A RATIONAL NONCOMMUTATIVE INVARIANT OF BOUNDARY LINKS

STAVROS GAROUFALIDIS AND ANDREW KRICKER

ABSTRACT. In 1999, Rozansky conjectured the existence of a rational presentation of the Kontsevich integral
of a knot. Roughly speaking, this rational presentation of the Kontsevich integral would sum formal power
series into rational functions with prescribed denominators. Rozansky’s conjecture was soon proven by the
first author. We begin our paper by reviewing Rozansky’s conjecture and the main ideas that lead to its
proof. The natural question of extending this conjecture to links leads to the class of boundary links, and a
proof of Rozansky’s conjecture in this case. A subtle issue is the fact that a “hair” map which replaces beads
by the exponential of hair is not 1-1. This raises the question of whether a rational invariant of boundary
links exists in an appropriate space of trivalent graphs whose edges are decorated by rational functions in
noncommuting variables. A main result of the paper is to construct such an invariant, using the so-called
surgery view of bounadry links and after developing a formal diagrammatic Gaussian integration.

Since our invariant is one of many rational forms of the Kontsevich integral, one may ask if our invariant is
in some sense canonical. We prove that this is indeed the case, by axiomatically characterizing our invariant
as a universal finite type invariant of boundary links with respect to the null move.

Finally, we discuss relations between our rational invariant and homology surgery, and give some appli-
cations to low dimensional topology.
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1.1. Rozansky’s conjecture on a rational presentation of the Kontsevich integral of a knot. The
Kontsevich integral of a knot is a powerful invariant that can be interpreted to take values in a completed vec-
tor space of graphs. The graphs in question have univalent and trivalent vertices only (so-called unitrivalent

graphs), and are considered modulo some well-known relations that include the AS and THX relations.

Every unitrivalent graph G is the union of a trivalent graph G together with a number of unitrivalent
trees attached on the edges of G*:

% - (Ve

This is true provided that no component of G is a tree, and provided that we allow G! to include circles in
case G contains components with one loop (i.e., with betti number 1).
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The AS relation kills all trees with an internal trivalent vertex, which are possibly attached on an edge
of a trivalent graph. Thus, the only trees that survive are the hair, that is the trees with one edge and two
univalent vertices.

As a result, we need only consider trivalent graphs with a number of hair attached on their edges. (The
exceptional case of a single hair unattached anywhere is excluded since we are silently assuming that the
knot is zero-framed). The number of hair may be recorded by a monomial in a variable h attached on each
edge of a trivalent graph, together with an orientation of the edge which keeps track of which side of the
edge should the hair grow. For example, we have:

By linearity, we may decorate edges of trivalent graphs by polynomials, and even by formal power series in
h.

In the summer of 1999 Rozansky made the bold conjecture that the Kontsevich integral of a knot can be
interpreted to take values in a space of trivalent graphs with edges decorated by rational functions in e”.
Moreover, the denominators of these rational functions ought to be the Alexander polynomial of a knot.

Rozansky’s conjecture did not come out of the blue. It was motivated by earlier work of his on the colored
Jones function; see [R1]. In that reference, Rozansky proved that the colored Jones function of a knot
(a certain power series quotient of the Kontsevich integral) can be presented as a power series of rational

functions whose denominators where powers of the Alexander polynomial.

1.2. Kricker’s proof of Rozansky’s Conjecture. Shortly after Rozansky’s Conjecture appeared, the first
author gave a proof of it in [Krl]. Since the proof contains several ideas that are key to the results of the
present paper, we would like to summarize them here.

Fact 1: Untie the knot.

The key idea behind this is the fact that knots (or rather, knot projections) can be unknotted via a
sequence of crossing changes, and that a crossing change can be achieved by surgery on a +1-framed unknot
as follows:

Figure 1. A crossing change can be achieved by surgery on a unit framed unknot.

Thus, every knot K in S® can be obtained by surgery on a framed link C' in the complement S® ~ O of a
standard unknot O. We will call such a link C, an untying link for K. For example, an untying link for the
Figure 8 knot is:
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Observe that untying links are framed, and null homotopic in S® \. O (in the sense that every component is
contractible in $® \ 0), the interior of a solid torus. Observe further that untying links exist for every knot
K in an integral homology 3-sphere M.

Fact 2: Compute the Kontsevich integral of a knot from the Aarhus integral of an untying link.

By this, we mean the following. Consider a knot K and an untying link C in S% \. O. Then, we may
consider the (normalized) Kontsevich integral Z(C U O) of the link C'U O, which can be interpreted to take
values in a completed vector space of unitrivalent graphs with legs decorated by the components of C' U O.
Then, the Kontsevich integral Z(K) of K can be computed from Z(C' U Q) by

Z(K) = /dC (Z(CU0O))

Here [ dC refers to a diagrammatic formal Gaussian integration which roughly speaking glues pairwise the
C-colored legs of the graphs in Z(C' U ©) using the negative inverse linking matrix of C; see [A].

Fact 3: Compute the Kontsevich integral of an untying link from the Kontsevich integral of a Long Hopf
Link.

By this, we mean the following. The following formula for the Kontsevich integral of a Long Hopf Link,
was conjectured in [AQ] (in conjunction with the so-called Wheels and Wheeling Conjectures) and proven in
[BLT]:

(459) - oontn

where v(h) is the Kontsevich integral of the unknot, expressed in terms of graphs with legs colored by h. U
refers to the disjoint union multiplication of graphs. In this formula a bead e” (that is, the exponential of
hair), appears explicitly.

Using locality of the Kontsevich integral of a link, we may slice a planar projection of C'UQ into a tangle
T by cutting CUQO along the meridianal disk in the solid torus $%~\ O that O bounds. Then, we can compute
Z(C'UO) from Z(T) after we glue in the beads as instructed by the formula for the Long Hopf Link.

The result of this step is that we managed to write the Kontsevich integral of an untying link in terms of
unitrivalent graphs with edges decorated by Laurent polynomials in e”, and with univalent vertices colored
by C.

Fact 4: Commute the Aarhus integration with the above formula of the Kontsevich integral of an untying
link.

Modulo some care with the 1-loop part of the Aarhus integral, this proves Rozansky’s Conjecture for
knots.

1.3. Rozansky’s conjecture for boundary links. A question arises immediately after Kricker’s proof.
The Kontsevich integral is defined not just for knots, but for all links. Is there a more general class of links
that this proof can be applied to?

In order to answer this, let us recall that the Kontsevich integral of a link takes values in a completed
vector space of unitrivalent graphs, whose univalent vertices are labeled by the components of the link. The
graphs are considered modulo some well-known relations, that include a 3-term relation (the THX relation)
depicted as follows:

Li L

Using this relation, it follows that every unitrivalent graph with no tree components is a sum of trivalent
graphs with hair attached on their edges. Moreover, the hair is now labeled by the components of the link.

Thus, in order to formulate a conjecture for the Kontevich integral of links along the lines of Rozansky, we
need to restrict attention to links whose Kontsevich integral has no tree part. For such links, the Kontsevich
integral takes values in a completed vector space generated by trivalent graphs with hair. The hair are
colored by the components of the link, and we can record this information by placing monomials in variables
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h; (one variable per link component) on the edges of a trivalent graph as follows:
LiLiLy

By linearity, we can place polynomials, and even formal power series, in the noncommuting variables h; on
the edges of trivalent graphs.

The question arises: are there any links whose Kontsevich integral has vanishing tree-part? Using
Habegger-Masbaum (see [HM]), this condition is equivalent to the wvanishing of all Milnor invariants of
a link. This class of links contains (and perhaps coincides with) the class of sublinks of homology boundary
links, [Le2]. For simplicity, we will focus on the class of boundary links, namely those each component of
which bounds a surface, such that the surfaces are pairwise disjoint.

Fact 5: Boundary links can be untied.

Indeed the idea is the following. Choose a Seifert surface as above for a boundary link L; that is, one
surface per component, so that the surfaces are pairwise disjoint. Then, do crossing changes among the
bands of the Seifert surface to unknot each band and unlink them. The result is a standard unlink, and a
framed nullhomotopic link C', such that surgery on C transforms the unlink to the boundary link. We will
call such a link C, an untying link for L.

Using this fact, and repeating Facts 2-4 for boundary links, proves Rozansky’s conjecture for boundary
links. In Fact 3, the Kontsevich integral of an untying link C'UQ takes values in a completed space of trivalent
graphs whose edges are labeled by Laurent polynomials in noncommuting variables e”, fori =1, ..., g where
g is the number of components of L. In Fact 4, care has to be taken to make sense of rational functions in
noncommuting variables e’

hihjhy

1.4. Is there a rational form of the Kontsevich integral of boundary links? Our success in proving
a rational presentation for the Kontsevich integral of a boundary link suggests that

e we may try to define an invariant Z*®* of boundary links with values in a completed space A(Ajoc)

of trivalent graphs with beads, where the beads are rational functions in noncommuting variables ¢;,
fori=1,...,g9.

e Rational functions in noncommuting variables ought to form a ring Aj,c, which should be some kind
of localization of the group ring A = Z[F] of the free group F with generators t1,...,%,.

e There ought to be a Hair map from graphs with beads to unitrivalent graph with hair which replaces
t; by e, such that the Kontsevich integral Z is given by Hair o Z™2¢.

Let us call the above statement a strong form of Rozansky’s Conjecture for boundary links, and let us call
any such invariant Z** a rational form of the Kontsevich integral.

Let us point out a subtlety (easy to miss) of this stronger conjecture, even in the case of knots with trivial
Alexander polynomial (in which case we may work with graphs with beads in A = Z[t*] only): although it
is true that the map

A =7Z[tt] — A = Q[h]
given by t — e’ is 1-1, it does not follow in some obvious way that the Hair map from the space of graphs
with beads to the space of unitrivalent graphs is 1-1. This may seem counterintuitive, however a recent
paper of Patureau-Mirand (using Vogel’s work on universal algebras and exotic weight systems that do not
come from Lie algebras) proves that this Hair map is not 1-1; see [P].

If the Hair map were 1-1, then Rozansky’s Conjecture for boundary links (which we proved in Section 1.3
would easily imply the existence and uniqueness of a rational form Z™' of the Kontsevich integral. However,
as we discussed above, this is not the case.

This raises two problems:

e Is there a rational form Z'% of the Kontsevich integral of a boundary link?
e Assuming there is one, is there a canonical (in some sense) form?

The purpose of the paper is to solve both problems.

1.5. The main results of the paper. In the remaining of this introduction, let us discuss the main results
of this paper, which we will explain in lengthy detail in the following sections.
Fact 6: A surgery view of boundary links.
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We mentioned already in Fact 5 tat boundary links can be untied. Unfortunately, an untying link of a
boundary link is not unique. In fact, Kirby moves on an untying link do not change the result of surgery on
an untying link, and therefore give rise to the same boundary link. It turns out that Kirby moves preserve
not only the boundary link but its F-structure as well.

By this we mean the following. The choice of Seifert surface is not part of a boundary link. A refinement
of boundary links (abbreviated 0-links) are F-links, i.e., a triple (M, L, ¢) of a link L in an integral homology
3-sphere M and an onto map ¢ : m (M — L) - F, where F' is the free group on a set T' = {t1,...,t4} (in
1-1 correspondence with the components of L) such that the ith meridian is sent to the ith generator. Two
F-links (M, L, ¢) and (M', L', ¢') are equivalent iff (M, L) and (M’, L") are isotopic and the maps ¢ and ¢’
differ by an inner automorphism of F'. The underlying link of an F-link is a d-link. Indeed, an F-link gives
rise to a map ¢ : M — V981 which induces the map ¢ of fundamental groups. Choose generic points p;,
one in each circle of VIS, It follows by transversality that (2)’1(}71') is a surface with boundary component
the corresponding component of L. These surfaces are obviously pairwise disjoint, thus (M, L) is a boundary
link.

There is an action

String, x F-links — F-links

whose orbits can be identified with the set of boundary links. Here String, is the group of group of motions
of an unlink in 3-space, and can be identified with the automorphisms of the free group that map generators
to conjugates of themselves:

String, = {f € Aut(F)|f(t:) = oj tici, i=1,...,9}.

The action of String, on an F-link (M, L, ¢) is given by composition with the map ¢, as is explained in
Section 6.1.

Let A (O) denote the set of nullhomotopic framed links C' in the complement of a standard unlink O in
53, such that the linking matrix of C' is invertible over Z.

Then, in [GK2] we prove that the surgery map induces a 1-1 correspondence

N(0)/{Kirby moves, String,) < 0 — links.

This is the so-called surgery view of boundary links.

Fact 7: Construct an invariant of N'(O) in a space of graphs with beads.

By analogy with Fact 3, in Section 4 we define an invariant of links C' € N'(O) as above. It takes values in
a completed vector space of univalent graphs with beads. The beads are elements of A = Z[F], and record
the winding of a tangle representative of C' in 2 — @. The legs of the graphs are labeled by the components
of C. The strut part of this invariant records the equivariant linking matrix of C.

Fact 8: Develop an equivariant version of the Aarhus integral.

Unfortunately, the above described invariant of links C' € A/(O) is not invariant under Kirby moves of C.
To accommodate for that, in Section 5 we construct an integration theory [ " in the spirit of the Aarhus
Integral [A]. Let us mention that the Aarhus integration is a map that cares only about the univalent vertices
of graphs, and not about their internal structure (such as beads on edges, or valency of internal vertices).
By construction, Aarhus integration behaves like integration of functions in the sense that it behaves well
with changes of variables.

In our integration theory [ mt, we separate the strut part of a diagram with beads, invert their martix
(it is here that a suitable ring Aje. is needed) to construct new struts, and glue the legs of these new struts
to the rest of the diagrams. The result is a formal linear combination of trivalent graphs whose beads are
elements of Aj,.. The main property of this integration theory, is that the resulting invariant is independent
under Kirby moves and respects the String, action. Thus it gives an invariant Z'at of 9-links which takes
values in a completed vector space of trivalent graphs with edges decorated by Ajec, modulo certain natural
relations; see Theorem 14.

Fact 9: The ring Ajo. of rational functions in noncommuting variables.

Our integration theory [ " reveals the need for a ring Ajpe. This ring should satisfy the property that
all matrices W over A which are invertible over Z (that is, eW is invertible over Z where ¢ : A = Z[F]| — Z
is the map that sends ¢; to 1) are in fact invertible over Ajo.. This is precisely the defining property of
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the noncommutative (Cohn) localization of A = Z[F]. Farber-Vogel identified Ajo. with the ring of rational
functions in noncommuting variables; see [FV].

Fact 10: Z™ is a rational form of the Kontsevich integral; see Theorem 14 in Section 7.4.

By analogy with Fact 2, we compare the Z*#* invariant of boundary links with their Kontsevich integral,
via the Hair map. The comparison is achieved using the formula of the Kontsevich integral of the Long Hopf
Link. Section 7.4 completes Fact 10.

So far out efforts give a rational form of the Kontsevich integral of a link. As we mentioned before, there
is potentially more than one rational form of the Kontsevich integral. How do we know that our construction
is in some sense a natural one?

To answer this question, let us recall that the Kontsevich integral is a universal finite type invariant of
links, with respect to the Goussarov-Vassiliev crossing change moves. This axiomatically characterizes the
Kontsevich integral, up to a universal constant which is independent of a link.

Fact 11: The Z** invariant is a universal finite type invariant of F-links with respect to the null-move;
see Theorem 15 in Section 8.1.

This so called null-move is described in terms of surgery on a nullhomotopic clasper in the complement
of the F-link, and generalizes the null-move on knots. The latter was introduced and studied extensively by
[GR].

Section 8 is devoted to the proof of Theorem 15, namely the universal property of Z*#*. This follows from
the general principle of locality of the invariant Z™* (i.e., with the behavior of Z"* under sublinks) together
with the identification of the covariance of Z** with an equivariant linking function.

1.6. Some applications of the Z*' invariant. The rational form Z*2* of the Kontsevich integral of a
boundary link sums an infinite series of Vassiliev invariants into rational functions. An application of the
universality property of the Z*2 invariant is a realization theorem for these rational functions in Section 8;
see Proposition 8.5. Our realization theorem is in the same spirit as the realization theorem for the values
of the Alexander polynomial of a knot that was achieved decades earlier by Levine; see [Lel].

An application of this realization theorem for the 2-loop part of the Z'' invariant settles a question of
low-dimensional topology (namely, to separate minimal rank knots from Alexander polynomial 1 knots), and
fixes an error in earlier work of M. Freedman; see [GT]. This is perhaps the first application of finite type
invariants in a purely 3-dimensional question.

Another application of the 2-loop part is a formula for the Casson-Walker invariant of cyclic branched
coverings of a knot in terms of the signature of the knot and residues of the @ function, obtained in joint
work [GK1].

1.7. Future directions. Rozansky has recently introduced a Rationality Conjecture for a class of alge-
braically connected links, that is links with nonvanishing Alexander polynomial, [R4]. This class is disjoint
from ours, since a boundary link with more than one component has vanishing Alexander polynomial. It is
an interesting question to extend our results in this setting of Rozansky. We plan to address this issue in a
later publication.

1.8. Acknowledgement. The results of this work were first announced by the first named author in a
meeting on “Influence of Physics on Topology” on August 2000, in the sunny San Diego. We thank the
organizers, M. Freedman and P. Teichner for arranging such a fertile meeting. We also wish to express our
gratitude to J. Levine who shared with the first author his expertise on topology, and to J. Hillman and
T. Ohtsuki for encouragement and support of the second author. Finally, the authors wish to thank D.
Bar-Natan and the referee for numerous comments who improved the presentation of the paper.

2. A SURGERY VIEW OF F-LINKS

2.1. A surgery description of F-links. In this section we recall the surgery view of links, introduced
in [GK2], which is a key ingredient in the construction of the rational invariant Z*™'. Let us recall some
important notions. Fix once and for all a based unlink O of g components in S2.

