AN ANSATZ FOR THE ASYMPTOTICS OF HYPERGEOMETRIC MULTISUMS

STAVROS GAROUFALIDIS

ABSTRACT. Sequences that are defined by multisums of hypergeometric terms with compact support occur
frequently in enumeration problems of combinatorics, algebraic geometry and perturbative quantum field
theory. The standard recipe to study the asymptotic expansion of such sequences is to find a recurrence
satisfied by them, convert it into a differential equation satisfied by their generating series, and analyze the
singulatiries in the complex plane. We propose a shortcut by constructing directly from the structure of
the hypergeometric term a finite set, for which we conjecture (and in some cases prove) that it contains
all the singularities of the generating series. Our construction of this finite set is given by the solution set
of a balanced system of polynomial equations of a rather special form, reminiscent of the Bethe ansatz.
The finite set can also be identified with the set of critical values of a potential function, as well as with
the evaluation of elements of an additive K-theory group by a regulator function. We give a proof of our
conjecture in some special cases, and we illustrate our results with numerous examples.
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1. INTRODUCTION

1.1. The problem. The problem considered here is the following: given a balanced hypergeometric term
tn,ky,... .k, With compact support for each n € N, we wish to find an asymptotic expansion of the sequence

(1) Gy = Z o ke ko

(k1,....kp)EZT

Such sequences occur frequently in enumeration problems of combinatorics, algebraic geometry and pertur-
bative quantum field theory; see [St, FS, KM]. The standard recipe for this is to find a recurrence satisfied
by (ay), convert it into a differential equation satisfied by the generating series

Gi(z) = Z ag 2"
n=0

and analyze the singulatiries of its analytic continuation in the complex plane. We propose a shortcut by
constructing directly from the structure of the hypergeometric term t, .. k. a finite set S, for which we
conjecture (and in some cases prove) that it contains all the singularities of G(z). Our construction of S is
given by the solution set of a balanced system of polynomial equations of a rather special form, reminiscent
of the Bethe ansatz. S can also be identified with the set of critical values of a potential function, as well
as with the evaluation of elements of an additive K-theory group by a regulator function. We give a proof
of our conjecture in some special cases, and we illustrate our results with numerous examples.

1.2. Existence of asymptotic expansions. A general existence theorem for asymptotic expansions of
sequences discussed above was recently given in [Gad]. To phrase it, we need to recall what is a G-function
in the sense of Siegel; [Si].

Definition 1.1. We say that series G(z) = > ° | a,2" is a G-function if

(a) the coefficients a,, are algebraic numbers, and

(b) there exists a constant C' > 0 so that for every n € N the absolute value of every conjugate of ay, is
less than or equal to C"™, and

(¢) the common denominator of ag,...,a, is less than or equal to C™.

(d) G(z) is holonomic, i.e., it satisfies a linear differential equation with coefficients polynomials in z.

The main result of [Gad] is the following theorem.
Theorem 1. [Gad, Thm.3] For every balanced term t, the generating series Gy(z) is a G-function.

Using the fact that the local monodromy of a G-function around a singular point is quasi-unipotent (see

[Ka, Anl, An2, CC]), an elementary application of Cauchy’s theorem implies the following corollary; see
[Gad], [Ju] and [CG1, Sec.7].
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Corollary 1.2. If G(z) = > 77 an2" is a G-function, then (a,) has a transseries expansion, that is an
expansion of the form

oo

~ —n 0 Bx s

(2) an ~ > A" (logn)™ Y —
A€X s=0

where X is the set of singularities of G(z), ax € Q, Bx € N, and cx s € C. In addition, ¥ is a finite set of

algebraic numbers, and generates a number field E = Q(X).

1.3. Computation of asymptotic expansions. Theorem 1 and its Corollary 1.2 are not constructive.
The usual way for computing the asymptotic expansion for sequences (ay,y) of the form (1) is to find a linear
reccurence, and convert it into a differential equation for the generating series G¢(z). The singularities of
G¢(z) are easily located from the roots of coefficient of the leading derivative of the ODE. This approach is
taken by Wimp-Zeilberger, following Birkhoff-Trjitzinsky; see [BT, WZ2] and also [Ni]. A reccurence for a
multisum sequence (a,,) follows from Wilf-Zeilberger’s constructive theorem, and its computer implementa-
tion; see [Z, WZ1, PWZ, PR1, PR2]. Although constructive, these algorithms are impractical for multisums
with, say, more than three summation variables.

On the other hand, it seems wasteful to compute an ODE for G¢(z), and then discard all but a small part
of it in order to determine the singularities ¥y of G¢(z).

The main result of the paper is a construction of a finite set S¢ of algebraic numbers directly from the
summand t, ;.. k., which we conjecture that it includes the set ¥;. We give a proof of our conjecture in
some special cases, as well as supporting examples.

Our definition of the set 3 is reminiscent of the Bethe ansatz, and is related to critical values of potential
functions and additive K-theory.

Before we formulate our conjecture let us give an instructive example.

Ezample 1.3. Consider the Apery sequence (a,) defined by
n 2 2
n n+k
3 n = .

It turns out that (a,) satisfies a linear recursion relation with coefficients in Q[n] (see [WZ2, p.174])

(4) (n+2)3a,12 — (2n+3)(17n* + 51n + 39)an+1 + (n + 1)%a, =0

for all n € N, with initial conditions ag = 1,a; = 5. It follows that G(z) is holonomic; i.e., it satisfies a linear
ODE with coefficients in Q[z]:

(5)  2%(2% =342+ 1)G"(2) + 32(22% = 51z + 1)G"(2) + (722 — 1122+ 1)G’(2) + (2 — 5)G(2) = 0

with initial conditions G(0) =1, G'(0) = 5, G”(0) = 146.
This implies that the possible singularities of G(z) are the roots of the equation:

(6) 22(2% - 342+ 1) =0.

Thus, G(z) has analytic continuation as a multivalued function in C \ {0, 17 + 121/2,17 — 121/2}. Since the
Taylor series coefficients of G(z) at z = 0 are positive integers, and G(z) is analytic at z = 0, it follows
that G(z) has a singularity inside the punctured unit disk. Thus, G(z) is singular at 17 — 121/2. By Galois
invariance, it is also singular at 17 + 12v/2. The proof of Corollary 1.2 implies that (a,) has an asymptotic
expansion of the form:

(7) an ~ (17 + 12\/5)"7173/2 Z Cis + (17 - 12\/5)”7173/2 Z C2s
nS
Sl s=0

nS
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for some constants cig, cos € C with ¢1pcog # 0. A final calculation shows that

1 3+42V2 1 3-2V2
C10 = 7T3/2 4\4/5 ) C20 = 7T3/2 4\4/5 .

