscent of a “stability datum” of
Kontsevich-Soibelman [KS11, KS, KS14] where the corresponding integers are often called
DT-invariants or BPS degeneracies. The Stokes automorphisms along half-planes are analo-
gous to the spectrum generators in Gaiotto-Moore-Neitzke [GMN10, GMN13, GMN12|. Our
integers are locally constant functions of a complex parameter x and their jumping along a
wall-crossing will be the topic of a subsequent publication.

Our paper gives a concrete realization of these abstract ideas of perturbative series and
their resurgence, Stokes automorphisms and their wall-crossing formulas for the case of
complex Chern—Simons theory, and illustrate our results with the 3-manifolds of the two
simplest hyperbolic knot complements, the complements of the 4; and the 5, knots.
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FIGURE 1. A peacock arrangement of Stokes rays in the complex Borel plane.

1.3. A g-holonomic module of the partition function and its descendants. In this
section we discuss a g-holonomic module associated to the partition function and its de-
scendants. This module and its fundamental solutions are crucial to our exact computation
of the Stokes matrices in Section 1.4 below. One advantage of introducing this module
before we discuss resurgence of perturbative series is that the former has been established
mathematically in many cases, whereas the latter remains a mathematical challenge.

We begin our discussion with a factorization of the state-integral

Zy(up;T) = B(Z,§ )" A(T)B(z;9), (1€ C\R) (1)

where
U

~ 55 (2)
T
(this rescaling is dictated by the asymptotics of Faddeev’s quantum dilogarithm), A(7) is
a diagonal matrix with diagonal entries a 24-th root of unity times an integer power of
ez B(x;q) = (BY(x; q))%—y is a vector of holomorphic blocks, and
2miT

q=e"" G=e 2T r =e", i=eY T =b%. (3)

The above notation is consistent with the literature in modular forms and Jacobi forms [EZ85]
and indicates that v € C can be thought of as a Jacobi variable. The factorization (1) was
first noted in a related context in [Pas12] and further developed in complex Chern—Simons
theory in [BDP14, Dim15]. We find that this factorization persists to descendant state-
integrals parametrized by a pair of (Jacobi-like) variables m and p (see Equations (125) and
(240) for the definition of descendant state-integrals for the knots 4;, 55)

Up

Dt (u; 7) = (=1)" g™ 2B (5§ )T A(T) B(wiq),  (myp€Z)  (4)
where Zy00 = Zn. The holomorphic blocks determine a matrix W,,(z; ¢) defined by

B,%)(:E; q ... B (x;q)
Win(z;q) = 2 : (5)
BSZFT,l(ZE; q) T Bfrtzrrfl(x; Q>

with the following properties
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(a) The entries of W,,,(z;¢) are holomorphic functions of |g| # 1, meromorphic functions
of x € C* with poles in = € ¢% of order at most r, and have Taylor series expansions
in (1 — z)""Z[z*][[¢?]] whose monomials z*¢"/2 satisfy n = O(k?).
In other words, the support of the monomials in z and ¢ in (1 —x)"W,,(x; q) is similar to the
one of Jacobi forms (in their holomorphic version of Eichler-Zagier [EZ85, Eqn.(3)| or the

meromorphic version from Zweger’s thesis [Zwe01, Chpt.3|) and of the admissible functions
of Kontsevich-Soibelman [KS11].

(b) The matrix
Wi (w3 7) = W (¢ AT Win(z;0)" (6)
defined for 7 = C \ R, extends to a holomorphic function of 7 € €' and v € C for
all integers m and pu.

More precisely, if we define the normalized descendant integral

ZM,m,,u (u> T) = (_1)m+#q7m/2qiu/2ZM,m,u(u; T) 9 (7)

then Wi, (45 7) = (Zmipss (Us; 7)1 Lo The above statement is remarkable in two ways: (i)

Wi (x; q) is a holomorphic function of 7 € € \ R that cannot be extended holomorphically
over the positive reals, yet W,, ,(u; 7) holomorphically extends over the positive reals and
(i) Wy, (z;q) is a meromorphic function of w with singularities, yet W, ,(u; 7) is an entire
function of u. Property (ii) is common in quantum mechanics, where the wave-function is
often entire whereas its WKB expansion is singular at the turning points. The same behavior
is also observed in the case of open topological strings in [MnZ17].

(c) We have an orthogonality relation
Woi(z3q) Woi(ziq™")" € GL(r, Z[z™)) . (8)

(d) The columns of W,,(z; q), as functions of (x,m), form a g-holonomic module of rank
r.

The factorization (4) and (d) implies that the annihilator Zy; of 2, (ub; 7) as a function
of (x,m) coincides with the annihilator of W,,(z;q). The latter is a left ideal in the Weyl
algebra W over Q[q¢F] generated by the pairs (S,, z) and (S,,, ¢™) of g-commuting operators
which act on a function f(z,m;q) by

(Sef)(w,m;q) = f(qr,m;q) (xf)(2,m;q) = 2f(x,m;q) (9)
(S f)(@,m;q) = f(z,m +1;q) (@" f)(x,m;q) = q" f(z,m;q). (10)

Properties (a)-(d) above define meromoprhic quantum Jacobi forms, a concept which is
further studied in [GMZ]. Although the above statements are largely conjectural for the
partition function of complex Chern—Simons theory, we have the following result (see Theo-
rems 14, 16, 22, 24 below).

Theorem 1. The above statements hold for the 4, and 59 knots.

We also study the Taylor series expansion of Equations (4), (6) and (8) at u = 0 noting
that the left hand side of the above equations are entire functions of u whereas the right hand
side are a priori meromorphic functions of v with a pole of order r at zero. More precisely,
in Sections 3.1 and 3.2 we prove the following.
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Theorem 2. For the 41 and 59 knots, Equations (4), (6) and (8) can be expanded in Taylor
series at u = 0 whose constant terms are expressed in terms of the g-series of [GGMnl].

1.4. Perturbative series and their resurgence. We now discuss the resurgence prop-
erties of the asymptotic expansion of the state-integral Z;(u;7). Once we fix an integral
presentation of Zy,(u; 7), the critical points of the integrand are described by an affine curve
S defined by a polynomial equation

S:plx,y)=0. (11)
We denote by P the labeling set of the branches y = y,(z) of S. The perturbative expansion
of the state-integral has the form

V(u,v)

O(r,y;7) = B,y 7)oy € %@[xi,yi,mnzmn (12)

where V' : S* — C/(2ri), S* is the exponentiated defined by p(z,y) = 0 with z = e*, y = —e"
and 0 € Q(x,y) is the so-called 1-loop invariant. The asymptotic series ¢(x,y; T) satisfies
©(z,y;0) = 1. The 8-th root of unity that appears as a prefactor in ¢(z, y; 7) exactly matches
with one appearing in the asymptotics of the Kashaev invariant noticed in [GZb, Sec.1]. After
choosing local branches, we define the vector ¢(x;7) = (¢o(2;T))eer = (0(2, Yo (2); T))vep
of asymptotic series. Recall the vector of holomorphic blocks B(z;q) from (4). We now
discuss the relation between the asymptotics of B(x;q) when ¢ = ¢*™ and 7 approaches
zero (in sectors) and the Borel resummation s(®) of the vector of power series ®(x; 7).

The next conjecture summarizes the singularities of ®(z; 7) in the Borel plane, the relation
between the asymptotics of the holomorphic blocks with the Borel resummation sy(®)(x; 7)
as well as the properties of the Stockes automorphism matrices S, whose detailed definition
is given in Section 2.

Conjecture 3. (a) The singularities of ®,(x;7) in the Borel plane are a subset of
(W o' e P, ke, k=0(*)} (13)

where /
Vie)=V
(6k) :M—i—%ﬁk—l—élog:c (0,0' € P, k,{eZ). (14)
: i
In particular, the set of trans-series is labeled by three indices, 0 € P and k, ¢ € Z, and they
are of the form ®,(7)G"z".
(b) On each ray p in the complement of the singularities of ®(z;7) in Borel plane, there exist

a matrix M,(Z;§) with entries in Z[Z¥][[q]] such that
A(T)B(z;7) = M,y(%;4)s,(P)(x; 7). (15)
(c) The Stokes matrices S*(x,q), S™(z,q!) are given by
ST(xyq) = Woae ™) - Waa(aig)',  S™(wq7") = Waalwiq) - Woala™hg7 )" (16)

where = means equality up to multiplication on the left and on the right by a matrix in
GL(r, Z]x*)).

(d) The Stokes matrix S uniquely determines the Stokes matrices at each Stokes ray, and
the Stokes constants are integers corresponding to the Donaldson—Thomas invariants in
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[KS11, KS14, KS| and the BPS degeneracies in [GMN10, GMN13|.
(e) The Stokes matrices satisfy the inversion relation

SH(z;9)"S (27 Yq) = 1. (17)
The Stokes automorphism matrix has an interesting connection to physics which we now
discuss. Given a hyperbolic knot K in S®, one can construct a three-dimensional N' = 2
supersymmetric theory Ty, associated to the knot complement M = S*\ K [DGG14] (see
also [TY13]), whose BPS invariants are conjectured to coincide with the Stokes constants of
s(®)(z; 7). This conjecture can be made more precise in the following manner. The BPS
invariants of Ty are encoded in the 3D-index Z (m, €)(q) labeled by two integers (m, e) called
magnetic and electric fluxes respectively [DGG14]. One can further define the 3D-index in
the fugacity basis (also known as the rotated index) by [DGG13]

Ind2*(m, ¢; q) ZIK m,e) (18)
e€Z
The 3D-index is a topological invariant of hyperbolic 3-manifolds with at least one cusp
(see [GHRS15]). And it can be evaluated using holomorphic blocks B%(x;¢q) by [BDP14]

Indig'(m, G;q) = > Bie(q™¢; ) Bi(q™*C a7, (19)

We have observed the following relation between the Stokes matrix and the rotated 3D-index,
and have proven it for the case of the 4; and 55 knots using the explicit formulas for the
Stokes matrices.

Conjecture 4. For every hyperbolic knot K, we have
S*(ziq) = (Indi'(j — 0" w30)) (20)

i,j=0,1,...
where = means equality up to multiplication on the left and on the right by a matrix in
GL(r,Z(z,q)). In particular, we find

i, (;q) = Ind* (0, 73 ¢) (21)

0101

where the equality is exact. This holds true for the 4; and the 55 knots.

One consequence of (15) is that (after multiplying both terms of (15) by the inverse of
Mg(Z;q)), we can express the Borel resummation of the factorially divergent series ®(r)
in terms of descendant state-integrals which are holomorphic functions in the cut plane

= C\ (—00,0].

Another consequence of the ¢-holonomic module defined by the annihilation ideal Z,; is a
refinement of the A- polynomial of a knot as well as a new B- polynomial whose classical limit
is new. The refinement comes in the form of a new variable ¢™ where m is the descendant
variable, whose geometric meaning is not understood but might be related to some kind
of quantum K-theory, or perhaps related to the Weil-Gelfand-Zak transform of [AK]. This
refinement does not seem to be directly related to other refinements of the /Al—polynomial, as
those considered in [AV12, FGS13, GLL18|. At any rate, the g-holonomic ideal Z); contains
unique polynomials ﬁM(Sx,x,qm,q) € W and EM(Sm,qm,x,q) (of lowest degree, content-
free) that annihilate the functions 2y, x(u; 7) in the variables (m, x).
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Conjecture 5. When M = S3\ K is the complement of a knot K, then

(a) Ap(Ss,x,1,q)is the homogeneous A-polynomial of the knot [Gar04] and Ay (S,, z,1,1)
is the A-polynomial of the knot with meridian variable 2? and longitude variable
S, [CCGT94|

(b) EM(y, x,1,1) is the defining polynomial of the curve S.

In theorems 17 and 25 we prove the following.
Theorem 6. Conjecture 5 holds for the 4, and 5y knots.

1.5. Disclaimers. We end this introduction with some comments and disclaimers.

The first is that that there is no canonical labeling of holomorphic blocks by P. Instead,
the holomorphic blocks B(x;q) is an r x 1 vector, Mg are r x P matrices for all R, W,,(z; q)
are r X r matrices and S are P x P matrices and where r is the cardinality of P.

The second is that the entries of the matrix W,,(z;q) are holomorphic functions of ¢!/~
for |¢| # 1, where N is a natural number (the “level” of the knot) being one for the 4, and
5, knots, but being 2 for the (—2, 3, 7)-pretzel knot. For instance, the entries of the matrix
Wo(z; q) are power series in ¢'/? [GZb]. This phenomenon was observed first in [GZb] in a
related matrix-valued Kashaev invariant of the knot as well as in [GZa| in a matrix of g-series
associated to the three simplest hyperbolic knots, and replaces the modular group SL(2,Z)
by its congruence subgroup SL(2, N). In our current paper, we will assume that N = 1.

The third comment involves the crucial question of topological invariance. Strictly speak-
ing, the curve S in Equation (11) and the vector of power series ®(z; 7) depend on an integral
representation of Zy/(u;7), determined for instance by a suitable ideal triangulation of M
as was done in [AK14]. On the other hand, the vector of power series ®(z;7), its Stokes
matrix S(x;¢) and the g-holonomic module generated by the matrix W,,(z;7) are expected
to be topological invariants of M. Even if we fix an ideal triangulation, and we fix the
g-holonomic module, the fundamental solution matrix W,,(x;7) in general has a potential
ambiguity, which we now discuss.

Lemma 7. Suppose that a matrix W,,(x; q) satisfies the following properties:

o It factorizes the state-integral (4),

e It is a fundamental solution matrix to a g-holonomic module,
o It satisfies the orthogonality equation (8)

o It satisfies the analytic conditions of (a) above.

Then, W,,(x;q) is uniquely determined up to right multiplication by a diagonal matrix of
signs.

Proof. Any two fundamental solutions of a g-holonomic system differ by multiplication by a
diagonal matrix diag(F(z;q)). If both fundamental solutions satisfy (4) and (8), it follows
that each F(z;q) satisfies

E(#;¢ )E(r;q) =1,  E(z;q)B(r;q7") =1. (22)

Thus, E(x;q7 ') = E(z;¢ ') and after replacing b by b™!, it implies that F(x;q) = E(Z;q).
It follows that E(qx;q) = E(x;q) and E(¢Z;q) = E(Z;q). In other words E is elliptic.
Condition (a) implies that the poles of F(x;q) are a subset of ibZ + ib™'Z for |q| # 1. Tt
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follows from E(xz;q)E(x;q~') = 1 that both the poles and the zeros of E(z;q) are a subset
of ibZ + ib™'7Z and each pole and zero has order at most r. Thus, F(x;q) and 1/E(z;q) is
a polynomial in the Weierstrass polynomial p(z;q) with coefficients independent of z, and
this implies that E(x;q) = g(q) is independent of z, where g is a modular function with no
zeros in the upper half-plane, hence g is a modular unit [KL81]. There is none for SL(2, Z)
(see [KL81]), hence ¢g(¢q) = £1. Hence, W,,(g; ) is well-defined up to right multiplication by
a diagonal matrix of signs. O

1.6. Further directions. In this short section we make some comments about future direc-
tions. The factorization of the state-integral (1) and its descendant version (4) into a matrix
points towards a TQFT in 4 dimensions where the vector space associated to a 3-manifold
is labeled by P.

In another direction, as shown in [KLM 96, GMN13|, in N' = 2 theories in four dimensions,
the BPS invariants can be studied by applying WKB methods to their Seiberg-Witten curve.
Since, in complex Chern—Simons theory, the A-polynomial curve plays in a sense the role of a
Seiberg-Witten curve [Guk05], one could study it with the techniques of [KLM ™96, GMN13],
further extended in [ESW17, BLR19a, BLR19b| to curves in exponentiated variables. It
would be interesting to see one can obtain in this way the BPS invariants directly from the
A-polynomial of the hyperbolic knot.

Peacock patterns of Borel singularities, with integer Stokes constants, are likely to appear
in problems controlled by a quantum curve in exponentiated variables. An important exam-
ple is topological string theory on Calabi-Yau threefolds, and indeed, peacock patterns can
be observed in e.g. [CSMnS17|. It would be very interesting to understand the resurgent
structure in these examples, and work along this direction is in progress.
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2. BOREL RESUMMATION AND STOKES AUTOMORPHISMS

2.1. Borel resummation. In this section we briefly review the process of Borel resumma-
tion of a factorially divergent series, its Laplace integral along rays and the corresponding
Stokes automorphism across a Stokes ray. The material in this section is classical and well-
known and is explained in detail in the books [Cos09, Mil06, MS16|, and in the references
therein. We will be following the physics convention of Borel resummation as found for ex-
ample in [Mnl15, Sec. 3.2] and |ZJ93, Sec.42.5], which differs by a factor of 7 from the Borel
resummation found in the math literature.

