GEOMETRIC EISENSTEIN SERIES I: FINITENESS THEOREMS

LINUS HAMANN, DAVID HANSEN AND PETER SCHOLZE

ABSTRACT. We develop the theory of geometric Eisenstein series and constant term functors for
{-adic sheaves on stacks of bundles on the Fargues-Fontaine curve. In particular, we prove essen-
tially optimal finiteness theorems for these functors, analogous to the usual finiteness properties of
parabolic inductions and Jacquet modules. We also prove a geometric form of Bernstein’s second
adjointness theorem, generalizing the classical result and its recent extension to more general coef-
ficient rings proved in [DHKM24]. As applications, we decompose the category of sheaves on Bung
into cuspidal and Eisenstein parts, and show that the gluing functors between strata of Bung are
continuous in a very strong sense.
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1. INTRODUCTION

1.1. Prologue. In [Farl6], Fargues laid out a remarkable and far-reaching vision, recasting many
structures around the representation theory of p-adic groups and the local Langlands correspondence
as geometric Langlands over the Fargues-Fontaine curve. The work of Fargues-Scholze [FS21] then
put this vision on solid technical foundations and applied it to construct a general semisimple local
Langlands correspondence.

In this paper and its sequel [HHS], we develop some additional foundations for this program. More
precisely, our goal in these papers is to geometrize the classical operations of parabolic induction
and Jacquet module into functors between sheaf categories on suitable moduli stacks. In the present
paper we define these functors and prove their basic finiteness properties.

1.2. Main results. To state our main results, let E be a non-archimedean local field, and let H/E
be a linear algebraic group. One then has the associated Artin v-stack Bung parametrizing H-
bundles on the Fargues-Fontaine curve. This is functorial in H. In particular, if G is a connected
reductive group and P = MU C G is a parabolic subgroup, we have a natural diagram

Bun;, & Bunp LN Bung.

We note that q is cohomologically smooth, but not representable, while p is representable in locally
spatial diamonds but is neither smooth nor proper.

Now, let A be a Z,[,/q]-algebra, where ¢ denotes the cardinality of the residue field of E and
¢t q. One can define a canonical invertible object ICgy,, € D(Bunp,A), which is a square root
of the dualizing complex and can be described explicitly in terms of the modulus character [HI23,
Theorem 1.5]. Our main interest is in the functors®

Eispi(—) := pi(q*(—) ® ICBunp),
EiSP*(_) = p*(q*(_) ® ICBUHP)’

LAt present, the six-functor formalism required to make sense of these formulas is only developed in the literature
under the additional assumption that A is killed by a power of £. However, forthcoming work [Sch] of the third author
will correct this issue. For the moment, the reader may wish to assume that A is a torsion ring. However, we have
written this paper in such a way that once the formalism developed in [Sch] is available, everything will apply to
general Z[,/q]-algebras.
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and '

CTps(=) = a(p'(—) ® ICR,,, )4

CTp(=) == a(p™(—) @ ICBunp)-
The first two functors here are two possible geometrizations of normalized parabolic induction: Over
the locus of trivial G-bundles, the map p is proper and so both functors agree there. The functor
CTpy is the natural geometrization of the normalized Jacquet module and is the left adjoint of Eisp.,
via the identification q*(—) ® Icgﬁnp = ¢'(—). On the other hand, CTp, is the right adjoint of
Fispy by definition. By the “second adjunction” theorem of Bernstein, this happens to agree with
the normalized Jacquet module for the opposite parabolic in classical representation theory; one of
our main theorems will be an extension of second adjunction to our geometric setting.

In the classical world of representation theory, parabolic inductions and Jacquet modules have
extremely good finiteness properties. With characteristic zero coefficients these are classical results
of Bernstein, and with general coefficients these are very recent results of Dat-Helm-Kurinczuk-Moss
[DHKM24| (incidentally, relying on [FS21]). Informally, our main result says that the geometriza-
tions of these functors still have very strong finiteness properties.

More precisely, recall that the sheaf category D(Bung, A) constructed in [FS21] comes with two
intrinsic finiteness conditions, namely the notions of compact sheaves and ULA sheaves. More-
over, there are two natural duality operations on D(Bung, A), Verdier duality, denoted Dyyq, and
Bernstein-Zelevinsky duality, denoted Dpz, which induce self-anti-equivalences on ULA sheaves and
compact sheaves, respectively. Our main results explain how these finiteness conditions and their
dualities interact with the functors of Eisenstein series and constant term.

Theorem 1.2.1 (Theorem 3.1.2, Corollary 3.1.3, Theorem 3.2.1, Theorem 7.1.1). Let G D P = MU
be as above, with P~ the opposite parabolic.

(1) The functor Eisp, preserves compact objects. If A € D(Bunys, A) is ULA and supported on
finitely many connected components, then Eispi(A) and Eisp.(A) are ULA.
(2) The functor CT ps preserves ULA objects. If A € D(Bung, A) is compact, then CT pi(A)|Bung,
is compact for all o € mo(Bunyy).
(8) There is a canonical isomorphism of functors CTpy = CTp-,.
(4) We have the following duality isomorphisms:
1. DpyzEisp) = Eispf!]])g[z on compact objects.
1. DyerqEispr = EisP*D\%rd on all objects.

~

241, D\%rdCTpl 2 CT psDvera on all objects.

We will also show that (3) is logically equivalent to the duality isomorphism (4).i. These state-
ments can both be regarded as geometrizations of Bernstein’s famous second adjointness theorem.

We now sketch some of the ideas in the proofs. The duality isomorphisms (4).ii-(4).iii are straight-
forward consequences of the definitions, and we state them for completeness. The first serious task
is to prove that Eisp, preserves compact objects. We prove this by a complicated but reasonably
direct induction, building on the fact that after restricting to certain strata in Bunj;, Eispy is closely
related to classical parabolic inductions and to the gluing functors i defined in [FS21], both of
which are known to preserve compact objects. Note that the work of Dat-Helm-Kurinczuk-Moss
[DHKM?24] is a key input to this induction, and we do not reprove their results. Once we know
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that Eisp) preserves compact objects, it is formal to see that CT p, preserves ULA objects. With
this preservation of compacts in hand, we then define a canonical map DgyzEispy — Eis P7!D]]¥Z.
We prove this map is an isomorphism by an inductive argument parallel to the proof that Eisp
preserves compact objects, using classical second adjunction as well as a similar adjunction for the
gluing functor iy as input.

The remaining results in (1)-(2) lie deeper, and require some new geometric input. The key
idea here is that Bunp admits a relative compactification over Bung which is still well-behaved
relative to Bunj;. This is the famous Drinfeld compactification Bunp, which is a fundamental
object in the classical geometric Langlands program. Roughly speaking, this stack parametrizes
G-bundles equipped with a generic reduction to a P-bundle; see Definition 4.2.1 and §6.3 for the
precise definition. However, we emphasize that while it is reasonably straightforward to copy the
definition of Bunp into the setting of [FFS21], its desired geometric properties are not obvious in this
setting.

Theorem 1.2.2 (Proposition 4.2.3, Theorem 4.2.4, Proposition 4.2.12, Theorem 6.2.1, Proposition
6.3.3). Let G D P = MU be as above.

(1) There is a naturally defined Artin v-stack ]?JnP sitting in a commutative diagram

Bunp

qp Bunp —— Bung
PP
qp
Bunjy,

where jp is an open immersion. The map pp is partially proper and representable in locally
spatial diamonds, and of locally finite dim.trg. -

(2) If Bun$; C/EunM s any connected component with open-closed preimage Bun;, the induced
map pp Bun; — Bung s proper.

(8) The stack BTl;lp admits a locally closed stratification by certain strata 9]§l\l;lp, indezxed by
0 e Ag(?s]’g. Each stratum has a canonical fiber product decomposition

Do~ +,0
gBunp = Bunp XBun,, ModBunM,

where Modgan 1s a certain closed subspace of a relative Beilinson-Drinfeld Grassmannian

lwing over DEV(G), a partially symmetrized version of the mirror curve.
(4) The sheaves jpi(ICBunp) and jp«(ICBun,) are qp-ULA.

The proofs of (1)-(3) require a good understanding of relatively flat coherent sheaves on relative
Fargues-Fontaine curves. This theory was initiated in [ALB21]|, further refined in [Ham22, Sec-
tion 5.2.3|, and we now develop it further here. In particular, given a relative Fargues-Fontaine

2While we were finalizing this paper, these results have been proved independently by Takaya [Tak24], along very
similar lines.
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curve Xg equipped with a relatively flat coherent sheaf £/Xg, we make a careful study of the
moduli space Subg’d parametrizing fiberwise-injective maps F — & from a (variable) relatively flat
coherent sheaf F of fiberwise-constant generic rank n and degree d. The first key result is that
Subg’d is a locally spatial diamond which is partially proper and locally of finite dim.trg over .S,
and the subfunctor where the quotient sheaf £/F is fiberwise a vector bundle is open. This formally
implies (1), and related arguments reduce the properness in (2) to the following theorem.

Theorem 1.2.3. The natural map Subg’d — S is proper.

When £ is a vector bundle and n = 1, this follows easily from results in [FS21]|. In the general
case, one can easily reduce to the case that £ is a vector bundle. Then the statement is equivalent
to the assertion that any given set of sub-vector bundles F; C € x x4 X¢, (defined over fields SpaC;)
of constant rank and degree induce a sub-vector bundle F of £ x x, Xt for the “product of points”
T = Spa([]; Oc;)[2]. Producing this sub-vector bundle is a question that is local on the Fargues-
Fontaine curve, but the assumption of constant rank and degree is a (necessary) global condition
that we did not see how to make use of. Eventually, we realized the (in hindsight obvious) possibility

of using the determinant map. This reduces one to proving properness of the map

A\ Subg? = Suby

where now one can in fact forget the degree restriction. After this reduction, it is possible to localize
the statement from the Fargues-Fontaine curve Xg to its cover Yg or some affinoid piece thereof,
and argue by explicit commutative algebra.

With the geometry under control, it remains to prove Theorem 1.2.2.(4). The analogue of this
result in classical geometric Langlands is well-known [BGO02, Theorem 5.1.5], but the standard
proof makes use of Deligne’s generic ULA theorem to ensure the existence of some open subspace
in Bunjy; over which the ULA result holds, which can then be spread out to all of Buny; by Hecke
correspondences. Since the generic ULA theorem is definitely false in p-adic geometry, this approach
is not available to us. Another approach for the Borel is provided in [BG02, Section 5.2|; however,
this argument fails in our situation at the very first step, since being ULA over the point is not a
trivial condition in the setting of adic geometry and the sheaf categories we are considering. To solve
our problems, we instead make a careful induction on the boundary strata of Bunp, using hyperbolic
localization to propagate the ULA property deeper and deeper into the boundary. The key idea
here is embodied in the following result, which works in essentially any six-functor formalism.

Proposition 1.2.4. Let 7 : X — S be a reasonable map equipped with a section i : S — X and a
G -action which is totally attracting towards the section. Let X° = X ~ .S with j : X° = X the
natural open immersion, and set 1° =mwoj. If A€ D(X°,A) is Gy,-equivariant and w°-ULA, then
NA is w-ULA.

Note that as a formal consequence, we get that also j.A is m-ULA, and that *j.A € D(S,A) is
dualizable. We also see that if B € D(X, A) is any Gy,-equivariant sheaf, then it is 7-ULA iff j*B
is 7°-ULA and ¢*B is dualizable. -

To employ this technique, we need good local models for the boundary strata of Bunp. These are
provided by the theory of Zastava spaces, which smooth-locally model suitable portions of Bunp in
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terms of certain intersections of semi-infinite orbits inside the B:{R—afﬁne Grassmannians. For all

0 € AP%,. there exists a Zastava space Z¢ — Mod !, equipped with a section s? : Mod ! — Z¢
G,P M M

and (étale locally on ModX/l’e) a Gy,-action which attracts to the section. The image of this section is

smooth-locally isomorphic to the strata 9]§1\1/n p, which puts us in a situation where we can apply the
previous Theorem (or rather a slight generalization of it, see Theorem 6.1.3 for the exact statement
we need) to inductively propagate the ULA property of the sheaf j pP1(ICBun, ) into deeper and deeper
strata of the Drinfeld compactification.

With Theorem 1.2.2 in hand, the remaining statements in Theorem 1.2.1.(1)-(2) follow from some
straightforward manipulations with the definitions of the functors, using the miraculous properties
of ULA sheaves quite heavily; see Theorem 7.1.1 for details.

We also note that our argument for Theorem 1.2.2.(4) goes through without change in the setting
of classical geometric Langlands, and gives a new proof which works uniformly in all the sheaf
theories usually considered in that setting.

1.3. Some applications. Our results have immediate applications to the gluing functors between
strata in Bung. More precisely, recall that, for any b € B(G), we have functors

ibu,ib[,ib* : D(Gb(E),A) — D(Bung,A)
and also functors
if, it : D(Bung, A) — D(Gy(E), A).
These satisfy adjunctions
ivy if iy and iy i
Moreover, the analysis in [F'S21| shows that 4,14, and 4} preserve compact objects, while 4y, iy,

iy and z';) preserve ULA objects. The following result settles the remaining finiteness questions for
these functors.

Theorem 1.3.1. The functor iy preserves ULA objects, and the functor ié preserves compact
objects. If A € D(Gy(E),N) is compact, then iy, A has compact stalks.

As another application, with rational coefficients, we decompose the category D(Bung, A) into
cuspidal and Eisenstein parts. More precisely, assume that G is quasisplit, and define D(Bung, A)Fs
as the full subcategory generated under colimits by the images of the functors Eisp for all proper
parabolics P, and define D(Bung, A)“*P as the common kernel of the functors CT p, for all proper
parabolics P.

Theorem 1.3.2. (1) The subcategory D(Bung, A)"P is stable under all limits and colimits,
and under Verdier duality. Any object A € D(Bung, A)°"P is both |- and x-extended from
the semistable locus Bung C Bung, and ifA € D(Gy(E),A) is cuspidal in the sense of

Vigneras (i.e all of its Jacquet modules with respect to proper parabolics are 0) for any basic
b

(2) The pair D(Bung, A)FS D(Bung, A)°™P forms a semiorthogonal decomposition of D(Bung, A).
(3) When A = Qy, there is a canonical orthogonal decomposition

D(BunGa@) = D(BunGa@)Eis D D(BunGa@)Cusp
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stable under Verdier duality, and (on compact objects) under Bernstein-Zelevinsky duality.

In the proof of Theorem 1.3.2.(3), we use the theory of Bernstein components rather critically,
which restricts us to characteristic zero coefficients. In fact, via reduction modulo ¢, cuspidal
Bernstein components can meet with Eisenstein components, so it is necessary to invert £ in part
(3).

Note that in classical geometric Langlands, one only has a semiorthogonal decomposition: an
orthogonal decomposition as in (3) cannot hold, since the locus of irreducible local systems is dense
in the stack of L-parameters. In our setting, however, the irreducible locus (i.e the locus defined
by unramified twists of supercuspidal parameters) is open and closed in the stack of L-parameters
Parg. In fact, writing e, erd ¢ O(Parg) for the complementary idempotents cutting out the
irreducible and reducible loci, the spectral action gives a similar decomposition

D(Bung, Q) = eredD(Bung,@) @ eier(Bung,@)

and some mild results on the compatibility of Eisenstein functors with L-parameters (that follow
easily from our inductive arguments analyzing the Eisenstein functor in terms of parabolic induction
and the gluing functor i) imply that

D(Bung, Q)"* ¢ e D(Bung, Q)

and hence dually o ‘ o
D(Bung, Q)®**P D ™ D(Bung, Qp)
We (and also Takaya [Tak24]) conjecture that these inclusions are equalities.

1.4. Other applications and future developments. We end the introduction by commenting
on the sequel paper [HHS] and some other works which rely on the results in this paper.

First, we note that some of the main results in the paper [Ham22|, which were applied in [HL23|
to prove vanishing theorems for the cohomology of global Shimura varieties, crucially relied on
Theorem 1.2.2.(4) in the case where P = B is a Borel.® Thus the present paper makes [Ham22| and
[HL23] entirely unconditional.

In the follow-up paper [HHS|, we will establish the compatibility of Eisenstein and constant term
functors with Hecke operators, and give applications to the cohomology of local Shim/u\r/a varieties.
We also expect to construct and analyze the intersection cohomology sheaf [C5— ,on Bunp and the
associated compactified Eisenstein series functor Eispy,. Since there is no general theory of perverse
sheaves in p-adic geometry, the sheaf IC5— - does not exist for soft reasons. We eventually realized

that it is possible to construct it directly by adapting some ideas from [GaiQZ].4 This construction
requires us to import yet more techniques from geometric Langlands - in particular, ideas around
Ran geometry and factorization structures - into the Fargues-Scholze setting.

Remarkably, the categorical geometric Langlands conjecture has a natural adaptation to the
Fargues-Scholze setting, where it translates into a categorical upgrade of the local Langlands con-
jecture (see [FS21, Conjecture 1.10.2] for a precise statement). In ongoing work [HM], the second
author and Lucas Mann have formulated a program to prove this conjecture with Qg-coefficients for

3This case does not seem substantially easier than the case of a general parabolic.
4We thank Joakim Faergeman and Andreas Hayash for patient explanations about these matters.
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many groups, in particular for GL,. Since the cuspidal part of the categorical conjecture is known
for many groups (including GL,,) by global methods, the decomposition of Theorem 1.3.2.(3) allows
one to focus on the Eisenstein part, where the problem clearly has a flavor which is inductive on
Levis. To deal with the Eisenstein part, a key ingredient in the strategy of [HM] is the a priori
compatibility of a certain functor from the automorphic side to the spectral side with Eispy and
its spectral analogue. This compatibility will be addressed elsewhere, building on the techniques in
this paper and [HHS].

Acknowledgments. We would like to thank Brian Conrad, Joakim Faergeman, Dennis Gaitsgory,
Andreas Hayash, Lucas Mann, and Xinwen Zhu for some very helpful conversations. Part of this
work was carried out while the first author was visiting the MPIM, and he thanks them very much
for their hospitality and support. Scholze was supported by a Leibniz Prize, and through the
Hausdorff Centre of Mathematics (grant no. EXC-2047/1-390685813) at the MPIM Bonn.

Notation. Throughout this paper, E denotes a fixed nonarchimedean local field, with ring of
integers Op, uniformizer 7 and residue field F,. We fix a separable closure E with completion C,
and let F, be its residue field. We denote the absolute Galois group by I' = Gal(E/FE). As usual,
we denote by E C C the completion of the maximal unramified extension of E, with residue field
IF‘ We write o for the automorphism of E lifting the ¢-th power Frobenius.

For coefficients, we fix a Zg[,/q]-algebra A. Using the fixed choice of /g € A, we can form
distinguished square roots of modulus characters, etc. As our sheaf theory, we will be using the
base change of the motivic 6-functor formalism from [Sch| along the symmetric monoidal functor
Det mot(Fy) — D(Zg) — D(A) given by the étale realization. If some power of ¢ vanishes in A,
this agrees with Deg considered in [FS21]. In general, when specialized to Bung, it agrees with the
hand-crafted D5 considered in [FS21]|. Contrary to the Djs-theory, the motivic formalism satisfies
excision in general, which we will excessively use.

Throughout, we fix a reductive group G over E. As a rule, we do not make any further assump-
tions on GG. At certain points, it is however convenient to assume that G is quasisplit, in which case
we usually fix a choice of maximal torus and Borel T'C B C G.