Our paper gives an ansatz that quickly produces the numbers 17 4 21/2 given the expression (3) of (a,),
bypassing Equations (4) and (5). This is explained in Section 5.2. In a forthcoming publication we will
explain how to compute the Stokes constants cs for s =0, 1 in terms of the expression (3).

1.4. Hypergeometric terms. We have already mentioned multisums of balanced hypergeometric terms.
Let us define what those are.

Definition 1.4. An r-dimensional balanced hypergeometric term t, j (in short, balanced term, also denoted
by t) in variables (n, k), where n € N and k = (k1,...,k,) € Z", is an expression of the form:
T J
(8) twr = Cy [ €7 TT As(n, )1
i=1 j=1
where C; are algebraic numbers for ¢ = 0,...,r, ¢; = £1 for j =1,...,J, and A; are integral linear forms
in (n, k) that satisfy the balance condition:

J
(9) ZejAj =0.
7j=1

Remark 1.5. An alternative way of encoding a balanced term is to record the vector (Cp,...,C;), and the
J x (r + 2) matrix of the coeflicients of the linear forms A;(n, k), and the signs ¢; for j =1,...,r.

1.5. Balanced terms, generating series and singularities. Given a balanced term t, we will assign a
sequence (at,,) and a corresponding generating series G¢(z) to a balanced term t, and will study the set ¥,
of singularities of the analytic continuation of G((z) in the complex plane.

Let us introduce some useful notation. Given a linear form A(n,k) in variables (n,k) where k =
(k1,...,kr),and i =0,...,r, let us define

(10) vi(A) = a;, vo(A) = ag, where A(n, k) = aon + Z aik;.
i=1
For w = (wy, ..., w,) we define:
(11) A(w) = ap + Z a;w;.
i=1

Definition 1.6. Given a balanced term t as in (8), define its Newton polytope P, by:
(12) Pi={weR"|4j(w) >0forj=1,...,J} CR".

We will assume that Py is a compact rational convex polytope in R” with non-empty interior. It follows
that for every n € N we have:
(13) support(t, ) = nP NZ".
Definition 1.7. Given a balanced term t consider the sequence:
(14) an= Y, ok

kenPNZ"

(the sum is finite for every n € N) and the corresponding generating function:

(15) Gi(z) = anz" € Q2.
n=0
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Here Q denote the field of algebraic numbers. Let ¥¢ denote the finite set of singularities of G, and
E; = Q(X) denote the corresponding number field, following Corollary 1.2.

Remark 1.8. Notice that t determines G but not vice-versa. Indeed, there are nontrivial identities among
multisums of balanced terms. Knowing a complete set of such identities would be very useful in constructing
invariants of knotted objects, as well as in understanding relations among periods; see [KZ].

Remark 1.9. The balance condition of Equation (9) is imposed so that for every balanced term t the cor-
responding sequence (a,,) grows at most exponentially. This follows from Stirling’s formula (see Corollary
2.1) and it implies that the power series G¢(z) is the germ of an analytic function at z = 0. Given a proper
hypergeometric term t, ; in the sense of [WZ1], we can find @ € Q and € = %1 so that t, (an)!® is a
balanced term.

1.6. The definition of S; and K. Let us observe that if t is a balanced term and A is a face of its Newton
polytope P, then t|a is also a balanced term.

Definition 1.10. Given a balanced term t as in Equation (8) consider the following system of Variational
FEquations:

J

(16) Ci[JAjw) @A) =1 fori=1,...,r
j=1
in the variables w = (w1, ...,w,). Let X, denote the set of complex solutions of (16), with the convention
that when r = 0 we set X; = {0}, and define
(17) Ve = {0 T Aw) @) fwe X
J:A; (w)#0

(18) St = {O} U UA face of Py Cvt\A
(19) K, = Q(Sy.

Remark 1.11. There are two different incarnations of the set CVy: it coincides with

(a) the set of critical values of a potential function; see Theorem 5.
(b) the evaluation of elements of an additive K-theory group under the entropy regulator function; see
Theorem 6.

It is unknown to the author whether X, is always a finite set. Nevertheless, Sy is always a finite subset of
Q; see Theorem 5. Equations (16) are reminiscent of the Bethe ansatz.

1.7. The conjecture. Section 1.5 constructs a map:
Balanced terms t — (Ey, %)

via generating series G¢(z) and their singularities, where E; is a number field and X is a finite subset of E.
Section 1.6 constructs a map:
Balanced terms t — (K, Sy)

via solutions of polynomial equations. We are now ready to formulate our main conjecture.
Conjecture 1. For every balanced term t we have: ¥y C Sy and consequently, Ey C K.

1.8. Partial results. Conjecture 1 is known to hold in the following cases:

(a) For O-dimensional balanced terms: see Theorem 2.
(b) For positive special terms: see Theorem 3.
(¢) For 1-dimensional balanced terms, see [Ga3].

Since the finite sets S; and ¢ that appear in Conjecture 1 are in principle computable (as explained in
Section 1.3), one may try to check random examples. We give some evidence in Section 5. We refer the
reader to [GV] for an interesting class of 1-dimensional examples related to 6j-symbols, and of interest to
atomic physics and low dimensional topology.
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The following proposition follows from the classical fact concerning singularities of hypergeometric series;
see for example [O, Sec.5] and [No].

Theorem 2. Suppose that t,  is 0-dimensional balanced term as in (8), with k = 0. Then G¢(z) is a
hypergeometric series and Conjecture 1 holds.

When t is positive dimensional, the generating series G(z) is no longer hypergeometric in general. To
state our next result, recall that a finite sybset S C Q of algebraic numbers is irreducible over Q if the Galois
group Gal(Q, Q) acrs transitively on S.

Definition 1.12. A special hypergeometric term t, j (in short, special term) is an expression of the form:
r J B, (n k)

20 txr=Co || C S .

( ) k 0 };[1 i ]1;[1 (Cj(n, k))

where C' € Q, L and B; and C; are integral linear forms in (n, k). We will assume that for every n € N,
the support of t,, = 0 as a function of k € Z" is finite. We will call such a term positive if C; > 0 for
1=0,...,r.