Borel resummation is a 2-step process to pass from a factorially divergent series F'(7) to
the analytic function s(F')(7) defined in the right half-plane Re(7) > 0 summarized in the
following diagram

~

F(7) ~ F(C) ~ s(F)(7). (23)
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Here one starts with a Gevrey-1 a formal power series F'(7)

F(r)=Y_fa™ fu=0(C"n)) (24)
n=0
and defines its Borel stransform F(¢) by
FQ) =3 I (25)
n=0

It follows that F is the germ of an analytic function at ( = 0. If it analytically continues
to an L'-analytic function along the ray py := R, where § = arg 7, we define its Laplace
transform by

0o 1 .
s(B)r) = [ Proetac = [ Foedrag (26)
0 T Jpo
The function s(F')(7) is often called the Borel resummation of the formal power series F', and
we often suppress the subscript & = 0 when 7 is real and positive. If we vary § = arg 7 and
we do not encounter singularities of F, the function s¢(F)(7) is locally analytic. Thus, the

problem is to understand the analytic continuation of F' and to analyze what happens to the
Borel resummation sg(F)(7) when 6 = arg(7) crosses a Stokes ray, i.e., a ray in Borel plane

A~

that contains one or more singularities of F'. This is described by a Stokes automorphism.

2.2. Stokes automorphism. We will specialize our discussion to the series of interest,
namely to the Borel transform ZI\D(:C, ¢) of the vector of series ®(x;7). The singularities
of ®(z;7) are conjectured to be in the set (13) that generates a set of Stokes rays whose
complement is a countable union of open cones in Borel plane. When € is in a fixed such cone
C, the Laplace transform s¢(®)(z;7) depends on C' but not on 6. To compare two adjacent

l(fif,) denote one of the singularities of ®,(z;7), # denote its argument and

p = IR, denote the corresponding Stokes ray. When z is generic, a Stokes ray contains a
single singularity and the Laplace integrals to the right and the left of p are related by

such cones, let ¢

5o+ (0,)(257) = s9- () (w;7) + SSB TG 59- (00 ) (w; 7). (27)
where S gc’,}f) is the Stokes constant. In matrix form, the above formula reads
so+(P)(2;7) = Gy(T; §)sp- (P) (23 7) (28)
where
Go(7:q) =1+ S0 7' ¢ B, (29)

where E, . is the elementary matrix with (o, 0’)-entry 1 and all other entries zero.
More generally, consider two non-Stokes rays py+ and py- whose arguments satisfy 0 <
0T — 6~ < w. Then, the Laplace integrals are related by

So+ (P) (5 7) = So——y+ (T3 7)59- (D) (2 7) (30)
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where the Stokes matrices satisfy the factorization property

So- o ( H Gy (31)

0~ <H<6t

where the ordered product is taken over the Stokes rays in the cone genarated by py- and
po+. This factorization is well-known in the classical litetature on WKB (see for instance
Voros [Vor83, p.228| who called it the “radar method” for obvious visual reasons). In our
case, there are four special non-Stokes rays denoted by

I =Ry, IT=e"9R,,  IIT=9R,, IV =@ 9R, (32)

(for ¢ > 0 and sufficently small) that belong to the four distinguished cones (labeled
I,I1,111,1V) adjacent to the real axis and free of Stokes lines. The corresponding Stokes
matrices

SH7;q) = Sro11(7;9) Srv1(T;q), ST(#:9) = Sr1r-1v(%;§) Srr-111(T5 §) (33)

that swap two complementary and nearly horizontal half-planes separated by a line L are
the ones that appear in Conjecture 3. They are related to the matrices M, in the second
part of that conjecture by

(7;q) = (Mir(2;9) ™" - Mi(%;9), gl <1
Sursn(# ) = (M (%47 1) Mu(;,¢77), gl < 1
(7;:q) = (Mi(%;9)) ™" - Myv(7; ),
Srrom(&q) = (M (%)™ - My (3;4) - (34)

We now come to an important feature of our resurgent series, a unique factorization prop-
erty for the Stokes matrices reminiscent of the “stability data” description of DT-invariants in
Kontsevich-Soibelman [KS11, KS, KS14]), and of the properties of BPS spectrum generators
in Gaiotto-Moore-Neitzke [GMN10, GMN13, GMN12].

6[—)[[

6]V—)I

Lemma 8. S uniquely determines Sy for all 6.

Proof. Without loss of generality, we will show that St uniquely determines the Stokes
matrices Sy for all # such that —e < 8 < 1 — ¢ for ¢ > 0 and sufficiently small. We have
—
SHGIEN | (I+S8Ni' ¢ B, ) (35)
o,0" kL

where the product is over all the singularities above the line L. The entries of the above
matrices are in the ring Z[7%][[g]]. For each fixed natural number N, there are only finitely
many horizontal lines of singularities in Borel plane, of height at most N and within those,
there are finitely many z-dots. It follows by induction on & that the finite collection {Sggﬁ)}g
is uniquely determined from S*(Z; q). OJ

It follows that we can repackage the information of the Stokes constants in two matrices
ST and S~ defined by
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SH#:0) =) Sy ¥ ¢ Ener (36)
Lk

where the sum in ST (resp. §7) is over the singularities above (resp., below) L. The matrices
S*(7; ¢) appear to have some positivity properties; see Sections 5.4 and 6.4 below for the 4,
and the 5,5 knots.

3. A SUMMARY OF THE STORY WHEN u = (

In this section we recall briefly the results from [GGMn]| for our two sample hyperbolic
knots, the 4; and the 55 knot.

3.1. The 4; knot when u = 0. The state integral of the 4; at u = 0 is given by

Za (0:7) = / By(v)2 6~ du (37)
R+i0
The critical points of the integrand are the logarithms of the solutions & = €™/ and
& = e~2™/6 of the polynomial equation
1-y(-y =1 (38)

The labeling set P = {01, 02}, where oy corresponds to the geometric representation of the
4, and oy to the complex conjugate of the geometric representation. Observe that & (resp.,
&) lie in the trace field Q(v/—3) (resp., its complex conjugate) of the 4; knot, where Q(v/—3)
is a subfield of the complex numbers with v/—3 taken to have positive imaginary part.

The first ingredient is a vector of formal power series

- (26)

defined by the asymptotic expansion of the state-integral (37) at each of the two critical
points, and which has the form

P, (7) = exp (V(U)) 0o (T), (40)

2miT
satisfies the symmetry ®,,(7) = i®,, (—7), where
V(o) = iVol(4;) = i 2Im Liy(e™3) = 12.020883 . .. . (41)

with Vol(4;) being the hyperbolic volume of 4; and the first few terms of ¢,, (7/(271)) €
3714Q(v/=3)[[7]] are given by

T 1 117 69772 72435173
e (=) == (1 + + + ).
omi) = 3 72V3 | 2(12v/-3)  30(72v/-3)°

(42)
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The second ingredient is a vector G(q) = <g(1)8> of g-series defined for |¢| < 1 by

0 n(n+1)/2

Gq) =Y (-1 T (432)
— (4:9)3
e n(n+1)/2 n 1 J

nd +q

G'(g) =) (1) NCTER <E1(Q)+2zl_qj) : (43b)

n=0 »n j=1

where Ei(q) = 1 -4, ¢"/(1 — ¢") is the Eisenstein series, and extended to |¢| > 1 by
G%q¢ 1) = G%4q) and G'(¢7') = —G*(q). These series are motivated by, and appear in, the
factorization of the state-integral of the 4; knot given in [GK17, Cor.1.7|

zu0i) =5 (1) (Vie'06 0 - 206 @) ree\R)

where

qg= 627ri”r7 q — 6727ri/7' ) (45)
The above factorization follows by applying the residue theorem to the integrand of (37),
a meromorphic function of v with prescribed zeros and poles. In particular, the integrand
of (37) determines the g-hypergeometric formula for the vector G(q) of g-series. Below,
given a g-series H(q) defined on |q| # 1, we denote by h(7) = H(e*™") the corresponding
holomorphic function in €\ R.

The vector G(q) of g-series and the vector of asymptotic series ®(7) come together when
we consider the asymptotics of diag(%, v/7)g(7) in the 7-plane (as was studied in [GZa]) and
compare them with the Borel summed vector ®. Recall that when the Borel transform of an
asymptotic series has singular points ¢; in the Borel plane, the rays (Stokes rays) emanating
from the origin with angle § = arg; divide the complex plane into different sectors. When
one crosses into neighboring sectors, the Borel sum of the asymptotic series undergoes Stokes
automorphism. In the case of the vector of asymptotic series ®(7), the singularities of the
Borel transforms of its two component asymptotic series are located at

_ V(UI> - V(Jj> . Q=12 Z?’éja (46)

,L'vj _

2mi
as well as

27’(‘1/6, Lij + 27Tik’, ke Z;&Q, (47)
forming vertical towers as illustrated in Figure 2. In particular, the two singularities ¢1 2, t21
are on the positive and the negative real axis. We pick out four sectors which separate the
two singularities on the real axis and all the others, and label them by I, 11, III, 1V as
illustrated in Figure 3. The relation between the vector G(q) and the Borel summed vector
®(7) depend on the sector R. In [GGMn|, we found out that we do not get an agreement,
but rather both sides agree up to powers of the exponentially small quantity ¢, and what
is more, several coefficients of those powers were numerically recognized to be integers. In
other words, we found that

diag%, VD)9(r) = M) sp(®) (7). (48)
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where diag(v) denotes the diagonal matrix with diagonal given by v and Mg(q) is a matrix
of g-series with integer coefficients.

©o,(T) Poy(T)
[ ] L]
[ ] [}
[ ] L]
112 = Vol(4y) 120 = —Vol(4)/m
[ ] [ ]
[ ] [}
[ ] [}

FIGURE 2. The singularities in the Borel plane for the series ¢, (0;7) for
j =1,2 of knot 4;.

FIGURE 3. Four different sectors in the 7-plane for ®(0;7) of knot 4;.

To identify the matrices Mg, we used the third ingredient, namely the linear ¢-difference
equation

Ymi1(@) — (2= ¢")ym(q) + Ym-1(q) =0  (m € Z). (49)
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It has a fundamental solution set given by the columns of the following matrix

Gh(a)  G(q) )
Wi(q) = m m , 1 50
0= (i ailn) (7 o0
where G,,,(q) = (g%gg;), and G° (q) and G! (q) are defined by
> n(n+1)/24+mn
Ghla) = D ()" (51a)
—~ (¢:9)2
0 n(n+1)/2+mn n 1+ J
2 : nd Z q
n=0 P m j=1

for |q| < 1 and extended to |¢| > 1 by G, (¢7*) = (—1)7G? (q). Observe that Go(q) = G(q),
the vector that appears in the factorization (44) of the state-integral Z4, (0; 7). The matrix
W,(q) of holomorphic functions in |g| # 1 satisfies several properties summarized in the
following theorem.

Theorem 9. W,,(q) is a fundamental solution of the linear q-difference equation (49) that
has constant determinant

det(Win(q)) =2, (52)
satisfies the symmetry
_ 1 0
Wl = Wonlo) (5 ) 53)
the orthogonality property
1 0 1 0 1
gl () o)Wt = 5) (54)
as well as
1 0 1
3Wnla) () ) Wilo)” € SLez.20¢°) (55)

for all integers m, ¢ and for |q| # 1.

Conjecture 10. Equation (48) holds where the matrices Mg(q) are given in terms of W_;(q)
as follows

Mr(q) = W_1(q)" ((1) j) , lq] <1, (56a)
st = (5 ) waar (1), d<i.  (560b)
Myzi(g) = Wei(g™Y)T G ?) , gl > 1, (56¢)

st = (5 %) wae (9 1), d>1. (560
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Assuming the above conjecture, we can now describe completely the resurgent structure
of (7). The Stokes matrices are given by

S™(q) = S1-11(0)S v, S7(q) = Grr-1v(@)Srrs1ir (57)

where
S1511(q) = Mpr(q) "' Mi(q) Sirrmv(q) = M (g ") "My (g™ (58a)
Srvor = Mi(q) My (q) Sir—rrr = Mi(q) Mir(q) . (58b)

(Compare with Equations (33) and (34) after we set £ = 1 and replace ¢ by ¢). Note that
since M;(q), M;7(q) and Myr;(q), My (q) are given respectively as g-series and ¢~ '-series in
(56a),(56b) and (56¢),(56d), analytic continuation as discussed below (51b) is needed when
one computes Sy 7, Sy 7 in (58b). Using (52)—(55) we can express the answer in terms
of W_1(q). Explicitly, the Stokes matrices are given by

S*(q) = % <(1) _11) W_1(q) ((1) é) W_i(g)" <(1) _21) : gl <1, (59a)
sw-3 (o V)@ (] ) (L)) W< e

In the ¢ — 0 limit,
Lo (13 (10
s0- (g 7). so-( ) (60)

whose off-diagonal entries —3,+43 are Stokes constants associated to the singularities to1
and ¢1 2 on the negative and positive real axis respectively, and they agree with the matrix
of integers obtained numerically in [GH18, GZb|. In addition, we can assemble the Stokes
constants into the matrix S of Equation (36) (after we set & = 1 and replace ¢ by ¢). The
resulting matrix S*(q) has entries in ¢Z][¢]], and we find

8;_1,01 (q) :S+(Q)1,1 -1

= — 8¢ — 9¢° + 18¢® + 464" + 90¢° 4 62¢° + O(¢"), (61)
5;,02((1) :S+(Q)1,2/S+<Q)1,1 - 51(7?302

=9q + 75¢° + 642¢” + 5580q" + 48558¢” + 422865¢° + O(q"), (62)
Soron (@) =5T(q)2,1 /5T (@)1

= — 9q — 75¢* — 642¢> — 5580¢" — 48558¢° — 422865¢° + O(q"), (63)
Sr2(@) =ST ()22 — 1= 57(9)125"(0)2.1/S" ()12

=8¢ + 73¢* + 638¢° + 5571¢" + 48538¢° + 422819¢° + O(q"). (64)

We notice the symmetry
S = -8, fork € Z, (65)

*

which is due to the reflection property ¢,, (—7*) = @q,(7)* of the asymptotic series. Also
experimentally it appears that the entries of the matrix S™(q) = (S;,,,(¢)) (except the
upper-left one) are (up to a sign) in N[[g]]. Similarly we can extract the Stokes constants
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1

8£_§]) associated to the singularities in the lower half planes and collect them in ¢~ -series

~ . (¢7!) accordingly, and we find
SR = 8tk i and SUH =8GH  SCR — SUR) - for ke Zoo.  (66)

0i,03j 05,057 01,01 02,027 02,02 01,017

0,05

A nontrivial consistency check in the above calculation is that the matrices Sy ;(q) and
Srr-111(q) should come out to be independent of ¢, and coincide with S7(0) and S*(0).
That is exactly what we find.

The fourth and last ingredient, which makes a full circle of ideas, is the descendant state-
integral of the 4; knot

Zasanal0:7) = [ @) ORI (€ 2). (67)
D
The integration contour D asymptotes at infinity to the horizontal line Imv = vy with
vo > |Re(mb — ub™1)| but is deformed near the origin so that all the poles of the quantum
dilogarithm located at
cp +ibr +ib7ts, 1 s € Zs, (68)
are above the contour. The integral Zy4, ,,,(0;7) is a holomorphic function of 7 € €' that
coincides with Z4,(0;7) when m = p = 0 and can be expressed bilinearly in G,,(¢q) and
G,(q) as follows

Zuns057) = (-1 gt (1) (VEG@GL ) - ZOLaGW) - ()

It follows that the matrix-valued function
w1 (1//T7 0
W) = W@") (VYT ) Watar® (10

defined for 7 = C\ R, has entries given by the descendant state-integrals (up to multiplication
by a prefactor of (69)) and hence extends to a holomorphic function of 7 € C’ for all integers
m and p. Using this for m = —1 and p = 0 and the orthogonality relation (54), it follows that
we can express the Borel sums of ®(7) in a region R in terms of descendant state-integrals
and hence, as holomorphic functions of 7 € ' as follows. For instance, in the region I we
have

()7 = My (%g%)) . <g> <Z41,0,0(0§T) —51/2241,0,1@;7)) )

VTg(T) q Z4,,00(0;7)

This completes the discussion of u = 0 for the 4; knot.

3.2. The 5; knot when u = 0. The state integral of the 5, at u = 0 is given by

Z5,(0;7) = / Dy(v)® e 2 dy . (72)
R0

The critical points of the integrand are the logarithms of the solutions &; ~ 0.78492+1.30714i,
&5 =~ 0.78492 — 1.30714i and &3 = 0.43016 of the polynomial equation

(1—y)?® =y (73)
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The trace field of the 55 knot is Q(&;), the cubic field of discriminant —23, which has three
complex embeddings labeled by o, for j = 1,2, 3 corresponding to the x;, and the labeling
set is P = {01, 09, 03}, where oy corresponds to the geometric representation of the 5, knot,
0o to the complex conjugate of the geometric representation and o3 for the corresponding
real representation.