As usual, B(G) = G(E)/(g ~ hgo(h)™!) denotes the Kottwitz set of G. For b € B(G) (or rather
a representative in G(E)) we write Gy for the o-centralizer of b. We recall that the Kottwitz set
B(G) is equipped with two maps:

(1) The slope homomorphism

v:B(G) = X (T "

b'—)l/b,

where X, (TE)6 is the set of rational geometric dominant cocharacters of a maximal torus
TE C BE C GE
(2) The Kottwitz invariant
KRG : B(G) — 7T1(G)1",

where 71(G) = 71 (G) denotes the algebraic fundamental group of Borovoi.
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We write B(G)pasic C B(G) for the set of basic elements; i.e. the elements for which v} factors
through the center of G. We follow the standard normalization of these invariants so that for
G = Gy, the element b = 7 € E* maps (under both maps) to 1 € m(G,,) = Z. If we identify
B(G) = |Bung/, this means, however, that v(O(1)) = k(O(1)) = —1, noting that the line bundle
O(1) corresponds to the o-conjugacy class of 7—!. Thus, in bundle-theoretic terms, —v gives the
usual slopes.

By Bung, we denote the stack of G-bundles, taking any perfectoid space S to the groupoid of
G-bundles on the Fargues-Fontaine curve Xg. We note that we always work over the fixed base
x := Spd Fq, and denote by Perf the category of perfectoid spaces in characteristic p over ﬁq endowed
with the v-topology. For b € B(G), we write JF for the associated G-bundle on Xg, for any S € Perf.
We write i, : Buan — Bung for the locally closed Harder-Narasimhan-stratum on it.

As usual, we denote by Div! := Spd Eu'/FrobZ the mirror curve, and, for a finite extension E’/FE,
we write Div}g, for the corresponding object for E’. More generally, for I a finite index set, we
let Div! denote the product [[,.; Divl. For n € Z, we let Div(® = (Div!)"/S,, denote the nth
symmetric power of the mirror curve, where .S,, is the symmetric group on n letters.

We consider parabolics P C G with Levi factor M and unipotent radical U. Unless we also use an
opposite parabolic P~, we treat M merely as a quotient of P and do not fix an embedding M C P.
We write j@ p for the set of fundamental coroots corresponding to P C G; this is a [-invariant
finite set of cocharacters G,, — Z(M)z. We let Ja p = jG,p/F be the set of Galois orbits.

We write M2 for the abelianization of M, and let Ag p = X*(M%b)r = B(M?®P) denote the
coinvariant lattice. The coroots define a canonical injective map

Jap = Jap/T = Xu(MP)r =Agp i a

and we let A%, C Ag,p be the free abelian monoid generated by Jg, p.
The adjoint action of P on Lie(U) induces

P — Aut(det Lie(U)) = G,

which factors through M?P and defines an element which we denote by ép € X*(M2P).

2. THE GEOMETRY OF Bunp AND EISENSTEIN FUNCTORS

We will now review the geometry of Bunp and the description of the geometric Eisenstein functors
following [HI23].

2.1. Eisenstein functors and the geometry of Bunp. Let E be a nonarchimedean local field,
let G be a reductive group over E, and let P C G be a parabolic with Levi quotient M. Let M?P
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be its torus quotient. We recall that we have a natural diagram

Bunp LN Bung

Jor

Bunys b

J/q M

Bunan
By |FS21, Corollary IV.1.23|, we have decompositions

Bunys = u Bun§; and Bun . = |_| Bun{ ..
acm (M)r EEX*(M%b)F

into connected components via the Kottwitz invariant. We let Bun% denote the fiber of qp over the
connected component Bun§;, and write q% (resp. p%) for the base-change of qp (resp. pp) to this

connected component. We write (—) for the natural composition:

-1
~ K ~ Kpra
71'1(M>F — M B(M)basic — B(Mab> — M ’ X*(M%b)F'

This map is an isomorphism when the derived group of M is simply connected, and in general is
surjective with finite fibers. In Section 6.3, we will explain a general reduction to the case that the
derived group of G (hence, that of M) is simply connected, so the reader is invited to make this
extra assumption.

-1
Remark 2.1.1. The notation Bun{; for the connected component attached to o € 71 (M)r =

B(M)pasic is perhaps a bit confusing, since it could also refer to the HN-strata attached to the
element «. To alleviate the confusion, we will always write b, € B(M )pasic for the element attached
to o € m1(M)r under the isomorphism m;j, and in turn always write Bunl]’\“/[ for the HN-strata.

We recall the following result.

Proposition 2.1.2. [HI23, Proposition 3.5| The map qp is a cohomologically smooth map of Artin
v-stacks with connected fibers. Owver the connected component Bun§$; it is pure of £-dimension equal

to do, := (ép,@).
This gives the following corollary, using that cohomologically smooth maps are universally open.

Corollary 2.1.3. We have a decomposition into connected components:

Bunp = |_| Bun®p.
OCE-B(JM)basic

We recall that Bunyy is cohomologically smooth of pure ¢-dimension 0 by [FS21, Theorem 1.4.1].
It therefore follows from the previous corollary that Bunp is cohomologically smooth. We write

dim(Bunp) : |Bunp| — Z
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for the locally constant function specified by the ¢-dimension. The previous Proposition tells us
that this is equal to d, on the connected component Bun%. However, the dualizing complex on
Bunp also includes some character twists which one needs to incorporate in order to get the morally
correct “normalized” Eisenstein functor.

1
Definition 2.1.4. Let dp = |{p| : M(E) — A* (resp. 6113/2 = |£p|2) denote the modulus character

of P (resp. square root of the modulus character of P, fixed by our choice of /g € A). As {p factors
over M2 these factor over characters dp (resp. 5}3/2) of M*(E). We let Ap € D(Bunjab,A)
(resp. lepm), be the sheaf whose value on the connected component Bung,.,, ~ [x/M?®"(E)] is given

by the smooth characters dp (resp. 3}3/2) for all @ € X*(M%b)p. We write Ap (resp. A}D/Z) for
~ —~1/2 .
qr;(Ap) (resp. qL(AP/ )), and set ICpyp, = q}(A};./Q)[dlm(Bunp)].
The key result is then as follows.

Theorem 2.1.5. [HI23| There is an isomorphism
KBunp ~ qp(Ap)[2dim(Bunp)]
of sheaves in D(Bunp, A). In particular, the sheaf ICgun, is Verdier self-dual.

We recall that we have an isomorphism Kpun,, ~ A [HI23, Proposition 1.1]. Using this, we
deduce the following corollary.

Corollary 2.1.6. We have an isomorphism

KBunp/BunM =~ q*p(AP)[z dlm(Bunp)]
of sheaves in D(Bunp, A).

Definition 2.1.7. We define the normalized Eisenstein functors
Eisp; : D(Bunys, A) — D(Bung, A)
A ppi(ap(A) ® ICBun,)

and
Eisp, : D(Bunys, A) — D(Bung, A)
A ppi(ap(4) @ ICBu, ).
Similarly, we define the normalized constant term functors

CTps : D(Bung,A) — D(Bunys, A)
A a.(p'(-) @ 1Cgy,, )

Bunp
and

CTp : D(Bung,A) — D(Bunyy, A)
A= qi(p*(A) @ ICBun,)-
If we want to emphasize the dependence on the group G, we will do this by using the superscript

(-)°.
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Using Corollary 2.1.3, we get evident decompositions of all of these functors. We use the su-
perscript (—)® to denote the constituents of these decompositions, so e.g. Eis®, : D(Bunf,, A) —
D(Bung, A) is the precomposition of Eispy with extension by zero from the connected component
labelled by a.

For completeness, we note the following simple observation.

Lemma 2.1.8. There are adjunctions
EiSp! = CTP*

and
CTP[ . EiSp*

Proof. The first adjunction follows immediately from the definitions, and the second adjunction
follows from the definitions and the identifications: q's(—) =~ qb(—) ® qp(Ap) = qh(—) ® ICBunP
guaranteed by Corollary 2.1.6. (|

We now give some more flavor for how these functors behave.

2.2. M-reducible elements and stalks of Eisenstein series. In this section, we will describe
the stalks of the geometric Eisenstein and constant term functors in a variety of situations that will
be relevant for our arguments later. We will begin with the easiest case.

Corollary 2.2.1. We have identifications
(1) EISP|21| (=) ~ zmp( )
(2) Eisp.itl () = i 18(-)
(3) M CTpy (=) ~ rEi(—)
(4) iy M CTpu(=) = rG_it(-)
In the last part, P~ C G denotes any parabolic opposite to P.

Proof. We have an identification Bun}DM ~ [x/P(FE)], which follows from HN-slope considerations.
The first two isomorphisms follow easily from this identification combined with smooth and proper
base-change, noting that the map [x/P(FE)] — [*x/G(F)] is proper. The last two isomorphism
follow by passing to left /right adjoints via Lemma 2.1.8, Frobenius reciprocity, and classical second
adjointness [DHKM?24, Corollary 1.3]. O

Remark 2.2.2. In particular, this result (and its proof) showcases the direct connection between
geometric second adjointness (Theorem 1.2.1) and classical second adjointness.

We will now move into a slightly more complicated situation. In order to formulate our results
properly, we need to properly take into account certain modulus character twists. To do this, we
will introduce the following renormalized functors. We recall iy, the left adjoint of the *-pullback
considered in [F'S21, Proposition VII.7.2].

Definition 2.2.3. For b € B(G), we let 0, : Gp(E) — A* be the character defined in [HI23,
Definition 3.14], which by our choice of /g has a distinguished square root. For ? € {f,x,!}, we
define

(=) = N (— ® 6, ) [~ (206, )]
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Similarly, for ? € {x,!}, we define
i (=) =iy (= ©.8,) (20, m)].

We note that we have natural adjunctions
izd!sn - iien!

and

-Iren -Tern* -Tell
Zb]i F 1 = Lpx

inherited from the usual adjunction relationships.

The point is that while one has a canonical identification D(Bun%, A) = D(Gy(E), A) as in [FS21,
Proposition VII.7.1], the space G}, carries an l-adically contractible unipotent part whose compactly
supported cohomology/dualizing complex carries a non-trivial G(E)-structure. In particular, these
twists give rise to the relationship

DVerdii!en =~ iZin]D)sm
using [HI23, Corollary 1.6], where Dy, denotes smooth duality.

Assume now that G is quasisplit and fix a Borel B C G as well as a maximal torus T' C B. In
that case, for any b € B(G), the slope homomorphism v, has a unique representative as a dominant
rational cocharacter of T'. For a fixed b € B(G), we let Gy denote the centralizer of v,. We recall,
by [Kot85, Propositions 6.2,6.3] that there exists a unique basic reduction of b € B(G) to B(Gyy),
which we abusively also denote by b, satisfying the property that v, ¢ ) is dominant with respect
to the choice of Borel; in other words, VbGy,y Bgrees with vy, as rational cocharacters of T'. The
basic reduction has the additional feature that (G))s =~ Gp. In particular, Gy is a quasi-split
inner form of Gy. We take P to be the dynamic parabolic of the slope cocharacter vp, which is
the standard parabolic with Levi G Let P{_b} be the opposite parabolic.

. .G
If we write Bunkj;{b} and Bun® 7 for the fibers of qp,, and qP{_b} over i, e}, Bung{b} — Bung,,,,
respectively, then we have isomorphisms

b ~Y
Bunp, >~ M,

and

Bunl;,{,b} = BunZ,
as in [HI23, Corollary 1.6]. Here m, : M, — Bung is the cohomologically smooth chart of Bung
considered in [FS21, Section V.3|. Moreover, the map q induces the natural maps ¢, : M, —

Bung{b} ~ [x/Gy(E)] and py : Bun% ~ [¥/Gy] — [*/Gy(E)] considered in [FS21].

Remark 2.2.4. We note that, since v, is dominant and Pp is a standard parabolic, we would
P
behavior comes from the minus sign when passing between G-bundle and isocrystals, which leads to
the Harder-Narasimhan slopes of the bundle F; being the negatives of the isocrystal slopes attached
to b. One could of course normalize this sign away, but then one would run into discrepancies when
comparing with the literature on local and global Shimura varieties.

expect that Bunll’,—,{b} should parametrize split Pyp)-structures and not Bun,_ . This counter intuitive
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We obtain the following description of the functors described above.

. . . . . .G
Corollary 2.2.5. With notation as above, we have the following isomorphisms. Note that for i, ey

the renormalized functors agree with the standard functors as b € B(G 5} )basic-
(1) Bisp iy (=) = i ()
(2) Bisp_ ip " (<) 2 i5n(-)
(3) iy " CTpe (=) = i)
(4) i " CTp (=) = i ()
(5) Bispyyiy ™ (=) = i (-).

Proof. The first and second isomorphisms follow easily from the isomorphism Bun®_ ~ [x/G}],
(v}

and the cohomological smoothness of qp. Recall that the identification D(Bun%, A) ~ D(Gy(E), A)

is induced by the pullback map py, : Bun% ~ [x/Gy] — [¥/Gy(E)).

The next two isomorphisms follow from the first by passing to adjoints via Lemma 2.1.8. It
remains to justify the fifth isomorphism. To do this we note, by [FS21, Proposition VIIL.7.2],
that the left adjoint 4y is isomorphic to gy, where mpy is the left adjoint of m;. However, by
[F'S21, Theorem V.3.7], the map 7, is cohomologically smooth and therefore it follows that 7 (— ®
m(A)) ~ my(—). However, we note by [H123, Proposition 1.1], the dualizing complex on Bung
is the constant sheaf, and therefore it follows that ﬂé(A) identifies with the dualizing complex of
My, which by [HI23, Corollary 1.6] is isomorphic to g¢; (05)[2(2pc, vp)]. Therefore, we deduce that
mg; (— @ 0)[2(2pa, vb)] = ipg(—), which implies that

oa (— @ 6 ) (206, v)] =~ 55 (—),

. . . .G . .
but the LHS is precisely Eis Pb[Zb!{b}, by the above discussion and proper base-change. ]

Remark 2.2.6. We note that in this particular case Theorem 1.2.1 (3) can be deduced from the
adjunctions

. . !
Zl?!en '_ Zieﬂ.

and
v A

In the remainder of this section, we combine the previous propositions to give a description of
the stalks of geometric Eisenstein series in certain simple cases. More precisely, we evaluate Eisp
when restricted to basic strata of Bunjy; that are either dominant or anti-dominant with respect to
P. We continue to assume that G is quasisplit, and fix T' C B C G. We first recall a combinatorial
description of the following set, for some standard Levi M of G.

Definition 2.2.7. We define B(G)ys := Im(ipsr : B(M )basic = B(G)), the set of elements of B(G)
admitting a basic reduction to M.
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For b € B(G)pr, we consider the collection of Weyl group elements Wy, := WM, Gy, as
defined in [BMO22, Section 5.3]. We recall the definition: Let W denote the (relative) Weyl group
of GG, i.e. the quotient

We = N(T)(E)/T(E).
Then WM, G{b}] C Wq is the set of elements w € W such that
w(M ) - G{b}
wil(G{b} N B) C B.
We will use the following notions of dominance throughout the paper. Let X, (M%b)ff C X, (M%b)p

denote the positive Weyl chamber inside the coinvariant lattice for a standard Levi M, where this
is defined with respect to our fixed choice of Borel.

Definition 2.2.8. We say an element 0 € B(M )pasic is dominant if 6 lies in the positive Weyl
chamber X*(M%b)ff C X, (M%b)p. Similarly, if it lies in the negative Weyl chamber we say that it
is anti-dominant.

Remark 2.2.9. The previous definition applies more generally for any reductive group G equipped
with a parabolic P C G with Levi M: We say that an element 6 € B(M )pasic is P-dominant (resp.
P-antidominant) if kp;(0) lies in the positive (resp. negative) Weyl chamber defined with respect
to any choice of Borel B C Pg 2

We have the following lemma.

Lemma 2.2.10. [HI23, Lemma 4.23| For every element b € B(G)y, there exists an injective map
of sets

iyt (B) = Warp
bo — wq

that sends by attached to o € w (M) to the unique wo € Wiry such that wa(be) € B(wa(M))pasic 5
dominant. It follows that we(ba) € B(wa(M))pasic s a reduction of b € B(G ) )basic 10 B(wa(M))pasic-
Moreover, the image of this map is given by the set of w € Wiy such that w(M) C G,y transfers
to a Levi subgroup of Gy under the inner twisting (G )y = Gp.

The element w, will be important for describing the stalks of the Eisenstein functor. We will

also need the following complementary lemma. Here P denotes the standard parabolic with Levi
M.

Lemma 2.2.11. [HI23, Lemma 4.24] An element b € B(Q) lies in B(G)ar if and only if there
ezists w € Wiy such that the parabolic w(P) N Gy of Gy transfers to a parabolic subgroup
Qvw C Gy under the inner twisting between Gy and Gy. More precisely, if b maps to b € B(G)
with corresponding Weyl group element w,, as in the previous lemma then wq(P) N Gy transfers
to a parabolic subgroup of Gyy. Moreover, for every element o € B(M)pasic mapping to b, the Levi

factor of Qpw, is equal to wa (M )y, (b,)-

SNote that as 6 is assumed to be basic, this notion depends only on P and not the choice of Borel B C Pg.
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We write
(=)" : D(My,, A) = D(wa (M) 5,)5 N)

for the equivalence induced by the isomorphism M, =~ wa (M), v,) given by w,. We write (—)ve '
for its inverse.
We now have the following, which is simply a reinterpretation of [HI23, Theorem 4.26] in terms

of the renormalized pushforwards.

Proposition 2.2.12. For all o € w1 (M)r corresponding to by € B(M )pasic mapping to b € B(G)
with associated Weyl group element wo € Wy, we consider A € D(My, (E),A). Then we have an
isomorphism

iy " Eisprip,1(A) ~ igi,w (4™)

in D(Bung, A). Moreover, if by is anti-dominant then this defines an isomorphism
. ren -G o .
Eisprip,, (—) ~ er,!ean;wa (=)¥> : D(My,(E),A) — D(Bung, A)
where wy, 18 a minimal length representative of the element of longest length.
Using this, we can also deduce the following description of the functor CT p,.

Corollary 2.2.13. With notation as in Proposition 2.2.12, we consider o € w1 (M)p such that b,
is anti-dominant. Then we have the following identification of functors

i5,CTpu(—) = (r§ el (—))wa’ . D(Bung, A) — D(M,, (E), A).
Proof. This follows from the previous proposition by passing to right adjoints and using Lemma
2.1.8 as well as usual second adjointness [DHKM24, Corollary 1.3]. U

We can also give a more general description of the dominant case.

Corollary 2.2.14. Let o € mi(M)r be a basic element such that by, € B(M )pasic s dominant and
maps to b € B(G). Then wy =1 and we have natural isomorphisms

: D(M,, (E),A) — D(Bung, A)

EiSp;iba[ ~ i{r}gn o ig;l
and

iy CTpy = rgz;ligen* : D(Bung, A) — D(M,, (E), A).
Proof. Using compatibility of Eisenstein functors with composition, along P C Pg,y C G, the first
statement is a combination of Corollary 2.2.1 (1) and Corollary 2.2.5 (5). The second statement
follows by passing to right adjoints. O

3. FINITENESS CONDITIONS AND FIRST RESULTS

In this section, we will begin our study of the finiteness properties of the functors Eispi and Eisp,.
Here, G' denotes a reductive group over E with parabolic subgroup P C G and Levi quotient M.
We do not assume that G is quasisplit.
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3.1. Preservation of compact objects. We recall that the derived category D(Bung, A) has two
natural full subcategories of sheaves satisfying certain finiteness properties.

