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ABSTRACT. We introduce the notion of modular g-holonomic modules whose fundamental
matrices define a cocycle with improved analyticity properties and show that the generalised
g-hypergeometric equation, as well as three key g-holonomic modules of complex Chern—
Simons theory are modular. This notion explains conceptually recent structural properties
of quantum invariants of knots and 3-manifolds, and of exact and perturbative Chern—
Simons theory [26, 27, 28, 37], and in addition provides an effective method to solve the
corresponding linear ¢-difference equations. An alternative title of our paper, emphasising
the equations rather than the modules, is:

‘ Modular linear g-difference equations
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1. INTRODUCTION

1.1. Summary. We introduce a new class of linear ¢-difference equations and (correspond-
ing g-holonomic modules) which we call modular, with several key features.

e Their fundamental solutions at 0 and infinity have explicitly computable monodromy.

e A natural SLy(Z)-cocycle constructed from a fundamental solution extends from C\R
to the complex plane minus a ray in the real numbers.

e Their fundamental solutions are meromorphic and their residues are expressed in
terms of the solutions themselves (kind of 'resurgence’).

Modular g-holonomic modules are abundant. We show that the generalised ¢g-hypergeometric
equation (11) (and in particular the g-hypergeometric equation) is modular and self-dual;
see Theorem 1.4 below. Among other things, this implies an improved analyticity for the
g-hypergeometric function
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(which a priori is a meromorphic function of 7 € C\ R) extends to 7 € C\ (—o0, 0]. We also
show that modular linear g-difference equations and the corresponding g-holonomic mod-
ules appear naturally in complex Chern-Simons theory. We illustrate with three examples
(Theorems 1.5, 1.6 and 1.7 below) whose corresponding cocycles are the Faddeev quantum
dilogarithm, the Appell-Lerch sums, and the Andersen—Kashaev state integrals of the 4,
knot.
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We expect that all proper (i.e., basic) ¢-hypergeometric modules are modular, and in par-
ticular the ones that appear in the quantum differential equation in Quantum Cohomology,
or the linear g-difference equation for the small J-function of Quantum K-Theory.

1.2. Motivation. In a recent talk [59, 60], Okounkov asked the question:
What does it take to solve a q-difference equation?

Solving a linear equation usually means giving a basis of solutions, say at ¢ = 0 and

= 00 (the only two canonical points, fixed under the shift transformation t + ¢t), and
to compute the monodromy (i.e., the connection) between ¢ = 0 and ¢t = oo in terms of
“known” functions. This problem has a rich history with an interesting balance between
concrete special functions and the abstract, which the reader may consult in Okounkov’s
talks and their references.

A key to the solution is to choose linear ¢-difference equations of natural origin, for instance
the ones appearing in quantum cohomology [61], in Kontsevich’s talks on resurgence [48], or
in quantum topology and Chern—Simons theory [25, 34].

Recently, it was observed that the solutions of some linear ¢-difference equations con-
cerning quantum knot invariants [36, 37| or resurgence and Borel resummation of pertur-
bative Chern—Simons theory [26, 27, 28|, have an improved analyticity property. Roughly
speaking, this means that some holomorphic functions on C \ R extend on the cut plane
C' = C\ (—o0,0]. This extension property has been formalised recently by Zagier as
holomorphic quantum modular forms [70]. This extends previous ideas around quantum
modularity [72] that appeared in Chern—Simons theory [11, 14, 43, 50].

Our attempt to understand the mechanism behind this property abstractly led us to the
notion of a modular ¢g-holonomic module. Quite by accident, this suggests an answer to the
question posed above, namely:

Modularity can solve effectively a q-difference equation.

1.3. Definition and properties. To explain the new concept, consider the linear ¢-difference
equation

oX =AX (3)
for a vector-valued function X = X(¢,q), where (6X)(t,q) = X(qt,q) denotes the shift
operator, A(t,q) € GL.(Q(t,q)) and ¢ is a nonzero complex number with |¢| # 1. Fix a
fundamental matrix solution U to (3) at ¢ = 0, which we assume is filtration-preserving and
of weight ky = diag(7"v1, ..., 7"0r) and define

Quy = (UleeU™, v =(2Y) € SLa(Z) (4)

where the slash operator |, is defined in Section 2.4 below. The map v — €y, is a cocycle
of SLy(Z), i.e., it satisfies

Qe (2,7) = Quy (V' (2, 7)) (2, 7) ()
for all ~,~/ G_SL2<Z). Likewise, let V' denote a filtration-preserving fundamental solution at

t = 0o, and M = V~'U denote the monodromy matrix (often called “connection matrix”).
The monodromy is always an elliptic function (i.e., o-invariant). If it satisfies the equation

M= Ay o(Mle,7),  v=(27) € SLa(Z) (6)
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for some v = (‘; Z) € SLy(Z) then the cocycle matrices associated to U and V' are equal:

Quy = Qv,y T = (‘é 3) € SLy(Z) . (7)

(The converse holds, too, and the equivalence of (7) and (6) holds for each fixed ). A priori,
Q, = Qu, = Qy, is a holomorphic function of 7 € C\ R and a meromorphic function of
z (with t = e(z)) with poles in a finite union of translates of the lattice Z + 7Z. For an
element v = (2%) € SLy(Z), we let C, denote the cut plane C \ (—oo, —d/d] (if ¢ > 0),
C\ [—d/c,00) (if ¢ < 0) and C\ R when ¢ = 0. The next definition concerns an improved
analytic property of €2,.

Definition 1.1. We say that a g-difference equation is modular if for all v € SLy(Z), its
cocycle €1, extends to a meromorphic function of (z,7) € € x C, with potential poles at
2 €5, + 7+ 77 for a finite set S,,.

We make several comments concerning this definition.

1. For a modular ¢-difference equation, the two sides of 7 € €\ R communicate: the restric-
tion of €2, on the one side of the plane Im(7) > 0 uniquely determines (and is determined
by) the function on the other side Im(7) < 0.

2. In a sense, our notion of modular linear ¢-difference equation is a g-analogue of the
second, third and fourth order modular linear differential equations studied by Kaneko,
Nagatomo, Zagier and others [4, 45, 46] in relation to Conformal Field Theory and Vertex
Operator Algebras. The characters of a VOA (under a mild Cs-condition) are solutions to
a modular linear differential equation [19, 73]. An alternative title of our paper could be
“Modular linear g-difference equations” in direct analogy with the modular linear differential
equations of CFTs and VOAs. On the other hand, the current title emphasises the “module”
aspect as opposed to the “equation aspect”.

3. Our notion explains conceptually the improved analyticity properties conjectured in
relation to the structure of exact and perturbative invariants of Chern—Simons theory [26,
27, 28, 36, 37], as well as the work of Gukov et al relating logarithmic CFTs and VOAs to
Chern—Simons theory [13].

4. Our notion leads to a different perspective on quantum Jacobi forms [10]. While the
matrix valued aspect is more general, the analytic conditions are much stricter. However,
many examples, with some refinements, are expected to fit into our definition.

5. Modular linear differential equations seem rare. On the other hand, modular linear ¢-
difference equations appear abundant: we conjecture (see the end of Section 1) that the
A—polynomial of a knot (i.e., the linear g-difference equation satisfied by the colored Jones
polynomial of a knot [34]) is a modular linear ¢-difference equation. This brings a new
perspective to the Jones polynomial of a knot.

6. The modularity of the monodromy for modular ¢g-holonomic modules is a restricted condi-
tion, which leads to the complete determination of the monodromy even when a fundamental
solution is defined by ¢-Borel resummation. This in turn completely determines the so-called
g-Stokes phenomenon coming from the change of the ray of the ¢g-Laplace transform.

7. The cocycle Q. as a function of a fundamental solution of a linear g-difference equation
appears new and different from the matrices considered in Etingof [22] that generate the
Galois group of the equation.
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8. The above definition involves all elements of SLy(Z), although it imposes no improved
extension when v5; = 0. The third part of the next theorem (under the hypothesis that
Qr = I which is satisfied in all of our examples), rephrases the modularity of Definition 1.1
in terms of g alone, where S = ([1) _01) and T' = ((1) %) of SLy(7Z) are the standard generators
of SLy(Z). Recall that €' = Cg = C \ (—o0,0].

Theorem 1.2. (a) If Equation (6) for the monodromy holds for v =S and v =T, then it
holds for all v € SLy(Z).

(b) If Q is an SLo(Z)-cocycle with Qp = I, then Qg satisfies the 4-term and the 3-term
functional equations

ey (_5, _1) Qs (—2,7) Qs (5, —%) Qs(z.7) (8a)

T T T
Qs(z,7) = Qs | ——, —— ) Qs(z, 7+ 1) (8b)
S\ T) = RS T4+1' 7+1 s\ T ’

Conversely, given Qpr = I and Qg that satisfies the above functional equations, there is a
SLo(7Z)-cocycle with those values.

(c) If Q is a cocycle such that Qp = I and Qg extends as a meromorphic function of (z,7) €
C x ', then Q. extends as a meromorphic function of (z,7) € C x C,, for all v € SLy(Z).

Note that with the assumptions of part (c) above, we have

z 1

i) = (227 () )
which is meromorphic on C x (C\R), in general does not extend any further; see for instance
the cocycle of Theorem 1.5 below.
9. Our final comment concerns the distinction between a linear g¢-difference equation to a
g-holonomic module. A linear g-difference equation leads to a pair (M, e) of a g-holonomic
module M over the ¢-Weyl algebra W = Q(q,t){(c)/(ct — qto) and a cyclic vector e of M.
The category M of g-holonomic modules is an abelian category, which admits a multivariable
extension closed under the usual operations on sheaves. For a detailed introduction, see [16]
and [65], and also [33]. Whereas D-modules over the Weyl algebra have only one dual (see
for example, [67, Sec.2.2]), modules over the ¢g-Weyl algebra have two duals M”" (the usual
Hom-dual as in the case of D-modules) and a dual M" coming from the involution ¢ — ¢~ 1,
discussed in Section 2.5 below. The next lemma summarises some categorical properties of
modular g-holonomic modules.

Lemma 1.3. (a) Modularity of a ¢g-holonomic module is independent of the choice of a cyclic
vector.

(b) If 0 - M’ — M — M" — 0 is a short exact sequence of g-holonomic modules and M is
modular, then M and M’ are also modular.

(¢) M is a modular, then M”" and M" are modular with cocycles given by

Oz, 7) = Qz, —7), and QY =(Q Y (10)

where €2 is a cocycle of M.
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1.4. The generalised ¢-hypergeometric equation is modular. Contrary to what one
might expect, modular ¢-holonomic modules are abundant. This section concerns the gen-
eralised ¢g-hypergeometric equation

(f[u —q 'bo) —t]J1 - aja>> f=0 (11)

J=0 Jj=1

for a function f = f(t,a,b,q) where a = (aq,...,a,) and b = (by, ..., b._1) with by = ¢, where
o is the operator that shifts ¢ to ¢t. This equation is a g-deformation of the hypergeometric
equation (a regular singular linear differential equations with singularities at 0,1, 00), itself
a generalisation of the Gauss hypergeometric equation. The hypergeometric equation has a
rich history related to, among other things, periods in algebraic geometry and in the Gauss-
Manin connection of the middle cohomology of the Dwork family of smooth hypersurfaces;
see for example [7, 47| and references therein.

The generalised ¢-hypergeometric equation (11) was introduced and studied by Heine, who
shows that this equation has a solution, analytic at ¢ = 0, given by the g-hypergeometric
series

- _ - (al;Q>k"'<ar;Q>k k
Proa(a:big,f) = ; (013 k- - - (br—1; Q)i (g; Q)kt ' (12)

The generalised g-hypergeometric equation and the g-hypergeometric series are classical ex-

amples of functions that appear in many areas of research, and for a comprehensive treat-

ment, we refer the reader to the book of Gasper—Rahman [38] and references therein.
Consider the matrices

U=w(W, flabr) 7f(qbi_ll))7 V= I/{/(g(afl)7 . f(afl)) (13)
where W denotes the Wronskian of r functions fi, ..., f., which is an r X r matrix defined
by W(fi,..., fr)ij = (0" f;) fori,5 =1,...,r and

0(q'b;t; q)
0(t; q)

for j=0,...,r —1 with By = 1 and, for 7 > 0,

Bj(a.b.q) = (H (a“”w@bz’l/bﬁq)m) n; 0% .

=1 (qai/by; @)oo (bi-1; @)oo q'bj;q)

f(qilbj)@? a,b,q) = Bj(a,b,q) r@r-1(qa/bs; qb/bj; ¢, 1) (14)

and

0(qta;t; q)

@)t a,b,q) = A;(a,b,

+¢r—1(qa;/b; qa;/a; q,qby ... be_ia;t ... a;lt_l) (16)
for j =1,...,r with

T

(a _ (¢; Q)go (ai;Q)OO(bifl/CLﬁQ)oo
M e L e 7
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The calculation of the monodromy is a classical result and follows from (38, Eq.(4.5.2)]. The
monodromy M (t,a,b,q) = V(t,a,b,q) " U(t,a,b, q) is given explicitly by

1 (q;9)3,6(b1t;9)0(a1 /b1t;q)0(a1;q) (9:9)3,6(br—1t;9)6(a1 /br—1t;9)6(a1;q)

0(t;q)0(a1t;q)0(b139)0(a1/brsq) "~ 0(t:9)0(a1t;9)0(br—159)0(a1/br—159)

., 1 (@59)5.0(bitiq)6(az/bitiq)0(az;q) (4:9)2,0(br—1t;9)0(a2 /b, _1t;:9)0(a2;q)
M(t,a,b,q) = 0(t:9)0(azt;q)0(b1;9)0(az/bisq) " 0(t;q)0(a2t;q)0(br—1;9)0(a2/br-1;9) . (18)

1 (@0)3.0(b1tiq)0(ar/bitiq)0(ariq) (4:9)2.0(br—1t;9)0(ar /br—1t:9)6(ar;q)

0(t;0)0(art;q)0(b1;9)0(ar /brsq) "~ 0(t:9)0(art;q)0(br—1;9)0(ar/br-1;9)

Then from the modularity of the Dedekind n-function and the Jacobi f-function the matrix M
satisfies the modular transformation (6) with weights ky = (0,1,...,1) and xky = (0,...,0).

When a, b are specialised at points where there are singularities, one can take coefficients
of the expansion around these points to define U, V.

Theorem 1.4 states that the generalised ¢-hypergeometric equation is modular. The the-
orem will also hold when we specialise the values of a,b. This is because the integral repre-
sentations of the cocycle will be regular at these specialisations and the factorisation of the
integral will similarly involve the expansion around these points as it will involve computation
of residues of higher order.

Theorem 1.4. The two cocycles (4) Qu and Qy are equal and modular.

The proof of the above theorem is given in Section 3 and uses an integral representation of
the solutions of Equation (11) in terms of a special function, the Faddeev quantum diloga-
rithm [23, 24], the factorisation of the corresponding integrals (so-called state integrals) as a
bilinear combination functions of z, 7 and (z/7, —1/7) along the lines of [30], combined with
an explicit description of the self-duality of the corresponding g-holonomic module. What
is more, the U and the V' cocycles are obtained by moving the contour of integration of
the state integral upwards or downwards, respectively, and this is one explanation of their
equality. We also remark that the above theorem is valid for » = 1, where the corresponding
cocycle is none other than a ratio of two Faddeev quantum dilogarithms.

1.5. Modular g-holonomic modules in Chern—Simons theory. In this section we
present three g-holonomic modules whose cocycles play a key role in complex Chern—Simons
theory and prove their modularity. We will not need a detailed knowledge of Chern—Simons
theory, but focus on the fact that it is a gauge theory with gauge group a complex Lie group,
whose partition function can be identified by a finite dimensional integrals of products of
the Faddeev quantum dilogarithm. A detailed exposition of Chern—Simons theory is given
in the work of Andersen—Kashaev and Beem, Dimofte and Pasquetti [3, 18, 5, 62]. The
quasi-periodicity of the Faddeev quantum dilogarithm implies that the partition function of
complex Chern—Simons theory satisfies a g-holonomic module of linear g-difference equations.
In the modular g-holonomic modules discussed below, we prove their modularity and at the
same time define and compute fundamental matrices U and V' of solutions algorithmically,
and give explicit formula for their monodromy. This is possible because of two key features,
namely:
(a) The fundamental matrices U and V' are meromorphic functions with explicit poles
and with residues expressed linearly in terms of U and V. This is some kind of
resurgence property and it is ultimately responsible for determining the monodromy.
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(b) The monodromy is uniquely determined by its elliptic property, the explicit poles
and principle parts, and its limiting values at t = 0 or ¢t = oco.

Our first module, the linear g-difference equation for the infinite Pochhammer symbol

(1 —qt)f(at.q) — f(t.q) =0, (19)

has trivial monodromy but its cocycle is a very interesting function, the Faddeev quantum
dilogarithm function which is the building block of the partition function of complex Chern—
Simons theory. With the definition of f(® and g™ given in Equations (156) and (161) below,
we define the fundamental matrices U(t,q) and V (¢, q) of solutions at ¢t = 0 and t = oo by

Ut,q) =W(fOt,q),  V(t.q)=W(g"(t.q), (20)

with equal weights k = 0. In our theorems below, we will use the terms “a g-holonomic
module is modular” and “its cocycle in modular” interchangeably.

Theorem 1.5. The monodromy matriz is M(t,q) = (1). The two cocycles (4) Qu and Qy
are equal, modular and when v =S, they are given explicitly by

iz db 1\
QS(Z,T) = (bb (E—FE—Fﬂ) (21)

where ® is the Faddeev quantum dilogarithm function [23, 24].

In forthcoming work [31], the cocycle ., will be identified with an SLy(Z)-extension of
the Faddeev quantum dilogarithm, and its modularity will be deduced independently, using
properties of the odd Eisenstein series.

Our second module is the g-difference equation of the Appell-Lerch sums studied in [9, 74]
and given by

f@*t.q) + (gt = 1) f(at,q) — tf(t,q) = 0. (22)
The cocycle of (22) is the Appell-Lerch sum, which is the building block for the extension
of the partition function of complex Chern—Simons theory that detects the trivial flat con-
nection, see [28]. In the above equation, some formal power series solutions are divergent,
and their g-Laplace resummation is expressed in terms of an Appell-Lerch sum that depends
on an additional elliptic variable. The monodromy of this equation is an explicit product
of theta functions that depends on two elliptic variables, but the cocycle is independent of
them, and is expressed explicitly in terms of the Mordell integral. Our results give a new
interpretation of the Mordell integral and Appell-Lerch sums emphasising the role of the lin-
ear ¢-difference equations as opposed to the aspects of modular forms advocated by Zwegers
in his thesis [74] and by Dabholkar-Murthy-Zagier [17] in the study of mock modular forms
and their incarnations in the mathematical physics of black holes.

With the definition of f(=1, f© ¢© and ¢!V given in Equations (175), (170), (177)
and (178) below, we define the fundamental matrices U(t, A, ¢) and V' (¢, i1, q) of solutions at
t=0andt= o0 by

Ut,Aq) =W(FON e, f 0 q), Vit =Wt ma),d"(tq),  (23)
with equal weights k = (0, 1).
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Theorem 1.6. (a) The monodromy matrix ]\7(1%, Ay q) =Vt u,q) tU(t, A, q) is given by

where ; 1 1 -

(¢;9)2.0(q ;)0 N " s )0 Nttt q)
_ OA1;q)0(; Q)ON1t1; )0(u— 1415 q)
The matriz M satisfies the modular transformation (6).

(b) The two cocycles (4) Qu and Qy are equal, modular, independent of X\ and v and when
v =29, are given explicitly by

1 0 -
Qg(z,7) = ((1) _17?) <e\(/g;) iite (;) h(z,7) e\(/é;)e <_(z+1/§;7/2)2>> ((1) _115) (26)

where
e7ri(‘ra:2+2iza:) J -
h = | —— da.
(2:7) /R 2 cosh(mx) v (27)

MQ,l(ta )‘7 M, q) = -

(25)

15 the Mordell integral.