The first ingredient is a vector of formal power series

P, (T)
(1) = | Poy(7) (74)
D, (7)
where
ImV (o)) = —Im V(o) = Vol(5,) = 2.82812... (75)

is the hyperbolic volume of the knot 5, and the first few terms of ¢, (7/(271)) € (5;1/ 2QE)[I7)]
are given by

- 23 92932 T 25 . 933

2mi

1/4
T 367 +3¢ -2 / —242¢% + 209¢ — 454 126432 — 22668¢ + 25400
ooy () = (R522) (1 + ,

(76)

+ —35443870£% + 85642761 — 164659509 +
573 .5 .93 T+

The second ingredient is two vectors H'(q) = (Hy (¢q), H{ (q), Hy (¢))" and H (q) =
(Hy (q), Hy (q), Hy ()T of g-series defined for |g| < 1 by

() — 4 a
Hi (q) = ; T (77a)
> qn(n+1) N
Hy (q) :; I (1+20-3E"(0)) . (77b)
. B 00 qn(n-‘rl) (n) ) (n) 1
B =3 G (02 =3B 900~ gRw) (o
and
B B oo - q2n(n+1) N
Hy (q) = HZ:O( G (78a)
B B 0o - nq%n(n—i-l) 1 . (n)
Hi(0) = 0 (590 (78)
B 00 nq%n(nJrl) 1 N 9 " 1
Hy@) =3 (G- 3B @) 3500 - pE@) (750

n=0
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where
i Sl—lqs(n—i—l)

E"(g) = (79)

s=1 1 o qs

The two sets of g-series can be extended to |¢| > 1 and are in fact related by H:(qfl) =
(—=1)*H, (q), and define a g-series Hy(q) for |q| # 1 by

_ JH () lal <1
e = {(—1>'fﬂk<q—1> > 1 0

Likewise, we define holomorphic functions hg(7) in C\ R by

_ ) H (), Im(7) > 0 B
hk(T)_{<—1>kH;<eW>, tm(r) <o’ " OhE (&)

These series appear in the factorization of the state-integral of the 55 knot given in [GK17,
Cor.1.§]

jus

Zay(0i7) = — 4 (2) " (rHy (@) HS (q) — 2H; (DH (@)~ Hy @H (@) . (r € C\R).

2 \¢
(52)
The above factorization follows by applying the residue theorem to the integrand of (72),
a meromorphic function of v with prescribed zeros and poles. In particular, the integrand
of (72) determines the g-hypergeometric formula for the vectors H*(q), H (q) of g-series.
As in the case of the 4; knot, multiplying the vector h(7)? = (ho(7), h1(7), ho(7))T by the
automorphy factors diag(7!,1,7) (dictated by (82)), and looking at the asymptotics as T
approaches zero in sectors, we found that

e’ T diag(r™", 1, 7)h(7) = Mr(§) sp(®)(1), (83)

where the right hand side depends on the sectors of Borel resummation. The Borel plane
singularities of the component series of the vector ®(7) are similarly located at

_ Vo) = V(o))

Z‘?j -

, L) =12310#7, (84)

27
as well as
2mik, v ; + 2wk, k€ Zo, (85)

which form vertical towers as illustrated in Figure 4. In particular, the two singularities
L1.2, L2,1 are on the positive and negative real axis. We pick out the four sectors which separate
the two singularities on the real axis and all the others, and label them by I, 11, 11,1V, as
illustrated in Figure 5.

To identify the matrices Mg, we consider the third ingredient, the linear g¢-difference
equation

Y (@) = 3Ym+1(q) + B = ™ mt2(q) — Ymss(@) =0 (m e Z), (86)
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4)001(7—) 9002(7—) ° ¢ ‘1003(7')
[ ] [ ] [
[ ) (]
° °
[ ] ° <
[ ] [ ]
: L12 : L21 13,1 132
13 123
. .
L] [ ] L
[ ] (]
° L]
L[] [ ] L
[ ] [ ]

FIGURE 4. The singularities in the Borel plane for the series ¢, (0;7) for
j =1,2,3 of knot 5,.

17 \ [/ 1

111 T\ v

FIGURE 5. Four different sectors in the 7-plane for ®(0; 7) of knot 52 and the
line L that divides the T-plane.

They have fundamental solution sets given by the columns of the following matrix

W (a), g < 1
0 0 1 1 0 O
Wm(Q) = - 1
01 0lW-, 5(¢Hlo -1 0], lg| > 1.
1 00 0 0 1
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where the matrices W, (¢) with € = £ are respectively

6m(@)  Hin(q) 5m(@)
Wi (q) = 0m+1<CI) 1m+1< ) 2m+1(CZ) ) (lgl #1) (88)
HSm+2(Q) 1m+2< ) 2m+2(Q)

with entries the g-series

o0 qn(n+1)+nm

Hy,(q) = ; i (89a)
Hi (q) = g qn((z ); - (1 +on+m— 3E§”)(q)) , (89b)
i) =3 T (e m a0 @) 30 - ) 690
and

5, (4) = i(—l)q((qq;m (902)
i) = S (G m - @) (900)

Hy,(a) = i(—l)% ((G+n+m =3B @) =3B @) - 1550
(90c)

for |g| < 1 and extended to |g| > 1 by the relation H, (¢7") = (=1)*H, _,(q). Observe
that Hj o(q) = Hi(q). The matrix W,,(q) of holomorphic functions in |g| # 1 satisfies several
properties summarized in the following theorem.

Theorem 11. W,,(q) is a fundamental solution of the linear q-difference equation (86) that
has constant determinant

det(W,,,(q)) = 2, (91)
satisfies the orthogonality property
0 01 10 0
Wi1(@) 10 2 0) W, a(gH=(0 0 1 (92)
100 01 3—qg™
as well as
1 001
5Wml(a) | 02 0) Wi(g™)" € SL(3, Z[g™)) (93)
100
for all integers m, ¢ and for |q| # 1
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Conjecture 12. Equation (83) holds where the matrices Mg(q) are given in terms of W_;(q)
as follows

0 0 1
Mi(q)=W_i(¢)" | -1 3 0], gl <1, (94a)
0 —1 0
1 0 0 0 0 1
Muy(@)=(0 -1 o) Wa(@" [ 3 -1 0], gl <1, (94b)
0 0 1 1 0 0
0 0 1
Mii(q) = W—l(CI)T -1 -1 0], lq| > 1, (94c)
1 0 0
1 0 0 0 0 1
Mp(g)= {0 =1 0] Wo(g)" [-1 -1 0], gl > 1. (94d)
0 0 1 0 -1 0

Assuming the above conjecture, we can now describe completely the resurgent structure
of ®(7), following the same computation as in the case of the 4; knot. The Stokes matrices
are given by (57)—(58b). Note that since M;(q), M;1(q) and My;(q), M1y (q) are given re-
spectively as g-series and ¢~ '-series in (94a),(94b) and (94c),(94d), analytic continuation as
discussed below (79) is needed when one computes &y, Sy gy in (58b). Using (91)—(93)
we can express the answer in terms of W_;(q). Once again, we find that the the Stokes matri-
ces Sy r(q) and &y 7r7(q) are independent of ¢, consistent with semiclassical asymptotics.
The Stokes matrices are given by

(0 10 0 0 1 00 —1
Sf)==( 0 1 1) W_i(¢gH |0 =2 0| W_i(¢)"[1 1 0], |¢gf<1 (95a)
~1 0 0 1 0 0 01 0
0 3 -1 0 0 1 0 0 1
S (¢)==[0 =1 0 | W_i(¢) [0 =2 O)W_i(¢HT|[ 3 -1 0], l¢g<1.
1 0 0 1 0 0 -1 0 0

(95b)

These Stokes matrices completely describe the resurgent structure of ®(7). They also satisfy
other statements in Conjectures 3 and 4 when z = 1. The ¢ — 0 limit of the Stokes matrices

factorizes
1 00 1 00 1 40
S+(O) =6,,,01605,0,6010,=1 0 1 0 010 010 (96)
-3 01 0 31 0 01
1 0 3 1 0 0 0 0
S7(0) =64,.0:603.056050, = [0 1 0 01 -3 —4 101, (97)
0 01 00 1 0 01
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where the non-vanishing off-diagonal entry of &,, ., is the Stokes constant associated to the
Borel singularity ¢; ;. Assembling these off-diagonal entries in a matrix, we obtain the matrix

0 4 3
—4 0 -3 (98)
-3 3 0

that was found numerically in [GZb, Sec.3.3]. In addition, we can assemble the Stokes
constants into the matrix S of Equation (36) (after we set & = 1 and replace ¢ by ¢). The
resulting matrix S*(¢) has entries in ¢Z[[¢]], and we find

S+ :S+(Q)171 -1

01,01

= — 12¢ + 3¢* + 74¢® + 90¢* + 33¢° + O(¢%), (99a)

S 5y =12q + 141¢% + 1520¢° + 17397¢" + 191970¢° + O(¢°), (99D)
St . =1+ 3¢ +9¢° + 30" + 99¢° + O(¢%), (99¢)
S} o =—12¢ — 141¢° — 1520¢° — 17397¢" — 191970¢° + O(¢°), (99d)
S ey =12q + 141¢% + 1582¢° + 17583¢* + 194703¢° + O(¢°), (99¢)
S ey = — 21q — 235¢° — 2586¢° — 28593¢" — 316104¢° + O(¢°), (99f)
Shior = — a4 —3¢° = 9¢° — 30¢" — 99¢° + O(¢°), (99g)
S} oy =21q + 235¢% + 2586¢° + 28593¢" + 316104¢° + O(¢°), (99h)
Say0s =0. (991)

The Stokes constants enjoy the symmetry

SP, = —3(5’21_)7%(3_), i#j, forkeZsy, (100)

with (1) = 2,¢(2) = 1,9(3) = 3. We notice that the entries of the matrix S*(¢q) =
(S;,aj(Q)) (except the upper-left one) are (up to a sign) in NJ[g]]. Similarly we can extract

the Stokes constants Sﬁ‘ﬁj associated to the singularities in the lower half plane, and we find

SH = SR g and SUF =S8R for k € Zsg. (101)

04,05 05,04 04,04 Op(i)0p(5)]

The fourth and last ingredient, which makes a full circle of ideas, is the descendant state-
integral of the 59 knot

Zsymu(0;7) = / Py (v)? o 2miv? H2m(mb—yub™ v 4, (m,p €7Z). (102)
D

Here the same contour D as in (67) is used. It is a holomorphic function of 7 € C’ that
coincides with Zs,(0;7) when m = p = 0 and can be expressed bilinearly in H;, (q) and

H, (q) as follows

2 q
(r Hy,(q)H,(q) — 2H () HY,,(q) + 771 Hy, (§)Hy 0 (q)) -

i 1
s
Zspmn(0:7) =(—1)" 1% g (q> (103)
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It follows that the matrix-valued function

10 0
Winu(T) = (Wu(@)") ™ 8 (1)0 Won(g)" (104)

defined for 7 = C\R, has entries given by the descendant state-integrals (up to multiplication
by a prefactor of (103)) and hence extends to a holomorphic function of 7 € C’ for all integers
m and p. Using this for m = —1 and p = 0 and the orthogonality relation (92), it follows that
we can express the Borel sums of ®(7) in a region R in terms of descendant state-integrals
and hence, as holomorphic functions of 7 € C' as follows. For instance, in the region I we
have

s(P) (1) = e+ M(q)~"! ha(7) Z55,00(0;7) (105)
Thy(T) G % Zs,01(0;7)

This completes the discussion of u = 0 for the 55 knot.

. 7 ho(7) (q 1 [ Z5,00(0,7) — ¢ Z5,0.-1(0; 7)
=1
')

4. HOLONOMIC AND ELLIPTIC FUNCTIONS INSIDE AND OUTSIDE THE UNIT DISK

An important property for the functions of a complex variable ¢ in our paper (such as the
holomorphic blocks considered below) is that they can be defined both inside (|¢| < 1) and
outside (|¢g| > 1) the unit disk, in such a way that they have the same annihilator ideal. Recall
that if L and M denote the operators that act on functions f(x;q) by (Lf)(x;q) = f(qz;q)
and (M f)(z;q) = zf(x;q), then LM = ¢ML, hence L™*M = ¢~ *ML~*. Tt follows that
if P(L,M,q)f(x;q) = 0, then P(L™', M,q" ") f(z;q') = 0 where P(L,M,q) denotes a
polynomial in L with coefficients polynomials in M and gq.

A first example of a function to consider is (7; ¢)oo = [[;24(1 — ¢/x), which is well-defined
for |[¢| <1 and = € C and satisfies the linear ¢-difference equation

(1= 2)(47:¢)e = (#79)  (lgl < 1). (106)
We can extend it to a meromorphic function of  when |g| > 1 (by a slight abuse of notation)
by defining

(230 oo = (a30) (lal < 1), (107)
so that Equation (106) holds for |¢| # 1. Our second example is the theta function
1 F
0(w:9) = (> 75 0)oc(—a27 1 q)o (lgl <1) (108)
which satisfies the linear ¢-difference equation
0qz;q) = ¢ 2a0(z5q)  (lal <1) (109)

and can be extended to 6(z;¢') = 0(x;¢)~! when |g| > 1 so that Equation (109) holds for
lq| # 1. 0(z;q) is a meromorphic function of x € C* with the following (simple) zeros and
(simple) poles

lq| <1 zeros(f) = —q2t” poles(6) =) (110)

lq| > 1 zeros(0) = () poles(f) = g2t
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An important property of the theta functions is that they factorize the exponentials of a
quadratic and linear form of u. This fact is a consequence of the modular invariance of the
theta function and was used extensively in the study of holomorphic blocks [BDP14].

Lemma 13. For integers r and s we have:

_mi

= e BOT0((—g2) 2 q)0((—G2) F ) (111a)
G5 (s q) 00(— R )° X (T ¢ ) (=G 21 (111D)

ewi(u+rcb)2

i

. 2 .
Tiru‘+2mwiscpu .S
b —=1e€e1

e
for integers r and s.

Note that we the above factorization formulas are by no means unique, and this is a
reflection of the dependence of the above formulas on a theta divisor.

Proof. When z = e?™* ¢ =e(7), § = e(—1/7) and |q| < 1, then we claim

e~ a8 0’ — g™ — B (0)7 2Py (u)Dp(—u) = e =TT G(z:q)0(F; G . (112)
The first equality is easy, the second one follows from the inversion formula of Faddeev’s quan-
tum dilogarithm, and the third one follows from the product expansion of Faddeev’s quantum
dilogarithm or from the modular invariance of the theta function. Note also that D, (0)% =
(¢/§)z = e+ Equation (111a) follows easily from the above and Equation (111b)

2 2

. 2 . . . 2 .
miru®4+2miscpu e(T‘*S)ﬂlu esm(u+cb) e sTic, ]

follows from the above using for example, e

5. THE 4, KNOT

5.1. Asymptotic series. Our starting point will be the state-integral for the 4; knot [AK14,
Eqn.38| (after removing a prefactor that depends on u alone)

Zg, (u; 7) = 2™ / Dy (v) Dy (u 4 v) e Ty | (113)
R0

The above state-integral (and all the subsequent ones) is a holomorphic function of 7 € C’
and u when |[Im(u)| < |b+ b™!|/2 and extends to an entire function of u (see Theorem 14
below).

After a change of variables u — u/(27b) (see Equation (2)) and v — v/(27b) the asymp-
totic expansion of the quantum dilogarithm (see for instance [AK14, Prop.6|) implies that

the integrand of Z4, (up; 7) has a leading term given by eV (%%)/™7) where
1
V(u,v) = Liy(—e”) + Liy(—e*™) + 5(v)2 + 2uv . (114)
Taking derivative with respect to v gives the equation for the critical point
2u +v —log(1+¢€") —log(1+e“") =0 (115)

which implies that (z,y) = (e*, —e") is a complex point points of the affine curve S given by

S —r*y=(1-y)(1—ay) (116)
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and (u,v) is a point of the exponentiated curve S* given by the above equation where

(z,y) = (e*, —e"). Moreover, we have

V(u,v) = Lig(y) + Liz(zy) + %(log(—y))2 + 2log xlog(—y) . (117)

Note that (115) has more information than (116) since it chooses the logarithms of 1+¢¥ and
1 + e“** such that (115) holds. This ultimately implies that V is a holomorphic C/27%Z-
valued function on the exponentiated curve S*. Note that when u = 0, Equation (116)
becomes (38).

The constant term of the asymptotic expansion is given by the Hessian of V(u,v) at a
critical point (u,v), and it is a rational function of x and y is given by

1 — 292
S, y) = ——— 2.