Definition 2.1. Let N (O) denote the set of nullhomotopic links C' with Z-invertible linking matriz in the
complement of O.
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Surgery on an element C of A (O) transforms (52,0 ¢) to a F-link (M, L, $). Indeed, since C is null-
homotopic the natural map 71(S3 \ O) — F gives rise to a map 7 (M ~ L) — F. Alternatively, one can
construct disjoint Seifert surfaces for each component of L by tubing the disjoint disks that O bounds, which
is possible, since each component of C' is nullhomotopic.

Since the linking matrix of C' is invertible over Z, M is an integral homology 3-sphere. Let ~ denote
the equivalence relation on A (Q) generated by the moves of handle-slide k1 (i.e., adding a parallel of a link
component to another component) and stabilization ko (i.e., adding to a link an unknot away from the link
with framing +1). It is well-known that x-equivalence preserves surgery. A main result of [GK2] is the
following:

Theorem 1. ([GK2]) The surgery map gives a 1-1 and onto correspondence
N(O) /() — F-links.
As an application of the above theorem, in [GK2] we constructed a map:
W : F-links — B(A — Z)

where B(A — Z) is the set of simple stably congruence class of Hermitian matrices A, invertible over Z.
Here, a matrix A over A is Hermitian if A* = A where A* denotes the conjugate transpose of A with respect
to the involution A = Z[F| — A = Z[F] which sends g to g := g~—'. Moreover, two Hermitian matrices A, B
are simply stably congruent iff A®S; = P(B® Sa)P* for some diagonal matrices S, S2 with +1 entries and
some elementary matrix P (i.e., one which differs from the identity matrix on a single non-diagonal entry)
or a diagonal matrix with entries in +F C A. The map W sends an F-link to the equivariant linking matrix
of 5, a lift of a surgery presentation C, to the free cover of S® \. O. It was shown in [GK2] that the map
W determines the Blanchfield form of the F-link, as well as a noncommutative version of the Alexander
polynomial defined by Farber [Fa].

2.2. A tangle description of F-links. In this section we give a tangle diagram description of the set
N(O). Before we proceed, a remark on notation:
Remark 2.2. Throughout the paper, given an equivalence relation p on a set X, we will denote by X/(p) the
set of equivalence classes. Occasionally, an equivalence relation on X will be defined by one of the following
ways:

e Either by the action of a group G on X, in which case X/(p) coincides with the set of orbits of G

on X.
e Or by a move on X, i.e., by a subset of X x X, in which case the equivalence relation is the smallest

one that contains the move.
ﬂ B
M t=1

4
Ea Eb Ec

Consider the following surfaces in R?

together with a distinguished part of their boundary (called a gluing site) marked by an arrow in the figure
above. By a tangle diagram on a surface ¥, (for x = a,b, ¢) we mean an oriented, framed, smooth, proper
immersions of an oriented 1-manifold into the surface, up to isotopies rel boundary of the surface, double
points being equipped with crossing information, with the boundary points of the tangle lying on standard
points at t =0 and ¢t = 1.

A crossed tangle diagram on a surface ¥, is a tangle diagram on X, possibly with some crosses (placed
away from the gluing sites) that mark those boundary points of the diagram. Here are the possible places
for a cross on the surfaces X, for x = a,b or c:
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The following is an example of a crossed tangle diagram on Xy:

The cross notation evokes a small pair of scissors >3 that will be sites where the skeleton of the tangle
will be cut.

Let D, denote a standard disk with g holes ordered from top to bottom and g gluing sites, shown as
horizontal segments below. For example, when g = 2, D, is:

Q
Q

(a) a nullhomotopic link L in D, x I with Z-invertible linking matrix such that
(b) L is in general position with respect to the gluing sites of Dy times I in D, x I.

(c) Every component of L is equipped with a point (depicted as a cross x) away from the gluing sites
times I.

Definition 2.3. A sliced crossed link in Dy is

Let £*(D,) denote the set of isotopy classes of sliced crossed links.
Definition 2.4. A sliced crossed diagram in Dy is a sequence of crossed tangles, {T1,..., Ty} such that

(a) the boundaries of the surfaces match up, that is, their shape, distribution of endpoints, and crosses.
For example, if T} is of the form | | then T}, is of the form ! !

(b) the top and bottom boundaries of 77 and T}, look like:

(c) After stacking the tangles {T1, ..., Ty} from top to bottom, we obtain a crossed link in D, x I, where
Dy is a disk with g holes.

Let D* (D) denote the set of sliced crossed diagrams on D, such that each component of the associated
link is nullhomotopic in Dy x I and marked with precisely one cross.

Here is an example of a sliced crossed diagram in D; whose corresponding link in A(O) is a surgery
presentation for the Figure 8 knot:

5

ke

e

C

Clearly, there is a map
D*(Dg) — L*(Dy).

We now introduce some equivalence relations on D*(D,) that are important in comparing D*(Dy) to

N(0).
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Definition 2.5. Regular isotopy ~ of sliced crossed diagrams is the equivalence relation generated by regular
isotopy of individual tangles and the following moves:

REREE
R A ]

where the glued edge of T, must have no crosses marking it.

T,

Proposition 2.6. There is a 1-1 correspondence:
D*(Dg)/(r) «— L*(Dy).

Proof. This follows from standard transversality arguments; see for example [AMR] and [Tu, Figure 7]. O

Definition 2.7. Basing relation £ of sliced crossed diagrams is the equivalence relation generated by moving
a cross of each component of the associated link in some other admissible position in the sliced crossed tangle.
Moving the cross of a sliced crossed link can be obtained (in an equivalent way) by the local moves §; and
B2, where (1 (resp. (32) moves the cross across consecutive tangles in such a way that a gluing site is not
(resp. is) crossed. Here is an example of a 3 move:

g e 1

A link L in Dy is one that satisfies condition (a) of Definition 2.3 only. Let N(D,) denote the set of
isotopy classes of sliced links in D,. Proposition 2. 6 1mphes that

Proposition 2.8. There is a 1-1 correspondence:
D*(Dg)/(r, 8) «— N(Dy).

Observe that D, x I contained in the complement of an unlink S3 \ O. Moreover, up to homotopy we
have that S3 \ O is obtained from D, x I by attaching g — 1 2-spheres. The next equivalence relation on
sliced crossed diagrams is precisely the move of sliding over these 2-spheres.

Definition 2.9. The wrapping relation ~ of sliced crossed diagrams is generated by the following move

It is easy to see that a wrapping relation of sliced crossed diagrams implies that the corresponding links
in $% \. O are isotopic. Indeed,

L

The above discussion implies that
Proposition 2.10. There is a 1-1 correspondence:

D*(Dy)/(r, B, w) «— N(O).
Recall that Theorem 1 identifies the set of F-links with a quotient of N (O). Since we are interested to

give a description of the set of F-links in terms of a quotient of D*(D,), we need to introduce analogs of
the k-relation on D* (D).
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Definition 2.11. The handleslide move ~ is generated by the move:

x| | T , , A\/xj T ,
{"'7Ti717Tia 7Ti+2a"'} {...,T;-_l,:ri, (E]‘ azji+27"'}'

X ) /\

where each tangle in {77} is obtained from the corresponding tangle in {T}} by taking a framed parallel of
every component contributing to the component z;,.

We end this section with our final proposition:

Proposition 2.12. There is a 1-1 correspondence
DX (Dg)/<ra 6) w, H> «—— F-links.

Proof. F-links are defined modulo inner automorphisms of the free group. One need only observe that inner
automorphisms follow from the basing relation. O

3. AN ASSORTMENT OF DIAGRAMS AND THEIR RELATIONS

3.1. Diagrams for the Kontsevich integral of a link. In this section we explain what are the spaces of
diagrams in which our invariants will take values. Let us begin by recalling well-known spaces of diagrams
that the Kontsevich integral of a knot takes values.

The words “diagram” and “graph” will be used throughout the paper in a synonymous way. All graphs
will have unitrivalent vertices. The univalent vertices are attached to the skeleton of the graphs, which will
consist of a disjoint union of oriented segments (indicated by 1), circles (indicated by Ox) or the empty
set (indicated by *x). The skeleton is labeled by a set X in 1-1 correspondence with the components of a
link. The Vassiliev degree of a diagram is half the number of vertices.

Definition 3.1. Let A(Ox, Ty, *1, ®s) denote the quotient of the completed graded Q-vector space spanned
by diagrams with the prescribed skeleton, modulo the AS, THX relations, the STU relation on X and Y and
the S-colored infinitesimal basing relation (the latter was called S-colored link relation in [A, Part II, Sec.
5.2]) shown by example for S = {z}:

When X, Y, T or S are the empty set, then they will be ommitted from the discussion. In particular,
A(¢) denotes the completed vector space spanned by trivalent diagrams, modulo the AS and IHX relations.

By its definition, the Kontsevich integral Z (L) of a link L takes values in A(Og), where H is a set in 1-1
correspondence with the components of L.

There are several useful vector space isomorphisms of the spaces of diagrams which we now recall.

There is a symmetrization map

(1) xx t ABxx) — A(Tx)

which is the average of all ways of placing the symmetric legs of a diagram on a line, whose inverse is denoted
by

(2) ox t A(Tx) — Al*x).
Moreover, xx induces an isomorphism:
3) Al®x) — A(Ox)

Thus, the Kontsevich integral of a link may be interpreted to take values the quotient of A (%) modulo the
H-colored infinitesimal basing relations.

Notice that A(7x) is an algebra (with respect to the stacking of diagrams that connects their skeleton),
and that A(xx) is an algebra with respect to the disjoint union multiplication. However, the map xx is not
an algebra map.
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3.2. Group-like elements and relations. In this short section we review the notion of group-like elements
in the spaces A(Ox), A(Tx), A(*x) and A(®x). All these spaces have natural Hopf algebra structures,
which are cocommutative and completed.
Definition 3.2. An element ¢ in a completed Hopf algebra is group-like if ¢ = exp(z) for a primitive element
x.
In case of the Hopf algebras of interest to us, the primitive elements are the span of the connected graphs.
We we denote the group like elements of

A(Ox) AP (Oy)
A(Tx) AeP(Tx)
Alxx) by e (kx)
A(®x AP (®x)

)

The isomorphisms of Equations (1), (2) and (3) induce isomorphisms of the corresponding sets of group-
like elements.

Note that the Kontsevich integral of a link (or more generally, a tangle) takes values in the set of group-like
elements.

Let us now present a group-like version of the infinitesimal basing relation. Since this does not appear
in the literature, and since it will be the prototype for basing relations of group-like elements which include
beads, we will discuss it more extensively.

In [A, part IT, Sec.5.2], the following map

(4) m%* AP (1y,23 U Tx,5 Aloe) — AP (1123 U Tx, Aloc)

was introduced, that glues the end of the y-skeleton to the beginning of the z-skeleton and then relabeling
the skeleton by x, for z,y,z € X.

3 3 9
e
2 T e 2 B ;
1 1 -
1
) z x x

Figure 2. The map mY* in degree 2: Connect the strands labeled x and y in a diagram in A(1.1,7), to
form a new “long” strand labeled z, without touching all extra strands.

Definition 3.3. Given s1, s2 € A%P(]x), we say that
$1 ° 52, if there exists an element s € AP (T¢,37(2)1Tx—{s}) With the property that

(5) mY%*(s) = s1 and mZY(s) = ss.

Using the isomorphism ox, we can define 2 on A8P(xx). We define
(6) AP (@x) = A% (xx)/(B%).

The group-like basing relation can be formulated in terms of pushing an exponential e’ of hair to group-
like diagrams. Since this was not noticed in the work of [A], and since in our paper, pushing exponential of
hair is a useful operation, we will give the following reformulation of the group-like basing relation.
Definition 3.4. Let

con : A(*xuaxuy) — A(xy)
denote the contraction map defined as follows. For s € A(*xxuaxuy), conx(s) denotes the sum of all ways
of pairing all legs labeled from 0X with all legs labeled from X. The contraction map preserves group-like
elements.
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Definition 3.5. For s1,s2 € A8P(xx), we say that

’

e 51 ~ s iff there exists s € A®P(xxan}) such that
s1=congpy(s) and sy = conguy(s|x_xer)

where s|x_, xcn is by definition the result of pushing e’ to each X-labeled leg of s12.

Lemma 3.6. The equivalence relations 32 and 3P are equal on ASP (*x).

gp
Proof. Consider s1,s2 € AP (xx) so that xx(s1) ko Xx (s2) and consider the corresponding element s €
ABP (T3 11T x —{a}) satisfying Equation (5). We start by presenting s as a result of a contraction. Inserting
X{y,-} and oy 3 to s, we have that

$= =CoNfyy} | —o— —eo— &
y z
|| N

where

a = (0(y,2}(8))ly—ou,z—00 =

Ju ov
Morevoer, we have:
eu eV
xx(s1) = CON{y 1} «
X
ev el
Xx(82) = congy . o
X

Now, we bring e”e" to e“e”, at the cost of pushing e¥ hair on the u-colored legs. Indeed, we have:

ev el eV el p-v pv
— e o~ o o o o
X X
> eV u gV aV
= > Sl
n=0

X
~ u
- > hm e
n=0
X

Remembering that we need to contract (u,du) legs and (v,0v) legs, we can push the e”-hair on «. Let 3
denote the result of pushing e” hair on each du-colored leg of «. Then, we have:

gu eV
xx(51) = congy, .,y o
X
gu eV
XX(SQ) = COLlfy,v} PY P - ﬂ

X
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Now, we may get sa from xx(s2) by attaching (u,v)-rooted labeled forests T'(u,v) whose root is colored by
x; see [A, part II, prop.5.4]. Since

\"

V| eV v o \Y; \%
CON{y} u = =
eV
ev eV
X X

X

it follows that
52 = congy 1 (a T(u,v)]|z—zev)
s1 = Con{u,v}(a T(u,v))

Letting v = cony,y (o T'(u,v)), it follows that

sp = conpy(Y[x—xev)
s1 = COH{U}(’)/)
5gp'
In other words, s1 "~ ss.
The converse follows by reversing the steps in the above proof. O

3.3. Diagrams for the rational form of the Kontsevich integral. Let us now introduce diagrams with
beads which will be useful in our paper. The notation will generalize the notion of the A-groups introduced
in [GL1].

Definition 3.7. Consider a ring R with involution and a distinguished group of units U. An admissible
labeling of a diagram D with prescribed skeleton is a labeling of the edges of D and the edges of its skeleton
so that:

e the labelings on the Ox and Ty lie in U, and satisfy the condition that the product of the labelings
of the edges along each component of the skeleton is 1.
e the labelings on the rest of the edges of D lie in R.

Labels on edges or part of the skeleton will be called beads.

Definition 3.8. Consider a ring R with involution and a distinguished group of units U, and (possibly
empty sets) X,Y,T. Then,

A(Ox, Ty, *r, R,U) =D(Ox, Ty *r, R,U)/(AS,IHX, STU, Multilinear, Vertex Invariance)

where

e D(Ox,Ty *r, R,U) is the completed graded vector space over Q of diagrams of prescribed skeleton
with oriented edges, and with admissible labeling.

e The degree of a diagram is the number of trivalent vertices.

e AS THX and Multilinear are the relations shown in Figure 3 and Vertex Invariance is the relation
shown in Figure 4. Note that all relations are homogeneous, thus the quotient is a completed graded
vector space.

Some remarks on the notation. Empty sets will be omitted from the notation, and so will U, the
selected group of units of R. For example, A(xy,R), A(R) and A(¢) stands for A(14,*y,®g, R,U),
A(T¢, %4, ®g, R, U) and A(1¢,*¢, ®g, Z, 1) respectively. Univalent vertices of diagrams will often be called
legs. Special diagrams, called struts, labeled by a, ¢ with bead b are drawn as follows

;b.

c
oriented from bottom to top. Multiplication of diagrams D; and Dy, unless otherwise mentioned, means
their disjoint union and will be denoted by D Dy and occasionally by Dy LI Ds.
We will be interested only in the rings

o A = Z[F] (the group ring of the free group F' on some fixed set T = {t1,...,t,} of generators),
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e its completion A (with respect to the powers of the augmentation ideal)
e and its Cohn localization Ay (i.e., the localization with respect to the set of matrices over A that
are invertible over Z).

For all three rings A, A and Ay, the selected group of units is F'. All three are rings with involution induced
by § = g~ ! for g € F, with augmentation over Q, and with a commutative diagram

A4)A10C
NI

A

where A — A is given by the exponential version of the Magnus expansion t; — e"#. A can be indentified with
the ring of noncommuting variables {h1, ..., hy} and Ajoc with the ring of rational functions in noncommuting
variables {t1,...,tg}, [FV, BR]. In all cases, the distinguished group of units is F'.

r = r r+s =r + s = rs

Figure 3. The AS, THX (for arbitrary orientations of the edges), Orientation Reversal and Linearity relations.
Here r — 7 is the involution of R, r,s € R.

Figure 4. The Vertex Invariance relation that pushes a unit g € U past a trivalent vertex.

The following is a companion to Remark 2.2:
Remark 3.9. Throughout the paper, given a subspace W of a vector space V, we will denote by V/W the
quotient of V' modulo W. W will be defined by one of the following ways:

e By a subset S of V, in which case W = (.9) is the subspace spanned by S.
e By a linear action of a group G on V, in which case S = {gv — v} defines W and V/W coincides
with the space of coinvariants of G on V.

Since labels of the edges of the skeleton are in U, and the product of the labels around each skeleton
component is 1, the the Vertex Invariance Relation implies the following analogue of Equations (1), (2):

Lemma 3.10. For every X and R = A, Ajoc or ]X, there are inverse maps
xx : A(*xx,R) — A(Tx,R) and ox: A(lx,R) — A(*x, R).

