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Condensed Mathematics

Preface

These are lectures notes for a course on condensed mathematics taught in the summer term
2019 at the University of Bonn. The material presented is part of joint work with Dustin Clausen.

The goal of the course is to define the (derived) category of solid A-modules for any ring A,
and to discuss coherent duality in terms of solid A-modules.

May 2019 Peter Scholze



CONDENSED MATHEMATICS

1. Lecture I: Condensed Sets

The basic question to be addressed in this course is the following.

QUESTION 1.1. How to do algebra when rings/modules/groups carry a topology?

This question comes up rather universally, and many solutions have been found so that in any
particular situation it is usually clear what to do. Here are some sample situations of interest:

(i)
(i)

(iii)

Representations of topological groups like GL,(R), GL,(Qy), possibly on Banach spaces
or other types of topological vector spaces, or more generally topological abelian groups.
Continuous group cohomology: If G is a topological group acting on a topological abelian
group M, there are continuous group cohomology groups H! (G, M) defined via an
explicit cochain complex of continuous cochains.

Algebraic (or rather analytic) geometry over topological fields K such as R or Q.

However, various foundational problems remain, for example:

Problems.

(i)

Topological abelian groups do not form an abelian category. For example, consider the
map

(R, discrete topology) — (R, natural topology) .

In an abelian category, the failure of this map to be an isomorphism has to be explained by
a nontrivial kernel or cokernel. Note that this example is not pathological: We certainly
want to include all abstract discrete abelian groups, as well as R, and we certainly want
this map to be a map of topological abelian groups. So if we want to change the setup to
obtain an abelian category, we need to include also some kernel or cokernel to the displayed
map.

For a topological group G, a short exact sequence of continuous G-modules does not in
general give long exact sequences of continuous group cohomology groups. More abstractly,
the theory of derived categories does not mix well with topological structures.

In the context of analytic geometry over some topological field K, a theory of quasicoherent
sheaves presents problems: For example, if A — B is a map of topological K-algebras and
M is a topological A-module, one would like to form a base change M®4B, but it is
usually not clear how to complete.

The goal of this course is to give a unified approach to the problem of doing algebra when
rings/modules/groups/... carry a topology, and resolve those and other foundational problems.

The solution comes from a somewhat unexpected (to the author) direction. In [BS15], the
pro-étale site Xp,04; of any scheme X was defined, whose objects are roughly projective limits of
étale maps to X. For this course, only the simplest case where X is a (geometric) point is relevant.
Indeed, unlike in classical topologies such as the Zariski or étale topology, sheaves on the pro-étale
site of a point are not merely sets. What seemed like a bug of the pro-étale site is actually a feature
for us here, as Clausen explained to the lecturer.

DEFINITION 1.2. The pro-étale site *p.0¢; of a point is the category of profinite sets S, with
finite jointly surjective families of maps as covers. A condensed set is a sheaf of sets on *progt-
Similarly, a condensed ring/group/... is a sheaf of rings/groups/... on #*progt-
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Generally, if C is any category, the category
Cond(C)
of condensed objects of C is the category of C-valued sheaves on *p,;o¢t-

In other words, a condensed set/ring/group/... is a functor
T : {profinite sets}°? — {sets/rings/groups/...}
S —T(S)

satisfying T'()) = * and the following two conditions (which are equivalent to the sheaf condition):

(i) For any profinite sets S1, S2, the natural map
T(Sl U Sg) — T(Sl) X T(SQ)

is a bijection.
(ii) For any surjection S’ — S of profinite sets with the fibre product S’ xg S’ and its two
projections p1, p2 to S’, the map

T(S) = {z € T(Y) | pi(z) = p3(x) € T(S" x5 5)}
is a bijection.

Given a condensed set T, we sometimes refer to 7'(x) as its underlying set.

REMARK 1.3. This definition presents set-theoretic problems: The category of profinite sets is
large, so it is not a good idea to consider functors defined on all of it. We will resolve this issue
over this and the next lecture, and in doing so we will actually pass to a minor modification of the
category above.

In a first step, we will choose a cardinal bound on the profinite sets, i.e. fix a suitable uncountable
cardinal x and use only profinite sets S of cardinality less than x to define a site *,_r06. We will
always assume that  is an uncountable strong limit cardinal, i.e. x is uncountable and for all A < &,
also 2% < k. It is easy to construct such x: For example, define 3, inductively for all ordinals o
via Jg = N, 3o+ = 27 for a successor ordinal and for a limit ordinal as the union of all smaller
J.’s. Then for any limit ordinal «, the cardinal x = J,, is an uncountable strong limit cardinal.

For any uncountable strong limit cardinal k, the category of x-condensed sets is the category
of sheaves on *,_proct -

REMARK 1.4. If ¥’ > k are uncountable strong limit cardinals, there is an obvious forgetful
functor from x’-condensed sets to k-condensed sets. This functor admits a natural left adjoint,
which is a functor from k-condensed sets to k’-condensed sets. This functor is fully faithful and
commutes with all colimits and many limits (in particular, all finite limits), as we will prove in
Proposition below. We will then define the category of condensed sets as the (large) colimit of
the category of k-condensed sets along the filtered poset of all uncountable strong limit cardinals
K

n a recent preprint [BH19|, Barwick and Haine set up closely related foundations, but using different set-
theoretic conventions. In particular, they assume the existence of universes, fixing in particular a “tiny” and a
“small” universe, and look at sheaves on tiny profinite sets with values in small sets; they term these pyknotic sets. In
our language, placing ourselves in the small universe, this would be x-condensed sets for the first strongly inaccessible
cardinal k they consider (the one giving rise to the tiny universe).
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The following example presents the key translation from topological structures to condensed
structures:

ExaMPLE 1.5. Let T be any topological space. There is an associated condensed set 1T', defined
via sending any profinite set S to the set of continuous maps from S to T'. This clearly satisfies
(i) above, while (ii) follows from the fact that any surjection S’ — S of compact Hausdorff spaces
is a quotient map, so any map S — T for which the composite S’ — S — T is continuous is itself
continuous.