Definition 3.1.1. (1) There is the full subcategory D(Bung, A)* of compact objects. Equiva-
lently, by [F'S21, Theorem I.5.1 (iii)], these are the objects A € D(Bung, A) which have quasi-
compact support, and their restriction to the HN-strata i} (A) € D(Bun%, A) ~ D(Gy(E), A)
defines a compact object, where this is equivalent to lying in the thick triangulated subcat-
egory generated by objects cIndf(b(E) (A) for K C Gy(FE) an open pro-p subgroup.

(2) There is the full subcategory of DVIA(Bung, A) of objects which are ULA over *. Equiva-
lently, by [FS21, Theorem 1.5.1 (v)], these are the objects A € D(Gy(E), A) whose restriction
i¥(A) to the HN-strata D(Bun%, A) ~ D(G,(E), A) are admissible. In other words, i} (4)%
is a perfect complex for all open pro-p subgroups K C G(E).

We will now commence our study on how these subcategories interact with the Eisenstein and
Constant Term functors. In this section, we prove the following theorem.

Theorem 3.1.2. The functor Eisp) preserves compact objects.

Corollary 3.1.3. The functor CTp, commutes with all limits and colimits, and preserves ULA
objects.

Proof. Since CT p, is a right adjoint, it clearly commutes with limits. Since its left adjoint preserves
compact objects by Theorem 3.1.2, it also commutes with colimits. For preservation of ULA objects,
we observe more generally that if L : D(Bung, A) = D(Bung, A) : R are a pair of adjoint functors
for some reductive groups G, H such that L preserves compact objects, then R preserves ULA
objects. This follows immediately from the characterization of ULA objects implicit in [FS21, Prop.
VIIL.7.4 and Prop. VIL.7.9]. O

Proof of Theorem 3.1.2. Assume first that G is quasisplit, and fix T C B C G as usual. By
induction, we can assume that the theorem is true for all proper Levi subgroups of G. We will prove
the following claim by induction on quasicompact open substacks U C Bung (equivalently, finite
subsets |U| C |Bung| = B(G) stable under generization).

Claim 3.1.4. For any standard Levi M C G and any b € B(M) mapping into |U| C B(G), and
any (semistandard) parabolic P with Levi M, the functor

Eisp o i), : D(M(E), A) — D(Bung, A)
preserves compact objects.

Consider a general pair (P,b) as above. Our goal is to show that Eisp o ié‘!/[ preserves compact
objects. By induction, we can assume that Eisp: o i%, preserves compact objects for every pair
(P',b) such that the image of b’ in B(G) is strictly more semistable than the image of b.

First, by reducing b further to a basic element of a Levi subgroup of M, and using compatibility
of Eisenstein functors with composition and Corollary 2.2.5 (3), we can reduce to the case that b =
ba € B(M) is basic. Then there is the Levi subgroup Gy C G and the element wy, € WM, G, ].
We have M C wy'(Ggy), and the image of b in B(w,'(Gyy)) stays basic. We can then use
compatibility of Eisenstein functors with composition again to reduce to the case M = w, 1(G{b}).
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As P was an arbitrary parabolic with Levi M, we can undo the Weyl group twist. In other words,
we can assume that M = G,. We have to show that for all parabolics P with Levi M = Gy, the
functor

Eisp) o i
preserves compact objects. We note that this is true for the standard parabolic, by Corollary 2.2.14
and the preservation of compact objects under parabolic induction and the functors ;.

We will now show that the result is true for some parabolic P with Levi M if and only if it
is true for any other P’. Moving from one parabolic with Levi M to any other via a sequence of
minimal modifications, we can assume that P and P’ are contained in some parabolic ) whose Levi
N D M has the property that PN N and P’ N N are maximal parabolic subgroups. In particular,
one of them is standard and the other is anti-standard in N; without loss of generality P NV is the
standard one. Then

. . .ren,N
Eispani o z{)\!/[ = zzgn’

and
Eispiny o iyl = iy
by Corollary 2.2.5 (5) resp. (1). In particular, there is a triangle

izgn’N - o
where the cone C' is supported at points of Buny whose image in Bung is strictly more semistable
than b, using the Lemma below. Moreover, the functor C' preserves compact objects.

Applying Eisg to the last displayed triangle, and using the isomorphisms before as well as the
composability of Eisenstein functors, we get a triangle

Eisp o Z% — Eispr o Z% — Eisgy o C.

By induction, Eisg o C' preserves compact objects. It follows that Eisp o i{)\f preserves compact
objects if and only if Eisp/ o ié\fl does, as desired.

This finishes the case that G is quasisplit. If G has connected center, then so does M, and then
there is a basic element of M such that M, is quasisplit, hence so is Gp. Twisting everything by b
and using Bunjy, = Bunj; etc., this reduces the case of G' to the case of Gy,

It remains to reduce the case of a general G to the case of a G with connected center. One can
always find a z-extension

1-G—-G—=D—=1

where D is a torus and G has connected center (by embedding the center Z¢ of G into a torus, and
taking a pushout). In that case,

Bung = Bung XBunj, *
and the corresponding functor
D(Buné, A) ®D(BunD,A) D(A) — D(Bung, A)

is an equivalence. Any parabolic P lifts uniquely to a parabolic P of G, the functor Eisp, is
D(Bunp, A)-linear and as it preserves compact objects by the case already established, its right
adjoint is automatically colimit-preserving and also D(Bunp, A)-linear. (The D(Bunp, A)-linearity
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can either be verified by hand, or deduced from the second adjunction proved in the next section.)
Then the same follows for Eisp) = Eisp; ® pBunp,a) P(A), as desired. O

In the preceding argument we used the following lemma, which is probably well-known.

Lemma 3.1.5. If M C G is a standard Levi and b,b' € B(M) are any elements such that b <M ¥',
then their images in B(G) satisfy b < V.

Proof. This follows from the fact that the natural map on slope polygons is induced by the natural
quotient map X.(T7)/Wn — Xu(T5)/Wa,, where Wi (vesp. W) denotes the absolute Weyl
group of G (resp. M). In particular, if two elements in X.(7%)/Wys, differ by a non-zero (resp.
zero) linear combination of positive absolute roots of M then the same is true for their image in
Xi(T5)/We,- The claim follows. O

3.2. Second adjointness. In this section, we prove the following theorem. We stress that we are
not assuming that G is quasisplit (or fixing a choice of Borel for that matter).

Theorem 3.2.1. Let P, P~ C G be a pair of opposite parabolics with Levi M = PN P~.

(1) There is a natural isomorphism of functors
CTp-, =2 CTp : D(Bung,A) — D(Buny, A).
(2) There is a natural isomorphism of functors
DpzEispy 2 Eisp— DAL - D(Bunys, A)¥ — D(Bung, A)®.

Note the restriction in part (2) to compact sheaves, in which case the statement is well-posed by
the main result in the previous section.

Both parts of this theorem can be interpreted as geometrizations of Bernstein’s famous second
adjointness theorem, and, as mentioned in Remark 2.2.2, our result specializes to classical second
adjointness. However, this is completely circular, as we will use classical second adjointness in the
proof, via our dependence on [DHKM24].

In the argument below, we will first show that (1) and (2) are logically equivalent, in a precise
sense. In an ideal world, we would then directly prove (1) as an application of hyperbolic localization,
as in [DG16]. However, we were unable to make such an argument work.’ Instead, we will prove
(2) by an excision argument parallel to the proof that Eisp) preserves compact objects given in the
previous section.

We begin by constructing a canonical natural transformation

CT P—x — CTpr.
It is enough to construct a natural transformation
id — CTpEisp
6Perhaups this is inevitable. In some sense, there cannot be an argument for (1) which is completely formal, e.g.

making use only of the fact that our sheaf category underlies a six-functor formalism with excision, since (1) fails
with mod-p coefficients.
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as then the desired transformation arises via precomposition with the functor CT p-, and postcom-
position with the counit map Eisp—CTp-, — id. Now CTpEisp-, is given by a kernel, namely
the fiber product

Bunp- Xgun, Bunp — Bunys x Bunyy,

with the sheaf ICBunP_ XICBunp. This naturally contains the diagonal Bunj; as an open substack,
yielding the desired map id — CT piFisp-, once observing that the sheaf ICBun}y XICRunp restricts
to the trivial sheaf on Bunj,.
Let us note some equivalent descriptions of the same map. First, one can also construct a natural
transformation t : DpyzEispr — Eis P_!]D)gfz. For this we will make reference to the commutative
Buny,

diagram
\

!
Bunp XBun, Bunp- —— Bunp- —= Buny,

[, b

Bunp ———— = Bung M
TG
q
M
Buny, *

of Artin v-stacks that was already implicitly used above. Note that the inner square is Cartesian,
7 is an open immersion, and the unlabelled slanted arrows are the identity on Buny,.
For compact sheaves A, B on Buny;, we have a canonical isomorphism

RHom(DpzEispiA, Eisp-1B) = 7 (EispiA ® Eisp-B)

by the isomorphism characterizing Bernstein-Zelevinsky duality on Bung ([F'S21, Proposition VII.7.6],
where we are implicitly using [HI23, Proposition 1.1] to identify 7, and m). We will now construct
a canonical map
v :man(A® B) = me(EispiA ® Eisp- | B)
functorial in A and B. Using again the isomorphism characterizing Bernstein-Zelevinsky duality
on Bunyy, the source identifies canonically with RHom(]D)%‘[ZA, B), so composing we get a functorial
map
RHom (D}, A, B) — RHom(DpyEisp1 A, Eisp-B).

When B = ID)%ZA, the source contains the obvious identity map, and its image in (H of) the target
induces the desired natural transformation ¢.

To construct v, the key observation is that, using the Kiinneth formula, there is a canonical
isomorphism

nq(BisptA ® Eisp- 1 B) Z nx(f " A® f"q "B ® C),

where we set X = Bunp XBun, Bunp- and C = f*1Cpun, ® f*ICBunr for brevity. Since j is an
open immersion, the adjunction j5* — id induces a canonical map

i (A e B e C) - ma(f A T B @ C).
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Using that mx1j1 = man, J*(f*q*A® f*q7*B) = A® B, and j*C = A, the source identifies with
7wy (A ® B). This gives the desired map .

Next we explain how the transformation ¢ canonically induces a natural transformation s :
CTp-, — CTpi. Given A € D(Bunys, A)* and B € D(Bung, A), we have a natural isomorphism

RHom(Eisp— DA, A, B) = RHom(DAL A, CTp- . B)

by the evident adjunction between Eisp-; and CTp-,. On the other hand, we have canonical
isomorphisms

RHom(DpzEispiA, B) = m(EispA ® B)

= (P (ICBun, ® q°A) ® B)

(m o p)(ICBump ® 4" A® p*B)
(a1 0 1 (ICBuN, ® 4" A ® p*B)
=2 man(A® q(ICBu, ® p*B))
>~ (A ® CTp B)
>~ RHom(DAL A, CTp B).

12

12

Here the first and last lines follow from the isomorphisms characterizing Bernstein-Zelevinsky dual-
ity, and the remaining lines follow from unwinding definitions and liberally applying the projection
formula. Combining these calculations, we see that the transformation ¢ induces a natural map

RHom(DY, A, CTp-, B) = RHom(Eisp- D&, A, B)
— RHom(DpyzEisp A, B)
>~ RHom(DY, A, CTpB).

By Yoneda, this induces the desired transformation s. One checks that this is equivalent to the map
CTp-, — CTp constructed at the beginning. It is also clear that if ¢ is an equivalence, then s is
an equivalence, and conversely. In particular, to prove Theorem 3.2.1, it is enough to show that ¢
is an equivalence.

We also need some basic compatibility properties of the transformation ¢. Since we will begin
varying the parabolic, we write tp to indicate the dependence on the parabolic P when necessary,
and similarly for the map ~.

Proposition 3.2.2. The transformation t is compatible with composition of parabolics. More pre-
cisely, suppose given a parabolic Py with Levi quotient My, and let P, C My be a parabolic with Levi
quotient My. Let QQ = Py Xy, Po be the evident parabolic in G with Levi quotient Ma. Then the
composition

. ~ . . . M 1 . . M ~ 1: Mo
]DBzEISQ1 = ]D)BzEISpllEISPQI — ElSPf!DBZ EISP2! — EISPf!EISP;!]D)BZ = EISQfg]D)BZ

agrees with tg, where the first arrow is induced by tp, and the second arrow is induced by tp,.
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Proof. After unwinding the definition of ¢ in terms of the map ~, this reduces to the claim that for
all compact sheaves A, B on Bun,y,, the composition

(A ® B) 23wy (Bispy A © Bisp B) = 71 (Bisp, Bispy A @ Bisp- Bisp,— B)
= FG!(EiSQ!A ® EiSQ—!B)
agrees with 7g. But these maps are all induced by kernels, more precisely the open immersions

Bunys, C BunP; X Bunyy, Bunp, C Bung- Xpun; Bung. ]

We also need that ¢p induces an isomorphism in the following seed cases. As all maps are induced
by explicit kernels, these compatibilities are easy to check by checking them on kernels.
olf b € B(M) is an element whose image in B(G) is basic, then Eispjoil}l ~ i oig: resp. Eisp-0
M ;G

ly 2y O igl’, , and in this case precomposition of tp with ié\!/l reduces to the map
b

M

en en
Deont p, e Deon

on compact objects which is an isomorphism as an equivalent form of the second adjointness proved
in [DHKM24].

olf b € B(M) is basic and strictly dominant, then Eisp o i{)\{[ ~ " and Eisp-y o z’{)\!/f ~ gt
by Corollary 2.2.5 (5) and (1). In this case precomposition of tp with i} reduces to the known

ren ~v ;ren

isomorphism ]D)Bzibti = g ng’h This follows from the computation of Dz on compact generators

performed in the proof of [FS21, Theorem V.5.1].

Proof of Theorem 3.2.1. Again, we assume first that G is quasisplit, and fix ' C B C G. We can
assume that M contains T', and so P and P~ are semistandard. By induction, we can assume that
the theorem holds true for all proper Levi subgroups of G. We will prove the following claim by
induction on quasicompact open substacks U C Bung (equivalently, finite subsets |U| C |Bung| =
B(G) stable under generization).

Claim 3.2.3. For any standard Levi M C G, any b € B(M) mapping into |U| C B(G), and any
pair of opposite parabolics P and P~ with Levi M, the natural transformation

. ren,M . ren, M
Dgy o Elsplzlrfn’ — EISP—!DBMz’LZ(?n’
is an equivalence on compact objects.

We follow the same steps as in the proof of Theorem 3.1.2. By reducing b further to a basic element
of a Levi subgroup of M, and using compatibility of Eisenstein functors (and the transformation t)
with composition, we can reduce to the case that b = b, € B(M) is basic. Then there is the Levi
subgroup Gy C G and the element w, € WM, Gg,y]. We have M C w;l(G{b}), and the image
of b in B(w,(Gypy)) stays basic. We can then use compatibility of Eisenstein functors (and the
transformation ¢) with composition again to reduce to the case M = wgl(G{b}). As P and P~ were
arbitrary opposite parabolics with Levi M, we can undo the Weyl group twist. In other words, we
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can assume that M = Gy;. We have to show that for all parabolics P with Levi M = G, and
opposite parabolic P~, the transformation

Dpyz o Eispill — Bisp— DALl

is an equivalence on compact objects. By our seed case, we know that this is true when P is the
standard parabolic.

We will now show that the result is true for some parabolic P with Levi M if and only if it
is true for any other P’. Moving from one parabolic with Levi M to any other via a sequence of
minimal modifications, we can assume that P and P’ are contained in some parabolic @) whose Levi
N D M has the property that PN N and P’ N N are maximal parabolic subgroups. In particular,
one of them is standard and the other is anti-standard in N; without loss of generality P NV is the
standard one. As in the proof of Theorem 3.1.2, we have

.ren, N

. M
Eispnanity = g

and

EiSp/mN!ié\!/[ = ilrij
and the triangle

iZ’gn’N - N o
where the cone C' is supported at elements strictly more semistable than b. By induction, we know
that the natural transformation

DpzEisg — Eisg-Dfy

is an equivalence on C. Thus, it is an equivalence on Z'Z!en’N if and only if it is an equivalence on

.ren, N
Zb]i .

Now this transformation applied to ilr)gn’N = Eispn N!ié\!/[ yields the transformation
DpzEispyinf — Eisp- DEG i

again by compatibility with composition (and as the result is known for N, as P N N is standard).

Similarly, the transformation applied to iZfH’N = Eispnnify yields the transformation

Dgy EiSp/!i% — Eisp/- I]D)]]¥Z7’£'4 :

Thus, the transformation for P is an isomorphism if and only if the transformation for P’ is an
isomorphism, as desired.

This finishes the case that G is quasisplit. If G has connected center, then so does M, and there
is some basic element b € B(M) such that M, (and hence G}) is quasisplit. One can then twist P
and P’ by b to obtain opposite parabolics of G} with Levi Mj, and this reduces the case of G to the
case of Gy.

It remains to reduce the case of a general GG to the case of a G with connected center. Again, we
pick a z-extension

1-G—-G—-D—1

where D is a torus and GG has connected center, so

Bung = Bung XBunj, *
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and the corresponding functor
D(Bung, A) ®pBunp,a) P(A) — D(Bung, A)
is an equivalence. The parabolics P and P~ lift to parabolics P and 15*, and the isomorphism
CTp-, — CTp,

shows that CTs_, is D(Bunp, A)-linear. In particular, Eis;_, has a D(Bunp, A)-linear right ad-
joint, which then base changes along D(Bunp,A) — D(A) to give the right adjoint of Eisp-, =
Eisp ) ® p(Bunp,a) D(A). This gives the isomorphism CTp-, = CTp. O

4. THE GEOMETRY OF Bunp

In the last section we showed that the geometric Eisenstein functor Eispj(—) preserves compact
objects, establishing the first group of finiteness results claimed in Theorem 1.2.1. To make further
progress, we will now need to address how the functor interacts with the ULA objects. This will be
accomplished by using the geometry of a certain relative compactification of the map pp known in
the classical geometric Langlands program as the Drinfeld compactification. In this section, we will
establish some of the fundamental geometric properties of these compactifications.

The definition of the Drinfeld compactifications classically involves certain injections of vector
bundles whose cokernel is flat in a suitable sense, where many of its basic properties in turn follow
from the classical theory of Quot schemes. We now study the analogue of this in the Fargues-
Fontaine setting. Several of the results can also be found in [Ham22, § 5.2.3], but we recall the
proofs here for convenience.

4.1. Flat coherent sheaves on relative Fargues-Fontaine curves. Let S € Perf, with Xg the
associated relative curve. If £ is an Ox -module and T" — S is any map of perfectoid spaces, we
write & for the pullback of £ along the map of ringed spaces X7 — Xg. The following key notion
is due to Anschiitz-le Bras [ALB21, Definition 2.§].

Definition 4.1.1. A (relatively) flat coherent sheaf on Xg is an Oxg-module £ which, locally in
the analytic topology on S, can be written as the cokernel of a fiberwise-injective map of bundles
&1 — 52.

For some explanation of the name, see [ALB21, Remark 2.9].
We next record some foundational stability properties of this notion. Part (3) of the next propo-
sition is [ALB21, Theorem 2.11|. Part (2) is [Ham22, Lemma 5.14].