Lemma 1.13. (a) A balanced term is the ratio of two special terms. In other words, it can always be
written in the form:

S (Bj(n,k)\“
21 tp = CLWF) JA
21) a ]1;[1 Cy(n, k)

for some integral linear forms B;, C; and signs ;.
(b) The set of special terms is an abelian monoid with respect to multiplication, whose corresponding abelian
group is the set of balanced terms.

The proof of (a) follows from writing a balanced term in the form:

oot o e AR A, k)
i =5 ] A(n, k)! 7 A (n. k)
i=1 ’ Hj:ej:—l i(n, k)
where
J J
A(n, k) = Z Ailn, k) = Z Aj(n, k).
jiej=1 jiej=—1

To illustrate part (a) of the above lemma for 0-dimensional balanced terms, we have:

(30n)ln!  (30m) [14n\ (50 "
(16n)!(10n)!(5n)!  \16n/) \10n) \4n)
The above identity also shows that if a balanced term takes integer values, it need not be a special term.
This phenomenon was studied by Rodriguez-Villegas; see [R-V].

Theorem 3. Fix a positive special term t, i, such that ¢\ {0} is irreducible over Q. Then, ¥y C CV¢ C S,
and Conjecture 1 holds.

In a forthcoming publication we will give a proof of Conjecture 1 for 1-dimensional balanced terms; see
[Ga3]. Let us end this section with an inverse type (or geometric realization) problem.

Problem 1.14. Given XA € Q, does there exist a special term t so that A € S¢?
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1.9. Laurent polynomials: a source of special terms. This section, which is of independent interest,
associates an special term tp to a Laurent polynomial F' with the property that the generating series G, (2)
is identified with the trace of the resolvant Rp(z) of F. Combined with Theorem 1, this implies that Rp(2)
is a G-function.

If Fe MN(@[afl, e ,xfitl]) is a square matrix of size N with entries Laurent polynomials in d variables,

let Tr(F') denote the constant term of its usual trace. The moment generating series of F is the power series

(22) Gr(z) = Tr(F")z".

n=0
Theorem 4. (a) For every F' € Q[z7!, ..., 3] there exists a special term tr so that
(23) Gr(z) = G (2).

Consequently, Gr(z) is a G-function.

(b) The Newton polytope P, depends is a combinatorial simplex which depends only on the monomials
that appear in /' and not on their coefficients.

(c) For every F € My(Qzi!,...,2z5']), Gr(2) is a G-function.

We thank C. Sabbah for providing an independent proof of part (¢) when N = 1 using the regularity of
the Gauss-Manin connection. Compare also with [DvK].

1.10. Plan of the proof. In Section 2, we introduce a potential function associated to a balanced term t
and we show that the set of its critical values coincides with the set Sy that features in Conjecture 1. This
also implies that S, is finite.

In Section 3 we assign elements of an extended additive K-theory group to a balanced term t, and we
show that the set of their values (under the entropy regulator map) coincides with the set S¢ that features
in Conjecture 1.

In Section 4 we give a proof of Theorems 3 (using results from hypergeometric functions) and 2 (using an
application of Laplace’s method), which are partial case of our Conjecture 1.

In Section 5 we give several examples that illustrate Conjecture 1.

In Section 6 we study a special case of Conjecture 1, with input a Laurent polynomial in many commuting
variables.

1.11. Acknowledgement. The author wishes to thank Y. André, N. Katz, M. Kontsevich, J. Pommersheim,
C. Sabbah, and especially D. Zeilberger for many enlightening conversations, R.I. van der Veen for a careful
reading of the manuscript, and the anonymous referee for comments that improved the exposition. An early
version of the paper was presented in an Experimental Mathematics Seminar in Rutgers in the spring of
2007. The author wishes to thank D. Zeilberger for his hospitality.

2. BALANCED TERMS AND POTENTIAL FUNCTIONS

2.1. The Stirling formula and potential functions. As a motivation of a potential function associated
to a balanced term , recall Stirling formula, which computes the asymptotic expansion of n! (see [O]):

1 1 1
(24) logn! ~ nlogn —n + §logn+§log(2w)+0(—> ,
n

For z > 0, we can define z! = I'(x 4+ 1). The Stirling formula implies that for a > 0 fixed and n € N large,
we have:

(25) log(an)! = (nlogn — n)a + alog(a) + O (loin>

The next corollary motivates our definition of the potential function.
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Corollary 2.1. For every balanced term t as in (8) and every w in the interior of P, we have:
6) by — e 0(252),
where the potential function Vi is defined below.

Definition 2.2. Given a balanced term t as in (8) define its corresponding potential function Vi by:

J
(27) Vi(w) = C(w) +)_ € A;(w) log(4; (w))
j=1
where w = (w1,...,w,),
(28) C(n,k) =1logCy-n+1logCy - k1 + ... 1og Cy - ky,
and
(29) C(w) =log Cy + log CLwy + .. .log Crw,.
V4 is a multivalued analytic function on the complement of the linear hyperplane arrangement C™\ A, where
J
(30) Ac={weC| J]4;(w) =0}
j=1
In fact, let
(31) w: T — C"\ A

denote the universal abelian cover of C" \ Aj.
The next theorem relates the critical points and critical values of Vi with the sets X and CVy from
Definition 1.10.

Theorem 5. (a) For every balanced term t, ~1(X}) coincides with the set of critical points of V4.
(b) If w is a critical point of Vi, then

J
(32) e~ Vi(w) — o—vo(L) H A; (w)—ﬁjUO(Aj) — ¢~ vo(L) H A; (w)—ijO(Aj)_
J=1 J:A; (w)#0

Thus CV¢ coincides with the exponential of the set of the negatives of the critical values of V;.
(c) For every face A of the Newton polytope of t we have:

Vis) = (V) |a-
(d) Sy is a finite subset of Q and K is a number field.

2.2. Proof of Theorem 5. Let us fix a balanced term t as in (8) and a face A of its Newton polytope P.
Without loss of generality, assume that A = P;. Since

d
(33) 7 (wlog(2)) = log(z) +1
it follows that for every i = 1,...,r and every j = 1,...,J we have:
0
(34) Aj(w)log(Aj(w)) = vi(A4;)log(A;(w)) + vi(4;).

Ow;

Adding up with respect to j, using the balancing condition of Equation (9), and the notation of Section 1.5
applied to the linear form of Equation (28), it follows that
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9 J J
8int(w) = logCi+ Y ejui(A;)log(A;(w)) + Y ejui(4;)

j=1 j=1

log C; —I—ZGJ’UZ i) log(A;(w)).