If T is a topological ring/group/..., then T is a condensed ring/group/... .

Recall that a topological space X is compactly generated if a map f : X — Y to another
topological space Y is continuous as soon as the composite S — X — Y is continuous for all
compact Hausdorff spaces S mapping to X. The inclusion of compactly generated spaces into
all topological spaces admits a right adjoint X +— X that sends a topological space X to its
underlying set equipped with the quotient topology for the map Lg_,x.S — X, where the disjoint
union runs over all compact Hausdorff spaces S mapping to X.

Note that any compact Hausdorff space S admits a surjection from a profinite set (which is
then automatically a quotient map), for example by taking the Stone-Cech compactification of S
considered as a discrete set. This means that in the preceding discussion, one can replace compact
Hausdorff spaces by profinite sets without altering the definition of compactly generated spaces and
the functor X — X°8.

We will need the following set-theoretic Variantﬂ choose an uncountable strong limit cardinal
K as above, and say that a topological space X is k-compactly generated if it is equipped with the
quotient topology from Llg_, xS — X where now S runs only over compact Hausdorff spaces with
|S| < k. Any compact Hausdorff space S with |S| < £ admits a surjection from the profinite set S’

which is the Stone-Cech compactification of S considered as a discrete set, and then |S’| < 22 <
as Kk is a strong limit cardinal and S’ is the set of ultrafilters on the set S, i.e. a subset of the
powerset of the powerset of S. We write X — X% for the right adjoint of the inclusion of x-
compactly generated topological spaces into all topological spaces; here X* 8 has the underlying
set of X equipped with the quotient topology of Ug_, xS — X where S runs over k-small compact
Hausdorff S.

REMARK 1.6. Any first-countable topological space X (in particular, any metrizable topological
space) is compactly generated; in fact k-compactly generated for any uncountable . Indeed, assume
that V C X is a subset such that for all k-small compact Hausdorff spaces S mapping to X, the
preimage of V in §' is closed. We need to see that V is closed. Take any point x € X in the closure
of V', and choose a sequence U; D Uy D ... of cofinal open neighborhoods of x (using that X is
first-countable). Then V N U, is nonempty for all n, so choosing a point z,, € V N U, we get a map
NU{oo} — X sending n to z, and oo to z; this map is continuous for the usual profinite topology
on NU {oo}. But then the preimage of V' in NU {oo} is closed and contains N, and thus also {oo},
so that indeed x € V', i.e. V is closed.

PROPOSITION 1.7. The functor X — X from topological spaces/rings/groups/... to the cate-
gory of k-condensed sets/rings/qroups/... is faithful, and fully faithful when restricted to the full
subcategory of all T that are k-compactly generated as a topological space.

2Removing the cardinal bounds from Proposition below results in some surprising twist, cf. Warning|2.14} so
we are careful with the cardinal bounds here.
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The functor X — X from topological spaces to k-condensed sets admits a left adjoint T +—
T'(%)top sending any condensed set T' to its underlying set T'(x) equipped with the quotient topology
of Us—pS — T(x) where the disjoint union runs over all k-small profinite sets S with a map to
T, i.e. an element of T(S). The counit X (x)iop — X of the adjunction agrees with the counit
X" — X of the adjunction between k-compactly generated spaces and all topological spaces; in
particular, X (*)iop = X" 8.

REMARK 1.8. If X is a condensed group (or ring/...), it is not necessarily the case that X (x)op is
a topological group (or ring/...). The problem is that the functor X +— X (x)op does not necessarily
commute with products. By the adjoint functor theorem, there are still left adjoints to the functor
from topological groups (or rings/...) to condensed groups (or rings/...), but we do not know how to
describe them, and in particular they do not commute with forgetful functors (and so are probably
not useful in practice).

PRrOOF. It suffices to check the (full) faithfulness for the functor from topological spaces to
condensed sets, as the other cases are just certain diagram categories. For topological spaces, the
claim reduces formally to the claim about the adjoint functor and its counit.

Thus, let X be a topological space and T' a x-condensed set. We claim that there is a functorial
bijection

Hom (T, X)) = Hom (T (%)op, X) -
Note that as for all profinite S, the map X(S) — [[,cg X({s}) = [[,cg X is injective (it identifies
with the inclusion from the set of continuous maps from S to X into all maps from S to X), giving
amap T — X is equivalent to giving a map of sets T'(x) — X such that for all k-small profinite
S with a map S — T, the induced map S — T'(x) — X is continuous. But these are precisely the
continuous maps 7'(*)iop — X by definition of the topology on T'(*)op.

It is clear from the definitions that for a topological space X, there is natural identification
X(*)top ED. G U

ExAMPLE 1.9. Let Rgjsc denote the real numbers with the discrete topology, and R the real
numbers with their natural topology. Then the map

Rdisc — B
is injective, and its cokernel ) is a condensed abelian group with “underlying” abelian group
Q(*) = 0. However, for a general profinite set S, one has

Q(S) = {continuous maps S — R}/{locally constant maps S — R} #0 .

In fact, condensed abelian groups form an abelian category of the nicest possible sort. In
particular, out of Grothendieck’s axioms, it satisfies the same as the category of abelian groups.

THEOREM 1.10. The category of condensed abelian groups is an abelian category which satis-
fies Grothendieck’s axioms (AB3), (AB4), (AB5), (AB6), (AB3*) and (AB4*), to wit: all limits
(AB3*) and colimits (AB3) exist, arbitrary products (AB4*), arbitrary direct sums (AB4) and fil-
tered colimits (AB5) are exact, and (AB6) for any index set J and filtered categories I, j € J,
with functors i — M; from I; to condensed abelian groups, the natural map

fim HM%'%H@M%‘

(i€1;); jeJ jed ti€l;
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s an isomorphism.
Moreover, the category of condensed abelian groups is generated by compact projective objects.