Our next task is to introduce analogs for the basing and the wrapping relations for diagrams with beads.
Before we do that, let us discuss in detail the beads that we will be considering.
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3.4. Noncommutative localization. In this self-contained section we review several facts about the Cohn
localization that are used in the text. Consider the free group F, on generators {ti,...,t;}. The Cohn
localization Ajec of its group-ring A = Z[Fy] is characterized by a universal property,

A —— Aje

.
|

[

e
o I
|
hg

R

namely that for every Y-inverting ring homomorphism « : A — R there exists a unique ring homomorphism
@ : Ajoc — R that makes the above diagram commute, [C]. Recall that a homomorphism « is ¥-inverting if
aM is invertible over R for every matrix M over A which is invertible over Z.

Farber and Vogel identified Ao with the ring of rational functions in noncommauting variables, [FV, BR].
An example of such a rational function is

(3 — 2, (ts + Dty ) "o — 5.
There is a close relation between rational functions in noncommuting variables and finite state automata,
sedcribed in [BR, FV]. Farber-Vogel showed that every element s € Aj. can be represented as a solution to

a system of equations M T = b where M is a matrix over A, invertible over Z, and b is a column vector over
A, [FV, Proposition 2.1]. More precisely, we have that

s=(1,0,...,0)M b,

which we will call a matriz presentation of s € Ajoc.

In the text, we often use substitutions of the form ¢, . on, OF @y, _cny, OT @p, c—ny,en, Where h does not
commute with Fj;. In order to make sense of these substitutions, we need to enlarge our ring Ajo.. This can
be achieved in the following way. F, can be included in the free group F' with one additional generator ¢.

Let £ denote the group-ring of F', Lj,. denote its Cohn localization and L/:l; denote the completion of Ljs¢

with respect to the the ideal generated by ¢ — 1. There is an identification of Elo\c with the following ring R
whose elements consist of formal sums of the form ) . Hfil h™i f; where f; € Ao and

e m=(mi,mo,...): N— Niseventually 0 and f = (f1, fo,...) : N = Ajc is eventually 1.
e In the above sum, for each fixed k, there are finitely many sequences m with |m| =3, m; < k.

It is easy to see that R is a ring with involution (in fact a subring of the completion of £ with respect to the
augmentation ideal) such that ¢; and e are units, where h = logt. In particular, L/:l; is an h-graded ring.
Let degj : E/l\oc — E/l\ocn denote the projection on the h-degree n part of L/:l;

Definition 3.11. The/re\is amap ¢; : A — Zl\oc given by substituting ¢; for e "¢;e” for 1 < i < g. It extends
to a map @i : Atge — Lige.

Indeed, using the defining property of the Cohn localization, it suffices to show that ¢; is X-inverting,
[C, FV]. In other words, we need to show that if a matrix W over A is invertible over Z, then ¢;(W) is

invertible over ZI\OC Since E/l\oc is a completion of Ly, it suffices to show that deg% (@i (W)) is invertible over
Lioc. However, deg%(gpi(W)) = W, invertible over A, and thus also over Lj,.. The result follows.

Definition 3.12. Let
—1
n; . Aloc — »Cloc
denote the h-degree 1 part of ;.

The following lemma gives an axiomatic definition of 7; by properties analogous to a derivation. Compare
also with the derivations of Fox differential calculus, [FV].

Lemma 3.13. (a) n; is characterized by the following properties:
ni(t;) = bijlti, h] = 04;(tsh — ht;)
ni(ab) = ni(a)b+ ani(b)
ni(a +b) ni(a) + 1 (D).
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(b) Moreover, n; can be extended to matrices with entries in Nioc. In that case, n; satisfies
ni(AB) = ni(A)B + An;(B)

for matrices A and B that can be multiplied, as well as
m(A™) = —A7 g (A)AT!

for invertible matrices A.

Proof. For (a), it is easy to see that n; satisfies the above properties, by looking at the h-degree 0 and 1
part in ¢;(a). This determines 7; uniquely on A. By the universal property, we know that 7; extends over
Ajoc; a priori the extension need not be unique. Since however, n; extends uniquely to matrices over A, and
since every element of Aj,. has a matrix presentation (see the discussion in the beginning of the section), it
follows that 7); is characterized by the derivation properties.

Part (b) follows easily from part (a). O

3.5. The infinitesimal wrapping relations. We now have all the required preliminaries to introduce an
infinitesimal wrapping relation on

(7) AO(*X, A]OC) = B(Aloc — Z) X .A(*X, Aloc)~

Given a vector v € A(xx,Ajoc) and a diagram D € A(xx,Ajoc) with a single special leg colored by
Oh and M € Herm(Aj. — Z), the infinitesimal wrapping relation w; at the ith place in Herm(Ajo. —
Z) x A(*x, Aioc) 1s generated by the move

wi 1 —1
(M,v) ~ (M,v + conypy (m(D) - ED U étr(M nz(M)))> .
It is easy to see that the above definition depends only on the image of M in B(Ajoc — Z). We define

AO(*X, A]OC)/<W> = AO(*X, Aloc)/<wl7 . ,wg>.

We give two examples of infinitesimal wrapping relations:

Ezample 3.14. An important special case of the infinitesimal wrapping relation is when M is the empty
matrix and the beads of a diagram D lie in A = Z[F]. Without loss of generality, we may assume that the
beads of D are monomials ¢;. If all the edges labeled by t; are shown, then we have:

tis ot
N
Note that in the w relation, we allow for D to be a diagram of a circle (with a bead and with a special
Oh leg). In addition, we allow the 9h leg to have a bead in Ajqc.

The next example illustrates the infinitesimal wrapping relation in its full complication.
Example 3.15. Consider the matrix

1 ty —tot] "
M= [ tyt—tityt 1
which is Hermitian over A, and invertible over Z. Part (b) of Lemma 3.13 implies that
_ 0 —to(t7 ' h— hty)
mM) = [—(tlh — hty)ty " 0

0 0], [0 —toty'n 0 tohty?!
= w0l Tlo o [T lenrst o
1lg 11ty

m(M™Y) = M7ty ,0)'A(0, )M~ + M7 (—t2,0)'A(0, 87 )M
+ M0, t) Rty 0) M+ M0, —1) h(tyty L 0) ML

and
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where A’ denotes the transpose of A. Further, observe that
—1/2te (M~ (M) = (1/2,0)M 10, 1) bty * + (1/2,0)M (0, 1) htt5*
+ (0,1/2)M'(tat; ', 0)' R+ (0,1/2)M ' (—t2,0) bty "
Now, consider the infinitesimal wrapping relation arigiﬁlg from the diagram
ti1l3

b= (1, 2)M~1(-1/2, 0)

That, is we have (M,v) % (M,v + z), where 2 = 2 + 29, and x; is given by gluing the (h, dh) legs in each
of the following diagrams,

oh

t1t3 t1ts
1/2 0) ) (05 tl_l)M_l(_l/za O)l
h
Htaty ', 0) (1,2)M " (~t2,0)'
oh
t1t3
(-1/2,0)
O t1)’

tits
o (tity5,0)M~1(=1/2,0)

h
(1,2)M~1(0,-1)

as well as these diagrams

oh

— 13t
1 I}L ’
(—1/2,0) (1,2)M~1(=1/2,0)

and summing the result up, and x5 is given by gluing the (h,dh) legs of the disjoint union of D with the

following sum:

h h
+
(172)M71(_1/2a0)/ (172)M71(_1/270),
h

+ + :
(0,1/2)M~(tot7t,0) (0,t71/2)M 1 (—t5,0)

Notice that x is a sum of diagrams of degree 2 of the form © and O-O. It is an interesting problem to
understand the infinitesimal wrapping relation in degree 2.

3.6. Group-like relations. Our invariants (to be constructed) will take place in quotients of group-like
elements, modulo appropriate relations. In this section we discuss these relations.

In analogy with Section 3.2, the subscript 8P indicates the set of group-like elements of the appropriate
Hopf algebra.

We now define an analog of the basing relations for group-like elements. Recall the map m¥* of Equation

(4)-
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Definition 3.16. Given s1,s2 € A8P(%x, Ajoc), we say that

gP

® 35 sy 52, if there exists an element s € A2 (11,3112 T x— {x}, Aloc) With the property that
(8) ey (07(5) = 51 and oy (M2Y(s)) = 5.

gp
e s ) sg iff so is obtained from s; by pushing an element of F' on each of the X-labeled legs of s;. For
example, if all z1 legs are shown below, we have:

T & ST
X1 X1 X9 X X1 X9 X9 Xp X1 X1 X9 Xp X1 X9 X9 X
We define
9) AP (@5 Moe) = AP (ex s Atoc) / (B, 957)-

Remark 3.17. When we push an element of the free group f in the legs of a diagram, depending on the
orientation of the leg, we add f or f to the leg. See also Figure 4 for a convention for all choices of orientations.
Similarly, when we glue two legs of diagrams together, the label on the bead depends on the orientations of
the legs. For example,

S e e

We now define a useful reformulation of the 5" relation for diagrams in A(xx, Ajoc), which makes obvious
that:

e The X-flavored group-like basing relations push a bead, or an exponential of hair on all X-colored
legs.
Definition 3.18. For s1,s2 € A8P(xx, Aloc), we say that
gp’
® 5 L 5o iff there exists s € AP (xxU{an}, Aloc) such that
51 =congpy(s) and sy = congpy(s|x_xen)
where s|x_, xcn is by definition the result of pushing e” to each X-labeled leg of s.

Lemma 3.19. The equivalence relations 5%"/ and B3 are equal on AP (xx, Ajoc).
Proof. Tt is identical to the proof of Lemma 3.6 and is omitted. O

Now, we define a group-like wrapping relation on group-like elements. First, we will enlarge the set of
group-like elements by a quotient of a set of Hermitian matrices. This enlargement might sound artificial,
however there are several good reasons for doing so. For example, the null move on the set of F-links and
its associated filtration predicts that in degree 0, the universal invariant is given by the S-equivalence class
(of F-links), or equivalently, by the set of Blanchfield pairings of F-links. A&P(A},.), defined below, maps
onto B(Ajoc — Z) which in turn maps onto the set of Blanchfield pairings of F-links.

In addition, the A-groups, studied in relation to Homology Surgery in [GL1], are secondary obstructions
to the vanishing of a Witt-type obstruction which lies in B(Z[r] — Z). In the case of F-links, this motivates
the fact that the set B(Ajoc — Z) should be taken together with A(Ajoc). With these motivations,

Definition 3.20. Let us define
Agp,O(*X7 Aloc) - B(Aloc - Z) x AEP (*X; Aloc)~

Definition 3.21. Two pairs (M, s,,,) € Herm(Ajoe — Z) X A8P(xx, Ajoc) m = 1,2 are related by a wrapping
move at the jth gluing site (for some j such that 1 < j < g) if there exists an s € AP (xxu(an}, Aloc) such

that:
Sm = congy <<pm(s) U <expu (—%Xh(M‘lsomM)»)

for m = 1,2 where ¢ is the identity and ¢z is the substitution ¢, _c-ny en, and

(10) é trlog(A) € A(xp, Aoc)-
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The wrapping move generates an equivalence relation (the so-called group-like wrapping relation) on
Agp,O (*X; A]OC).

Our first task is to make sure that the above definition makes sense. Using the h-graded ring with
involution E/l\oc from Section 3.4, it follows that ., (s12) € A%P(xx, E/l\oc) Furthermore, x5, (M ~t¢,,, M) can
be thought of either as a circle with a bead in Zl\oc /(cyclic) that has vanishing h-degree 0 part, or as a sum of
wheels with h-colored legs and beads in Ajoc. Thus, the contraction congy) in the above definition results in
an element of A8P (xx, Ajoc). It is easy to see that xj, satisfies the following properties (compare with [GK2,
Proposition 2.3]

Proposition 3.22. ([GK2]) (a) For Hermitian matrices A, B over Aioc, nonsingular over Z, we have in
A/(cyclic) that
Xn(AB) = xn(A) + xn(B) and xn(A® B) = xn(4) + xn(B).

(b) xn descends to a A/(cyclic)-valued invariant of the set B(Ape — Z).
(c) For A as above, xn(A) = xn(AeA™Y) where e : A — Z.

From this, it follows that x, depends only on the image of M in B(Ajoc — Z) and the above definition
makes sense in AP0 (xx, Ajoe).

Remark 3.23. In the above definition 2.9 of the wrapping relation, we could have chosen equivalently that
¢1 and ¢y denote the substitutions ¢;, ;. cn and @, cny,

Remark 3.24. In the above definition, the dh colored legs are allowed to have beads in Aj,.. Also, we allow
the case of the empty matrix M, with the understanding that the xj term is absent.

Remark 3.25. An important special case of the group-like wrapping relation is when M is the empty matrix,
and the beads lie in A. Without loss of generality, we may assume that the beads are monomials in ¢;. In
that case, if s; € A®P(xx, A) for i = 1,2, and e" appears before (resp. after) the beads t;, then s; is wrapping
move equivalent to so. For example, if all occurrences of t; are shown below, then we have:

et %e_h %e—h b w4, %t;l %t;l )

-1 ~1 ~h ~h .
4 t i bt I X € $c
Lemma 3.26. For g = 1, the wrapping relation w8 on AP (xx, Ajoc) is trivial.

Proof. Tt follows from a swapping argument analogous to the isotopy of the following figure

We end this section with a comparison between A° and A8P:°. There is an obvious inclusion
Agp,O(*X7 Aloc) I AO (*X; Aloc)~

The next proposition states that

Proposition 3.27. The inclusion AP0 (xx, Ajoe) — A%(xx, Aioc) maps the w8P-relations to w-relations,
and thus induces a map

AP s, M) W) — A (xx, Asoe) /()

Proof. See Appendix C. O
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4. AN INVARIANT OF LINKS IN THE COMPLEMENT OF AN UNLINK

The goal of this section is to define an invariant
7' Nx (0) — A%P(@x,A)

as stated in Fact 7 of Section 1.5.

Given a finite set X, an X-indezed sliced crossed link on D, is a sliced crossed link on Dy equipped with
bijection of the set of components of the presented link with X. All the definitions above have obvious
adaptations for X-indexed objects, indicated by an appropriate X subscript when required.

Theorem 2. There exists an tnvariant
77 DX(Dy)/(r) — A (1x, A)

that maps the topological basing relations to group-like basing relations and the topological wrapping relations
to wrapping relations. Combined with Proposition 2.10, and symmetrizing using Lemma 3.10, it induces a
map

ox 0 7' Nx(0) — AP(®x, A).
Proof. Our first task is to define Z™t. In order to do so, we need to introduce some more notation. Given a
word w in the letters T and |, let

e T, denote the corresponding skeleton.
o I, € A(Tw, ) denote the identity element.
e G, denote the gluing word at the ith gluing site, that is, I, with a label of ¢; on each component,

in the sense described by the following example: if w =T]]|, then Ga 1| = $ to t tgl t t;l.

Given a word w in the symbols 1, |, % and ¥, let w’ denote w with the crosses forgotten. Let I be I,
with every crossed strand broken. For example,

il |

Definition 4.1. Take an X-indexed element D = {T},..., T} € Dx(D,).

(1) Select g-tangle lifts of each tangle in the sequence, {T7,...,T}.}, such that
(a) the strands of each g-tangle which lie on boundary lines of the following form

- [

are bracketed (wi)(ws), where wy (resp. ws) corresponds to the strands going to the left (resp.
right) of the removed disc, and these bracketings match up,

(b) boundary words at boundaries of the form

R

are given the canonical left bracketing.
(2) Compose the (usual) Kontsevich invariants of these g-tangles in the following way:
(a) if two consecutive tangles are as follows,

{1 T B )
with a word w in the symbols T, |, %, % describing their matching boundary word, then they are
to be composed

~~oZ(Ti’)oI;on( i/+1)°-~
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(b) if, on the other hand, two consecutive tangles meet as follows,

with their matching boundary word at the jth gluing site factored as (w)(w2), then they are
to be composed

w0 Z(T)) o (L, @ Gjwy) 0 Z(T 1) 0. .. .

This completes the definition of Z™*(D). A normalized version Z™%(D) (useful for invariance under Kirby
moves) is defined by connect-summing a copy of v into each component of the crossed link associated to D.
Observe that the result does not depend on the choice of a place to connect-sum to.

The proof of Theorem 2 follows from Lemmas 4.3 and 4.4 below. O

The next lemma, observed by the second author in [Krl], follows from a “sweeping” argument.

Lemma 4.2. Let s denote an element of A(Tx,Q) C A(Tx,A), (i.e., some diagram with labels 1 at each
edge), where the top boundary word of Tx is w1, and the bottom boundary word of Tx is wa. Then

Gy, 05 =50 GYy,.
Lemma 4.3. The map
(11) 2" DX (Dg) — A (1x,A)
is well defined and preserves the isotopy relation ~ of Definition 2.5.

Proof. For the first part we only need to show that the function does not depend on the choice of bracketings.
This follows because of the following, where 11,12 are some expressions built from the associator.

10 Z(T)) o (1 @ ) © (L, ® Gjuy) © (W1 @) 0 Z(Tiyy) 0.,
= 0 Z(T}) 0 (Luy ® Gjw,) 0 (Y1 @ ¥2) 0 (Y1 @93 ") 0 Z(Tfyy) 0.,
= 0 Z(T}) o (Iw, ® Gjuw,)0 Z(T{ 1)o....

where the first step follows from Lemma 4.2. The invariance of Z' under the ~ equivalence relation follows
the same way. O

Lemma 4.4. The map ox o Z™ respects basing relations.

Proof. Tt suffices to show that sx o Z'® respects basing relations. In other words, it suffices to show that
gp
D, B Dy implies that ox (Z(Dy)) i ox(Z'(Dy)), for i = 1,2.

In the first case, consider two diagrams D, Dy € D)X((Dg) such that D; A D5, and let D15 denote the
diagram in D*(Dy)’ such that D; is obtained by forgetting some cross, and D is obtained by forgetting the
other cross on that component.