Jj=1

This proves that the critical points w = (wq,...,w,) of Vi are the solutions to the following system of
Logarithmic Variational Equations:

J
(35) log C; —I—ZE]’UZ i) 1log(A;(w)) € Z(1) fori=1,...,r

j=1

where, for a subgroup K of (C,+) and an integer n € Z, we define

(36) K(n) = (2mi)"K.

Exponentiating, it follows that w satisfies the Variational Equations (16), and concludes the proof of part

(a).

For part (b), we will show that if w is a critical point of Vi, the corresponding critical value is given by:

J
(37) Vi(w) =log Cp + Z €;v0(A;)log(Aj(w)) € C/Z(1).
j=1
Exponentiating, we deduce the first equality of Equation (32). The second equality follows from the fact
that A;(w) # 0 for all critical points w of V4.
To show (37), observe that for any linear form A(n, k) we have:

A( )—1)0 w0+zvz

Suppose that w satisfies the Logarithmic Variational Equations (35). Using the definition of the potential

function, and collecting terms with respect to wy,...,w, it follows that
J
Vi(w) = logCo—l—Zejvo ;) log(A —l—Zwl log C; -i-ZE]UZ i) 1og (A, (w))
j=1

J
= logCo+ Y €jvo(4;)log(4;(w)).
j=1
This concludes part (b). Part (c) follows from set-theoretic considerations, and part (d) follows from the
following facts:

(i) an analytic function is constant on each component of its set of critical points,
(ii) the set of critical points are the complex points of an affine variety defined over Q by (16),
(iii) every affine variety has finitely many connected components.

This concludes the proof of Theorem 5. O

3. BALANCED TERMS, THE ENTROPY FUNCTION AND ADDITIVE K-THEORY

In this section we will assign elements of an extended additive K-theory group to a balanced term, and
using them, we will identify our finite set CV¢ from Definition (1.10) with the values of the constructed
elements under a regulator map; see Theorem 6.
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3.1. A brief review of the entropy function and additive K-theory. In this section we will give a
brief summary of an extended version of additive K-theory and the entropy function following [Ga2], and
motivated by [Gal]. This section is independent of the rest of the paper, and may be skipped at first reading.

Definition 3.1. Consider the entropy function ®, defined by:
(38) O(z) = —zxlog(z) — (1 — z)log(l — z).
for x € (0,1).
®(x) is a multivalued analytic function on C\ {0,1}, given by the double integral of a rational function

as follows from:

(39) O (z) = -~ - 1

x l1—a

For a detailed description of the analytic continuation of ®, we refer the reader to [Ga2]. Let C denote the
universal abelian cover of C**. In [Ga2, Sec.1.3] we show that ® has an analytic continuation:

(40) o:C—C.
In [Ga2, Def.1.7] we show that ® satisfies three 4-term relations, one of which is the analytic continuation
of (48). The other two are dictated by the variation of ® along the cuts (1, 00) and (—o0,0).

Using the three 4-term relations of ®, we introduce an extended version f2(C) in [Ga2, Def.1.7]:

—

Definition 3.2. The extended group (2(C) is the C-vector space generated by the symbols (z) with z =
(2;p,q) € C, subject to the extended 4-term relation:

X
! ;pz,Q2> - (1 —501)<
— 2

(41) (w03 P05 q0) — (T15P1,q1) + (1 — I0)<1

Zo
iP3,q3) =0
T qs)

for ((x0;p0,90),-- -, (T3;03,93)) € ﬁ, and the relations:

(42) (x:p,q) — (3p.¢") = (@30, —2) — (x3p, ¢ —2)
(43) (Z;p,q) — (0, q) = (w3p—2,q) — (&30 —2,q)
for x € C**, p,q,p’,q € 2Z.

—

Since the three 4-term relations in the definition of (2(C) are satisfied by the entropy function, it follows
that ® gives rise to a regulator map:

—

(44) R: 3(C) — C.

For a motivation of the extended group 6/2@ and its relation to additive (i.e., infinitesimal) K-theory
and infinitesimal polylogarithms, see [Ga2, Sec.1.1] and references therein.

3.2. Balanced terms and additive K-theory. In this section, it will be more convenient to use the
presentation (21) of balanced terms. In this case, we have:

T J
(45) tni = Cy [T CF T] Bi(n, k)1 C;(n, k) (B; — C)(n, k)! ™.

i=1 j=1

The Stirling formula motivates the constructions in this section. Indeed, we have the following:
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Lemma 3.3. Fora > b >0, we have:

b
(46) ad (—) = alog(a) — blog(b) — (a — b) log(a — b).
a
and
an\ | mad(t) a 1
(47) (bn) ¢ 2b(a — b)mn (1 +0 (n)) '
Proof. Equation (46) is elementary. Equation (47) follows from the Stirling formula (24). O

The next lemma gives a combinatorial proof of the 4-term relation of the entropy function.

Lemma 3.4. For a,b,a+b € (0,1), ® satisfies the 4-term relation:

(48) <1>(b)—<1>(a)+(1—b)q><1ib>—(1—a)<1>(lfa>=o.

Proof. The 4-term relation follows from the associativity of the multinomial coefficients

(49) (a+g+7)<ﬁ;7>:(a+g+7>(al—7):%ﬁ!w

applied to (a, 8,v) = (an,bn,cn) and Lemma 3.3, and the specialization to a+b+ ¢ = 1. In fact, the 4-term
relation (48) and a local integrability assumption uniquely determines ® up to multiplication by a complex
number. See for example, [Da] and [AD, Sec.5.4,p.66]. O

Corollary 3.5. Ift is a balanced term as in (21), then its potential function is given by:

J (w
(50) Vi(w) = C(w) + Y ¢;Bj(w)® (gj Ew%) :

j=1

Consider the complement C" \ A{ of the linear hyperplane arrangement given by:

J
(51) A ={weC| H B;(w)C; (w)(Bj(w) —1)(B;(w) — Cj(w)) = 0}
Let
(52) w:CT—C\ A

denote the universal abelian cover of C" \ Aj{. For j = 1,...,r, the functions B;(w), C;(w)/B;(w) have
analytic continuation:

R c. . .
B; :C" —C, =2 .C"—C
B
It follows that the potential function given by (50) has an analytic continuation:

(53) Vi: ¢ —C.
Let C¢ denote the set of critical points of V.