Recall that an object M of an abelian category C is compact if Hom(M, —) commutes with
filtered colimits.

REMARK 1.11. Sheaves of abelian groups on any site form an abelian category satisfying (AB3),
(AB4), (AB5) and (AB3*). However, in almost all cases, they fail (AB4*) and (AB6). These axioms
are however a simple consequence of the existence of compact projective generators. In our case,
the compact projective generators will come from extremally disconnected sets, as explained in the
next lecture.
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2. Lecture II: Condensed Abelian Groups
For a choice of uncountable strong limit cardinal s, we made the following definition.

DEFINITION 2.1. The site #, pro¢; is the site of x-small profinite sets S with covers given
by finite families of jointly surjective maps. A k-condensed set/group/ring/... is a sheaf of

sets/groups/rings/... on *, proct-
Today, we prove the following proposition.

THEOREM 2.2. The category of k-condensed abelian groups is an abelian category which satis-
fies Grothendieck’s azioms (AB3), (AB4), (AB5), (AB6), (AB3%) and (AB4%), to wit: all limits
(AB3*) and colimits (AB3) exist, arbitrary products (AB4*), arbitrary direct sums (AB4) and fil-
tered colimits (AB5) are exact, and (AB6) for any index set J and filtered categories I;, j € J,
with functors i — M; from I; to k-condensed abelian groups, the natural map

limg T A%, = [ tim 01,
(ij€lj); jeJ jed 1i€l;
18 an isomorphism.
Moreover, the category of k-condensed abelian groups is generated by compact projective objects.

What makes condensed sets a priori hard to control is the sheaf condition: Forming a col-
imit requires sheafification, and it is not clear that this can be controlled. In fact, a priori the
sheafification involved might range over larger and larger diagrams depending on the choice of x.
Fortunately, this turns out not to be the case. To prove this, we study two different sites whose
categories of sheaves are equivalent to condensed sets.

ProprosITION 2.3. Consider the site of all k-small compact Hausdorff spaces, with covers given
by finite families of jointly surjective maps. Its category of sheaves is equivalent to k-condensed
sets via restriction to profinite sets.

PROOF. For any compact Hausdorff space S, one can find a profinite S’ with a surjection
S" — S. For example, one can take for S’ the Stone-Cech compactification of S considered as
a discrete set. For any sheaf T, this determines the value 7'(S) in terms of the values T'(S’),
T(S" xg S’) on the profinite sets S’, S’ xg " C S’ x S’. The desired equivalence follows easily

(noting that S’ < 22" < k to verify that the cardinal bounds check out). O

The Stone-Cech compactifications of discrete sets appearing in the previous proof are actually
a very special type of profinite set:

DEFINITION 2.4 (Gleason, [Gle58]). A compact Hausdorff space S is extremally disconnected
if any surjection S’ — S from a compact Hausdorff space splits.

EXAMPLE 2.5. Assume that S = 35Sy is the Stone-Cech compactification of a discrete set Sg.
Then S is extremally disconnected. Indeed, for any surjection S’ — S, we may first lift the discrete
set So C S arbitrarily to S’; this extends to a unique section S = Sy — S’ by the universal
property of the Stone-Cech compactification.

In particular, any compact Hausdorff space S admits a surjection from an extremally discon-

nected space S’ = 35, with |S’| < 227!,
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WARNING 2.6. Being extremally disconnected is a much stronger condition than being totally
disconnected, and it is in fact hard to come up with examples that are not Stone-Cech compact-
ifications or very related. (Indeed, any extremally disconnected set is a retract of a Stone-Cech
compactification.) In particular, it is known that for two infinite extremally disconnected sets S,
S’, their product S x S’ is never extremally disconnected. Also, if S is extremally disconnected and
Zo,x1,... is a sequence of points in S that converges, then it is eventually constant, cf. [Gle58].

PROPOSITION 2.7. Consider the site of k-small extremally disconnected sets, with covers given
by finite families of jointly surjective maps. Its category of sheaves is equivalent to k-condensed
sets via restriction from profinite sets.

PRrOOF. For any profinite set S, we can find an extremally disconnected set S surjecting onto

S and another extremally disconnected set S surjecting onto S x s S. Then the value T(S) is

determined as the equalizer of the two maps T'(S) — T'(S). This easily implies the proposition. [

Using the proposition, we see that the category of k-condensed sets/rings/groups/... is equiva-
lent to the category of functors

T : {k-small extremally disconnected sets}°? — {sets/rings/groups/...}
such that T'()) = * and for all k-small extremally disconnected sets Sy, S2, the natural map
T(Sl U Sg) — T(Sl) X T(Sg)

is a bijection. Indeed, as any cover of extremally disconnected sets splits, the analogue of condition
(ii) above is automatic.

ProOF OoF THEOREM (2.2 We identify the category k-condensed abelian groups with the cat-
egory of functors

M : {k-small extremally disconnected sets}°P? — {abelian groups}

sending finite disjoint unions to finite products. As the formation of all limits and colimits in
the category of abelian groups commutes with finite products (=finite coproducts), one sees that
this category is stable under formation of pointwise limits and colimits. In other words, for any
category I and any functor i — M; to k-condensed abelian groups, the limit (resp. colimit) of
i — M; is given by sending any k-small extremally disconnected set S to the limit (resp. colimit)
of i — M;(S). With this information, all but the last sentence of the theorem follow at once from
the same assertions in the category of abelian groups.