Our third module is a linear g-difference equation associated to quantum invariants of the
simplest hyperbolic knot 4,

taf(at;q) + (1 —2t) f(t;q) +tq~ " f(q"'t;q) = 0. (28)
This equation, which is also related to the g-Hahn Bessel function, appeared in homogeneous
form in [27, Eqn.(11)]. With the definition of fC=9, f®) and ¢(®® and ¢(®V given in Equa-
tions (201), (205) and (209) below, we define the fundamental matrices U (¢, A, ¢) and V (¢, q)
of solutions at t = 0 and t = co by

Ut A q) =W (Ot ), fV),  V(ta) =W(g"(tq.9"(t.q),  (29)
and equal weights x = (1,0).

Theorem 1.7. (a) The monodromy matrix ]\7(1&, A q) =Vt q)U(t, A, q) is given by
_ 1 0
M(t,\q)=| — 30
( 7 (M2,1(t7)\7Q) 1) (30)
where
0(at; )0(tA; )0(tAg " )0 (tNq 1% )

O(tAq'/%; q)0(—tAq /% q)0 (A% q)0(—tA g4 q)0(q7 X q)0(q~3/2 s q)
(31)

M2,1<t7 A Q) =

The matriz M satisfies the modular transformations
Age M| T? =M, AgrsM|.STS =M, Aggr, M| .TST =M . (32)

It follows that the SLy(Z)-orbit of M consists of three functions M, AT7H]_\Z|HT, AS,KM],{S.
(b) The two cocycles (4) Qavwy and Qv , defined by the averaging

— — 1 — — —
AV(U) = VAV(M),  Av(M) = ¢ (M 4 Ap M| + AS,,;M|55) , (33)
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are equal, modular, independent of A and when v = S, they are given by elementary functions
times the state integrals

/ Dy (z)* exp (—miz® — 27b~ " 2z) da. (34)
R+ie

The above can be phrased by saying that M is modular on an index three subgroup I of
SLy(Z) (conjugate to the @ subgroup and to the congruence subgroup I'y(2) of SLy(Z)) and if
v € I'" then Qy, = Qy, is independent of A and modular. The corresponding state integrals
are defined in forthcoming work [31]. However, the modularity of the module follows from
Theorem 1.2.

The equation (28) has two important extensions, each containing important information
about the knot. The first extension is an inhomogeneous version, which for the 4; knot,
takes the form (see [37, Eqn.(98)] and [28, Sec.2.2])

taf(qt;q) + (1 —2t)f(t;q) +tq " f(g 't q) = 1. (35)

The solution f(® at t = 0 given in Equation (255) below is a resummation of the Kashaev
invariant of the 4; knot, whereas the solution g(*? given in Equation (258) below is a g¢-
series that appeared recently in [28] in relation to the asymptotic expansion of the Kashaev
invariant at the trivial representation. With those two solutions, we define the fundamental
matrices

U(t, A\, Aa, @) = WD (t, A, q), FEV( @), FOUt Mgy q))
V(t,q) = W(g"(q), gV (t,q),9"?(t,q)),

with equal weights k = (2,1,0). The monodromy matrix involves the Weierstrass elliptic
function p, a well-known function discussed in detail for example in [2].

(36)

Theorem 1.8. (a) The monodromy matriz M(t,Al,Az,q) =V(t,q) U (t, A1, Ao, q) is given

by
- - -1 0 /p(t,q/)
M(t, M, 9, 9) = | Maa(t, hyg) 1 oqp=o0ed (37)
0 0 1

where ]\22,1 is given by (31). The matriz M satisfies the modular transformations (32) with
weight k = (2,1,0).

(b) The two cocycles (4) Qavwy) and Qv are equal, modular, independent of A, Ay and when
v =298, they are given by combinations of elementary functions times the state integrals

exp (—miz? — 2nb~'2x)
P 2 dz . 38
/W ) Ty 7% exp (—2nb 1a) (38)

The second and last extension of equation (35) is the addition of an z-variable in C*,
which topologically measures the holonomy of the meridian of the knot, or the color of the
colored Jones polynomial, and behaves like a Jacobi variable. The new equations are now a
two variable holonomic system and take the form

taf(gt,z,q) + (1 — (7' +2)t) f(t,m,q) + tq ' flq 't aq) =1 (39a)
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(1—qz)(1—q '2®)f(t,qz,q)

(-1 + )@t -2~ (¢ + @t —a  + 27 2) f(t,2,q) (39b)
+(1—gz®) (1 = ¢ o) f(tg ", q) = (L+ 27 H)(1 - ga®)(1 — g~ 'a?),
(1 - I‘q)(f(t, qva) - x_lf(qta qr, Q)) = (1 - SU_I)(f(t,:C, Q> - qz:f(qt,x, q)) : (39C)

This is not a random system of equations, instead they are the defining equations of the

descendant colored Jones polynomial of the 4; knot, and appeared explicitly in [28, Eqn.(97)].
This is a g-holonomic module of rank 3, with fundamental solutions fU)(t,z,q) for j =
—1,0,1 at t = 0 and ¢®*)(¢,z,q) for j = —1,0,1 at t = oo defined in Equations (283),
(290) and (291). With these solutions we can define the fundamental matrices with respect
to the shift in ¢ as

U(ta xz, >\17 )\27 q) = W(f(1)<t7 xZ, )\17 Q)a f(il)(ta z, Q>7 f(0)<t7 Z, )\27 Q)) 9
V(t.z,q) = W(g" (t,2,q), " (t.2,q), gV (¢, 2,9)),

with weights ky = (0, 1,0) and ky = (1,1,0). The next theorem gives the properties of this
monodromy.

(40)

Theorem 1.9. (a) The monodromy matriz is given by

R 1 -1 0
M(t,x,)\l,/\g,q): -1 -1 0| x

0 0 1
0(z=%9)0(t:9)*(4:9)3 0 0(z=%9)0(t:9)* (4:9)5 (41)
20(q~ " w;9)0(tw;9)0(tz~15q) 20(q~ ' w;9)0(tw;q)0(te~15q)

0'(ths)  O(tx)  O(tzl) 0 (M) 1
ma1(t,x, A1, q) 1 (G(t)\;) T 20(tw)  20(tz—1) 9(A22) - E)

0 0 1

where ma 1 (t, x, A1, q) is the unique elliptic function in t satisfying ma1(1,x, A1, q) = 0 with

simple poles at tg € {a%q%, £A"q2%} and residues py, = Resyyymaq (t, 2, A, Q)5 given by

1
Patqz = DN
0PN )0 a q)0(£q 3 2 q)0(£q 3 M q)
Paritqin = 20(x;q)0(z~1; 0)0(q A1; q)0(q 32 A3 q) (42)
OGN 0(q s q)0(£q 3 a; q)0 (g A5 q)
Paastarons = 20(x;q)0(z~1; 0)0(q~ /215 q)0(q A3 q)

The monodromy satisfies the following modular transformations
Ag2 e, M T* = M,  Agrgp, M|, STS =M,  Aggre, M|, TST =M.  (43)

(b) The two cocycles (4) Qavwy and Qv are equal, modular, independent of A1, Ay and when
v =29, they are given by combinations of elementary functions times the state integrals

—rmig? — 2mwb~!
/CIJb(x—l—ibu)(I)b(:E—ibu)eXp( e b 2w)

44
c 1+ ¢"/?exp (—2nb~1x) (44)
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An explicit formula for the function my; is given in Equation (296) below.

The next theorem identifies the function f(¢,x, \;,q) with the ¢-Borel resummation of
the descendant of the colored Jones polynomial, and provides a lift of the colored Jones
polynomial (as a function of N and ¢) to an analytic function of z and ¢. Its extension to
all knots will be discussed in forthcoming work.

Theorem 1.10. The N-th colored Jones polynomial Jy(q) of 41 for |q| < 1 is given by

In(g) = FO1,¢%, X, q) . (45)

Note that there is no Ay dependence on the left hand side of (45) and that Ay parametrises

a family of analytic continuations of the colored Jones polynomial as we vary x away from

q~.

The cocycles given in the previous theorems reveal the relation of the following three
special functions (all being entries of a matrix-valued S-cocycle of a modular g¢-difference
equation)

(a) the Fadeev quantum dilogarithm
(b) the Mordell integral
(c) the Andersen-Kashaev state integral.

We end this section with some comments regarding modular g-holonomic modules. It is
not obvious that g-holonomic modules exist or occur naturally. Yet, they are abundant, for
instance all proper ¢g-hypergeometric multidimensional sums are g-holonomic; see Zeilberger—
Wilf [69]. A detailed introduction of g-holonomic modules and their functional and closure
properties can be found in [33, 49, 63].

Regarding the occurence of g-holonomic modules, they are often given in the form M; =
W f where f : Z" — Q(q) is a quantum invariant. For instance, if f denotes the colored Jones
polynomial of a link (colored with an arbitrary representation of a fixed simple Lie group),
or the colored HOMFLY-PT polynomial of a link (colored by arbitrary partitions with a
fixed number of rows or columns), the corresponding modules M; are g-holonomic; see [34]
and [32]. In addition, the special ¢g-hypergeometric sums (so-called Nahm sums) studied
in [37, Sec.4.7] that depend on the upper-half of a symplectic matrix, are g-holonomic.
Moreover, the linear g-difference equations in quantum cohomology or in quantum K-theory
are often (and perhaps always?) specialisations of g-hypergeometric series; see [61, 35, 44,
68]. Finally, the ¢-GKZ modules of Gelfand—Kapranov—Zelevinsky [39, 40, 41] which are
constructed by combinatorial data (a matrix of integers) together with some “charge vectors”
are g-holonomic.

The above discussion leads naturally to the following conjecture.

Conjecture 1.11. Every g¢-holonomic module associated to a proper ¢-hypergeometric
multi-dimensional sum is modular.

2. A REVIEW OF LINEAR g-DIFFERENCE EQUATIONS

2.1. Preliminaries. It is well-known that formal power series solutions to linear difference
equations with a small parameter are typically factorially divergent series, which lead to
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analytic solutions to the difference equation after applying the process of a Borel transfor-
mation, followed by a Laplace transformation. This subject is classical and well-studied, see
for example [6, 15, 52, 53].

A corresponding theory for linear g-difference equations was developed recently by di Vizio,
Sauloy, Ramis and others [20, 42, 64], with particular emphasis given on the arithmetic
and the Galois theoretic aspects of the theory. A g-holonomic module has two canonical
filtrations, one from ¢t = 0 and another from ¢ = oco. These filtrations can be computed
concretely choosing a cyclic vector which converts the g-holonomic module into a linear
g-difference equation.

To explain the solutions of linear g-difference equations, let us recall the Jacobi theta
function which is given by a one dimensional lattice sum, and by an infinite product (known
as the Jacobi triple product identity) by

0(t:q) = Y (= 1)Fq" 25 = (gt @)oo (75 0)oo (45 @)oo - (46)
ke
From the above representation, it is easy to see that it satisfies the functional equations
0(t™"1q) = 0(q't:q) = —t0(t: ) (47)
which imply that
0(d't:q) = (—1)'q V20t g),  (C€Z). (48)
The Jacobi theta function is modular. Its transformation under the element S of SLy(7Z) is
given by
2
0(t:0) = e(-3/8)e (3 ) -0t HT0(Ea), (49)
T
The derivative of 6 with respect to td/dt = 1/(2mi)d/dz,
0'(t;q) = > (1) kg" D2k (50)
k
satisfies the ¢-difference equation
0(q't;q)  O(t;q)
0(q't;q)  0(t:q)
It has transformation under the element S of SLy(Z) given by

0'(t;q) o 19’(5; Q) _ 0t 2 1 1
6tg) T T Oltg) r 2 2 (52)

0. (51)

2.2. An algorithm for a fundamental matrix. In this section we review an algorithm to
obtain a fundamental matrix solution to a g-holonomic module given by Dreyfus [20] using
the g-Borel and the g-Laplace transform. Let us describe the main steps here.

e Choose a cyclic vector to present a g-holonomic module in the form of a linear g-difference
equation

T

Z a;ol f =0 (53)

=0
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where f = f(t,q), (6 f)(t,q) = f(qt,q) and a;(t,q) € Q(q)[t*"], with a, # 0. The rest of the
algorithm depends on (53) alone.

e The lower Newton polygon of (53) is the lower convex hull of the points (j,v(a;)) for
j = 0,...,7r, where vy(p) denotes the minimum t-exponent of a Laurent polynomial p(t)
(with the convention that vy(0) = o0). The boundary of the lower Newton polygon is a
finite sequence of edges with increasing slopes.

e For each edge of the lower Newton polygon, we replace our function by a ratio of theta
functions times a new function, so that the corresponding edge is now horizontal, and then
apply the Frobenius method to get t-formal power series solutions, once for each root of the
indicial polynomial of the edge. If x is the slope of the edge and an integer, the solutions
have the form

0(t; q) Zak )tk blo” t)q) (54)

where p is determined by the roots of the 1ndlc1a1 polynomial of the edge. A special feature
in the equations that we study is that the roots of the indicial polynomials are roots of unity
times a fractional power of ¢ times a monomial in any additional variables.

e If a solution is not convergent at ¢t = 0, apply a ¢-Borel transform, followed by an iterated
g-Laplace transform (defined below), to construct a fundamental matrix U(¢, q) of analytic
solutions at t = 0. The ¢-Borel and ¢-Laplace transforms preserve linear g-difference equa-
tions and change their Newton polygons by an affine linear transformation.

e Repeat the above steps using the upper Newton polygon of (53), that is the upper convex
hull of the points (j,v(a;)) for j =0, ..., 7, where v, (p) denotes the maximum ¢-exponent
of a Laurent polynomial p(t) (with the convention that v, (0) = —00). Call the corresponding
fundamental matrix V' (¢, q).

The ratio M = V71U is a matrix of elliptic functions. These functions depend on addi-
tional elliptic parameters that come from the g-Laplace transform, a feature of ¢-difference
equations which is absent in the world of linear differential equations. The connection prob-
lem, i.e., the determination of this matrix, is largely unsolved, with partial success for the
case of many ¢-hypergeometric difference equations; see Ohyama, Morita [55, 56, 57, 58].

2.3. The ¢-Borel and the ¢-Laplace transforms. We now recall the ¢-Borel transform
B, (for a rational number k) defined by

Bn (Z CL(t) 5 q Z € H( €+1)/2a gﬁ (55)
=0

=0

Its role is to convert divergent series, e.g., of the form ) ,°, g *HFD 20,4 (where ay is
bounded and k > 0) to convergent ones at £ = 0.

An inverse of the g-Borel transform is the ¢-Laplace transform, whose role is to construct
analytic solutions to the linear g¢-difference equation with prescribed asymptotics. It is
defined for k > 0 by

1
0(\; ¢*)

1Y N F (g (q"' Xt q £6
Z( )'q t,q) Z o (56)

NZ)\
LET LET q

Lo(N)E A q) =
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and for k < 0, by

Lal0)(t0) = 16000/ ) e

The ¢-Laplace transform for positive x is more common, however, in the computation of the
monodromy of the 4; knot, we will use k < 0, following analogous computations of Morita
[54].

In some sense, the two tranformations are inverse to each other. More precisely, for all
and all natural numbers n, we have

(57)

LB (t")(t, A\, q) =1t". (58)
(Interestingly, the right hand side is independent of \.) Indeed, for k > 0, we have
1
LBut") = iy D (1) g X (1) g e

’ Le7,

_ 1 l+n  k(l+n)(l4+n+1)/2 \l+nyn
’ 2/
1

— -1 ¢ ﬁf(€+1)/2)\€tn —

e o

A similar calculation using the residue theorem shows (58) for k < 0. More generally, the
fact solutions constructed by Borel transforms followed by iterated Laplace transforms are
asymptotic to the original formal power series is known in the literature as Watson’s lemma,
a modern proof of which may be found for instance in Miller [52, p. 53, Prop. 2.1]. An
analogous lemma holds for the g-case, see [20, Prop.2.9].

By its very definition, £, for £ > 0 depends on the variable A in an elliptic way

Lo(f)(t, "N q) = Le(f)(E A q) (60)

whereas L, for k < 0 does not involve a variable A\. The next lemma, whose proof follows
from an elementary application of the residue theorem, concerns the dependence of the
g-Laplace transform on the auxiliary variable A\, and may be of independent interest.

Lemma 2.1. Assuming that

lim [(€, )0 A6 q) dE
=0 Jigmer 0§~ )0(ENT1; q) 2mig
where € avoids the poles of the integrand we have

Li(f)(E A q) = Lu(F)(E, 1, q)
O\ q)2 L) O\ T
( _f 9)(q;9)% S Resc, f(f_?)_l( It ~ é; 1(1) o (62)
0N q)6(ks q) O(EAT " q)0(Eu"t "5 q)
Note that the assumption on f is mild since as t approaches 0 or co bounded away from

the poles, the quotient of 8’s approaches 0. Note also that the lemma can be extended to
the case of L, for k > 0 by substituting ¢ — ¢" except in the argument of f.

(61)

z€poles of f
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Proof. We compute

B [t 8(n'"X\""'¢q) d
0= 2 Rescg oo, >2m‘£

B f(E 0" A" q) f(Et, @0~ \""Eq) dS
2 RS T N ) 2m£ *ZR@ G q)IEN Liq) 2miE

F(et.)0(n Sy RTINS
t2 RS e et g) e

= S (—1)Eg /2)\kf(61 At q)0(p": q) (1 k(k+1)/21ukf((]k,ut L)O(N 1 q) (63
K

z€poles of f

O o) a4 ! O(uA 5 9) (4 9%

FlEL Q0N q) de
L e GG i) 2

O 9)0(Nq) 0(u; )N "5 q)
C (N 9) (g2 LN+ G(M‘l;Q)(q;Q)Z’oﬁl(f)(t’M’ ?

F& Q0 A q)  dg
+ Z Rese¢ ,x f,u_lt L. )9(5)\—175—1;(1) 27?2'5'.

zepoles of f

z€polesof f

O

This type of residue formula for the Laplace transform is similar to the definition of the
Laplace transform for k < 0. We can find a similar expression for a single Laplace transform
using a special function. The Appell-Lerch sum will be studied later in Section 4.2 but we

will define it here.
k(k+1)/2 \k

(
L(t, N\, q) = 9()1 7 ;(—1)kﬁ~ (64)

Using this we have the following integral expression for the Laplace transform for x > 0.

Lemma 2.2. For x > 0, we have

df

)t A, wLETIATUN, @) f(EX,
kEZ
Deforming the contour and the residue theorem give the following lemma.
Lemma 2.3. Assuming that
dg
li LETNTUN ) f(EM =0 66
li LA 0 (66)
where € avoids the poles of the integrand we have
dg
_ -1
(Leh)tA) == D La™'tAqResef (6, )5 (67)

z€polesof f
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Notice that all the dependence on ¢ and A is now in the arguments of the Appell-Lerch
sums. This illustrates the important role the residues of the Borel transform play in the
resummation. An application of this lemma leads to the following remarkable formula.

Corollary 2.4.
FUE N ) 1q) Y (L@ P00, ¢ )Ry (k, q) + L(=¢/**2t, 0, ¢"*)R_(k, q))
k=0
(68)
where f() is given in Equation (205) and R is given in Equation (235).

2.4. The slash operator and proof of Theorem 1.2. In this section we recall the slash
operator, an important ingredient to express modularity. We will use the usual conventions
for the modular ¢ = e(7) and the Jacobi t = e(z), \; = e(w;), p; = e(v;), x = e(w) variables,
ie, q=e(—1/7), t = e(z/7) and e(z) = €*"**. Now recall the slash operator fl|.y (see,
eg. [12, p.13] and [21]) for v = (¢ }) € SLy(Z) acting on a function f(z,7) by

—K - z at +b
()en) = er ) o), 0= (g Do) )
This action can be extended to a matrix-valued function F'(z, 7) of weight k = diag(ky, . .., k)
by
(F[x7)(2,7) = F(y(z, 7))diag((cT +d) ™). (70)
This extension satisfies / )
F K k) = F K
(Elen)ey" = Fleyy (1)

(FG)|,€’)/ = (F|m7)A7(G|H7)
for matrix-valued functions F' and G and for 7,7’ € SLy(Z) where A, (1) = diag((cr + d)*).
We can extend these definitions to include half integral weight using a multiplier system as
done for the Dedekind n-function. In all our examples the relative weights x; —k; are integers
and the absolute weights are either always integers, or always half-integers. Our choice of
absolute weight depends on the normalisation of our solutions, and multiplying them by
n-functions leads to a shift of the absolute weights by half-integers, but has no effect on the
modularity of the linear g-difference equation.
Recall the cocycle Q. from Equation (4), and the corresponding cocycle Q.. If the
monodromy matrix M = V~!U satisfies Equation (6), it follows that the cocycle matrices
associated to U and V are equal:

Quy = (VMey)(VM) ™ = (Vlﬁﬂ) vy (M) (VM) ™!
= (VI ) Dy (M1 )MV = (V] )V = Q.