Definition 3.6. For a balanced term t as in (21), we define the map:

o —

(54) By :C — [o (C)

by:
J

Buw) = €;B;(w)(

Jj=1

~

Cj(w >

Bj(w

~
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Theorem 6. For every balanced term t, we have a commutative diagram:

Bt —

Ct 62 ((C)

W™ eR
—Vi

X 2" v,

3.3. Proof of Theorem 6. We begin by observing that the analytic continuation of the logarithm function
gives an analytic function:

Log : ¢ —cC.
The proof of part (a) of Theorem 5 implies that w € Cy if and only if w satisfies the Logarithmic Variational
Equations:

J
(55) log Ci + Y _ €;(vi(B;)Log(B; (w)) — vi(C;)Log(Cj(w)) — vi(B; — Cj)Log((B; — Cj)(w))) =0

Jj=1

for i = 1,...,7. Exponentiating, this implies that C; = w~1(X}).
The proof of part (b) of Theorem 5 implies that if w € Cy, then:

J
Vi(w) =log Co + Y _ €;(vo(B;)Log(B;(w)) — vo(Cy)Log(C; (w)) — vo(B; — C;)Log((B; — Cj)(w))).

j=1
On the other hand, if w € C¢, we have:

Mk‘

R(B(w) = - G “‘”)

i) (Bj(w)

€j(Bj(w)Log(Bj(w)) — Cj(w)Log(Cj(w)) — (Bj(w) — Cj(w))Log((B; — Cj)(w)))

1

<.
Il

|
VM“

I
A

J

where the last equality follows from the analytic continuation of (46). Expanding the linear forms B;, Cj,
and B; —C; with respect to the variables w; for ¢ =0, ..., 7, and using the Logarithmic Variational Equations
(55), (as in the proof of part (b) of Theorem 5), it follows that

R(B(w)) = =Y _ € (vo(B;)Log(B;(w)) — vo(Cy)Log(Cj(w)) — vo(B; — C;)Log((B; — Cy)(w))).

Jj=

=

Thus,

Vi(w) = log Cy — R(Be(w)).
This concludes the proof of Theorem 6.

4. PROOF OF THEOREMS 2 AND 3

4.1. Proof of Theorem 2. A 0-dimensional balanced term is of the form:

J
tn = Cy [ [ (0;m)'
j=1
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where b; € N, ¢; = %1 for j =1,...,J satisfying ijl €;b; = 0. Since Z° = {0}, it follows that
Qgn = t,

is so-called closed form. The Newton polytope of t is given by P = {0} C R". In addition, A;(w) = b; and
vo(A;) =bj for j =1,...,J. By definition, we have X = {0}, and

J
(56) CVe={C [T b; "

j=1

On the other hand, G((z) is a hypergeometric series with singularities {0, CV}; see for example [O, Sec.5]
and [No]. The result follows.

4.2. Proof of Theorem 3. The proof of Theorem 3 is a variant of Laplace’s method and uses the positivity
of the restriction of the potential function to P;. See also [Kn, Sec.5.1.4]. Suppose that t,, , > 0 for all n, k.
Recall the corresponding polytope P, C R” and consider the restriction of the potential function to Pi:

Vi: PP — R.

It is easy to show that ®(z) > 0 for « € (0,1). This is illustrated by the plot of the entropy function for
z €10,1]:

e & & 0 0 o 0
N W A g o N

0.2 0.4 0.6 0.8 1

It follows that the restriction of the potential function on P; is nonnegative and continuous. By compactness
it follows that the function achieves a maximum in w in the interior of P;. It follows that for every k € nP.NZ"
we have:

0 < tn,k < tn,n'd)
Summing up over the lattice points k& € nP; N 7Z", and using the fact that the number of lattice points

in a rational convex polyhedron (dilated by n) is a polynomial function of n, it follows that there exist a
polynomial p(n) € Q[n] so that for all n € N we have:

tn,nw S A S p(n)tn,nw
Using Corollary 2.1, it follows that there exist polynomials p;(n), p2(n) € Q[n] so that for all n € N we have:

pr(n)e™ @) < qp, < po(n)emV (@)

This implies that G¢(z) has a singularity at z = e~ " (®) > (. Since the maximum lies in the interior of P,

it follows that 1 is a critical point of Vi. Thus, @ € Sy and consequently, e~ Vt(?¥) ¢ CVy.
If in addition X \ {0} is irreducible over Q, it follows that the Galois group Gal(Q/Q) acts transitively
on Y¢. This implies that ¥ C CVy. O

Remark 4.1. When t, > 0 for all n, k, then G((z) has a singularity at p > 0 where 1/p is the radius of
convergence of G(z). This is known as Pringsheim’s theorem, see [Ti, Sec.7.21].
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5. SOME EXAMPLES

5.1. A closed form example. As a warm-up example, consider the 1-dimensional special term

¢ = n\ n!
kT \k) T Kln— k)

whose corresponding sequence is closed form and the generating series is a rational function:

atﬁn = 2” Gt(Z) =

In that case 3¢ = {1/2} and E( = Q.
To compare with our ansatz, the Newton polytope is given by:
P = [0, 1] CR.
The Variational Equations (16) are:

1

w(l —w)~? =1

in the variable w = wy, with solution set

X = {1/2}
Thus,
1
CVy= {m |w=1/2} = {1/2}.

For the other two faces Ag = {0} and Ay = {1} of the Newton polytope Py, the restriction is a 0-dimensional
balanced term. Equation (56) gives that
tla, = ta k=0 = 1, tla, = th.klk=n = 1.
Thus,
CVy,, = CVy,, ={1}.
This implies that
Se={0,1,1/2}  K=Q,

confirming Conjecture 1. For completeness, the potential function is given by:

5.2. The Apery sequence. As an illustration of Conjecture 1 and Theorem 3, let us consider the special
term

o v () () = ()

and the corresponding sequence (3). Equation (5) implies that the singularities of G(z) are a subset of the
roots of the equation
22(22 =342 4+1) = 0.

In addition, a nonzero singularity exists. Thus, we obtain that

(58) 0,17 +12v2,17 — 12v2} € £ € {0,17 + 12v2,17 — 122},  E = Q(2).