To prove the existence of compact projective generators, we use that by the adjoint functor
theorem, the forgetful functor from x-condensed abelian groups to k-condensed sets has a left adjoint
T — Z[T]H In particular, for any x-small extremally disconnected set S, there is a k-condensed
abelian group Z[S] such that for any x-condensed abelian group M, we have Hom(Z[S], M) = M (S).
As M — M (S) commutes with all limits and colimits, it follows that Z[S] is compact and projective;
and they generate, as M = 0 if and only if M (S) = 0 for all k-small extremally disconnected sets S,
which implies that any M admits a surjection from a direct sum of Z[S]’s (by using Zorn’s lemma
to pick a maximal subobject M’ of M which admits such a surjection, and then noting that if

3Concretely, Z[T] is the sheafification of the functor that sends an extremally disconnected set S to the free
abelian group Z[T'(S)] on the set T'(S).
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M/M’ # 0, we can find a nonzero map Z[S] — M /M’ which can be lifted to M by projectivity of
Z[S], contradicting maximality of M). O

In the appendix to this lecture, we study how the previous notions change when one changes
k. In particular, a notion of condensed abelian groups is defined that is both independent of £ and
which poses no set-theoretic problems. Theorem continues to hold. We will use this formalism
in the following.

Let us mention some further properties of the category Cond(Ab) of condensed abelian groups.

(i) It has a symmetric monoidal tensor product — ® —, where M ® N is the sheafification of
S — M(S)® N(S). Thus, M ® N represents bilinear maps M x N — —, and one sees
that the functor T — Z[T] from condensed sets to condensed abelian groups is symmetric
monoidal with respect to the product and the tensor product, i.e. Z[T1|QZ[Ts] = Z[T1 xT5].

For any condensed set T, the condensed abelian group Z[T] is flat. To check this,
it suffices to check that tensoring with the presheaf S — Z[T'(S)] (of which Z[T] is the
sheafification) on the presheaf level is exact, which follows from all Z[T'(.S)] being flat (even
free) abelian groups.

(ii) For any condensed abelian groups M, N, the group of homomorphisms Hom (M, N) has a
natural enrichment to a condensed abelian group, defining an internal Hom-functor object
Hom(M, N). Abstractly, this can be defined via the adjunction

Hom(P,Hom(M, N)) = Hom(P ® M, N) ;
concretely, applying this to the free objects P = Z[S], one has
Hom(M, N)(S) = Hom(Z[S] ® M, N)

for any extremally disconnected set S.

(iii) As Cond(Ab) has enough projectives, one can form the derived category D(Cond(ADb)).
If P € Cond(Ab) is compact and projective, then P[0] € D(Cond(Ab)) is a compact
object of the derived category, i.e. Hom(P, —) commutes with arbitrary direct sums. In
particular, D(Cond(Ab)) is compactly generated. Using projective resolutions, one also
defines a symmetric monoidal tensor product — ® — on D(Cond(Ab)) and a derived
internal Hom RHom(—, —) on D(Cond(Ab)), still satisfying the adjunction

Hom(P, RHom(M, N)) = Hom(P @ M, N) .

WARNING 2.8. It is probably not true that D(Cond(Ab)) = Cond(D(Ab)); for example, the
right side has no a priori reason to even be a triangulated category, as categories of diagrams in a
triangulated category are usually not triangulated (by the failure of functoriality of cones). Passing
to co-categories resolves the issue, i.e. the derived oo-category D(Cond(Ab)) is indeed equivalent to
Cond(D(AD)); this is a general fact about sheaves of complexes on sites. Here, for any oco-category
C, we define Cond(C) as contravariant functors from extremally disconnected sets to C taking finite
disjoint unions to finite products (plus the set-theoretic condition explained in the appendix to this
lecture).
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Appendix to Lecture II

We make some somments on how to build a theory of condensed sets that does not suffer from
set-theoretic issues while also not depending on the choice of an auxiliary cardinal . For this, we
first prove the following result on (in)dependence of k.

PROPOSITION 2.9. Let k' > Kk be uncountable strong limit cardinals. There is a natural func-
tor from k-condensed sets to k'-condensed sets, given by sending a rk-condensed set T to the k'-
condensed set T, given by the sheafification of

S lim T(S)
S—S
where the filtered colimit is taken over all k-small profinite sets S with a map S — S

The functor T v T, is fully faithful and commutes with all colimits and all A-small limits
where X\ is the cofinality of k.

REMARK 2.10. Except for the commutation with A-small limits, this proposition applies verba-
tim to condensed objects in any category that admits all filtered colimits. For commutation with
A-small limits, one has to be careful in general; it is however certainly true if there is a conservative
forgetful functor to sets that commutes with limits and filtered colimits (such as for rings, groups,
modules, etc.).

Proor. We identify k-condensed sets with functors
{k-small extremally disconnected sets}°* — {sets}

sending finite disjoint unions to finite products, and similarly for x’. Under this equivalence, the
functor T +— T,/ corresponds to left Kan extension along the full inclusion of x-small extremally
disconnected sets into x’-small extremally disconnected sets. In particular, the functor is left adjoint
to the forgetful functor from x’-condensed sets to k-condensed sets and the unit of the adjunction
is an isomorphism. This implies that the functor 7' — T}/ is fully faithful and commutes with all
colimits.

To see that it commutes with A-small limits, where A is the cofinality of x, it is enough to
see that for all x’-small extremally disconnected sets S, the category of all k-small extremally
disconnected sets S with a map S — S is Mfiltered. (Here, we use the general fact that A-filtered
colimits commute with A-small limits in sets; this is true for any regular cardinal X\, but cofinalities
are always regular.) This comes down to showing that if S;, i € I for some A-small index category I,
is a diagram of x-small extremally disconnected sets with compatible maps S = Si, then there is a
r-small extremally disconnected set S with a map S — S over which all S — S; factor compatibly.
Note that the limit @Z S; is k-small: It suffices to prove this for [[; S;, and then the supremum g of

all | 9| is less than « as the cofinality of x is A and |I| < A, so [ [[;o; Si| < p* <29 < kaspuxA <k
and £ is a strong limit cardinal. We can now take for S any r-small extremally disconnected set
with a surjection S — L Si; as S is extremally disconnected, the map S — l&n S; can be lifted

toamapS—)S. O

We are now justified in making the following definition, which is the official definition of con-
densed sets.

