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ABSTRACT. The purpose of the present paper is, among other things, to relate
the seemingly unrelated notions of surgical equivalence of links in S? ([Lel]) and
the notion of finite type invariants of oriented integral homology 3-spheres, due to
T. Ohtsuki [Oh]. The paper consists of two parts. In the first part we classify
pure braids and string links modulo the relation of surgical equivalence. We prove
that the group of surgical equivalence classes of pure braids is isomorphic to the
corresponding group of string links (Theorem 2). We also give two alternative
descriptions of the above mentioned group P°E(n) of surgical equivalence classes of
n strand pure braids: one as a semidirect product of P%(n — 1) together with an
explicit quotient of the free group, and another description (Theorem 3) as a group
of automorphisms of a nilpotent quotient of a free group. In the second part we
apply these results to study the finite type invariants of Z H S, originally introduced
by Ohtsuki [Oh] and partially answer questions 1 and 2 from [Ga]. We reprove, in
a more algebraic context, Ohtsuki’s fundamental result which states that the space
of type m invariants of ZHS is finite dimensional for every m. Our proof allows
us to show (Corollary 3.8) that the graded space of degree m invariants of ZHS
is zero dimensional unless m is divisible by 3. This partially answers question 1
of [Ga]. Furthermore, we study a map from knots (in S?) to ZHS, and show that
type bm + 1 invariants of 7Z HS map to type 4m invariants of knots, thus making
progress towards question 2 of [Ga].
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1. INTRODUCTION

1.1. History. The present paper is a continuation of [Oh] and [Ga], devoted to
the study of finite type invariants of oriented integral homology 3-spheres (ZHS for
short). Our purpose is, among other things, to relate the seemingly unrelated notions
of surgical equivalence of links in S® ([Lel]) and the notion of finite type invariants
of oriented integral homology 3-spheres, due to T. Ohtsuki [Oh]. Finite type invari-
ants of ZHS were originally introduced by Ohtsuki [Oh] in his seminal paper (for
a precise definition, see Definition 3.2). There are at least two sources of motiva-
tion/analogy /inspiration: the finite type knot invariants (see [B-N1], [BL], [Va]) and
Chern-Simons theory in 3 dimensions (see [Wi2], [Rz1], [Rz2]).

Recall that a type m (otherwise called Vassiliev) invariant of knots in S* (for a
precise definition see the references above) satisfies a difference formula with respect
to cutting along m + 1 spheres, twisting and gluing back. Vassiliev invariants of
knots in 5% form a unifying way of thinking about the Alexander, Jones, HOMFLY,
Kauffman (and others) polynomials of knots.

Similarly, a type m invariant of Z HS satisfies a “difference formula” with respect
to cutting m + 1 solid torii from a Z H S, twisting them, and gluing them back. For a
precise statement, see Definition 3.2. It is hoped that finite type invariants of ZHS
will provide a unifying way of dealing with 3-manifold invariants and with Chern-
Simons theory in a way analogous to the case of Vassiliev invariants.

In either of the above sources of inspiration, we can think of type m invariants
of ZHS as “polynomials of degree m” on the infinite dimensional vector space M.
Here and in the rest of this paper M is the vector space (over Q) with basis the set
of ZHS. Tt is an important question to ask whether finite type invariants of ZHS
separate points in M.
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1.2. Statement of results; plan of the proof. This paper consists of two parts.
In the first part, which consists of Section 2 we classify pure braids and string links
modulo the relation of surgical equivalence. In Section 2.1 we recall some definitions
of string links and pure braids. In Section 2.2 we study a subgroup A(F*(n)) of
the automorphism group of the nilpotent quotient F*(n) of a free group and show
in Theorem 1 how to express A(F*(n)) as a semidirect product of A(F*(n — 1))
together with a nilpotent quotient of a free group. In Section 2.3 we prove that the
group of surgical equivalence classes of pure braids is isomorphic to the corresponding
group of string links ( Theorem descriptions of the above mentioned group P5F(n) of
surgical equivalence classes of n strand pure braids: one as a semidirect product of
PSE(n —1) together with an explicit quotient of the free group and another description
(Theorem 3) as a group of automorphisms of a nilpotent quotient of a free group.

In the second part which consists of Section 3 we apply our results on surgery
equivalence to study the finite type invariants of Z H S, originally introduced by Oht-
suki [Oh] and partially answer questions 1 and 2 from [Ga]. In Section 3.2 we reprove
Ohtsuki’s fundamental result which states that the space of type m invariants of ZH S
is finite dimensional for every m. Our proof allows us to show a vanishing theorem
(Corollary 3.8), namely that the graded space of degree m invariants of Z HS is zero
dimensional unless m is divisible by 3. This partially answers question 1 of [Gal. In
Section 3.4 we study the map from knots (in S®) to ZH S defined by mapping a knot
K in S% to the ZHS S |, obtained by +1 surgery on K (see [Ro], and Section 3.1).
We show (proposition 3.12) that type 5m + 1 invariants of ZHS map to type 4m
invariants of knots, thus making progress towards answering question 2 of [Ga]. We
conclude in Section 4 with a philosophical comment about the appearance of trivalent
graphs in this paper. It turns out that both the notion of surgical equivalence of links
in S% and the notion of finite type invariants of integral homology 3- spheres are are
ultimately related to invariants of vertex oriented trivalent graphs.

After the present work was completed we received a copy of [GrLi] in which they
prove a very special case of Corollary 3.8 as well as a weak form of proposition 3.12.

1.3. Acknowledgment. We wish to thank D. Bar-Natan for for many useful con-
versations. FEspecially we wish to thank T. Ohtsuki for enlightening electronic e-mail
conversations and helpful comments, and the Internet for providing the support for
the relevant communications.

2. SURGICAL EQUIVALENCE OF STRING LINKS AND PURE BRAIDS

In this section we give two different classification theorems of the group of surgical
equivalence classes of string links and pure braids. As in the case of string link
homotopy (see [HL]) these groups are isomorphic. These classification theorems are
entirely analogous to the classical theorems of Artin [Ar] on isotopy classification of
braids and the more recent results of Habegger-Lin [HL] on homotopy classification
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of string links. The first theorem is a recursive description of the n strand pure
braid group in terms of the n — 1 strand group and a certain nilpotent quotient of
a free group. The second theorem gives an isomorphism with a certain group of
automorphisms of another nilpotent quotient of a free group.

The proof of the first theorem is similar to that of [HL] while the second is rather
different (warning: Lemma 1.9 of [HL] is not correct as stated and the proof of
Theorem 1.7 of that paper seems to require some modification).