We remark that sometimes the monodromy matrix of the fundamental bases U and V'
that come from the algorithm of Section 2.2 satisfies Equation (6) on a finite index subgroup
of SLy(7Z) (this happens, e.g., in Theorem 1.7) which contains a conjugate of a congruence
subgroup of SLy(Z). In this case, an averaging of the monodromy leads to fundamental
solutions whose cocycle extends for all v € SLy(Z).

In the rest of this subsection, we give a proof of Theorem 1.2

(72)
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Proof of Theorem 1.2. Using the behaviour of the slash operator on the product of two ma-
trices (71), it is easy to see that if Equation (6) holds for two elements of SLy(Z), it also
holds for their product. Since S and T' generate SLy(7Z), part (a) follows.

Part (b) follows from the presentation of SLy(7Z) given by

SLy(Z) = (S, T | S* = I,TSTST = S) (73)
and from the cocycle property, which implies that if v = T ST* ST ... ST ST+ then

Q) (z,7) = [[Qs((T ST+ .. T ST*+)(2,7)). (74)
j=1
The idea for part (c) is to use reduction theory, with attention paid to the domain of
extension. Fix a cocycle ) that satisfies 27 = I and 2g extends as a meromorphic function
to C x C'. Below, when we say that (), extends, we will mean that it extends to C x C,.
We will give the proof in several steps.
Step 1. The cocycle property implies that

Qi (2,7) = (Q(v7(z7) (75)
This, together with the fact that v~ (1) — v~ *(c0) = 1/(¢(—er + a)) imply that ., extends
if and only if Q-1 extends. In particular, applying it to v = S, where y~! = —S, we obtain
that

Q_g(z,7) = (Qs(—z/7,—1/7)) . (76)
Using our assumptions on (g, it follows that €)_g extends.
Step 2. Suppose now that v = (‘; 3) € SLy(Z) with a > 0 and ¢ > 0. It follows by Gauss
reduction theory that we can write

N =T®STmS . T% ST+ (77)

for integers a; where ag > 0 and aq,...,a, > 0. Moreover, ag,...,a, can be obtained from
the negative continued fraction expansion (using nearest integers from above, rather than

from below)
a

o= lag,a1,...,a,] :=ag—1/(ay —1/(az —...)). (78)
The continued fraction expansion shows that the first column of 7 agrees with that of the
product 7% ST* S ... T% S, and the last integer a,,; is chosen so that Equation (77) holds.
Equation (74) implies that €2, (z, 7) is a product of r matrices {2g matrices evaluated suitably,
and (2, extends to real 7 that satisfy (7% ST+ ... T ST+ )(r) > 0forall j =1,...,r.
The key property is that the first column of the matrices 7% ST+t .. T ST+ for j =
1,...,7 consists of positive integers (with the possible exception of j = r 4+ 1 where the
(2,1) entry may be zero). It follows that the system of inequalities cascades, and becomes
equivalent to the single inequality 7 > —d/c. It follows that (2, extends in the case when
v=(11) €SLy(Z).
The above argument is best explained by an example. Consider the matrix v = (¥ 23).
We expand the rational number 17/7 of its first column in negative continued fractions

17 4 1 1
— —[3,2,4=3—-=3—--—"—=3-—
7 =324 7 7/4 2-1/4
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17 =5

and obtain that the matrix T3ST?ST*S = < . _o

), which further adjusting it by multi-

plying it on the right by 72, gives
)= (177 :g) T? = T3ST2ST'ST? .
The cocycle property and the fact that

2qpiop2 _ (1 12 pore (47 s (1 2
rsrisre - (1T2), pseo(17) o (43)

implies that
z 1T+ 12 z AT 4T
bz m) =0 <4T+7’ AT+ 7 ) s (T—+2 T2
The right hand side extends when 7 is real that satisfies
7T+ 12 >0 4 + 7
AT + 7 ’ T+2
which (when reading the inequalities from last to first and simplifying) is equivalent to the
system 7 +2 > 0,47 +7 > 0,77 + 12 > 0, which is equivalent to 7 > —12/7 = v (00).
Step 3. We will now use the element ¢ = (_01 (1)) € GLy(Z) of order 2, and observe that
e(28)e= (%) €SLy(Z) forall (¢}) € SLy(Z). In particular, eTe = T~' and eSe = —&.
It follows that if v = (%) € SLy(Z) with a > 0 and ¢ > 0 is given by (77), then

) Qs(z,7+2). (79)

>0, T+2>0

d
The cocycle property implies that

eve = (_“C _b> = T=(=S) T~ (=S)... T~ (—S)T "+ . (80)

Qere(2,7) = H Q_s((T™49(=8S)T~ %+ . T4 (=S)T~%+)(2,7)) (81)

where 2_g(z,7) extends for 7 < 0 by Step 1. Thus Q... extends when the inequalities
(T4 (=9)T %+ ... T~ (=S)T~%+)(r) < 0for j = 1,...,r. The key point now is that

these inequalities cascade to a single inequality, namely, T < d/c = (eye) ™' (00). It follows

that Q. extends when v = () € SLy(Z). In our running example above v = (% %), we

have

-7 12
and the cocycle property and the fact that

T(=S)TH(=9T* = (_74 _712) ., TH=9)T*= (_41 _27) , T = ((1) _12)

implies that

z 7T —12 z AT — 7
Qere = O , Q- , Q_g(z,7—2).
! S(—4T+7 —47’+7> S(—T+2 —T+2> s(z7=2) (83)

(17 ‘20) — ey = T H(=S) T2~ §) T4 (~S) T (82)
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The right hand side extends when 7 is real that satisfies
7T —12 0 4T -7
—4r +7 = -7+ 2
which is equivalent to the system 77 — 12 < 0,47 — 7 < 0,7 — 2 < 0 which is equivalent to
T < 12/7 = (eve)(o0).
Step 4. The cocycle property and the triviality of €07 = I implies that Qp, = €),. Since
T(ab) = (*feb4d), it follows that €2, (and hence its extension) depends only on the bottom
row (¢, d) of v. When v, # 0, the extension follows from either Step 2 or Step 3, depending
on the sign of v, ;.
This concludes the proof of the theorem. [l

< 0, T—2<0

2.5. Duality. In this section we review some elementary facts about duality of ¢g-holonomic
modules. Recall that we can write the linear g-difference equation

ar<t> Q>f(th7 Q) + arfl(ta Q)f<qrilt7 q) Tt aO(t7 q)f(tv Q) =0 (84>
for a function f(¢,q) in matrix form 0 X = AX where X = X; = (f,0f,..., 0" ')l is a
column vector and A = comp(—ag/ay, ..., —a,_1/a,) is the companion matrix where
0O 1 0 ... 0
o 0 1 ... 0
comp(co, €1y Crm1) = | = 1 ... : . (85)
0O 0 0 ... 1
cCh €1 € ... Cpr-1

We will also write (84) in operator form Lf = 0 where L = 377 a;jo"7 € W and denote
by My = Wf the corresponding module over the ¢-Weyl algebra Y. The module M has
two duals. The first one is defined by

Mp =My, M) =flt.q") (86)
which in matrix form is given by
oXpn = ANXa, ANt q) = Algqt, g 1) . (87)

Indeed, we have

ar(t,q ) Natq) +ara (b g ) M T )+ Faot, g A (Eg) =0

and inverting a,, we obtain that

A ar(qta qil) Al 1—r ar—l(qta qil) A al(qta qil) A
t,q) = ——2+ 2 tq) — ——201 J ) — e — 22 TN
which implies (87). The second dual module is defined by
M} = Homgyg s (M, Qq)[t7']) (88)

with a basis f} for i =0,...r — 1 such that for j =0,...,7 — 1 we have f(¢7 f) = d,;. We
claim that in matrix form, this dual module is given by

o X =AY X, AY(t,q) = (A(t,q) ). (89)
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Indeed, using the basis fV, we can define an action of WV on M}/ via conjugation with o. By
definition, the action satisfies o(A(v)) = (o - A)(ov) for A € M} and v € M. In particular
we have o - f/ = o f/o~ 1. Notice that fori,j =0,...,r —1

(0 [N f) = (@f ) f) = (o f) (i(z‘l(q_lt, Q)_l)jw’“f>

k=0
=0 (E(A(q‘lt,q)‘l)jk&k) = (A(t,q) ) = (i(A(t,q)‘t)ik f,}f) (o' f)

which implies (89).
Recall that if two modules with companion matrices A and B are isomorphic, there exists
a change of basis P such that

B = (cP)AP". (90)
Then taking
1 0 0 0 00 1
ai/ao 1 0 0 0o 0 ... 1 0
PY(t,q)=| az/ao o(a1/ap) 1 ol, PNt =|: + .. o (91)
: : : : o 1 ... 0 O
ar—1/a0  o(ar—2/a0) o(ar—3/ag) ... 1 1 0 O
we find that
(cPY)'AYPY = comp(—a,/ay, 0(a,_1/ac),...,o0" (ai/ay))
qt,qY) ar_1(qt, gt t,qt 92
(0PY)1AY PV — comp (_a (qt,q 1))@ 1(q X ). algtg l)) (92)
ao(qt,q™")" aolqt,q™") ao(qt,q7")

We now remark an elementary relation between fundamental solutions of inhomogeneous
linear g-difference equations and their corresponding homogeneous ones. Consider the inho-
mogeneous equation

ao(t, Q) f(t,q) + -+ ar (1, 0) (¢, q) + F(q"t,q) = colq)- (93)
We can write it either in the form o X flin) = Alin) X Flin) with

1 0 0 0 0
1 0 0 1 0 0
f ; 0 0 0 1 0
Xf(“") = : ’ Al = : : : : :
o™ Lf 0 0 0 0o ... 1

co —ap —air —az ... —Qr-1

or in the form o X = AX with
t
Xf = (f) va cee Grf) ) A= Comp(_a0> oapg —aip,oay —Aaz,...,00r_2 — Ar—-1,00r_-1 — 1) .

The two equations are related by X; = PX i), A =oPA™ P~ where
P = comp(cy, —ag, —a1, —Gg, ..., —Gr_1).
We end this subsection by discussing the duality
MY = M" (94)
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which follows from (but is not equivalent to) the existence of matrices PV, P* € GL,(Q(t,q))
such that

O,P/\A/\(P/\)fl — O,P\/A\/(PV)fl (95)
is a companion matrix. For the ¢g-holonomic modules that come from Chern-Simons theory,
the duality M ~ M" corresponds to orientation-reversal of the ambient 3-manifold. On the
other hand, the factorisation of the Andersen-Kashaev state integrals into elements of M
and M” suggests that in those examples, we have M" = M". The following proposition
confirms this for the case of the 4; knot.

Proposition 2.5. The ¢-difference module M associated to Equation (28) satisfies
M= M"=MY. (96)
The fundamental matrices satisfy

U(t, A\, q) = P (t, q)U"t, ), q) (? (1)) = P(t,)U"(t, A, q) ((1) _01) )

(97)
0 —1
Vita) = PV = P eavien ()
with
1 0 0 —q 't

PA@,Q) = (2q1 o 2571(]71 —q2) ) Pv(taQ) = (q1t2 1 0 ) (98)

and cocycle €2 of M satisfies
Q = (Pe)Q" (P! = (PY]em)QY(PY)" (99)

Equation (99) was called “quadratic relations” in Section 3.3 and equations (68)-(70)
of [37]. An example of a self-dual module is the generalised g-hypergeometric equation (see
Equation (119) below).

Proof. With A as in Equation (238),

At q) = (_2—2 2" —1q_2t_1) (100)
and the gauge transformations (98), we have
A(t.q) = P (at, ) At @) PP (t,q) ™" = PY(qt, ) A” (8, @) PY (t, ). (101)
Then note that by definition
U't.q)=U(t,q™") and UY(t,q) = (U(t.q)") (102)
and similarly for V" and V. We then see that for example
U(t,q)" P"(t,q)U"(t. q) (103)

is elliptic. It can then be shown to be holomorphic for ¢ € C* and therefore constant in
t. Finally checking the behaviour as t — 0 for example we can prove they satisfy equation
(97). Similar arguments hold for the other functions. O
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The extra symmetry with M = M” comes from the fact the 4; knot is amphichiral.
However, this symmetry does not persist to the module associated to the inhomogeneous
equation. This can again be seen from the state integrals introduced in [28] whose integrand
lacks the symmetry the Andersen-Kashaev state integrals have.

Proposition 2.6. The g-difference module M" associated to Equation (35) is not isomorphic

to M.
Proof. The companion matrices of M and M” are given by
1 0 0 1 tt 0
ANt q) = ¢t 2¢7 =t gt ¢ |, AV(t,g)= |0 2¢—t=" 1] . (104)
0 1 0 0 —¢ 0
If there was an isomorphism there would exist P(t,q) € GL3(Q(t, q)) such that
P(qt,q)A"(t,q) = A"(t.q)P(t, q) - (105)
It follows that
Pyi(qt,q) = Pia(t, q), Pia(qt, q) = Pi3(t, q), (106)

which then implies

tPio(t,q) + (1 — 2tq) Pia(qt, q) + ¢*tPi2(q%t, q) = Pia(gt, q). (107)

Since Py € Q(t, q) satisfies (106), it is independent of ¢, i.e., Py1(t,q) = P11(q). Therefore,
P, 5 would be a P, 1(q) multiple of a Q)(t, g)-valued solution to Equation (35). The only such
solution is zero, thus P;; = P o = 0 which, together with (106) gives also P; 3 = 0, which
violates the fact that P is invertible. O

2.6. Categorical aspects. In this section we briefly recall some categorical aspects of mod-
ules over the g-Weyl algebra and give a proof of Lemma 1.3.

To begin with, a gauge transformation X = P~'Y changes (3) to oY = BY where
B = oPAP™!, changes a fundamental solution U of (3) to P~'U, and consequently changes
Q, to (P|,y) 'QP. Hence, if P € GL,(Q(t,q)), then modularity is a property of the gauge
equivalence class of a linear g-difference equation, i.e., a property of a g-holonomic module,
independent of a choice of a cyclic vector. This concludes part (a) of Lemma 1.3.

For part (b), we use the convariant function M + Sol(M) := Ker(o, F ®qt,q M) where
F denotes a universal g-difference field; see for example [67, Sec.2.2] for the case of modules
over the Weyl algebra and [42] for its extension for the ¢-Weyl algebra W. This functor by
definition satisfies [67, Lem.2.16]

Sol(M) =2 {y € F" | oy = Ay} (108)
where A is the matrix obtained by a choice of a cyclic vector of M. Moreover, if
0—>M —>M-—M'—0
is a short exact sequence of finitely generated VW-modules, then
0 — Sol(M') — Sol(M) — Sol(M") — 0 (109)

is a short exact sequence of vector spaces over Q(t,q); see [67, Sec.2.2]. In addition, M
has a canonical filtration at ¢ = 0 (and also at ¢ = oo0) independent of the choice of cyclic
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vector [66] compatible with submodules and quotient modules. Converting the above into
matrices, it follows that the filtration preserving fundamental matrices U, U’ and U” of M,
M’ and M"” (and likewise, V', V' and V") and their corresponding cocycles are related by

Tox ;o k
U= (% U,,), Qu = (Qé’ QU”) : (110)
It follows that if €y extends to the cut plane, so does Q2 and Qpw, concluding part (b). It
is unlikely that the converse to part (b) holds, namely if extensions of modular g-holonomic
modules are g-holonomic, but not necessarily modular.

For part (c), observe that if U is a fundamental matrix for M, then U"(t,q) := U(t,q7 ')
and UY = (U™1)! are fundamental matrices for M and M"V. Tt follows that if  is a cocycle
of M then Q"(z,7) := Q(z,—7) and Q¥ = (Q71)! are cocycles for M” and MV. Part (c)
follows. This concludes the proof of Lemma 1.3. 0

3. HEINE’S ¢-HYPERGEOMETRIC FUNCTIONS
This section is devoted to the proof of Theorem 1.4.
3.1. Solutions. In this section we describe the solutions of the generalised ¢g-hypergeometric

equation (11). Since that equation depends on parameters, it will be convenient to consider
the following system of equations

r—1 r
(H(l —q 'bjor) — tH(l - ajat)> f=0
J=0 =1 (111)
(o' —q a0, — (1 —q'a;)) f=0
(=g 'bioy — (1 —q 'b;)o,') f=0.

The first equation describes the g-difference equation in ¢, namely Equation (11) whose
Newton polygon shown in Figure 1.

—1 —1
g(al ) . g(ar )

£ ; f(qb:jl)

FIGURE 1. The Newton polygon of the first Equation (111).

We see that there are no slopes of the Newton polygon and therefore all solutions are
determined by the top and bottom edges and their indicial polynomials. We will normalise
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the solutions coming from the Frobenius algorithm so that they satisfy the full system of
Equations (111). The bottom edge of the Newton polygon in Figure 1 has indicial polynomial

(1=p) (L =g "bip)...(1 = ¢ 'b1p) = 0. (112)
The solutions corresponding to the roots are given by f@ %) in Equation (14), with the
convention that by = ¢. The top edge of the Newton polygon in Figure 1 has indicial
polynomial
(1—ap)...(1—ap)=0. (113)
The solutions corresponding to the roots are given by ¢'% Y in Equation (16). The companion
matrix of Equation (11) is given by

0 1 0

A(t,a,b,q) = 0 0 o ) (114)
(1)1t qyreb/g—tei(a) er—1(b/g)—ter—1(a)
D oommm CU aGm @ et e

where
er(x) = Z T ... T, (115)
1< < <gp<r
are the elementary symmetric polynomials and so with U and V' in Equation (13),

U(gt,a,b,q) = A(t,a,b,q)U(t,a,b,q) and V(qt,a,b,q) = A(t,a,b,q)V(t,a,b,q). (116)

3.2. Self duality. We will introduce a state integral in Section 3.3 which factorises as a
finite sum of products of solutions of the module M associated to Equations (111) and its
dual M" (see Section 2.5 for the definitions of the two duals). To prove modularity we must
factorise the state integral as a finite sum of products of solutions of M and MV. To do
so, we need to give an explicit isomorphism between M"Y and M”. This is the content of
the following proposition, which after some change of variables, is equivalent to Beukers—
Jouhet [8, Thm.1.3]. For completeness, we will give an independent proof using the methods
of our paper.

Proposition 3.1. [8, Thm.1.3] If M is the module associated to Equations (111) then

MY = M. (117)
Explicitly, there exists Q(t, a,b,q) € GL.(Q(t,a,b,q)) such that
Q(qt7 a? b? q)A(qt7 a? b? q_l)_l = A(t7 a’ b? q)_TQ(t’ a? b’ q) * (118)
In addition, () satisfies
U(t,a,b,q)"" = Q(t,a,b,q)U(t,a,b,q )diag(l, -1, —1,...,—1). (119)
Proof. To prove Equation (118) let
(1—qt1)...(1—q tbr_1)P(t,a,b,q)
1—t 0 0 0
0 —(e2(b/q) — g~ 'tea(a)) es(b/a) —q Ptes(a) ... (=1)""er(b/q) —q " ter(a)) (120)
| o (cab/a) —a Mes(@)  —(ea(b/a) —a~2teaa) .. 0 .