4In other words, T is the pullback of T" along the map of sites *,/_prost — *r-proést-
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DEFINITION 2.11. The category of condensed sets is given by the filtered colimit of the category
of k-condensed sets along the filtered poset of all uncountable strong limit cardinals k.

Equivalently, this is the category of functors
T : {extremally disconnected sets}? — {sets}
S T(S)

sending finite disjoint unions to finite products, and such that for some uncountable strong limit
cardinal k, it is the left Kan extension of its restriction to x-small extremally disconnected setsﬁ

REMARK 2.12. The category of condensed sets is a (large) category like the category of all sets;
the essential difference is that it does not admit a set of generators (but merely a class of generators).
In particular, the resulting category is not the category of sheaves on any site, although it shares
most of the features.

REMARK 2.13. In forming the colimit over all k, one can restrict attention to k of cofinality at
least A for any fixed A (as these are cofinal), and thus ensure that formation of A-small limits is
universal for any given A. Slightly better, one can by transfinite induction define a sequence &, of
uncountable strong limit cardinals, enumerated by ordinals «, such that the cofinality of k. is at
least the supremum of k. over all o/ < a.

With this definition, the category of condensed sets has all small colimits and all small limits.
Here limits can be calculated pointwise; to see that the limit is still the left Kan extension from
its restriction to k-small objects for some k, choose k so that the cofinality of k is at least the
cardinality of the index category, and all terms in the limit are left Kan extended from k-small
objects. Colimits commute with the left Kan extensions, so it is clear that they preserve left Kan
extensions. Filtered colimits can be computed pointwise.

The same discussion applies to condensed objects in any category C' that admits all filtered
colimits. In other words,

Cond(C) = ling Cond,,(C)

with (hopefully) obvious notation; this also agrees with the category of functors
{extremally disconnected sets}® — C

sending finite disjoint unions to finite products, and which are their left Kan extensions from the
restriction to x-small objects for some uncountable strong limit cardinal k.

This category is large (even if C' is small), but is locally small, i.e. Hom sets are actually sets.
Indeed, as all transition maps are fully faithful, any Hom can be calculated in some Cond(C).

WARNING 2.14. The natural functor from topological spaces to sheaves on the full pro-étale
site *progt Of a point does not land in condensed sets. The problem are nonseparated spaces like
the Sierpinski space X = {s,n} where {n} is open but {s} is not. Indeed, then X sends any
extremally disconnected set S to the set of all closed subsets of S, and this functor is not the left
Kan extension of its restriction to k-small extremally disconnected sets for any x (otherwise any

5Yet another equivalent characterization is that a sheaf T" defined on all of *pr0st is a condensed set when the
corresponding functor from the opposite category of profinite sets to sets, i.e. from the ind-category of (finite sets)°?
to sets, is accessible (noting that both sets and ind-(finite sets)°P are presentable categories).
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closed subset Z C S of an extremally disconnected set S would be an intersection of x clopen
subsets of S for some cardinal x independent of S and Z).

Despite the warning, we note that for any condensed set T', the underlying set T'(x) can be
regarded as a topological space T'(*)op by endowing it with the quotient topology from Ug_,7S —
T'(*) where S runs over k-small extremally disconnected sets for any x such that 7" is determined
by its values on k-small S. Then one has formally that for any topological space X, Hom(T, X) =
Hom(7'(*)top, X ). However, by the warning, this does not define an adjunction anymore. Putting
some separation hypothesis helps:

PROPOSITION 2.15. If X is a topological space all of whose points are closed (i.e. X is T1),
then X is a condensed set for which all maps from points are quasicompact. Conversely, if T
is a condensed set such that all maps from points are quasicompact, then T (x)iop is a compactly
generated space all of whose points are closed.

In particular, one gets an adjunction between 7T'1 topological spaces and condensed sets for which
all maps from points are quasicompact. Note that if X is not 71, then X is never a condensed set:
Indeed, if X is not T'1 there is a pair of points s, € X whose subspace topology is not discrete,
and then the warning shows that already the subset {s,n} C X does not define a condensed set.

PROOF. To see that X is a condensed set, we need to see that for some uncountable strong limit
cardinal x, any map S — X from any extremally disconnected set S factors over a map S — X for
some k-small extremally disconnected S. We claim that we can take any x of cofinality A\ > | X]|.
Then the category I of all factorizations S =S X with S being r-small is A-filtered. We need
to see that there is some S such that the two maps SxgS—S5—>X agree. For this, we need to
arrange that S xg S does not meet the preimage of (z,y) € X x X for any pair of distinct points
x,y € X. If we can arrange this for any individual (z,y), we can also arrange it for all of them as
I is Mfiltered for A > |X| = |X x X|. But note that (z,y) € X x X is closed (as X is T'1), so the
preimage of (z,y) is a closed subset T}, 5 C S Xg S. The inverse limit of all T, y,s is empty, so as
all T, , s are profinite, it follows that one of them is empty.

If v € X = X(x) is any point and S is any profinite set with a map to X, then S xx {z} =
S xx {xz} and S xx {x} C S is a closed subset, which implies that {z} — X is quasicompact.
Conversely, if T' is a condensed set such that for all € T'(x), the map {x} — T is quasicompact,
then {z} — T'(*) is closed: By the definition of the topology on T'(x), we have to see that for all
profinite sets S with a map S — 7', the subspace S xp {x} C S is closed. But by assumption it is
a quasicompact sub-condensed set S’ c S. Thus, there is some surjection S’ — §' C S from some
profinite set S’ and then S’ agrees with the image of S S, which is a closed subset of S. Thus,
S’ C S is a closed subset, as desired. O

One can translate some properties under this adjunction.

THEOREM 2.16.