2.1. Preliminaries on surgical equivalence. We begin by recalling some defini-
tions.

Definition 2.1. (1) Let n be a positive integer, I be the unit interval [0, 1] and
D? be the unit disc in the plane. An n-component string link is a disjoint union
of n (smooth) arcs oy, -+ , 0, in the solid cylinder I x D? so that the boundary
of the i-th arc is I x p;, where {p;} are n distinct points in D?.

(2) An n-strand pure braid is an n-component string link with the extra property
that the tangent vector at any point of any o; is never horizontal.See figure 1.
(3) A surgery on a string link o produces another string link o’ as follows. Let
v be an unknotted closed curve in I x D? — ¢ whose linking number with
each component of o is zero. If we remove a tubular neighborhood of v and
sew 1t back in so that the new meridian is identified with a former longitude
which links 4 once, then I x D? is converted into a new manifold A which is
diffeomorphic to I x D? again. We define (I x D*,¢') = (A, o). A more concrete
description of ¢’ is given by removing a tubular neighborhood of a disk bounded
by v and then reinserting it with a single clockwise or counterclockwise twist.
We say two string links or pure braids are surgically equivalent if one can be
obtained from the other by a sequence of surgeries. It is clear that homotopic
string links or braids (i.e., string links for which there is a homotopy h; such
that distinct components remain disjoint for all ¢ € [0,1]. See also [Mil],
[Mi2], [HL] and figure 4.) are surgically equivalent. If 0,0’ are two string
links, then the product string link oo’ is obtained by stacking o on top of ¢’.
If 7 is the reflection of o about ]5 x D?, then ¢ and o are homotopic and,
therefore, surgically equivalent to the trivial string link (see [HL]). Thus we
obtain groups P°F(n) (respectively, SL°F(n)) of surgical equivalence classes
of n-strand pure braids (repectively, n-component string links). There is an

obvious homomorphism P5F(n) — SLF(n).

Let F(m) denote the free group on generators {z;,---,z,}. Recall the homo-
morphism 7 : F(n — 1) — P'(n) defined by inserting the n'" strand into a trivial
(n — 1)-strand braid. Here P'(n) stands for the group of isotopy classes of pure
braids in n strands. For any group G let G, denote the subgroup generated by all
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Figure 1. A string link of 2 components (on the left) and a braid of 3 strands on the right.

commutators of order ¢, with the convention that Gy is equal to G and G, = [G, G].
Let G denote the quotient group G/G,.

Claim 2.2. For any w € F(n—1) the surgical equivalence class of T(w) depends only
on the image of w in F(n —1).

This follows directly from [Lel].

Thus we have a homomorphism 7 : F3(n — 1) — P%(n). We also recall the
obvious split epimorphisms P*¥(n) — P%(n — 1) and SL*¥(n) — SL%(n — 1)
defined by deleting the n** strand. Let 7' : F3(n — 1) — SL*¥(n) be the composition
F3(n—1) —— P (n) —— SL(n).

2.2. The study of A(F*(n)). In this section we study a subgroup A(F?%(n)) of
the group of automorphisms of F*(n) and prove Theorem 1, the key ingredient in
determining the structure of the groups P°F(n) and SL°F(n) in the next section.

First consider all automorphisms a of F?(n) (for ¢ > 2) which send each z; to a
conjugate of itself. In fact, for any sequence of elements g, - , g, of F(n), there is
an automorphism «a of F?(n) such that a(z;) = g;z;97". These equations only define
endomorphisms of F(n), in general, but always define automorphisms of F?(n) for
any ¢ > 2. It is easy to see that o depends only on the class of the {¢;} in F'1='(n).
If we demand that g; 1s i-reduced, i.e. the exponent sum of x; in g; is zero, then the
gi € F17'(n) are determined by a. We define A(F%(n)) to be the subgroup of all such
« satisfying the additional property:

(1) a(zy...xp) =x1... 2y
The following lemma will be useful in our study of the group A(F*(n)).

Lemma 2.3. (a) If X € F}(n) N (x,), then there exist unique elements \; €
F3(n) 0 {x,) such that

(2> [mla)‘l]"'[mm/\n] = A

where (x,) denotes the normal closure of x, in F}(n) = Fy(n)/Fy(n).
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(b) Suppose Ai,--- A\, € F3(n — 1) satisfy
(3) )\]I]/\l_l ---/\n_lzvn_l)\;il e R o | mn F4(TL— 1)

Then there exists unique Ay, -+, An € F3(n) such that
Ai = A mod (z,), A, is n-reduced and

(4) /~\1.’L'1/~\1_1 . ;\n:cn;\;l =x1-2, in F'n)

Remark 2.4. This lemmais false if we replace F*(n) and F?(n) by F(n)and F?"'(n)
if ¢ > 4. Also, note that, in (b), A; is i-reduced if and only if A; is i-reduced.

Proof. To prove part (a) recall the notion of a Hall basis (see [MKS]). In particular,
any element of F'*(n) can be uniquely written in the following form:

(5) et [, @] T (2, [, @5]]7
i<j 1<J
k<

Thus we may uniquely write:

(6) A= H [, 2] H[J;], [, 2,]]

<n
i<n

Therefore, equation (2) has a solution as follows:

(7) Aj = gy [[lwi wa]™
<n
We have set e, = 0. Since any allowable solution A; has such a representation,
uniqueness follows also. 5
In order to show part (b), we observe that any acceptable solution {\;} of equation
(4) can be written in the form N = Mozt for some a; € Fj(n), with e, = 0.
Substituting this into equation (4) with a little bit of commutator manipulation and

using the fact that Fi(n) is the center of F*(n), we obtain the following formula in
F*(n):

n—1 n n
(8) (].__[ 27 n7 ] H[Oé27$¢ H([‘rzl7$2])\2x")\z_l) = HIZ
=1 = =1 =1

Reducing to F*¥(n) we obtain the much simpler formula:

(9) H T,y 1) H iz )\_ ]i[l;vz
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Substituting from equation (3) this becomes:

(10) Lm0 = fr A

and so A, determines the {e;}. Now that the {¢;} are known, equation (8) can be
written as [[7_,[as, z;] = 7, where 7 is a specified element of F*(n) N (x,). Tt follows
from (a) that there is a unique solution for a; in F3(n)N{x,). The uniqueness implies
that a; € Fy(n) since, as can be easily checked, 7 € F§(n). O

We can now use part (b) of Lemma 2.3 to define a homomorphism 7 : F?(n —1) —
A(F*(n)) as follows. 7(w) is the unique element a € A(F*(n)) satisfying a(z;) =
mod (z,) for i < n and a(z,) = Wz, »~" for some & = w mod (x,).
Combining this with the restriction A(F*(n)) — A(F*(n—1)) we have the following
result

Theorem 1. The following sequence is split exact:
1 —— Fn—1) —— A(Fi(n)) —— A(F4(n—1)) — 1
Remark 2.5. This theorem is false if we replace F*(n), F*(n — 1) and F?(n — 1) by

Fi(n), Fi(n — 1) and F?7'(n — 1), respectively, if ¢ > 4. For example consider the
automorphism a of F°(2) defined by:

(11) a(r1) = [zy, [or, wal]an[wa, [v1, 22]] 7
(12) a(ws) = [z, [2e, e1]]wofwr, [29, 2]
Proof of Theorem 1. This is an immediate consequence of part (b) of Lemma 2.3.