0 (=)™ (er(b/q) — q—ter(a)) 0 . 0
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Using the fact that ey(Axr) = A¥ex(z), one can then see that
(1—g¢ "b1)... (1= ¢ "br—1)P(qt,a,b,9)Aat, ¢~ ta,q 2b,q~ )"
=(1- qilbl) (1= (]7117T_1)A(t7 a,b, q)fTP(t, a,b,q)

e1(b/q) — tei(a) —(ea(b/a) — a Mea(a)) ... (~1)"N(er(b/q) — g7 ter(a)) (121)
| —(ea(b/a) — tea(a)) es(b/q) — q-tesa) ... 0 .
(1) (ex(b/q) — ter(a)) 0 o 0

Now notice that the second and third Equations (111) give gauge equivalences between the
modules in ¢ thinking of a,b as constants when we shift a; — qa; and b; — ¢b;. Therefore,
multiplying P by these gauge equivalences gives the desired (). Now to prove Equation (119)
we note that, from Equation (118)

E(t,a,b,q) :=U(t,q "a,q7?b,q~") "' P(t,a,0,q)"'U(t,a,b,9)"" (122)
is an elliptic function. However,
(0(g*bit; q))_1 . <9(qlbit; q)>
H(t,a,b,q) := dia, (— E(t,a,b,q) diag | ————= 123
( ) *\ 0t q) ( ) dieg 0(t;q) (123)

is holomorphic at ¢ = 0. Therefore, we see that
0(q'b;_1t;q)
0(q2thi—1;q)
is holomorphic. This implies that if ¢ # j that E; ;(¢, a, b, ¢) has at most has simple poles at
qE€ bj:lqu and must have zeros at t € b; *,¢% and there is no such non-zero elliptic function
and therefore E; ;(t,a,b,q) = 0. Then notice that

0(q'bi_1t;q)
0(q~2thi—1;q)
is holomorphic at ¢t = 0 and so as E;;(t,a,b, q) is also elliptic in ¢ it is constant in ¢. Now
notice that

Hi,j(t,a, b, Q) = —t Em(t,a, b, q) (124)

H’i’i (ta a, b7 q) =—1 Ei,i (tu a, bu Q) = qb;_llEz,’L (ta a, b7 Q) (125>

0(q2bst;
lim U(t‘,qila7 q” 2, qil)diag (7((1 ¢ ,q))
t—0

0(g=t;9)
1 1 1 1 0 0
- (1 by bty )(0 Bi(qg 'a,q7%b,q71) ... 0 (126)
i (qbl_l.)"*1 (qb:i.1)7'*1 0 0 Brfl(qfla‘,q*Qb,qfl)
and .
o (0T hitig)\ T T
}E)I(l) dlag <9(t,q> U(ta a, ba Q)
1 0 0 1 . 1 (127)
|0 Bi(a,b,q) ... 0 1 ogbyt oo (gbyH)!
0 0 .. Bra(abq)) \1 bt ... (gbt) !
Then using the fact that
D (=1Yei(b/q)p = (1= p)(1 =g "brp) ... (1= ¢ 'brsp) (128)

j=0
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vanishes at p € {gb; '} we can show the matrix

11 L. 1 1 1 . 1
r -1 —1\r—1 —1 -1
H(l - q_lbk) 1 le o (qbl ) P(t7 a, b7 Q) 1 le o Qbril
= T (T L@y ()
(129)
has (i + 1, j + 1)-th entry
r—1 r—1-k
> (=1Ye;(b/a)(gb; ) D (b
pa par (130)

= 0ij(1 = bo/bj) ... (1 = bj—1/b;)(1 = bjs1/bj) ... (1 — b1 /b))
where we have used the fact that
r—1 r—1—k r—1

—(x —1\r—k
S (=1eib/g)at > (ay™h = Z<1>j€f<b/qﬂ’“11(_y)1
k=0 =0 k=0 Y
= 1_1$y1 (1=2)(1—g¢ o). (1= ¢ hox) — 2"y "(1—y)(1 —q 'bry) ... (1 — q 'bay)) -

(131)
Therefore, with the convention that (z;¢7 o = (qz;¢)t and (¢ ¢ ) e = (¢;¢)2 when
lq| <1, for j >0

Bj(a,b,q)B;(q  a,q b, q7")
_ 1—q¢')...(1—q'b—1) (132)
L=/ =i /by) (L= by /by) (1= bya /by) - (1 — b1 /by)

and we see that

El,l(t,a,b, Q) 0 0 ... 0
0 qb; ' Eys(t,a,b,q) 0 ... 0
0 0 0 ... gb\E.(t,a,b,
q r—1 s ( Q> (133)
1 0 0 ... 0
L I I (R 0
—11_1}%H(t,a,b,q)— : : oL :
0 0 0 ... —qgbl
Therefore, again using the gauge equivalence in the second and third Equations (111) com-
plete the proof. O
Remark 3.2. When r = 2, Proposition 3.1 is equivalent to the identity [38, Eqn.(1.4.3)]
abc™1t
201 (a, by ¢; ¢, 1) = %2%( ,eb™ et g abe ) (134)

where we note that the ratio of Pochhammers is related to the determinant of U. This is
the g-analogue of Euler’s transformation formula for o} [38, Eqn.(1.4.2)]

oFi(a,bict) = (1 — 1) " Fy(c—a,c—b;c;t) (135)
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where

> ai)k ... \Qp tk
Fralwbi) =) (z(mi » (é)iﬁ (136)

Remark 3.3. The ¢ — 1 limit of Proposition 3.1 is discussed in full generality in [8,
Thm.1.1], where it is shown that the dual of the module associated to ,.F,_i(a;b;t) is the
module associated to . F,_1(1 —a;2 — b;t).

3.3. State integral. Consider the following state integral

Oy (z) [T/2; Oo(x + ib™'B; + ib~" — ib)

[ =
(z,,8,7) ¢ II,_, ®s(z +ib~la; +ib~1 —ib)

exp (—%%) de.  (137)

where C is a contour in the complex plane asymptotic to R + ic that separates the poles of
the numerator from the zeros of the denominator of the integrand, a; = e(«;), @; = e(a; /1),
b; = e(f;) and b; = e(3;/7), and ®y is the Faddeev quantum dilogarithm function [23, 24]
and b = /7.

We first discuss convergence of the above integral for 7 = b? in the upper half-plane. Using
the asymptotic behavior ®y(z) ~ €2™@” (resp., 1) when Re(x) > 0 (resp., Re(z) < 0) (see
for example, [3, Eqn.(46)]), it follows that when Re(x) > 0, the integrand of (137) is given
by a constant times e~ 27" (72) where v = Z;;é Bj = i-1 aj, and setting & = o + it with
t > 0, it follows that the absolute value of the integrand is a constant times 6_2“t1m(b71(7+z)),
which is exponentially decaying when Im(b~!(y + 2)) < 0. Likewise, when Re(z) < 0, the
integrand is exponentially decaying when Im(b~'z) > 0.

Finally, the state integral satisfies difference equations when we shift «, 5,z by either 1
or 7. This can be used to analytically extend to a meromorphic function for 7 € €’ and
acCr,BeC ! and z € C.

From its very definition, the state integral is a well-defined holomorphic function of 7 € C'.
Moreover, after moving the contour of integration upwards and using the residue theorem
(see eg. [30]), the state integral in Equation (137) can be written in the factorised form

I(z.0,8.7) = =t =1(z,,6,7) (138)
T

where
I(z,0,8,7) = fOt,a,0,9) fO(F,a,0,57) =7 f%% (t,a,0,)f ) (Fa,b,¢7"). (139)
j=1

Now Z(z + k + j7,a, B, 7) is nothing but the (j + 1,k + 1) entry of the matrix

1 0 ... O

-7 ... 0

U<t7 a? b’ q) U(£7 d7 67 q_l)T Y (140)

o 0 ... —1
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and therefore, by Equation (119), the (j + 1,k + 1) entry of

10 ... 0

Ult.a.b 0 7 N viabaodanaT 141

(t7aa 7q> < . (t7a7 7q) Q(taaa aQ) : ( )
0oo0 ... 1

Therefore, inverting (), we see that the cocycle

-1

10 ... 0
~ e 7~ 0 7 0 -1
Q(Z,O&, >T> = U(tch?bv q) .. . U(tvav b, q) (142>
0O 0 ... 71

extends to a meromorphic function for 7 € C’. This complete the proof of Theorem 1.4.

Remark 3.4. Note that the state integral (137) is absolutely convergent and its contour of
integration can be pushed either upwards or downwards. Doing so, the integral factorises in
two different ways, one giving the U-cocycle and another giving the V-cocycle. This explains
the equality of the two cocycles from first principles.

3.4. Resonance. In this section we discuss in detail the resonant generalised g-hypergeometric
equation (11), i.e., the case where at least one of the ratios a;/a; (for i # j), b;/b; (for i # j)
or a;/b; (for some ¢ and j) is an integer power of ¢. For simplicity, we will consider only the
case of r = 2, although our arguments remain valid for all . When r = 2, the system of
equations (111) is given by

(1—t)f(t,a,b,c,q) — (¢ e+ 1 —tla+b))flqt,a,b,c,q) + (¢ e — tab) f(¢*t,a,b, ¢, q) =
f(t,q  a,b,e,q) =g taf(gt.q ta,b,e.q) — (L — g a) f(t,a,b,c.q) = (143)
f(t,a,q7'b,c,q) — ¢ 'bf(at,a, 7 b, e, q) — (1 - Q‘lb)f(t a,b,c,q) =
f(t,a,b,c.q) = q 'cf(at,a.b,c,q) = (1= q ') f(t,a,0,47 " c.q) = 0,

with Equation (1) being one such solution. We can specialise a,b, ¢ so that some of a, b,
¢, a/b, ajc or b/c lies in g%. All of these conditions can be seen to be special points of
the monodromy matrix (18) and various special properties of the equations appear like, for
example, submodules.

We now present two examples of these special points in the simplest case or r = 2. These
can all be deduced from Theorem 1.4.
e b = c. The first Equation (143) now takes the form

(1 —q 'boy) (1 — oy) — t(1 — aoy))
= (1 = ) (1 = g 'boy) — t(1 — aoy)(1 — boy)) f (144)
=0.
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This has normalised solutions

f(l)tabq Z(CL?q

lz =0 ()(L? N N - (145)
@ (4 ab a;q)(q°b" "5 q tq q, (ga
ke ke = (qab™"; ¢)oc0(q"0; )0 z% b~ 1

Note that the first generates a submodule and indeed satisfies

(1 =0y) —t(1 —a0y)) fV) (t,q) = (1=) fV(t,a,0,9) = (1—at) f P (gt, a,b,q) = 0. (146)

We note that for the value at t = 0 and the g¢-difference equation we see that

(at; ¢)oo
f(l)(t’ C1/7 b? q) = LN
(t; q)oo
a classical result known as the ¢g-binomial theorem. From Theorem 1.5 or even Theorem 1.4
with 7 = 1, we then see that this is a modular ¢-holonomic submodule. Now the second
solution satisfies the inhomogeneous equation

(147)

(43 9)oo (@° "5 @)ocf(q"0t; 4) (45 0)5%
(qab~"; q)ocb(q~"b; 0)0(t; q)
where we note that the RHS is of course annihilated by (1 — ¢ 'bs;). The full module can
then be shown to be modular using elementary functions holomorphic for 7 € €’ times the

state integral
) exp (—27%7
Pp(z +ib~ta) 1 4 /2 exp (—27L) (ﬁ/r)
Note that this state integral is of course the same as the one in Equation (137) where

fr=7=pF+1=ay+1
e ¢ = ¢. The first Equation (143) now takes the form

(1—1t)f(t,a,b,q) — (2 —t(a+b))f(qt,a,b,q) + (1 —tab) f(¢*t,a,b,q) = 0. (150)

Notice that this now has indicial polynomial (1 — p)?. Therefore, we expand using the
Frobenius method to find solutions which are the coefficients of € in the expansion to order

O(g?) of

(1=t)f@ (L, a,b,q)—(1—at) (gt a,b,q) = (148)

(4% 0% o= (ae%3@)(bes; q)r 1 0(e "t )
(ac%;q)oo(be%3q)oc = (qe%; )} 0(t; q) (151)

= fOO(t,a,b,q) + fEV(t,a,b,q)e + O(?).

Then considering the state integral

Py () 2x
/c Py (z + z'b—lot)cbb(m +ib=1p) €xp <_2WF> dr. (152)

along with Equation (52) we can show that the module is modular with this special value.

f(170) (t’ a’7 b’ Q) =
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4. PROOF OF THEOREMS 1.5 AND 1.6

4.1. The ¢-Pochhammer symbol. This section is devoted to the proof of Theorem 1.5.
The g¢-difference equation (19) can be written in operator form as ((1 —gt)o —1)f = 0, with
the Newton polygon shown in Figure 2.

FIGURE 2. The Newton polygon of Equation (19).

The lower Newton polygon has one edge of slope zero. Applying the Frobenius method, we
seek a formal power series solution of the form

Zak t’“ q’>q> where  ¢*pay(q) — ¢*pas_1(q) — ax(q) = 0.  (153)

Since ay(q) = 0 for k < 0, setting & = 0 in the above equation implies the vanishing of the
indicial polynomial

(p = Daolq) =0, (154)
giving p = 1. Then we have
a(q) ¢
=— . 155
oeal) - 15

Therefore, normalising so that ag(q) = 1,

k(k+1)/2

D=3 T (g (156)

p (a3 0w

This solution is convergent at ¢ = 0, in fact it is an entire function of .

The upper Newton polygon has one edge of slope of one. Therefore, we must multiply by
a f-function to get a slope zero, i.e. a power series solution. The new Newton polygon is as
follows.
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0(t;q) 5

Therefore, the top edge has solution of the form

. . - 00 g
V() = 0603V (ta), 90 q) =0 ) S Al L)
where
— ¢ *pBrr(q) + ¢ pBrlq) — Br(q) = 0.
As Bi(q) = 0 for k < 0, we get indicial polynomial
(p—=1)Bo(g) =0
and so p = 1. Then we have
B 1
Br-1 1—q*
Therefore, normalising so that fy(q) = @, we obtain that
. © 4k :
g(l)(t,q) _ H(t, q) Z t _ e(tv(D )
(@D = (GO (5 0)00(¢50)o0
It follows that the monodromy is given by
Y - (g5 D)oo ("5 @)oo (q; @)oo
M(t,q) =V(t,q) 'U(t,q) = =1
(t.0) = V(t.0)Ult.0) e
and the cocycles are equal and given by
A:{ .
Qu(z,7) = (UlpS) (2, 1)U(2,7) ' = Qu(z,7) = (V|eS)(z,7)V(z,7) ' = %

Notice that

~ . . 1 -1
(@t Do _ B, (zz ib )

(0t Q) b2 o

(157)

(158)

(159)

(160)

(161)

(162)

(163)

(164)

where @ is the Faddeev quantum dilogarithm function [23, 24]. This function extends to
a meromorphic function of (z,7) € C x €', with poles at z € Z>q + Z>o7. Noting that
Qp =1, it then follows from Theorem 1.2 that Q) also extends. This is discussed in detail

in upcoming work [31]. This proves that this is a modular g-holonomic module.
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4.2. The Appell-Lerch sums. This section is devoted to the proof of Theorem 1.6. The
g-difference equation (22) has Newton polygon shown in Figure 3.

FIGURE 3. The Newton polygon of Equation (22).

To begin with, the boundary of the lower Newton polygon consists of one edge of slope zero
and one edge of slope 1. The edge of slope zero has a solution of the form

FOt,q) Z a q’)Q) where i (q)¢*p* + ¢ pas—1(q) — ¢“ par(q) — ar-1(g) = 0.
(165)

Therefore, as ax(q) = 0 for k < 0, we get the indicial polynomial
ag(q)(p® —p) =0 (166)

and so p = 1. Then we have
(% — Maunlg) — (1 = ") ap_1(q) =0 so  — ¢"ay, = ap_;. (167)
Therefore, normalising so that ag(q) = 1,
Z Jeg Rk 1)/2gk (168)
k=0

This is of course divergent for |¢| < 1 so we must g-Borel resum. The affect on the Newton

polygon is as follows
. 1
: \ B,

fO By

L 2

Now notice that

(169)

ZS’“

m ‘
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and so we find

POt q) = LB(FO)(E N q) = ——— 3 (~1)"L
l

E(Z+1)/2>\Z

_— 170

0(X;q) 1 — Mgt (170)
This is the Appell-Lerch sum whose modular properties were studied in Zwegers thesis [74].
Now the bottom edge of slope —1 must be divided by a #-function to get a zero slope. The
effect on the Newton polygon is as follows.

0(q 't q)7"

FED

Therefore, the bottom edge of slope minus one has a solution of the form

FEta) = 0(¢ ) TV (tg) = 0(a "t 0) Za p—tQ) (171)

(t;q)
where
(1= p)ar(q) +a"p(1 = ¢" ' p)ar_1(q) = 0. (172)
Therefore, the indicial polynomial is given by
(1= paolg) =0 (173)
and so p = 1. Then we see that
(1—¢q)ai(q) =0 (174)
and so ay = 0 for k # 0. Therefore,
FoV(ta) =0(g tia) " (175)
Now following similar calculations we find that
-1 571 1
B, g = - h= = 176
and so )2
1 g
(0) — ¢
gty q) = —1) . 177
( ) 0(u: q) ;( ) 1 — ptqt (a7)
Then finally, we have
gV (tq) =0(g " t9) 7 (178)
Consider the inhomogeneous gauge transformation (see Section 2.6)
0 1 1 0
Uit 4) = (1 —t> (f(o) (t, A q) fOV(, Q)) (179)

and the similar one for V. With the definition of the fundamental matrices given in Equa-
tions (23) and associated monodromy, we then have that
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M(t2.q) g0 t  14,q) 1)O(t Q))l (f(o)(tl,k,q) f(‘”o(t,Q))
o )(9( iy 1) (arg o) 0
(Hzl(tal)\, ) (1))

Mo (8, A 11, q) = 0(q~";.9) O, A,q) —0(q 't 9)g"(t, 11, q)
4(6—5—1)/2#4 (181)

_0(¢'tq) q Z LEDRNE (g1 ) Z(_l)gq
O(A - — Mg’ 0(1:q) 4 1 — ptq*

where

Using Equation (7) of Proposition 1.4 of [74], we can deduce that

(439)50(a "t )0\ s 0N Tt q)
0N )0k @)A1 )0 (w1t q)
We now give a second proof of the above equation using elliptic functions and residues, which

is more general and applicable to our third example. Let my; denote the function defined
by the right-hand side of (182). We need to prove that the function &;, defined by

M2,1<t7 )‘7M7Q) = - (182)

m t7>\7 g
El(t> )\7 s Q) = f(O)(t> )\7 Q) - g(o)(ta s Q) - % (183)

is identically zero. This will follow from the facts, that &£ is holomorphic at C* (see
Lemma 4.2 below), and a solution of a first order equation (184) (see Lemma 4.1).

Lemma 4.1. If h(t, ¢) is a solution to the equation
h(gt, q) + th(t,q) =0 (184)
that is holomorphic for ¢ € C* then h(t,q) = 0.

Proof. Every solution is of the form C(t,q)/0(¢ 't;q) for some elliptic function C(t,q).
Therefore, C(t,q) = h(t,q)0(¢ 't;q) is a holomorphic elliptic function and therefore con-
stant. However, this implies that h has simple poles unless C' = 0. 0

Lemma 4.2. (a) The function f( (¢, \, q) has simple poles at t € A~'¢Z with residue

dt —1
Res —g—m)\—1 © tu )\7q o
t=g-mx-1f )2mt 0(q™X; q) (185)
dt —1

ReSt:q—mu—lg(O)(ta /’67 Q) 27T'lt = e(qmlu/ q> '
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(b) The function 8(q~'t; q) ~'ma 1 (t, A, i, q) has simple poles at ¢ € ¢\, g%~ with residues
d -1
2mit — 0(g™\; q)
dt 1

2mit (g™ q)
Proof. Part (a) follows from a calculation of the residue of the only term in the sum that

contributes to the residue in Equations (170) (177) and Equation (48). Now for part (b) we
note that

Resi—g-mr10(q 7 t; q) mai(t, A, 1, q)
(186)

Res;—g-m,—10(¢"'t;¢) " 'maa (t, A, 11, )

a1
0(t;q) 2mit — (q:9)%
which follows easily from the Jacobi triple product (46) for example. Therefore, we see
m?,l(ta )‘7 M, q) dt
0(q~'t;q) 2mit

Res;—1 (187)

Resj—g-mr—1

(¢;0)2.0( A p; )0t q) dt
O(N1;9)0(; @)0(t5 q)0( A"t q) 2mit
— (_1>mqm(m+1)/2 9()‘71%(])9(#71761)

(A1 )0 (; )0( A= q)

— (_1)mqm(m+1)/2ReSt:1 o

(188)

B —1
0(qmX;q)
where we have repeatedly used Equations (47) and (48). A similar computation calculates
the other residues or using Equation (47) we can show that

m?,l(t7 >\7:u7q) - _m2,1<t7l’b7)\7Q) . (189)
]

Noting that & (¢, A, i, q) satisfies Equation (184) these lemmata show that the potential
simple poles of & (t, A, i, q) cancel and therefore it is holomorphic on ¢t € C* and therefore
vanishes.