118
= (118)

Note that 0(z,y) = 0 on S if and only if = is a root of the discriminant of S with respect to
Y, 1.e.,

(1 -3z 423 (1 +z+2%) =0. (119)

In other words, ¢ vanishes precisely when two branches of y = y(x) coincide.
Beyond the leading asymptotic expansion and its constant term, the asymptotic series has
the form ®(x,y;7) where

®(z,y;7) = exp (M

1
st ) (o) plain) € el gt e (120)
where ¢ is given in (118) and v/id ¢(z,y; 0) = 1. In other words, the coefficient of every power
of 2rir in v/ @(x,y;7) is a rational function on S. There is a natural projection S — C*
given by (z,y) — x and we denote by y,(x) the choice of a local section (an algebraic function
of x), for 0 € P = {01,02}. We denote the corresponding series ®(z,y,(x); 7) simply by
O, (x; 7). Note that

l—x—a1)2 -4
S o)) = £ L2 (121)
and that the two series are related by
Oy (z;7) = 10y (x; —7) . (122)

The power series \/ﬁgpg(x; 7) can be computed by applying Gaussian expansion to the state-
integral (113). One can compute up to 20 terms in a few minutes, and the first few terms
agree with an independent computation using the WKB method (see [DGLZ09, Eqn.(4.39)]
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as well as [GG06]), and given by vidw, (2;7)
\/5901,2 <33; L)

2m
1 -3 -2 -1 2 3
1 6
— (27— 2275 = 327 + 61022 — 60622 — 12102 + 3117
+1152'y?72(:c) (z x x "+ 610z x x
— 1210z — 6062” + 6102° — 3z* — 22° + 2°)7° + O(7?), (123)
where

Y2(z) = 26(2,y12(7)) = V22 — 2071 — 1 — 22 + 22. (124)

On the other hand, if one sets x to numerical values, one can compute 300 terms of this
power series.

5.2. Holomorphic blocks. In this section we give the definition of the holomorphic blocks
(and their descendants) which factorize the state-integral (and its descendants), and discuss
their analytic properties, and their linear g-difference equations. Note that in this section,
as well as in Section 5.3, all the statements are theorems, whose proofs we provide.

Motivated by the state-integral Z4, (u; 7) of the 4; knot given in (113), and by the descen-
dant state-integral Zy, ,, ,(0;7) given in (67), we introduce the descendant state-integral of
the 4, knot

Z41,m“u<u; 7_) — 6727riu2 / (I)b(U) @b(u + ’U) efﬂi(v2+4uv)+2ﬂ'(mbﬁub_l)'U dv (125)
D

for integers m and p, which agrees with the Andersen-Kashaev invariant of the 4, knot when
m = pu = 0. Here the contour D was introduced in (67). It is expressed in terms of two
descendant holomorphic blocks, which we denote by A,, and B,, instead of BJ! and BJ?, in
order to simplify the notation. For |¢| # 1, A,.(x;¢q) and B,,(z;q) are given by

Apm(z;q) = 0(—q2x;q) 22> T (¢"2%, x; q) (126a)
Bu(5q) = 0(—q 2z q)x™ I (¢, 275 q) (126b)

where J(z,y;¢°) = J*(x,y;q) for |¢| < 1 and € = £ is the ¢-Hahn Bessel function

> n(n+1)

T (@,y:0) = (ayi q ooz —) TR (127a)
0 n(n+1) n,,—n

T (2,y:q) = Z vy (127h)

‘ Dn(ay™ On

n=

The next theorem expresses the descendant state-integrals bilinearly in terms of descendant
holomorphic blocks.
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Theorem 14. (a) The descendant state-integral can be expressed in terms of the descendant
holomorphic blocks by

3mwi_ mi

Z 4y (U ) =(—1)m+“qm/2d“/2< SR AL ()AL (E G (128)
+ TR (590 BL(577Y) (129)

(b) The functions A,,(x;q), By (x;q) are holomorphic functions of |g| # 1 and meromorphic
functions of z € C* with poles in 2 € ¢” of order at most 1.

(c) Let
Am(2;9)  Bu(59) )
Wz, q) = ' ' 1). 130
= (00 e ) Ay (130)
For all integers m and p, the state-integral Z417m7u(u, 7) and the matrix-valued function
W (w; ) = W_u(Z567 ) A(T) W (29)" (131)
where ,
oS- (rbr) 0
A= ( 0 Frer | (132)

are holomorphic functions of 7 € ' and entire functions of u € C.

Proof. Part (a) follows by applying the residue theorem to the state-integral (125), along the
lines of the proof of Theorem 1.1 in [GK17]. A similar result was stated in [Dim15].

Part (b) follows from the fact that when |¢| < 1, the ratio test implies that J*(z,y;q) is
an entire function function of (z,y) € C? and J~(z,y; q) is a meromorphic function of (z,y)
with poles in y € ¢Z.

For part (c), one uses parts (a) and (b) to deduce that W, ,(u; ) is holomorphic of 7 € C’
and meromorphic in u with potential simple poles at ibZ + ib™'Z. An expansion at these
points, done by the method of Section 5.3, demonstrates that the function is analytic at the
points ibZ + ib~'7Z. 0

Note that the summand of J* (a proper ¢g-hypergeometric function) equals to that of J~
after replacing ¢ by ¢~'. This implies that J* have a common annihilating ideal Z; with
respect to x, y which can be computed (rigorously, along with a provided certificate) using the
creative telescoping method of Zeilberger [PWZ96| implemented in the HolonomicFunctions
package of Koutschan [Kou09, Koul0]. Below, we will abbreviate this package by HF.

Lemma 15. The annihilating ideal of Z; of J* is given by
Z;={(—z+y)+aS, — yS, 1—{—(—1—x+qy)5y+x5‘§) (133)
where S, and S, are the shifts x to gz and y to qy.

The next theorem concerns the properties of the linear ¢-difference equations satisfied by
the descendant holomorphic blocks.

Theorem 16. (a) The pair A,,(x;q) and B,,(z; q) are g-holonomic functions in the variables
(m, x) with a common annihilating ideal

Ls, = (q"2% + (—q" 4 ¢"*"2?) S + 22y, (L= 27 Sp) (1 — 2728,) + ¢ S)  (134)
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where S, is the shift of m to m + 1 and S, is the shift of = to qz. Z4, has rank 2 and the
two functions form a basis of solutions of the corresponding system of linear equations.
(b) As functions of an integer m, A,,(x;q) and B,,(x; q) form a basis of solutions of the linear

g-difference equation §41(Sm, z,q"™, q) fm(x;q) = 0 for |g| # 1 where

Bay(Smr,q™,q) = (1 — 2718,)(1 — 2728,) + ¢"™ S, (135)
(c) The Wronskian W,,(x; q) of (135), defined in (130), satisfies
det(W,,(z;9)) = 2™ (m e 7). (136)
(d) The Wronskian satisfies the orthogonality relation
10 - e 24t -1 1
W_i(z;q) (0 _1) W47 = ( 1 0) ~ (137)
It follows that for all integers m and /¢
1 0 —
Won(; ) (0 _1) Welz:q™")" € GL(2,Z[¢*, 2™]) (138)

(e) As functions of x, A,,(x;q) and B,,(z;¢q) form a basis of a linear ¢-difference equation
Ay, (Sa, 2,4, q) fm (25 q) = 0 where
2

A41(Sxax7qm7Q) = ZOJ<Iaqm7Q)S%7 (139)
7=0

S; is the operator that shifts x to ¢z and

CO :q2+3mx2<_1 + q3+ml,2) (140&)
Cl — _ qm(_l + q2+mx2)<1 —qx — ql—i—me o q3+ml_2 o q3+m1,3 + q4+2mx4) (140b)
Cy =¢*2*(—1 + ¢"T2?). (140c)
(f) The Wronskian of (139)
oy — ( Am(zi0)  Bu(z:iq)
Walsia) = (i) 2oty a2 ) (141)
satisfies
det(W,,(7;q)) = ¢"z*"(1 — ¢" %) (meiZ). (142)

Proof. Since A,,(z;q) and B,,(z;q) are given in terms of g-proper hypergeometric multi-
sums, it follows from the fundamental theorem of Zeilberger [Zei90, WZ92, PWZ96]| (see
also [GL16]) that they are g-holonomic functions in both variables m and z. Part (a) follows
from an application of the HF package of Koutschan [Kou09, Koul0].

Part (b) follows from the HF package. The fact that they are a basis follows from (c).

For part (c), Equation (135) implies that the determinant of the Wronskian satisfies the
first order equation det(W,,.1(w;q)) = 23 det(W,,(z;q)) (see [GK13, Lem.4.7]). It follows
that det(W,,(z; q)) = x*™ det(Wy(x; q)) with initial condition a function of x given by Swart-
touw [Swa92]

det(Wo(z;q)) =2°  (lal #1). (143)
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We recall the details of the proof which will be useful in the case of the 5, knot. When
lg| < 1, the ¢-Hahn Bessel function J(z,y;q) satisfies the recursion relation

yJ(qz,y;0) — (L+y — ) J(z,y;0) + J (¢ 2, y:9) = 0. (144)
This follows from [Swa92|, and can also be proved using the HF package. It then follows that
Toalz:0) = J(2,¢"0),  Tva(ziq) =2""J(q"2,q47";q) (145)
are two independent solutions to
¢"J(gz1q) = (1 +¢" —2)T(z:q) + T (a7 z;9) = 0. (146)
The corresponding Wronskian
Toa(zq)  Tu2(z:q) )
Wy : — ) ) ) ) 147
(z:0) (ju,l(qz; q) Jv2qzq) (147)
satisfies the recursion relation (see [GK13, Lem.4.7])
det W, (2;q) = ¢ det W, (¢ '2; q) (148)
which implies that the determinant of U(z;¢q) = 2"W,(z;¢) is an elliptic function
det U(qz;q) = det U(z; q). (149)

It can be computed by the following limit
det U(z;q) = lim det U(q"z; q) = lim det U(z; q)
k—o00 z—0

= lim (q‘”J(z, Q) (q" 2 a7 ) — T 2 q7 ) (g2, ¢ CI))
=" = 1)@ 0)oo(¢" "3 @)oo, (150)

where in the last step we just used the g-expansion definition of the g-Hahn Bessel function.
We thus have

2 det W, (2,9) = —(49"; 1) oo (0" @) oo (151)
Using the substitution
ze 2 e (152)
in the above equation and cancelling with the §-prefactors of A,,(x; ¢) and B,,(z; q) we obtain
Equation (143) for |g| < 1. The case of |g| > 1 can be obtained by analytic continuation on
both sides of (143).
For part (d), Equation (135) implies that

0 1
Wm+1(95;CJ) = ( 3

—® ’+r—q

oy ) Won(i), (153)

Hence, Equation (138) follows from (137). The latter is a direct consequence of the analytic
continuation formula
J(@,y:9) = 0(—=a"y;0) T (y 2,y 507 (154)
which one easily sees by comparing (127a) and (127b).
Part (e) follows from the HF package. The fact that they are a basis follows from (f).
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For part (f), since A,,(z;q) (as well as B,,(x;q)) are annihilated by the first generator
of (134), it follows that

2 A (259) — ¢" (1 — ¢ 2?) Ay (5.9) + 2° Ay (g ¢) = 0. (155)

After solving for the above for A,,(qx; q) (and same for B,,(qx; q)) and substituting into the
Wronskian (141), it follows that the two Wronskians are related by

1 0
—q"z™ " (1—gq

Wateia) = ( oy ) Winsa) (156)

After taking determinants, it follows that
det Wi (z;9)) = ¢"2 (1 — ¢"T"2?) det (W), (7 q)) (157)

This, together with (136) concludes the proof of (142). O

We now come to Conjecture 5 concerning a refinement of the E—polynomial. Combining
Theorems 14 and 16 we obtain explicit linear ¢-difference equations for the descendant inte-
grals with respect to the u and the m variables. To simplify our presentation keeping an eye
on Equation (129), let us define a normalized version of the descendant state-integral by

24y mou (U3 T) = (—1)m+”q_m/2q'_“/2Z41,m,#(u; 7). (158)

Theorem 17. z4, ;i (up; 7) is a g-holonomic function of (m,u) with annihilator ideal Zy,
given in (134). As a function of u (resp., m) it is annihilated by the operators Ay, (S., z, ¢™, q)
and By, (Sm,x,q™,q) (given respectively by (139) and (135)), whose classical limit is

;{41 (Sma x, qm7 1)

159
= (=1+¢"2*)(22S% — ¢"(1 — v — 2¢™2* — ¢"2* + ¢*"2*) S, + ¢*"z?) (159)

and
By, (S, 2, ¢™ 1) = (1 —27'8,)(1 — 2725,,) + ¢S (160)

1111 (Sm, x,1,1) is the A- polynomlal of the knot, A41 (Sy, z,1,q) is the (homogeneous part) of
the A- polynomial of the knot and B41 (2%y,x,1,1) is the defining equation of the curve (116).

Note that although the two equations (135) and (139) look quite different, they come
from the common annihilating ideal (134) of rank 2. This explains their common order,
assuming that the ideal is generic. The annihilating ideal is easier to describe than the S,,-
free element (139) of it. In fact, the first generator of Z,, expresses S, as a polynomial in S,,,,
and eliminating S,,, one obtains equation (139) from (135). The characteristic variety of Zy4,
is a complex is a 2-dimensional complex surface in (C*)? and its intersection with a complex
3-torus contains two special curves, namely the A-polynomial and the B-polynomial of the
4, knot.
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5.3. Taylor series expansion at u = 0. The descendant state-integral is a meromophic
function of u which is analytic at « = 0 and factorizes in terms of descendant holomorphic
blocks (129). In this section we compute the Taylor series of the holomorphic blocks and of
the state-integral at © = 0 and show how the factorization of the descendant state-integral
(129) reproduces (69).

We begin with some general comments valid for descendant holomorphic blocks and state-
integrals. Since the descendant holomorphic blocks are products of theta functions times
g-hypergeometric sums, we need to compute the Taylor expansion of each piece. For Taylor
expansion of the ¢g-hypergeometric sums, we

14+n . u. e
Pn(u) = W = exp <_ > l_lsz(n)(Q)ul> (161a)
y4)oo —1
e uw) = (q~76)m (qil;qil)n — ox . l"“(n) ~ul
ol Gen e ena D, (H ke (@ ) (1610)

from [GK17, Prop.2.2|, where

" 0 Sl—lqs(n—H)
BV =3 (162)
s=1
and
—n+ E™(q) =1
EM(q) = { E™ () [ >1o0dd (163)

2E9(§) — EM™(§) 1> 1 even.

For the Taylor series of the theta functions, we use the well-known identity that expresses
them in terms of quasi-modular forms (see, eg. [CMZ18, Sec.8, Eqn(76)], or alternatively
observe that the theta functions that appear in the bilinear expressions of the holomorphic
blocks are exponentials of quadratic and linear forms in u; see for instance (111a)—(111b).
Yet alternatively (and this is the method that we will use below), when r and s are nonzero
integers with r odd and positive, we can use the identity

r+1 7‘271 75‘(”‘+1>

0(—q2a*q) = (1) = ¢ 5 27 2 (1 —2%)¢o(su)po(—su) (164)

whereas when r is odd and negative, we can use the g-difference equation (109) to bring it
to the cass of r odd and positive.

One last comment is that the descendant holomorphic blocks are in general meromorphic
functions of u. However, their bilinear combination that appears in the descendant state-
integrals is regular at u = 0.

We now give the details of the Taylor series expansion of Zy, ,, ,(u; 7) and of the descendant
holomorphic blocks for the 4; knot. Using the definition of J(z,y;¢) and (161a)—(161b), we
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find
An(e'30) = (1= &) Ha)20000) "ol 73 (e
= (g;0)2 (04" (@) + ual™(q) + 0<u2>) (165)
where
ag” () = G (a), (166a)
o™ () = T (qq_l‘ oy (L 2+ 2m EM(q)), (166D)
n=0 1/ ’ n
and
Bu(e*;q) = (1= e")(g; )% do(w)do(—u) Y GO P (—u)elm
n=0 n ! n
= —ulgs )% (4" (@) +u™ (@) + O(u?)) (167)
where
By (q) = G0 (a), (168a)
e nm 1 "
,3£m)(q) = T (qq_l =y (5 +n+m+ E§ )(q)) . (168Db)
n=0 1L/mn ’ n
We notice that .
B (@) — o™ (9) = — 3G (a). (169)
Similarly, using the definition of J(z,y;¢™!), we find
Am(e"q7") = (1= e")(q; 0)% b0 (1) do(—u)* Y @ q(q—l.q—l) ()l r2m
n=0 1E/n ! n
—u(g; )% (a5 () + ua™(g) + O(u?)) (170)
where
ay" (@) = G2, (q), (171a)
(m o —nm 1 "
" (q) = @ %q—l = (5 +n+2m+ B )(q)) , (171b)
n=0 v a/n ! n
and
w, —1 QZSO( i (n+m)
Bu(e":q7!) = 3 Z (e

—u (g q>;3 ( 3 ) + UB(’” @)+ o<u2>) (172
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where
By (q) = G°,(a), (173a)
=3 — L (4ot m— EM (). (173b)

— (G Dn(a7'¢7n

3

We also notice )
o) 3" (@) = 5GL(0). (174)

Applying these results to the right hand side of (129), we find the O(1/u) contributions
from (170) and (172) cancel, and the O(u") contributions reproduce exactly (69). Notice
that the /7 terms that appear in (69) come from expanding in terms of 27rbu and 2rb™! u
n (129).