Our next goal is to define a homomorphism SL°E(n) — A(F*(n)). First recall
the definition of the m-invariants of string links as formulated, for example, in [Le2].
Let o be an n-string link; we define certain canonical meridian elements of 7(o) =
m (I x D* = o). Let m; be a small circle in 0 x D* with 0 X p; as center. Let s; be a
straight line from a base point p in 0 x (D* — {p;}) to m;. Now let y; be the element
of (o) represented by simisi . Let p: F(n) — m(c) be defined by u(z;) = p,. It
follows from a theorem of Stallings [Sta] that 4 induces an isomorphism F?(n) — 7%(0)
for each ¢ > 3. We can also define canonical longitude elements of m(c). Let [; be
a curve on the boundary of a tubular neighborhood of o; which runs parallel from
a point on m; to the corresponding point on m!, where m! is the projection of m;
into 1 x D% Let s! be the projection of s; into 1 x D? and let u = I x p oriented
from 1 to 0. Define A; € 7 to be represented by s,1; ()7 u. See ﬁgure 2. Requiring
that ); have linking number 0 with o; determines /; and, hence, X;. We now define
Ai(o) € Fi(o) to be the element (which is i- reduced) correspondmg to A; under the
isomorphism induced by p. These elements are invariants of the concordance class of
o. For a reference on concordance class of string links see [Li] and references therein.
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Figure 2. On the left are shown the elements m;,s; (for i = 1,2) and on the right is shown

the element 5\1 of a string link of two components.

Proposition 2.6. The surgical equivalence class of o determines the set {\;(c)} C

F3(n).

Proof. This is essentially proved in [Lel] but for completeness we give a more direct
argument here. Let o be an n-strand string link and ~ a simple closed curve in the
complement of 0. We assume that the linking numbers of any two components of
o and any component of o with v is zero. Let (I x D* ¢') = (A, o) denote the
surgically equivalent link obtained by Dehn surgery along v as in Definition 2.1. Let
X =(I x D*)— 0o —~ and let

m=m(X), w(oc)=m((IxD?*) —0o), w(c')=m(A—-0c)=m((Ix D*) -0
If mm 1s a meridian element and [ a longitude element for v in 7, then we have:
(o) = r/(m) and 7(o') = x/(ml*")
We define homomorphisms:
Fin+1) 25 7, Fln+1) 25 7, F(n) 2 n(0), F(n) —2 x(o")
all of which send z; to a meridian of ¢,¢" , for i < n, and, in addition, fi;(z,41) =
m, fia(xnt1) = mi*'. We have the following commutative diagram:

T <“—2 F(n+1) L T

| | l

m(o') 22—  F(n) = 7(0)

Here F(n+1) — F(n) is the obvious reduction defined by sending z,,11 to 1. Using
results of Milnor [Mil], [Mi2] and Stallings [Sta] we see that gy and p, induce iso-
morphisms 13 F3(n) = (o) and s F3(n) = (o' respectively, while
fi1 and fi; are epimorphisms. Furthermore, there are elements A and X in F?(n + 1)
such that the kernels of fi; and fi; (in F?(n+1)) are normally generated, respectively,
by [#nt1,A] and [x,41,A’]. In particular, since A\, X € Fy(n + 1), g1 and po induce
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o

isomorphisms [3(n) —— 73 IFAi, A} € F3(n) are chosen to map to the longitude
of o; and ¢! in m(¢) and 73(0”), respectively, then they reduce in F*(n) to A;(c) and
Ai(a’).

Since A;, Al € F3(n), we only need prove that {; and [i; agree on Fj(n +1). But
this will follow if fi, = fi; mod 73, which is clear since | € my. [

Now, we can introduce the following definition:
Definition 2.7. Let ®, : SL°%(n) — A(F*(n)) be the homomorphism defined by
(13) . (0)(x:) = Ai(o)zidi(o)™!

To see that this is a homomorphism we give another interpretation of ®,. Let X =
I x0D*U1 x (D*—{p;}) C I x D? Then we have the following homomorphisms

induced by inclusion maps:

(0 % (D? — {p:})) —— m((I x D?) — o) «“— 7 (X)

We identify the first and last groups with F'(n) equating z; with the homotopy class
of s;m;s7! and u='slml(s!) " u, respectively. Now Stallings Theorem tells us that the
maps in equation (2.7) become isomorphisms when we pass to any lower central
series quotient. Thus the composition of the maps in (2.7) define an automorphism
of F®(n); we leave it as an exercise for the reader to show that this is ®,(c). From
this formulation, it is clear that @, 1s a homomorphism.

2.3. Determining the groups P*%(n) and SL°E(n). In this section we determine
the groups P%F(n) and SL5E(n).

Theorem 2. (a) P®(n) — SL°(n) is an isomorphism.
(b) The diagram:

T

1 —— FP(n-1) —— P¥n) — PFn—-1) —s 1

| l |

1 —— F¥n—1) — SILn) —— SLFn—1) —— 1

is commutative and the rows are split short exact.

The exactness and commutativity in (b) is clear except for the injectivity of 7 and
7'. This will be proved in Theorem 3 below. Clearly (a) will follow from (b).

Theorem 3. ®, is an isomorphism.
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Proof of Theorems 2 and 3. We can combine the statements of Theorems 1 2 and 3
into a single commutative diagram:

1 —— F¥n—1) ——— P%1n) —— P%Enr-1) — 1

1 —— Fin—1) — SL%n) — SL%m—1) — 1

1 —— F3(n—1) —/— A(F'n)) —— A(Fin)) — 1
The commutativity of this diagram is clear. To establish that the first two rows are
exact we need only confirm the injectivity of 7 and 7’. But this now follows from the
injectivity of 7. This concludes the proofs of Theorems 2 and 3. [

We can now deduce the following corollary to Theorem 3:

Corollary 2.8. PSE(n) is a nilpotent group of class ltwo, i.e., with the notation of
Section 2.1 we have that Py¥(n) = 1. Furthermore, P5®(n)/P5%(n) is a free abelian
group in (g) generators and PS™(n) is a free abelian group in 5 ) generators. In fact,
PS%(n) is a free abelian group on generators oy for I € I, := {(1,7,k)|1 < i,5,k < n}
(where all 1,3,k are distinct) with identifications ar = sgn(o)ay(r), where o is any
permulation of I. The element oy can be represented, if 1 < 7 < k, by the braid By
in figure 3.