For completeness, we give a third proof of (182) using Lemma 2.1.

Mo (t A 11, q) = 0(q7 " q) Ly (L) (t, X q) — 0(q~'t; ) L1 (L) (t, 1:9)

1-¢ 1-¢
00N ) (g 9)3 O\ 't q)
ST eg) e L et Lo g )

(43 9)30(a "t )N ps )N Mt q)
OA 15 q)0(1; )0 A 1t1 )0 (1 q)

concluding the proof of Equation (24). From the explicit expression for ]\721 from Equa-
tion (25) and the modularity of the Dedekind n-function and the Jacobi #-function it follows
that M satisfies Equation (6) with weight x = (0,1). It follows that the two cocycles of
Equation (23) agree. This implies that neither cocycle depends on A or . This is equivalent
to observations in [74] that the slash operator acting on the Appell-Lerch sums depends only
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on the difference of two Jacobi variables. Then using [74, Proposition 1.5] we can give an ex-
plicit formula for the cocycle in terms of the Mordell integral (27) and elementary functions.
In particular, we have

FOgt, N, q) +tf Ot N q) =1
F (gt q) +tfV(tq) =0
(z+ 1/;— T/2)% %> V= O A g) — -

g e (ST ) vr e ).

ghi(t,q) (191)

N[

FOt, N q) e (

2T 8

This means that

det U(t, A, q) = fTV(qt, 0) fOt,q) — V() fV(qt, q)
= O, q) (—tfO(t,q) — Vgt q)) (192)
= —f(t,q).

Therefore, we see that

0 1 ™ X 0 1\
QS(Z’T):(l —f) (e@g—;q;e(;) her) e (—W)) <1 —t> '

We can vary the contour in Equation (27) to get the integral

ewi(712+2izr)
/ < (194)
¢

r 2cosh(mz)

for || = 1 and ¢ # +i. This is a convergent integral to a holomorphic function in (z,7)
when Im(7¢?) > 0. Therefore, we see that from the uniqueness properties of the solutions to
the functional equations of h the Mordell integral [74, Proposition 1.2] these functions give
an analytic extension of h the Mordell integral to the cut plane C’. Therefore, the cocycle
Qus(t, q) extends to a holomorphic function for z € C and 7 € C'. Since Qur = I, part (c)
of Theorem 1.2 concludes that the cocycle €2y is modular.

5. A ¢-DIFFERENCE EQUATION OF THE 4; KNOT

This section is devoted to the proof of Theorem 1.7, Theorem 1.8 and Theorem 1.9.

5.1. Solutions. The g-difference equation (28) has Newton polygon shown in Figure 4.
The boundary of the lower Newton polygon has edges of slope —1 and 1. The edge with
slope —1 must be divided by a #-function to get a power series solution. The effect on the
Newton polygon is as follows.
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FIGURE 4. The Newton polygon of Equation (28).

e 0(t; q)~" /

! e

Therefore, the bottom edge of the Newton polygon with slope —1 has a solution of the form

t
OV g) = Bt f V(1) = Ot 0) Z p(t—f]) (195)
q
k=
where
(1—g7*"o Dag V(g) = 20,7 (@) — ¢*pe "3 (a) = 0. (196)
Therefore, this edge has indicial polynomial
(1—q'pai () (197)

and so p = ¢~ '. Now notice that if we take the (—1)-g-Borel transform we see the effect on
the Newton polygon is as follows.

'f(l)l T 7 B_-lf'(*m

This means that this Borel transform will satisfy the g-difference equation

(1= ¢ "B f TV (g q) = B f V(L g). (198)
Therefore, normalising so that ag(q) = —(g; ¢)%, we have
o 2
A(— - - —4:9)~
B J D (ta) = Y (-1l g = T (199)
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39
Therefore, we see that
- 1
DN — (e )2 k1, k(k+1)/2
o, (q) = (69)%(-1)""¢q —_ 200
* (0= (4 0)e(q; Qi (200)

In particular, we have

k(k+1)/2
FEV(t ) = (4:0)%00a "t 0) ZZ —t . (201)
=0 =0 (@5 @)k
Now the bottom edge of slope 1 must be multiplied by a #-function to get a power series

solution. However, this will then be divergent so we must take (1/2)-¢-Borel resummation
The effect on the Newton polygon is as follows

) 9(&;1) | \ Bia

F -

By o fD

By symmetry of the ¢-difference equation, one can easily use the previous solution to check
that the formal solution to this edge is given by ¢ — ¢~ which gives

0(t;q) ; o(t; q g
fY,q) = TR fO,q) = E E : . —L (202)
T 450 )% k=0 (=0 —¢
One then sees that
o k (k+1)/4+02—0k F(k-+1)/4—kL/2+€(0+1) /4
s q k e9q k
Bf(l)é’QZE:E:_lk— —E
26 4) = e:o( ) (43 0)e(q; D et (43 0)x(q:9)e

(203)
is holomorphic for |¢| < |¢~1/4|. Then, using the functional equation

(1= q"2¢)BafO (€, q) + 26By)a f D (q'7€, q) — Brjo fM (g€, 9) = 0, (204)
we can analytically extend away from ¢ € £¢2/4T2%<0 and we see that there are poles at
¢ € +q /4 2%=0, Therefore, we finally define

0(t; A
f(l) (ta /\7 Q) - ﬁﬁl/ggl/lf(l) (t’ >\’ q)

0(t:0) < Bunf Va0
@ EDVE: 205
(q’Q)gOT; 0(q2 i q2) (205)
0(t;q) o
e ) _1 n n(n+1)/4 n (1) n '
(4;9)2.0(X; ¢1/?) Z( )"a N'Bijaf (g2 A, q)

neZ




40 STAVROS GAROUFALIDIS AND CAMPBELL WHEELER

Now the top of the Newton polygon has one edge of slope 0. We find the solution satisfies

00 —1y.
gV(tq) =) Brla)t™" e(g(t—_g’;]) where  fi(q) — ¢ *p7 (1= ¢"p™")*Brya(q) = 0. (206)
k=0 !

Therefore, as the indicial polynomial is

(1—q ' ")?Bolg) =0 (207)

we take p = ¢ 'e and expand to order €2 to find solutions

" o LgEED2
teq) =Y () — 1"
oS
oo 1 1 el(t—l,q) k 1—|—C]j qu(k+1)/2 - )
+ —Ei(q) —=———+~+ = | (—1) ——5-t " | e+ 0O(e7),
(,; (2 W73 " g ; = ) "V G =)
4 (208)
where E(q) =1 — 42‘;‘;1 13]qj. Therefore, we have solutions
o0 k(k+1)/2
q —1-
g(oo)(,;q) :Z(_l) L 1k
k=0 Tk
= (1 1 0@t 9 P gFE+1)/2 (209)
(0,1) ’ k 1k
g t,q) = ~FEi(q) — = — + - (—1) ———t .
) ;(2 0 =3 0(t~';q) ;1—q1>( ) (a3 )%

5.2. Monodromy. Consider the fundamental matrices U and V' given by Equations (29)
and the associated monodromy. Using the modular transformation properties of the Jacobi
f-function Equation (49) and the Dedekind n-function, it is easy to see that Equation (31)
implies (32).

Note that each of the functions ]\7[)271, ]\—4)2’1|_1T, ]\_4)271|_1S has SLo(Z)-stabiliser (T2, T'ST),
(T? S) and (ST?S,T), respectively, and that the second group is the f-subgroup and the
last group is I'g(2). The appearance of I'y(2) is a consequence of the (1/2)-¢g-Borel transform
below.

The rest of this section is devoted to the proof that the monodromy is given by Equa-
tion (31). To achieve this, we need to write f(-1 and f() as linear combinations of g(®*)
and ¢(®Y, the coefficients in these expressions give the entries of the monodromy matrix.

Firstly we determine the second column of the monodromy, using an adaption of an argu-
ment in [54]. Using the (—1)-¢-Laplace transform or the Meinardus trick (see for example [51]
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and (71, p.54]) and shifting the contour of § := flt\ze we obtain that

A1) 0(t/&q) dE o 0(t/&4q) dE
f ”f[ &%, 2mie & q)oo;;, (Resgzrk) (& a)3 2mig
_ O(tq*e; q) —de
S ,;%(RESE VaTe s e 0k 2mi
_ (=1)FqgFEAD 24 kem kg (tes; q) (ae%; 93 —de
=—(g;9) z:: (Rese= o) B(c:q) D) e=2ke (ges; )2 2mi (210)

(tes; €< 2 X (_1)k k(k+1)/2t7k:eke de
:(qq) ReSEO(S qg(q q;ooz( )"q — i
0(e%;0)* (9)3% = (qes; 9)j; 2mi

k ; oo
1 1 1+ ¢ (_l)qu(k+1)/2t7k71 , 1 k k(k+1)/2t k—1
—FEi(qg) — - + E - +60'(t~ E .
(2 @=3 = 1—q7> (g;9)2 — (G903

[]8

=—0(t"";q)

k=0

Therefore, we see that
Fo0q) = gV (tq), (211)

which implies that ]\71,2 = 0 and ]\72’2 = 1. Lemma 5.4 below implies that det(M) = —1,
therefore

— -1 0
Mt M) = ( - 1) | (212)
To finish the proof we will show that the function
& =Y+ g% —my gV (213)

vanishes identically, where ms; denotes the function given in Equation (31). The function
&, is meromorphic of ¢ € C* and has potential simple poles located at ¢ € g~ 1/4-3%)\~1
(coming from O and M,,) and potential simple poles at ¢Z (coming from ¢g©®V). Lemma 5.3
below gives

dt
Rest:iqfl/%n)\_lf( (L, A\ q)2 n
OGN O O I NG
2(¢; 0)%.0(a ' X 0)0(q73/2 X q) ’
On the other hand,
dt
Res;_y,-1/a-ny-1mag 1 (T, A q>27rzt
B Res;_yg-1/1-ny10(qt; 0)0(tX; )0(tAG ;5 q)0(tA2q71/2; q) dt
(A )0(—tAg 4 )0 (tAg= V4 q)0(—thg= V4 q)0(q 1 X; q)0(q=3/2X; q) 2mit
_ (DY 0T )0 )0 )0(Fg " A g) (215)

(@) (=™ 0@ > 0)0(—a > 0)0(a N 0)0(q7/2As q)
0PN )8 @)0(E S )8(E A )
(4:0)3.0(=1;0)0(q7 % 9)0(—q7/%,0)0(gX; )0(q73/2X; q)
_ OGN 0)0(Eg T 9)0(g 2 q)0 (g N g)
- 2(4;9)%.0(a~"A; 0)0(q2X; g)
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Therefore,
dt
A similar computation or the fact everything is elliptlc in A — ¢'/2X also shows that
dt
Res;_y,-3/a-ny-1&(t, A q)2 o =0. (217)

Now notice that msq (g%, \,q) = 0 which implies ms ;g is holomorphic at ¢ € ¢%. We
then see that &(t, A\, q) extends to a holomorphic function of ¢ € C*. Therefore, from
Corollary 5.5 we see that &(t, A, q) = C(q)g®(t,q). Finally, we note that

— "t
(93 = 0(q"tq)
which follows from Lemma 5.1. Thus, Equation (31) follows from the residue equation (214)

and from a computation of the determinants of U and V. We discuss these in the next
sections.

~0 (218)

Lemma 5.1. For ¢ in some compact set where the functions are holomorphic, we have

9“Na'tg) 1 P A C AT VI
roo 0(q"t; q) (9% roo 6(g"t; q) (219)
oy 90t 9) fOqtq) 1
m = = lim . = 5
rooo 0(q"t; q) rooo 0(gtq) (9%
Proof. We have
(00 > k(k+1)/2—rk—r 1
97 (q"t, q) —t_ -
2; (¢ )i
o0 (k—r)(k—r+1)/2
— gD/ Z(_l)kq—zt—k—l (220)
— (¢:9)%
o0 k(k+1)/2
r_—r(r —r— q —k
= (=1) g2t N Rk
kz_ (45 9)%sn
The first equality then follows from
0,0)(q7¢ —1 0 k(k+1)/2
i 9@t e) LS
rooo B(qtiq)  roe (TN q) (¢ @)isr
1 k(k+1)/2 1
=) Z<—1)kq(.—)2t_k s
1q) £ 4 9)3% 4 9)3%
We can show similarly that
SO0 (" o r(r1)/2, e L 0’(t*1 ’“+’“1+qa ghkh+1)/2
0D (q"t,q) = (—=1)"q D2 1k2_:r< 1(a) 5 BT, + Z (q’q)k+rt ’ (221)
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Noting that Fi(q)/2 —1/2 + 2?21 ﬁ_gj: = k + O(¢*) completes the proof of the limits of
g% ¢ The limits of f*V follow from Watson’s lemma for ¢-Borel resummation and

keeping track of the 6 prefactors. O

5.3. Residues. Note that ¢ is holomorphic on C*U{oco}. In this subsection we compute
the residues of the meromorphic functions f(-1 = ¢(®1 and fO.

Lemma 5.2. The functions f(=V (¢, q) = ¢®V(¢, ¢) have simple poles at t = ¢% with residues

dt dt
=D " P (AY = (0,0)(,n ) 299
Resign [0 (L a)5— = Resiegng ™ (8, 0)5— = 977 (4", 4) (222)
Proof. We have
0t 1 q) dt
Res,_. AL_540) (223)

Ot q) 2mit T
To finish we note that the proof of the equality (=9 = ¢(®1 is independent of this Lemma

and follows from Equation (210). O
Lemma 5.3. (a) The function Bl/gf(l)(f, q) has simple poles at & = ¢~ /47%/2 with residue
_ k k(k+2)
Reseesg Byl (6, a) e = 2L ) R R
(b) The function fM(¢, A, ¢) has simple poles at t = £¢~Y/*+Z)\~! with residue
Resy—g r0-n S0 N )5
0PN Q0 Q0 Q00N ) L1y ajamy (225)
N 2(:9)5.0(¢ N q)0(q=3/2X; q) Jra A a
Proof. For part (a), consider the following auxiliary function,
2k
&0 = ; (¢; Q)j(q; Diesr’ (226)
which we analytically continue to £ ¢ j:q%ZSO. From the power series at £ = 0, we see that
BiafV (g, q) =Y (=1)q" ¢ HL (&, q). (227)

rez
We have the relation

Hr—1(€7 Q) - gHr(év Q) = _ql_T (Hr—2(£7 Q) - Hr—1<§7 q)) (228>
and from this we can see that

J d
Rese—y (Hy_1(&,q) — H,(€,q)) ﬁ = (=1)"q "V PRese_y (H-1(€,q) — Ho(€,q)) ﬁ
(229)
Since 1
li Hr y - )
Jm H#,(8,9) (4 D)oo (€% @)oo 250
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it follows that

de de de 1
1 H = H = H, . 231
Res§_1 r(gaQ)27m€ Res{ 1 0(57 ) 7TZ£ Resﬁ 1 (6 Q)me 2(q, q)go ( 3 )
Let
Ry R By o fV a8 232
(1, q) = Rese_gmvja—n2 B2 [ )5 omie” (232)
Then,
d¢ —0(£q % ¢'?)
R(0,q) = Rese— g HL (€, = : 9233
(00 = Reseos -1/ e )5 e = =5 (233)
Now from the functional equation of By /o f (¢, q), we deduce that
. . . d
0= Resgziq—1/4—n/2(1 - q1/2§2)51/2f(1)(§, q) + 2551/2f(1)(q1/2§7 q) — 31/2f( (@€, q) i
= (1= ¢ ™Rs(n,q) £2¢ V" VPR (n—1,q) = Ri(n —2,q).
(234)

Note that Ry (n,q) = 0 for n < 0 and that when Ry (—1,¢) is zero we have a unique solution
determined by R+ (0,q). One can then check that

—0(£¢"%4'?) ¢
Ry(n,q) = 1) —. 235
) =Sz = Godwan (235)
For part (b), we compute
dt
Rest dq—1/4-n)— 1f( )(, ,q)2 it

0t:q) at
_R’est +q— 1/4—mn)— 1(q’ q) £1/2Bl/2f ( )27_th

0(£q /4 "A 1) k (k—2n)(k—2n—1)/4 \ —k+2
_ _1)kgU2m)h-2nn)/ay ki g (o
(7 0)30(X;q'/?) ,%; ) (0

k(k+1)

_ O(xq AT g) —0(q 7 2 ) ) /QAQnZZ
(45 0)2.0(X; ¢1/2) 2(4;9)%
O A 0 )
2(q;9)40(X; ¢1/?)
(g /4" A1 )0(£q 4 q)0(£q % q)0(2g 4" A i g)
- 2(q; 9)3.0(X; )0(q=1/2X; q)gnn+1)/2 ) =20
_ 70(:&(1_1/4)\_1;Q)Q(iq_l/4;Q)H(iq_3/4§Q)g(iq_5/4)\_1§Q)f(—l)(iq—1/4—n)\—1 2
2(q; 9)8.0(X; )0(q=/2X; q) ’
(YN )0(Eq Y 9)0(Fg P q)0(2q 3 AN )
a 2(¢;9)%.0(a7X; 9)0(qg=3/2X; q)

(:l:q—l/4—n)\—1)k

—= Q) e(q @)k

g HD/2\20 (=1 (g 1/4-n/2\ -1 0y

FEV (g VAL g)

FOD (gAY ).
(236)
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5.4. Determinants. The functional equation (28) for U,V defined in (29) can be written
in the form

Ulgt, A, q) = A(t; )U(L, A, q) and  V(qt,q) = A(t;q)V (L, q) (237)
where
A(@Q) = <_2—2 2q_1 —1q_2t_1> . (238)

Therefore, we see that
det(U(qt, A, q)) = det(U(t, \,q))g > and det(V(qt,q)) = det(V (t,q))q > (239)

Lemma 5.4. We have
—det(U(t,\, q)) = det(V(t,q)) = ¢ 't 2. (240)

Proof. Firstly notice that both det(U(¢, A, ¢))t* and det(V (¢, q))t? are elliptic functions in t.
Furthermore,

det(U(t, A, q)) = f (8 A, ) TV (gt q) — fD(at, A, ) TV () (241)
has potentially simple poles in t at £¢~/4~"/2A=!. Lemma 5.3 implies that
O(£d** N @)0(Eq V4 )0(Fa7 0)0(Fq N )

2(4: 9)5.0(a7X; )0(q3/2X; q)
X fOD (g AN ) fO (AT )
O(£¢* A1 )0(q Y 9)0(F=q~%* )0(Fq~ > N; q)

2(4;9)5:.0(a7 N 9)0(q=*2X; q)

< V(RGN ) fOD (R TAT )
=0.