Proposition 4.1.2. (1) If F is a flat coherent sheaf on Xg and f : € — F is any surjection
from a vector bundle, then ker f is a vector bundle and the natural map ker f — & is fiberwise
mjective.

(2) Flat coherent sheaves are stable under base change on S, kernels of surjections, cokernels of
fiberwise-injective maps, and tensoring by vector bundles.

(8) The functor sending S to the groupoid of flat coherent sheaves on Xg is a stack for the
v-topology.
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Proof. (1) islocal on | Xg|, where it reduces to the following standard fact from commutative algebra:
if f: A" - M is any surjection from a finite free A-module onto a finitely presented module of
projective dimension < 1, then ker f is finitely generated and projective.

For (2), the statements about tensoring by vector bundles is clear. For the statement about base
change, use that a map of vector bundles on a relative curve Xg is fiberwise-injective iff it remains
injective after any base change on S. For stability under kernels of surjections, let f : F; — F» be a
surjection of flat coherent sheaves. Arguing locally on S, we can pick a surjection s : &€ — F; from
a vector bundle. Let K; resp. Ky denote the kernel of s resp. the kernel of the surjection f o s.
Then Ky and Ks are vector bundles, by two applications of (1), and the snake lemma gives a short
exact sequence

00— K1 — Ky —ker f—0.

The first arrow here is fiberwise-injective, since it is compatible with the natural fiberwise-injective
maps from the IC;’s into £. Therefore ker f is a flat coherent sheaf.
The statement about cokernels of fiberwise-injective maps is similar and left to the reader. [

If £/ X is a flat coherent sheaf then let H°(£) be the functor on perfectoid spaces over S sending
T/S to H'(X7,Er). Likewise, for F a second flat coherent sheaf, let Hom(E,F) be the functor
sending T'/S to Homx, (&, Fr).

Proposition 4.1.3. The functors H°(E) and Hom(E, F) are representable by locally spatial dia-
monds which are partially proper over S. Moreover, after deleting the zero section and quotienting
by E*, they become proper over S.

Proof. We can assume S is quasicompact. Twisting €& by O(n) for some large n and using [ALB21,
Corollary 2.15], we can find a short exact sequence 0 — & — & — & — 0 where &; are vector
bundles with strictly negative slopes. This gives a presentation H"(E) = H' (1) Xg41(g,)s S Where
5:S8 — H (&) is the zero section. This proves the result for H°. For Hom, the result immediately
follows if € is a vector bundle, since in this case F®EV is flat coherent and Hom(E, F) = HO(FREVY).
In general, pick any presentation & — & — £ — 0 with &; vector bundles. Then

Hom(gvj:) = Hom(gQ)‘F) X’Hom(:‘fl,]-'),s S

where again s is the zero section.
The final claim reduces analogously to the case of H°(€) with € a vector bundle, which is proved
in [FS21]. 0

Suppose S = Spa(K, KT) is a point with K algebraically closed. If F is a flat coherent sheaf
on Xg, there is a canonical short exact sequence 0 — F*' — F — F'b — 0, where the first
term is a torsion sheaf and the third term is a vector bundle. In particular, the length of Frs is
a well-defined invariant of F. For general S, we therefore get a function Az : |S| = Z>( sending
s € |S] to length(F°s), where § : Spa(K,K™) — S is any choice of map with K algebraically
closed and such that |3| sends the closed point in |Spa(K, K1) to s.

Lemma 4.1.4. Let F/Xg be a flat coherent sheaf.

(1) The function \r is upper semicontinuous.
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(2) If A\r is locally constant, there is a unique short exact sequence of flat coherent sheaves
0 — Ftors — F — FYP — 0 where F°'S is a torsion sheaf and F*P is a vector bundle.

For the proof, we will need the following notion.

Definition 4.1.5. Let £/Xg be a flat coherent sheaf. A section s € H?(Xg, &) is simple if it is
killed by Zp, where ZTp C Ox, is the ideal sheaf of some degree one relative Cartier divisor D C Xg.

Note that giving a fiberwise-nonzero simple section s € £ is the same as giving a pair (D, f)
where D C Xg is a degree one relative Cartier divisor and f : Ox,/Zp — € is a fiberwise-nonzero
(and hence injective) map: one sends the map f to the section s = f(1). In particular, if s € £ is
a fiberwise-nonzero simple section, then £/(Oxy - s) is also a flat coherent sheaf, because it is the
cokernel of a fiberwise-injective map of flat coherent sheaves.

Lemma 4.1.6. The moduli space of fiberwise-nonzero simple sections Simp(E) is a locally spatial
diamond, partially proper over S. Moreover, its projectivization Simp(E)/E>* — S is proper and
representable in spatial diamonds. In particular, Simp(E) is a v-cover of its (closed and generalizing)
mmage in S.

Proof. The map Simp(€£) — S factors as Simp(€) — Divl x S — S, where the first arrow is a
fibration in spaces of the form Hom(O/Zp,E) ~ {0}. Since the second arrow is proper, surjective,
and representable in spatial diamonds by [F'S21, Proposition I1.1.21], all claims now follow from
Proposition 4.1.3. O

Proof of Lemma /.1.4. For (1), the claim is v-local on S. It is clear that the locus where Axr > 0
coincides with the image of |Simp(F)| — S, and this image is closed by the previous lemma.
Replacing S by a v-cover of this image, we can pick a fiberwise-nonzero simple section s € F by the
previous lemma. Then F/' = F/Ox, - s is flat coherent, and the locus where Ax > 1 coincides with
the locus where Az > 0. Now continue by induction.

For (2), we can clearly assume S is quasicompact and Az is constant. Uniqueness is clear, so for
existence we can work v-locally on S by Proposition 4.1.2.(3). Now we argue by induction on the
constant Ax as in the proof of (1), by passing to a v-cover on S, picking a fiberwise-nonzero simple
section s and replacing F by the quotient by the subsheaf generated by s. ([l

Let Subg’d be the functor sending T'/S to the set of subsheaves F C &p with F/Xr flat coherent
of (constant) fiberwise generic rank n and degree d, and such that 7 — &p remains injective after
any base change on T'. Note that if £ is a vector bundle, then any such F is also a vector bundle.

Theorem 4.1.7. The functor Subg’d is a locally spatial diamond, and Subz’d — S s partially
proper of locally finite dim.trg.

Proof. First we show that Subg’d — S is separated. Let T — Subg’d X g Subg’d be any map,
corresponding to a pair F; C &r for i« = 1,2. We want to see that the fiber product W =
T xSubz,dXSsubg,dvA Sub?d C T is closed. From the given datum, we get maps F1 — Er/Fa
and Fo — Ep/F1, and we want to cut out the locus where these maps are both fiberwise identically
zero. We can interpret these maps as a morphism s : ' — Hom(F, ® Fa,Er/Fa ® Ep/F1), which
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is a section of the structure map Hom(F & Fo,Er/Fa @ Ep/F1) — T. The fiber product we care
about can be presented as

T X s Hom(FL@Fz,Er ) Fo®Er/Fi)e Ly

where e : T — Hom(F, & Fa,Er/Fa & Er/F1) is the zero section. By Proposition 4.1.2 (2) above,
Er/Fa @ Erp/F1 is a flat coherent sheaf, so by the partial properness result of Proposition 4.1.3 we
get that e is a closed immersion. Thus W C T is a closed immersion.

Next, we reduce the claim that & ubg’d is a locally spatial diamond to the case where £ is a vector
bundle. For this, pick a presentation

0—>€1—i>52—>€—>0

where 7 : £ — & is a fiberwise-injective map of vector bundles. We claim that Subg’d is naturally a

closed subfunctor of Subg;rk(gl)’d+deg(gl). It is clear that it is a subfunctor, since by pullback along

&y — &, flat coherent subsheaves F C £ correspond to flat coherent subsheaves F' C & containing
&1, and it is easy to see that the ranks and degrees work as indicated. For closedness, let X be the
functor parametrizing F' C &; of the indicated rank and degree together with an arbitrary map
&1 — &/ F'. Forgetting the second piece of data gives a map

X Subgjrk(gl),dereg(Sl)

)

which is a fibration in spaces of the form H%(£) ® (€2/F")). In particular, there is a natural zero
section e : Subgjrk(gl)’d“eg(gl) — X, which is a closed immersion. On the other hand, given any
F' C &, composing i with the quotient map & — E/F' gives rise to a map & — E/F'. In other
words, the additional datum of ¢ induces a second section s : Subgrrk(gl)’ﬁdeg(gl) — X. It is now

clear from this discussion that the square

Subg’d Subg;rrk(&),dereg(El)

l 5

Subg;-rk(81),d+deg(51) s X

is Cartesian, and since e is a closed immersion we get the desired result.
Thus, in proving that Subg’d is a locally spatial diamond, we may assume that £ is a vector

bundle. We impose this assumption from now on. Next we check that Subg’d is a locally spatial
v-sheaf. Let

Sub?d — Bun,, x S

be the map sending F C £ to F. This map is a fibration in open subspaces of the Banach-Colmez
space H(FY ® &), so is representable in locally spatial diamonds. Now let U — Bun, x S be a
surjective cohomologically smooth map from a locally spatial diamond. We then get that

n,d
V - U XBunnXS Subg
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is a locally spatial diamond, and the induced map V — Subg’d is surjective and cohomologically
smooth. This implies that Subg’d is a locally spatial v-sheaf, using also that Subg’d is separated
over S (which we already proved).

It remains to see that Subg’d is actually a locally spatial diamond. By the Artin criterion [Schl17,
Theorem 12.18], it suffices to stratify Subg’d into locally closed subfunctors, each of which is a
locally spatial diamond. We do this as follows. For any integer ¢ > 0, let Sub?’d;t be the subfunctor
where, after pullback to any geometric point, the torsion subsheaf of £/F has length exactly ¢. By
Lemma 4.1.4.(1), each of these is a locally closed subfunctor. By Lemma 4.1.4.(2), on each of these
subfunctors we can globally saturate the bundle F to a subbundle F' C &£ such that £/F" is also a
vector bundle. Said differently, a point of Subn’d;t corresponds to a saturated subbundle 7' C & of
rank n and degree d + t, together with a length ¢ modification F C F'. Let Subn e Subg’dH be
the open subfunctor parametrizing saturated subbundles F' C &£ of the 1nd1(:ated rank and degree
(here openness again follows from Lemma 4.1.4.(1)). Then sending {F C £} € Subg’d;t to F' C &,
where F' is the saturation of F in £, we get a surjective map

whose fiber over a given saturated F’ is the space of length ¢ modifications F C F’. It is straightfor-
ward to check that 7 is proper and representable in spatial diamonds, by adapting some arguments
from Chapter VI of [FS21]. More precisely, one proves that it is a fibration in closed subspaces of

b’l’L,d-f‘t

a twisted form of the Grassmannian Grgp,, piyt - This reduces us to showing that Subg7,"" is a

locally spatial diamond, which follows immediately from [FS21, Example IV.4.7]. ]

The following result is the technical key in proving that (any connected component of) the
Drinfeld compactification Bunp is proper over Bung.

Theorem 4.1.8. The map Sub?’d — S is quasicompact.

Proof. Arguing as in the previous proof, we can assume & is a vector bundle, so Subg’d parametrizes
fiberwise-injective maps F — & where F is a vector bundle of (constant) rank n and degree d.
Sending such a map to the induced map A"F — A™E defines a map

e Subg’ — SubAng

In general, it is easy to see that Subé’d is quasicompact over S, by presenting it as (H°(£(—d)) ~
0)/E* and invoking [FS21, Proposition I1.2.16]. This reduces us to showing that « is quasicompact.
It suffices to see that for any map Spa(A, A7) — Sub/\ng with a lift to Subg’d at each point, we
get a (unique) lift to Sub%®, ¢f. Lemma 4.1.9 below.
This statement can be checked on the cover of the Fargues—Fontaine curve by Ygpa(a,4+),[1,q With
notation as in [FS21, Section I1.2.1]. Arguing locally on Spa(4, A"), we can then assume that

Ely. Spa(A,A ) (1 is free. By v-descent, we are reduced to Lemma 4.1.10 below. [l
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Lemma 4.1.9. Let f : X = Y be a map of small v-stacks. Assume that for some set I we are given
a collection (K, Kf) of algebraically closed affinoid perfectoid fields of characteristic p with pseudo-
uniformizers w; € K;'; then let AT = [[; K;5 be the product with pseudo-uniformizer w = (w;);
and A = AT[L].

Assume that for all I and (K;, K;") as above, the map

X(AAY) = Y(AAY) X vkt HX(KZ-,K;F)

s an isomorphism. Then f is quasicompact and quasiseparated.
If f is representable in locally spatial diamonds, then the converse holds true: In other words, if
f 1is representable in spatial diamonds, then for all I and (K;, K:‘) as above, the map

X (A, AT) = Y (A AY) X7y i) HX(Ki,Ki*)

s an isomorphism.

Proof. The assumption is stable under base change. We can thus assume that Y is affinoid perfec-
toid. Assume first that X is O-truncated and quasiseparated (which is enough for our application).
Choose some set I and points Spa(Ki,KiJr ) — X covering the isomorphism classes of all geo-
metric points of X; endow them with a choice of pseudouniformizers arising from the composite
Spa(K;, K;") = X — Y and a choice of pseudouniformizer on Y. Then the maps Spa(K;, K;') = Y
uniquely assemble to a map Spa(A, AT) — Y (as Y is affinoid perfectoid). By assumption, they lift
to a unique map Spa(A4, AT) — X. Thus, there is some map Spa(A, AT) — X that is surjective on
topological spaces. But as X is quasiseparated, the map Spa(A4, AT) — X is quasicompact and so
this implies that Spa(A, A™) — X is surjective as a map of v-sheaves by [Sch17, Lemma 12.11].

In general, the assumptions of the lemma are stable under passing to the diagonal map. Now
Ay is always O-truncated and An, is O-truncated and quasiseparated. Thus, the above implies that
A, is quasicompact, and hence Ay is O-truncated and quasiseparated. Then the above implies
that Ay is O-truncated and quasicompact. Thus, f is quasiseparated, and then the argument above
applies again to show that f is also quasicompact.

For the converse, we can also first pass to diagonals. Note that if the result is true for the diagonal,
then the map

X(AAY) = Y(AAY) Xy i) [ XK K

is always an injection, so one only has to prove surjectivity. Given any element of the right-hand
side, we can replace Y by Spa(A, AT). Now X is a spatial diamond, so admits a pro-étale surjection
from an affinoid perfectoid space X’ — X. All maps Spa(K;, K;7) — X then lift to X’, and then
assemble to a map Spa(A, AT) — X’ — X lifting the given points; this shows surjectivity. O

Lemma 4.1.10. Let I be a set and fori € I let (K, Kj') be an algebraically closed affinoid perfectoid
field of characteristic p with pseudo-uniformizer w; € K;r Let A* =], K:“ be the product with
pseudo-uniformizer w = (w;); and A = AT[L]. Let Ratg = O(Yspa(a,at),i1,q) and R, 1,4 be
defined analogously. Fix integers m > n.
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For each i, let M; C R%i,[l,q] be a finite projective submodule of rank n, inducing a line L; =
N M; € A™( 7}(‘2_7[17(1]). Assume that there is a line L C A"( X[l,q]) restricting to all L; under the
projections A — K;. Then there is a finite projective submodule M C RX[L(I] of rank n restricting
to all M; under the projections A — K;.

Proof. For each i, the quotient B

is a finitely generated module over the principal ideal domain R, [1,4. The degree of the torsion
part is bounded uniformly, by the existence of L. Thus, we may choose some finite ¢ and for each
i, choose t untilts K&l, . ,Kf}t of K; such that the torsion part L; is concentrated at the quotients
R, 1.q — Kf] (There may be no torsion, in which case we just choose any untilts.) Taking
products, this defines untilts Aq, e ,Aﬁ. Let f € R 1, be a function whose vanishing locus is
given by those ¢ untilts.

Then L[%] defines a point of projective space P() =1 over RA,[I,q][%]' The Plicker embedding
n

defines a Zariski closed immersion of the classical Grassmannian Gr(n,m) into P21 As L[%]
defines a point in the image on the Zariski dense subspace

USpec(Ri, 1.q[F]) € Spec(Ra 1,4 (3]),

it follows that L[
module

| itself sits in the image, so that there is a unique finite projective ,R'A,[l,q][%]"

=

M CRapqls™
of rank n with

A" (M) = L[] € N"(Ragl3]™).

In fact, we can assume that M’ is free; more precisely, that it lies in one piece of the standard
affine cover of Gr(n,m). Indeed, it suffices to arrange the same property for L[%] But given any

point z € Spa(A4, A1), we can look at the standard affine piece of P(%)=! that L belongs to at the
generic point of the Fargues—Fontaine curve over x. Passing to a clopen cover of Spa(A, AT), we
can then arrange everything above (enlargening ¢ if necessary) so that also L[%] lies in this standard
affine piece.

Thus, fix a finite free R 4 1 4-model My of M’'. We are now looking for a finite projective Ra1,q-
module M with M[%] = M’ and inducing the given M; after projection A — K;. The moduli space
of finite projective R 1 g-lattices M C M "is, by Beauville-Laszlo gluing, a Beilinson—Drinfeld
affine Grassmannian and therefore ind-proper. It remains to see that the M; lie in a bounded part.
But in one direction, we get a bound as M must necessarily lie in the intersection

! n

which is contained in f~¢ My for some sufficiently large C. In the other direction, we get a bound
because the highest exterior power stays bounded by assumption on the existence of L. [l

Combining Theorem 4.1.7 and Theorem 4.1.8, we obtain the following key Corollary.
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Corollary 4.1.11. The functor Subg’d is a locally spatial diamond, and the map Subg’d — S is
proper of locally finite dim.trg.

4.2. The geometry of Bun p. We now wish to study the Drinfeld compactifications. When work-
ing with these objects it is often convenient to assume that the derived group of G is simply
connected, and we will do this until the end of §7. However, in §7.3 we will define a variant of the
Drinfeld compactification used to propagate our main results to the general case. We note that
the assumption that the derived group of G is simply connected implies that for all Levi subgroups
M C G, the derived group of M is simply connected. In particular, the map

—_— —1 ~
(=) : m(M)p > B(M)pasic — B(M™)pasic = B(M?P) ~Fueb X, (M2)p
considered in §2.1 is an isomorphism, and we will implicitly identify 71 (M )p with X*(M%b)p in this
case.
4.2.1. Basic definitions. In order to understand how Verdier duality interacts with the Eisenstein
functors, it will be natural to consider compactifications of the map
pp : Bunp — Bung,

referred to as the Drinfeld Compactifications in usual geometric Langlands [BG02].
To understand this, we first note that, for S € Perf, the moduli stack Bunp parametrizes

(1) a G-bundle F¢ on Xg,
(2) a M-bundle Fj; on Xg,
(3) and a G-equivariant map & : Fg — G/U x™ Fy,.
By the Tannakian formalism, item (3) can in turn be described by injective maps
ﬁ}é : (VU)]:M — V]:G7
functorial in a G-module V, such that the cokernel of /-i}é is a vector bundle, and satisfying the
following Pliicker relations:

(1) For the trivial representation V, k% must be the identity map Ox, — Oxg.
(2) For a G-module map V! — V2, the induced square

K]Vl
((VI)U)]‘—M — V}G

L

(<V2>U)J:M —— V%G

commutes.
(3) For two G-modules V! and V2, the diagram

WL )2
(VHY® (V) )ry, — Vr, @ VE,

l lid
1 2
K]V vV

(Ve V))r, —— Vi, ®VE,
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cominutes.