Remark 2.9. The relation of surgical equivalence on string links and pure braids is
generated by the local moves of figures 4 and 5. This is proved in [Lel] for closed
links but the proof is the same for string links.

3. RELATIONS WITH FINITE TYPE INVARIANTS OF ZHYS

3.1. Preliminaries on finite type 3-manifold invariants. As a motivation to
the notion of finite type 3-manifold invariants, let us recall the definition of type m
Vassiliev invariants of (oriented) knots in (oriented) S* (after [B-N1], [BL], [Va]): V/
is type m invariant of knots if for every knot K in S% and every choice By, ..., B4
of embedded 3-balls that intersect the knot as in figure 6 (the balls appear in the form
of solid cylinders) we have that

m+1
(14) S JI(=D)V(K, o) =0
e;€{0,1} =1
where K¢ . ..., 1s the knot obtained by removing By,..., By from S3 | twisting

every B; ¢; times as in figure 6 and gluing back.
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N
“ i

7 )
Figure 3. A 4 strand braid B; ;1 = B1 U By representing «; ;. Here By consists of
the 3 strands 7,7,k and By consists of all the rest strands (here only one). Note that the
strands of Bs are on top of the i,j, k strands, and that the closure of the 3 strand braid
Bs is a Borromean link of 3 components and that the link represented by the closure of the
i, strands is trivial. Furthermore, the longitude I of the k'” strand represents the element
[ii, p1;] in the fundamental group of the complement of the link consisting of the 4, j strands,
where {y;} are the canonical free generators of the fundamental group of the complement of

the i, j strands.

Figure 4. A local move that generates the equivalence relation of string link homotopy.
Here arcs labeled by the same letter (i in this figure and 4, j in the next figure) belong to the

i1 JJ

same link component.

Figure 5. A local move that is implied by the relation of surgical equivalence of string links.

11
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\ /
/

>

Figure 6. An embedded 3-ball in S? intersecting a knot as in the left part of the figure.

On the right is the result of reinserting the ball with a full counterclockwise twist about the

vertical axis.

Let F.,V be the space of type m knot invariants, and let F,V := Up>oF,V be
the space of finite type knot invariants. It is easy to show that F,V is a filtered
commutative algebra (with pointwise multiplication). Let G,V denote the associated
graded algebra (and more generally, let G, (0bj) denote the associated graded object of
the filtered object F,(0bj)) and let W,, denote the space of weight systems of degree
m (i.e. linear functionals on the space of chord diagrams with m chords modulo 4T
relations and framing independence relation, see references above). Then it is easy to
show that there is a map F,,V — W,, with kernel F,,_1V. Since W,, is a priori finite
dimensional, so is F,, V.

Before we talk about 3-manifold invariants, let us establish some useful notation:
Let M denote the vector space (over Q) on the set of oriented integral homology
3-spheres (ZH S for short). Alink L C M ina ZHS is called algebraically split if the
linking numbers between any two components vanish. A framing f = (f1,..., f.) for
an n component link is a sequence of integers associated to each component.

Remark 3.1. A framing for a link L corresponds to a choice of longitudes for each
component. If V; is a tubular neighborhood of the component L;, then the associated
longitude ~; on JN; is required to be homologous to L; in N; and to have linking
number f; with ;. To make sense of this we must impose an orientation on L;, but
then it is easy to see that v; is independent of this choice. Note that linking numbers
make sense in any ZHS.

A framed link (L,f) in a ZHS M is called unimodular if f; = +1 for all 1. A
framed link (L,f) is called AS-admissible if it is algebraically split and unimodular.
For every framed link (L, f) in M we denote by My, ; the result of doing Dehn surgery
on (L, f) in M [Ro], i.e. remove a tubular neighborhood N; of each L; and sew it
back in so that 7; now bounds a disk in ;. For a framed link (L,f) in M we denote

(15) M, L, f]:= 3" (—=)F My 4, e M

L'CL

Recall that M is the Q vector space on the set of ZH S, and that if (L, f) is a framed
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link in a ZHS M, then (L, f) is AS- admissible if and only if M, 5 , is a ZHS for
every sublink L' of L.

In case [ is an AS-admissible link in S® with framing +1 on each component, we
will denote

(16) [L] = [S°, L, {+1,--- ,+1}]

Let us define a decreasing filtration F°" on the vector space M as follows: F2" M
is the subspace spanned by [M, L, f] for all AS-admissible m component links in any
ZHS M.

It is an immediate consequence of equation (15) that M is the vector space gener-
ated by all triples [M, L, f] subject to the fundamental relation:

(17) [MaLaf] = [Mv L',f|L'] - [M(l,fll)7Llaf|Ll]

where L' is any sublink of L obtained by removing a component [. If [ bounds a disk
D in M, then M s,y = M and we may construct the link in M corresponding to L
in M g,y from L by just giving the bundle of strands of L which pass through D a
full clockwise twist if f = +1 or counterclockwise twist if f = —1.

We can now recall the following definition from [Oh]:

Definition 3.2. X is a type m invariant of Z H S (with values in Q) if N\(F24 M) =0
i.e., if for every AS-admissible link L of m + 1 components in a ZHS M we have that

(18) S (=D)WIN M g,,) =0

LICL
Let F,,O denote the vector space of type m invariants of ZH S, and let F,O denote
the union U,,>0F,O. It is easy to see that F,O is a filtered commutative algebra
with pointwise multiplication.

3.2. Surgical equivalence and 3-manifold invariants. In this section we link the
results from Section 2 with the notion of finite type invariants of integral homology 3-
spheres. In particular, we reprove Ohtsuki’s fundamental result (Theorem 5) which
states that the space of type m invariants of ZH S is finite dimensional for every m.

We begin by observing that every o € P'(n) can be closed to a link & of n compon-
ents in 5. Furthermore, with the notation of Corollary 2.8 we have that o € P)(n) if
and only if & is an algebraically split link. Let us now consider the map Pj(n) — M
defined as o — [o] with the notation of equation (16). We claim that this map
descends to a well defined map ( not a group homomorphism)

(19) PSE(n) —s GO M

Indeed, it follows from the definition of SE equivalence of pure braids. This extends to
a linear map from the rational group ring Q[PY%(n)] — G2* M. By Corollary 2.8 we
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can regard PyE(n) as a free abelian group on generators ag for I € I, := {(i, 7, k)|1 <
i,J,k <n} (where all ¢, j, k are distinct) with identifications oy = sgn(o)a,(r), where
o is any permutation of I. Therefore, Q[PS%(n)] is the Laurent polynomial ring in
the commuting variables «;.