A similar calculation shows that Res,_y 1/4-ny-1 det(U(¢, X, ¢)) = 0. Therefore, U(t, \; ¢)t? is
elliptic and holomorphic in ¢ € C*, hence it is constant in ¢. Now considering the limit as

t — 0, using the definition of f*) and their asymptotic expansions (given by their formal
power series expansions, by a g-version of Watson’s lemma), it follows that

0(qt; q)

Rest:iqufn)\—l det(U(ta )\7 Q)) -

2 _ 1 2 _ 1 q9) 2 . 2
det(U(t, A\, q))t" = 1151—I>% det(U(t, N\, q))t" = 11_1}1& a(tq) q)t 11_{% gt q) q)t o1
_ —limq_le(t;Q) —
=07 0(t;q) '

For V notice that
det(V (t,9))t* = g"0(t,q) gV (qt, 9)t* — ¢ (qt, 9) g™V (¢, ¢)t*. (243)

This has potentially simple poles at t € ¢%. There is no non-constant elliptic function that
satisfies this [2]. Therefore, det(V (¢, q))t* is constant. Then notice that

det(V (¢, q))t* = tlim det(V(t,q))t* = ¢ . (244)
— 00
U
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Corollary 5.5. If h(t,q) is holomorphic for ¢ € C* and satisfies the g¢-difference equa-
tion (28) then

h(t,q) = Co(a)g*”(t,q) - (245)
Proof. Every solution to equation (28) can be written in the form
h‘(ta Q) = CO (ta Q)g(070) (t> q) + Cl (ta Q)g(OJ) (t> q) (246)
for some elliptic functions Cy and C;. Now we see that
(0,0)
g (t7 Q) h’(t> q) ) —1,-2
det = (' (t, t 247
(g(o’o)(qt, q) hiqt.q) 1) (247)

is holomorphic and therefore C(t,q) = Ci(q) is independent of ¢. Now notice that if
g(to,q) = 0 then g(qto, q) # 0 as otherwise this would imply det(V(¢y,¢)) = 0. This means
that if C1(q) # 0 then Cy(t,q) has simple poles at ¢ € ¢ and no other poles for t € C*
which contradicts the fact that Cy(t, q) is elliptic as this would give an isomorphism from
the elliptic curve to CP'. Therefore C;(q) = 0. Then again noting that if g(to,q) = 0 then
9(qto, q) # 0 we see that Cy(t,q) must be constant in t.

We remark that an alternative proof can be given using the fact that all holomorphic
solutions on C* have a convergent Laurent/Fourier series expansion

> ag(g)t* (248)

kez

This is a consequence of Cauchy’s theorem and a detailed discussion of this can be found,
for example, in [1]. In our case, the functional equations imply this expansion is divergent
if a«_1 # 0. This forces a_; = 0, and the functional equation then implies that oy = 0 for
k < 0 and that ay are uniquely determined by Cy(q) = ag(q) for k > 0 which implies that
our function is equal to Co(q)g*? (¢, q). O

5.5. State integral. In this section we discuss the second part of Theorem 1.7 concerning
the extension of the cocycle to the cut plane. The main idea is to use descendant state
integrals, following [27, Eqn.(41)], defined by

Zap(z,T)= / ®y ()P exp < Ariz?® — 2WF> dzx. (249)
R+ie

Using the holomorphic extension of the quantum dilogarithm & from Theorem 1.5, this
integral can be shown to extend to a holomorphic function in for (z,7) € C x C'. We
are interested in the integrals Z; 5(z,7) which, using the residue theorem, factorise as an
elementary function holomorphic for 7 € €' times the following bilinear combination, see [27,
Thm.3],

I(z,m) = 7240 ,ci)go”( t,q) — 72"V (E,q)g V(. q)
A
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where the equality follows from Equation (52). Therefore, Z(z, 7) extends to a holomorphic
function for (z,7) € C x C'. Now, we see that

Qs(z,7) = (V]:S)(z, 1)V (2,7) 7
o <g<°7°> Ea) g™ (fﬁ)) (H/? 0 ) < 9V (qt,q) —g<°’1><t,q>) ~ (251)
gONat,q) ¢Vt q)) \ 0 712) \=gONat,q) gVt q)

The entries of Qy ¢ are then elementary functions holomorphic for 7 € €' times Z(z + n +
mr,T) for some n,m € {—1,0,1}. This shows that the cocycle Qy g extends to a holomorphic
function for (z,7) € € x C'; see [26, Thm.14] following the proof of [30, Thm.1.1]. Now
noting that

Av(M) = Ay (AV(M)]7) (252)

and Qaywy,r = I, part (c) of Theorem 1.2 proves part (b) of Theorem 1.7.

5.6. The inhomogeneous equation. We now consider Equation (35). We can convert
this into a homogeneous equation of one degree higher

tf(t;q) + (1 —3qt) f(qt; q) + 3tq® — 1) f(¢°t; q) — tq* f(¢*t; ) = 0 (253)

with Newton polygon shown in Figure 5.

f(O)

FIGURE 5. The Newton polygon of Equation (35).

Now from the general theory the solutions f&Y and ¢(®9 and ¢(®V) are the same as the
solutions in Section 5.1. We do find two additional solutions which are in fact solutions to
the inhomogeneous equation, namely

o0

FOt q) =) (—1)Fg H IR (g gt (254)
k=0

a divergent formal power series solution at ¢ = 0 and

2
[ee) 1 k 1
1(1 1 14 ¢ 1 1 1+¢ ) 0@t L)
(0.2) (4 ) — 22 _ 2 B —o Y
9 (tq) = (2(2E1(Q) 5t 1qj> (2E1(Q) 5t 1qj) 01 q)

k=0 j=1 j=1
10"t q) k ¢ 1 1 qu(k+1)/2 i

2 4 e S DL
20T +j§::1 (1-¢)> 24 24 2(0) | =) (¢: )7 ’
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where Fy(q) =1—24% 7" ¢"/(1—¢*)?, a convergent solution at ¢ = co. So, we must resum
fO(t,q). For |£] < 1, we have

o0

BifO¢ ) =) (g 9)iek (256)

k=0

which can be analytically continued away from & € ¢g%<0 using the relation

(1= OB fOE q) +2¢6B [V (g€, q) — BV (g% q) = L. (257)
< ; B, ;
o ? ON :

Therefore, we define
1

FOt A q) = (L1BLfO)(E, Nay q) = 0w d) D (1FFEINB fO (¢ At q). (258)
' ke

Now we consider the matrices
U(t, A\, Ao, q) = WDt A, q), FEU(E @), FOUE Aoy q))

0 1 0 0 0 1

= 0 0 1 FASA (2 N I7) IR Al () B AL (A0 YY)

q_Qt_l _q_2 q_Zt_l - 2q_l f(l) (qta )\17 q) f(il) (qt7 )\17 q) f(O) (qta )\27 q)
(259)

and
V(t,q) = W (g, q), "V (t,q), 9" (t,q))

0 1 0 0 0 1 560
= 0 0 1 g0t q) gVt q) "V (t,q) (260)

¢t =g ottt =207 \g"%tq) ¢°V(ata) 9 (at,q)
With these formulae we will now go on to prove Theorem 1.8.
Proof of Theorem 1.8. The identification of the first two columns of M (t, M\, A2, q) with those

in Equation (37) follows from Theorem 1.7. Equations (259) and (260), together with
Lemma 5.4 imply that

—det(U(t, A1, Mo, q)) = det(V (¢, q)) = ¢ *t 3. (261)
Hence, det(]_\Z(t, A1, A2,q)) = —1 which in turn implies that ]_\23’3(75, Ao, q) = 1.

—

Now, Equation (37), written in the form U(t, A, Ao, q) = V (t,q) M (t, A\, A2, q), together
with Equations (259) and (260) and the fact that M3 3 = 1 imply that

fO = ]\71,39(0’0) + ]\72,39(0’1) +g?. (262)
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Thus, to determine the two remaining entries of the monodromy matrix, we need to show
that the function

53 = f(o) — (ml’gg(o’o) + m2,39(0’1) + 9(072)> (263)

vanishes identically, where

1'(t,q) — ¢'(X2,q)
2 p(t,q) — p(X2,q)

denote the two entries of the matrix on the right hand-side of Equation (37). Note that
Es(t, A2, q) is a meromorphic function of ¢ with potential simple poles at A, '¢% (coming from
f© and my3) and potential double poles at ¢% (coming from g®Y, g2 m, 5 and my3).

Since Res,_, -y 1ma3(t, s, q)5% =1, combined with equation (211) gives

(264)

m1,3(t7 Q) = p(ta Q>7 m2,3(t7 )‘27 Q> =

RGSt:qu,\glmzs(E >\27 Q)g(OJ) (t ) = f( 2 ( —m/\2—17 Q) ) (265)

2mit

we see from Lemma 5.6 that £ has no poles at A, '¢%. Now noting that
(g OO g A |
.\ = ! A ! — 266
st 22,0) Gt Tq) P Tq) G Tg) 2 (266)
the only terms that contribute to the polar part of
9D (tq) +mas(t, A2, 0)g OV (t @) + st 0)g Ot q) (267)

at t = ¢"e for e ~ 1 are

o 0'(ciq) 107"l q)
Z <_ (k - 2E§k)(q)> 8(=—1; q) T3 2 0(g~™me1;q)

k=0
(el q) w ) Ee)  10(ehq)
k—m-— ——"—-"+—-2F - =
i ( ") VD) Gy T 20T
9/(6_1' q>2 (9”(8_1' q> qk(k+1)/2—m—mk (268)
+ 717 - — 717 ) 1 k : 6_1_k
0(e~'5q)*  0(c5q) (¢: )i
19// 1. 1\ @/ (s—1: 9" (1. k(k+1)/2
_ Z ( m—g_lvq) _ (m N _) (»s_l,q) B (6_1 ,Q)><_1)kq_2€1k.
eliq) 2) 0(etiq)  O(eq) (¢: )i
This has a potentially simple pole at € = 1 however noting that
1"( —m_—1.
Resgzle (g - 4) dg, =-2m+1
O(qg—me— ;q) 2mie 969
0'(e7t;q) de (269)
Resszl—’ = —
0(e1; q) 2mic

we see that the residue vanishes and therefore (267) has a removable singularity at all points
t € ¢%. Therefore, we see that &3 is a holomorphic (for ¢ € C*) solution of Equation (28)
and therefore from Corollary 5.5 we see that E(t, A2, ¢) = C(q)g*? (¢, q). To finish the proof



50 STAVROS GAROUFALIDIS AND CAMPBELL WHEELER

we note that for ¢ on some compact set where the functions are holomorphic, Lemma 5.1
and Lemma 5.7 implies that

Clg) _ . Clg™(t.q)
(@) o 0(qtq)
iy £O200) = (9Ot 9) + mas(t Ao, 9)g MV (E @) + st 0)g O (t, 9))
r—00 0(q7t; q)
1 _
= (q Q)2 (m1,3(t 17Q) - m1,3<t7Q>> = O?
where we note that m; 3(¢, q) is the Weierstrass p-function plus a constant which is even in
z where t = e(z).
Our next task is to compute the residues of f©

Lemma 5.6. (a) The function B; f© (¢, q) has simple poles at ¢ € g% with residue

d.
Rim.q) = Resecy B 1 V16,0 5oz = (050 Z e
(b) The function £ (¢, q) has simple poles at t € A\, ¢% with residue

dt 1),
Rest:q—m/\glf(o) (¢, Az, Q)% = (A ). (271)

Proof. For part (a), notice that

,\ o0 oo 1
B, f© = (@i = (602> Wfk
k=0 k=0 1 1/00
0 kn+kl+n-+4 0 n+l (272)

— (o o)? q k(e 0)2 q
=60 k}fﬁzv;zo G D@ & q>°°mzzo (¢ 0)e(g; Dn(1 = ¢"+5E)

is the analytic continuation of By f(©. From this, it clearly follows that the only poles are
simple, located at & = ¢%. (Alternatively, one can also use the linear g-difference equation
satisfied by this function, though this is not needed here). We compute the residue as follows:

R(m ) — Res ( . )2 i qn-i-f d§
TSt e 2 (0) (g a1 — g7E) 2mi
RRRGEY Y

— qQ)

(273)

For part (b), the pole structure is clear noting that Equation (258) is convergent if all the
terms are and that By f(©(¢*t),, q) has poles at t € Ay tq%<—*. We compute the residues as
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follows:
dt dt
Res,_ gyt [O(t Aoy g )2m = Res,_y .1 (L1B1FO)(t, A, g )2 =
_ 1 k k(k+1)/2 \k ! dt
= Resiymy;1 5 o) %( 1)*q ABLFO(¢F st ) S
1
_ Z(_1>qu(k+1)/2>\l2cR<m —k, Q)
8(>\27Q) ke7,
- (274)
1
_ -1 mqm(m+1)/2)\m 1 qu(k 1)/2 fm>\ R k',q
ool DICH (4725 R (k)
—(4,9)3 (m+1)/2 S p o gt —my\—1\k
00arq) ) ’ k;O( Y Godaon )
= [T a).
U

Lemma 5.7. For ¢t in some compact set where the functions are holomorphic, we have

9" (qt,q) 1 FOq"t, q)

im = mis(t ™ q =0. (275)
T I ER G N S ey
Proof. We have
(_1)Tqr(r+1)/2tr+lg(0,2) (qrt7 q)
> (1(1 Loowtg Mg\
— NiE(g) - -2 22 5D A
kZ_ 7 | ) —r =3 0(t=1; q) +j21 1— ¢
k+r
1 1 1+¢\ 0t 19 (276)
| ZE —_—p— = =
(2 i(g) =7 = +Zl_q]> T
10"(t71; ) ktr ¢ 1 1 LqED2
e T g @) | (D) et
200759 Z(-¢)? 24 24 (¢ 0)isr

Then noting that 1/24 — E5(q)/24 — Zle @ /(1 —¢%)?) = O(¢g"") the proof then proceeds
as in Lemma 5.1. d

To finish the proof of Theorem 1.8 we will use the state integrals introduced in [28,
Eqn.(73)].

exp( miz? — 2w )
/RHE Py (z)? e 27r:17) dr. (277)

The factorisation of this integral was done in [28, Thm.7|. The fact this module is not
self dual (see Proposition 2.6) means that additional functions arise in the factorisation.
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It was shown, using Equation (52), that Equation (277) factors as an elementary function
holomorphic in €’ times

I(z,7) =r*¢P(,q) + 7"V (&, ) Lo(t, q) — ¢ “V(E,§) L1 (t, q) (278)
where
1 el(t—l. q) o0 i qk(k+1)/2
Lo(t,q) =1— =E\(q) + —2+ -1 t
olt: ) g F1(4) 0(t=1; q) ;( ) (¢; ) (1 — ¢

— ¢:9)i(l—gq 2 2 Ot lg)  —=l-g  1-g
(279)
These functions L; where then shown to satisfy
Lo(t,q) — Lo(qt, q) = —qtg®?(qt,
o(t,q) — Lolqt,q) = —qtg™" (qt, q) (250)

Li(t;q) — Li(qt, q) = —qtg'™V(qt, q).

Notice that functions satisfying these equations are unique up to the addition of an elliptic
function. Therefore, with exactly the same argument in [28, Thm.4] with the addition of
checking the principal parts of the LHS and RHS we can then show that

0 1 0 —Li(t.q) —qt’¢"V(qt,q) qt*9gOV(t,q)
V(t,q)™" ( 0 0 1 > = | Lo(t,q) qt?¢g®Oqt,q) —qt>9"O(qt,q)
. R AL IS R e 1 0 0
(281)

Therefore, we see that the entries of {2y ¢ are combinations of elementary functions times
Z(z4+n+mr,7) form,n € {—2,—1,0,1,2}. Using the explicit expressions for the monodromy
one can prove it satisfies Equation (32) with equal weights (2, 1,0) and again using part (c)
of Theorem 1.2 complete the proof. U

5.7. The z-deformation. We will first discuss the two variable holonomic system given by
the homogeneous equations

tg flg @, q) + (1= (x7" +a)t) f(t, 2, q) + taf (gt x,q) = 0, (282a)
(1—qx)(1 —q 2% f(t, qz,q)
(2 =12z + 1)@t —2— (¢ + )t —a +27%)f(t,2,q) (282b)
+(1—g2*)(1 — g '2) f(t, g 2, q) =0,
(1 —zq)(f(t,qz,q) — 7" f(qt, qz,q)) = (1 — 2 " )(f(t, 2, q) — gz f(qt,x,q)) . (282¢)

This is not a random system of equations, instead they are the defining equations of the ¢-
deformation of the homogeneous A—polynomial of the 41 knot. This system appeared in [29,
Eqn.(10)] and [26, Eqn.(134)], and it is g-holonomic of rank 2 in the variables (¢, x). The
system is symmetric under the involution z <+ ! (which corresponds to the Weyl symmetry
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in the color of the Jones polynomial of the knot) and our solutions will also be invariant
under this involution. As a result the monodromy connecting = = 0 to x = oo is the identity.

To construct solutions, we will apply the Frobenius method to the Equation (282a). This
has Newton polygon depicted in Figure 4. Notice that the indicial polynomial (p—1)? for the
top edge of Equation (28) now becomes (p — x)(p — 2~') for Equation (282a). We can then
normalise so that the solutions satisfy the full system of equations (282a), (282b), (282c).
The solutions to this homogeneous system are then given by

Pk /2520

- 0(q""x;q) S
V(2,4 tk
ot = (1= 2)0(q " 0)(¢; Do ZO = (43 0)e(q; e

t? )
FO(t 2, M, q) = Mﬁmaﬂf (t, 7, A1, q)
(1 aﬁ) €40)) (283)
(0,57 1) 0(q"w; q)0(tr; ¢) (7% ¢) oo - 1k gF D2k —k—1
gt Nt w,q) = 1)F— -t
0(t; q)0 ( ) (1= 2)(¢; Do = CHANCEST
v 0(q 'z~ 1) (977% @) o gtk 2=k
90 (t,,) = z SETVIVGRRTIES o St
0(t:)0(x2 q)(1 — 27" )4 @)oo 1= (¢ @)i(az2 q)n
where
o k q —kl o 20—k i
t x,q) —t". 284
ZO; (@3 D)@ Q)i (284)
Notice that we have
) ok k+1)/4+€2 ke 20—k i
B (t,x,q) = t 285
1t 9) kz_%; (45 0)e(qs @)r—e (285)

which satisfies

(1— ¢ By o f NV, q) + (v + 27 )EB1 o f V(¢ %€, q) — Brjof M (g, q) =0.  (286)

We can complete this to include the inhomogeneous solutions to the system of Equations (39a),
(39b), (39¢c). Equations (39a) can be made third order homogenous which has Newton
polygon depicted in Figure 5. The indicial polynomial of the top edge now factors as
(p —2)(p — 27')(p — 1). This gives two additional solutions as in Section 5.6. Firstly
we have

FOt 2,q9) = (—1)fq D2 q) (g g)t”, (287)
k=0
a divergent formal power series solution at ¢ = 0. Then

o0

k=0

which can be analytically continued away from & € ¢g%<0 using the relation

(1= B fOE q) + (+27)g€Bi fO g€, q) — *Bi f V(¢ q) = 1. (289)
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So we define

O, 30,0) = (BNt 2,20, 0) = 37 Ai; ” k%(—l)’“q’“’““w;&ﬂo)(q’%t,x,q)-
(290)
The second solution is then given by
o0 gF D/ i
)(t,z,q) kz; e k+1< Q)k+1t . (291)
We then take
U(t,z, A1, A2, q) = W(f(l (t,z,A1,q), f U(@%Q)a f(o)(ta$> A2,q)) (292)
V(t,q) = W(g* Dt 2,0), ¢ (¢, 2,9), 9"V (t, 2, 0)).
Before we give the proof note the immediate symmetries
gt q) = g0 (@, q), FV ™ g) = FV( ),
gt 27 q) = g (¢, 2, q), fVt et e) = (), (293)
gVt a7t q) = 9OV (2, q), FOt 2™ q) = fOt,2.q).