As an application of the above computations, we obtain proof of a simplified formula for
the g-series G'(q) from (43b) which was found experimentally in [GZa.

Proposition 18. For |¢| < 1, we have:

. 0 . qn(n+1)/2
G'g) =) (~1)"———5(6n+1). (175)
— (¢:9)3
Proof. We first show that the definition (43b) can equally be written as
°° n(n+1)/2
Gl =Y (1 (1420 - 4B (9)). (176)
— (¢:9)
By definition
> s(n+1)
n 4q
B ()= = (177)
s=1
they satisfy the recursion relation
n n— q"
E{"(q) - B} W”:‘wa (178)
and therefore
EW(g) = EO(q) Z (179)

1—q¢

Using the identification Ey(q) = 1 — 4E" )(q), one can then easily show that (176) is the
same as (43b).
(175) follows from (176) thanks to the non-trivial identity
= n+ B
0 (G DnlaH¢7)n

=0, gl <1, (180)

n

which now we prove. The crucial fact we use is that when |¢| < 1, J(z,y;¢q) is symmetric
between x and y (see a proof in [BDP14]). Let us consider the following expansion in small
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u
. 1+nu einu - e "
e (¢;9) oo
; (g ; A
= 1- n—i—E(n) q))u
(g 0) ot B (D)w | 6,2, (181)

= (¢ @)n(a7 07 )n
Since J(e™" e%; q) = J(e*,e™"; q), the coefficient of u (and in fact, of any odd power of u) in
the expansion above vanishes, which leads to (180). O

As a second application, we demonstrate that Theorem 9, especially the identities (52),
(55), as well as the recursion relation (49), can be proved by taking the u = 0 limit of the
analogue identities in Theorem 16.

Using the expansion formulas of holomorphic blocks (165), (167), (170), (172), the Wron-
skians can be expanded as

0 (m) 0 —9/ . \—3
Wm(ew:( Gh(0) +ual(e) - Gula) + sl )(u @ 0 s)

G (a) ) Gla) +uB™ () 0 (¢:0)%)
(182)
W) = [ Cln(@+ud™ (@ G2 (@) +uB (o) <—u<q; Q% 0 )
e G201 (@) +ud™ ™ (g) G2, _1(q) +uB" TV (q) 0 2(g;9)3
(183)

Taking the determinant of (182), we find
det W, (e";q) = %det Win(q) + O(u) (184)

which together with the u-expansion of the right hand side of (136) leads to the determinant
identity (52). Furthermore, by substituting (182), (183) into the Wronskian relation (137),
the latter also reduces in the leading order to the determinant identity (52). On the other
hand, the Wronskian relation (54) is equivalent to

Win(q) =2 ((1) _01) (Winlg)™")" (_01 (1)) (185)

which can be proved directly by expressing the inverse matrix on the right hand side by
minors and determinant, using the explicit value of the determinant given by the identity
(52).

Finally, from the expression (166a),(168a) of the leading order coefficients ao ( ) Bom (q)
of A,.(e*;q), Bn(e*; q) in the expansion of u, one concludes that the recursion relation (49)
should be the u = 0 limit of the recursion relation (135) in m, and one can easily check it is
indeed the case.
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90(71(7—) Pos(T)

FIGURE 6. The singularities in the Borel plane for the series ¢, (7;7) with
7 = 1,2 of knot 41 where x is close to 1. The shortest vertical spacing between
singularities is 27i, and the horizontal spacing between neighboring singulari-
ties in each cluster is log x.

5.4. Stokes matrices near u = 0. In this section we conjecture a formula for the Stokes
matrices of the asymptotic series ¢(z;7). When we turn on the non-vanising deformation
parameter u, the resurgent structure discussed in Section 3.1 undergoes significant changes.
Compared to Figure 2 there are many more singular points in the Borel plane whose positions
depend on u in addition to 7, and the Stokes matrices also become u-dependent. However, if
we focus on the case when u is not far away from zero, equivalent to x not far away from 1,
the resurgent data is holomorphic in v and reduces to those in Section 3.1 in the u = 0 limit.
For instance, each singular point in Figure 2 splits to a cluster of neighoring singular points
separated with distance log x as shown in Figure 6. In particular, each singular point ¢; ; on
the real axis splits to a cluster of three, in accord with the off-diagonal entries £3 in (60),
and if we choose real x, the split singularities still lie on the real axis. As in Section 3.1, we
label the four regions separating singularities on real axis and all the others by I, II, I11,IV
(see Figure 7). In each of the four regions, we have the following the results.

Conjecture 19. The asymptotic series and the holomorphic blocks are related by (15) with
the diagonal matrix A(7) as in (132), where matrices Mg(x;q) are given in terms of the
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°s000 [ITT1} co0es

11 1

117 A%

ode0e [ITT1} eoede.

FIGURE 7. Four different sectors in the 7-plane for ®(u;7) of knot 4, with u
close to zero.

matrices W_q(z; q) as follows

1 0 0 1
-1 T —1771 0
Mll(x)q) :W—l(x 7Q) —.fl?_l 1) |Q| < 1a (186b)
1 T —fﬂ_l 0
Mz q) =Waalz™59) (1L, 1) jal > 1, (186c)
1 0 0 1
e = (5 O w0 b n) e s

The above conjecture completely determines the resurgent structure of ®(7). Indeed, it
implies that the Stokes matrices, defined in Equations (34) and (33), are explicitly given by:

0 -1 L 0
S*(z1q) = (x—l —1—:1;) Wi (g7 - Woawig)” (_1 . fx_l), lal < 1,
(187a)
. L -0
S (z59) = (g _xl> Woi(z5q) - Woa(a™hg™h)" (il _1>, lal < 1. (187b)

We remark that since s(®,)(x;7) for 0 = 1,2 transform under the reflection 7 : z +— z~!

uniformly by (210) (see the comment below), the Stokes matrices should be invariant under
7, and we have checked that (187a),(187b) indeed satisfy this consistency condition.



38 STAVROS GAROUFALIDIS, JIE GU, AND MARCOS MARINO

In the ¢ — 0 limit,

s@o- (3 7 ) swo- (Lt L)) asy

A curious corollary of our computation is that the matrices of integers (60) from [GH18, GZb]
which relates the asymptotics of the coefficients of ¢(7) to the coefficients themselves, spreads
out to the matrices (188) with entries in Z[z*!].

Using the unique factorization Lemma 8 and the Stokes matrix S from above, we can
compute the Stokes constants and the corresponding matrix S of Equation (36) to arbitrary
order in ¢, and we find that

8:1,01@; q) =ST(;¢)11 — 1
=(—2—27 207" =20 - 2")g+ (-3 -2 = 227" — 220 — 2%)¢" + O(¢°),

(189)
55, 0a(:4) =S*(2:0)10/S* (w3 @)1 — (SHD,w + 800, + 85 L™
=(3+272+ 207" + 22 + 2%)q
+ (A7 + a7 473 4 9072 4 1527 4 150 + 922 + 42° + 2h)g? + O(¢P),
(190)

Soor (30) =ST(259)2,1 /ST (5.9)1,1
=(-3—a2?—227" - 2r —2%)q
4 (=17 — 27 — 4273 — 9272 — 1527 — 152 — 92 — 4% — 2V)¢® + O(¢?),

(191)
Sapon(34) =57 (03 q)a2 = 1 = ST (23¢)125" (#5.0)21/S ™ (25 )11
=2+27 24+ 207 + 22+ 2%)q
+ (A7 + 2 + 4270 + 9272 + Mo~ + 1o + 92° + 42° + 2" + O(¢%).
(192)
They enjoy the symmetry
Saroa(®:0) = =8, 0, (30) (193)
and experimentally, it appears that the entries of the matrix S*(z; q) = (87, ,,(%; q)) (except
the upper-left one) are (up to a sign) in N[z*!][[¢g]]. Similarly we can extract the Stokes

constants S((Tfj;jk) associated to the singularities in the lower half plane, and assemble into

g~ '-series S;i’aj(x; g~ !). We find they are related to S;Z,’Uj (x;q) by
Sa_iﬂaj (l" q) = _S;_j,ai(x; q)v i 7é j
Soo(T0) =85, 0, (:9), S, 0,(59) =S5, 5 (239) . (194)

01,01 02,02 02,02 01,01

Let us now verify Conjecture 4. From (187a) we find that indeed

S*(w;q) =Wzl g7 - W) (195)



PEACOCK PATTERNS AND RESURGENCE IN COMPLEX CHERN-SIMONS THEORY 39

Using the recursion relation (153) and the relation between two Wronskians (156), we further

find

ST(x;9) = Wo(z™h¢7") - Wol(z: )" (196)
If we use the uniform notation for all holomorphic blocks
(Bi(%39))a=1,2 = (Ao(x; ), Bo(; q)), (197)

the right hand side of (196) reads
Wolz™5q7 1) - Wolz;q)" (Z B3 (¢'x;q) By, (qifcl;ql)) : (198)
,J=0,1

which is precisely the right hand side of (20) in Conjecture 4 following (19).' In addition, the
forms of the accompanying matrices on the left and on the right are such that the (1, 1) entry
of ST(x; q) equates exactly the DGG index with no magnetic flux. By explicit calculation,

ST(z;q)11 = J(z, 27 q) (v, 27 g7 + J(2 3 27 q) I (2%, w307 Y)

=1— 22+ +2+2+20H)g— (22 + 227+ 3+ 20+ 2)¢* + O(¢?),
(200)
which is the Ind}y (0, z; ¢) given in [BDP14].

5.5. The Borel resummations of the asymptotic series ®. In this section we ex-
plain how Conjecture 19 identifies the Borel resummations of the factorially divergent series
®(xz; 7) with the descendant state-integrals, thus lifting the Borel resummation to holomor-
phic functions on the cut-plane C’. This is interesting theoretically, but also practically in
the numerical computation of Borel resummations.

After multiplying the inverse of Mg(Z,G) from the left on both sides of (15), we can
also express the Borel sums sz(®)(z;7) in each region in terms of holomorphic functions of
7 € C\R as follows

Corollary 20. (of Conjecture 19) We have
-z 14z7!

@) = () @A), (201a)

511(®) (3 7) = (2 _""E 2> Wi a7 ((1) _01) A(r)B(x:q), (201b)

—T—Z

sm@(n) = () F)waean (o ) ansa. (201¢)

spv (@) (w;7) = (—Ox _1:5) Wi (2,4 ) A(T)B(a;q) - (201d)

!Note that because the form of the state integral in [BDP14] is slightly different from that in [AK14],
which we adopt, our convention for holomorphic blocks is also different from [BDP14]. As a result, the
entries of (198) equate the DGG indices computed in [BDP14| up to a prefactor

_ _ g rot / - P A= 4 .o
Wole™ 507 - Wolw;@)"),yy 4y = (—a"/2Y ' Ind§ (G — a7 259), 5 =0, 1. (199)

If we take this into account, Conjecture 4 should be modified slightly by stating the accompanying matrices
on the left and on the right are in GL(2,Z(x, ¢'/?)).
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where the right hand side of (201a)-(201d) are holomorphic functions of 7 € C’, as they are
linear combinations of the descendants (129).

The asymptotic series of the 4; knot have the symmetry (122) due to the fact that it is
an amphichiral knot. This gives a symmetry of the state-integral.

Proposition 21. (Assuming Conjecture 19) We have:

Zay(u;7) = 27, (7). (202)
Proof. The second line of (201a) indicates that in region /
Za, (u;T) = sp(Po)(x; 7). (203)

Recall the structure of ®o(z;7) from (120)

Vix yz(w))) 1 :
Oy (z;7) = ex - Vido(x, ya(z); 7). 204
i) = exp (G2 ) ol o)) (204)
Here /10y (2; 7) := Vidp(z, y2(2); 7) is an asymptotic series in 7 with v/idg,(2;0) = 1. The
coefficients of the series v/idw,(z; 7) are invariant under the transformation = +— 1/z (see for
instance (123); this is also true for v/idp: (z;7) = Vide(x, y1(2); 7)), and thus

s(Vidws)(1/x;7) = s(Vidws) (z; 7). (205)
On the other hand, from definition (121) of da(x) := d(x, y2(x)), it is clear that
So(1/z) = 2255 (). (206)
Finally, to study the behavior of Vo(z) := V (z,y2(x)) under the transformation x +— 1/, it
is convenient to do the change of variables y = z7! + ¢, so that the Equation (116) satisfied
by y becomes
l-(1—z—2HY+7*=0 (207)
which is manifestly invariant under this transformation, and thus 3(1/x) = g(x). Expressed
in terms of this variable

Va(e) = = Lia(—a"fa) = Lis(—7) = 3 — 5 log?(a7i ")
+log(1 + 27, ') log(—agy ") — log(1 + x72) log(—7s)
— %logQ(—l — gy ') + %bgz(—fﬂ‘1 — ) +2logzlog(—z™" — ), (208
and it has the property that
Vo(z™h) = Va(z) — 27ix (209)

This can be proven by differentiating both sides with respect to z, and reducing it to an
identity of rational functions on the curve S. Combining (205),(206),(209), we have

sp(®o)(z7h7) = 27t s (D) (23 7) (210)

which implies (202). We comment in the passing that the identity (210) is true for both
$(®12)(z;7) for any 7 € C whenever the asymptotic series is Borel summable.

Once we have established the identity (202) in region I, it can be extended to 7 € C’ by
the holomorphicity of (129). O
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5.6. Stokes matrices for real u. In Section 5.4 we only considered the resurgent structure
for x near 1, or equivalently, u = log z near 0. When x is arbitrary, the resurgent structure
of the vector ®,(z;7) could be very different. According to the Picard—Lefschetz theory (for
review, see for instance [Wit11]), when a set of asymptotic series originates from a (path)
integral, the Borel sum of each asymptotic series is the evaluation of the integral along a
Lefschetz thimble anchored to a critical point. In the x-plane, there are walls of marginal
stability which start from the roots to the discriminant (119) and which end at infinity.
When we cross such a Stokes line, Lefschetz thimbles jump leading to linear transformations
of the Borel summed asymptotic series. In this section we extend slightly the discussion
of Section 5.4 by considering the resurgent structure of ®,(x;7) for generic positive = (see
[BDP14] for a similar discussion in complex Chern-Simons theory). The positive real axis is
divided by the two real solutions to (119)

1
e = (3% V’5) (211)
to three intervals
(O,IL'_), (ZL'_,ZL‘+), <$+,OO). (212)
The middle interval is covered by Section 5.4, while the first (labeled by <) and third (labeled
by >) intervals are discussed below.

Poy(T) Py(7)

FIGURE 8. The singularities in the Borel plane for the series o, (u; 7) with
j = 1,2 of knot 4, for x = e*™* in the first or the third interval of the positive
axis.