Remark 3.3. Using the fundamental relation (17) and the notation of equation (16),
we see that if an n-component AS-admissible link L’ is obtained by twisting along an
admissible unknot v an AS-admissible n component link L, then we have that

(20) [LUq]=[L] - [I]

Therefore, surgical equivalence relates n component AS- admissible links in S® mod-
ulo n 41 component AS-admissible ones. Since PS¥(n) is not a finite group (instead,
it is a finitely generated free abelian group) at this point it is not clear why GO* M
is a finite dimensional Q vector space.

Our next task is to introduce a finite dimensional quotient of Q[P5¥(n)] that maps
onto G M. This will involve looking at n and n —1 component AS- admissible links
in S°.

We begin by translating equation (17) into a graphical form. In figure 7 we give
the drawing conventions for pieces of AS-admissible links in S°.

It is easy to see that figures 8, 9 and 10 are special cases of the fundamental equation

(17).

—1 41

Figure 7. Some drawing conventions for bands. Shown here are ribbon parts of
AS-admissible links that represent (linear combinations of) Z HS under the map (15). The

numbers in the bottom of each band indicate the number of twists that we put in the band.

| L]

Tl T |

Figure 8. A special case of equation (17) in a pictorial way.
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T BER D

—1-1

Figure 9. Another special special case of equation (17) in a pictorial way.

e

= Ot O

™

Figure 10. Yet another special case of equation (17) in a pictorial way.

Let us now prepare some notation that will be used in Proposition 3.4 below. Let
L be a (m — 1)-component link in S® and a be an element of 7 = 71(S® — ). Then
we can consider the m-component link L(«) defined by adding to L a new component
which represents a. Note that L(a) is well-defined up to homotopy and, therefore,
up to surgical equivalence. Note also that L(«) is algebraically split if and only if L
is algebraically split and a € 74, the commutator subgroup of .

Proposition 3.4. Suppose that L is an algebraically split (k — 1)- component link
and oy, ... a, € mp and n > 3. Then, with the notation of equation (16), we have
the following identilies in GO*M:

(21) [L(on )] = >0 [Lleiog)] = (n=2) 3 [L(e)]

(22) L) = [L(a) N

Proof. Equation (22) follows from the fact that surgery along a simple closed curve
is independent of the orientation of the curve. Equation (21) will follow from a more
general relation in M (Theorem 4) stated below. [

Before we state Theorem 4, we need to fix some notation: Suppose M is ZHS
containing an AS-admissible link L with a +1-framing on each component. Let D
be a 3-ball imbedded in M such that D N M consists of n parallel bundles of strands
of L, such that, among the strands of any one component of L in any of the bundles,
there are an equal number going in each of the two directions. For any sequence
1 <o <o <0 < g < on, let @y,..4, denote the circle in D, with a +1-framing,
which encloses the i; - - - i) bundles and passes above the other bundles (see Figure
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11) A monomial x;,...;, T}, ...j, - - - Tr,..r, Will denote the union of the circles given by the
terms of the monomial placed in descending order as read from left to right (see Figure
12). Note that this multiplication is not commutative in general but that z; commutes
with any monomial. For any monomial m, L(rn) will denote the link obtained by
adjoining to L the circles denoted by m. L(m) will denote the link L C M,, but since
M,, = M this can be alternatively described as the link in M obtained by giving a
full clockwise twist to the bundles which pass through each of the components of m

(see Figure 13).
dHIH
JUUL

Figure 11. A graphical representation of the monomial z535.

Sl

[T

Figure 12. A graphical representation of the product 15 2234 - 245.

/

N

U0 ua

-1 =2 -2 -1

Figure 13. The bands have —1,—2,0, -2, —1 twists.

Lemma 3.5. With the above notation we have the following identity in GO"M.:

L((zy - 20) " 221m) = L( H ;)

1<i<j<n



ON FINITE TYPE 3-MANIFOLD INVARIANTS II 17

where the x;; appear in lexicographic order from lefl to right, i.e. x;; is to the left of
Tps if1t <rori=r and j < s.

Proof. The proof is a refinement and generalization of Ohtsuki’s idea of resolving a
full twist of three bands into a sequence of twists of pairs and individual bands. We
proceed by induction on n. The result is obvious for n = 2. The inductive step is the
equation:

(23) L(:c?_Q:ng T Xg) = LTz 210 T20m)

To prove this we observe that a full clockwise twist of I in D can be decomposed
into a full twist of the first bundle followed by winding the first bundle around the
other bundles once in a clockwise direction and finally by a full twist of the other
bundles. This is illustrated in Figure 14. By using the relation given in Figure 15,
we obtain a product of simple twists of two bundles which however force us to insert
counterclockwise twists of each bundle to compensate. The result is pictured in Figure
16. Premultiplying z..,, by 27 %3 - - 2, eliminates the counterclockwise twists of the
individual bundles and results in the desired element L(z1z - 21n22..). O

]

Figure 15. A full clockwise twist on 2 bands.

We want to use Lemma 3.5 to "solve” for [M; L, z,..,]. We first need another

lemma.
Lemma 3.6. Let L' UL be an AS link in M. Then:
(24) (Mr, L= 3 (-)¥I[M, LU L]

LrCr,
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n—21-1-1

Figure 16. More twists. Note that the number of individual twists in the bands are n — 2,
—-1,—-1,—1.

Proof. This is essentially an inversion of equation (15). According to (15)

[MLaLI] = Z (_1)|K|MKUL

KCr/

while the right hand side of equation (24) is:

SUREICLEIT
K'CL'CL
KCI
Thus it suffices to show that, for any non-empty link [ C M, Zz/g(—l)'ll' = 0. But, if
|l|=p, then the left-hand side of this equation is just E?:O((Z;))(—l)p_”', which is zero
by the binomial theorem. [

We now use the following notation. If m is any monomial, then let T = [M; L, m].
Now it follows from Lemma 3.6 that:

(25) (M, L(m)] = 3 (=1 m’

m'<m

where m' ranges over all submonomials of m, i.e. those obtained by deleting zero or
more terms from m, and d(m') is the number of terms in m’. If m = y; - - - y, then the
right side of equation (25) is just (1—91)--- (1 —%). So when m = (x -+ x,)" 2
the right side of (25) is:

Tl..op

n

[I0 -z - 7))

=1

and when m = Tl;<;c;<n % the right side is [T;<ic;j<n(1 — Ti;). Combining these
observations with Lemma 3.5 proves:
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Theorem 4.
H1§z‘<jgn<1 - Tu)

iz (1 —75)?