Proof of Theorem 1.9. First we prove the existence of the elliptic function mq; with the
properties listed in Theorem 1.9. Note that the only restriction to an existence of an elliptic
function with prescribed poles and residues is the vanishing of the sum of the residues on a
fundamental domain. Here, there are six residues, and their sum vanishing is equivalent to

0(¢*/ M\ q)0(q~ 4 2;q)0(q > 2 )0(g > * A1 q)

20(x; q)0(x~1; ¢)0(q~ A5 ¢)0(q3/2M15 q)
O(—* " N5 )0(—q ;. )0(—q % s )0(—q %" M5 q)
20(x; q)0(x~1; ¢)0(q~ A3 q)0(q3/2M15 q)
(¢ M\ )0 ;)0 2 9)0(g~ M5 q)
20(x; q)0(x~1; ¢)0(q~ /2 A1;¢)0(q~ A1 q)

+

_l’_

L 0=a"A 90— e 9)0(—g* w: 9)0(=g N q)
20(x; q)0(z= 13 0)0(q~ /2 A1; q)0(q Ar; )
_ (0@ )06 A g) 0@ AT )00 s q) | Oa s q)0(a s q)
(29( A @)0(g M5 q) 2‘9(611/2)\1561)9@_1)\1;@) 0(z; 9)0(x~"; q)

W 0l Phca) 90 g i) 05 )0 150)
(294)
To prove this identity, notice that the right hand side is elliptic in A\, — ¢*/?\; and z — qa.
Moreover, A; has only one potential simple pole in its fundamental domain and therefore
this is constant in A;. Then x has a potential double pole which cancels. Then specialising

(9( N @)0(—a 4\ q) 9(—q1/4kf1;Q)9(—q1/4A1;q)) 0(—q~42;9)0(—q~*/ x5 q)



MODULAR ¢-HOLONOMIC MODULES 55
the RHS to A\, = ¢"/* and = = —¢'/* gives

0(¢'%q)0(q"q)  0(-1;9)0(=q""*q)

20(q=/*: q)0(q=>/*; @) 0(—=¢"*; )0(—q~/*;q)
This can be proven to equal one by elementary means using the Jacobi triple product identity.
Therefore, such an ma(t, z, A1, q) exists. Explicitly, we have

(295)

—16'(tz;q) | —16'(tz"159)
2 O(tasq) 2 O(taliq)

0(a*/ A\ Y1 @)0(q~ 4w q)0(q— % 42 9)0(— *Xisq) 0/ (g h) | O(=a¥ 4N Y5 q)0(—q /1w q)0(—q—*/ 25 9)0(—q 3/ *A15q) 0/ (—thig!/?)

ma1(t, 2, A1, q) =

20(z; q)0(x =15 9)0(q= 1 A1;q)0(q3/2 15 q) 0(tA1q'/4) 29(96 Q)0(z=159)0(q= A1; )0(q~3/2A1; ) O(—tA1q'/*)
0(a" AT @)0(a 4w q)0(a 4w q)0(a™ A Ni5q) 0 (Mg ) | O(—a AT )0(—q A @)0(—q Y25 9)0(—q 1/ *A15q) 0 (—thag/?)
20(z; ¢)0(z =15 9)0(q/2A1;9)0(g~ 1 A15q) O(tA1g3/) 20(x; q)0(z =15 q)0(q=1/2A1;9)0(q— 1 A15 ) O(—tA1g3/4)
—10'(wq) 10 Yq)  6(@*/4AY )(‘1/4 2)0(q=%/*2;9)0(¢~3/4 \159) 0/ (A1q'/*)
C 2 0(wg) 2 0@ ha)  20(m@)0(z9)0(a Ais9)0(g P hsg)  0(hg'/)
0(=a* "N )0(—a~ Y2 q)0(—g~ ¥ 1w 9)0(—q 3/ M3 q) 9’(—/\1q1/4) 0(a'/* N5 @)0(a s )0(a—* Y2 0)0(a /M3 @) 0/ (MigP/4)
29(:13 @)0(z=1;q)0(q= 1 A159)0(q3/2A15¢) 0(—Aigt/%) 20(z; q)0(x~159)0(q~1/2A1;9)0(q~ A5 q) 6(X1g%/%)
0(—q' /A1 )0(—q V12 9)0(—q 3/ Y3 9)0(—q~V/A1;q) 0/ (=M1 gP/?)
- 20(x; )0z~ 1 0)0(a~ /2 A159)0(g~ A3 q) O(~Aig?/h)
(296)

Next we calculate the second column of the monodromy matrix using the same argument
as Equation (210) from [54].

- e 0t/6q) e
ot ma) = 7{[” (& 00t/Ga)5 7 Yg(xf;q%o(w—lf;q)oozm’f

N Ot/Sq)  dg
— Resg_y+,- -
kZ:O( =) (o ) (016 ) 2
B > O(txqhes; q) —de
- kzo(ReSEZO) (e g7 (e Qoo (x72g e g7 p(2 255 q)oo 2mi
> O(tz—"q"e%;q) —de
_ R. _
kZ:O( eoe=0) (22q7 e g7 (2?55 q)oc (¢ e g7 (e85 @)oo 27
_ i 0(txq"; 4)(g2% q)ox N i O(te"q" q)(gr "% @)
= (e k(g g eb(3%q) - = (56261*1;q”)ke(w”;q)(q*l;qfl)k
O(tz; q)(qr%; q) oo Z kk+D)/2pk=kg(tz—1; q) L @)oo Z k(k+1)/2 p—ky—k
= +
xz,q Dr(2*q; Ok 9( @r(qz=% @)k
_ Blg'90 - w)(q, )oo 0.1 0(q~'t; Q)(l —a” )(q,q)oo (0.2)
- 0((]7133; q) g (t7 xz, Q) - 0((]711’71; q) g (ta Z, Q) :

(207)

Therefore, we see that
FEO 2, q) = =g Dt 2, 9) — 9O (1 2, q). (298)

Now note that the bottom row of M is given by (0,0,1) simply from the fact the inho-
mogeneous module contains the homogeneous as a sub-module and then the inhomogeneity
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normalises the last entry. Therefore, from Lemma 5.12, we see that

-1 0(z—2:0)0(t:0)* (1:0)%

L Wg e 0iafliz Ty O ¥

0 0 1 0 01

Consider the function
0(x~* q)6(t; 9)*(4; 0)3 -
Ey = fO(tz, M, q) — 2 0 /00 ( 0= (¢ — g0t )
4 f ( , T, 17Q) 209(q_1.1’,q>29(tI,q>9(t§L’_1,q> g ( 7x7Q) g ( ,Q?,Q)
—m t,..'L',)\ » q <_g(0,$71) t7xaq _g(O,l’) t,l’,q >
2.1( 1,9) ( ) ( ) (300)

0 -2, O(t: 2( 4 4\3
:f(l)(t7x7/\17q)_ (Q? 7q> ( ,Q) (q7q)oo
20(q1; q)*0(ta; )0 (tr 15 q)
- m2,1(ta Z, >‘1; Q)f(_l) (t7 x, Q)
where is mg; has the properties stated in Theorem 1.9. Then by the definition of my; along
with Lemma 5.9 and Lemma 5.10 we see that &, is holomorphic and satisfies Equation (282a)

and therefore must be zero from Lemma 5.8. This proves the first column. Now for the last
column consider the function

55 = f(O) (tv )‘27 xz, q) - 9(071)(157 xz, q)
0(x=% )0t 9)* (4 9)2 (0,21 (0,z)
- 20(q ' w;q)20(tw; q)0(tr 1 q) <g RRCE <t’x’Q))
- (ef(mg) 0(tr) Otz 0 1) (301)

x’l xT
(g(o’ 't z,q) + g )(t,:v,Q)>

0(thy)  20(tz)  20(tz—1)  O(N\y) 2
x (—g“””l) (t,z,q) — gO9(t,z, Q)> :

This is holomorphic from Lemma 5.9, Lemma 5.10 and Lemma 5.11. Moreover, &5 satisfies
Equation (282a) and therefore vanishes from Lemma 5.8.

The entries of the RHS of Equation (41) have the following transformation properties
under the S matrix

0(x=2;q)0(t;§)%(3: 93, 0(z2;9)0(t;0)*(¢; 0)3,

20(q 1w;4)20(tw; POt 1) | 26(q w5 9)0(tw; )6t 5 q)
(9/(52)_9,@) A ICY 1>:T<9’(t)\2) 0'(tx)  O'(ta)  0'(\a) 1)

0(thy)  20(tx)  20(tz=1)  O(N\y) 2

(302)
while mq has three elements in it’s SLy(Z) orbit ma 1, me1]15, ma1[iT. To see this notice
that mq|;7? simply permutes the terms in RHS of Equation (296). Then using Equa-
tions (49) (52) we can explicitly compute mg;|;.S and mo1]17'S which can be used to show
that moq[1ST = maq|1S and mae 11 TS = mo1|1T. Altogether, this shows the monodromy
satisfies Equation (43).

_ )
0(tho)  20(tx)  20(ti7Y)  O(Ng) 2

Lemma 5.8. If A(t, z,q) is holomorphic for ¢ € C* and satisfies Equation (282a) then it
vanishes.
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Proof. If h(t,z,q) is holomorphic for ¢ € C* then is has an Laurent series expansion

h(t,x,q) Zock x,q)t (303)

keZ
Therefore Equation (282a) determines the coefficients ay(z,¢) from two initial conditions
say o and a_;. However for any non-zero choice of (o, a_1) we find that ay ~ O(q*¥*/?)
for k ~ —oo and therefore it is divergent unless oy = 1 = 0. Notice the difference here
with that of Corollary 5.5 comes from the fact that a_; = 0 does not imply that a; = 0 for

k <O0. 0
Lemma 5.9. We have
0(t;: q)? - dt —0(z; ¢)2fV (¢,
Res;_gms . (t;q) — g0 1)(t,a:,q) - ( Q)J ('q . q)
O(tz; q)0(tz~"; q) 2mit 0(x%; q)(q; 0)% (304)
Red 0(t; q)* 0 (t,2.) dt —0(x )2 f V(g a2, q)
S bt gy 2t 0(z2;q)(q; )%
while g(®V (¢, z, q) is holomorphic for t € C* U {oo}.
Proof. This follows from Equation (298) and the fact that
0(t; q)* dt _ 0(z%;q)°
S g s 0t 0) 2mit 6% ) (g 0)2 (305
0

Lemma 5.10. (a) The function B,/ f1 (€, 2, ¢) has simple poles at & = +¢~/4720/2 with
residue

n n(n+2)
: s —0(=q x;q'?) ¢ 1
Rese—1janjaBy o fO(E, 2, ) — — sl DT (306
a2 BTG 2 ) g 2(q; 9)2% ;< "oz,
(b) The function fM)(t, 2, A;, q) has simple poles at t = +¢~/4*%)\ ! with residue

dt
Rest:iqfl/z;fn/\;lf( (t,z, A1, q)2 ”

(307)

_ 0T 9)0(£q a: q)0(£q ™ a )0(£ N3 )
20(2;q)0(z~ 1 0)0(q~ Ai; )0(q=3/* A1 q)
Proof. Firstly note that the singularities are determined by the functional equation for

BI/Qf(l)(f, x,q). For part (a), recall the auxiliary function H, (&, ¢) defined in Equation (226).
Note that from the power series at £ = 0, we see that

Biof V(g w,q) = > (—1)q" " HAE ). (308)

reZ

FEV (g A 2, ).

Let
dg

Ri(n,z,q) = Resg_yq-1/2- n/2B1/2f( (& C]>2 e

(309)
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Then, from Equation (231),

d¢  —0(xq Va;¢'/?)
omié 2(q; 9)2%,

R(0,7,q) = Rese_s1 » _(—1)'q"/*¢"a" H, (€, q)

reZ

(310)

Now from the functional equation of Bj f M (¢, 2,q), we can deduce that

i ; : d
Rese_sgrimna (1= ¢"PE)Br o fOE q) + (w427 )EB1 o f V(0776 0) = Biaf V(€ ) 2755

= (1-¢™Re(n,z,q) £ (x+2 Vg V" V2R (n—1,2,9) — Re(n —2,2,q) = 0.
(311)
Note that Ri(n,z,q) = 0 for n < 0 and that when Ry (—1,x,q) is zero we have a unique
solution determined by R4 (0,x,q). One can then check that

(g g1 2) & nnd2) op—n
Rau(n,a,q) = 2L L HET) G g 4 " (312)
2493 = (45 )e(@; Qe
For part (b), we compute
dt
Rest:j:qfl/él—n)\l*l f(l)(t; T, A1, Q)Tz‘t
0(t; 9) (4 @)oo A1) dt
:Rest:iq_1/4_n>\—lm£ B /2f (t X )\1, )2 it
CY n/\1 ,q (4 9)x (=2 (k=20=1)/4 ~k+2
= ") " A nRi(k,.I‘,Q)
e
k(k+1) _
G(i —/4- "AL 1 9)(¢; @)oo —0(+q~ Vg 1/2 ZZ a? (iqfl/llfn)\l—l)k
(1 —2)0(z;q )9(>\1, ') 2(a:9)3q” ) /2/\‘2"k i 0)e(@; @it
_9(iq_1/4_n)\f1;Q)Q(iq_l/4$;q1/ )qn(2n+1)/2)\2n (1-=) f( 1( 71/4771/2/\—1 z,q)
2(¢; ¢)oo (1 — 2)0(2; 9)0(A1; ¢*/2) 0(qg~'z;q) b
(g A )0(£q e 9)0(£g s 9)0(£g A g)

= ) (-1) + —1/4—71)\71
220(; q)20(\1; )0(q1/2\; ) gt/ 2\ 20 A o)

O(£q Y ANTY: )0(2q V4% q)0(£q 342 )0(£q 42T i q) /4
_ (£q 1 q)(q . q).(q_12q.)(q 1 Q>f( 1)(j:q 1/4n)\11’$’q)
20(; q)20(A1;)0(q~ /2 A\15 )
_0EPAT @)0(F s )0(Fq Y 5 )0(Fq P M)
20(x; q)0(z~; q)0(q~ M1; )0(q =3/ A5 q)

(A ).

(313)
]
Lemma 5.11. (a) The function B, f© (¢, 1, q) has simple poles at & € ¢” with residue
. df m q x% m
R(m,z,q ::R‘eS:*me(O) £, q . q.I’q oo
= e o B T

(314)
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(b) The function f©(t,z, X, q) has simple poles at ¢ € \;'¢% with residue
dt

Rest:q_m/\glf( (t, z, As, ) = fCD(™A Y 2, q). (315)
Proof. For part (a), notice that
. [e9) ~ [es) 1
Bif O 2,q) = (am50)r(qz™ " k" = (4750)o OOZ e Car=t ¢k
pn = ("5 ¢)oo 7 ¢)
> kn+kl+n+L, 0—n
-1 q x k
= 4Z5q)oo\qT ;q)oo
(3 @)l 54) ;0”;0 GG
o0 n—i—E l—n
X oo
= (maele 0 2 e =
> n n ZZ—n
X5 oo
= @50 ;:%; olg; q)n o(1—q"¢)

(316)
The residue then follows. For part (b), the pole structure is clear noting that Equation (290)
is convergent if all the terms are and that Blf )(q kt/\g, ac q) has poles at t € A\, ¢%<—*. We

compute the residues p,, := Res,_ - Al FOt, 2, A, ) as follows:
Pm = Rest:q—m)\gl(‘cl[slf )(t7 €, )‘Qa Q)%
1 A dt
— R o — -1 k k(k—i—l)/Q}\kB (0) k/\ t aad
eSt=q )\219()\2,Q) %( ) q 2 1f (q 2 ’x7q)27TZ't
1
= > (=DF¢ PN R(m — k2, q)
6()\27q> keZ,
N (317)
1
— -1 mqm(m+1)/2>\m 1 qu(k 1)/2 fm)\ R k,l’,q
T DT R0
_(qx;Q)oo(qI_l§Q)oo (m+1)/2 - L 4q (k+1)/2 2=k — —1\k
0\, q) =) ’ k;O( i )(q;q)H( 2 )
= A ).
[

The functional equation (282a) for U,V defined in (292) can be written in the form
U(qtax7/\17/\27q) = A(t7x7Q)U(tax7)\17)\27Q) and V(qt,fE,Q) = A(t,x,q)V(t,x,q) (318>
where

0 1 0
Alt,z,q)=1| 0 0 1 . (319)
¢ ¢t =42+ g I+z+a gt —qg 7t
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Therefore, we see that

det(U(qt> x, )‘17 )\27 Q>> = det<U(t> €, )\17 )\27 Q))qiga det(V(qt, xz, Q)) = det(V(t, z, Q))qiz)) .

Lemma 5.12. We have:

T

(1—x)?

0(q 'w;q)°0(tr; q)0(te " q) ¢ °x
0(z=2%q)0(t; )% (¢;q)3, (1 — )2

det<U(tax7)\17)\27Q)) - - t_g

(320)

det(V (t,z,q)) = t3.

Proof. Firstly notice that

U(t,z, A1, A2, 9)
=W (D (t,z,1,q), FV (¢ 2,9), F Ot 2,02, 9))
0 1 0 0 0 1 (321)
:< 0 0 1 )(f“)(t,:r,/\l,q) FEV(E, 2, q) f(O)(t,%)\z,q))
-

2l =g U = (@4 \ Wtz ,9)  fCD (et ,9) fO(gt, z, 2, 9)

with a similar expression for V. Therefore,

det(U(t, 2, A1, Ao, @) = ¢ 2L (FV (2,00, 0) f TV (gt 2,9) — O (qt, 2, M, 0) FTV (2, 9))

det(V(t, 2, q)) = ¢t (g (t, 2,009 (gt 2, 9) — ¢ (at, 2, 0)9 (1, 2, ).
(322)
Now notice that both det(U(t,z, A\, X2, q))t2 and det(V (¢, z, q))t* are elliptic functions in ¢.
Furthermore, det(U(t,x, A1, q)) has potentially simple poles in t at ¢ € +¢~*/4~%/2\~! and
t € ¢%. However, note that the poles of f(=1) at t € ¢ cancel with zeros of f). Lemma 5.10
implies that

Res,_y,-1/a-ny-1 det(U(t, x, A1, Ag, Q)¢*t) =
0(£¢** XY )0(Fq a5 )0(£q7*2; )0(£q** M3 q)
2(¢; 9)%.0(7; )0(z = 0)0(q~ M\i; )0(q=3/2\1; @)
x fO (g AT 2, ) fOV (AT 3, q) (323)
0(£¢** N )0(Fq Va5 )0(£q~¥ 2 )¢ M3 q)
2(q; 9)2.0(z; )0(x1; ¢)0(q M5 ¢)0(q73/% 15 q)
x fOV(EGTA 2, q) fO (g AN q) = 0.