In order to compactify the map pp it is natural to consider "enhanced" P-structures in the sense

that the maps /@% can have torsion in their cokernel. In particular, we have the following definition

for Bunp:

Definition 4.2.1. We define mp to be the v-stack parametrizing, for S € Perf, triples

(Fa Fars ip)
of a G-bundle Fg, an M-bundle Fy; and for every G-module V a map

i%;]é : (VU)]:M — Vr,

that is a fiberwise (over S) injective map of vector bundles on Xg, satisfying the Pliicker relations
in the following sense:

(1) For the trivial representation V, &% is the identity map O — O.
(2) For a G-module map V' — V2, the induced square

~V1

((Vl) )f—'JM *> V]—'G

L

((V2)U)]:M — V}'G

commutes.
(3) For two G-modules V! and V2, the diagram

-yl

() & )95, E2F vr 0 V2,

id
l v Tgv? l

(Ve V))p, T V@ V2
cominutes.

We will often omit the subscript P in Fa}i when it is clear from context.

We have a natural map jp : Bunp — B—a;lp mapping to the locus where all the maps &Y
have vector bundle cokernel. By forgettmg all the data except Fg (resp. Far), we get morphisms
pp: Bunp — BunG (resp. qp : Bunp — Bunjy) which extend the maps pp (resp. qp) along jp.
The space Bun p will be of foremost interest to us; however, its geometry is very complicated and
to aid in its study it helps to consider a simpler variant of this space.

To understand this variant, we recall that a map of bundles whose cokernel is also a bundle is
uniquely determined by its top exterior power. In analogous fashion, we note that yet another way
of understanding the moduli description of Bunp is as parametrizing triples:

(fg,fMab,Ep Fa — G/[P, P] XMab ]:Mab),



GEOMETRIC EISENSTEIN SERIES I: FINITENESS THEOREMS 33

where Fg is a G-bundle, Fyb is an M*-bundle, and kp : Fg — G/[P,P] x™™ Fyu is a G-
equivariant map. The Tannakian Formalism again provides us with a similar Pliicker description of
the map Kp. For every G-module V, one obtains an induced map

]:]\4

of vector bundles on Xg with vector bundle cokernel, satisfying the following:

(1) For the trivial representation V, £ is the identity map O — O.
(2) For a G-module map V! — V2, the induced square

7y
(VY 7, — Vi,

commutes.
(3) For two G-modules V! and V2, the diagram

03 ®EV§2 1 2
Mab V]:G ® V‘F G

| I
mviev?

(V'eV)PPhy & ——— VL @ Vi

(WHIPF e (V2)IBF)) £

comimutes.
This allows us to make the following definition.

Definition 4.2.2. We define Bunp to be the v-stack parametrizing, for S € Perf, triples (F¢, Far, E%),
where for every G-module V the map

’p: (VPP E

Aab VFg

is a fiberwise (on S) injective map of vector bundles on Xg, satisfying the Pliicker relations as
described above.

Again, we will omit the subscript P when it is obvious from context.
We have a natural map jp : Bunp — Bunp. By forgetting all the data except F¢ (resp. Fpsab),

we obtain maps pp (resp. ﬁTP) extending pp (resp. q};) along jp. However, unless P is a Borel so
that M = M?P the stack Bunp no longer has a map to Buny;. There is also a natural map

tp: B:l-;lp — Bunp,
(Fa, Far, &) v (Fa, Far xM M2 5Y),
where &Y is the precomposition of #¥ with the embedding
(V[P’P])]:MXMMab — (VU)]:M.

We have the following basic structural result on these compactifications.
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Proposition 4.2.3. The stacks Bunp and Bunp are Artin v-stacks and the maps jp (resp. jp)
are open immersions.

Proof. 1t suffices to show the claim after base-change to an algebraically closed perfectoid field
Spa(F, Or). We write X for the associated Fargues-Fontaine curve. Recall that, given a scheme Y,
one defines the affine closure to be Y = Spec(I'(Y, Oy)). We let G/U be the affine closure of G/U.
Viewing this as a constant scheme over X, we consider the stack

Z :=[G\(G/U)/M]| — X.
Now, it follows by [BG02, Theorem 1.12], that, for S € Perf, a section

Z

s 7 l
Xs — X
is equivalent to the datum of a M-bundle (resp. G-bundle) Fjs (resp. Fg) on Xg together with

a family of maps &Y of Oxg-modules satisfying the Pliicker conditions. Therefore, if we consider

Mz, the moduli stack parametrizing such sections, then ]§E1p is the sub-functor corresponding
to the locus where these maps are injective after pulling back to a geometric point. By [Ham21,
Remark 3.3|, this is an open subfunctor. By [Ham21l, Theorem 1.7], M is an Artin v-stack;
therefore, the same is true for ELEP. It remains to see that Bunp is an open sub-functor. Now, by
the work of [Gro83], it follows that G/U is strongly quasi-affine in the sense that G/U — G/U is
an open immersion. This induces an open immersion of stacks

[G\(G/U)/M] = [X/P] — Z

which, after passing to moduli stacks of sections, gives a natural map Bunp — My factoring
through the open immersion Bunp <— Mz. The map Bunp — M is an open immersion, since
[X/P] < Z is an open immersion, by arguing as in [F'S21, Proposition IV.4.22|. The case of Bunp
follows in the exact same way, where we replace G/U with G/[P, P]. O

For a € X*(M%b)p = m(M)r, we write ]/3:1/11; (resp. Bunp) for the pullback of Bunp (resp.

Bunp) to the connected component Bun,.,, of Bun,a,. More generally, we will use the superscript
(=) to denote the corresponding base-change of all relevant maps. We now have our first big
theorem, which says that our Drinfeld compactifications are indeed compactifications in this setting.

Theorem 4.2.4. For all o € X*(M%b)r, the natural maps

p% : Bunp — Bung

and
~a ———
pp : Bunp — Bung

are both proper and representable in spatial diamonds of finite dim.tryg.
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Proof. We just explain the proof in the case of the compactification ]§1\1/np with the case of Bunp
being strictly easier (it follows from essentially the same argument as [Ham22, Proposition 5.9]).
For integers 1 < k < n and d, we let Bungm denote the moduli stack parametrizing pairs (F, &, :
F < &), where £ is a vector bundle of rank n, F is a vector bundle of rank k and degree d, and
i: F — &£ is a map of Ox,-modules such that, after pulling back to any geometric point of S, it is
an injection. We note that the map

Bunzyn — Bungy, ,

remembering the bundle £ is proper and representable in spatial diamonds of finite dim.trg., as
follows immediately from Corollary 4.1.11.
Now we consider a G-module V, and choose d, k,n such that the map

. —~
iy : Bunp — Bung Xpungy,, Bunz’n

remembering only Fg and the tuple (V[}{M, Vr.,, k) is well-defined. If we choose V such that the
image of (VY)Y ®V inside the group ring E[G] generates E[G]Y as an E-algebra then 4y will be an
injective map by the algebraic Peter-Weyl theorem, where U acts via the left action on E[G]. More
specifically, we can choose V so that V® g E admits the direct sum of all fundamental representations
of Gz as a direct summand. This generates E[G] ® E = E[G%] as an F-algebra by the algebraic
Peter-Weyl theorem over the algebraic closure (in the form appearing in [Jan03, Proposition 4.20]),
and hence the same is already true over . Moreover, it is easy to see that in this case 7y defines a
closed embedding; in particular, by taking the fiber over an S-point of the image, we can see that
it maps to the subspace of Banach-Colmez spaces defined by the vanishing of certain Ox-linear
maps, which is closed since Banach-Colmez spaces are separated. ]

We now turn our attention to studying a locally closed stratification of these Drinfeld compacti-
fications.

4.2.2. Stratifications. To stratify the spaces éﬁp and Bunp, it is useful to consider a locally closed

stratification of the space Bunp and then define a locally closed stratification of Bunp by taking
the preimage along the natural map
tp: B—l\l/np — Bunp

considered in the previous section.
Recall that the compactification Bunp was based on the affinization G/[P, P] of G/[P, P]. Let
D = G® be the torus quotient of G. Then

G/[P,P| = G/P x D

is a torsor under the torus Tp := ker(P — D)/[P, P] = ker(M?®> — D) over the flag variety G/P.
As the derived group of G is simply connected, this torus admits a canonical trivialization after
base change to F,

To5= [[ Gz

iEjG,P
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where the individual G,,-factors come from the coroots jg, p corresponding to the parabolic Pz C
G%. The isomorphism is equivariant under the absolute Galois group I'. We pick representatives of

Jap = jgvp/F, which gives an isomorphism

Tp = H ReSEi/E(Gm,Ei)

i€Ja,p

where FE;/F is the finite separable extension fixing the lift of ¢ in j@} P.

In particular, we get a canonical isomorphism B(Tp) = ZJ6.P; we write o; € B(Tp) for the basis
element indexed by i € Jg p. Moreover, we let B(Tp)P*® C B(Tp) be the subset of nonnegative
elements. This is canonically isomorphic to the monoid Ag[:; defined in the notation section.

Definition 4.2.5. For § € B(Tp)P°® of the form 6 = Ziejc » i with n; > 0, we consider the
partially symmetrized curve

Div(® .= H Divg’ii),
i€Ja,p

where F; is as above.

Remark 4.2.6. For S € Perf, we note that we can interpret Div? as the space parametrizing a
Tp-bundle Fr, with Kottwitz element 6 together with a modification of Tp-bundles

BTP . pr -=2 ]"%P

to the trivial Tp-bundle, with everywhere nonnegative meromorphy in X,(Tpz) = AR Using

pushout along Tp — M?" (whose quotient D is still a torus), this can also be described as the
space of M?-bundles Fy a0 on Xg with Kottwitz element equal to (the image of) 6 together with
a modification of M?®P-bundles

BMab : .7:Mab -2 fj?/fab
to the trivial A/2P-bundle with everywhere meromorphy in the subspace of X*(M%b) given by non-
negative elements of X, (Tp%).

We have a natural map of Artin v-stacks
Jo : Div® x Bunp — Bunp

which modifies the F, ab-bundle by the twist of the preceding remark. The condition on the mero-
morphy of this modification ensures that for all representations V of G, one gets well-defined maps
%Y. Indeed VP ig (over E) a direct sum of cocharacters of M2 each of which pairs nonnegatively
with the positive coroots jg, p and hence with the nonnegative elements of X, (TPE)'

We now make the following definition. Here, for a torus T over E, we use the pyairing

(—, =) Ko(T) x Xu(Thr = Z

between the Grothendieck group Ko(7T') of representations of T to Z and X, (T)r. This is defined
via Galois descent, and the definition reduces to T' = G,, and the pairing with its tautological
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cocharacter. Here it is the map

Ko(Gm) = @PZ-xi = Z: xi 1,
€L
where x; : G,,, = G,, is the weight i character z — 2°.

Definition 4.2.7. For § € A, = B(Tp)P*, we define the v-stack ¢Bunp (resp. <pBunp) to be

the locus where, for all representations V of G, the cokernels of ¥ have torsion of length equal to
(resp. less than or equal to) the pairing (VI%F] 6).

By Proposition 4.1.4 (i), pBunp is a locally closed substack of Bunp, and <gBunp an open
substack.
To work with these strata, we will need the following.

Proposition 4.2.8. For 0 € ApG(?;, the map jp induces an isomorphism Bunp x Div(?) ~ (Bunp.
In particular, jg 1s a locally closed embedding.

Proof. 1t is clear that jg induces a map into the locally closed stratum gBunp. We need to exhibit
an inverse of this map. We first have the following lemma.

Lemma 4.2.9. [Ham?22, Lemma 5.13| Let Coh be the v-stack parametrizing, for S € Perf, flat
coherent sheaves on Xg, as in [ALB21, Theorem 2.11|. For k,n € N, we set Cohﬁ to be the
locally closed (by Proposition J.1.4 (i)) substack parametrizing flat coherent sheaves whose torsion
length (resp. wvector bundle rank) is equal to k (resp. m) after pulling back to a geometric point.
There is a well-defined map
Coht = Div(®

of v-stacks, sending a S-flat coherent sheaf F with attached short exact sequence 0 — F'°F — F —
F'® 0, as in Proposition J.1.J (i), to the support of F*°.

We need to exhibit an inverse to the natural map Bunp X Div?® — ¢Bunp. To do this, for
S € Perf, consider a short exact sequence

0=V = Vot1 =2V —0

of Ox¢-modules, where V; (resp. V,41) is a line bundle (resp. rank n + 1 vector bundle), and the
first map is a fiberwise-injective map, so that V,, is S-flat. Assume that V,, defines a point in Cohﬁ
for some k, and let D be the degree k£ Cartier divisor in Xg defined by the previous Lemma. It
follows by an application of Proposition 4.1.4 (ii) that we have a short exact sequence

0= V™ =V = V3P =0

where V! will define a point in Cohf§ and VYP is a rank n vector bundle. Let Vi denote the
preimage of V;“LOYS in Vpq1. It is then easy to see that Vi — V,41 gives rise to an isomorphism
Vi(D) ~ V.

A similar story works also with line bundles replaced by M?P-torsors; for example, one can do
Galois descent in F to reduce to the split case. Now, given a S-point of yBunp, we can construct
the desired inverse by applying the above argument to the short exact sequences coming from the
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embeddings &, for V varying over finite-dimensional subrepresentations of E[G]F>F] (or rather the

isotypic pieces for the commuting M?®P-action). O

Remark 4.2.10. A priori it is not clear that

Bunp — | JBunp.
0
But this is true. To see this, note that this claim would be clear if in the definition we would
only stratify according to the order of the torsion of the cokernel &V for one fixed representation
V. But the previous proof shows that it is sufficient to take any sufficiently large finite-dimensional
subrepresentation of E[G]"F as already that stratum will be isomorphic to Bunp x Div(®.

For § € AL, we write gﬁl p for the pullback of the locally closed strata gBunp along the map

tp. We now want to describe the locally closed strata 9]?11/11 p. We will do this using the following
space.

Definition 4.2.11. For § € Agf?j;., we define Modgan to be the v-sheaf parametrizing, for S € Perf,
triples (F2;, Fas, Bm) where
(1) Fi, is an M-bundle on Xg for i = 1,2,
(2) Bum : Fi; --» Fi; is a modification of M-bundles such that, for every G-module V, the
induced map

U
0 )5
is a well-defined map of vector bundles on Xg,
(3) The induced modification

Bugan : Fig xM M = Fyp xM pmeP
has total meromorphy 6.

We note that the last condition is a purely numerical condition on the connected components of
Buny, that F1, and F3; lie in; in fact, it simply means x(F3,) — £(F1;) = 6 after pulling back to
each geometric point of S.

We have a natural map
a;.?

. i (0)
- Mo Buny, Div\"/,

which records the locus of meromorphy of the modification S;an, as in Remark 4.2.6. (The non-
negativity of the modification b results from condition (2).) We also have a projection
+,0
har s Modgy, —— Buny

+,0
Bunj,

which remembers the bundle .7:]1\/[. Using this map, we form the fiber product Mod
and consider the natural map

XBunjs Bunp,

dtf

Buny, X Buna Bunp < Bunp

Jo : Mo

(Firs Fb, Bu) = (Fa, Fap, V).
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Here F = Fp xP G and &Y is given by the composition

RV
(Vu)ﬂ @_) (Vu)f}w — Vra,
where the last map is the embedding of vector bundles determined by the P-bundle F ]13. We now
have the following.

Proposition 4.2.12. Forf € AG P, the map Jo defines an isomorphism onto 9]§1\1/np. In particular,
it is a locally closed embedding. Moreover, we have a Cartesian diagram:

+,0 Jo
ModBunM XBun,, Bunp ——— Bunp

lﬂ' A xid l"P

Div(® x Bunp S LN Bunp.

Proof. Tt is clear that the image of Jo lies in gBun p and that the above diagram is commutative and
Cartesian once we show that jy is an isomorphism. We need to exhibit an inverse to Jo-

To exhibit an inverse, let (F¢, Fz;,%Y) be an S-point of sBunp. We let (Fp: (Di)iege p) be the
corresponding S-point of Bunp x Div(?) ~ ¢Bunp by applying tp and Proposition 4.2.8. We write
.7-"]1\4 = .7-"}, xP M, and Fg := .7-"11;. x¥ G. By construction, .7-}4 and .7-"]2\/[ are identified outside of the
Cartier divisors (D;)ic 7. » and thus we get a modification

B Fap -+ Fy
with meromorphy along this locus. Moreover, for each G-module V, we have a map

7Y (VU);JQM - Vre,

as well as the subbundle supplied by the P-bundle Fp:

V. U

k(Y )]:11v1 — Vrg

where these two maps are connected by the modification 8;;. Hence, the a priori meromorphic map
(VU);z — (VU)p is actually regular along the (D;)ie g » and from here we see that (F}, Fi;, )

gives us the desired point inside Mod;’ X Bun,, Bunp. O

BunM

5. ZASTAVA SPACES

In order to show that the sheaf jp; (ICBunp) is ULA over Bunjs, we will need some nice local
models which are related to the compactification Bunp by a cohomologically smooth map. Ideally,
these local models will be related to the affine Grasmannian and in turn understandable through
their very explicit geometry. Indeed, this can be accomplished through considering Zastava spaces,
as was already done in the global function field setting in [BFGMO02].
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5.1. Definition and relationship to Drinfeld compactifications. So far, M was merely the
Levi quotient of P, but now we fix an embedding back into P. Let P~ denote the corresponding
opposite parabolic to P. We define the following.

Definition 5.1.1. For 6 € AP, we define Z9 to be the v-stack parametrizing, for S € Perf, a
G,P Bun),
quintuple (Fe, Fi;, Fir, Bu, B), where
(1) Fg is a G-bundle on Xg,
(2) (F3;, FLy, Bur) is an S-point of Modf? as in Definition 4.2.11,
(3) B: Fg --+ F& = Fi; xM G is a modification of G-bundles away from the Cartier divisors
defined by the previous item and the map mys : Mod?  — Div®.

BunM

(4) For every G-module V, the meromorphic map defined by Sy and 5

(VU) 2 %(VU) 1 = Ve _(_sz__l__) 1%
Fum Fum Fa Fa

is a well-defined map of vector bundles on Xg, where the second map is defined by the split
P-structure on ]—"é.

(5) The meromorphic map
4

Vrq 7 Vrr = (Vu-)r,
is a well-defined surjective map of vector bundles on Xg, where the second map is defined
by the split P~ -structure on }'Cl;.
— ModgunM7 hy - Z]%unM — Bunyy, and hj; : Z]‘%HHM — Buny, for the
natural maps remembering the modification (F3;, Fis, Bar), the bundle F},, and the bundle F3,,
respectively. Given any v-stack S — Bunjyy, we write Zg for the base-change to S along hy;. If
x — Bunj; is the point defined by the trivial M-bundle, we simply write Z9 for the corresponding
v-sheaf. We let jz : Z]93 — Zg denote the open (by Lemma 4.1.4) subspace for which the
maps

: ~ . 0
We write 7p : ZBunM

unps unps

U
(V )]—'JQM = Vrg
of vector bundles on Xg have torsion-free cokernel.