First of all, we notice that the first and third intervals are related by the reflection x — 271
In fact, due to the property (205) of the asymptotic series, the Borel plane singularities for
®,(x;7) and ®,(z~';7) are identical, and we illustrate them uniformly in Figure 8. The
positions of singularities are still described by (14). However, the difference of action (V' (o1)—
V(o2))/(2mi) is now imaginary and it describes the vertical spacing between neighoring
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11 I
117 v

FIGURE 9. Four different sectors in the 7-plane for ®(u;7) of knot 4; with

x = ¥ in the first or the third interval of the positive axis.

singularities. The shortest horizontal spacing is logx. Finally all singularities are repeated
vertically by the spacing 2xi. Similar to the discussion in Section 5.4, we label in the 7-plane
by I,I1,111,IV the four sectors which separate the 12 singularities close to the real axis
and other singularities along the imaginary axis or away from the real axis, as in Figure 9.
In each of the four sectors, the Borel summed vector s%(@)(w; T) is a linear transformation
of the Borel summed vector sg(®)(z;7) in the middle interval, as per the Picard-Lefschetz
theory

s7(®)(2;7) = T () - sp(®) (23 7). (213)

It is most convenient to compute the transformation matrix T§ by comparing the left hand
side with the holomorphic lifts of sp(®P)(z;7) summarized in Corollary 20. By doing so, we
find in the first interval

7@ = (5 ). i@ - (1) 21)

(_xx (1)) TS (7) = (g D 215)

Tii (%)

while in the third interval

@ = (55 ]). ri@ - (L0 1) (216
i@ = (55 5). @ - (" 1) @17

They are indeed related by
Ti (%) =Tz (). (218)
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Once the linear combinations are known, the Stokes matrices can be computed using the
Stokes matrices in the middle interval given in Section 5.4

-1
Srp(w;q) = Ti(2)  Spop(ziq) - (Th(z)) (219)
We find
xz 0
G735 q) ( ) -Sro(zq) - (1 1) (220)
1 —x— 22 x + 22
S ( 2 1 4ot x2> (221)
1 _
S7rrov(7319) ( xx 0) “Srrrsv(T;q) - (g 1:1;) (222)
l+az !+ I
a0 =("TNE ), (223)
and thanks to (218),
GI<%—>R’ (ZL’; q) = 61>%—>R’ (x_l; Q). (224)

Note that &7;,,,;(z) and &7, (x) encode all the 12 singularities near the real axis
illustrated in Figure 9, as well as the Stokes constants associated to them. Furthermore, the
Stokes matrices also have the property

S7y (e hq) =67, (x59)", (225)
in accord with Conjecture 5.

5.7. Numerical verification. In this section we explain the numerical verification of Con-
jecture 19. This involves, on the one hand, a numerical computation of the asymptotics of
the holomorphic blocks and on the other hand, a numerical computation of the Borel re-
summation by the Laplace integral of a Padé approximation. Taking the two computations
into account, we found out numerically, integers appearing at two exponentially small scales,
namely ¢ and Z, and guessing these integers eventually led to Conjecture 19.

We found ample numerical evidence for the resurgent data (186a)—-(186d). First of all,
due to the symmetry & (z; —7) = —i®y(x;7), Po(x; —7) = i®1(x;7), the resurgent behavior
of s(®)(x;7) for 7 in the lower half-plane can be deduced from that for 7 in the upper
half-plane. We only have to numerically test the resurgent data for 7 in regions I, I in the
upper-half plane.

The first piece of evidence comes from analysing the radial asymptotics of the left hand
side of (15). Note that the matrix A(7) = diag(A,(7)) is always diagonal, and each row of
(15) is

A, (T)B(x;q) ZMR %, 0) 00 SR(Por) (5 7). (226)
If we take 7 = €*/k with the argument a depending on a ray in the region R and k a

very large integer, the difference between exp V(o)) associated to different critical points is
2miT

greatly magnified, and the right hand side of (226) is dominated by a single series. Further-
more, when 7 is in the upper (lower) half plane, ¢ (1/G) is exponentially suppressed and the
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fust
5

(A) Region I: 7= g55e

s7(®) (a7 sp(®) (a7 ~ ~
D -1 IASEs 1 )] )

oy 3.2x 1079 9.7 x 107%
oy 1.9x 107 5.2 x 1079

83 x 1073  0.05

(B) Region II: 7= e

srr(®)(z;T sr7(®)(x;7 ~ ~ _
s — 1 ’sii—&iEx;T% =1 gl @)

o 1.9x107% 5.2 x 1079
oy 3.2x107% 9.7 x 10766

8.3 x 1073 0.05

4mi

(c) Region III: 7= gse™ 5

s D) (z;T s D) (x;T ~ — ~
Ol | o BEn 1 ()1 (e, 1)

o 1.9x107™ 5.2 x 1079
oy 3.2x107% 9.7 x 10796

(D) Region IV: 7 = 1%

s D) (x;7 s D) (z;T ~ — ~ _
D | s -1 i@ i)

o1 32x107% 9.7 x 107
oy 1.9x107 5.2 x 107

8.3 x 10733 0.05

TABLE 1. Numerical tests of holomorphic lifts of Borel sums of asymptotic
series for knot 4;. We perform the Borel-Padé resummation on ®(z;7) with
280 terms at = 6/5 and 7 in four different regions, and compute the relative
difference between them and the right hand side of (201a)-(201d), which we
denote by Pgr(z;7). They are within the error margins of Borel-Padé resum-
mation, which are estimated by redo the resummation with 276 terms, denoted
by s (e) in the tables. The relative errors are much smaller than |¢g*!|, |75,
possible sources of additional corrections.

correction Mg(Z,q), . as a series in ¢ (1/4) is dominated by the leading term. (226) thus
becomes

V(&) + Wws
2riele

k— lOg(15($, y&)) + Z Sn(xa y&)eniak—n ) k> 17

n=1

A (T)B7 (35 q) ~ exp (
(227)

where w; is possible contribution from the leading term of Mg(Z, §),,s, and the series in k=1
is log ¢(x,ys; 7). As pointed out in [GZal, this equation can be tested numerically with the
help of Richardson transformations (see for instance [BO99]).
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Next, we can test (226) directly. One way of doing this is to compute Borel-Padé re-
summation sg(®,/)(z;7) for various values of z € R and 7 in the same region R, and by
comparing with the left hand side extract terms of Mg(Z, §), o order by order. To facilitate
this operation, instead of Mg(Z; ) we consider

~ . (0(=G?%;§)? 0 -
MR(xa Q) ( q 0 1 0( ql/Z C]) 1> MR(*%Q) (228>

whose entries are ¢-series with coefficients in Z[7*!] instead of in Z(Z). Using 280 terms of
®,(z;7), we find the results for 7 in the upper half plane

Mg = (° + (@2 + 2+ (2 + 23 1— (v +22+2%)qg— (v +2%)¢ 3
BD=\ @ g+ @ o) 1 @+ L a)g— (@ o)) T O
(229a)

~ o frx+ A+ t+r e+ 1+ 1—(z +a2)g— (v + 2~ )2
Mir(z;q) = < —1+(x+1+x_1)q({1— (m—l—x_l)qg 1—(:Jc+x_1)q (x4 271 ¢ +0(q")
(229h)

and they agree with (186a), (186b). Another more decisive way is to compute both sides of
(226) numerically assuming (186a), (186b) and compare them. Alternatively, we can compare
two sides of the equations of holomoprhic lift (201a), (201b). We find that the difference
between the two sides is always within the error margin of Borel-Paé resummation, and much
smaller than ¢*', 7*!, i.e. possible additional corrections We illustrate this comparison by
one example Wlth r=06/5and 7 = 5 Let m, 210 et in four regions in Table 1.

A final way to test these results is to see that in the x +— 1 limit, the resurgent data as well
as the Stokes matrices (187a)—(187b) are compatible with the results in section 3.1 where
x = 1. This is a non-trivial test since the matrix W_;(z=%;¢71) (|q| < 1) in (187a)—(187b) is
divergent in the limit z — 1.

6. THE 55 KNOT

6.1. Asymptotic series. Our second example that we discuss in detail will be the case of
the 55 knot. The state-integral for the 5, knot [AK14, Eqn.(39)| (after removing a prefactor
that depends on u alone)

Zs,(u; ) = / Dy(v) Pp (v + 1) Pp(v — u) e 2™ du . (230)
R0

After a change of variables u — u/(27b) (see Equation (2)) and v — v/(27b), it follows that

the integrand of Zs, (up; 7) has a leading term given by eV (%%)/™7) where
V(u,v) = Lig(—e") + Lig(—e""") + Liy(—e ") + (v)?. (231)
Taking derivative with respect to v gives the equation for the critical point
2v —log(1 +€”) —log(1 +e*™) —log(1 + e *") =0 (232)
which implies that x = €™ and y = —e?™" are points of the affine curve S given by

S:yP=(1-y)A-ay)(l-a""y) (233)
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and (u, v) are points of the exponentiated curve S* given by the above equation with (z,y) =
(e*, —e¥). Moreover,

V (u,v) = Lia(y) + Lis(zy) + Liz(z ™ y) + (log(—y))? (234)

is a holomorphic C/2727Z-valued function on the exponentiated curve S*. Note that when
u = 0, Equation (233) becomes (73).

The constant term of the asymptotic expansion is given by the Hessian of V(u,v) at a
critical point (u,v), and it is a rational function of x and y is given by

S(zy)=y—(Q+az+a )y +2y7°. (235)

Note that 0(z,y) = 0 on S if and only if = is a root of the discriminant of S with respect to
Y, 1.e.,

1 — 62+ 112% — 122° — 112* — 122° + 112° — 62" + 2® = 0. (236)

This happens at two points in the real line given approximately by =z =~ 0.235344 and
x ~ 4.24909. Moreover, when x is a root of (236), exactly two out of the three branches of
y = y(x) collide, and the corresponding branch point is simple.

Beyond the leading asymptotic expansion and its constant term, the asymptotic series has
the form ®(z,y; 7) where

V(u,v)

2miT

@(x,w):exp( >90(x,y;7), olo0i7) € e,y 07 2] (230

where § is given in (235) and v/i6 ¢(z,y; 0) = 1. In other words, the coefficient of every power
of 27iT in \/ggp(x,y; 7) is a rational function on S. There is a natural projection S — C*
given by (x,y) — x and we denote by y,(z) the choice of a local section (an algebraic
function of z), for 0 € P = {01, 09,03}. We denote the corresponding series p(z, y,(z);7)
simply by ¢, (x; 7). When x is close to 1, we order P so that oy, 09,03 correspond to small
deformations away from geometric, conjugate, and real connections at x = 1. Note for o3,
we only keep the real part of V. The power series \/ﬁgog(x; 7) can be computed by applying
Gaussian expansion on the state-integral (230), and one can compute up to 15 terms in a
few minutes. Let us write down the first few terms of p,(z;7)

Ty T 2 3 4 5 6
doli5) = 14 g1 (81 + 1125 — 7852 — 705 + 945" — 385° + 5s
+ (138 — 2545 + 127s% + 445 — 895" + 38s° — 5s°)y,
+ (135 = 101s — 115 4 617 = 335" + 55°)y2) + O(+%),  (239)
where
s=s(z)=a"+1+ux. (239)

On the other hand, if one sets x to numerical values, the power series can be computed to
200 terms.
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6.2. Holomorphic blocks. Motivated by the case of the 4, knot, we define the descendant
state-integral of the 55 knot by

Zsymu(u;7) = / Oy (v) Pp(v + u) Pp(v — u) e 2mivP H2m(mb—pb~ o (240)

D
for integers m and pu, which agrees with the Andersen-Kashaev invariant of the 55 knot when
m = p = 0. Here the contour D was introduced in (67). It is expressed in terms of three
descendant holomorphic blocks, which we denote by A,,, B,, and C,, instead of B,; for
j=1,2,3. For |q| # 1, An(x;q), Bm(z;q) and C,,(z;q) are given by

An(z;q) = H(z, 271, ¢™; q) (241a)
B(7;q) = 0(—¢"*x;q) 22 H (x, 2%, ¢"2%; q) (241b)
Con(r39) = 0(—q?2;q) 22" H(z " 272, ¢"a % q) (241c)

where H(x,y, z;¢%) := H*(z,y,2;q) for |¢) <1 and ¢ = + and

e qn(n+1)zn

= (¢; Q)n(q7; On(q¥; O)n (242a)

H* (2, y,2q) = (42 0)oo(q¥; @)oo

q%n(nJrl)x—ny—nzn

_ L 1 - _
Hozy,74)= (%5 @)oo (¥ @) 2 (=1 (@ Dng2™ 5 Onqy™5 On (2420)

n=0

Note that the summand of H* (a proper ¢-hypergeometric function) equals to that of H~
after replacing ¢ by ¢~!'. This implies that H* have a common annihilating ideal Zy with
respect to x, ¥y, z which can be computed as in the case of Lemma 15.

The next theorem expresses the descendant state-integrals bilinearly in terms of descendant
holomorphic blocks.

Theorem 22. (a) The descendant state-integral can be expressed in terms of the descendant
holomorphic blocks by

- Bmi | 5mi (- o
Ty (up; ) =(—1)mF1gm/ 2/ <e TR T A (1 9) A (E 7Y

i

+e_7+%(T+7_1)Bm(m; qQ)B_.(%;¢7") + e_%Jr%(T”_l)Cm(x; qQ)C_.(7; c]_l)>
(243)

(b) The functions A,,(z;q), Bn(x;q) and C,,(x;q) are holomorphic functions of |¢| # 1 and
meromorphic functions of € C* with poles in x € ¢% of order at most 2.
(c) Let
An(z;q)  Bm(ziq)  Cwlxiq)
Win(z;9) = | Amt1(z:9) B (z:9) Crga(wiq) (lgl # 1) (244)
Apmi2(2;q9)  Bmya(z39) Crga(w;q)
U3

For all integers m and p, state-integral Zs, ,, ,(u; 7) and the matrix-valued function

Wmu(“? T) = qu(@ (j_l)A(T)Wm(m; Q)T ) (245)
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where
e T ) 0 0
Alr) 0 ewBOTY g , (246)
0 0 e TR

are holomorphic functions of 7 € €’ and entire functions of u € C.

Proof. Part (a) follows by applying the residue theorem, just as in the proof of part (a) of
Theorem 14. A similar result was stated in [Dim15].

Part (b) follows from the fact that when |¢| < 1, the ratio test implies that H™ (x,y, 2; q) is
an entire function of (z,y, z) € C* and J~(x,¥, 2; q) is a meromorphic function of (z,y, z) €
C? x € with poles at z = ¢% and y € ¢Z.

For part (c), one uses parts (a) and (b) to deduce that W, ,(u; ) is holomorphic of 7 € C’
and meromorphic in u with possible poles of second order at ibZ + ib~!Z. An expansion at
these points, done by the method of Section 6.3, demonstrates that the function is analytic
at the points ibZ + ib=1Z. U

Note that the holomorphic blocks have the symmetry

An(z75q) = An(z19), Bu(z™'5q) = Cul(;q), (247)

which implies the symmetry of the matrix W,,(z; q)

1 00
Win(z™q) = Wi(z;9) [0 0 1 (248)
010
Consequently W, ,(u; ) is invariant under the reflection u — —u.
Lemma 23. (a) The annihilating ideal of Zp; of H* is given by
Iy =(yzSy — w28, + (2% — ay*)S. + (—2y + 2y” + 22 — y2), (249)
—2y?S2 + 28, + (v’ + 2y° — qu2)S. + (—y* — 2), —qyS,S. + S, — 1,
2SE 4+ (—x 4 qy + qry — ¢*y* — 2 — q2)Sy + qryS. + (x — qy — qzy + q2))
where S;, S, and S, are the shifts x to ¢z, y to qy and 2 to gz, respectively.
(b) When |g| < 1, we have
det ( H(z ' 2 'y, 2 %2q) H(y ™'y ',y ?20) )
cH(x ™t oty g a2z Hy Yy o, gy 2z
Hz,y, 2q7) = ( Y,4q q) yH(y 'y 'z,q 'y *zq) (250)

y0(—q 22, 9)0(—q 2y; Q)0(—q 22y~ 13 q)

Proof. Part (a) follows as in the proof of Lemma 15.
For part (b), observe that both sides of the equation are power series in z and g-holonomic
functions of z. Using the HF package, we find that the (i, j)-entry of the determinant is
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annihilated by the operator r;; given by
r1 = —yS: + (x +y+ay — ¢*2)S7 + (—x — 2 — ay)S. + 2°
ry = =25+ (x+y+ay — ¢*2)S7 + (—y —ay — y*)S. + ¢
ro1 = —yS> + (v +y + 2y — ¢2)S? + (—x — 2° — 2Y)S, + 2°
Tog = —aS> + (x +y + 2y — q2)S + (—y — vy — ¥°)S. + v,

whereas the left hand side of (250), after being multiplied by the denominator of the right
hand side, is annihilated by the operator

r=S4(-1—2z—y)S?+ (x +y+zy —q2)S, —zy. (251)

Using the commands DFiniteTimes and DFiniteTimes, we computed a 9th order operator
R (which is too long to type here) that annihilates the determinant, and using the command
OreReduce, we proved that it is a left multiple of . It follows that both sides of (250)
satisfy the same 9th order recursion with respect to z, with nonvanishing leading term.
Thus, the identity follows once we prove that the coefficient of z* in both sides agree, for
k=0,...,8 When |¢g| < 1, the coefficient of z* in H(x,y,2;q) (resp., H(x,y,2;q" ")) is in
(475 0)oo (05 )R, Y, @) (vesp., (7;9)2) (y;¢) Q(2,y, q)), and this implies that the equality
of the coefficient of 2* in the above identity reduces to an equality on the field Q(x,v,q)
of rational functions in three variables. The latter is easy to check for £ = 0,...,8. This
completes the proof of (250). O

The next theorem concerns the properties of the linear ¢-difference equations satisfied by
the descendant holomorphic blocks.