To correctly interpret this theorem recall that z; commutes with every monomial
and then equation (26) should be viewed as an equation in the completion of M or

in M/FP" M for any k. Note that the denominator is invertible.
The proof of Theorem 4, and therefore of Proposition 3.4, is now complete.
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|
000 00
000 00N1
010 14141
,;, :H l
d—=h5 dl=Ib
I L Il

+1414+1  F141+1 +1+1+1

T Aoty Fle=o

+1+1+1 +14+141 F14+141
Figure 17. The proof of Theorem 4 if n = 3. The two equalities here follow from repeated

applications of figures 7 and 9. The framings in all horizontal components is +1.
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&
_ :22‘;@} n
b
0
0 1

Figure 18. The end of the proof of Theorem 4. The identity in the present figure follows

from figure 10. The framings of the horizontal components represented by unknots is +1.

Let us now come back to the problem (stated in the beginning of the present
section) of showing that G?" M is a finite dimensional Q vector space. Motivated by
Proposition3.4 and Theorem 4 we define, for each n a quotient Q[PSF(n)]/R,. Using
the notation of Corollary 2.8 we define a monomial a = [];¢; a(;(l) € P%(n) to be i-
trivial (for 1 <1 < n)if a(I) # 0 implies ¢ € I and to be i-disjoint if a([) # 0 implies
¢ ¢ I. (If we look at the canonical braid representative of an i-trivial monomial, it
has the property that removing the i-th strand leaves a trivial braid. If we look at the
canonical braid representative of an :-disjoint monomial, it has the property that the
i-th strand separates from the remaining strands.) Now we define our set of relations
to be all those obtained by taking linear combinations with rational coefficients of the
following elementary relations:

(27) a= 0 if ais ¢-disjoint for some 1
(28) dla—1)(b—1)(c—1)= —d if a,b,care i-trivial and

d is 1- disjoint for some ¢
(29) dla—a™')= 0 if ais i-trivial and

d is 1-disjoint for some 1

We will denote by R,, the subspace of Q[PS¥(n)] generated by equations (27), (28)
and (30).

Remark 3.7. A few comments are in order: recall that Proposition 3.4 and Theorem 4
are given in graphical notation, whereas our relations R,, are given in algebraic nota-
tion. For a precise comparison of the relations R,, and the statements of Proposition
3.4 and Theorem 4 see the proof of Theorem 5.

We record here some useful particular consequences of our algebraic relations:
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(30) 1= 0
(31) da* = d(4a — 2) if a is 2-trivial

and d is i-disjoint for some 17
(32) cl(ab_1 +ab) = d(2a+2b—1) if a,b are i-trivial and

d is i-disjoint for some 1

Indeed, setting @ = 1 in (27) gives (30). Setting b = a,¢ = a~' in (28) and using
(27) gives (31). Setting ¢ = b~" in (28) and using (27) gives (32). O

Theorem 5. [Oh] The map Q[PSE(n)] — GO"M is onto. PFurthermore, it factors
through a (necessarily onto) map Q[PS%(n)]/R, — GO"M.

Proof of Theorem 5. We first show ontoness. Recall that G9* M is generated by
triples [M, L, f] where L is an AS-admissible link of n components in a ZHS M.
Every 3-manifold can be obtained from S® by surgery on a framed link and, if the
manifold is a ZHS, this means that the matrix of linking numbers of the link is
unimodular. By a sequence of handle slides we can diagonalize the linking matrix
and so we can assume that M is obtained by surgery on an AS-admissible link in
53, Using our fundamental relation (17) we can assume that M = S°. Ontoness
now follows once we can show that we can assume that the framing f; is equal to
+1, for all 1 < ¢ < n. This follows by an argument due to Ohtsuki [Oh]. Let
L be any AS-admissible n component link with two framings f and f’ so that, if
L’ is the sublink obtained by deleting the n-th component, then f|L' = f’|L’ and
fon=—fl. Let (ZNL, f) be obtained from (L, f) by replacing L, by two parallel non-
linking copies of L,, and with f|L' = f|I, fo = f, and fn-}-l = —f,. Then we have
[M,Z,f] = [M,L, f] = [M~,L, f] where M, = My, c5,). So it suffices to show that
[M_aLaf] = _[MaLaf/]' But we have [MaLaf/] = [Ma Llaf/|L/] - [M_7L/7f/|LI] and
(M=, L, f]=[M~, L', f'|L'| - [M~*, L', f|L']. Since M~" = M and f|L' = f'|L’, we
are done. The same proof is represented in figure 10.

To prove that the map Q[PY%(n)] — GO* M factors through a map Q[PY%(n)] /R, —
g,?hM we recast the relations in R, in terms of links.

To prove equation (27), we map a to (5%, L, f) where the i- th component [ of L
bounds a disk disjoint from the remaining components L'. Since surgery on [ does
not change L’ this relation follows from the fundamental relation (17).

To prove equation (28), after closing up the braid abed to a link L, the i-th compon-
ent [ represents the element a3y in the fundamental group of the complement of the
remaining components L’ and the surgical equivalence class of L only depends on this
element. Furthermore we can assume that [ is unknotted since this can be achieved
by crossing changes which do not change the surgical equivalence class of L. In this
way, with the notation preceding Proposition 3.4, we have that dabc ~; L'(af7),
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dab ~; L'(af}), da ~4 L'(a), where ~; denotes surgically equivalent links. Therefore,
(28) and (30) follow (and in fact are equivalent) by Proposition 3.4. This completes
the proof of Theorem 5. [

3.3. A vanishing theorem for finite type invariants of ZHS. In this section
we prove a vanishing theorem (Theorem 6 and Corollary 3.8) for the graded vector
space of finite type invariants of ZHS. The proof will exploit the algebraic form of
the relations R,,. Thus, for the results in the present section we do not need to draw
any links, bands or braids. With the notation of the introduction (see Sections 1.1,
1.2), recall that M is the vector space (over Q) on the set of oriented ZHS, and
elements in F,,O are thought of as polynomial functions of degree m on M.
Consider the following three properties of a graph G-

(a) Every edge has two distinct vertices.

(b) Every vertex is either trivalent and oriented (i.e., one of the two possible cyclic

orders for the edges emanating from it has been chosen), or univalent.

(¢) Every component of (i is either a Y-graph (i.e., has exactly one trivalent vertex,

three univalent vertices and three edges) or has every vertex trivalent.

(d) G contains no © component, i.e. a trivalent graph with 3 edges and 2 vertices.
We will say G is a UT graph if it satisfies (a) and (b), and a Chinese manifold
character if it also satisfies (¢) and (d). The degree of G is the number of edges. It is
easy to see that any Chinese manifold character has degree a multiple of 3.

We can now state the following theorem:!

Theorem 6. For every n > 0, the vector space Q[ Py™(n)]/R, has a basis in one-one
correspondence with the set of Ohtsuki graphs of order n.