Enlarge D% (D) to Dy (Dy)’, the set of X-indexed sliced crossed diagrams on D, whose presented links in
D, x I have at least one cross on every component, thus D*(Dy) C D*(D,)’. The function Z** immediately
extends to D*(Dy)’. The key point is the fact that the product of labels around each component of the
skeleton equals to 1; this is true since the locations of the two crosses cut the component into two arcs, both
of which have trivial intersection word with the gluing sites.

In other words, we have: Z"*(D12) € A% (14} 1{2'} T x—{a}, A). It follows by construction that

Zrat(Dl) _ mi,z'(zrat(Du))’
Zrat(DQ) _ mﬁ',x(zrat(l)u)),
Z™(D12) € A*(11a3 (e} ] x—{a}s Moc)-

gp
Thus, ox (27 (D1)) % ox (2°(Dy)).
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In the second case, consider D1 2 D5. Then, for some appropriate expression ¢ built from the associator,
we have that:

ox(Z™({..., ,M D)) = ox(olfovo(ly, ®Giw,)o to...)

U ox (0o Ik 0 (Iuy @ Giay) ot o)
R oox(-0tpo (I, @ Giwy) ol op ™ o..)

B _
~ Ux(--'0¢0(fw1®Gi,w2)ow 1olqio...)

= ox(Z™({..., m , o 1)
I

Thus, ox (Z(D1)) ~ ox(Z™(D2)). 0
Lemma 4.5. The map ox o Z™ preserves the wrapping relations.

Proof. Consider two sliced crossed links Dy, Dy € D*(D,) related by a topological wrapping move at the
jth gluing site as in Section 2.2. In other words, D; (shown on the left) and Dy (shown on the right) are

given by:
S | R =
Let
~ m ~
2 = 2™t , 21 = ;ehu(am(zl))xﬂah, 29 = LT3
xl x

Now, we can compute, for some element 1 built from an associator:

(ox 0 Z2"™)(D2) = oxo(congpy (0o AT2(21) 0 (Luy ® Gju,) 0 AF? (22) 091 0..))

~ Ooxo (con{h} ( c0tpo (L, @ Gjuw,) 0 ALZ(21) 0 AY?(22) 0 v lo... )) ,
= (ox 0 Z™)(Dy).

In the above, AY? means the comultiplication of the diagram z with pattern given by the gluing word ws.
For example,

ATHT ( w) — et peh pet fen.

Theorem 2 now follows, using the identification of N'x (O) with the set D% (D) /(r, 3,w) given by Propo-
sition 2.12.

Remark 4.6. An application of the Z*2* invariant is a formula for the LMO invariant of cyclic branched
covers of knots, [GK1]. This application requires a renormalized version Z™[a] where a = (o, ..., o) and
a; € AP (%i). Z"[a] is defined using Definition 4.1 and replacing the formula in 2(b) by

©r 0 Z(Til) o (ly, ® Gj7w2A(aj)) 0 Z(Ti/+1) O....

where A(«; ) places a copy of a; in each of the skeleton segments of the jth gluing site. The renormalized
invariant Z*®[a] still satisfies the properties of Theorem 2.
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5. A RATIONAL VERSION OF THE AARHUS INTEGRAL

5.1. What is Formal Gaussian Integration? In this section, we develop a notion of Rational Formal
Gaussian Integration [ rat, which is invariant under basing, wrapping and Kirby move relations.

Our theory is a cousin of the Formal Gaussian Integration of [A], and requires good book-keeping but
essentially no new ideas.

Before we get involved in details, let us repeat a main idea from [A]: Formal Gaussian Integration is a
theory of contraction of legs of diagrams. As such, it does not care about the internal structure of diagrams
(such as their internal valency) or the decoration of the internal edges of diagrams.

If diagrams are thought as tensors (as is common in the world of perturbative Quantum Field Theory)
which represent differential operators with polynomial coefficients, then contractions of legs corresponds to
differentiation.

The reader is encouraged to read [A, part II] for a lengthy introduction to the need and use of Formal
Gaussian Integration.

5.2. The definition of f " Recall that Herm(Ajoc — Z) denotes the set of Hermitian matrices over Ajoc,
invertible over Z. Let X denote a finite set and let X’ = {x;} denote an arbitrary subset of X. A diagram
D € A(xx,Aoe) is called X'-substantial if there are no strut components (i.e., components comprising of a
single edge) both of whose univalent vertices are labeled from the subset X’. An element of A(xx, Aloc) is
X’-substantial if it is a series of X’-substantial diagrams.

Definition 5.1. (a) An element s € A(xx, Aioc) is called integrable with respect to X' if there exists an
Hermitian matrix M € Herm(Ajo. — Z) such that

(12) s = exp %Z ;JM” U R,

©,j T

with R an X’-substantial element. Notice that M, the covariance matriz cov(s) of s, and R, the X'-
substantial part of s, are uniquely determined by s.

(b) Let Intx/ A(*x, Aloc) C A(*x, Aloc) denote the subset of elements that are integrable with respect to X'.
(c) Observe that a basing move preserves integrability. Thus, we can define

IntX’u/ngp (® X Aloc) = (Agp (*X; Aloc) N IntX’A(*Xa Aloc)) /< %p’ §p>

For the next definition, recall that every matrix M € Herm(Ajo. — Z) is invertible over Ajqc.

Definition 5.2. Define a map (Rational Formal Gaussian Integration)

rat
/ X < Tntxr A(kxs Aoe) — Alkx—x7 Atoc)

as follows. If s € Int x/ A(*x, Aloc) has associated decomposition given in Equation (12), then

rat Oz
/ dX'(s) = <exp|_I —%Z $M51 7R>
i,j Ox; X
The gluing of the legs of diagrams occurs according to Remark 3.17.
Remark 5.3. The definition of [ " for elements s whose covariance matrix M is defined over A, and invertible
over Z, requires beads labeled by the inverse matrix M ~'. This necessitates the need to replace A by an
appropriate ring Aj,. that makes all such matrices M invertible. It follows by definition that the universal

choice of Ao is the Cohn localization of A.

53. [ rat respects the basing relations. The next theorem shows that [ AT compatible with the basing
relations.

Theorem 3. frat descends to a map:

at
/ X" Tntr AZP (x, Atoe) /(BR) — A (xx s, Aioe) /(B2 41)
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Proof. Using Lemma 3.19, we need to show that given s1,s2 € Intx/ A(*x, Aloc) N AP (xx, Ajoc) such that
gpl gp
S§1 A~ Sg Or §1 Bfi s2, based on some element x; € X', then

/rat dX’ (s1) = /m dX’ (s2).

The case of B5°. Consider the decomposition of s;

S$1 = exp (%Z iM”) U R.

Suppose that an element f € Fy is pushed onto the legs labeled by =i € X', to form so. Now, let Dy be
diag(1,1,...,f,...,1), where f is in the kth entry, and let R’ denote R with an f pushed onto every leg
marked xx. Then,

rat rat Tj
/ dx’ (82) = / dx’ <exp <% Z ; (Df’kMDf—l,k)ij> |_|R/>
1 Tj B
- <exp (52 § (DgM 1Df_17,€)ij> ,R’>

= <exp <%Z ; (Ml)i]) ,R>
= /rat dX/ (81)

because all the beads labeled f and f~! match up and cancel, after we pairwise glue the X’-colored legs.
The case of 3" . Consider s € AP (xx 1o}, Aloc) such that

s1=congpy(s) and sz = conguy(s|y,—apen)-
Notice that if 51, so are X'-integrable, so is s. Furthermore, cong;; commutes with J ™ The result follows

from Lemma 5.4 below. O

The next lemma says that pushing e” on X’-colored legs commutes with X’-integration. Of course, after
X'-integration there is no X’-colored leg, thus X’-integration is invariant under pushing e on X’-colored
legs.

Lemma 5.4. Let s € Intx/ AP (% xuiony, Aoc), and let x € X' C X.

rat rat
/ ax’ (5|a:~>xeh) = / ax’ (S) € Agp(*XU{Bh}v Aloc)'

Proof. The idea of this lemma is the same as “in the case 557", but instead of pushing an element of the

free group onto legs labeled by some element, we push an exponential of hair.
The substitution z — ze defines a map
A(*xugony Moc) — Al*xu{n,on}> Moc)
with the property that s — s|,_.r is X'-substantial for all s € A(*x, Aloc)-
Assume that the canonical decomposition of s is given by Equation (12). Let D.n j be diag(1,1,...,¢e",...,1),
where e” is in the kth entry. Then, Theorem 18 from Appendix E implies that

rat 1 _ 1 b _
/ dX' (8|, pen) = eXp(—EXh(MDeh’kM 1D6;L’k))l_l exp —EZjMijl R

(22 $207)-1)

where the last equation follows from Proposition 3.22. O
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Remark 5.5. An alternative proof of Theorem 3 can be obtained by adapting the proof of [A, Part II,
Proposition 5.6] to the rational integration | ar

5.4. frat respects the Kirby moves. Recall from Section 2.2 the x handleslide move on the set D*(Dy).
In a similar fashion, we define an X’-handleslide move on A(*x, Ajoc), as follows: For two elements s1, so €

A(xx, Aoc), say that s; "X 84, if for some z; € X, and x; € X' i #7,
So = (O'{Ii} oMYt o X{y,zi}) (s1 (1, , @21, + Y, Tjg1,---)) -

. . Rxr . .
Notice that if s1,s2 € A%P(xx,Aloe), 51 ~ s2 and one of s; lies in Intx/ A(*x, Aloc), so does the other.
This is because the covariance matrix of s, is obtained from the covariance matrix of s; by a unimodular
congruence.

Theorem 4. The map ox o Z™ preserves the Kirby relations.

Proof. The argument of [LMMO, Proposition 1], adapts to this setting without difficulty. There are two
possible subtleties that must be observed.

(a) The proof in [LMMO)] is based on taking a parallel of the parts of a component (here, the component
x;) away from the site of the cross. In our setting, the paralleling operation of the involved compo-
nents of tangles behaves as usual (sums over lifts of legs). At a gluing word, one simply labels both
of the two components arising from the parallel operation with a bead labeled by the appropriate
letter. Then, when oy, ,} is applied, these two identical beads are pushed onto the legs sitting on
those components side-by-side. This may alternatively be done by first pushing the original bead up
onto the legs, and then taking the parallel, as is required in this situation.

(b) We have defined the bracketing at boundary lines with crosses to be the standard left-bracketing,
while the move in [LMMO] is given for a presentation where the two involved strands are bracketed
together. This is treated by preceding and following the xx/ with a 81 move, to account for the
change in bracketing, exactly as in the proof of the Bs-case of Lemma 4.4.

O

Theorem 5. The map fmt dX' descends to a map:

rat
/ Xm : IntXI.Agp(*X, Aloc)/</fX’> — .Agp(*X_X/, Aloc)-

This is proved by the following lemma.

Lemma 5.6. Let 51 € Intx/ A(xx, Aloc) and let

So = (U{Ii} omY "o X{y,zi}) (s1 (1, o, @Tjm1, %5 + Y, Tjg1,---)) -

If z; € X' then

/mt dX'(s1) = /rat dX"(s2).

Proof. We prove this in two steps, which usually go by the names of the “lucky” and “unlucky” cases.



A RATIONAL NONCOMMUTATIVE INVARIANT OF BOUNDARY LINKS 27

The lucky case: s1,s9 € Int{xj}A(*X, Aloc). In this case, we can use the Iterated Integration Lemma A.2.
rat rat rat
[Caxt = [Tace gy ([ ),
rat rat
= / d(X’—{iC]}) </ d{xj} (J{x7} Omg’f‘ oX{y,:m}) (Sl(xla"'vmj1axj+yaxj+17"'))> ’
rat
=[x =gy
rat
((U{IL} [e] Tﬁgfm o) X{y,IL}) (/ d{l‘]} (51(1‘1, . ,xj_l,xj + Y, l‘j+17 e )))) s

rat
- / d(X" = {2;}) ((04a:) 0 ME™ 0 Xqy,00})

Y

rat
/ d{z;} | exp ;1 D e, 38115 TG 1, T, T, )
8%;’

Now, using the Integration by Parts Lemma A.4, it follows that

rat Y rat Y
/ d{z;} | exp ; L bpysi(zr...) | = / d{z;} | divie,y | exp ; 1 bia;y51(21,5- - 0)
8%;’ 8:8‘7‘

= [Tt i),

y
because divy, y | exp ; 1 =1.
Oz
The unlucky case: s1,52 ¢ Intg, ;3 A(xx, Aloc). This pathology is treated by deformation. Namely, we
Tj
“deform” s; by multiplying it by exp | € ; 1], for € a “small real,” commuting with Aj,.. Formally, we
z;
let € be a variable and consider an integration theory based on Q(e)[Fy] and its Cohn localization Af .. We
denote by Q°(¢) C Q(e), the subring of rational functions in € non-singular at zero, and we denote by Af(’)g
the corresponding noncommutative localization of Q°(e).

Letting
z;
Si = exp|e ; 1| Us; e .A(*XvAlEoc)7
z;
35 _ (U{L}Omgl% OX{y,IL}) (Si (xl,...,xj—laxj+yal‘j+1;-.-))7

it follows from the argument of the “lucky case” that

rat rat
/ dX’(ss)Z/ dX' (s7) € Alxx, ALY

€,0
loc

o(["axen) = [Taxe,

the result follows. O

There is a ring homomorphism ¢ : A7’ — Ajec, defined by “setting € to zero”. Since
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€

i as spaces of formal

Remark 5.7. These last lines are best understood from the realization of Aj,. and A

power series. The elements frat dX' (s¢) lie in A(xx, AS?

loc) because the determinant of the augmentation of
the covariance matrix of s; is invertible in Q°(e).

55. [ rat respects the wrapping relations. In this section we show that [ rat—ilrlteglraution respects the
group-like wrapping relations w®P that were introduced in Definition 2.9. Since the wrapping relations
involve pairs of matrices and graphs, we begin by extending the definition of [ " to pairs (M, s) by setting

/rat dX'(M,s) = (M @ cov(s), /mt dX’(s)),

where cov(s) is the covariance matrix of s. The motivation for this comes from the next theorem which
states that [ rat preserves the wrapping relations.

Theorem 6. The map fmt dX' descends to a map

rat
/ dX' : Intx AP0 (xx, Aloe)/(WBP) — AP0 (sx _xr, Aroe) /()

gp

Proof. Consider two pairs (M, s;) “~ (M, s3) related by a wrapping move, as in Definition 3.21. Observe
that a wrapping move preserves the covariance matrix.

Using Theorem 18 in Appendix E, it follows that if W is the common covariance matrix of s, s9 and s,
then

/ X (Ms,) = (M ® W, congy ( / ™ AX (o)) U (exp (—%Xh(M_lgamM))>)>

(M @ W, congpy (wm (/m dX’(s)) U (eXp (—%Xh(W_lgomW))>

s (0 (<50 enin) ) ))

_ (M ® W, cong) (wm (/t dX’(s)> U (exp (—%Xh((w © M) o (W @ M))>))>
W (M, / " dx' (M, s)> .

Remark 5.8. The group-like wrapping relation is the minimal relation that we need to impose on diagrams so
that [ "™ 5o 0 Z't is invariant under the topological wrapping relation, as follows from the proof of Theorem
6.

O

5.6. The definition of the rational invariant Z**' of F-links. We have all the ingredients to define our
promised invariant of F-links.
Theorems 2, 3, 5, and 6 imply that

Definition 5.9. There is a map
Zra8P : Fllinks — AP0 (Ajee )/ (w8P)

defined as follows: for a F-link (M, L) of g components, choose a sliced crossed link C' in D*(D,) whose
components are in 1-1 correspondence with a set X, and define

rat
Zrat,gp(jw7 L)= (/ dX (U o Zrat(c))> . C;U+(B)C:J_(B) c Agp70(Aloc)/<wgp>
where cL = f avz (S3,Uy) are some universal constants of the unit-framed unknot Uy and where B is
the linking matrix of C' and o4 (B) is the number of positive (resp. negative) eigenvalues of the symmetric
matrix B.
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The slight renormalization given by multiplication by c4 is needed to deal with the stabilization Kirby
move on O, and is justified as follows: recall that A%P(¢) is a group, which acts on the set A8P%(Aj..) by
a-(M,s)=(M,als). Since the beads of the graphs in A8P(¢) are rational numbers independent of the ¢,
it follows easily that the above action of A%P(¢) on A8PY(Aj,.) induces an action of AP (¢) on the quotient
set A2P0(Ay..)/(w). This is exactly what appears in the above definition of Z*2t.

6. THE String ACTION AND INVARIANTS OF BOUNDARY LINKS

In this section we show how the invariant of F-links of Definition 5.9 can be modified in a natural way to
give an invariant of boundary links.
The key geometric observation is that the set of boundary links can be defined with the set of orbits of
an action
String x F-links — F-links
for a suitable group String. Starting from this observation, we refine the results of Sections 2-5 to take into
account the action of the group String.

6.1. A surgery description of boundary links. We begin by giving a surgery description of boundary
links. Recall that the set of 0-links can be identified as a quotient of the set of F-links modulo an action of
a group of automorphisms String, of the free group, [K, CS2|, where

String, = {f € Aut(F)|f(t:) = oj "tici, i=1,...,9}.

In particular, String, contains (and for g = 1,2 coincides with) the group of inner automorphisms of Fy. It
is easy to see that String, is generated by the special automorphisms a;; (for 1 <4 # i < g) acting on the

generators of Fj; by

st = {1, 1

tj tit]‘ if k= 1

see [K, Lemma 2.4]. The group String, acts on the set of F-links by changing the basing of the F-link,
in other words by sending (M, Ly, ¢) to a o ¢ for a € String,. An alternative and more geometric way to
describe this action is as follows: identify the set of F-links with the set of Seifert surfaces modulo isotopy
and tube equivalence, see [GL2]. There is an action of String, on the set of Seifert surfaces, described on
generators a;; by cocooning the ith surface to the jth surface using suitable arcs to a base point, well-defined
modulo isotopy and tube equivalence.