Theorem 24. (a) They are g-holonomic functions in the variables (m,z) with a common
annihilating ideal
Is, = (P, Py, Ps) (252)
where
Py =z(1 — ¢°2%)(1 — g2* — ¢°2% — ¢*T"2% + ¢®2*) — (1 — q2) (1 + gz) (1 — g2°)(1 — ¢°2°) S (253a)
—z(1 — qz)(1 4 qz)(1 — gz — qz® — 322 + ¢®2® + ¢*® — BT ™ad — 723 4 ¢fat — P28,
— Mt (1 — ga?)S?
Py =2 — Sy — xSz + q22 S5 Sm (253b)
Py=x(1—q¢'t™ —q2?) - (1 — T + 2 — gz + ¢®*T™2? — qz)Sm (253c)
+ (1 —qx?)82, + ¢ttt ™S, .
75, has rank 3 and the three functions form a basis of solutions of the corresponding system
of linear equations.
(b) As functions of an integer m, A,,(x;q), B (z;q) and C,,(x;q) form a basis of solutions
of the linear ¢-difference equation §52 (Sm>x, 4™, q) fum(x;q) = 0 for |g| # 1 where

Bs, (S, 2,¢™,q) = (1= S,)(1 — 28,)(1 — 271S,) — ¢*T"52, . (254)
(c) The Wronskian W,,(x; q) of (254), defined in (244), satisfies
det(Wn(z5q)) = —0(—q 22;9)20(—q 22%q)  (lal #1). (255)
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(d) The Wronskian satisfies the orthogonality relation

1 0 0
Woi(z;q) Woi(z;¢ )T =10 0 1 : (256)
01 z+at
It follows that for all integers m, ¢
Win(w; ) We(w; ¢~ )" € PSL(3, Z[g™, 2™]) (257)

e) As functions of x, they form a basis of a linear ¢-difference equation As Sy, 0™, q) frn(x5q) =
2
0 where

3
A52(Sxax7qm7Q) = ZC](‘x7qm7Q)S}Z7 (258)
=0
S, is the operator that shifts x to gz and

Co=—¢*Tm22(1 — ¢®2)(1 + ¢®2)(1 — ¢°2?) (259a)
C1=(1 - qz)(1 + qz)(1 — ¢°a?)x

(1 - qz — q2? — ¢*2% + @22 + P2 + 22 + P2® + Pat + Pt — B2) (259b)
C2 =qz(1 - ¢°x)(1 + ¢*x) (1 — gz”) x

(1 - ¢%z — ¢tz — a? — 2% + ¢*a® + ¢2® — PHa® — TP 4 ¢t — °2°) (259¢)
C3 =™zt (1 — q2)(1 + qz) (1 — qz?) (259d)

(f) The Wronskian of Equation (258)

Am(z3q)  Bm(ziq)  Cu(ziq)
Win(ziq) = | Anlqriq)  Bu(qriq) Culqriq) |, (lal # 1) (260)
An(@®v;9) Bn(d’z;q) Cn(d’z;q)

satisfies

det Wi (39) = 7 2"27°(1 = ¢?2?)(1 — ¢2?)(1 — ¢*2*)0(—q >x;q) *0(—q 22’ q). (261)
Proof. Since A,,(x;q), Bn(x;q), and C,,(z; q) are given in terms of g-proper hypergeometric
multisums, it follows from the fundamental theorem of Zeilberger [Zei90, WZ92, PWZ96]
(see also |[GL16]) that they are g-holonomic functions in both variables m and z. Part (a)
follows from an application of the HF package of Koutschan [Kou09, Koul0].

Part (b) follows from the HF package. The fact that they are a basis follows from (c).

For part (c), Equation (254) implies that the determinant of the Wronskian satisfies the

first order equation det(W,,11(z;¢q)) = det(W,,,(x;q)) (see [GK13, Lem.4.7]). It follows that
det(W,,(z; q)) = det(Wy(x; ¢)) with initial condition a function of x given by

det(Wo(z; ) = —0(—q 22;9) 20(—q 22%q)  (la| #1), (262)

which can be proved in a manner similar to section 5.2. Using Lemma 23 and the HF package
we find the following recursion relation for the g-function H(z,vy, z;q) when |¢| < 1

vyH(z,y,qz;q)— (z+y+ay—2)H(z,y, zq)+(1+z+y)H(z,y,¢ 2 9)+ H(z,y,q4 *2,q) = 0.
(263)
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It then follows that

Huwa(z0) = H(¢",¢", 2 9), (264)
Hyuvo(zq) =2 "H(g ", ¢" ", ¢ *zq), (265)
Houvz(z39) = 2"H(qg", ¢" ", ¢ % 2;q), (266)

are three independent solutions to
"7 H(qzq) = (" + ¢+ " = 2)H(zq) + (1+¢" +¢")H (¢ 2,9) + H(qg *2;9) = 0. (267)
The corresponding Wronskian

Huwi(0'2:0) Hupo(g'2:0) Hups(a ' 259)
Win(2:q) = Huwi1(2:q) Huv2(2:q) H,ns(z;9) (268)
HN:VJ(QZ; q) Hu7u,2(qz§ q) H,u,l/,?)(qz; q)

satisfies the recursion relation (see [GK13, Lem.4.7])
det W (219) = ¢ det Wy (g™ 219) (269)

which implies that the determinant of U(z;¢q) = 2***W, ,(z;¢q) is invariant under the shift
z +— qz. We can thus identify it with the limit z — 0, which is easy to compute. Since

lim H (2, y, 2, q) = (473 ¢)oo(9Y3 @), (270)
we have
i;n% det U(z;q)

H(¢",q¢",q 'zq) ¢"H(g ", ¢" " ¢ g 29) ¢"H(g",¢" ", q¢*qz""q)

=limdet { - H(g",q", 2 q) H(q ™", ¢" " q 2z q) H(q™,¢" ", q*2q)
’ H(g", e, qz;q) g PH(qg™",¢" " ¢ *qzq) ¢ H(qg™,¢"™, ¢ %qzq)
L ¢ ¢
=(99"; 0)oo (29”3 D)oo (207" )00 (00" ™" 1) 0o (007”5 @)oo (90" ™5 @)oo det 1 1M 1
gt g’

=¢ "1 —¢")1—-q¢")¢" —q")
X (49" 0)0(09"; @)oo (007" @) (90”5 )00 (0075 @) 0o (40" @) o0- (271)
We thus have

T det W (2:9) = — (0" 0)00 (007" 0)00(00”; €)oo (0773 @)oo (00" ™1 1) oo (¢ @)oo (272)

Using the substitution

=zt ¢=x z2=1 (273)
in the above equation and cancelling with the 6-prefactors of B,,(z; q) and C,,(z; ¢) we obtain
Equation (262) for |¢| < 1. The case for |g| > 1 can be obtained by analytic continuation on
both sides of (262).
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For part (d), Equation (256) follows from (250). To see this, let us introduce

—~ H<$>$_1,qm;q) $mH($,$2,qu2;q) «f_mH(x_l?I_z’qu_Q;q)
W(z;q) = | H(z, e gt ) 2™t H (x, 22, gz, q) x—m—lH(x—17 72 g2 q)
H(z, o7, "% q) o™ 2H(z, 22, ¢" 2% q) o 2H(z~", 272, ¢" 222, q)

(274)
Then Equation (256) can equally be written as
N 10 0 N 2 (1 0 0
Woieig)=[00 1 (W_l(x;q)_1> 0 22 0], (275)
01 o+at 0 0 a?

consisting of 9 scalar equations. Each of these equations is a specialization of (250), some-
times after applying the recursion relation (254).
Observe that Equation (254) written in matrix form, implies that

Wiii(z;9) =10 0 1 Win(z;q) (276)

where

s(zy=x+a ' +1. (277)

Equation (257) follows from (256) together with (276).

Part (e) follows from the HF package. The fact that they are a basis follows from (f).

For part (f), the first and third generators of the annihilating ideal (252), which an-
nihilate A,,(z;q), Bm(7;q), Cn(z;q) allow expressing A,,(qz;q), An(¢*r;q) in terms of
An(3q), Ams1 (75 q), Apya(z; ), and similarly for B,,(¢x;q), Con(¢’z;q) (j = 1,2). Tt fol-
lows that the Wronskian (260) and the Wronskian (244) are related

Win(7;q) = My (2; ) Win(7;q) (278)
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(Myn(259))11 =1, ( m (3 ))12 =0, (Mu(z;9)13=0,

(M (39))21 = (1= gt — ga?)

(M (;9))2,2 =q_1_ e 1 =g o+ (—g+ T - ga)
(M (239))23 = — ¢ "2 (1 — qa?)

(Mon(7;9))30 =¢ " "2 (14 (=g + )z = (¢ + ¢ + ¢°)a

(@4 gt — = 2gtm P g MR
@+ + )2t + (" = = T T T — P g
(Mn(2:0))32 = — "2 (1 —qz)(1 + q2) (1 + (1 — g+ ¢z + (-2 — ¢* + ¢**™)2”
=g+ @ — @+ =24 = g = T T P
H+2¢" =T =g = Mt 4 (¢ = 4 ) — )
(Min(23))33 =¢7 "2 (1 = qu) (1 + q2) (1 — gz — (¢ + ¢°)a*
H@® + gt =" = g2’ + gt — ¢Pa) (279)
After taking determinants on both sides, one finds that
det(Wi(239)) = —¢" "2 (1 — qu) (1 + qa) (1 — g2*)(1 — ¢*z*) det(Wi(w39))  (280)
This, together with (255) concludes the proof of (261). O

We now come to Conjecture 5 concerning a refinement of the A\-polynomial. As in Sec-
tion 5.2, we can use Theorems 22 and 24 to obtain explicit linear ¢-difference equations for
the descendant integrals with respect to the u and the m variables, and in doing so, we
will obtain a refinement of the A\—polynomial. To simplify Equation (129), let us define a
normalized version of the descendant state-integral

2 (W3T) = (=)™ g G g, (0T (281)
Our next theorem confirms Conjecture 5 for the 55 knot.

Theorem 25. 25, ,,, 1 (ub; 7) is a g-holonomic function of (m,w) with annihilator ideal Zs,
given in (252). As a function of u (resp., m) it is annihilated by the operators As,(S,, , ¢, q)
(resp., Bs,(Sm,x,q™,q)) given by (254) and (258), whose classical limit is

A\52(Sxax7qma 1) =
— (1 —2)*(1+ x)2<qu2 — (1 —2—2(1—¢™)a2* +22° + (1 + ¢™)2* — 2°)5, (282)
— (1 — (14 ¢™)x —22* +2(1 — ¢™)2® + 2* — 2°)5? — qu4S§> :

and

Bs, (S, ,¢™,1) = (1 = Sp)(1 — 25,)(1 — 271S,) — ¢S, (283)
As,(S,,2,1,1) is the A-polynomial of the knot, As, (S,,x,1,q) is the (homogencous part) of
the A-polynomial of the knot and Bs,(y, z, 1, 1) is the defining equation of the curve (233).
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6.3. Taylor series expansion at v = 0. In this section we discuss the Taylor expansion of
the descendant holomorphic blocks and descendant state-integral of the 55 knots at u = 0.
Using the definition of H(x,y, z;q) and (161a)—(161b), we find

An(e® qqiof%qm“m w)on(—u)
(a ™ (q) + u2ad™ (q) + O(u3)> (284)
where
ag™ (g) = Hy,(a), (285)
of"(g) = fj OB W) (286)
and

0 qn(n+1)+nm

= (1—e™) 2 (q:9)5200 (1) 2o(—u) 2D TG () (2u) 2
— (¢q)
= (q;0):2 (85" (0) + uB™ (@) + 265" (0) + O(?) (287)
where the coefficients satisfy
B (q) = Hif,(9), (288)
8" (q) = Hyf,(q). (289)
57(0) = S Hila) + 0§7(0) (290)

Similarly, using the definition of H(z,y,z;¢™'), we find

™) = L i
= —u (032 (A" (a) + 265" (g) + O(u*)) (291)
where
&y (q) = Hy_pn(a), (292)

(-reEle-8'w). e
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and

Cn(e™;¢7") = Bu(e";q7 ")

= (1 —e")(1 =) (g5 0)260(u)do(—u)* )

(_l)nq%n(n—l-l)—nm .

¢n (u) gn (zu)e(szrm)u

— (:9)3
= a0 (B (@) + B (@) + 2B (0) + O (204)
where the coefficients satisfy
Bo™ (@) = Hy _(9). (295)
B () = —Hy (@), (296)
B0) = SHs 0 + 357 (0) (297)
Applying these results to the right hand side of (243), as well as using the trick
o = 15 (TEala) — T E(@), (29)

we find the O(1/u?) and O(1/u) contributions from (291) and (294) cancel, and the O(u°)
contributions reproduce (103).

As an application of the above computations, we demonstrate that Theorem 11, especially
(91), (93), as well as the recursion relation (86), can be proved by taking the v = 0 limit of
the analogue identities in Theorem 24.

Using the expansion formulas of holomorphic blocks (284), (287), (291), (294), the Wron-
skians can be expanded as

(@ 9)% 0 0
> W) 0 u(g:q) 0 , (299)
j=0 0 u(q39)
N\ (e (a2 0 0
Win(e*;q7") = (Z Wm,j(Q)uJ> 0 (9% 0 (300)
=0 0 0 5(@:9)2%
where
m m m - ~(m+1 A(m+1 m+1
W) = a% 11 BJ: :; —1)]@5 :; (@), Wyle)= a%- :; QE 11 —wji 11 (9)
(301)
Note that a§-m) (q) = &(m)( ) =0 if j is odd. Taking the determinant of (299), we find
det W, (e"; q) = v ' (q; )22 det W,,,(¢) + O(u®) (302)

which together with the u-expansion of the right hand side of (255) leads to the determinant
identity (91). Furthermore, by substituting (299), (300) into the Wronskian relation (256),
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we find the left hand side reduces to

) 00 1 00 1
gW-ilg) [0 20 W_i(gH |0 1 0] +0(ub), (303)
100 100

which together with the u-expansion of the right hand side, leads in the leading order to
(92) for m = 1. The more general case follows from the identity of m = 1 by applying the
recursion relations (86) on the Wronskians.

Finally, from the expression (285),(288) of the leading order coefficients a\™ (¢), 8™ (q),
of An(e%;q), Bn(e*;q), Cn(e;q) in the expansion of u, one concludes that the recursion
relation (86) should be the w = 0 limit of the recursion relation (254) in m, and one can
easily check it is indeed the case.

Yoy (T) ()00'2(7—> @Ug(T)

eoogo0e eccccccee [IYTITYITY eceegecee

FIGURE 10. The singularities in the Borel plane for the series ¢, (u; 7) with
7 =1,2,3 of knot 55 where u is close to zero.

6.4. Stokes matrices near v = 0. In this section we give a conjecture for the Stokes
matrices of the asymptotic series p(z; 7).

We only consider the case when u is not far away from zero, or equivalently x not far
away from 1. To be more precise, we focus on real x and constrain x to be in the interval
containing 1 between the two real solutions to the discriminant (236). In this case, there
are mild changes to the resurgent structure discussed in Section 3.2. Each singular point
in Figure 4 splits to a cluster of neighboring singular points as shown in Figure 10. In
particular, each of the six singular points ¢; ; (i # j) splits to a cluster of neighboring three
separated from each other by logxz. We label the four regions separating singularities on
positive and negative real axis and the other singularities by I, 11,11, IV (see Figure 11).
In each of the four regions, we have the following the results.
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FIGURE 11. Four different sectors (and additional two auxiliary regions) in

the 7-plane for ®(u; 7) of knot 5, with u close to zero.
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Conjecture 26. The asymptotic series and the holomorphic blocks are related by (15) with
the diagonal matrix A(u) as in (246) where the matrices Mg(x;q) are given in terms of the

W_1(z; q) as follows

0 0
Mi(z;q) =Wy (z;9)" [ 1 —s()
0 1
0
Mir(z;q) =W (a7 Y )" | —s(z) 1

0 0
Miri(x;q) =W_i(z )" |1 1
1 0
0 0
Mﬂ/(.ﬁE;C]) :Wfl([ﬁ;q)T 1 1 O
0 1

and where s(x) is given in (277).

: lq| <1,
—1
01, lq <1,
0
, lq| > 1,
lq| > 1,

(304a)

(304b)

(304c)

(304d)

Just as in the case of the 4; knot, the above conjecture completely determines the resurgent

structure of ®(7).