Proof of Theorem 6. First, we define a correspondence between Ohtsuki graphs of
order n and a set of elements that generates (over Q) the vector space Q[PZSE(TL)]/Rn

For a monomial a = [];¢;, a;(l) and for 1 <7 < n we define the i-order of a, o;(a), to
be Y |a(I)] and the total order of a to be 3 |a(I)|. We show that Q[PS%(n)]/R,
is generated by those a which satisfy: o;(a) < 2 for every ¢, and a(!) = %1 for every
I- we call such a admissible. If o;(a) > 2 then we may write a = af afbe, for some
¢ € Iy N I, where b is i-trivial and ¢ is ¢-disjoint. By equation (28) we see that a can
be written as a linear combination of monomials with strictly smaller ¢-order and no
larger total order. So we can assume o;(a) < 2 for every 1. Now suppose a(/) = £2
for some I. Then a = a?(l)b where b is i-disjoint and 72 € 1. We can apply equation
(30) and (31) to express a as a linear combination of monomials with strictly smaller
i-order and no larger total order.

We can, following Ohtsuki, associate to any admissible monomial a a graph G(a)
as follows. For every ¢ = 1,...,n we associate an edge e(1) with two distinct vertices.

YA more refined version of Theorem 6 will appear in [GO].
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For every I with a(]) # 0 we define a trivalent vertex v([) incident to each e(z) with
i € I. We can also give each trivalent vertex v([) an orientation, i.e. a cyclic ordering
to its incident edges, by choosing the ordering given by those I for which a(7) = +1.
It is easy to see that G/(a) is a UT graph with no ©® components. Furthermore, G(a)
determines a. We can use this graphical interpretation to describe further reductions
to the generating set of monomials. We will say an edge is interior if both its vertices
are trivalent and exterior otherwise.
We make the following observations:

(a) If G(a) has an edge with both vertices univalent, which will be true if the order
of a is small enough, then a = 0; this follows from (27).

(b) Suppose € is any edge in G(a). Define ' so that G(a) = G(a’) except that the
trivalent vertices of e have orientations reversed. Then (30) implies a = a'.

(c) If e is an interior edge and we define ¢” by changing the orientation of only one
of the vertices, then (32) says that a + a” is a linear combination of monomials
with smaller total order.

Suppose now that G(a) has two edges, one interior and the other exterior, which
share a common vertex. Then (b) and (c¢) imply that 2a is a linear combination of
monomials with smaller total order. But if G/(a) contains no such edges it is easy to
see that it must be an Ohtsuki graph. Thus the set of all such graphs with oriented
vertices form a generating set. To complete the proof we choose some preferred
orientation for each Ohtsuki graph and show that, if @ is any monomial corresponding
to this graph with another orientation then it is equal to £+ the preferred one plus
monomials of lower total order. To see this let G/(a) be the associated graph and
let G((a’) be produced by changing the orientation of one of the trivalent vertices v.
Then @’ = £a + monomials of lower total order. In fact, if v lies in a Y component
then, by (a), a = a’ while if v lies in a completely trivalent component then, by (b),
a' = —a + monomials of lower total order.

Second, we prove the linear independence of the set of admissible monomials {G/(a)}
where G lies in the set of Ohtsuki graphs of order n. To prove linear independence we
reinterpret Q[PY¥(n)]/R, as the quotient of the vector space spanned by unreduced
but commuting monomials in the {a;}, i.e. a; and aj' can both occur in a monomial,
by the relations defining R,, and the cancellation relation:

(33) aa"'bd = d  if a,b are i-trivial and

d is 1-disjoint for some 1

We write an unreduced monomial uniquely in the form o = of! - - o7, where each
I, = 1jk with 1 < j < k and e, = £1. Then we define the multiplicity m; =3 ;c1 ler|,
for each 1 = 1,...,n. We say ¢ is multiple if m; > 1 and singular if m; = 1. We now

define a canonical reduction of « in five steps.



Step 1.

Step 2.

Step 3.

Step 4.

Step 5.
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Write:
o €4 €ip, Z o eq €ip,
a = g OzL.l OzL.k C“...ZkOéL.l alik

where the first summation is over all subsequences of I1,..., I, such that the
multiplicities m/ of oz;:i oz;:: satisfy m!, = min{m,, 2} and the second sum
is over all remaining subsequences such that m! = m; if m; < 1, m} = 2 if
m; = 2 and m! =1 or 2 if m; > 2. The coefficients are defined by the formula:
Ciyoi, = I1(mi, — 2), where the product is over all r such that m, > 2 and

m; = 1. Note that there must be at least one such r.

k3
After Step 1 we can assume every m; < 2. Now we replace every occurrence
of of? by 401" and any occurrence of aja7’ by 1.
After Step 2 we can assume, in addition, that I; = [; if and only if ¢ =
7. At this point any such monomial is determined by its corresponding UT'
graph. We describe the next two reductions in terms of these graphs and
linear combinations of them. First we describe a preliminary modification. A
connected UT graph G will be called even if every cycle has an even number
of edges. In this case the vertices of GG can be divided into two classes: any
two vertices in the same class are connected by a path with an even number
of edges. If we choose one of these classes and remove each trivalent vertex
in the class from the graph, replacing it by three univalent vertices, we obtain
a new graph which is a union of Y graphs and isolated edges. We carry over
the orientations of GG to the new graph. Now define G’ to be the sum G + G
of these new graphs, if G is even, and 0 otherwise. We can now describe Step
3 by replacing every component G with at least one univalent vertex, in a UT
graph, by G".
After Step 3 we have a linear combination of Chinese manifold characters
(with, perhaps, some additional isolated edges). This step will reduce it to a
linear combination of chinese manifold characters. For example, we can always
prefer the orientation given by ¢, 7,k where ¢ < 3 < k. We describe Step 4 as
follows. Suppose (G is a component all of whose vertices are trivalent and k of
its vertices have the wrong orientation. Then we replace G by (—1)’“@ +2kG",
where G = G except that the orientations are now all the preferred ones. If G
is a Y graph, then we replace G by G.
The final step is to eliminate any graph which has an isolated edge.

We leave as a straightforward, if, perhaps, lengthy exercise to show that these five
steps can be achieved by using the relations given by equations 27-32 and 33. The
important thing is to show that the result of this reduction depends only on the class

of the monomial in Q[PS¥(n)]/R,. But this can be achieved by checking that, for
each of the equations 27-30 and 33, reducing both sides of the equation gives the same

result.

O
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Corollary 3.8. G,,O s a finite dimensional vector space and ts nonzero only tf m
is a multiple of 3.

Remark 3.9. This partially answers question 1 of [Gal.

Remark 3.10. In [GO] the notion of manifold weight systems for finite type invariants
of ZH S will be introduced.