Since the set A'(O)/({k) is in 1-1 correspondence with the set of F-links and since String acts on the latter
set, it follows that it acts on the former set, too. We now describe this action of String, (or rather, of its
generating set {«;;}) on the set N'(O)/(k).

Consider a link L € AN(O). The action of «;; on such a link is the following: “the ¢th unlink component
is isotoped through the jth unlink component, and then put back where it started”.

Let us examine what happens when we try to implement such a principle. To do this, we take a parallel
copy of the ith unlink component and drag it so that, at the end, the initial link (resp. the link that results
from the move) is recovered by forgetting the parallel copy (resp. forgetting the original copy).

It is easy to see that the a;; move does not depend on the choice of arc, modulo Kirby moves, and that
the above discussion together with Theorem 1 imply that

Theorem 7. There exists an action
String x (N(0)/(x)) — N(O0)/(x)
which induces a 1-1 onto correspondence
N(0)/(k, String) +— O-links.

Remark 6.1. It is instructive to compare the above theorem with a result of Roberts [Rb], which states that
two 3-manifolds Ny and Ny, are diffeomorphic relative boundary iff L and L’ are related by a sequence
of handle-slides (k1), stabilization (k2), and insertion/deletion of an arbitrary knot in N together with a
O-framed meridian of it (x3). In case the knot participating in the k3 move is nullhomotopic, the move is
equivalent to a composition of k1 and ko moves, as was observed by Kirby and Fenn-Rourke. In general, the

—

set A (O) is not closed under the moves k3, however we can consider the set A'(O) that consists of all links
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TR 3); n
L ] R

Figure 5. Dragging the ith unlink component through the jth unlink component, and then put back where
it started.

in S — O that are obtained from nullhomotopic links by k1 2 3 moves. Roberts’ theorem implies that there
is a 1-1 onto correspondence
m/<ﬁl, K2, /@3> «— O-links.

We leave it as an exercise to show that the links of Figure 5 are related by a sequence of k; 23 moves. [

In order to give a tangle description of the set of d-links, we need to introduce a geometric action of the
set String, on the set D* (D, ). Recalling the action of String, on the set A'(O), we see that this action can
be specified by a framed arc, and that as this proceeds, then all the strands going between the two copies
are parallel to each other (that is, dragging the copy away from the original “lines-up” all the strands in
between); see also Figure 5. This will be the idea of our action of String, on D* (D). To formalize this,
we (briefly) enlarge our notion of sliced crossed links, to allow for such an arc. That is, we will consider
the set D**°(Dy) of arc-decorated sliced crossed diagrams, represented by sequences of tangles such that,
in addition to all closed components, there is an arc which starts and finishes at some meridional disc:

a
L A_J LN
We  Wph We )

MTT\_/TT | N a

For an element of this set, we will say that the result of a drag along the arc is the sliced crossed link that
arises by making the following replacements, accompanied by taking a parallel of the arc a according to the
appropriate word (in the example below, according to wywp).

a Wa — WplpWp
J U

drag

L7\

a Wh a Wy

i
O T TTa W

Given two sliced crossed links L1, Ly € D*(D,), we say that Lo is obtained from L; by an «;; move if
there exists an arc-decorated sliced crossed link L1 € D***°(Dgy41) with the following properties:

€
(S
o
€
Q
S
o
€
(e}

(S

(1) there are no intersections of link components with the (i + 1)st meridianal disc,

(2) gluing back in the (i + 1)st removed disc (and forgetting the arc) gives a diagram which presents L4,

(3) the arc travels from the ith meridianal disc, intersects only the jth meridianal disc, and only once,
and then ends at the ith meridianal disc.
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(4) Dragging Lq2 along the arc and then gluing back the ith removed unlink component recovers Lo.
Remark 6.2. The above definition implements the procedure described in Figure 5. Actually, this a;; move
does not depend on the choice of arc (this is an instructive exercise). In addition, this move translated to
the set of F-links coincides with the action of String, by cocooning.

Proposition 2.12 and Theorem 7 imply that

Proposition 6.3. There is an action
String x D* (D) /(r, B,w, k) «— D*(Dy)/(r, B, w, K)
which induces a 1-1 correspondence

D* (Dg)/<7a7 67 W, K, Strlng> —— O-links.

6.2. The action of String on diagrams. We now define an algebraic action of String, on diagrams. Recall
the group String, that acts on the free group F, (see Section 6.1), thus also on A. The action of String, on
A extends to the localization Ajoc, since for o € Stringg, the induced ring homomorphism A — A C Ajc is
Y-inverting, and thus extends to a ring homomorphism Aj,c — Ajoe. This induces an action

Stringg X .AO(*X, Aloc) — .AO(*X, Aloc)

given by acting on the beads of diagrams and the entries of matrices by special automorphisms of the free
group. Following Remark 3.9, we denote by A°(xx, Ajoc)/(String) the quotient space.
Similarly, there is an action

Stringg X Agp’o(*x, Aloc) — Agp70(*X; Aloc)a

which results in a quotient set AP (xx, Ajoc)/(String), too.
The next theorem shows that the action of String, descends to one on the quotient set A2P0(xx, Ajoc )/ (35P, weP).

Theorem 8. The String, action on AP0 (% x Ajoc) descends to an action on A2P0(xx, Aloe)/ (3%, weP).

Proof. Tt is an exercise in the definitions to see that if (M, s1), (M, s2) € AP0 (xx, Ajoc) and and (M, s1) S

Zgp
(M, s2), then a;;.(M, s1) g a;;.(M, s2). However, this is not so clear for the case of the wrapping move
gp

w8, Consider pairs (M, s1) % (M, s2) by a wrapping move at the kth site. We need to show that

gp
ij. (M, 81)BN @ij.(M, s2).
By definition, there exists an s € A®P(xxyfon}, Aloc) such that

1 _
51 =congpy(s) and sy = congyy (qbtkae%k& (s) Uexp, <_§Xh(M 1¢tk4,ehtkehM))> ,

Then, we have that

1 _
agjsy = congpy (ag5(s))  and  aijse = congyy (Oéz‘jd’tk—»e—htkeh(s) U (eXpu <—§Xh(M 1¢tk—>e—htkehM)>>> :

If k # 4,7 then a;; commutes with ¢, ,e—n¢, n, thus the result follows. It remains to consider the cases of
k=1iork=yj.

The case of k = i. Observe that a;; equals to the substitution ¢, - thus
i

Yty
a’L] © ¢til—>6_h’ti6h = ¢ti'—’€7}Lt;1titjeh

We will first compare ¢ti|—>e—”'tj_1tit]e”' and d)tth;l using a Vertex Invariance Relation, and then

e_htiehtj
Oyt o—hp,oh ¢ with the identity using the wrapping move to reach the desired conclusion. Explicitly, the
Vertex Invariance Relation of Figure 4 implies that

eh eeh ech ¢ 3 t
congpy |t t t J
g-heg-heghe J

i

ju pl s N

—— | =congp [t et ot
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if all appearances of ¢t and all legs Oh are drawn. Let s(0h) denote s with the special leg colored explicitly
by Oh, and use the following abbreviation

w() = (e (~30) ).

The above discussion implies that:

iy (M, 55) = (s M conguy (1,010, (5OR) U Wiz M6, oy, (M)
Vertex Invariance (aijM’ CON{p} ((i)tth;le,;Ltie;LtjS(tjah) R (aijM71'¢til—>tj_167hti€htj M)))

&p
W ;i M, congpy (d)tthj_ltitjs(tjah) uw (aijMfl,qStthj_ltitjM)))
(aij M, (aizs(t;0h) [on—0))
(cvij M, congpy (aijs))
a;; (M, s1).

The case of k = j. Observe that

Qij O Ppjrse—hijeh = ¢tj»—>e—htjeh,tthj‘lt,-tj

First, we will compare the substitutions ¢(®) with ¢4 (defined below) using a wrapping move wfp, the
following W-identity

V(AT'B)uY(B~IC) =w(AIC)

(which is a consequence of Proposition 3.22) and Equation (24) of Lemma A.1.
Then, we will compare ¢*) with ¢(®) using the wrapping move w?P.
Finally, we will compare ¢(® with the identity using the case of k = i above.

Here, ¢(® denote the substitutions:

6 — tj e tzeh, ty v £ it
62 = ts e el e et ti— e e e e
¢>(3) = tj— eh/tje*h',

¢(4) — tj — tj, t; — ehtjfle_htiehtje_h,
0 = tj —tj, t; — ehtj’le_hehltie_h/ehtje_h,
qu = t; — eh/tie_h/,

o) = tj — t, t; — ehtj_ltitjefh.

Then, we have that
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;i (M, s2) = o M, congpy (¢(0)s(8h) U ‘I’(ozijM*(ﬁ(o)M))

i M, congp, iy (¢<2>5(8h + O U T(¢Pa; M~ M) L \I/(aijM—1¢<3>aijM)))

‘Il—id_entity

i M, congp, pry <¢(2)s(8h +on')u \Il(aijM_ld)(Q)M)))

i M, congpy (¢(4)s(8h) u ‘I’(aijM_1¢(4)M)))

wgP
~J

i M, congp, iy (¢<6>5(8h + O LT (6D ay; M~ 16© M) U W (ay; MM aijM)))

‘Il—id_entity

i M, congp, pry <¢(6)s(8h +on' U \Il(aijMfld)((j)M)))

(
(
(
Equation (24) (
(
(
(

Equation (24)

i M, congpy (¢(8)s(8h) u ‘I’(ozijM_lcﬁ(s)M)))

(aijM, congpy (aijs(c?‘h)))
= Oéij (]\47 51).

Case of k =1
~J

O

6.3. Z'™ commutes with the String action. Recall the invariant Z*2¢ of sliced crossed links of Section 4.
Theorem 9. The map
ox 02" DX (Dy) — AP (xx, A)/(wsP)

is String, -equivariant, and induces a well-defined map
ox 0 2™ : DX(Dy)/(String,) — AP (xx, A)/(w®?, String,,).

Proof. We will show that for D € D% (D,), we have
aij.Zrat(D) = Zrat(aij.D).

Given sliced crossed links L1, Lo such that Ly = a;;.L1, consider an accompanying link L2 as in the previous
section. L1, may be presented so that all the strands going through the ith meridianal disc proceed, parallel
to each other, through the jth meridianal disc, and then onto the (i 4+ 1)st meridianal disc. That is, we can
find a sequence of tangles, containing some arc 'z’ (not exactly the arc ’a’ of Section 2.2), such that the
link L2 is presented by taking a parallel the arc ’z’ according to some word (in the example at hand, wy).
Making the following definitions T}, Ty, 1), Ts, Ty, T\, respectively

Ilnlll T II"I Tl M@J i
wq b We IIHIII Wa ) M

WeWp Wy WeWp

and continuing to work with the example of the above paragraph, then the sequence will look as follows
(where the jth, the ith and then the (i + 1)st meridianal discs are displayed):

{' . '7A1zljb(Tp)7A1zUb(TQ)v o wA;Ub(TT)stv cee 7Tt7A1zUb(Tu)a o }

Now, the link Ly (resp. Lq) is presented by the diagrams recovered by gluing back in the (i + 1)st (resp.
1th) removed disc.
So, on the one hand (and the reader is advised to follow the following compositions on paper):

Zrat(Ll) = "'OA?( ( ) (de®ijbwp) Awb( (Tq))o---
0 APM(Z(T})) 0 (Lw, ® Giw,) © Z(Ts) 0 -+ 0 Z(T}) 0 A (Z(Tu)) o ...
W0 A(Z(T,)) © (T, @ Graw,) © (T, @ Giu, ® Lu,) 0 A (Z(Ty)) o
(T7)) o

»)
)
(Z(T})

o AYNZ(T)o Z(Ts)o -0 Z(Ty) o AP (Z(Ty)) o...
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A weP-move has been used here to move the gluing word G;,, up to (just underneath) the gluing word
arising from the jth meridional slice. This is legitimate because the meaning of the w8P-move is that such
an element (if it involves every appearance of ¢;) can be slid along a paralleled arc (here arising from the
component ).

On the other hand:

Z7Ly) = 0 APN(Z(T})) 0 (Twy ® Gjuyw,) © AL (Z(Tg)) o . ..
0o AP (Z(T;) 0 Z(Ts) o -+ 0 Z(Ty) o (T © Giaw,) © AL (Z(Tu)) o - ..
w'\g‘p "'oAgb(Z(Tp)) (de ®Gz , Wy ®Iw ) (de ®Gj»wbwe)oA;Ub(Z(TQ))o
(T,

o A(Z(T,)) 0 Z(Te) o+~ 0 Z(Ty) 0 A (Z(Tu) o ...

Observe that this line results from the line ending the previous paragraph of equations by the algebraic
action of oy;, as is required for the proof. O

6.4. [ "™ commutes with the String, action. The next theorem says that the action of String, on dia-
grams commutes with f rat—integration.

Theorem 10. The map
/ dx': IntXl.Agp’O(*X, Aloc) — .Agp’o(*X—X’v Aloc)

is String,, equivariant and induces a well-defined map:
/ dX' : Tntx: AP0 (xx, Ajoc) /(String) — AP0 (xx _x7, Ajoc)/(String).
Proof. Let the canonical decomposition of s € Int x/ A%P (xx, Ajoc) With respect to X’ be
I 7
s = exp 52 ;Mkl UR,
kl
for some matrix M € Herm(Ajoc — Z). Then, the canonical decomposition of «;;.s with respect to X' is

I— 7
Q.8 = exp <§ Z ; aij-Mkl> (] Ozij.R.
kil x

Observe that (a;;.M)™! = a;;.M~' € Herm(Ajoc — Z) which implies that «;;.s is X’-integrable. Further-
more, we have that

/ra dxX’ (aij.s) _ /ra dx’ <exp <% Z ;Oéig%Mkl) (] (CMUR)>

kl Xy

1 7T
= <eXp <§ Z ; Oéij.(Mkll)> ,aij.R>
kl Xy
rat
= aij./ dX/ (8)

Note that we could have used Theorem 18 to deduce the above equality. O

We end this section with the following

Lemma 6.4. (a) For all g, the identity map A(xx, Aoc) — A(*x, Aioc) maps the Inng-relation to the basing
relation.
(b) For g = 1,2, the identity map A(*x, Aoc) — A(xx, Aloc) maps the Stringg-relation to the basing relation.



A RATIONAL NONCOMMUTATIVE INVARIANT OF BOUNDARY LINKS 35

Proof. Recall that Inng is the subgroup of String, that consists of inner automorphisms of the free group F.
For the first part, an inner automorphism by an element g € F maps a bead b € Ajoc to g 1bg € Ajge.
The relations of Figure 3 cancel the g at every trivalent vertex of a diagram. The remaining vertices change
a diagram by a basing move (5°.
The second part follows from the fact that Inng = String,, for g = 1,2, see [CS2, K]. g

6.5. The definition of the rational invariant Z*3' of O-links. We can now define an invariant of
boundary links as was promised in Fact 10 of Section 1.5.
Definition 5.9, together with Theorems 7, 6.3, 9 and 10 imply that

Definition 6.5. There is a map
Z70EP  )-links — ASP0(A),c)/ (w8P, String)

defined as follows: for a O-link (M, L) of g components, choose a sliced crossed link C' in D* (D) whose
components are in 1-1 correspondence with a set X, and define

rat
Zrter (ML) = </ dX (0 o Zrat(c))) ~ci+(B)ci’(B) c Agp,O(AIOC)/wgp’ String)

where cy = f avz (83,UL) are some universal constants of the unit-framed unknot Ux and where B is the
linking matrix of C and o4 (B) is the number of positive (resp. negative) eigenvalues of B.

The above definition makes sense and uses the fact that as in Section 5.6, the set A%P?(Ajoc)/(w8P) has a
well-defined action of the group 48P (¢), which commutes with the String action (where String acts trivially

on AE(9)).

6.6. Some more appearances of the String group. Let us finish this section with some more information
on the String group, which we will not need in our paper. We wish to thank K. Vogtmann for bringing to
our attention the references in this section.

The group String, (and its quotient String, /Inng) appears in three different contexts:
e String, /Inn, is the group that acts on the set of F-links whose set of orbits is identified with the set of
boundary links.
e String,, is the group of motions of a standard unlink in R3, as explained by Goldsmith following unpublished
results of Dahm, [Go, Theorem 5.4]. Let us explain a bit more. Using terminology from [Go], recall that a
given a submanifold N in a noncompact manifold M, a motion of N in M is a one-parameter family f; of
diffeomorphisms of M with compact support, for 0 < ¢ < 1, such that fy and f; pointwise fix N. A motion is
stationary if it is homotopic to a motion that pointwise fixes N at all times ¢. The set of equivalence classes
of motions (modulo stationary ones) is a group. In the case of interest, N is a standard oriented unlink of
ordered components in R? (resp. S®), and the group of motions is identified with the group String, (resp.
String,/Inng). That is, String, is the group of motions of a unknotted unlinked string in 3-space. In this
context, see also Figure 5.
e String, is the subgroup of the automorphism group of the free group that sends every generator ¢; to a
conjugate of itself. Geometric group theory tells us quite a bit about this algebraic group. McCool has given
a presentation in terms of the generators a;;, for 1 <i#j <g

String, = ( aij |[aij, an] = 1, [aur, ajk] = 1, iy, ] = 1)

where the indices occurring in each relation are assumed to be distinct. Bounds for the cohomological
dimension of String, are known, as well as normal forms for the associated language of the elements in
String,, [GuK].

We will not use explicitly the presentation of String,, however the reader may keep it in mind in the proof
of 8. The reader should consult [BrL, Go, GuK, Mc]| for further information on the String group.