(i) The functor X — X induces an equivalence between compact Hausdorff spaces X and qcqs
condensed sets T

(ii) A compactly generated space X is weak Hausdorff if and only if X is quasiseparated. For
any quasiseparated condensed set T', the topological space T'(x)iop is compactly generated
weak Hausdorff.



APPENDIX TO LECTURE II 17

Recall that X is weak Hausdorff if for any compact Hausdorff space S mapping to X, the
image is compact Hausdorff (in the subspace topology). Part (ii) implies that compactly generated
weak Hausdorff spaces embed fully faithfully in quasiseparated condensed sets (and the inclusion
admits a left adjoint). Quasiseparated condensed sets are arguably better behaved: In fact, they
are equivalent to the category of ind-compact Hausdorff spaces li z’Xi where all transition maps
are closed immersions. Any compactly generated weak Hausdorff space is also of this form, but it
may happen that taking this filtered colimit in topological spaces produces a compact Hausdorff
space again, so the functor 7' — T'(x)op from quasiseparated condensed sets to compactly generated
weak Hausdorff spaces may “accidentally” identify some objects. For example, there are compact
Hausdorff spaces S with a filtered set of proper closed subsets S; such that the map

of topological spaces is a homeomorphismﬁ This can however only happen for rather complicated
colimits; in particular, it cannot happen for countable colimits (by the Baire category theorem,
effectively). We regard this as a defect of topological spaces: The open subsets are not enough
information to remember that full filtered direct system. Passing to (quasiseparated) condensed
sets resolves this issue.

ProoOF. For part (i), note that any compact Hausdorff space X can be written as a quotient
S/R of a profinite set S under a closed equivalence relation R C S x S. Then X = S/R is qcgs.
Conversely, assume that T is a qcqs condensed set. Let S — T be a surjection from a profinite set;
then R =S5 xp § C S x S is a quasicompact sub-condensed set, and thus a closed subset by the
argument in the proof of the previous proposition. Thus, R defines a closed equivalence relation
on S, and the quotient X = S/R is a compact Hausdorff space, such that the map X =S/R — T
is an isomorphism.

For part (ii), note that if X is weak Hausdorff, then in particular all points are closed, so X
is a condensed set. To see that it is quasiseparated, take any two profinite sets Sy, So with maps
51,52 = X. Then S1 xx Sz = S1 Xx S92, so it is enough to see that the fibre product S; x x S»
is compact Hausdorff. But for this we may replace X by the image of S; U .Ss, which is compact
Hausdorff, and fibre products of compact Hausdorff spaces are again compact Hausdorff.

For the converse, using X =2 X (*)¢op, it is enough to see that for any quasiseparated condensed
set T, the topological space T'(*)top is weak Hausdorff. Note that we can write T' as a filtered
increasing union of quasicompact sub-condensed sets T; C T', @ € I. Each T; is of the form X; for
a compact Hausdorff space X;, so we have to see that the topological space X = hﬂl X, is weak
Hausdorff.

Thus, let S be any compact Hausdorff space with a map S — X = hﬂz X;. As remarked above,
this does not in general factor over any X;. In any case, for any ¢ the preimage of X; C X is a
closed subset S; C S, and S is the filtered colimit of the S;. For any i, let S; C X; be the image of
S; — X;, which is a closed subset of X; and thus compact Hausdorff. The image of S — X is given
by S = hgll S;, equipped with the direct limit topology. We have to see that this is a compact

Hausdorff space. Note that S = hgl S; — S = hglZ S; is a quotient map (as a filtered colimit of

6For an explicit example, use Remark to see that for any first-countable compact Hausdorff space S, one can
take for the S;’s the images of maps from finite disjoint unions of N U {co} to S, i.e. finite collections of convergent
sequences in S.
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quotient maps). Moreover, the induced equivalence relation R C S x S is closed, as it is the filtered
colimit of the closed equivalence relations R; = 5; X3, S; € 5; x S;. But S is compact Hausdorff,

so that S = S/R is then also compact Hausdorff, as desired. 0
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3. Lecture III: Cohomology

We have seen that the passage from (nice in a weak sense) topological spaces to condensed sets
is lossless on the level of categories. As a next step, we need to see that certain important invariants
of topological spaces can be detected on the associated condensed set. One such important invariant
are the cohomology groups of a compact Hausdorff space S.

There are several ways to define the cohomology of a compact Hausdorff space S:

(i) The singular cohomology groups Hging(S, Z). For this, one defines the cochain complex
C*(S) with C*(S) = Hom(C;(S),Z) where C;(S) is the free abelian group on the set of
maps from the simplex A® to S, where A" = {(xg,...,7;) € [0,1] | S 2; = 1}.

(ii) The Cech cohomology groups Hi,;, (S, Z), defined as the filtered colimit of the cohomology
groups of the Cech complexes C(S, {U;}) ranging over finite open covers {U;} of S.

(iii) The sheaf cohomology groups HY, ..;(S,Z), defined using the category of sheaves on the

topological space S.

There is a natural map H{.,, (S,Z) — HY..;(S,Z) that is an isomorphism (this holds more
generally for paracompact Hausdorff spaces), cf. [God 73, Théoreme 5.10.1]. If S is a CW complex,
they also agree with Hsimg(S7 Z), but not in general: If S is a profinite set, then all cohomology
groups vanish for 7 > 0, and Hsoheaf(S, Z) are the continuous maps S — Z, while Hgng(S, Z) are all
maps S — Z. In particular, singular cohomology treats S like a disjoint union of points, so one
sees that arguably Cech or sheaf cohomology is better-behaved.

As an example, let T = R/Z be the circle. We will need the following result in the next lecture.