Thus E; is a quadratic number field of type [2,0] and discriminant 8.
On the other hand, the Newton polytope is given by:

(59) P =10,1] C R.
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The Variational Equations (16) are:
1—wl 2
(60) <_w ﬂ) 3
w w
in the variable w = wy, with solution set
X ={1/v2,-1/V2}.
Thus,
1—w

CVt—{<1+—w

For the other two faces Ag = {0} and Ay = {1} of the Newton polytope P, the restriction is a 0-dimensional
balanced term:

>2 lw=+1/v2} = {17+ 12v2,17 — 12V/2}

B B B _e2a)?
tla, = thklk=0 =1, ta, = toklk=n = )

Equation (56) implies that
CVt\AO = {1}7 CVt\Al = {16}'
Therefore,
Se=1{0,1,16,17+12v/2,17— 122} K, = Q(2),

confirming Conjecture 1. For completeness, the potential function is given by:

w
Vi =20 2(1 o — .
() = 20(0) + 201+ )0 ()
5.3. An example with critical points at the boundary. In this example we find critical points at the
boundary of the Newton polytope even though the balanced term is positive. This shows that Theorem 3 is
sharp. Consider the balanced term

1 (n —k)k!
61 BN
(61) bk (D) n!

and the corresponding sequence (at,). The zb.m implementation of the WZ algorithm (see [PR1, PR2])
gives that (ay,,) satisfies the inhomogeneous recursion relation:

(62) —2(n+ 1)apy1 + (n+ 2)a, = -2 —2n
for all n € N with initial conditions ag = 1. It follows that (a,,) satisfies the homogeneous recursion relation:
(63) —2(n 4+ 3)ants + (124 5n)an+2 — 4(n + 2)an+1 + (n + 2)a, =0

for all n € N with initial conditions a9 = 1,a1 = 2,a2 = 5/2. The corresponding generating series G¢(z)
satisfies the inhomogeneous ODE:

(64) (z—1)2%(z=2)f'(2) +2(z = 1)*f(2) +2=0

with initial conditions f(0) = 1. We can convert (64) into a homogeneous ODE by differentiating once. It
follows that

(65) Et C {1,2}, Et = Q
On the other hand, P, = [0,1] C R. The Variational Equations (16) are:
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in the variable w = w; with solution set X = {1/2} and
1 1
CVi={—|w=2z}={2}

= w1y = {2)

For the other two faces Ag = {0} and A; = {1} of the Newton polytope P; we have:
tla, = taklk=0 = 1, ta, = toklk=n = 1.

Thus,

CVt‘AO - CV{;|A1 - {1}
This implies that

St:{07172} Kt:@a

confirming Conjecture 1. For completeness, the potential function is given by:

6. LAURENT POLYNOMIALS AND SPECIAL TERMS

6.1. Proof of Theorem 4. In this section we will prove Theorem 4. Consider F' € Q[:vl yeen ,letl]. Let us
decompose F' into a sum of monomials with coefficients

(66) F = Z CaT®

acA
where A is the finite set of monomials of F', and where for every a = (a1, ..., aq) we denote % = H;l:l xj”
Let
(67) =4
denote the number of monomials of F. Recall that
n+1
A'n, = {(ylv'-'vyn+1) 6}Rn+1| Zyj = layl > 0; 1= 1,,TL—|—1}
j=1

denotes the standard n-dimensional simpler in R"*1. Part (a) of Theorem 4 follows easily from the multi-
nomial coefficient theorem. Indeed, for every n € N we have:

o= Z H IHC‘T

acA O‘ acA
E : ko
= - aEA
| H
S ka=n HQGA " acA

It follows that for every n € N we have:

n!
Te(F") = 3 TN IT o

>acaka=n,3"c 4 kaa=0 acA

= Z tF,n,k

kenPy, NZ"

where

(68) tn g = = | ] b

aEA 0‘ acA

and the Newton polygon Py, is given by
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(69) P,=A_10W

where

(70) W ={(za) ER"| Y zacx =0}
acA

is a linear subspace of R".

To prove part (b) of Theorem 4, let us assume that the origin is in the interior of the Newton polytope
of F. Such F are also called convenient in singularity theory; [Kou]. If F is not convenient, we can replace
it with its the restriction F to a face f of its Newton polytope that contains the origin and observe that
Te((Fy)") = Te(F™).

When F' is convenient, it follows that W has dimension r — d and W N C° # (), where C° is the interior
of the cone C' which is spanned by the coordinate vectors in R". (b) follows from Lemma 6.3 below.

For part (c) of Theorem 4, fix F € My(Q[zT!, ... ,xdﬂ]), Gr(z). Recall that for an invertible matrix A
we have A1 = det(A) "1 Cof(A), where Cof(A) is the co-factor matrix. It follows that

> 1

n.n o __ _ -1 _ _
(71) 1;JF M= —zF)' = et~ F) Ad(I — zF)
where Ad(I — 2F) € My(Q[zi!, ..., 25, 2]). Now

det(I —zF)=1-— E cazdor®
a€s
where S is a finite set, ¢, € Q and d,, € N\ {0}. Thus,

|
det(I —=F) —zF Z > Ha:Sk' i I E

n=03%7 cgka=n aEeS
Substituting the above into Equation (71) and taking the constant term, it follows that there exists a finite

set S and a finite collection tg) of balanced terms for j € S such that for every n € N we have:

Z W,
jeSs
It follows that the moment generating series Gp(z) (defined in Equation (22)) is given by:

z) = Z Gt(Fj) (2)
j€S
Since G ;) () is a G-function (by Theorem 1), and the set of G-functions is closed under addition (see [Anl]),
F
this concludes the proof Theorem 4. O

Remark 6.1. The balanced terms tg,;j) in the above proof use affine linear forms, rather than linear ones. In
other words, they are given by

r J
(72) tws =Cy [LC7 T Aj(n, b1
i= j=1
where C; are algebraic numbers for i = 0,...,r, ¢; = £1 for j =1,...,J, and A; are affine linear forms,

given by A;(n, k) = A?“(n, k) + b; where A?“(n, k) are linear forms that satisfy the balance condition

J

(73) S Al g,

j=1
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Theorem 1 remains true for such balanced terms. For an balanced term t of the form (72) consider the
balanced term ' defined by:

(74) e HC” H Al )1

j=1
We define St = St

Remark 6.2. In the notation of Theorem 4, Py, is a simple polytope and the associated toric variety is
projective and has quotient singularities; see [Fu]. In other words, the stabilizers of the torus action on the
toric variety are finite abelian groups.

The following lemma was communicated to us by J. Pommersheim.