This definition seems quite daunting; however, it actually occurs quite naturally. In particular,
we can consider the fiber product

Bunp Xgun, Bunp- —— Bunp

l b

Pp—
Bunp- —————— Bung

and an S-point (Fg, Fap, Fip &Y, k7Y) of Bunp X Bung Bunp—, where &Y : (VU)szw — Vr,, defines
a point of Eﬁlp and kY : Vr, — (VU*)]-‘}W defines a point of Bunp-. We restrict to the subspace
(B—a;lp XBung Bunpf)o C Bzglp XBung Bunp-

where the P and P~ -reductions are generically transverse.
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To describe this in Tannakian terms, we recall that for any M-module W, we can form a G-
equivariant vector bundle still denoted W on G/P~, and then form the G-module V = HY(G/P~, W).
Via restriction to P~/P~ C G/P~, this admits a natural map V- — W. More precisely, the
functor V + V- is left adjoint to W ~ HY(G/P~,W). On the other hand, via restriction to
U= (Ux P7)/P~ Cc G/P~, there is a natural injective map VY — W that is an isomorphism
whenever all weights of the center of M on W are nonnegative. In particular, this happens whenever
W = V'V for some representation V' of G.

Now we can give the following Tannakian description of the desired open substack.

Definition 5.1.2. We define the substack (]?11an X Bung Bunp-)o C B—HI/lP XBung Bunp- by the
condition that for all M-modules VW such that all weights of the center of M on W are nonnegative,
so that the induced G-module V = H°(G/P~, W) satisfies VY =2 W, the map

Wra = (V)22 sV, 5 Vu-)r1, = Wrr
of vector bundles on Xg is fiberwise (on S) injective.
We have the following.
Lemma 5.1.3. The inclusion
(Bunp Xgung Bunp-)o C Bunp Xpun, Bunp-
1S an open 1Mmmersion.
Proof. This follows from the definition and [Ham21, Remark 3.3|. O
For a,a/ € m(M)r = Ag, p, we write
(]?;11—1/1(1); X Bung Bun?)/_)o C map X Bung Bun%/_
for the open subspace defined by restricting to the relevant open and closed subspaces. Given an
S-point of (Eﬁi X Bung Bun%/_)g, by definition we get a fibrewise injective map of vector bundles
B Wr, = )z, 5 Vre 55 Vo), = W,

for all representations W of M with induced G-representation V satisfying VY = W. This extends
uniquely to meromorphic maps for all representations W of M, as we can always twist by central
characters of M to achieve the required condition (and then untwist by the map for this character

of M). In particular, we get an S-point (F3;, Fa s, Bun) of Modg’a;f‘,, where we note that it must
unM
necessarily be the case that a — o’ lies in A%O; in order for Modg’a;,a to be non-empty. We now
’ unay

have the following.

Lemma 5.1.4. For every 0 € Agoig and o € Agp = m(M)r, there is an isomorphism between

Z

age of Bunp C BTI;IP.

— 0+« .. . ] . .
ung, and (Bunp  XBung Bun%_)o, Under this isomorphism, the open subset ZBun%/I 1s the preim-



42 LINUS HAMANN, DAVID HANSEN AND PETER SCHOLZE

Proof. Given an S-point of (Fg, F2;, Fas, Bur, B) of VA

Bung, it is clear that the maps

U 1‘\}/[[] U Clomn
V) r, = V)5, = Ve, - * Vrg

and
V

B
Vrg - Vr, = (Vu-) g,

v

appearing in the definition of Zgun% define maps &Y and k™Y, respectively, which will give rise to

s
an S-point of (Bunp “ X Bung Bung_ )o.
Conversely, given an S-point
~ _ — O+«
(Fa, F2r, Fi /Y, k7Y) € (Bunp X Bung Bunp- )o(S),

we let (F? ,.7-}4, Bar) be the associated S-point of Modgfn%/[ described above. If we consider the
effective Cartier divisor D in Xg determined by the image of this S-point under the map ;s :
Modgan — Div(®| then the P- and P~ -reductions of F¢ are both defined and transverse away
from D, and together define a meromorphic M-reduction § of Fg to ]:é = .7:]1\4 xM G. The triple
(Fa, Fir, Fass Bu, B) in turn defines a point of Zgun%. d

In summary, for every 6 € Agoﬁa and o € Ag,p, we have a commutative diagram of the form

=) — O+ a — O+«
ZBun% «——— Bunp XBung Bunp. —— Bunp

i G

MOdgfn;{{ Bun}. ———— Bung ’
har
\ lq%,
(0%
Bunf,

If we fix 6 € AZ’p and let o vary over all Ag p then these diagrams patch the bigger diagram

Z]93unM «——— Bunp XBun, Bunp- —— Bunp

| l Jﬁp

+,0 Pp—
s
MOdBunM Bunp Bung
h*}
N lqp_
Bunj,

together. As we will see later, the v-stack ZgunM will be understandable in terms of the affine

Grassmannian. We would like to say that it is related to Bun p by a cohomologically smooth map,
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so that we might reduce to questions concerning Verdier duality on Bun p to the analogous questions
on ZgunM, where they will be more approachable.

We know that the map ZgunM — Eﬁlp X Bung Bunp- is an open immersion, by combining the
previous two Lemmas. Therefore, we would like to say that the map

Bunp XBun, Bunp- — Bunp

is cohomologically smooth. However, this is not true because the map pp- is not cohomologically
smooth. Fortunately, we do have good control over the smoothness properties of pp- by invoking
the Jacobian criterion of Fargues-Scholze. In particular, we define the following.

Definition 5.1.5. Consider the Lie algebra u of U viewed as an M-module. We define Bun?}
to be the locus parametrizing, for S € Perf, M-bundles Fj; on Xg such that the vector bundle
Far xM:Ady has strictly positive slopes, where u is the Lie algebra of U. We let Bun%? denote the
preimage of Buny;' under the map qp-.

We note that Bun}? (resp. Bunjy') are open substacks of Bunp- (resp. Bunys) using the upper
semi-continuity of the slope polygon. We have the following result.

Proposition 5.1.6. The natural map Bun® — Bung is a cohomologically smooth map of Artin

v-stacks, and its topological image is all of Bung.

Proof. The smoothness of the map Bun” — Bung follows from the Jacobian criterion of Fargues
and Scholze. In particular, if we are given an S-point of Bung corresponding to a G-bundle Fg
then the fibers of pp- parametrize P~ -structures on the G-bundle F¢. If we consider the smooth
projective variety Z = Fg/P~ — Xg and write My for the moduli space parametrizing, for
T € Perfg, sections s : Xy — Fg/P~ over Xg then My — S is precisely the fiber of pp- over
S — Bung.

If Ty x4 denotes the relative tangent bundle then the Jacobian criterion [FFS21, Theorem 1V 4.2
tells us that the open subspace M$* C My parametrizing sections s such that s*(TZ/XS) has
strictly positive slopes is a cohomologically smooth locally spatial diamond. We now recall that
that if s corresponds to a P~ -structure Fp- on Fg, we have an identification

s (Ty/xq) = Fp- <" g/p.

The Jordan-Holder factors of g/p~ as a P~-modules all have trivial U~ -action and therefore are
M-modules. Moreover, these coincide with the Jordan-Hoélder factors of u. This establishes the
smoothness claim.

In order to establish surjectivity of the map Bun — Bung, we will argue as in Drinfeld-
Simpson [DS95]. Under the isomorphism, B(M) ~ |Bunjys|, we can describe the subset B(M)s™
corresponding to Bunj} more concretely. In particular, byy € B(M)*™ if and only if the numbers
di(bpr) = (i, w,,) are strictly less than 0 for ¢ € Jg p (Recall the minus sign when passing
between isocrystals and G-bundles, as in Remark 2.2.4). This follows from considering the action of
the protorus D on F,, xMy. We need to show that, for any G-bundle Fz on X, there exists a P~-
structure Fp- on Fg such that Kottwitz element bys attached to Fp- x P~ M satisfies —d;(bpr) > 0.
We prove the stronger claim that in fact for any N > 0 one can assume one has that —d;(bys) > N.
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Given a fixed Fg, by [Far20, Theorem 7.1] (See also [Ans19, Theorem 6.5]), there exists a modi-

fication
Fa --» Fo

to the trivial G-bundle. It follows from the fact that G /P~ is proper that one has a bijection between
P~ -structures on .7-'8 and P~ -structures on Fg. Moreover, this will only change the invariants
d;(byr) up to a bounded amount determined by the meromorphy of the modification. Therefore,
we can assume that F¢ is the trivial G-bundle. By choosing a covering G — G where G is simply
connected, we can reduce to the case where Bung is connected, using [FS21, Corollary IV.1.23].
Given a fixed N € N>, we can define Bun,” >N 6 be the preimage of the open subset in Bunj"” >N
defined by the elements by € B(M )sm such that —d;(bas) > N. We note that this subset is always
non-empty, as is exhibited by choosing a sufficiently G-antidominant element inside X, (M%b)r‘ ~

B(M)pasic- The natural map
sm,>N
P-

is cohomologically smooth by the above discussion, and therefore universally open by [Sch17, Propo-
sition 23.1|. In particular, its image contains an open stratum. These are precisely the basic strata
by [F'S21, proof of Corollary IV.1.23| (or the more precise result [Vie24]), and as G is simply con-
nected this is only the stratum of the trivial G-bundle. O

Bun — Bung

Recall that ZgunM C Zg is the preimage of Bunp C Bunp. We deduce the following corollary.

unpyys

Corollary 5.1.7. For all 0 € A%‘j}, the moduli space ZBuni\rJn s cohomologically smoooth.

The map Efgl\l;lp X Bung Bunpl — Eﬁlp has the correct shape for an atlas that would allow us
to study Bun p. However, it is only the open subset Zgun%n - ]:D)Tl_;lp X Bung Bunpl that will admit
an interpretation in terms of the affine Grassmannian. Fortunately, it is still large enough. For the
moment, we will establish this only on the open stratum Zgun%?, but later a similar result will be
proved that also includes the boundary of the Drinfeld compactification.

Proposition 5.1.8. The map
|_| Zgun%}“ — Bunp
0

1s cohomologically smooth and surjective.

Proof. As discussed above, since the map Z]% , C Bunp XBung Bunp- is an open immersion, the
cohomological smoothness follows from the prev1ous Proposition. For the surjectivity, it suﬂices
to check this at the level of points since cohomologically smooth maps are universally open. Con-
cretely, for any geometric point Spa(C,C*) and any P-bundle Fp on X¢, we have to show that
the associated G-bundle Fp x G admits a P~-structure Fp— that is generically transverse to the
P-structure (inducing an M-structure), and so that the M-bundle Fp- x©~ M defines a point of
Bunf}

But in the previous proposition, we proved that any G-bundle admits arbitarily instable P~-
reductions. Any such P~ -reduction will do, as it will automatically be generically transverse to any
given P-structure once it is sufficiently instable. O
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We end this section with a few remarks about the boundary strata of Z]%unM‘ For an element

0 e A%O;, we write g/ ZgunM for the preimage of the locally closed substack g-Bunp under the map
Z@ d+’0

BupM Bunj,
section

— mp. We write 7p : ZgunM — Mo for the natural forgetful map. This map has a

0. +,6 50
s ModBunM — ZBunM,

which sends (F2,, Fi,, Bu) to (Fi xM G, F2,, Fis, Bur, B°), where 89 is the modification induced
by the identity map.

Lemma 5.1.9. The stack QIZEHHM is empty unless 9: < 0. If0 =0 the map s° - ModE{ﬁlM — ZgunM
mduces an isomorphism onto the closed substack ngunM.

Proof. Suppose we are given an S-point (Fg, F3 ,.7:%4,61\4,5) of QIZ]HB Recall that the map

unps°

= —~— tp. 55— . . -
Z]%unM — Bunp - Bunp is remembering the composition
v P,P B]‘CI[;;P] P,P M7
E N (V[ ’ ])]_-2 _— (V[ ’ ])]:1 — V]:l ______ > VfG
Mab Mab G

: (%
for all G-modules V. Moreover, since 0 ZBun,,

cokernel of the map & has torsion of length equal to (VP ¢7).
On the other hand, by point (5) in the definition of ZgunM, we can compose &V with the well-
defined surjective map

maps to gBunp, by definition, we have that the

K

6\/ -,V
Vre — VrL - Vu-)r,-

If we start with the M?**-module W = VIPFl and set V = HO(G/P~, W), there is a natural map
V- — W and we get the composite map

W b
M2
—_— N _ —
W7:2 b WF;/Iab (VU )7:]1M W}—Il\/[

which is really just the injective map BAV/\;ab, and has cokernel given by a torsion bundle of length

(W, 6). The torsion part of the cokernel of " injects into the cokernel of this composite map. Thus,
<V[P,P],g/> < (W,0) = <V[P7P]’g>

for all G-modules V, which implies 6" < 6.

If = ¢, we can saturate &” to get a well-defined map

(VIET] )]:]1\4ab — Vr,

whose cokernel is a vector bundle, yielding a P-reduction of Fg that is transverse to the P~-
reduction; thus Fg = ]-"(1;. O
It would be very nice to say that ZgunM surjects onto the locus Sg%p. However, this is not

true. In particular, it only uniformizes the locus of géﬁﬁp coming from split reductions, as one
easily verifies from the construction.
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Lemma 5.1.10. The composition

0. 10 = 50 e +.0
5 ModBunM — 9ZBun,, — ¢Bunp >~ Bunp Xpun,, MOdBunM

1s given by the map a x id, where

Mod™? MMy Buny, 5 B
a s Modgy uny, unp,

and the last map is the section of qp given by sending Far to Far xM P.

Fortunately, after trivializing the bundle ‘7:]}4, we can arrange cohomologically smooth locally

that Z]ez"unM uniformizes ggﬁlp. To see this, we will need to use the factorization structure on the
Zastava spaces.

5.2. Factorization. In this section, we will stick to studying the Zastava space 7% which we recall
is the space studied in the previous section, but the bundle .7-"]{/[ is equal to the trivial M-bundle.
This space maps naturally to

+70 Pyp— +79
Mody;” := Modg,,,, XBuny *-

These spaces exhibit a nice factorization structure.
pos

In particular, let 8 = 61 + 65 with 6; € AG,P. We write
(Div(gl) X Div(92))disj c Divl?) x Div(?2)

for the open subset where the corresponding Cartier divisors are disjoint. We note that there is a
natural étale map

(Div(?) x Div(62))disj — Div(®

given by taking the union of Cartier divisors. We have the following factorization property.
Proposition 5.2.1. With notation as above, there is a natural isomorphism

(Divl?) x Div)) g X Dy (® 7% ~ (Div?) x Div(®)) X Div(01) 5 Dy (2) (2% x 7%)
lying over a matural isomorphism
(Divi?) x Divl?)) i x @0 Mod7? =~ (Div®) x Divl?) g5 X 1. 01) 4 proto2) (Modi;? x Mod}f;%2).
such that the sections s° and s%' x s%2 agree after base-changing and applying these identifications.

Proof. For S € Perf, consider an S-point of (Fa, Far, Bar, 3) of Z9 X iy (@) (Div(gl) X Div(92)) lying
over the open subspace (Div(el) X DiV(GQ))djsj, and let D}g and D?g be the effective Cartier divisors
in Xg corresponding to ¢; and 6, respectively. We let Xg \ Dy =: Xg for i = 1,2, and set
X9 = X5\ (U, DY). For i = 1,2, by using Beauville-Laszlo gluing [SW20, Lemma 5.2.9] on Xg
we can define G-bundles F¢, by modifying the trivial G-bundle via 3 at just the formal completions
of the Diq. By construction, we have modifications 3 : .7-"& -— fg which are isomorphisms away
from the D;. Similarly, from the S-point (Fas, Bas) in Mod;\r/[’@ X Diy(®) (Div?) x Div(ez))disj7 we
obtain S-points (F},, 3%,) € Modj\t[’ei for i = 1,2, and in turn points (F5, Fiy, B4, 8') € Z% | as
desired. The converse direction proceeds analogously. O
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To simplify the notation, if we are given a stack Z living over Divi?) x Div(?2) | we write Zgss;
j
for its pullback to the open subspace Div®) x Div(?2)) i so that the factorization property reads
j y
(Div(el) X DiV(92))diSj X Div(®) VARS (291 X Za2)disj~ )
Fix an element 6’ € ApGO;. As in the previous section, the space Z? has a stratification given by
0Z? for § < ' given by fixing the torsion cokernel of the embeddings
U XL U v )7 Ly
% ).7:M — (V )]—'JDVI — V]-‘g ______ * VJ—'G’

where the open stratum corresponding to § = 0 is precisely zv.

Similarly, we write SQZGI for the corresponding open subspaces given by bounding the torsion
by 6. If we are given a partition 6] 4+ 6, = 6’ then we write (Z% x Zeé)disjég c (2% x Zeé)disj
for the open subspace corresponding to (Div(el) X Div(92))disj X iy (®) SgZel under the factorization
isomorphism. One easily sees the following Corollary.

(;orollary 5.2:2. F0~r 0,0 € A%‘?; with 0' > 6, and a partition 8' = 6 + 6}, the subspace (Z% x
Zeé)disjég C (Zell X Z%)disj 1s stratified by

(6, 2% x 0, 2%) is
for 01 < 0} and 02 < 0l such that 01 + 02 = 0.

We will make use of the following related result.

Corollary 5.2.3. For 6,0" € A2’ with 6 > 6, we have an open immersion
(2% x 277 g — (DivI? x Div? D) g x| o) <9 2°

The factorization property is an expression of the fact that the Zastava space Z9 is really de-
termined by local information around the corresponding point in Div’. One consequence of this
"ocality" is a G,,-action on the Zastava space, studied in the next section.

5.3. Hyperbolic localization on Zastava spaces. In §5.1, we saw that the map

hy : 2% — Mod ]/
admits a section s?. In this section, we construct (étale locally on Div(e)) a G,-action on Z? which
contracts to this section. Consider Grg 6y — Div(?| the B(;R Beilinson-Drinfeld Grassmannian

over Div(?) | as in [FS21, Definition VI.1.8] defined using the loop groups Lgiv“))G and L. 0)G. For
d > 0, we will also consider the mirror curves

. (d N d
Div{ := Spd(E)?/S,,
which, for S € Perf, parametrizes Cartier divisors in the open adic Fargues-Fontaine curve Vg,
by [FS21].7 Similarly, for a finite extension E'/E, we write Div(ﬁ )E, for the corresponding object
constructed from E'.

7Our notation here differs from that in [FS21]. In particular, what we denote as )s is denoted there as Ys; we
emphasize that we do not include the locus where 7 = 0.
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We recall that we have an étale covering (in fact a local isomorphism) Vg — Xg which in turn
induces a map

Div{)) — Div(@

of mirror curves that is étale locally split. More precisely, restricting to the open subspace Div(@~

of Divgﬁi ) where no point is a proper Frobenius translate of another point, the map to Div(¥ is étale.

For 6 € A2 with § = n;oy, we set

i€Ja,p

DlVy = H D1 "5 Divl?’ = H D1V
€Ja,p 1€Ja,p
where F; denotes the reflex field of the Galois orbit of simple coroots corresponding to i € Jg p-

Thus, Div(?’ Divg? ) is an open subset with an étale surjective map to Div(®.