PROPOSITION 3.1. For any set I, one has
Héech(H T, Z) = AZ(@ Z) :
I I
More precisely, in degree 1 the map
@Z - Héech(HTa Z)
I I

induced by pullback from all factors is an isomorphism, and the cup product induces isomorphisms

/\iHéech(H T, Z) = Héech(H T, Z) :
1 1

PRrROOF. If I is finite, this is the classical computation of the singular cohomology of tori. The
case of infinite I follows from the following general fact: If S;, 7 € J, is a cofiltered system of
compact Hausdorff spaces with limit S = @j S;, then the natural map

hﬂ H(ijech(Sjv Z) - H(ijech(Sv Z)
J

is an isomorphism for all ¢ > 0, cf. [ES52, Chapter X, Theorem 3.1]. O

On the other hand, we can regard S as a condensed set, and can take its cohomology internally
to the topos of condensed sets. Equivalently, S is an object of the site of compact Hausdorff
spaces equipped with the topology of finite families of jointly surjective maps, and one can take
the cohomology groups

éond(sv Z) (g EXté}ond(Ab) (Z[S]v Z))
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on that site. Concretely, these are computed by taking a simplicial hypercover S¢ — S by extremally
disconnected sets .5;, and forming the cohomology groups of the complex

0—TI(S0,Z) —>T(51,Z) — ... .
THEOREM 3.2 ([Dyc76l Theorem 3.11)). There are natural functorial isomorphisms
Hiheaf(Sv Z) ~ H; (Sa Z) :

S cond

After the proof of the theorem, we will simply write H'(S,Z) to denote any of Hf,.,(S,Z),
H}yt(S,Z) and H},,4(S, Z).

PRrROOF. We check the result first in the case that S is a profinite set. Write S = @j S; as
a cofiltered limit of finite sets S;. Then HY _(S,Z) = 0 for i > 0 and the HY is given by the
continuous maps from S to Z, i.e. by ligj I'(Sj,Z); this also agrees with Hgond(S, Z) by definition.
To check that H! (S,Z) = 0 for ¢ > 0, it suffices to check that for any surjection S’ — S of

cond
profinite sets, the Cech complex

0—T(S,2) - T(5,2) - T(S" xg 8", Z) — ...
is exact. To verify this, write S’ — S as a cofiltered limit of surjections S;- — S; of finite sets, and
pass to the filtered colimit of the exact sequences
0—=TI(5;,Z) — F(S;,Z) — F(S} X5, S;,Z) — ...

(each of which is exact as S7 — Sj is split).

To prove the theorem in general, note that one can define a natural map from the left side to
the right side by noting that there is a natural map « of topoi from sheaves on compact Hausdorff
spaces over S to sheaves on the topological space S. We need to see that Ra,Z = Z in the derived
category of abelian sheaves on S. We can check this on stalks, so fix s € S. The open neighborhoods
U of s are cofinal with the closed neighborhoods V' of s. This implies

(RoZ)s = ligRF(U, Ra,Z) = ligRFcond(U, Z) = hgrl Rl cona(V,Z) .

Uss U3s V3s
Pick a simplicial hypercover S¢ — S by profinite sets S;. Then RI.onq(S,Z) is computed by the
complex

0—TI(S0,Z) - T(S1,Z) — ...
by the vanishing of H éond(Sj,Z) for ¢+ > 0. Similarly, for any closed V' C S, one can compute
RT(V,Z) by
0—=>T(SoxsV,Z) > T(S1 xs V,Z) — ... .

Passing to the filtered colimit over all closed neighborhoods V' of s, one gets the complex

0—I(So xs{s},Z) = T'(S1 xs{s},Z) — ...
which computes RI'({s},Z) = Z. In other words,

(RowZ)s = hgrl R cona(V,2) =7 ,
V3s

as desired. g

We need another computation, namely the cohomology of the condensed abelian group R on
compact Hausdorff S.
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THEOREM 3.3. For any compact Hausdorff space S, one has
‘a8 R) =0

cond

for i >0, while H°(S,R) = C(S,R) is the space of continuous real-valued functions on S.
More precisely, if Se — S is any simplicial hypercover of S by profinite sets S;, the complex of
Banach spaces
0— C(S,R) = C(Sy,R) = C(S1,R) — ...
satisfies the following quantitative version of exactness: if f € C(S;,R) satisfies df =0 and € > 0,
then there exists g € C(S;—1,R) with dg = f and such that ||g|| < (14 €)||f|| (where we endow all
C(—,R) with the supremum norm,).

PROOF. Assume first that S and all .S; are finite. Then the hypercover splits, which explicitly
means that the contravariant functor from linearly ordered finite sets to sets (sending the empty set
to S and {0,...,i} to S;) extends to a contravariant functor from pointed (at the minimal element)
linearly ordered finite sets to sets (where we map linearly ordered finite sets to pointed linearly
ordered finite sets via adjoining an extra minimal element). By the Dold-Kan correspondence, this
induces a contracting chain homotopy of

0 — C(S,R) — C(So,R) = C(S1,R) — ...

where the contracting homotopy is induced by pullback along certain maps .S;_1 — .5;; in particular,
the contracting homotopy has norm < 1. Thus, if f € C(S;,R) satisfies df = 0, then f = d(h;(f))
for the map h; : C(S;,R) — C(S;—1,R) induced by the contracting homotopy h. As ||h;(f)|| < ||/l
this gives the desired result.