Lemma 6.3. If W is a linear subspace of R™ of dimension s, and W NC° # (), where C' is the cone spanned
by the n coordinate vectors in R™, then A,_1 N W is a combinatorial simplex in V.

Proof. We can prove the claim by downward induction on s. When s = n — 1, W is a hyperplane. Write
D,_1 = CN H where H is the hyperplane given by >"" | z; = 0. Observe that C is a simplicial cone and
the intersection C'N W is a simplicial cone in W. Since the intersection of a simplicial cone inside C' with
H is a simplicial cone, it follows that D, "W = (C N W) N H is a simplicial cone. This proves the claim
when s =n — 1. A downward induction on s concludes the proof. 0

6.2. The Newton polytope of a Laurent polynomial and its associated balanced term. In a later
publication we will study the close relationship between the Newton polytope of a Laurent polynomial F'
and the Newton polytope of the corresponding special term tz. In what follows, fix a Laurant polynomial
F as in (66) and its associated balanced term tp as in (68). With the help of the commutative diagram of
Proposition 6.5 below, we will compare the extended critical values of F' with the set Si,. Keep in mind
that [DvK] use the Newton polytope of F, whereas our ansatz uses the Newton polytope of tp.

Consider the polynomial map

(75) ¢ Quttla € A — Q... o3
given by ¢(wq) = xz®. Its kernel ker(¢) is a monomial ideal. Adjoin the monomial wy, to A (if it not already
there), where ag = 0 € Z4%, and consider the homogenous ideal ker”(¢), where the degree of wq is a.

Lemma 6.4. The Variational Equations (16) for the balanced term ty are equivalent to the following system
of equations:

[acazaPocke =1 for (whe) € ker"(¢)
(76) Y ned Talt =0
Y aca Ta =1.

in the variables (T )acA-

Proof. This follows easily from the description of the Newton polytope P, and the shape of the balanced
term t. g

Consider the rational function

(77) W (C)N\FTH0) — (C),  wie W(u) = (25
F ) acA
Observe that the image of Uy lies in the complex affine simplex

{(za) € (C)"| Y za =1},

acA
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Proposition 6.5. (a) If u = (u1,...,uq) is a critical point of the restriction of F on (C*)¢ with nonvanishing
critical value, then Up(u) satisfies the Variational Equations (16) for the maximal face P, of the Newton
polytope Py, of tp.

(b) Restricting to those critical points, we have a commutative diagram:

\J3

Critical points of F' on (C*)? Xip, Py,
(78) F Map (17)
Critical values of F ——— StF,pr

(c) The top horizontal map of the above diagram is 1-1 and onto.

Proof. For (a) we will use the alternative system of Variational Equations given in (76). Suppose that
u = (u1,...,uq) is a critical point of F with nonzero critical value, and let (wq)qca denote the tuple
(cau®/F(u))aca. Weneed to show that (wq)aeA is a solution to Equations (76). Consider a point (pa)aca €
P,.. Then, we can verify the first line of Equation (76) as follows:

H e H <Cauo¢ > —Pa v
acA acA F(u)
= u EaeA PaaF(u)fzaeApa

1

since (w2 )qe4 in in the kernel of ¢. To verify the second line of Equation (76), recall that

20,(2%) = k2F.

Since u is a critical point of F', it follows that for every ¢ = 1,...,d we have:
u; Oy, F'(u) = Z vi(a)cqu® =0
acA

where v;(a) is the ith coordinate of . It follows that ) , woa = 0, which verifies the second line of (76).
To verify the third line, we compute:

Cau® 1 o Fu)
(b) and (c) follow from similar computations. O
Let us end this section with an example that illustrates Lemma 6.4 and Proposition 6.5.
Ezxample 6.6. Consider the Laurent polynomial
F(x1,22) = axy + bxl_l + cxo + d:v;l + foizo + g
Its Newton polytope is given by

<
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With the notation from the previous section, we have d = 2, r = 6. Moreover, for every n € N, we have

n!
= Z N I— 'a/hbkzcksd’mfksgksx’flfk2+ksxl2€3*k4+k5'
Kyt The=n 1t...Kg!
It follows that
n!
mn _ k}l k}g ]i}g k}4 k}g, ]CG
T(F™) = 2 Rl Vet

(k1,....ke)ENP [, NZE

where the Newton polytope P, C RS is given by

(79) PtF:{(,Tl,...,l'ﬁ)ER6|JJ1—JJ2+$5=0, r3—T4+x5=0, x1+ - -+x5=1, LL‘lZO}

We can use the variables (z1, 23, z5) to parametrize Py, as follows:

(80) Ptp :{($1,$3,£L‘5)ER3|122$1+2$3+3£L‘5, LL‘lZO}

This confirms that P, is a combinatorial 2-dimensional simplex.
If (kl, ceey kﬁ) S PtF7 then (kQ, k4, kﬁ) = (kl + k5, kg + k5, n — 2I€1 - 2]{33 - 3]{35), and

k k k
Te(F 2: n! ab\"™" (cd\"™? (bdf\"°
( ") k '(k + k )'k |(k +k )'k '(n—Qk — 2ka — 3k )l ( 2) (—2) ( 3f) gn.
2k1+2k3+2ks=n 1AM 5):h3: 3 5) - 1 3 5): \ 9 q g

The Variational Equations (16) are:

1 ab 1
wy (wy +ws)(1 — 2wy, — 2wz — 3ws) "2 g2
1 cd
81 - =1
(81) ws(ws + ws)(1 — 2wy — 2ws — 3ws)~2 g2
! o

(w1 + ws)(ws + ws)ws (1 — 2wy — 2ws — 2ws) 3 ¢3
in the variables (w1, ws, ws). Reintroducing the variables wo, wy and wg defined by
we = w1 + ws, wy = W3 + Wws, wg = 1 — 2wy — 2wz — 2ws

the Variational Equations become

wy = Wi+ ws
(82) wyg = w3+ wWs
We = 1—211}1—211)3—211)5
1 ab
—— =1
wW1wWaWg = 9
1 cd
(83) — 5 = 1
W3wawg = g
1 bdf

w2w4w5wg3 g3 =1
On the other hand, w,, = wg and ker(¢) is generated by the relations wg = 1, wywe = 1, wawy = 1 and
wowsws = 1 which lead to the homogenous relations wjwowg 2 = 1, wawswg 2 =1 and Wo WA W5 W 3 for
ker” (¢) that appear in the above Variational Equations. This illustrates Lemma 6.4.
Suppose now that u = (u1,us) is a critical point of F. Then, u satisfies the equations:
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oF b
oF d