3.4. From knots to 3-manifolds. In this section we prove a vanishing theorem
(Theorem 7) for type 5 + 1 invariants of Z HS. The proof exploits the graphical, as
well as the algebraic notation from the previous chapters. As a corollary, in Proposi-
tion 3.12 we make some progress on question 2 of [Gal.

With the notation of (16), we can state the following theorem:

Theorem 7. If L is an AS-admissible link in S° with a (4m + 1)-component trivial
sublink, then [L] € Fspyp2 M.

Proof. If L has 4m + 1 4+ r components, we proceed by downward induction on r.
Obviously if r > m, there is nothing to prove. We record the following consequence
of the defining relations in M.

Lemma 3.11. If L is obtained from L by changing a crossing of two bands, then
[L]—[L] is a linear combination of [L;], where each L; contains L as a proper sublink.

A band means a collection of parallel subarcs of components of I, and we assume,
after choosing some oriention for the components of I, and a direction for each band,
that each component of I has an equal number of subarcs travelling in the positive
direction in the two bands as in the negative direction. (Note that this condition
is independent of the orientations chosen but does depend on the directions of the

bands.) See figures 4 and 5.
Proof. This follows from figures 4, 5 and equations (15) and (20). O

Suppose we write . = Ly U L', where Ly is the trivial sublink. If we perform a
crossing change, as in Lemma 3.11 where at most one of the two bands contains arcs
from Ly, then L and each L; also contains Lg as a sublink and so, by the inductive
assumption, [L] € FsppaM if and only if [L] € F5,p2M. So, for example, we are free
to change any component of I’ within its homotopy class in the complement of L.
Furthermore, if 7 = m1(S® — Lg) then we can change a component [ by any element
of w3, by the argument in [Lel, pages 58-9], using band crossings in which one band
consists of arcs from Ly and the other consists of arcs from [.

As a consequence of these observations, we may assume that L’ consists of compon-
ents [}, so that each [} represents a product of commutators of degree two [, [z, xj]efi.
Now each commutator [z;, z;] can be represented by a curve o;; which intersects only
two of the disjoint disks D; bounded by the components of Lg. See figure 19. We

may therefore assume that each [ is a band sum of a number of copies of the o;;,
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slightly translated so that they are all disjoint. We now want to apply Theorem 4.
This tells us that [L] is a linear combination of [I;], where L; coincides with L except
that each [, has been replaced by either one of the ;; or a band sum of two of the
oi;, or several of these. We can ignore any terms in which any [ has been replaced
by more than one component, by the inductive assumption. In each of the L; that
remain, each new [ intersects at most four of the D; and so L} intersects at most 4r
of the D;. Therefore if r <, there will be at least one of the D; not intersected by
any of the component of L. But it then follows from equation (27) that [L] =0. O

@t Ui’j

Figure 19. A curve o;; that represents a commutator [z;, z;] in the fundamental group of

the complement of a trivial 2 component link. Compare this to Figure 3

As an application of Theorem 7, we study the map from knots to (linear combina-

tions of) 3-manifolds defined by K — [S?, K, +1] := S?K,H) — §%. Dually this map

induces a map from 3-manifold invariants to knot invariants. In [Ga] it was shown
that this descends to a map

(34) FoO — FolyV

where F,V is the space of type n knot invariants [B-N1], [BL], [Va]. In [Ga] it is
conjectured that the above map actually descends to a map:

Proposition 3.12. The above map descends to a map:
(36) Fom410 — FarV

Proof. Let A € Fs,,410 be a type hm invariant of Z H S, and let ¥, be the associated
knot invariant of equation (34). Let K be an immersed knot in S% with 4m + 1
double points. Let K U Ly denote the AS-admissible link in S* of 4m + 2 components
obtained by replacing each double point with the left hand of figure 20. Note that
K U Lo contains an unlink Ly of 4m + 1 components. Using the equality of figure 20
and the definition of the associated knot invariant ¢, we obtain the following equality
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(37) A(K) = A([K U Lo])

Using Theorem 7 we have that [K'U Ly| € Fs,42M therefore A([K'U Lg]) = 0. This
shows that 1y is a type 4m invariant of knots in S°. [J

Figure 20. Another special case of equation (17) in graphical notation.

Remark 3.13. Proposition 3.12 is a 2% ~ 2 result, whereas question 2 of [Ga] asks

Em+l — 5
for a % < g result. In a recent preprint M. Greenwood and Xiao-Song Lin [GrLi] have
shown a 2=2 ~ 1 result, which is a weaker statement than proposition 3.12 if n > 6.

Addendum 3.14. N. Habegger [Ha| has recently given a proof of the 2 result:

x: If L is an AS-admissible link in S® with a (2m — 1)-component trivial
sublink, then [L] € F3,, M.

A corollary of this is that the map F,0 — F,_;V in Equation (30) descends to a
map F3,O — FamV, as conjectured by Garoufalidis in [Ga]. We thank Habegger for
sending us a copy of [Hal]. After reading Habegger’s proof we saw how to refine our
proof of Theorem 7 to give another proof of Theorem x. Our proof of Theorem * is
rather different from Habegger’s and will be included in a future work [Gal.e].

4. A PHILOSOPHICAL COMMENT

We feel that we owe a word on the appearance of trivalent graphs. Trivalent graphs
appear both in Section 2 and in Section 3. As mentioned in the introduction, a motiv-
ation for the notion of finite type invariants of Z H S is Chern-Simons theory, exploited
by Witten [Wi2]. Chern-Simons thoery is a topological quantum field theory with a
topological Lagrangian containing a quadratic and a cubic term. The asymptotic ex-
pansion of the associated path integral (over the space of connections) as the coulping
parameter goes to infinity can be approximated by a power series sum, each term of
which is a finite sum over trivalent graphs (Feynman diagrams). This is the reason
that trivalent graphs appear in Chern-Simons theory.

In the theory of finite type knot invariants, trivalent graphs appear either as triple
point degenarations of knots, or as Feynman diagrams of an associated conformal
field theory (governed by the K'Z equation), see [Dr], [B-N1] and [Ko].

In the theory of finite type invariants of Z HS trivalent graphs appear because of
the presence of the Kirby moves, an intrinsic 3-dimensional property of space.

Finally, in the notion of surgical equivalence of links trivalent graphs appear because
of the association of figure 5 with triple commutators [a, [b, ¢|] in fundamental groups.
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In motivic cohomology, trivalent graphs appear because of the algebraic funda-
mental group Trflg(ch —{0,1,00}).
The use of trivalent graphs, whether they come from the topology of 3-dimensional

space, or the algebra (commutator groups, or cubic interaction terms in path integrals)

is a unifying approach, and as such, it can be a source of inspiration, or confusion.

We will let the reader decide which.
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