A similar calculation shows that
Rest:iq_3/4_n/\l—1 det(U(t,x, A\, A2, q)) = 0. (324)

Therefore, we see that U(t,z, A\, q)t? is elliptic and holomorphic in ¢ € C*. Therefore,
it is constant in t. Now considering the limit as t — 0, using the definition of f&*! and
their asymptotic expansions (given by their formal power series expansions, by a version of
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Watson’s lemma), it follows that
det(U<t7 Z, )\17 )\27 Q))q2t3 = }SIHOI det(U(ta Z, )\17 )\27 q))q2t3
—

0(t;q)0(q "x;q) 0(qt; 9)0(q " ; q)

2 : 2
I T - TR [ [
— limg! 0(t:9)0(zig) _  q'w
=0" Ot q)0(x;q)(1—2)?  (1—x)?
(325)
Now noting that 0(t; ¢)?/0(tz; q)0(tz~1; q) is elliptic we see that
0(t: q)?
S (326)
is elliptic and holomorphic in ¢ and therefore constant in . Then we see that
lim det(V (¢, , q))q*t® UG
t=00 o O(tz; )0(tr~; q)
— lm (¢ (¢, 2,009 (qt,,q) — g0 at, 2,090t , D)
toe o o o U 0(tas q)6(te s q) (327)
_ (7% @) (977 0) oo (1 — 22)0(q 23 9)0(g 2" )
N (1 —2)%0(2% q)0(x 7% q) (4 0)%
12 0(z* q)0(q "x;q)0(q 2" q) _
0(x% ¢)0(z% ¢)(1 — 2)*(¢; 9)%
]

To finish the proof of Theorem 1.9 we will use the state integrals introduced in [28,
Equ.(139)] for w in a neighbourhood of zero.
exp (—mix? — 273

p( b )t (328)
1+ ¢/ exp (—2)
The factorisation of this integral was done in [28, Equ.(149)]. This module is again not self
dual (see Proposition 2.6) and means that additional functions arise in the factorisation. It
was shown, using Equation (49), that Equation (328) factors as combinations of elementary
functions holomorphic in C’ times

I(z,w,7) = gOV(E 7, q) + 7¢O E,7,§) L (t, 2, q) — 7¢O VE T, YLD (¢, 2,q) (329)

where

/ Oy (z +ib )Py (z — ib )
R+ie

O(t: 1 — F - 4\2 o k(k+1)/2,.+k
L(ﬁ)(u%q) _ ( afi)l( . T )(QaQ)oo<qx:t2;q>OOZ(_1)k q - z — k.
(g~ z*; q)0(txT; q) — (43 Dr(gz*?; @i(1 — ¢Fa™)
(330)
These functions L®7) can then be shown to satisfy
Ja -2, O(t: 2( 4 4\3 1 — 2
Lot 2,q) — Lo gt 1, q) = - DB D0 (1= 2) ) o)y g,

0(q~tx; q)%0(tx; q)0(tz=; q)
(331)
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Again this determines L®™) up to the addition of an elliptic function so checking the principal
parts

0 1 0 —L@(t,z,q) * *
V(t,z,q)" | 0 0 1 = | L&Dtz q) « x| . (332)
q_2t_1 _q—2 q—Qt—l o (:C + x—l)q—l 0 0

where the * are given by +det(V (¢, z, q))*lg(o’xi)(qmt, x,q) where m = 0, 1. Finally, one can
use the functional equations to take w away from 0 which gives the analytic continuation or
can alter the contour depending on w. Noting that the entries of {2y ¢ are combinations of
elementary functions times Z(z+n+mr, w, 7), we see that {2y ¢ extends for 7 € €’ and using
the modularity of the monodromy and part (c¢) of Theorem 1.2 completes the proof. 0

5.8. An analytic lift of the colored Jones polynomial. We finish this section by giving
a proof of Theorem 1.10. The main observation is that when z = ¢V, the series f© (t,q",q)
terminates to a polynomial of ¢, in which case the ¢-Borel transfrom, followed by a g-Laplace
transfrom is the identity. Explicitly, when z = ¢ for N € Z~; we have

FO gV, q) = (=1)F g D2 (g "N g) (g @)t

=
[e=]

(333)

=2

(_1)kq—k(k+1)/2(qN+1; Q)k(ql_N;Q)ktk-

>
I
o

The theorem then follows from Equation (58). O

5.9. Specialisation ¢ = ¢™. In this short subsection, included for completeness, we briefly
comment how our analytic functions of ¢, specialised to t = ¢™, become the known sequences
of g-series and (z, q)-series that have appeared in the literature. In [36] and [26, 27, 28] the
g-holonomic modules are discrete versions of what we have considered in Section 5. Here
we describe how the solutions can be constructed from the ones presented here. Consider a
solution f(t,q) of a g-difference equation

ar(t, Q) f(q"t,q) + ar—1(t,q) f(q" "t q) + -+ ao(t, q) f(t,q) =0

corresponding to an edge of slope x on the Newton polygon, and let

—Km(m m —K m dz
fmlg) = (=1) =" Res. o0 (g™ e(2), 4) " f(a"e(2), )5 - (334)
Then we find that f,,(q) satisfies the linear g-difference equation
ar(q™, @) frem(@) + ar—1(¢™, @) fr4m-1(q) + - + ao(¢™, @) fin(q) = 0.
This follows from
0 =Res.—o (ar-(¢"e(2),9) f(q""e(2),9) + ar—1(¢™e(2),q) f (¢ "e(2),q) + ...
d
Fao(g"e(),0)f("e(2). ) 5 (335)

O(e(z); q)r2miz
=a,;(¢", @) frm(q) + ar—1(¢", @) frem-1(q) + -+ + ao(q™, @) fm(q)
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where the equality follows from holomorphicity of 67 f or the higher order of vanishing of
the indicial polynomial.

For example, for the Equation (28), and its solution solution g(®! defined in Equa-
tion (209), we obtain that

qk(k—l—l)/Q—km—m

— 336
2miz 2 ., (336)

dz > 1
Res._0g®(¢"e(2), ) o = 3 (k L 2E§’“><q>) s
k=0 q7 q k

a g-series that appears in [27, Equ.13b] and [28, Equ.6].

Acknowledgements. The authors wish to thank Thomas Dreyfus, Jie Gu, Rinat Kashaev,
Marcos Marino, Mikhail Kapranov, Matthias Storzer and Don Zagier for enlightening con-
versations. The work of C.W. has been supported by the Max-Planck-Gesellschaft.

REFERENCES

[1] Lars Ahlfors. Complex analysis. McGraw-Hill Book Co., New York, third edition, 1978. An introduction
to the theory of analytic functions of one complex variable, International Series in Pure and Applied
Mathematics.

[2] Naum Akhiezer. Elements of the theory of elliptic functions, volume 79 of Translations of Mathematical
Monographs. American Mathematical Society, Providence, RI, 1990. Translated from the second Russian
edition by H. H. McFaden.

[3] Jorgen Ellegaard Andersen and Rinat Kashaev. A TQFT from Quantum Teichmiiller theory. Comm.
Math. Phys., 330(3):887-934, 2014.

[4] Yusuke Arike, Kiyokazu Nagatomo, and Yuichi Sakai. Vertex operator algebras, minimal models, and
modular linear differential equations of order 4. J. Math. Soc. Japan, 70(4):1347-1373, 2018. With an
appendix by Don Zagier.

[5] Christopher Beem, Tudor Dimofte, and Sara Pasquetti. Holomorphic blocks in three dimensions. J.
High Energy Phys., (12):177, front matter+118, 2014.

[6] Carl Bender and Steven Orszag. Advanced mathematical methods for scientists and engineers. McGraw-
Hill Book Co., New York, 1978. International Series in Pure and Applied Mathematics.

[7] Frits Beukers and Gerrit Heckman. Monodromy for the hypergeometric function ,, F,,_1. Invent. Math.,
95(2):325-354, 1989.

[8] Frits Beukers and Frédéric Jouhet. Duality relations for hypergeometric series. Bull. Lond. Math. Soc.,
47(2):343-358, 2015.

[9] J. G. Bradley-Thrush. Properties of the Appell-Lerch function (I). Ramanujan J., 57(1):291-367, 2022.

[10] Kathrin Bringmann and Amanda Folsom. Quantum Jacobi forms and finite evaluations of unimodal
rank generating functions. Arch. Math. (Basel), 107(4):367-378, 2016.

[11] Kathrin Bringmann, Karl Mahlburg, and Antun Milas. Quantum modular forms and plumbing graphs
of 3-manifolds. J. Combin. Theory Ser. A, 170:105145, 32, 2020.

[12] Jan Hendrik Bruinier, Gerard van der Geer, Giinter Harder, and Don Zagier. The 1-2-3 of modular forms.
Universitext. Springer-Verlag, Berlin, 2008. Lectures from the Summer School on Modular Forms and
their Applications held in Nordfjordeid, June 2004, Edited by Kristian Ranestad.

[13] Miranda Cheng, Sungbong Chun, Boris Feigin, Francesca Ferrari, Sergei Gukov, Sarah Harrison, and
Davide Passaro. 3-Manifolds and VOA Characters. Preprint 2012, arXiv:2201.04640.

[14] Miranda Cheng, Sungbong Chun, Francesca Ferrari, Sergei Gukov, and Sarah Harrison. 3d modularity.
Journal of High Energy Physics, 2019(10):1-95, 2019.

[15] Ovidiu Costin. Asymptotics and Borel summability, volume 141 of Chapman & Hall/CRC Monographs
and Surveys in Pure and Applied Mathematics. CRC Press, Boca Raton, FL, 2009.

[16] Severino Coutinho. A primer of algebraic D-modules, volume 33 of London Mathematical Society Student
Texts. Cambridge University Press, Cambridge, 1995.


https://arxiv.org/abs/2201.04640

STAVROS GAROUFALIDIS AND CAMPBELL WHEELER

Atish Dabholkar, Sameer Murthy, and Don Zagier. Quantum black holes, wall crossing, and mock
modular forms. Preprint 2012, arXiv:1208.4074.

Tudor Dimofte. Complex Chern-Simons theory at level k via the 3d-3d correspondence. Comm. Math.
Phys., 339(2):619-662, 2015.

Chongying Dong, Haisheng Li, and Geoffrey Mason. Modular-invariance of trace functions in orbifold
theory and generalized Moonshine. Comm. Math. Phys., 214(1):1-56, 2000.

Thomas Dreyfus. Building meromorphic solutions of g-difference equations using a Borel-Laplace sum-
mation. Int. Math. Res. Not. IMRN, (15):6562—6587, 2015.

Martin Eichler and Don Zagier. The theory of Jacobi forms, volume 55 of Progress in Mathematics.
Birkhauser Boston, Inc., Boston, MA, 1985.

Pavel Etingof. Galois groups and connection matrices of g-difference equations. Electron. Res. Announc.
Amer. Math. Soc., 1(1):1-9, 1995.

Ludwig Faddeev. Discrete Heisenberg-Weyl group and modular group. Lett. Math. Phys., 34(3):249-254,
1995.

Ludwig Faddeev and Rinat Kashaev. Quantum dilogarithm. Modern Phys. Lett. A, 9(5):427-434, 1994.
Stavros Garoufalidis. Chern-Simons theory, analytic continuation and arithmetic. Acta Math. Vietnam.,
33(3):335-362, 2008.

Stavros Garoufalidis, Jie Gu, and Marcos Marifio. Peacock patterns and resurgence in complex Chern-
Simons theory. Preprint 2020, arXiv:2012.00062.

Stavros Garoufalidis, Jie Gu, and Marcos Marino. The resurgent structure of quantum knot invariants.
Comm. Math. Phys., 386(1):469-493, 2021.

Stavros Garoufalidis, Jie Gu, Marcos Marino, and Campbell Wheeler. Resurgence of Chern—Simons
theory at the trivial flat connection. Preprint 2021, arXiv:2111.04763.

Stavros Garoufalidis and Rinat Kashaev. The descendant colored Jones polynomials. Preprint 2021,
arXiv:2108.07553.

Stavros Garoufalidis and Rinat Kashaev. From state integrals to g-series. Math. Res. Lett., 24(3):781—
801, 2017.

Stavros Garoufalidis, Rinat Kashaev, and Don Zagier. A modular quantum dilogarithm and invariants
of 3-manifolds. In preparation.

Stavros Garoufalidis, Aaron D. Lauda, and Thang T. Q. Lé. The colored HOMFLYPT function is
g-holonomic. Duke Math. J., 167(3):397-447, 2018.

Stavros Garoufalidis and Thang T. Q. Lé. A survey of g-holonomic functions. Enseign. Math., 62(3-
4):501-525, 2016.

Stavros Garoufalidis and Thang T.Q. Lé. The colored Jones function is g-holonomic. Geom. Topol.,
9:1253-1293 (electronic), 2005.

Stavros Garoufalidis and Emanuel Scheidegger. On the quantum K-theory of the quintic. Preprint 2021,
arXiv:2101.07490.

Stavros Garoufalidis and Don Zagier. Knots and their related g-series. Preprint 2021.

Stavros Garoufalidis and Don Zagier. Knots, perturbative series and quantum modularity. Preprint
2021, arXiv:2111.06645.

George Gasper and Mizan Rahman. Basic hypergeometric series, volume 96 of Encyclopedia of Math-
ematics and its Applications. Cambridge University Press, Cambridge, second edition, 2004. With a
foreword by Richard Askey.

Israel Gelfand, M. I. Graev, and Vladimir Retakh. The g-hypergeometric Gauss equation and the
description of its solutions in the form of series and integrals. Dokl. Akad. Nauk, 331(2):140-143, 1993.
Israel Gelfand, Mark Graev, and Vladimir Retakh. Difference analogues and g-analogues of general
hypergeometric systems of differential equations. Dokl. Akad. Nauk, 325(2):215-220, 1992.

Israel Gelfand, Mark Graev, and Vladimir Retakh. General gamma functions, exponentials and hyper-
geometric functions. Uspekhi Mat. Nauk, 53(1(319)):3-60, 1998.

Charlotte Hardouin, Jacques Sauloy, and Michael F. Singer. Galois theories of linear difference equa-
tions: an introduction, volume 211 of Mathematical Surveys and Monographs. American Mathematical


https://arxiv.org/abs/1208.4074
https://arxiv.org/abs/2012.00062
https://arxiv.org/abs/2111.04763
https://arxiv.org/abs/2108.07553
https://arxiv.org/abs/2101.07490
https://arxiv.org/abs/2111.06645

MODULAR ¢-HOLONOMIC MODULES 65

Society, Providence, RI, 2016. Papers from the courses held at the CIMPA Research School in Santa
Marta, July 23—August 1, 2012.

Kazuhiro Hikami. Mock (false) theta functions as quantum invariants. Regular & Chaotic Dynamics,
10:509-530, 2005.

Hiroshi Iritani, Todor Milanov, and Valentin Tonita. Reconstruction and convergence in quantum K-
theory via difference equations. Int. Math. Res. Not. IMRN, (11):2887-2937, 2015.

Masanobu Kaneko, Kiyokazu Nagatomo, and Yuichi Sakai. The third order modular linear differential
equations. J. Algebra, 485:332—-352, 2017.

Masanobu Kaneko and Don Zagier. Supersingular j-invariants, hypergeometric series, and Atkin’s or-
thogonal polynomials. In Computational perspectives on number theory (Chicago, IL, 1995), volume 7
of AMS/IP Stud. Adv. Math., pages 97-126. Amer. Math. Soc., Providence, RI, 1998.

Nicholas Katz. Another look at the Dwork family. In Algebra, arithmetic, and geometry: in honor of
Yu. I. Manin. Vol. II, volume 270 of Progr. Math., pages 89-126. Birkhduser Boston, Boston, MA,
20009.

Maxim Kontsevich. Talks on resurgence. July 20, 2020 and August 21, 2020.

Christoph Koutschan. HolonomicFunctions (user’s guide). Technical Report 10-01, RISC Report Series,
Johannes Kepler University Linz, 2010.

Ruth Lawrence and Don Zagier. Modular forms and quantum invariants of 3—manifolds. Asian Journal
of Mathematics, 3:93-107, 1999.

Giinter Meinardus. Asymptotische Aussagen iiber Partitionen. Math. Z., 59:388-398, 1954.

Peter Miller. Applied asymptotic analysis, volume 75 of Graduate Studies in Mathematics. American
Mathematical Society, Providence, RI, 2006.

Claude Mitschi and David Sauzin. Divergent series, summability and resurgence. I, volume 2153 of
Lecture Notes in Mathematics. Springer, [Cham], 2016. Monodromy and resurgence, With a foreword
by Jean-Pierre Ramis and a preface by Eric Delabaere, Michele Loday-Richaud, Claude Mitschi and
David Sauzin.

Takeshi Morita. A connection formula of the Hahn-Exton g-Bessel function. Symmetry Integrability and
Geometry-methods and Applications, 7:115, 2011.

Takeshi Morita. The Stokes phenomenon for the g-difference equation satisfied by the basic hypergeo-
metric series 3¢1 (a1, a2, as; b1; ¢, x). In Novel development of nonlinear discrete integrable systems, RIMS
Kékytiiroku Bessatsu, B47, pages 117-126. Res. Inst. Math. Sci. (RIMS), Kyoto, 2014.

Takeshi Morita. The Stokes phenomenon for the g-difference equation satisfied by the Ramanujan entire
function. Ramanujan J., 34(3):329-346, 2014.

Yousuke Ohyama. ¢g-Stokes phenomenon on basic hypergeometric series. Talk 2018.

Yousuke Ohyama. Connection formula of basic hypergeometric series ,¢._1(0;b;q,2). J. Math.
Tokushima Univ., 51:29-36, 2017.

Andrei Okounkov. Monodromy: yesterday, today and tomorrow. Talk, 2020.

Andrei Okounkov. What does it take to solve a g¢-difference equation? Talk, MATRIX workshop,
February 2021.

Andrei Okounkov and Rahul Pandharipande. The quantum differential equation of the Hilbert scheme
of points in the plane. Preprint 2019, arXiv:0906.3587.

Sara Pasquetti. Factorisation of A” = 2 theories on the squashed 3-sphere. J. High Energy Phys., (4):120,
front matter+16, 2012.

Marko Petkovsek, Herbert Wilf, and Doron Zeilberger. A = B. A K Peters Ltd., Wellesley, MA, 1996.
With a foreword by Donald E. Knuth, With a separately available computer disk.

Jean-Pierre Ramis, Jacques Sauloy, and Changgui Zhang. Local analytic classification of g-difference
equations. Astérisque, (355):vi+151, 2013.

Claude Sabbah. Systemes holonomes d’équations aux g-différences. In D-modules and microlocal geom-
etry (Lisbon, 1990), pages 125-147. de Gruyter, Berlin, 1993.

Jacques Sauloy. La filtration canonique par les pentes d’un module aux g¢-différences et le gradué associé.
Ann. Inst. Fourier (Grenoble), 54(1):181-210, 2004.


https://arxiv.org/abs/0906.3587

STAVROS GAROUFALIDIS AND CAMPBELL WHEELER

[67] Marius van der Put and Michael Singer. Galois theory of linear differential equations, volume 328 of

Grundlehren der mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences].
Springer-Verlag, Berlin, 2003.

[68] Yaoxiong Wen. Difference equation for quintic 3-fold. Preprint 2020, arXiv:2011.07527.
[69] Herbert Wilf and Doron Zeilberger. An algorithmic proof theory for hypergeometric (ordinary and “q”)

multisum/integral identities. Invent. Math., 108(3):575-633, 1992.

[70] Don Zagier. Holomorphic quantum modular forms. In preparation.
[71] Don Zagier. The dilogarithm function. In Frontiers in number theory, physics, and geometry. II, pages

3-65. Springer, Berlin, 2007.

[72] Don Zagier. Quantum modular forms. Quanta of maths, 11:659-675, 2010.
[73] Yongchang Zhu. Modular invariance of characters of vertex operator algebras. J. Amer. Math. Soc.,

9(1):237-302, 1996.

[74] Sander Zwegers. Mock theta functions. Preprint 2008, arXiv:0807.4834.

INTERNATIONAL CENTER FOR MATHEMATICS, DEPARTMENT OF MATHEMATICS, SOUTHERN UNIVER-

SITY OF SCIENCE AND TECHNOLOGY, SHENZHEN, CHINA
http://people.mpim-bonn.mpg.de/stavros

Email address: stavros@mpim-bonn.mpg.de

MaX PLANCK INSTITUTE FOR MATHEMATICS, VIVATSGASSE 7, 53111 BONN, GERMANY

http://guests.mpim-bonn.mpg.de/cjwh

Email address: cjwh@mpim-bonn.mpg.de


https://arxiv.org/abs/2011.07527
https://arxiv.org/abs/0807.4834
http://people.mpim-bonn.mpg.de/stavros
http://guests.mpim-bonn.mpg.de/cjwh

	1. Introduction
	1.1. Summary
	1.2. Motivation
	1.3. Definition and properties
	1.4. The generalised q-hypergeometric equation is modular
	1.5. Modular q-holonomic modules in Chern–Simons theory

	2. A review of linear q-difference equations
	2.1. Preliminaries
	2.2. An algorithm for a fundamental matrix
	2.3. The q-Borel and the q-Laplace transforms
	2.4. The slash operator and proof of Theorem 1.2
	2.5. Duality
	2.6. Categorical aspects

	3. Heine's q-hypergeometric functions
	3.1. Solutions
	3.2. Self duality
	3.3. State integral
	3.4. Resonance

	4. Proof of Theorems 1.5 and 1.6
	4.1. The q-Pochhammer symbol
	4.2. The Appell-Lerch sums

	5. A q-difference equation of the 41 knot
	5.1. Solutions
	5.2. Monodromy
	5.3. Residues
	5.4. Determinants
	5.5. State integral
	5.6. The inhomogeneous equation
	5.7. The x-deformation
	5.8. An analytic lift of the colored Jones polynomial
	5.9. Specialisation t=qm
	Acknowledgements

	References