The map U is defined by ¥p(uy,us) = (w,...,ws) where

auy b Cua d _ furug g

Fw) T wFw T Fw "M wFw T Fw T Fa)

If u = (u1,u2) satisfies Equations (84), (85), it is easy to see that w = Wp(u) satisfies the Variational
Equations (82) and (83). For example, we have

wp =

_cuz | furus d  u d _
watus - = £+ - s = w (erru-g) -
and
1 gi B 1 % _1
w3w4wg2 g* cug d ( g )72 g* '
F(u) usF(u) \ F(u)
This illustrates Proposition 6.5.
REFERENCES

[An1] Y. Andre, G-functions and geometry, Aspects of Mathematics, E13. Braunschweig, 1989.
[An2] Y. André, Séries Gevrey de type arithmétique. I. Théorémes de pureté et de dualité, Ann. of Math. (2) 151 (2000)

705-740.

[AD] J. Aczél and J. Dhombres, Functional equations in several variables, Encyclopedia of Mathematics and its Applications
31 Cambridge University Press, Cambridge, 1989.

[BT] G. Birkhoff and W. Trjitzinsky, Analytic theory of singular difference equations, Acta Math. 60 (1932) 1-89.

[CC] D.V. Chudnovsky and G.V. Chudnovsky, Applications of Padé approzimations to the Grothendieck conjecture on
linear differential equations, in Number theory Lecture Notes in Math. 1135 Springer-Verlag (1985) 52-100.

[CG1] O. Costin and S. Garoufalidis, Resurgence of the Kontsevich-Zagier power series, Annales de I’ Institut Fourier, in
press.

[Da] Z. Daréczy, Generalized information functions, Information and Control 16 (1970) 36-51.

[DvK] J.J. Duistermaat and W. van der Kallen, Constant terms in powers of a Laurent polynomial, Indag. Math. 9 (1998)
221-231.

[DGS] B. Dwork, G. Gerotto and F.J. Sullivan, An introduction to G-functions, Annals of Mathematics Studies 133 Princeton
University Press, 1994.

[FS] P. Flajolet and R. Sedgewick, Analytic combinatorics: functional equations, rational and algebraic functions, elec-
tronic book.

[Fu] W. Fulton, Introduction to toric varieties, Annals of Mathematics Studies 131 Princeton University Press 1993.

[Gal] S. Garoufalidis, q-terms, singularities and the extended Bloch group, preprint 2007, arXiv:0708.0018.

[Ga2] ___, An extended version of additive K-theory, Journal of K-theory, in press.

[Ga3] _, Resurgence of 1-dimensional hypergeometric multisums, preprint 2007.

[Gad] _ ., G-functions and multisum versus holonomic sequences, preprint 2007 arXiv:0708.4354.

[GV] and R. van der Veen, Asymptotics of 6j-symbols, preprint 2008.

[Ju] R. Jungen, Sur les séries de Taylor n’ayant que des singularités algébrico-logarithmiques sur leur cercle de conver-
gence, Comment. Math. Helv. 3 (1931) 266-306.

[Kal N.M. Katz, Nilpotent connections and the monodromy theorem: Applications of a result of Turrittin, IHES Publ.
Math. No. 39 (1970) 175-232.

[Kn] D. Knuth, The art of computer programming, vol 3, Sorting and searching. Addison-Wesley Publishing Co., 1973.

[KM] M. Kontsevich and Yu. Manin, Gromov- Witten classes, quantum cohomology, and enumerative geometry, in Mirror
symmetry, II AMS/IP Stud. Adv. Math., 1 (1999) 607-653.

[KZ] — and D. Zagier, Periods, in Mathematics unlimited—2001 and beyond, (2001) 771-808.

[Kou] A.G. Kouchnirenko, Polyédres de Newton et nombres de Milnor, Invent. Math. 32 (1976) 1-31.
O] F. Olver, Asymptotics and special functions, Reprint. AKP Classics. A K Peters, Ltd., Wellesley, MA, 1997.



22
[Ni]
[No]

[PR1]

[PR2]
[PWZ]
[R-V]
i)
[St]
[Ti]
[(WZ1]
[(WZ2]

(2]

STAVROS GAROUFALIDIS

N. Nilsson, Some growth and ramification properties of certain integrals on algebraic manifolds, Ark. Mat. 5 (1965)
463-476.

N.E. Norlund, Hypergeometric functions Acta Math. 94 (1955) 289-349.

P. Paule and A. Riese, A Mathematica q-Analogue of Zeilberger’s Algorithm Based on an Algebraically Motivated
Approach to q-Hypergeometric Telescoping, in Special Functions, ¢g-Series and Related Topics, Fields Inst. Commun.,
14 (1997) 179-210.

, Mathematica software: http://www.risc.uni-linz.ac.at/research/combinat/risc/software/qZeil/

M. Petkovsek, H.S. Wilf and D.Zeilberger, A = B, A.K. Peters, Ltd., Wellesley, MA 1996.

F. Rodriguez-Villegas, Integral ratios of factorials and algebraic hypergeometric functions, talk in Oberwolfach
math.NT/0701362.

C.L. Siegel, Uber einige Anwendungen diophantischer Approximationen, Abh. Preuss. Akad. Wiss. 1 (1929) 1-70.
Reprinted in Gesammelte Abhandlungen, vol. 1, no 16 (1966) 209-266.

R. Stanley, Enumerative combinatorics, Vol. 1, 2. second edition, Cambridge University Press, Cambridge, 1997.
E.C. Titchmarsh, The theory of functions, second edition, Oxford Univ. Press 1939.

H. Wilf and D. Zeilberger, An algorithmic proof theory for hypergeometric (ordinary and q) multisum/integral iden-
tities, Inventiones Math. 108 (1992) 575-633.

J. Wimp and D. Zeilberger, Resurrecting the asymptotics of linear recurrences, J. Math. Anal. Appl. 111 (1985)
162-176.

D. Zeilberger, A holonomic systems approach to special functions identities, J. Comput. Appl. Math. 32 (1990)
321-368.

SCHOOL OF MATHEMATICS, GEORGIA INSTITUTE OF TECHNOLOGY, ATLANTA, GA 30332-0160, USA, http://www.math.gatech
.edu/~stavros
E-mail address: stavros@math.gatech.edu