()

We write Gr G D@ Divy,” for the associated Beilinson-Drinfeld Grassmannian given as the
Dvy
étale sheafification of the quotient: L. e)G / L <0>
We choose a cocharacter A : G,,, — G such that the associated parabolic Py under the dynamical
method is P~. We get an action of G,, on Gr D ® by considering the composition
Dvy

LtX

+ +
Gy — LDiV(Q)Gm =y LDiV(9>G
Y y

and using the left action of Lg_ (o)~ Here the first map is given by the Teichmiiller character, where
v

we note that this is only well-defined on the curve g and not on the curve Xg, since on the latter
we quotient out the relevant Witt vector ring by Frobenius.

We let GrUf Div(® — Divg?) (resp. Gry— pio@ — Div(?) denote the Beilinson-Drinfeld affine
5 Vy ’

(0) (

Grassmannian attached to U™ over Divy,” (resp. Div(e)). We recall that the projection map has a

unit section corresponding to the trivial L+ , U~ (resp . LT ,,U~) orbit.
Div(® Div{}

Proposition 5.3.1. The natural inclusion GrU7 D@ GrG Diy(® 15 @ locally closed tmmersion.

For X as above, the Gy,-action on GrG Dy (@ Dreserves the locally closed subspace Gr and
vy

U~ Div?
DIvy

extends to an action of the multiplicative monoid A'. The G,, fized points of this action is the closed

. . : . (0)

image of the unit section Divy,” — GrU*,Divgf)'

Proof. By |FS21, Proposition VI.3.1], its proof, and our assumption on A, we have that the G,,-

action on Gr G,Divgf) preserves the subspace GrP—,Div(g) c Gr G’Divg?), which is a disjoint union of

locally closed subspaces; the induced action follows by taking loop groups of the associated action

of G,, on P by conjugation. Moreover, it extends to an action of A! such that its fixed points

are Gr VD@ 1t follows by [SW20, Proposition 20.3.7| and the fact that U~ is preserved under
Dvy

conjugation by G,, that GrUf Div® C Gr & Div(® is also a locally closed subspace, which is preserved
DIVy DIvy

under a G,,-action that extends to A'. Its fixed points are precisely the unit section, by virtue of
the fact that the G,,-action on U~ by conjugation contracts to the identity. O
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The Grassmannian Gry,_ . (s Will parametrize modifications of G-bundles 3 : Fg --» Fg satis-
fying condition (5) of Definition 5.1.1. Therefore, we have a natural map

~0 +,0
AR GrU*,Div(G) X vy Mody;

mapping to the locus of the right-hand side where condition (4) of Definition 5.1.1 is satisfied.
It follows that this is a closed subspace by an application of Lemma 4.1.4. Moreover, under this
embedding the section s? is given by the base-change of the unit section of Gry - iy = Div(®.
Since the map Vg — Xg is a local isomorphism, it induces an isomorphism on formal completions
at Cartier divisors as long as no two distinct points of the Cartier divisor on Yg map to the same

point of Xg. This is enforced on Div?’ Divg? ), so it follows that we have a Cartesian square

iv(@) iv(0)/
GrU*,Divgf) XDivg}G) Div —— Div

| J

- (0
GrU*,Div@ —  Div® ,

where the vertical maps are étale. If we write Z%/ for the base-change of Z? along the etale covering
Div®” — Div(® then we obtain a closed subspace

A +,0
S GrU—,DiV(Q)” X Div(® MOdM .

On the target, there is the G,-action constructed above. We claim that this preserves 79 as well
as the strata o Z%/. To see this, note that Z%/(S) is defined functorially in the triple (G xgYs, P X g
Vs, P~ xg YVs), and conjugation by [A] defines an action of G, on this triple. It is this action that
. . . +,0

gets transported through all structures, yielding the action both on GrU_7Div(a),, X by Mod,,

(trivially on the second factor, as A is central in M) and on 7% with its intrinsically defined
stratification.

Corollary 5.3.2. After base-changing along the étale cover Div?’" — Div(? | there eists a strata-
preserving Go,-action on Z%' which extends to an action of A'. Its fized points are precisely the
closed image of the base-change of the section s? : Mod;\rf A

5.4. Smooth localizations of the Drinfeld compactification. In this section, we will com-
pile the results of the previous section in order to obtain some nice cohomologically smooth local

descriptions of the Drinfeld compactifications in terms of Zastava spaces.
+,0
dBunl\/[

We start with the following lemma, which shows that base-changing Mo — Buny, along

* — Bunjys does not change the geometry much. Recall that this base change is denoted Mod;\rf.

Lemma 5.4.1. For all § € A%}, there exists an Artin v-stack T admitting cohomologically smooth

surjections T — Mod;\rf and T — Modgan such that the pullbacks of Z? — Mod}\}’e and Z]%unM —

Modg’ugnM to T are isomorphic, compatibly with their stratifications.

In fact, one can arrange that T™ :=T XBun,, Buny}' still surjects onto Modﬂe.
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Proof. 1t suffices to find a cohomologically smooth Artin v-stack Ty with a cohomologically smooth
surjective map Ty — Bunjs X Div® such that the corresponding M-bundle on X7, is trivial
in a neighborhood of the Cartier divisor corresponding to the map Ty — Div(®. Indeed, the
data parametrized by Modg{an — Buny x Div(® and ZgunM — Buny x Div(® (as well as
conditions defining the stratifications) depend only on the M-bundle on the Fargues-Fontaine curve
in a neighborhood of the Cartier divisor. Thus, if we define

+,0

T = TO XBUHMXDiV(G) MOdBunM’

then T is also isomorphic to the base change Ty X, (o) Modj\t[’e, so has a natural map to Mod}[ﬁ, and
the base changes of the Zastava spaces are also isomorphic. With this choice, 75" = T xpyn,, Buny;
will continue to surject onto ModE19 (as Ty XBun,, Bunj} continues to surject onto Div(e)).

To construct Tp, we can use Beauville-Laszlo gluing as in [FS21, Theorem IV.1.19], to reduce to
finding a cohomologically smooth Artin v-stack 77 with a cohomologically smooth surjective map
T) — [*/M(E)] such that the associated M-bundle on X7, is trivial away from a Cartier divisor
given by a map Ty — Div?. (Then on Ty X Div(? | the locus where the two Cartier divisors are
disjoint will surject onto 7.) This can be reduced to GL,, and in this case one can take T to be
the open subset of the space parametrizing fibrewise trivial rank n bundles £ on Xg together with
n global sections of £(1) where the resulting map O%_ — £(1) is generically an isomorphism.  [J

By combining this with Corollary 5.1.7, we obtain the following result which will be used in the
sequel.

Corollary 5.4.2. For all 0 € A%‘?;, the moduli spaces Z° and Z]%unM are cohomologically smooth.

We fix 0 € Ap. For 0/ > 0 we consider the cohomologically smooth map

=o'
SGZBHHRI}I — SgBunp.

/ /
Using the previous Lemma, we have a v-stack T surjecting onto Mod;\r/j’e and Modgfnsm and an
M

isomorphism
X :
Mod " T

sm
Bun]u

50/ o ot
Z XMOdeG T — ZBuni\Zn

In summary, we have a commutative diagram

3929/ M EE— SgBunp

J O | ) }eap

/ h
T —— Mod”., —1 Buny,
M

=0
odL’G T §‘9ZBun§f}‘

where the top horizontal arrows are cohomologically smooth.
We let Ty g9 — T be the base-change of the étale map (Div(e) X DiV(el_e))disj — Div(®) along

T— Mod;\r/je/ — Div(®). By the factorization property, we also have an open immersion

Mod;” % ) (Div® x Divl® =) 5 =~ (Mod;” x Mody;” )aisj < Mod;” x Modf;* .
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Note that the map Ty g —g — Mode/ X iy (@) (Div® x DiV(olia))disj is cohomologically smooth and

hence so is the composition Tp gy — Mod;\r/[’e X Mod&’el—@ with the previous étale map. We obtain
a diagram as follows.

70 0'—0
7Y x Z M0d+ 9 Mo d+ 0/—6 TQ 0/ —0 ” <GZ XM d+ ol —— <BZB ngo _ <9BunP
l J U l lgeﬁp
+,0’
T979/_9 T MOdBun E— BunM.

Finally, we get the following critical uniformization result for Sg%p.

Proposition 5.4.3. For all § € Ag’?;, the map

~0 0'—06 ST
9|;|9(Z X 4 ) XMOdEGXMOdE9/79 T979/_9 — SgBunp

18 cohomologically smooth and surjective.

Proof. We already know that it is cohomologically smooth, so we have to see surjectivity. Let us
write this surjectivity in terms that are independent of the choice of Ty ¢:_y. Namely, we have the
locus inside

<QZBun X Dy (@) (Div(e) X Div(e _0))disj

where the locus of indeterminacy of S is concentrated on the part of the Cartier divisor corre-
sponding to the summand parametrized by Div(?. This space is actually given by

0'—0
(ZBungm ><Bun5m ZBun5111)dle7

using the factorization structure of the Zastava spaces. There is a natural surjection

~0 0'—0
(Z A ) MOdLGXM d+ 0'—6 T0 60— — (ZBunbm XBunS’IIl ZBunsm)dlsJ

and we have to see that the map
~6 0'—6 N
|_| (ZBunsm X Bungp ZBun;r;)disj — <gBunp
0'>60
is surjective.
By induction on 6, it suffices to show that the subspace gBunp lies in the image. To do this, we use
Proposition 5.1.8 to see that the space | |y, Zgu:%? uniformizes the open subspace Bunp C Bunp.

In fact, given any fixed point of Div(® | even the locus of |_|9,>9 700

Bunsm Where the Cartier divisor is
un I

disjoint from the fixed point of Div(® will surject. Thus, we see that gBun p ModguenM X Bun,, Bunp

lies in the image, as desired. O
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The upper left corner of (1) also sits in the following set of Cartesian diagrams
70 0'—0 70 0'—06 70
(27 x 2779 M0d+gde+9/9T99/ g — 2" x Z — 7

M
| : | o ]

+,0 0'—0 +,0
MOdDQXMOdE9/79 Tgﬁ/,@ — MOdM X 7 E— MOdM

l 0

/7
TG,H’—H MOdEe X MOdEe o

(Mod}f x 79'=0) x

where as noted before the bottom horizontal arrow is cohomologically smooth. Therefore, since
799 is cohomologically smooth, we have a cohomologically smooth surjection

(29 x 2770 x oo Too—o — 2°
ModM ><Mod+4’ - A

As a consequence of the above discussion, we have shown the following, which says that 7% is a
local model for the singularities of the open subspace <yBunp of our Drinfeld compactification.

Proposition 5.4.4. There exists a v-stack X with cohomologzcally smooth surjections onto Z° and
<9Bunp such that for 0’ < 6 the pullbacks of the strata o Z° and ngunp to X agree.

Namely, we set
>0 6'—6
X = |_| (27 x 2777 X Mod? xMod ' ~* To.o-0
0'>6
One issue with this proposition is that the diagram

X —— 7

L s

<64
<pBunp —— Buny,

does not commute, so the proposition is not suitable to study the geometry of the map <¢q. However,
this can be remedied by working with X directly (and remembering its correct map to Bunjyy).
For our applications, we need to endow Z? with a G,,-action, which it only acquires after base-
changing along the étale covering Div(®’ — Div(® as in Corollary 5.3.2.
Thus, we replace the X defined above with its base-change along the étale map Div®~ — Div(e),
and redefine

L ~0 0'—0 - (0),
X = |_| ((Z X Z ) XMOdEQXMdeI’6/70 Tg’glfg) X Div(® DIV( ) .

Moreover, set

— +,0 ., ,0'—0 . (0)
S = |_| ((MOdM X Z ) XModL’QXModL’G,*e Tgﬁ/_g) X Div(® Div .
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Then if we write w : X — S for the natural map, together with its section i : S — X obtained as
the base-change of §°, we have a commutative diagram of the form

X L> SgBunp

(R

q
S ——— Bunyy,

where specifically ¢ is the precomposition of

,_
(MOdEG X Ze 9) 9 — Tgﬁ/,g — BunM,

X Mod:? xMod?' ~° Toer
with the étale covering induced by the base-change of Divgf ) = Div®. Here the map Tpe_g —
Bunjy is the bottom arrow in the diagram (1).

We consider the G,,-action on X which only acts on the first factor Z%’, and is trivial on the
other factors. Taking the trivial G,,-action on S, this makes 7 and ¢ equivariant.

Summarizing the above discussion, we finally arrive at the following result, which is the key
geometric result in our proof of the ULA property for jngCBunP.

Corollary 5.4.5. For all 0, there exists a diagram as in (2) such that the following is true.

(1) The map p is surjective and cohomologically smooth.

(2) The map i is a section of w which maps S isomorphically onto the closed substack given by
the preimage along p of the closed substack jg : glil/np — Sgﬁ;l;lp.

(8) There exists a Gy,-action on X lying over the trivial action on S which is totally attracting
towards the closed section i. The map 7 is a partially proper -able map of small v-stacks
that is representable in locally spatial diamonds.

(4) The Gy,-action on X preserves the preimages under p of the strata gzm for @ < 0.

We are now finally in a position to prove the ULA theorem.

6. THE ULA THEOREM

We will now show that }p! (ICBunp) is ULA with respect to qp. This will be accomplished by
combining the geometry of the Zastava spaces considered in the previous section with some new
results on ULA sheaves. Roughly speaking, the key idea here is that in the presence of a contracting
G-action, the ULA property automatically extends from the complement of the fixed locus. Our
first task is to make this idea precise.

6.1. ULA magic. In the following, we make use of certain results from [FF'S21] proved in the context
of the f-adic 6-functor formalism. However, these are general results valid for any good 6-functor
formalism, and the results extend verbatim to the motivic formalism used in this paper for general
Zg-algebras; details will appear in [Sch].

Lemma 6.1.1 (The contraction principle). Let m: X — S be a partially proper -able map of small
v-stacks that is representable in locally spatial diamonds, and equipped with a sectioni: S — X and
a Gy, -action which is totally attracting towards the section. If A € D(X, A) is Gy, -equivariant, then
mA = i'A.
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Proof. Special case of (the proof of) hyperbolic localization, more precisely of [FS21, Proposition
VI1.6.6] (cf. also the proof of [FFS21, Theorem IV.6.5]). O

Theorem 6.1.2. Let w : X — S be a partially proper !-able map that is representable in locally
spatial diamonds, and equipped with a section i : S — X and a Gy, -action which is totally attracting
towards the section. Let X° = X ~ S with j : X° — X the natural open immersion, and set
m°=moj. If A€ D(X° A) is Gy,-equivariant and 7°-ULA, then jiA is n-ULA.

As a formal consequence, we get that also j.A is 7-ULA, and that i*j, A € D(S, A) is dualizable.

We also deduce that if B € D(X, A) is any G,,-equivariant sheaf, then it is 7-ULA iff j*B is 7°-ULA
and ¢* B is dualizable.

Proof. Let p1,p2 : X xg X — X be the evident projections. We need to see that the natural map
PiDx/s(j1A) @ pjiA < RACom(pijiA, pyjiA)

is an isomorphism. Over X° x g X this follows from the fact that AKX 1 is ULA for X° xg X — X.
Similarly over X xg X° (argue as in the proof of [HS23, Lemma 4.3]). So the cone of this map is
supported on (i x4) : S <+ X xgX. Thus it suffices to see the cone is killed by (i xi)'. Applying the
previous lemma to X xg X with the diagonal G,,-action, we get that (i x i)' = (7 x ), as functors
applied to the source or target of a. We claim that this functor actually kills both the source and
target of a, and therefore kills the cone. We first note that (7 x ), kills the source of «. For this,

use Kiinneth to write
(m x Th(piDx/s(HA) @ pajiA) = mDx,s(HA) @ mjA.
Now use the fact that
mDx;s(1A) = mjDxe,5(A) = i'jDxo/s(A) =0

where the second equality follows from the previous lemma, and we used the general vanishing
i'j, = 0 in the final equality. To see that (i x i)! kills the target of «, use the general isomorphism

(i x i)' RAom(pi 1A, pyjtA) = Raom((i x i)*pijiA, (i x i)' phjiA)
and then observe that (i x 7)*pij = i*j = 0. O
For our purposes, we will actually need the following generalization of the previous result.

Theorem 6.1.3. Let m : X — S be a partially proper !-able map of small v-stacks that is repre-
sentable in locally spatial diamonds, and equipped with a section i : S — X and a Gy,-action which
is totally attracting towards the section. Let q : S — S’ be any !-able map of small v-stacks and set
7 i=qom. Let X° =X~ S with j : X° — X the natural open immersion, and set 7'° = «' o j. If
A€ D(X° A) is Gy -equivariant and ©'°-ULA, then jA is «'-ULA.

Proof. Let p1,p2 : X x5 X — X be the evident projections. We need to see that the natural map
. . - ! .
PiDxs (1A) ® psjtA % R om(pijiA, pyjiA)

is an isomorphism. As in the previous proof, it is clear that this map is an isomorphism after
pullback along the open immersion X° xg X — X X g X. It is then enough to see that the source
and target of a are killed by "', where i’ =i xid : S x ¢ X — X x ¢ X is the evident base change of
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1. Write also pg : S xgr X — S and px : S Xgr X — X for the evident projections. For the target
of « the vanishing is clear, because

z'”R%om(p*{j;A,péj;A) =~ Rom(i"pijA, i’!péng)
=~ R om(pki*jiA,i"pyjiA)
=0
using i*j1A = 0.
To analyze the source of «, we will again use the contraction principle. For this we consider the
map mx : X X5 X — S Xg X given as the evident base change of 7, so ¢’ is a section of mx. Then
% . % - ~ % . % -
" (p1Dx/s (11A) @ p3jiA) = mxi(piDx/s (1 A) @ p3iA)
= mx1(piDx /s (1A) @ TxpX j1A)
= mx1piDx /s (1 A) @ pxiA
= psmDx; s (71A) @ pxitA
= psmjsDxosg(A) @ pxi1A
=~ pyi'iDxo s (A) @ pyiiA
=0
where the first isomorphism follows from the contraction principle, the second isomorphism from
P2 = px © mx, the third isomorphism from the projection formula, the fourth isomorphism from
proper base change, the fifth isomorphism from the general commutation of Verdier duality, the

sixth isomorphism from another application of the contraction principle, and the final vanishing
from i'j, = 0. (|

We also have the following in the previous situation, which is a variant of [FS21, Proposi-
tion IV.6.14].

Lemma 6.1.4. In the situation of Theorem 6.1.3, let A € D(X,A) be any sheaf which is Gy, -
equivariant and ©'-ULA. Then i*A and i'A € D(S,A) are ¢'-ULA.

Proof. For the first claim, it is equivalent to see that i,i* A is 7/-ULA. This follows from the distin-
guished triangle

Ji*A — A= it A —,

using that 77*A is 7’-ULA by the previous theorem. The second claim follows from the first claim
by writing

A= iDY 6 A
= DS/S’i*DX/S’A

and invoking the preservation of ULA sheaves under relative Verdier duality, using Verdier biduality
for ULA sheaves to justify the first line. O

For later use, we record some additional properties of ULA sheaves we will need.
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Lemma 6.1.5. Consider a diagram X L X LS where j is an open immersion and q is a !-able
map of small v-stacks. Set ¢ =qoj. Suppose we are given a sheaf A € D(X,A) such that iDy/s(A)
is §-ULA (hence so is its Verdier dual j.A). Then §*(—) @ j. A = j(¢"(—) ® A).