7. A COMPARISON BETWEEN Z AND ZTat

Fact 10 of Section 1.5 asks for an invariant Z™* which is a rational form of the Kontsevich integral. The
goal of this section is to show that the invariant of Definition 6.5 is indeed a rational form of the Kontsevich
integral of a boundary link.

This will be obtained by comparing the construction of the Aarhus integral [ with that of [ et
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7.1. The Hair map. First, we need to define a Hair map which replaces beads by the exponential of hair.

Given generators {ti,...,ts} of the free group, let {hi,...,hy} be noncommuting variables such that
ti = ehi,
Definition 7.1. Let

Hair : A(xx, Aloc) — A(xxum)

be the map that replaces each variable ¢; by an exponential of h;-colored hair, as in Figure 6.

Observe that the image of the Hair map lies in the span of all diagrams that do not contain a H-labeled
tree as a connected component, and that it maps group-like elements to group-like elements.

We will extend the Hair map on A%P9(xx, Ajpe) (see Definition 3.20) by sending (M, D) € B(A —
Z) X Agp(*x’ A]OC) to

Hair” (M, D) = exp, (—% é X(M)) U Hair(D) Uv(hy)---Uwv(hy),

where v(h) = Z(S3,U) whose legs are colored by h and

X(M) = trlog (M) := (_i)n tr (M (M)~ = I)")

n=1
where € : A — Z. Note that the exp , term in the above expression is a disjoint union of H-colored wheels.
Finally, let Hair” be a slightly renormalized version Hair” of the Hair map defined by

Hair”(M, D) = Hair(M, D) Uv(hi) U--- Uv(hg).

o0
- % n hi-labeled legs
n=0

Figure 6. From beads to legs.

Lemma 7.2. There exist maps that fit in a commutative diagram

AP, Ao/ () 0@, o)/ ()
Agp’o(@‘)xa Atoc) / (W8P, Stringg> A (®x, Atoc)/ {w, Stringg>
A®xun)

Proof. Proposition D.1 implies that the horizontal maps are well-defined. It is easy to show that the X-
flavored group-like and infinitesimal basing relations (defined in Section D) are mapped by the Hair-map to
X-flavored infinitesimal basing relations. It is also easy to see that the w®P and String, relations are mapped
to H-flavored basing relations. O

7.2. A comparison between Z™ and Z. Consider the set Lx(O) of links L U O in S® where O is an
unlink whose components are in 1-1 correspondence with the set H = {h1,...,hs} and L is a link whose
components are in 1-1 correspondence with a set X. Define a map

wu DX (0) — Lx(0)

that maps the associated link L of a sliced crossed diagram in Dy to the link L U O C S3 according to a
standard inclusion of Dy x I in 53, by adding a g component unlink @, one component for each gluing site

of Dy as follows:
[ N
Pu {7 > n"‘l:a"'} _)@
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Consider the Kontsevich integral
OXUH © Z . L:X(O) — A(@XUH)

which takes values in the completed space of unitrivalent graphs whose legs are colored by X U H, modulo
the AS,THX relations and the infinitesimal basing relations discussed in Appendix C. The purpose of this
section is to show that

Theorem 11. The following diagram commutes

Nx(0) ZZ5 A22(@x, )/ (W)

Pu J JHair"

Lx(0) —Z2 . A@xun)

The proof will utilize the following magic formula for the Kontsevich integral of the Long Hopf Link,
conjectured in [AQ] (in conjunction with the so-called Wheels and Wheeling conjectures) and proven in
[BLT].

Theorem 12. [BLT]

xT

(J{%y} 0Z) <<ﬁ> Y> = ; e Uv(h) e A(Tgzy ® fy})-

Proof of Theorem 11. We will show first that the following diagram commutes:

coZrat

Dx(0) —— A% (@x,4)

(13) @u[ ‘/Hair"

Lx(0) —ZZ A®xun)

Given a word w in the symbols T and |, let

e LongHopf, ,, denote the long Hopf link cabled according to the word w, with the closed component
labeled h;. For example:

LongHopf; 4 = QH) hy

Vol
° G;{w denote the jth hairy gluing word corresponding to w. This is definition by example:

Gip= e §el et

We use the following corollary to Theorem 12.
Corollary 7.3.
(a{hj} o Z) (LongHopf; ) = G;-"w Uv(hy) € A(Tw ® (n;3)-

The commutativity of diagram (13) now follows by the definition of Z**. Theorem 11 follows from the
commutativity of diagram (13), after considering the quotient Nx (O) of D% (O) (given by Proposition 2.12)
and symmetrizing (i.e., composing with o : A8 (Tx,A) — AP (®x,A)) together with the fact that Hair”
commutes with symmetrization.

O

7.3. A comparison between [ ™ and J. Recall that the Aarhus integral respects the group-like basing
relations as shown in [A, Part II, Proposition 5.6] and also the infinitesimal basing relations as was observed
by D. Thurston, see [BL, Proposition 2.2]. In other words, there is a well-defined map

/dX/ cIntx A(®xur) — A®x—xuH),

where H = {h1,...,hg}. The purpose of this section is to show that
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Theorem 13. The following diagram commutes

0 j'rat dX/ O
Int x, A% (@X;Aloc) — AZP (@X—X'7A10C)

Hair” Hair”

Jdax’

Intx' A(® xuH) A(® (x—xun)

Proof. 1t follows from Remark E.1 of Appendix E. ]

7.4. Z™' is a rational form of the Kontsevich integral of a boundary link. Let us now formulate a
main result of the paper:

Theorem 14. There exists an invariant of F-links
Zr: F-links — A°(Ajoc)/(w)

which

(a) descends to an invariant of boundary links
7 9 — links — A°(Ajoc)/{w, String)
(b) determines the Kontsevich integral Z of a boundary link by
Z = Hair” o Z™*,

(c) determines the Blanchfield pairing of an F-link.

Proof. The invariant Z™" that satisfies (a) was defined in Section 6.5.
Let us show (b). We begin by observing that the following diagram commutes, by the definition of the
invariant Z*2%8P using the work of Section 6:

Zrat,gp

AP0 (Njoc) / (wEP)

Zrat,gp |

d-links = A®P0(A,.)/(w8P, String)

F-links

We now claim that the following diagram commutes:
. Zrat,gp 0 .
O-links —— A®P"(Aje)/ (W8P, String)

(14) lvHair”

A(®5)

O0-links

The above two diagrams, together with Lemma 7.2 Theorem 14.In order to show the commutativity
of (14), we will assemble several commutative diagrams in one with two layers. The top layer consists of
the rational invariants Z'* and its integration theory [ rat; the bottom layer consists of the LMO-Aarhus-
Kontsevich integral Z and its integration theory |.
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Nx(0) Nx((’))/<l€x,string>
/ ! . % i
AP (®x, N)/(wsP) ABPY(Ajoe)/(w8P, String) !
i Lx(0) | d-links

A®xum) A(®g)

Theorems 2, 11 and 13 imply that all faces of the above cube except the side right one commute. Since
the map Nx(0) — Lx(0)/(k, String) is onto, it follows that the remaining face of the cube commutes.

Using the identification A(On) = A(®p) (see Equation (3)) it follows that diagram (14) commutes. This
concludes the proof (b) of Theorem 14. (c¢) follows from [GK2]; see also the discussion of Section 2.1. O

7.5. Comments on Theorem 14. Let us make some complimentary remarks on Theorem 14.
Remark 7.4. First a remark about the empty set. For the unlink O of g components, we have that Z™*(0) =
(empty matrix, 1) € A%(Ajoc)/{w, String). On the other hand, the Kontsevich intregal of O is given by
Z(0) =v(h1)U---Uv(hg) (where v(h;) is the Kontsevich integral of the unknot, whose diagrams are colored
by h;), and

Hair” (empty matrix, 1) = v(hi) U--- Uv(hg).
This is how Z™%(0) determines Z(O), as stated in the above theorem.
Remark 7.5. Erasing a component L; of a boundary link corresponds to substituting ¢; = 1. In other words,

Z%(M, L — L;) = Z™(M, L)

Remark 7.6. The Z*® invariant of F-links takes values in a quotient of a set of pairs of matrices and vectors
A°(Ajoc) by an equivalence relation. If we restrict Z|s to a class S of F-links with the same Blanchfield
pairing (or the same S-equivalence class), then Z™!|s is equivalent to an invariant

S — A(Aoe)/(w)

that takes values in a graded vector space, where the degree of a graph is the number of trivalent vertices. In
addition, the edges of the trivalent graphs are decorated by elements of a subring of Aj,. that depends on S.
In particular, for acyclic F-links (i.e., for links whose free cover is acyclic, or equivalently, whose Blanchfield
pairing is trivial) Z™' is equivalent to an invariant with values in the more manageable graded vector space
A(A)/(w, String); see Section 5.6.

ti=1-

Proof. Recall that the matrix part W of Z™" is an element of B(Ajoc — Z) and determines the S-equivalence
class of the F-link, as follows from [GK2]. Recall also that the wrapping relations w8 and w depend only
on W. Thus, it follows that S-equivalent F-links have equal matrix-part, and that the matrix-free part of
7' makes sense as an element of the graded vector space A(Ajoc)/(w).

[GK2, Theorem 3] implies that (M, L) is a good boundary link, (i.e., H1(X%,Z) = 0) iff its associated
matrix W is invertible over A. In that case, the construction of the Z*® invariant implies that Z**(M, L) €

A°(A)/{w, String). O

Remark 7.7. For g = 1, the sets of 1-component F-links and 0-links coincide with the set of knots in integral
homology 3-spheres, and the relations w and String; are trivial, see Lemmas 3.26 and 6.4. In this case, Z*t
takes values in B(Ape — Z) X A(Aloc), and the matrix-free part of Z*2 takes values in the graded algebra
A(Ajoc), where the multiplication in A(Ajc) is given by the disjoint union of graphs. It turns out that the
matrix-free part of Z'! is a group-like element in A(Ajoc), i.e., it equals to the exponential of a series of
connected graphs.

For g = 2 (i.e., for two component J-links) the relation String, is trivial, see Lemma 6.4 and the set of
2-component F-links coincides with the one of 0-links.
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Remark 7.8. In a sense, Z is a graph-valued A-invariant of d-links, where A is the completion of A ® Q
with respect to the augmentation ideal whereas Z™* is a graph-valued Ajo.-invariant. It often happens that
A-invariants can be lifted to Ajoc-invariants, see for example the discussion of Farber-Ranicki, [FRa], on a
problem of Novikov about circle-valued Morse theory. It would be nice if an extension of this circle-valued
Morse theory to infinite dimensions (using the circle-valued Chern-Simons action on the space of gauge
equivalence classes of connections on a principal bundle over a 3-manifold) would lead to an independent
construction of the Z***-invariant.

Remark 7.9. As will become apparent from the construction of the Z*' invariant, it is closely related to
equivariant linking matrices of nullhomotopic links in the complement of an F-link, see Proposition 8.1.
It is an interesting question to ask whether the Z*' invariant of an F-link can be defined in terms of an
equivariant construction on the free cover of the F-link.

8. A UNIVERSAL PROPERTY OF Z™t

8.1. Statement of the result. In this section we will show that the rational invariant Z™', evaluated on
acyclic F-links, is characterized by a universal property. Namely, it is the universal finite type invariant of
acyclic F-links with respect to the null filtration, [Ga].

Using the terminology of [Ga], a null-move on an F-link (M, L, ¢) can be described by surgery on a clover
G in M — L whose leaves lie in the kerner of ¢, [Ga]. The result (M, L, ¢)¢ of surgery is another F-link. As
usual, one can define a notion of finite type invariants on the set of F-links using null moves; we will call
the corresponding filtration the Fuler filtration. The number of invariants of degree n can be identified with
a quotient vector space G2l For simplicity, we will confine ourselves to the case of acyclic F-links, that is
F-links whose free cover X“ satisfies H,(X*,Z) = 0. In [Gal, it was shown that there is an onto map

AN/ {w) — g™

which preserves degrees. The next theorem constructs an inverse to this map and characterizes Z** by a
universal property.

Theorem 15. Z™' is a universal A(A)/{w)-valued finite type invariant of acyclic F-links with respect to
the Euler filtration. In particular, we have that A(A) =2 G™U over Q.

The arguments in this section are minor modifications of arguments given in [GR] for the case of knots.
Since the work of [GR] predated the existence of the rational form Z™' and since we prefer to be self-
sufficient, we will repeat the arguments here.

8.2. A relative version of the Z™' invariant. We already discussed in the introduction (before the
statement of Theorem 15) the notion of finite type invariants of F-links, based on the null move. The null
move is described in terms of surgery on a clasper whose leaves lie in the kernel of the basing map ¢ of an
F-link.

Our task here is to give a relative version of the Z*3* invariant for null links in the complement of an
F-link. Given an F-link (M, L, ¢), where ¢ : m(M ~ L) — F, we will call a link C € M \ L null relative to
(M, L, ¢) if each component of C' is mapped to 1 under ¢. Notice that surgery under a null link preserves
the underlying F-structure. In what follows, we will omit ¢ from the notation, for typographical reasons.

Given a null link C relative to an F-link (M, L), choose a sliced crossed link L' UC’ € D*(D,) such that
after surgery on L’ C S3 \ O it gives rise to the F-link (M, L) with C" C S® \ O transformed to a null link
C relative to (M, L). We define

rat
Zra4eP((M, L), C) / dX (o o Z* (L' U C"))/(normalization) € AP (®y, Ajoc)/(w8P)

Z™E (M, L)c)

/rat dY (Z'™((M, L), C))/(normalization) € A2P%(®, Ajoe )/ (weP)

where X (resp. Y) is in 1-1 correspondence with the components of L (resp. C), and where (normalization)
refers to factors inserted to deal with the Kirby move of adding a distant union of unit-framed unlinks, as
in Section 5.6. Theorem 14 has the following relative version (as is revealed by its proof in Section 5.6):
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Theorem 16. There exists an invariant
Z%eP s Folinks Unull C' — ASP0(@¢, Aloe)/ (w)

which is local (i.e., compatible with respect to considering sublinks of C) and fits in a commutative diagram

F-links Unull C"—> AZP0(@y, Ajoc) /{w?P)
C—surgeryl Lfrat ay

F-links —2—— AP0 (Ajoe ) / (w8P)

As in Section 5.6, we denote by Z* the composition of Z™%#P with the map A% (®y, Ajoc)/(WEP) —
AO(®Y; Aloc)/<w>'

Given a null link C relative to (M, L), one can define an equivariant linking matriz ks, ry(C), by con-
sidering the linking numbers of the components of the lift C of C in the free cover of M — L. Ik(ar,)(C)
is a Hermitian matrix over Ajoe, well defined up to conjugation by a diagonal matrix with elements in F'.
The details of the definition, together with the following proposition will appear in a subsequent publication,

[Gal:

Proposition 8.1. For C and (M, L) as above, the covariance matrixz cov of Z* satisfies
cov(Z"™((M, L),C)) = lk(a,1)(C).

The discussion in this section simplifies considerably when the F-links in question are acyclic. In this case,
there is no need to localize, and the wrapping relation becomes trivial. In other words, we get an invariant

Z™% ; Acyeclic F-links U null links — A(®y, A)/(w).

8.3. Surgery on claspers. Let us review in brief some elementary facts about surgery on claspers. For a
more detailed discussion, we refer the reader to [GGP] and also [GR, Section 3].

Consider a null clasper G of degree 1 in S® — O (a so-called Y-graph). Surgery on G can be described by
surgery on a six component link E U L associated to G, where E (resp. L) is the three component link that
consists of the edges (resp. leaves) of G.

Lemma 8.2. The equivariant linking matriz of E'U L and its negative inverse are given as follows:

0 T H{(SS’(Q)(L%LJ') —I
(15) ( I lk(ss,o)(Li;Lj) ) and ( -1 0 .

Proof. The 0 block follows from the fact that {E;, E;, O} is an unlink. The I block follows from the fact
that E; is a meridian of L;, using the formula for the Kontsevich integral of the Long Hopf Link, together
with the fact that the linking number between L; and O is zero. O

The six component link F U L is partitioned in three blocks of two component links A; = {E;, L;} each
for i =1, 2,3, the arms of G. A key feature of surgery on G is the fact that surgery on any proper subset of
the set of arms does not alter M. In other words, alternating (5%, Q) with respect to surgery on G equals to
alternating (5%, 0) with respect to surgery on all nine subsets of the set of arms A = {41, A3, A3}. That is,

(16) Z™(((8%,0),G]) = 2™ ([(5%, 0), A]).

Due to the locality property of the Z"' invariant (i.e., Theorem 16) the nontrivial contributions to the right
hand side of Equation (16) come from the strutless part Z*%1((S3, O0), Ay U A3 U A3) of Z*844((S3,0), A; U
AsUA3) that consists of graphs with legs touch (i.e., are colored by) all three arms of G. The above discussion
generalizes to the case of an arbitrary disjoint union of claspers.
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8.4. Counting above the critical degree.

Proposition 8.3. The Euler degree m part of Z™' is a type m invariant of acyclic F-links with values in

An(A).

Proof. Since Aoqq(A) = 0, it suffices to consider the case of even n. Suppose that G = {G1,...,Gn} (for
m > 2n+ 1) is a collection of null claspers in S — O each of degree 1, and let A denote the set of arms of
G. Equation (16) and its following discussion implies that

Z™([(8°,0),G]) = 2™((($%,0), 4))

and that the nonzero contribution to the right hand side come from diagrams in Z*#%!((S3, 0), A) that
touch all arms. Thus, contributing diagrams have at least 3(2n+ 1) + 1 = 6n + 4 A-colored legs, to be glued
pairwise.