Indeed, it implies that the Stokes matrices, given by Equations (34)
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and (33) are explicitly given by:

0 10 00 -1

SHzig)=( 0 1 1|W_i(z ¢ YWoi(z;)" (11 0 ], (305a)
-1 0 0 01 0
0 —s(z) 1 0o 0 -1

S (xz;9)=1| 0 T 0| Woi(z;gWoi(a ¢ HT [ —s(@) 1 0 (305Db)
-1 0 0 1 0 0

for |¢| < 1. Note that Equations (233), (234), (235), (238) imply that (one can also see this
from (230))

s(®,) (7Y 7) = 5(P,) (25 7) (306)

for any 7 € C whenever the asymptotic series is Borel summable. It follows that the Stokes
matrices must be invariant under the reflection 7 : x — x~!. Using the property (248)
of Wy, (z;q), it is easy to show that the Stokes matrices (305a),(305b) indeed satisfy this
consistency condition.

The g — 0 limit of the Stokes matrices factorizes

SJF(J;; 0) = Sos.01 <x>603,02 (37)601,02 (z)
1 00 1 0 0 1 s(z)+1 0
= 0 10 0O 1 0 0 1 0], (307)
—s(x) 0 1 0 s(x) 1 0 0 1
S™(x;0) = So1 .05 (37)602,03 (m)Gaz o1 (33)
1 0 s(z) 10 0 1 00
=|({01 0 0 1 —s(x) —s(z)—1 1 0}, (308)
00 1 00 1 0 01

where the non-vanishing off-diagonal entries of &, ,, () encode the Stokes constants asso-
ciated to the Borel singularities split from ¢; ;. Using the unique factorization Lemma 8 and
the Stokes matrix S from above, we can compute the Stokes constants and the corresponding
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matrix S of Equation (36) to arbitrary order in ¢, and we find that
S+ :S+<q)171 —1

=(—4—2?=-3z7 ' =3z —2)g+ (-1+a3 +a 2+ 22+ %) + O(¢®), (309a)
St =(@A—+a?+327" +32+2%)q

01,02

+(37 + 2t #5272 4+ 16272 + 302! + 30z + 162 + 5% + 21)¢® + O(¢%),  (309D)
SH o =g+ 1 +z+2)¢* +0(¢%), (309c¢)

01,03

St o =—@A+2?2+327 +3r+2%q

02,01

— (37 + a7 + 5273 + 16272 + 302" + 302 + 162 + 52° + 2V)¢® + O(¢%),  (309d)
St =(@d+a?+327" +3z+2%)q

02,02

+(37 4+ 27" + 5272 + 16272 + 302 + 30x + 162° + 52° + 2%)¢* + O(¢?), (309¢)
Sh oy =— (T+2272 + bz~ + 5z + 227)q
—(59 + 2274 + 10272 + 27272 + 4927 + 492 + 272° + 102° + 22%)¢* + O(¢?),
(309f)
Spror =—a— (L +a7" +2)¢ + O0(¢”) (309g)
St gy =(T+227% + 527" + 5 + 22%)q
+(59 + 2274 + 10272 + 27272 4+ 492 + 49z + 2727 + 102° + 22*)¢* + O(¢?),
(309h)
Sy o =0 (309i)

Note that the series S, and S, ,, are different, even though their first few terms are

02,02

coincidental. They differ in higher orders, as one can already see in the v = 0 limit in
Section 3.2. The matrix S satisfies the symmetry

S;;,O'j (x? q) = _S;;,u),0'¢(j> ($7 Q)7 Z 7é j? (310)
with (1) = 2,¢(2) = 1,¢(3) = 3, and they display the familiar feature that the entries of the
matrixS*(z; q) = (S, ,,(7;q)) (except the upper-left one) are (up to a sign) in N[z [[q]].
Similarly we can extract the Stokes constants S*“*) (k < 0) associated to the singularities

below ¢;; in the lower half plane and assemble into ¢ !-series Soiro; (w;¢7'). We find the
relation

Sso(T30) = —S;;m(x;q), i#j and S, (r;q) =+S/ (;q) . (311)

Tp(i)19 (i)

Let us now verify Conjecture 4 for the 55 knot. The same logic presented at the end of
Section 5.4 also holds here. From the form of the Stokes matrix (305a) as well as (276),(278),
we immediately conclude that

S*(x;q) = Wo(z ™l ¢7") - Wal(z: )" (312)
Using the uniform notation for all holomorphic blocks

(Bs, (73 9))a=123 = (Ao(z; q), Bo(; q), Co(; q)), (313)
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the right hand side of (312) reads?

Wolz™hq7) - Wol(z;q)" (Z Bs, (w39 B%(Q”I‘%Q*))
§,j=0,1,2
rot/ - . P nCogy
= (Ind52 (7 —1, q N x; q))i7j071’2, (315)
reproducing the right hand side of (20) in Conjecture 4. Furthermore, the forms of the
accompanying matrices on the left and on the right are such that the (1, 1) entry of S*(z; ¢q)
equates exactly the DGG index with no magnetic flux. By explicit calculation,
S+([B, Q)l,l :H($7 x - 1 Q)H( 7 Z, 17 q_l) + H(:U7 ':1327 xQ; Q)H($_17 x_Za ZL’_2; q_l)
+H(e™ o727 q) H (w, 2%, 2% q7)
=l— (2 +32 " +4+3x+2°)g+ @+ =1+ 2>+ 2°)¢ + O(¢%).
(316)
The right hand side of the first two lines in (316) is the formula for the DGG index given in
[BDP14].

6.5. The Borel resummations of the asymptotic series ®. As in the case of the 4,
knot, Conjecture 26 identifies the Borel resummations of the factorially divergent series
®(xz; 7) with the descendant state-integrals, thus lifting the Borel resummation to holomor-
phic functions on the cut-plane C'.

Corollary 27. (of Conjecture 26) We have
0 11

si(@) ()= 0 1 0 Woy(&q HAM)B(x;5q), (317a)
-1 0 0
0 10

si(®)(z;7)=| 0 1 1) Wy (275¢ HA(T)B(z;q), (317b)
-1 0 0
0 1 0

sr(®) () = 0 —s(z) 1| Woa(z7¢)A(T)B(x;q), (317¢)
-1 0 0
0 —s(@) 1

sy (®)(z;7) =1 0 1 0| W_i(%,q HA(T)B(x;9). (317d)
-1 0 0

where the right hand side of (317a)—(317d) are holomorphic functions of 7 € C’, as they are
linear combinations of the descendants (243).

2Note that if we compare with the DGG indices computed in [BDP14] we have to modify the last line in
(315) slightly due to different conventions for holomorphic blocks
—_ —_ B3(32-52) _3(i—i rot/ - R e ..
Wo(z™q7h) Wo(x;q)T)iH,jH = ¢2(T =77y 730 )Ind52t(] —i,q T atq), i,5=0,1,2. (314)
The right hand side of (20) should be modified accordingly. This however does not affect (21).
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i
2

(A) Region I: 7= fcel

sp(®)(x;7 sp(®)(x;T ~
|1( )( )_1| |1( )( )_1| |q(7_)|

Pr(z;7) s (®)(z;7)

|z (2, 7)

o 1.1x10738 1.1 x 10738
oy 2.2 x 1079 1.7x107% 1.9x 1071 0.042
o3 2.7 x 1078 2.5 x 10748

117i

(B) Region II: 7= {e 13

srr(®)(z;T srr(®)(z;T ~
| IIgI(I()w(ﬂ')) B 1‘ ‘S’jiECD;gx;T; - 1| ‘q(T)‘

o 2.2x107% 1.7 x 10792
oy 1.1 x10738 1.1x107%®  1.9x107%  0.042
o5 2.7 x 10748 2.5 x 10748

|z (2, 7)|

TABLE 2. Numerical tests of holomorphic lifts of Borel sums of asymptotic
series for knot 55. We perform the Borel-Padé resummation on ®(z;7) with
180 terms at © = 6/5 and 7 in regions I, I/, and compute the relative difference
between them and the right hand side of (317a)—(317b), which we denote by
Pr(x; 7). They are within the error margins of Borel-Padé resummation, which
are estimated by redo the resummation with 276 terms, denoted by s;(e) in
the tables. The relative errors are much smaller than |G|, |2%|, possible
sources of additional corrections.

6.6. Numerical verification. In this section we explain the numerical verification of Con-
jecture 26, which involves a richer resurgent structure than that of the 4; knot. We found
ample numerical evidence for the resurgent data (304a)—(304d). These numerical tests are
parallel to those performed for knot 4, so we will be sketchy here. Besides, we will mostly
focus on 7 in the upper half plane, while the lower half plane is similar.

The first test is the analysis of radial asymptotics of the left hand side of (226), which can
be easily done. The second test is to compute the Borel resummation sg(®’)(z;7) and by
comparing with the left hand side extract terms of Mg(Z, §), . order by order. To expediate
the operation of extraction, instead of Mg(Z;§) we consider

1 0 0
Mg(#;q) = [0 0(—g 2% q)* 0 Mg(%;q) (318)
0 0 0(—q"*7; 4)*

whose entries are ¢-series with coefficients in Z[7*!] instead of in Z(Z). Using 180 terms of
®,(z;7) at various values of z and 7, we find entries of M r;(x;q) up to O(g*) following
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results
Mi(w; ) =1 — (@7 4+ 2)g — (27" = 2+ 2)¢” + O(¢*),
Mf(x; o=—a " =+ @2 +2+2%) g+ (72 =20 +1-22+2%)¢ + O(¢),
Mi(w;qhs=—1+ (@' = 1+2)g+ (@' —2+2)¢" + 0(¢"),
My (x:q)aq =22 — (2° + 20q — (2° — 2°)> + O(¢%)
Mj(x; Qoo =—1 —2° + (2* + 22° + 2Y)g + (2® + 2° — 2* — 22°)¢* + O(¢?) ,
M;(739)25 = — =+ 2%q+ (2" — 2")¢* + O(¢*),
Mi(a3q)sa =a7* = (07 + 0 7%)g + (@77 —27*)¢ + 0(d").
MI@; Qo=—a —ax '+ (@t + 20+ g - 20+t -2 -2 )P + O(¢%),
Mi(z39)33 = —a ' +a2g— (a7 =272 + 0(¢?). (319)
and
MH(I; hai=—c—x '+ (@ +2+a g+ (2* - 20+ 120" +272)¢ + O(¢*),
Mn(x; ro=1—(@+2g—(z-2+2 "¢+ 0(F),
Miy(z;q)15=—14 (@ —1+27")g+ (x —2+27)¢* + O(¢*),
Mip(z;q)on = =2 =1+ (1420 + 27 )+ (1+27 =272 = 207)¢* + O(¢%)
Miy(w;q)20 =1 — (27 +272)g— (27 —27%)* + O(¢?),
MH(% Qrs=—z+q+(1—2%)¢+0("),
MH(LI?; Qz1=—1—a '+ (@ +22+1)g— (22° +2* — 2 — 1)¢* + O(¢°),
MH(I; Q)32 =1 — (22 + 1)q + (2° — 2)¢* + O(¢*),
MH(% Qsz=—2""+q— (" =1)¢* + O(¢%). (320)

They are in agreement with (304a),(304b). More decisively, we can compare the numerical
evaluation of both sides of the equations of holomorphic lifts (317a),(317b). We find the
relative difference between the two sides is always within the error margin of Borel-Padé
resummation, and much smaller than ¢!, z*!', possible sources of additional corrections.
We illustrate this by one example with x = 6/5 and 7 = %e%, %e% in regions [, ] in
Table 2. Finally we can test the resurgent data by checking that in the x + 1 limit the
Stokes matrices (305a), (305b) reduce properly to (95a), (95b). This is a non-trivial test as

W_i(z;¢7") (Jg| < 1) in (305a), (305b) itself diverges in the limit = +— 1.

7. ONE-DIMENSIONAL STATE-INTEGRALS AND THEIR DESCENDANTS

In a sense, the results of our paper are not about the asymptotics and resurgence of com-
plex Chern—Simons theory, but rather involve power series and g-difference equations that
arise from K,-Lagrangians (clearly advocated in Kontsevich’s talks [Kon20]), or from sym-
plectic matrices (advocated in [GZb, Sec.7|). The connection with complex Chern—Simons
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theory comes via ideal triangulations of a 3-manifold with torus boundary components, a
concept introduced by Thurston for the study of complete hyperbolic structures and their
deformations [Thu77|. The gluing equations of such triangulations are encoded by matrices
which are the upper half of a symplectic matrix (see Neumann-Zagier [NZ85]). The up-
per half of these symplectic matrices define state-integrals, as well as the asymptotic series
®(x;7) (this was the approach taken in [DG13|) and the 3D-index (see [DGG14]).

In this section we discuss briefly general one-dimensional state-integrals and their descen-
dants, and their asymptotic series. We will not aim for maximum generality, but instead
consider the one-dimensional state-integral

Zap(u,t;7) = /}R B (H

(bb(?) + 'LL])> efAﬁiszrZﬁivtd,U7 (321>
j=1

where u = (uy, ..., u,) € C" with |Imu;| < |Imcp| (this ensures that all poles of the integrand
are above the real axis), t € C and A and r integers with » > A > 0. (This ensures that the
integrand decays exponentially at infinity, hence the integral is absolutely convergent.) We

have already encountered two special cases in Equations (125) and (240):

4,: (A, r)=(1,2), (ur,u2) = (u,0), w= —2u, (322)
55 : (A, 1) =(2,3), (ug,us,uz) = (0,u,—u), w=0. (323)

We are interested in the descendants of Z defined by
2apmp(U,tT) = (1) TR G 2y (u, t — mib + pib T 7) (324)

for integers m and pu, where the extra factor was inserted to simplify the formulas below.
We will express the factorization of the state-integral (324) in terms of the auxiliary
function

1 C n én n n . n
Gar(y,20) = ——— > (=1)"q2" " [ (655 0) (325)
(¢ 9)o0 = P
for y = (y1,...,y,) and its specialization
1 1
b (2, w;q) = —Ga, (—x, ap g™ q) q (326)
Ty T
for x = (21, ...,x,) and its renormalization

B (z,w;q) = 0(—q " ar; q) T 0(—q Papw; q) 71 0(w; )b (2, w3 q) (327)
fork=1,...,r.

Theorem 28. (a) The descendant state-integral can be expressed in terms of the descendant
holomorphic blocks by
(U1 7) = By (8,03¢7) A(T) B, wiq),  (m,p € Z) (328)
where
1 -1
T = e27rbuj’ j'j — eZTrb uj, w = eQTrbt’ W= eQﬂb t' (329>

and o
A(r) = e THEEE (330)
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and B, (x,w;q) = (B,%)(x,w; q),-- .,B,(,:)(ac,w;q))T. Consider the matrix W,,(z,w;q) de-
fined by

BY (xwiq) ... BR(z,w;q)
Wi(z,w;q) = : E o
Bﬁqu(m’w?@ . Bgl-r—l(maw;(ﬁ

(b) The entries of W,,(z,w;q) are holomorphic functions of |g| # 1 and meromorphic func-
tions of (z,w) € (C*)" x C* with poles in x; € ¢% (for j = 1,...,r) and w € ¢% of order at
most 7.

(c¢) The columns of W,,(z,w;q) are a basis of solutions of the linear g-difference equation

-~

B(Sm,q", z,w,q) fm(x;q) =0 for |q| # 1 and m € Z where
k=1

In particular, m — 24 ,.m . (u,t;7) is annihilated by the operator B\(Sm, q", W, q).

Proof. For part (a), summing up all the residues of the integrand of (321) in the upper
half-plane as in [GK17|, we find that

r
ZA,r,m,p(“, t, 7_) — e—%—l—%ﬂicg—i-%ricbt Z e—AWi(uk—cb)Q—Qwiuktbgf) (LU, w; q)bgc) (5:7 ’lIJ, qv—l) (333)
k=1
T

= ¢ At EADEETONT BE) (4 w; q) BW (7, w;47Y) (334)
k=1

The last equation follows from (111a) (which takes care of e~ Am(#=®)*) and (111b) (which
takes care of the t-terms under the assumption that uit = ppu and t = pu for integers p and
Pr)

For part (b), note that G4,(y,2;q) is symmetric with respect to permutation of the
coordinates of y and that the specialization to y, = 1 is given by

s Ap(n+1) -l
nq2 n n
Gar(Y,2;q)y=1 = Z(—l)A WZ I_I(Q1+ Yi5 @)oo (lgl #1). (335)
n=0 v/ j=1

It follows that G 4. (y, 2;¢)|y.=1 is holomorphic for (y, z) € C"~! x {1} x C when |g| < 1 and
meromorphic in (y,z) € (C*)"! x {1} x C* with poles in y; € ¢~ for j = 1,...,r. Since
b (x,w;q) are expressed in terms of a specialization of G4, (v, 2; q)|y,=1, part (b) follows.

Part (c) follows from Equation (326) and the fact (proven by a standard creative telescop-
ing argument) that the function z — G, (y, z; q) is annihilated by the operator

r

[T - wL.) - (—¢)*=L2 (336)

where L, shifts z to gz. O
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