Proof. Set A’ = Dx/s(A). Then, using [FS21, Proposition IV.2.19] twice,
7T(-) ® A =7 () ® Dy s(1A)
= R om(jiA',q (-))
= j.RAom(A', ¢ (-))
= ji(q" (=) ® Dxys(A))
= (" () ® A),
which gives the result. ([l

Lemma 6.1.6. Suppose given a diagram X, Ly & Xo and a sheaf K € D(Y, A) which is fo-ULA
and whose support is relatively proper over Xi. Then the functor F(—) = fa(K ® f{—) preserves
compact objects.

By "relatively proper support" we mean that there is an isomorphism K ~ i, L wherei:Y’' — Y
is a closed immersion such that fj o is proper.

Proof. Tt is formal that I has right adjoint given by G(—) = f1. R om(K, f5—). Using the ULA
hypothesis, this can be rewritten as fi.(Dy,x,(K) ® f5—). Using the relatively proper support
hypothesis, this can be rewritten as f11(Dy,x,(K) ® f3—). Now it is clear that G commutes with
all direct sums, so its left adjoint necessarily preserves compact objects. ]

6.2. Proof of the ULA theorem. Thanks to our labor in the previous sections, we can finally
conclude our main geometric result.

'~I‘I~1e0rem 6.2.1. The sheaf jp: (ICBunp) is ULA with respect to qp, and, for all § € A%‘?; the sheaf
jéjp} (ICBunp) is ULA with respect to the composition

39 : QEII;IP i9—> BElp ar, Bunj,.
:SYiinilarly, the sheaf jps (ICBunp) ts ULA juith respect to qp, and, for all 8 € Ag(j;, the sheaf
JoJP+(ICBunp ) is ULA with respect to qp o jg.
Proof. The second claim follows from the first by applying [F'S21, Corollary IV.2.25].

We have the presentation colimg, APes, <pBunp = Bunp as an increasing union of open substacks
where the transition maps are dictated by the Bruhat ordering on A%O;. Using this, we reduce to
showing that, for all § € Agﬁ;, the sheaf <4ji(ICBun,) is ULA with respect to <pq = q 0 <g3j, where
ng : Bunp < <¢Bunp is the natural open immersion and that 5é§05!(ICBunp) is ULA with respect
to qp o jg. We will do this by induction on the Bruhat ordering.

The base case (6 = 0) follows from combining ['521, Proposition IV.2.33], [FS21, Corollary IV.2.25],
Proposition 2.1.2, and Corollary 2.1.6. For the inductive step, we can assume that <¢ji(ICBun,) is
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ULA with over the open substack <9]§1;1p given by the complement of QBE;lP C SQBE]P, and we
want to show it is ULA over all of Sgﬁ;fn p. For this, we use the diagram constructed in Corollary
5.4.5. By Corollary 5.4.5 (1) and [F'S21, Proposition IV.2.13 (ii)], we deduce that it suffices to show
that p*<gji(ICBunp) is ULA with respect to gon. By [FS21, Proposition IV.2.13 (ii)], our inductive
hypothesis, and Corollary 5.4.5 (2), we know that this is true away from the closed image of the
section 4, with notation as in 5.4.5. The desired claim now follows by combining Corollary 5.4.5
(3)-(4) with Theorem 6.1.3, which we apply with S” = Bunjy;. Now the ULAness of jéggjg (ICBunp)
with respect to gp o jy follows by applying Lemma 6.1.4. O

Remark 6.2.2. We note that the constant sheaf A on Bunjs is ULA over *. In particular, if we
have sheaves like j1(ICgun,) and jé J1(ICBun,) which are ULA over Buny, then it follows that they
are also ULA over the point by [FS21, Proposition 1V.2.26].

Before moving into applications, we will now remove our running assumption that the derived
group of GG is simply connected, so that we may conclude the most general possible results for the
geometric Eisenstein functors.

6.3. Fixing the center. In Sections 5.3-7.2, we had a running assumption that the derived group
of G is simply connected. For the applications in the next section, we will want to remove this
assumption. To do this, we consider a variant of the Drinfeld compactification that has the correct
properties when the derived group of G is not simply connected, partially modelled on the analysis
in [Sch15, Section 7].

From now on, we let G denote a general quasi-split connected reductive group and let

0572 —-3G—=G—=0

be a central extension, where G has simply connected derived group.
We now consider a parabolic subgroup P C G, and write P C G for the pre-image under the
previous map. We consider the induced map

Bung — Bung.

We note, by [FS21, Lemma I11.2.10] and the proceeding discussion that the Picard stack Buny acts
on Bung by tensoring, and the quotient stack is isomorphic to Bung. Similarly, we can define an

action of Buny on Bun p by tensoring the triple (Fg, Far, ip) by the Z-bundle. This allows us to
define the following.

Definition 6.3.1. We define BTl;lp to be the quotient of mﬁ under the action of Buny described
above.

A priori, this depends on the choice of G, but the category of such choices is naturally cofiltered,
with transition maps inducing isomorphisms.
This space sits in the following Cartesian diagrams.
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Proposition 6.3.2. There are a set of Cartesian diagrams

Ip oo Pp
Bunls —_— Bunﬁ, —_— Buné

[

Bunp LN Bunp BN Bung

Proof. The fact that the right most diagram is Cartesian follows from the definition and the fact
that ps is equivariant for the action of Bunz. Similarly, we can see that 515 : Bunp — 1§I1/n]5
is equivariant for the natural Bunyz action on the source. It remains to identify Bunp with the
quotient under this action. This is true for the natural induced map on Levi factors Bun; — Bunp,
by another application of [FS21, Lemma III1.2.10]. To see it for the parabolics, we can combine
[FS21, Lemma I11.2.10] with [HI23, Lemma 3.3] noting that the L2 = L2d and that the natural
maps L — L — L are all central extensions. O

We can use this result to deduce the following properties for the the stack B—l\l-;lp.

Proposition 6.3.3. For G a general quasi-split connected reductive group, the following is true.

(1) There is a naturally defined small Artin v-stack mp sitting wn a commutative diagram

Bunp

qp Bunp —— Bung
PP

Buny,

where jp is an open immersion. The map pp is partially proper and representable in locally
spatial diamonds, and of locally finite dim.trg.

(2) If Bung; C BunM s any connected component with open-closed preimage Bunp, the induced
map pp Bunp — Bung s proper.

(8) The stack Bunp admits a locally closed stratification by certain strata 9]/3:1/11p, indexed by
0e Ag‘?;. Each stratum has a canonical fiber product decomposition

d+9

gBunp = Bunp Xun,, Mo Brinyy

where Mod:?

Buny, S defined exactly as in the case where G has simply connected derived group.

(4) The sheaves jpi(ICBun,) and jps(ICBun,) are Gp-ULA.

Proof. Since the map Buns — Bung is a surjective map of v-stacks, using Proposition 6.3.2 we
deduce that jp is an open immersion by [Sch17, Proposition 10.11 (2)] and the analogous claim
for js. It is clear that the map pp is partially proper, and it is representable in locally spatial
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diamonds, and of locally finite dim.trg by [FS21, Proposition 13.4 (v)|. It then follows that Bunp
is Artin v-stack using that Bung is Artin and [FS21, Proposition IV.18 (iii)]

If we fix an element & € 71 (M)r mapping to m (M)p with images ¢ € m1(G)r and ag € m1(G)r,
respectively, then Proposition 6.3.2 implies that we have a Cartesian diagram

——eI ﬁiM ac
Bung —— Buné

L |

Bunp"” fr, Bung?,
where the vertical maps are torsors under the neutral component of Bunyz, and in particular are
surjections of v-stacks. Since the bottom map is proper, the top map is also proper using [Sch17,
Proposition 10.11 (o0)]. This establishes (1)-(2). For (3), we note that the locally closed immersion

= P +79 - S -
Jo.p ModBunM X Bun Bunp < Bunp

is equivariant for the natural action of Bunz on source and target and thus descends to a map

dt?

Buny, X Bunas Bunp < Bunp

ig,p : Mo

which is also a locally closed immersion by using [Sch17, Proposition 10.11 (i)].

It remains to show the ULA claim. It suffices to establish the claim for jp (ICBunp) by [FS21,
Corollary 1V.2.25|. Since ULA can be checked after a smooth surjective pullback, by applying
proper base-change to the left Cartesian diagram in Proposition 6.3.2, we reduce to showing that
jp!(ICBun}B) is ULA over Buny, where we know that it is ULA over Buny; by Theorem 6.2.1.
Therefore, by [FS21, Proposition IV.2.26] the claim reduces to the following lemma.

Lemma 6.3.4. The constant sheaf A on Bun; is ULA with respect to the map Bun,; — Buny,.

Proof. By choosing a v-cover of Buny; trivializing the Bung-torsor and using [FS21, Proposi-
tion IV.2.25], we reduce to showing that the constant sheaf on Buny is ULA over *, and this
is clear. ]

0

Remark 6.3.5. One could of course perform the analogous constructions and deduce the analogous
properties for the compactification Bunp.

7. APPLICATIONS
7.1. Finiteness theorems. Let G be any reductive group over E.

Theorem 7.1.1. Fizx a parabolic P = MU C G, and let A be any Zy[\/q]-algebra. Let o € mo(Bunyy)
be any element.

(1) The functors Eispy and Eis®, preserve ULA objects.
(2) The functor CT%, = CTE_, preserves compact objects.
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Proof. By Theorem 6.2.1 and its extension in Proposition 6.3.3 (5), the sheaves jj‘é!ICBun% and
j%*ICBunI% are q%-ULA. For (1), we then note the isomorphisms

Eis®)(A) = ppi (a3 A © j3ICBuns )
and

Eisp,(4) = pF(03°A @ j3.ICBuns )
using Lemma 6.1.5 and the ULA property of jg*ICBUH% for the latter. Then ULA-twisted pullback
preserves the ULA condition, and p%, = p%, preserves the ULA condition since p% is proper by
6.3.3 (2). This gives (1).

For (2), we apply Lemma 6.1.6, taking fi = p%, fo = q%, and K = j{IICBun% in the notation

of that lemma. The lemma then implies that the functor F' = CT%, preserves compact objects, so
CT%-—, does as well by second adjointness. O

Remark 7.1.2. By second adjointness and the basic definitions and adjunctions, Eisp) preserves
colimits and Eisp, preserves limits while CTp, = CTp-, preserves all limits and colimits. After
restricting to components, it is also true that Eis®, preserves colimits and Eis%, preserves limits.
The first claim follows from the isomorphism

EiS%*(—) = ﬁ%!(i%’*ICBun% ® El%*—)

established in the previous proof, noting that all functors on the right commute with colimits. The
second claim follows from the isomorphism

Eis%!(_> = ﬁ%*ijom(j%*ICBun%v El%!_)

which follows by a similar argument, noting that all functors on the right commute with limits.
This also shows that the functor Eis} (—) has a left adjoint which preserves compact objects,
given explicitly by
CT%r = dp1(JpICBung @ PP —).
It is not hard to deduce from second adjointness that Bernstein-Zelevinsky duality exchanges CT%,
and CT%,. However, we are not aware of any applications of this functor.

Theorem 7.1.3. The functor iy preserves ULA objects, and the functor z'%, preserves compact
objects.

Proof. When G is quasisplit, we can let P = MU be the dynamic parabolic of the Newton cochar-
acter vp. Then, by 2.2.5 (5) up to an irrelevant shift and twist, i, agrees with Eisp— o ié\l/[, and by
Theorem 1.2.1.(1), this composition of functors preserves the ULA property.

Similarly, by Corollary 2.2.5 (4) up to an irrelevant shift and twist, ié agrees with ié\/l’*CT P+, and
by Theorem 1.2.1.(2)-(3), this composition of functors preserves compactness.

Removing the quasisplitness assumption, we can first deduce the case when G has connected
center, and then the general case by z-extensions. ]

Theorem 7.1.4. If j : U — Bung is the inclusion of a quasicompact open substack and A €
D(Bung, A) is compact, then j. A has compact stalks. In particular, if A € D(Gy(E), A) is compact,
then ipe A has compact stalks.



GEOMETRIC EISENSTEIN SERIES I: FINITENESS THEOREMS 61
Proof. The second part follows from the first by factoring i; as the composition BunIC’; LA Bunéb EN
and then writing 7y« = j«h«, using that h, = h) preserves compactness.

For the first claim, it is equivalent to prove that for any open immersion j : U C V of quasicompact
open substacks of Bung, the functor j, preserves compact objects. By induction, we may assume
that U = V' \ {b} for some b € B(G). We need to prove that i} j, preserves compact objects. But
like for any open-closed stratification, we have i;j, = iéj;[l], and we already know that j; and ié
preserve compact objects, using the previous theorem for the latter. O

7.2. The cuspidal-Eisenstein decomposition.

Proof of Theorem 1.5.2. (1) is clear. Indeed, the functors CT p, commute with all limits since they
are right adjoints, and with all colimits since their left adjoints preserve compact objects. Moreover,
by second adjointness they also commute with Verdier duality up to swapping P for its opposite.
Moreover, if A is cuspidal then i; A = iéA = 0 for all non-basic b, since the stalk functors can be
obtained from suitable constant term functors, by Corollary 2.2.5 (3)-(4).

(2) is completely formal, since D(Bung, A)FS is stable under all colimits and D(Bung, A)°™P is
exactly the right orthogonal of D(Bung, A)Fs.

(3) requires some work. The essential point is that for each basic b,

D(Bung, Q)™ NiyD(Gy(E), Qp)

identifies with the support of a union of supercuspidal Bernstein components for G (E), which by (1)
is stable under Verdier duality. But then Bernstein-Zelevinsky duality and Verdier duality induce
the same involution on the set of Bernstein components, so one deduces that D(Bung, Q)P is
generated under colimits by objects of D(Bung, Q¢)“**?ND(Bung, Q¢)%, and that D(Bung, Q)°*PN
D(Bung, Q) is stable under Bernstein-Zelevinsky duality.

Now to conclude, take any A € D(Bung, Q)P N D(Bung, Q¢)*. Then for any P = MU C G
and any compact B € D(Bunys, Qy), we have

0 = RHom(Eisp B, A)
~ RHOm(DBzA, DBinSp]B)
~ RHOm(DBzA, EiSpfl]D)BzB)
using second adjointness and the preservation of compact objects under !-Eisenstein series. Varying
B and P, and using the involutivity of Bernstein-Zelevinsky duality on compact objects together

with the previous step, we deduce that D(Bung, Q)P is the left orthogonal of D(Bung, Q).
Since it is also the right orthogonal by definition, we get the desired orthogonal decomposition. [

7.3. Continuity of gluing functors. We end with an application to representation theory. To put
this result into context, let G be a connected reductive group over a nonarchimedean local field F.
Fix an algebraically closed field C' of characteristic zero. Write Groth(G) for the Grothendieck group
of finite-length admissible C-representations of G(F). Any element ¢ € C°(G(E),C) defines a
linear form Groth(G) — C by sending an irreducible representation 7 to tr(¢|7) and then extending
linearly. By definition, the linear maps Groth(G) — C of this form are called trace forms.
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Definition 7.3.1. A homomorphism f : Groth(G) — Groth(H) is continuous if for all trace forms
h on Groth(H), ho f is a trace form on Groth(G).

This condition turns out to be satisfied by many natural operations appearing in representation
theory.

Example 7.3.2. The involution on Groth(G) induced by smooth duality is continuous.

Example 7.3.3. If P = MU C G is a parabolic, the maps [i%] : Groth(M) — Groth(G) and [r£] :
Groth(G) — Groth(M) induced by parabolic induction and Jacquet module are continuous. For
[i%] this follows from van Dijk’s formula, which gives an explicit recipe for a map ¢ € C°(G(E))
¥ € C®(M(E)) such that tr(¢|iGr) = tr(¢”|).

For [rg] the result follows by induction on the semisimple rank, by combining the trace Paley-
Wiener theorem, the geometric lemma, and the result for parabolic induction.

Example 7.3.4. The Aubert-Zelevinsky involution on Groth(G) is continuous. This follows, for
instance, by writing it as a virtual combination of compositions of parabolic inductions and Jacquet
modules, and then using the previous example.

Example 7.3.5. If G = GL,, and G’ is an inner form of G, Badulescu’s "inverse Jacquet-Langlands
map" LJ : Groth(G) — Groth(G’) is continuous.

Example 7.3.6. If (G, 11, ) is any local shtuka datum, the map Mantg ,,; : Groth(Gy) — Groth(G)
is continuous. This is Theorem 6.5.4 in [HKW22].

As an application of our finiteness theorems, we prove the following result.
Theorem 7.3.7. For any b,b' € B(G), the map [i},ip) : Groth(Gp) — Groth(Gy) is continuous.

Note that ij,i; preserves finite length representations by Theorem 1.2.1, so this statement is
well-posed.

Proof. 1t is equivalent, and notationally simpler, to prove this result for the renormalized variant
i/ ip"]. We closely follow the proof of [HKW22, Theorem 6.5.4]. More precisely, choosing an
element ¢ € CX°(Gy(F)), we will show that the linear form on Groth(Gp) given by 7 — tr(¢ |
z;‘,renzignﬂ) satisfies the conditions of the trace Paley-Wiener theorem, applied to the group Gy(FE).
We refer to loc. cit. for the statement of the trace Paley-Wiener theorem in the form we will use.
For the remainder of the proof, we fix a pro-p compact open subgroup K C Gy (F) such that ¢ is
bi- K-invariant.

Verification of Condition 1. If tr(¢ | i;/*"i3"m) is nonzero, then (szenzz‘gnw)K is nonzero.

Therefore, it suffices to see that there is some open compact J C Gy(FE) such that (i *renzgﬁnﬂ) #0
only if 7/ # 0. For this, we compute
(i Zfenzlr)ﬁnﬂ)K =~ RHom

~ RHom

G
z{;‘nmd v E)Q, ifghr)
Degn, it ind 5 Q)
! Gy (E)A/—
coh T ,Lbren renlnd w ( )Q )

G
cohdr M iieind v (BQ,, )

(
(i1
= RHom(DD
(D

~ RHom
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where the second line follows from Bernstein-Zelevinsky duality and the isomorphism DBzii‘gn =

Deonipi™ (applied also for b'), and in passing to the fourth line we crucially used that z';fen pre-

serves compact objects, by Theorem 7.1.3. Now Dcohifenig‘?{lindf{”’(E)@ is compact, so it is sup-

ported on finitely many Bernstein components for G(E). This shows that the irreducible 7’s with
(i;fe“ii‘gnﬂ)K # 0 are supported on finitely many Bernstein components for G,(E). The existence
of the desired open compact J is then immediate.

Verification of Condition 2. Fix P = MU C G} and o an irreducible smooth M (E)-
representation. Let X = SpecR be the smooth affine algebraic variety over Q; parametrizing unram-
ified characters of M(FE). Let ¢ : M(E) — R* be the universal character, and form IT = i]GDb(mb).
This is an admissible smooth R[Gp(F)]-module interpolating the parabolic inductions igb(az/;) for
varying unramified characters ¢. Since Il is admissible, the pushforward 4"l € D(Bung, R) is ULA
by Theorem 7.1.3, so then also i;"ij);"I1 € D(Gy (E), R) is ULA, and in particular (i i3 VK s
a perfect complex of R-modules. The element ¢ naturally defines an endomorphism of this perfect
complex, and its trace f € R interpolates the individual traces tr(¢ | Z'Z,renig‘gnigb (o)) as 1 varies.

This shows that tr(¢ | iZ?eniiﬁnigb(aw)) is an algebraic function of 1, as desired. O
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