Notice that the diagrams in Z**%¢((S3, O), A) contain no struts. Thus, at most three A-colored legs meet
at a vertex, and after gluing the A-colored legs we obtain trivalent graphs with at least (6n+4)/3 = 2n+4/3
trivalent vertices, in other words of Euler degree at least 2n + 2. Thus, Z52*([(S3,0),G]) = 0 € A2, (A),

which implies that Z5' is a invariant of acyclic F-links of type 2n with values in As, (A). O

Sometimes the above vanishing statement is called counting above the critical degree.

8.5. Counting on the critical degree. Our next statement can be considered as counting on the critical
degree. We need a preliminary definition.

Definition 8.4. Consider a null clasper G in S® — O of degree 2n, and let G = {G,...,G2,} denote
the collection of degree 1 claspers G; which are obtained by inserting a Hopf link in the edges of G. Let
G™ = {G7,..., G5} denote the collection of abstract unitrivalent graph obtained by removing the leaves
of the G; (and leaving one leg, or univalent vertex, for each leave behind). Choose arcs from a fixed base
point to the trivalent vertex of each G?!, which allows us to define the equivariant linking numbers of the
leaves of G*¢®*. Then the complete contraction (G) € A(A) of G is defined to be the sum over all ways of
gluing pairwise the legs of G™, and placing as a bead the equivariant linking number of the corresponding

leaves.

The result of a complete contraction of a null clasper G is a well-defined element of A(A). Changing the
arcs is taken care by the Vertex Invariance relations in A(A). The next proposition computes the symbol of
Zrat:

Proposition 8.5. If G is a null clasper of degree 2n in S® ~. O, then
75 (1(8%,0),G]) = (G) € Aan(A)/(w)

Proof. Tt suffices to consider a collection G = {G1, ..., Ga,} of claspers in S? each of degree 1. Let A denote
the set of arms of G. The counting argument of the above Proposition shows that the contributions to
Z5a([(S3,0),G)) = Z5a([(S3, 0), A]) come from complete contractions of a disjoint union D = Y;U---UYa,
of 2n vortices. A vortex is the diagram Y, the next simplest unitrivalent graph after the strut. Furthermore,
the 6n legs of D should touch all 6n arms of GG. In other words, there is a 1-1 correspondence between the
legs of such D and the arms of G.

Consider a leg I of D that touches an arm A; = {E}, L;} of G. If [ touches L;, then due to the restriction
of the negative inverse linking matrix of G (see Lemma 8.2), it needs to be contracted to another leg of D
that touches Fj. But this is impossible, since the legs of D are in 1-1 correspondence with the arms of G.

Thus, each leg of D touches presicely one edge of G. In particular, each leg of D is colored by three edges
of G.

Consider a vortex colored by three edges of G as part of the Z*® invariant. Since the three edges of G is
an unlink in a ball disjoint from O, it follows that the beads on the edges of the vortex are 1, if the three
edges belong to the same G;, and 0 otherwise.

Thus, the diagrams D that contribute are a disjoint union of 2n vortices Y = {Y7,...,Ya,} and these
votrices are in 1-1 correspondence with the set of claspers {G1, ..., Gay,}, in such a way that the legs of each
vortex Y; are colored by the edges of a unique clasper Gj.

After we glue the legs of such Y using the negative inverse linking matrix of G, the result follows. |
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Let us mention that the discussion of Propositions 8.3 and 8.5 really applied to the unnormalized rational
Aarhus integral; however since we are counting above the critical degree, we need only use the degree 0 part
of the normalization which equals to 1; in other words we can forget about the normalization.

The above proposition is useful in realization properties of the Zs, invariant, but also in proving the
following Universal Property:

Proposition 8.6. For all n, the composite map of [Ga|] with that of Proposition 8.5

rat
Z27L

Azn (M) /{w) — GE1 =5 Azn(A) /()

is the identity. Since the map on the left is onto, it follows that the above maps are isomorphism.

Remark 8.7. In the above propositions 8.3-8.6, S® can be replaced by any integral homology 3-sphere (or
even a rational homology 3-spheres) M. a

Clearly, Propositions 8.3-8.6 imply Theorem 15.

9. RELATIONS OF THE Z™' INVARIANT WITH HOMOLOGY SURGERY

In our paper, we constructed an invariant Z*' of F-links. The construction of this invariant leads naturally
to the noncommutative localization of A = Z[F]; see Fact 8 in Section 1.5. Thus, our paper leads to a natural
relation (from the point of view of Qunatum Topology) between F-links and noncommutative localization.

Two previous relations between F-links and noncommutative localization are known through the work of
Cappell-Shaneson and Farber-Vogel; see [CS1, CS2, Vo, FV]. Let us sidcuss those briefly, pointing out that
this subject, well-known among senior topologists, is not as well-known to quantum topologists.

Cappell-Shaneson reduced the problems of Homology Surgery to the computation of Ga-groups; [CS1,
(CS2]. A typical problem of Homology Surgery the following: given a knot K in S2, consider the manifold
M = S;O’QO obtained by 0-surgery on K. Of course it is true that H,(M,Z) = H,(S? x S',Z), but the
problem is to decide when is the case that the equivariant homology of M and S x S! coincides: H,(M,A) =
H,. (5% x ST, A) for A = Z[Z].

The T groups I'(A — Z) of Cappell-Shaneson (interpreted in terms of matrices, a la Levine) ask for a
classification of cobordism of Hermitian matrices over A which are invertible over Z.

These I' groups are hard to compute, but Cappell-Shaneson reduced the problem of classification of F-links
modulo cobordism (in high enough dimensions) to the computation of their I-groups.

Vogel identified these I'-groups in terms of Wall surgery L-groups of a suitable localization of A, [Vo].
Later on, Vogel and Farber identified this localization with the ring of rational functions in noncommuting
variables, [FV].

This explains the two previously known relations among F-links and the noncommutative localization.

Later on, Farber constructed an invariant of F-links with values in Aje., [Fa]. This invariant was reinter-
preted in terms Seifert surfaces (and the surgery view of F-links) in [GL2].

This reinterpretation of Farber’s invariant, together with the results of [GK2] imply that the “matrix
part” of our Z*-invariant of F-links determines the Blanchfield pairing of them.

One last comment: if one tries to develop a theory of finite type invariants for degree 1 maps, then one is
naturally lead to the notion of beads, which lie in Z[x] for the fundamental group 7 of the target manifold.
This was discovered in joint work of Levine and the first author; see [GL1]. Presumably, one could try to
construct an invariant for degree 1 maps in the spirit of the Z*! invariant, which would take values in a
completed space of trivalent graphs with beads in the noncommutative localization of Z[r]. We will develop
this in a later publication.

APPENDIX A. A BRIEF REVIEW OF DIAGRAMMATIC CALCULUS

A.1. Some useful identities. In this section we establish some notations and collect some lemmas. Let X
denote some finite set. Given a sum of diagrams s with legs colored by a set X, and a subset X' = {z1,...,z,}
of X, we will often denote s by s(x1,...,x,) or simply by s(x). This notation allows us to extend linearly to
diagrams whose legs are labeled by formal linear combinations of elements of X. For example, for a,b € Q,
v,w € X, s(...,xi—1,av + bw,z;11,...) denotes the element obtained from s by replacing each diagram
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appearing in s by the sum of all diagrams obtained by relabeling each leg labeled x; by either v (with a
multiplicative factor of a) or w (with a multiplicative factor of b). Given diagrams A(zx), B(z), we let

(A(0x),B(x))y and A(0x)bxB(x)

denote respectively the sum of all ways of pairing all X-colored legs of A with all (resp. some) X-colored
legs of B.

Furthermore, for some ¢ € Ao, s(...,Ti—1,Tiq,Tit1,...) denotes the element obtained by pushing a
bead labeled by ¢ onto each leg labeled x; in the sense specified by the following diagram:

;1—> ;q

Taken together, these conventions give meaning to such expressions as s(zM), for M € Herm(Ajoc — Z).
The following lemma collects a number of useful identities, which the reader would be well-advised to
understand.

Lemma A.1. (a) Let A € A(xx,Aoc), B € A(*xuy, Aioc) (for Y a bijective copy of X ), and let X' and
X" denote bijective copies of X.

(17) (A(0x), B(w, y)le=y)x = (A(02' + 0x"), B(2', 2")) xr0x7

(b) Let Al, AQ, B e .A(*X, Aloc)-

(18) (A1(0x)A2(0x), B(z))x = (A2(0X), A1(0z)bx B(x))x.

(c) Let A, B € A(xx,Moc), and let Y be a bijective copy of X.

(19) A(9z)bx B(x) = (A(9y), B(z + y))v

(d) Let A =exp(a) € A(*xx,Aoc) and B = exp(b) € A(xx,Aloc). Then
(20) exp(a) bxs exp(b) = exp(c),

where c is the sum of all connected diagrams that arise by pairing all legs labeled from X' of some diagram
(not necessarily connected) appearing in A to some legs of some diagram (not necessarily connected) appearing
in B.
(e) Let A € A(xx,Aioc), let Y be a bijective copy of X, and let M € Herm(Ajpe — Z).

Ox
(21) exp ; M;; bx A(x) = A(yM).

Yi

(f) In particular,

ox
(22) <eXp < ‘ ) 7B(JU)>

ox .
_ all ways of replacing some of
(23) °xXp < y) by exp(B(x)) = exp ( the z-legs of B by y-legs

B(y)

(g) In addition, if s(0z) € A(xxu{n h,02}> Moc) then

(24) congp pry(s(Oh + Oh")) = congpy (s(Oh)|w wrsn).-
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A.2. Tterated Integration. This section proves an Iterated Integration property of the [ rat integral. Fix
labeling sets X" € X’ C X.

Lemma A.2 (Iterated integration). Given s € Intxs A(xx, Aioc) N Intx» A(xx, Aloc), then,

rat
/ dX"(s) € Intx xnA(kx—x7, Moc)

/ratd(X’—X") </rath”(8)> = /rath/(s)'

Proof. Denote the components of X’ and X" by a; and b; respectively. Consider the covariance matrix of s
with respect to X', presented with respect to this basis:

A C

Cc* B |’

where A = A* and B = B*, where here and below A* denotes the transpose of C, followed by the conjugation
t; — t;l. If the canonical decomposition of s with respect to X’ is then,

|

bj b
ex $A”+2;BU+$C” UR,

a;
(suppressing the summations) then the canonical decomposition of s with respect to X" is
1 a;j 1 bj bj
exp <§ inj)U ex ;Bw—i— ij UR

Using the identities of Lemma A.1, we have

rat an % b
1
/ dx"(s) = <exp —= ; , eXp ;Bw + ;C” I_IR>
aaL a; X
bj 1 a; 1 bj
= < exp ;C” bx: exp <——; 1) , €Xp B Byj I_IR>
da; p bi
a;—0a; X
1 b 10(17 bj
= exp|; $(B—C*Aflc)ij U <exp -5 ;A_ - $(Ailc>ij 7R>
b; da; da; X

It is easy to see that if M and A are invertible over Z, then so is B — C*A~1C over Z, see [A, Part II,
Proposition 2.13]. Thus, the first part of the theorem follows Continuing,

[ o[ e
<eXp —%jbiB—C* o)t ,<exp BEJA 1 —; , > >

X// lex//
abj 1 bJ 1 aaj
= < exp | — ; (Ailc)z] bX’—X” exp —5 $ (B — C*Ailc)i_jl exp _5 ; A,El 7R>
das bi bi—b; bai
1 aaj
= <exp —3 ; (A_l —l—A_lC(B — C*A_lc)_lc*A_l)ij
8(17'
1 ob;
+ ; ATICB - ATIO) Yy - 5§ (B-CrATIO)) ,R>
da; ob;

X/
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Ox
The identification of the term on the left of the pairing with exp —% ; Mi;I completes the proof. [J

Remark A.3. With the notation of the previous lemma, the matrices A®(B—C*A~1C) and M are congruent
by a product of elementary matrices, as follows from the following identity

A0 [ -AC*7'[A C)[I —Ac*

0 B-C*A7'C | |0 I Cc* B 0 I ’

and from the fact that the conjugating matrix is a product of elementary matrices. It follows from this, that
the Iterated Integration Lemma A.2 is valid on AP0 (xx, Ajoc).

A.3. Integration by parts. Fix labeling sets X and X’ C X. Recall from Section 5.2 the notion of X’-
substantial diagrams, that is diagrams that do not contain a strut labeled from X’ UdX’. The divergence of
an X’-substantial diagram (extended by linearity to sums of diagrams) with respect to X’ C X is defined
to be the sum of diagrams obtained by pairing all legs labeled from dx, with some legs labeled from X'.

Lemma A.4 (Integration by Parts). Let s be an X’-substantial diagram and t € Intx: A(*x, Aioc). Then

bet S IntX’.A(*X7Aloc)

rat rat
/ dX'(sbxt) = / X (divx () bx_x: 1),

Proof. For the first statement, assume, for convenience, that X’ = {f;} and X — X’ = {g,}, and rename X’
and X — X’ by F and G respectively. Applying Lemma A.1.(19), introducing a labeling set F' (resp. G),
bijective with F' (resp. G) (and associated sets 0z and Jg), gives the expression in question as:

s(f,9,05,09)bruc (f, 9) = (5(f,9,01,09),4(f + F.9+3) )

Fu@
If the canonical decomposition of ¢ with respect to F' is

1 fi

fi

then the previous expression is equal to
L ) fi 1 fi B
exp | 5 $ M;; | U <s(f,g,8f,8§),exp ; M;; + 3 $ M;; UT(f+f79+§)>
Ji fi fi FuG

Now, because s is an X’-substantial operator, this gives the required decomposition of sbpygt with
respect to F.
For the second statement, we compute

rat
/ dF (sbroct)

of; fi fi
1 _ P 1 = -
= <6Xp _5 $Mij1 ) <S(f,g,5‘f,ag),exp ;Mz]+§ ;M’L] |—|T(f+fvg+g)> >
of: fi fi FUG' F

To proceed, we must adjust this calculation so that it can distinguish struts, appearing in the left of the
pairing, according to which factors, appearing in the right of the pairing, they are glued to. This adjustment
is made with Lemma A.1.(17), and leads to the following (introducing sets F%, F” and F¢, bijective copies
of F):
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= L% L o1y o1 o1
-1 -1 -1 -1 -1 -1
<exp —5 ¢ MGt — S M - M = Mt = g M = M
off or! of; ofy of; of;
i 2 LB N
<S(f“,g,5‘f,3§),exp $M1j+§ ;M’L] |—|T(fc+f7g+§)>
£ fi

FUG' FeUFbUFe
The calculation proceeds by removing factors appearing in left hand side of the pairing, at the expense
of operating with them on the right hand side, follow Lemma A.1.(18).
af}
The first term to be treated in this way will be exp —% $ Migl
Lemma A.1.(20)):

, giving (following an application of
of}
ofy fi fi 1 fi
exp | —5 $ Mgl b e exp $ M;; | =exp $ M;; | Uexp | — $ M;;
off £ £ Ji
off
The next term to be so treated will be exp | — ; Migl , which gives:
of
or; i ) i o
exp [ — ;Migl broupe | €xp ;Mij UT(f°+ f,g+3) | =exp ;Mij urT((f —f+rg+39).
of 7 f?
The result of these operations is
1 13 15f.f off off
—1 —1 —1 —1
<exp —5 ¢ Myt — g Mt = M = Mt
afi of; afk of;

fi
<S(fa,g,5‘f~,3§),exp $Mij |_|T(fc,g+§)>

1P

FUG' FeuFbUFe
Performing the pairing with respect to the variables F, leads to the replacement of the the inner (-, -y with

(s(f* 9, "M, 89), T(f*,9+ 7)) -
of}
Trading the factor exp | — ; Mgl

, gives:
afe

of}
exp | — ;M;l

bF"'UF”S(favg7fbMa ag) = divF“’ (S(fa7g7fbM+8faaag
ofs

)) ‘agﬁag :

Performing the pairing with respect to F? sets f° to zero, and thus we arrive at the following expression.
< 4 afs

1 o
exp *gaiingl _§B£PM51 N ;M;

ofs
The proof follows by inspection.

(dive (s(£%,9,00%,09)) oy o5 T(/ 9+ 7)) G>
FaUFe

O

47
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APPENDIX B. THE WHEELS IDENTITY

The goal of this section is to show the following Wheels Identity:
Theorem 17. For every M € Herm(Ajoc — Z), we have that

[ax <exp<z;M” )>>—expu(—%@.x(M>),

where we think of x(M) as taking values in A/(Cyclic), which is identified via the map t; — e with the set
Q((h1,...,hg))/(cyclic) of formal power series in noncommuting variables modulo cyclic permutations.

Proof. Choose generators {t1,...,t,} for the free group F' and 1dent1fy A with the ring of noncommutative

power series {h1,...,hy}. Recall the map A — A given by ¢; — e”
The Aarhus integral is calculated by splitting the quadratic part from the rest of the integrand as follows:

/dX <exp <%Z iMij(ehl,...,eh9)>>
/dX <eXp <%Z iMij(l,...,1)> U exp <%Z< iMij(ehl,...,ehg)— iMij(l,...,1)>>>

T T
oz 1 T T
= <eXp ——Z ; M;;(1 , exp (52 < ; Mij(ehl,...,eh-") — ; Mij(l,...,1)>>> .
Ox; i i X
With the following notation for “Red” and “Green” struts,
8:8‘7‘
$R = Z ;Mija,...,l)*l,
8%,‘,
;G = Z(;Mij(ehl,...,ehg)— ;Mw(l,,l)>

it follows that the desired integral equals to the following formal series (which makes sense, since finitely
many terms appear in each degree)

(o olti9)-Srkia (5] (1))

Specifically, the answer is recovered if each “join” is accompanied by a Kronecker delta. For example:

T
Mji(1,...,1)7"

o> $a000

,... gk

s b

; ¢ .5,k ; M”

We focus on a particular summand. It will help in the management of the combinatorics if we label each
of the arcs that appear in the struts:

n n T1,1 Tn,1 91,1 gn,1
<<;R> <$G> >_>< O T ;>

1,2 Tn,2 91,2 gn,2
Now we introduce some definitions to assist in the enumeration of the polygons that arise from this pairing.
e An RG-shape of degree n is a collection of even-sided polygons whose edges are alternately colored

red and green. The total number of edges is 2n.

o A labeled RG-shape of degree n is an RG-shape with an extra bivalent vertex in each edge, such that:
(1) the resulting set of red (resp. green) edges is equipped with a bijection to {r1,1,71,2,-.-,7n,1,Tn,2}

(resp. {91,1591,25 R 79%,1)9%,2} )a
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(2) if an edge is labeled, for example r; 1 (resp. g 1), then its neighboring red (resp. green) edge is
labeled r; 2 (resp. gi2).
e Let the constant C, for 7 some RG-shape, denote the number of labeled RG-shapes which recover
7 when their labels and extra bivalent vertices are forgotten.

Observe that:

7 a labeled RG-shape of deg n 7 an RG-shape of deg n

To calculate this constant describe an RG-shape of degree n, 7, by a sequence (i1, ... ,4,) where ¢; counts
the number of polygons with 25 edges.

Lemma B.1.
n!2mn 2™

Cr = (2.1)i1(2.2)240) .. (2m)iniy!

Proof. Fix a copy of 7 with its set of edges ordered (any old how, so as to distinguish them from each other).
There are precisely 2™n!2"n! ways of labeling this so as to respect the conditions of the above definition.

But this overcounts by a multiplicative factor of the order of the symmetry group of 7 (that is, with the
ordering of the edges forgotten). That symmetry group is precisely the following group (that is, swaps of
identical polygons, and rotations and flips of individual polygons):

(B, X (D1 x...D1)) x - x (%;, x (Dy, X ...Dy)),

where D,, represents the nth dihedral group.
Thus we conclude:

o — 2"n12"n!
T #(B, x (Dyx -+ X Dy)) X% (8, X (Dy, x oo+ x D))}
]
If 7; denotes a connected polygon with 2i edges, it follows that
1 1 > 1111 ! !
(o (3] (340)) = Sevgmn () -(49) )
t(=1)P\" 1
- © X (H(G) )
n iq,...in \p=1 ( p) tp
1 (=1)P
= exp <§ Z p Tp>
p=1
Substituting the definitions of the “Red” and “Green” struts into 7, yields
Tp = tr ((M(l,...,1)_1(M(eh1,...,eh9) — M(l,...,l))p) =tr ((M(l,...,l)_lM(ehl,...,ehg) —I)p) .
from which the result follows. |

APPENDIX C. INFINITESIMAL VERSUS GROUP-LIKE WRAPPING RELATIONS

In this section we show that the infinitesimal wrapping relations w imply the group-like wrapping relation
w8, In order to achieve this, it will be useful to introduce the variant w} of w; for i = 1,...,g where we
allow the diagram D € A(xxufany, Aoc) to have several legs labeled by dh. In other words, w} is generated
by the move (M, D) ~ (M, Dy) where

D, = congpy <<pm,i(D) L (expu (—%Xh(M_l‘vaiM)>)>

for m = 1,2 and 1 ; is the identity and 2 ; ( abbreviated by ¢; below) denotes the substitution ¢;, chy,e—n
on beads.



50 STAVROS GAROUFALIDIS AND ANDREW KRICKER

It is obvious that the w) relation includes the w; relation. Our goal for the rest of the section is to
show that they coincide (see Proposition C.7) and that the w®P-relations are implied by the w-relations (see
Proposition 3.27).

Recall the maps n; : Ajpe — Zl\oc of Section 3.4 that keep track of the h-degree 1 part of the substitutions
01, —e—nyen(a) of a € Age. We will introduce an extension 7; of 7; which will allow us to keep track of the
h-degree n part of ¢, —ny.n(a), for all n. The following lemma (which the reader should compare with
Lemma 3.13) summarizes the properties of 7;.

Lemma C.1. For everyi=1,...,g, there exists a unique
ﬁi : Lioe = Lioc

that satisfies the following properties:

ni(t5) 8ijlti, ] = 8ij(tih — ht;)
ni(h) = 0
ni(ab) = 7;(a)b+ an;(b)
ni(a+0b) = ni(a)+0:(b).

In particular, the restriction of 7; to Ajoe C L/ll; equals to m;.

Proof. First, we need to show the existence of such a 7;. A coordinate approach is to define 7; : R — R on
the ring R of Section 3.4 which is isomorphic to Ljo.. Given the description of R, it is easy to see that 7;
exists and is uniquely determined by the above properties.

An alternative, coordinate-free definition of 7; is the following. Let E/EE denote the Cohn localization
of the group-ring Q[F * Z % Z], followed by a completion with respect to t — 1 and ¢’ — 1 (where ¢ and ¢
are generators of Z  Z). Let h =logt and h' = logt’. The map ¢;, .o—ny,en : QF x Z* Z] — Q[F x Z x Z]

is Y-inverting, thus it extends to a map of the localization, and further to a map /J/E-; — m of the
completion. L£L,c is a h’-graded ring, and we can define

Wi + Lioe — Lioe
by
T = onr—n 0 degly 0Py e-ny,en-
It is easy to see that this definition of 7); satisfies the properties of the lemma, and that the properties

characterize 7;.
Finally, Lemma 3.13 implies that the restriction of 7; on Aj,e C Lioc equals to 7;. O

Lemma C.2. For all n and i we have that

1
=N n
5771 = degh O P, —e—ht;eh-

considered as maps A — Lioc.

Proof. In view of Lemma 3.13, it suffices to show that the maps agree on generators t; of F,. For j # 1,
both maps vanish. For j = 4, the following identity

[e )

_ 1
e Mtieh = exp(—ady)(t;) = Z E[[[ti’ hl,hl, ..., Rl
n=0
and Lemma 3.13 show that both maps agree. The result follows. O

Next, we extend the above lemma for matrices.

Lemma C.3. For all n and sites ¢ we have that

1
sno_ n
5771 - degh O Pt;—e—rtzeh-

considered as maps Mat(A — Z) — Mat(Elo\C — 7).
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Proof. Observe the identity

(25) 1ni(AB) = 1i(A)B + An;(B)
for matrices A, B (not necessarily square) that can be multiplied. It implies that
1 1 _ 1 kg
0= (1) = A (MM~Y) = 30 S (V)T (),
k=0

The lemma follows by induction on n and the above identity which solves n(M) in terms of quantities
known by induction. O

Proposition C.4. For all n and sites i we have that
1 n
Eﬁzﬂ = degh O P, —e—hteh-
considered as maps Ajoe — Zl\oc
Proof. Consider a matrix presentation of s € Ajgc. Le.,
s=(1,0,...,0)M b
for M € Mat(A — Z) and b a column vector over A. Equation (25) implies that
1 "1 ke
i (s) = >, Eﬁ(M Dy (D).
k=0
The proposition now follows from Lemmas C.2 and C.3. g

Proposition C.5. For all diagrams D € A(*x,0n,Aoc), M € Herm(Ajoe — Z), and i =1,...,g, we have
that

1 _
D) = et (1 creen (D) Uespi (= oo (01) )

Proof. The proof follows from a careful combinatorial counting similar to that of the Wheels Identity of
Theorem 17. Let us precede the proof with an informal examination of what takes place when we repeatedly
apply 7; to the empty diagram, D = ¢. The first application results in a term:

%; o (M (R0)

The second application requires the result of applying 7; to M ~'. This can be done using the following
special case of Equation (25):

(26) mi(M™h) = M~ (=n(M))M "

So, the second application results in the following terms:

We see that the terms arising from the application of 7; fall into three categories.

(27) A(6) = 5 30 (5 (M (=(M))
k

~ 1 o (M_l)ml
(28) + G i (M (=7 (M) i

(20) + G OO = + (TP (M)
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Thus, we see that 7" (¢) equals to a linear combination of diagrams, each consisting of a number of wheel
components, each of which is of the following form (this can be (over-)determined by a sequence (k1, ..., Ky)

of positive integers):
5 O(M%(@)W(Mn)k,‘lku
W @ 0D),,

The question, then, is to calculate an expression in terms of such diagrams, counting “all ways” that they
arise from the application of moves (27)-(29). We will generate a sequence of such moves with the following
object, an edge-list on a shape.

The shape determined by a set of positive integers (u1,...,pu,) is a set of oriented polygons, one with
11 edges, and so on, such that each has a distinguished bivalent vertex, its basepoint. A labeled shape is a
shape with its edges labeled by positive integers. The diagram D,; determined by some labeled shape k is the
diagram that arises by replacing each polygon by a series of wheels, in the following manner (to distinguish
them from beads, the bivalent vertices of the polygons will be drawn by small horizontal segments, and the

base-point by an x).
K —1/(_ (K
-0 (RPN,
K1 K1,k ( (= (@)™ ( )))k,bkl
An edge-list on a shape is a finite sequence of the edges of the shape such that each edge is represented
at least once. (It is convenient to enumerate the edges along the orientation, starting from the basepoint.)
The labeled shape associated to some edge-list on that shape is that shape with each edge labeled by the

number of times that edge appears in the edge-list.
An edge-list (51,...,0r) on a shape will determine a sequence of moves ((27)-(29)) as follows.

(1) If some 3; is the first appearance in the edge-list of an edge from some polygon with u edges, then
that term determines a move (27), where for the purposes of discussion the introduced wheel is
oriented with z beads, with one such distinguished as the “first”, and with the label M ~!(—7;(M))
sitting on bead number 3;, and with all other beads labeled 1.

(2) If some G; is the first appearance in the edge-list of some edge of a polygon, some other edge of
which has already appeared in the edge-list, then that term determines a move (28) applied to the
factor of M ~! that immediately follows the edge 3; on the (oriented) wheel. (That is, the factor of
M~Y(—n;(M)) that is introduced “slides” back around the polygon from there to the bead number
Bi.)

(3) If some edge f; has already appeared in the path (say, p times) then that step determines the
application of a move (29) to the factor —(7;)?(M) appearing on the bead number 3;.

Remark C.6. Observe that the result of these moves will be the diagram determined by the labeled shape
associated to the edge-list.
Observe also that the number of different edge-lists on a shape which give rise to a given associated labeled

shape, e.g.
R K
11 Tspr s (/‘51,1 +o Rl R+ F HT,MT)!
(K/l,ll"'K/l,ul!)"'(K/T,ll"'K/T,/LT!) '

K11 Rt

Two edge-lists determine the same sequence of moves if and only if they are related by symmetries of the
shape:
(1) rotating individual polygons (i.e. shifting the “base-point”),
(2) permuting a subset of polygons which all have the same number of edges.
We now define a function Sym from the set of shapes to the positive integers as follows. If a shape o is
specified by a sequence (v1,ve,...,1), where vy counts the number of polygons with one edge, v» counts
the number of polygons with 2 edges, and so on, then

Sym(o) = (vilva! .. pg!) (171272 0L kYF) .
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We are now ready to prove Proposition C.5. First consider the case where the given diagram D = () is
empty.

@)" a _ 1 1
Z T(@) B Z Sym(o) Z ! Dooo(kral. .. /QT,HT!)DF"

(Hl,l- RN TR

n o a shape x: a labeling of o
e —(7:)2 —(7:)3 m
= exp <—%Tr <—Z % <M1 <—ﬁi(M)+ (;7;) (M) + (g;) (M)+...>> ))

1 _
= €eXpy <_§Xh (M 1¢ti—>e_htieh (M))) )

as needed. In case D is not empty, assume for convenience that there are k beads on D, and explicitly record
their labels D(q1,....qx). Now,

()" oy _ (7)™ (7:)"* (1) "+
zn: T(D) - m+~.+f§i—nk+1=nD ( n! (ql), Y ! (Qk)> . nk+1! ((Z)),

and the Proposition follows from the above case of D = (. O
Proposition C.7. The w and w' relations on A(xx, Aioc) coincide.

Proof. Consider two pairs (M, s1) and (M, s2) related by a wrapping move w; as in definition 2.9. In other
words, for some s € A8P(xx gp, Aoc) We have that

Sm = congy (gpmﬂ'(s) L <expu (_%Xh(M1¢m,iM)>>)

for m = 1,2 where ¢1; is the identity and @2 ; = ¢4, ,—ns,en. Consider the case that s has a diagram with
n legs labeled by dh. Proposition C.5 implies that

1 ~Nn
Sg = Econ{h}(m (8))-

Let s’ denote the result of gluing all but one of the n Oh legs of "' (s) and renaming the resulting one 9h'.
In other words, s’ = con{h}(ﬁffl(s) (Oh + OK')). Let 77; denote the action of 7; for Oh'-labeled legs. If s has
at least one Oh leg, it follows that

s9 = congpy (75(s”)) = 0 mod w;
by the infinitesimal wrapping relations, and it follows that s; = 0 by definition. If s has no dh leg, then
51 = s9. Thus, in all cases, (M, s;) < (M, s3). The converse is obvious; thus the result follows. a

Proof. (of Proposition 3.27) It is obvious that the w’ relation implies the group-like w8P relation of Section
5.5. Since w’ = w, the result follows. O

APPENDIX D. INFINITESIMAL BASING RELATIONS

This section, although it is not used anywhere in the paper, is added for completeness. The reader may
have noticed that in Section 3, we mentioned infinitesimal versions of the wrapping and the String relations,
but not of the basing relations. The reason is that we did not need them; in addition [ " is not known to
preserve them. Nevertheless, we introduce them here.

We define

A(®X7 Aloc) - A(*Xa Aloc)/(ﬁlv ﬂQ)a
where (1 x is the subspace of X-flavored link relations that appeared in [A, Part II, Section 5.2]:

and 2 x denote subspace generated by an action
Fx -A(*X; Aloc) i -A(*X7 Aloc)
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described by pushing some element of f € Fj; onto all X-labeled legs of a diagram.
We now compare the infinitesimal and group-like basing relations as follows.

Proposition D.1. (a) We have an isomorphism

A( RN ®X; Aloc) = A( .. ;*XvAloc)/<5X> E’ A( cey OX7A100)~

(b) The inclusion ASPO(... *x,Aoe) — A°(...,%*x,Aoc) maps the (&P -relations to B-relations, and in-
duces a map
ABPO( @, Aroe) — A°(- e, Aoc).

Proof. The first part follows from the proof of [A, Part II, Theorem 3] without essential changes. The second
part is standard. O

APPENDIX E. A USEFUL CALCULATION

In this section, we quote a useful and often appearing computation that uses the identities of Lemma A.1.
Let ¢ : A®P(xx, Aloc) — A®P(*xuin}; Aloc) be a map that commutes with respect to gluing X-colored
legs.
Theorem 18. For X' C X and s € Int x/ A%P(® x, Aloc), decomposed as in Equation (12), we have that

/rat D (ols)) — /rat ax’ (exp (% Z ESDMZ.])) o </rat dX’(S)) .

If in addition ¢(s) — s is X -substantial for all s € ASP(*x, Aloc), then

7 axteton = e (—3aoiton) o ([T ax).

Proof. Consider the decomposition of s given by Equation (12). We begin with a “d-function trick” of
Equation (22) of A.1:

mon (53 Jouun= (mon. e (35 3 1))

/ dX' (p(s)) = <s0(1?,(8y)),/ra ax’ (eXP (%Z b oMi; + $>>>
x; Ti Y

azj

Thus,

Since divxsexp [ — > ; <,0Mi;1 = 1, the integration by parts Lemma A.4 implies that
Yi

/de’ <exp <1Z ;goM”Jr ;))

rat
/ dX' [ lexp [=> ot XIGXP< > ;@Mm+ ;)
Yi

Completing the square, using Equation (23) of Lemma A.1, implies that the above equals to:

Y; rat Tj
exp <%Z $ SDMi;1> / ax’ <exp <% Z ; (pM”>> .
Yi T

Returning to the expression in question:

[ e = [ ax <exp<12 wM”)) <so<R<ay>>,exp (—%Z $¢M>> -
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The second factor equals to ¢ ( Ik X (s)), and concludes the first part of the theorem.

In order to compute the first factor, we need to separate its X’-substantial part. With the added assump-

tion on ¢, we can compute the first first factor in a manner analogous to the Wheels Identity of Theorem
17

rat 1 Tj rat Tj Tj Tj
/ dXx’ | exp 3 Z ; ©eM;; = / dX' | exp 5 Z $ M;; + ; eM;; — ; M;;
ox; ;5 Zj
= (exp —% Z ; Mi;1 , exp % ; ©oM;; — ; M;;
ox; T T;

X/

O

Remark E.1. The proof of Theorem 18 can be applied without changes to the case of the map ¢ = Hairy :
A(xx, Aioc) — A(xxum) in order to show that for s € Int x/ 48P (xx, Ajoc), we have that

/ dX'(Hairg (s)) = exp <—%Xh(M1HairHM)> Hair < / . dX’(s)) .

APPENDIX F. THE AARHUS INTEGRAL PRESERVES GROUP-LIKE BASING RELATIONS

In this appendix we fill a historical gap on the Aarhus integral and how it deals with group-like basing
relations.

In [A, Part II, Prop.5.6] it was shown that the Aarhus integral is invariant under infinitesimal basing
relations. Later on, in [BL, Prop.2.2], it was shown that the Aarhus integral is invariant under group-like
basing relations.

Using the results of our paper, one can prove that the Aarhus integral is invariant under group-like basing
relations. That is,

Theorem 19. [A] The Aarhus integral [ descends to a map:

rat
/ dX": Intx: AR (xx) /(BY) — AP (rx—x)/(BX_x)

where Intx/ A8P (xx ) denotes the set of integrable with respect to X' group-like elements and 5, denotes the
group-like basing relation discussed in Section 3.2.

Proof. Use the form of the group-like basing relations given in Definition 3.5 (see Lemma 3.6), and follow
the proof of case 55" of Theorem 3, using Theorem 18. The result follows. O
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