Now if S and all S; are profinite, one can write the hypercover S, — S as a cofiltered limit of
hypercovers S, ; — S; of finite sets S; by finite sets S; ;, along the cofiltered index category J > j.
Passing to the filtered colimit over j, we get an exact sequence of normed R-vector spaces

O%MC(SJ,R) —)hﬂC(So,j,R) —)h%IHC(SLj,R) — ...
J J J

with the property that if f € liglj C(S; ,R) satisfies df = 0 then thereis g € ligj C(Si-1,5,R) with

dg = [ and [|g]| < [[f]].
We can now pass to the completion. More precisely, note that ligj C(S:;,R) = C(S;,R) is

injective, dense, and isometric, and the target is the completion of the sourcem Take f € C(S;,R)
with df = 0, f # 0. We can find some j and f; € C(S;;,R) such that ||f — f;|| < €|f]|. In
particular, this implies that d(f;) = —d(f — f;) has norm < (i +2)el|f|| (as d = d; is an alternating
sum of i + 2 restriction maps along the face maps S;;1 — 5;), so by the above we can replace f; by
another function to ensure df; = 0 while retaining || f — f;|| < (i+3)e|| f||; up to replacing €, we can
thus ensure ||f — f;|| < €||f|| and df; = 0. On the other hand, we can now find g; € C(S;-1;,R)
with dg; = f; and
gsll < 11511 < L+l -
The condition dg; = f; implies
1 — dgsl| < ellfIl -

"The individual maps C(S;,;,R) — C(S;,R) may not be isometric embeddings, but they are in the pro-sense,
as the system (S;,;); is pro-isomorphic to a system with surjective transition maps. We will pretend the individual
maps are isometric embeddings; this can be corrected by increasing j when necessary.
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Setting ¢(© = g; and f M = f — dg©® and repeating the process then yields a convergent sequence
F=dg® +¢V+..)=dg
with |lg™| < (14 €)[[f0™]] < e™(1+ ¢)||f|| and so

(1+¢)
1—e¢

gl < A

up to redefining e, this is the claim.

Now assume that S is any compact Hausdorff space with a hypercover Sq — S by profinite
sets S;. Let f € C(S;,R) satisfy df = 0 and assume f # 0. For each s € S, the restriction
fs = flsixs{sy € C(Si xs {s},R) is the boundary fs = dgs of some g, € C(S;—1 x5 {s},R)
with [|gs|| < (i + 2 + €)|fs]|, by the profinite case already handled. We may find an extension
gs € C(Si—1,R) of gs with ||gs|| < ||gs|| by Tietze’s extension theorem. Moreover, we can find an
open neighborhood Us C S of s such that

(dgs = )lsixsvll < ell ] -

By compactness, finitely many of the Uy cover S; so choose Uy, ..., U, covering S and ¢1,...,9, €
C(Si-1,R) with ||gj|| < (1 +€)||f]| for j =1,...,n such that

(dgj = Nlsixsv; |l < ellfI] -
Choose a partition of unity 1 = Z?Zl p; for functions p; € C(S,R) with nonnegative values and
support in Uj, and set g = Z?Zl p;jg;- Then

191 < @+l

and

1dg"” = Il =11 pi(dg; — NIl < ellfIl -
j=1

Setting f1) = f —dg(®) we have achieved that ||f(V|| < €||f|| while ||g'?|| < (14 ¢)||f||. Repeating
the process, we can write

f=dg9 +gM+..)=dg
where ||g/™|| < (1 +€)||f™)|| < €™(1 + €)||f||; in particular

1+e€
< .
lgll < =117

Up to redefining ¢, this is exactly the claim. O
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4. Lecture IV: Locally compact abelian groups

A particularly nice class of topological abelian groups are the locally compact abelian groups
A. Recall that a topological space X is locally compact if any point x € X has a basis of compact
Hausdorff neighborhoods (that are not necessarily open); a topological abelian group A is then
locally compact if it is locally compact as a topological space. In particular, local fields such as R
and Q, are locally compact.

We recall the following structure result on locally compact abelian groupsﬁ

THEOREM 4.1.

(i) Let A be a locally compact abelian group. Then there is an integer n and an isomorphism
A=R" x A" where A" admits a compact open subgroup. In particular, A’ is an extension
of a discrete abelian group by a compact abelian group.

(ii) The Pontrjagin duality functor A — D(A) = Hom(A,T), where T = R/Z is the circle
group, takes values in locally compact abelian groups, and induces a contravariant autod-
uality of the category of locally compact abelian groups. The biduality map A — D(D(A))
s an tsomorphism.

(iii) The Pontrjagin duality functor A — D(A) restricts to a contravariant duality between
compact abelian groups and discrete abelian groups.

Here, one endows Hom(A, B) with the compact-open topology. This matches the passage to
condensed abelian groups:

PROPOSITION 4.2. Let A and B be Hausdorff topological abelian groups and assume that A is
compactly generated. Then there is a natural isomorphism of condensed abelian groups

Hom(A, B) = Hom(A, B)
Proor. First, we construct a map
Hom(A, B) — Hom(A. B) .

For any profinite set S, the S-valued points of the left are Hom(A ® Z[S], B). Such a map induces
a map S — Hom(A, B) by evaluating at points. We claim that this map is continuous for the
compact open topology on Hom(A, B). But Z[A x S| = Z[A] ® Z[S] surjects onto A ® Z[S], so any
map A®Z[S] — B determines and is determined by a map of condensed sets A x S = Ax S — B,
i.e. continuous maps A x.S — B. The latter are precisely continuous maps from .S to the topological
space of continuous maps from A to B equipped with the compact-open topology, as desired.

The preceding paragraph also shows that the map

Hom(A, B) — Hom(A, B)

is injective. For surjectivity, we use the partial resolution
ZAX Al - Z[A| - A—0,
where the first map sends a generator [(a1,az2)] to [a; + a2] — [a1] — [a2]. Given a profinite set

S and a map S — Hom(A, B) that is continuous for the compact-open topology, we get a map

8We refer to [HSO07] and the references therein for basic results on locally compact abelian groups, and their
derived category.
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Z|A] ® Z[S] — B by reversing the steps above. We need to that this factors over A ® Z[S5].
Equivalently, we need to see that the induced map

ZIA x A @ ZIS] » ZIA]| © ZIS] — B

vanishes. This is equivalent to a map Z[A X A x S| — B, i.e. a map of condensed sets A x A x S =
A X AxS — B, ie. a continuous map A x A x S — B. This map is trivial as for all s € S, the
map A — B parametrized by s is a group homomorphism. ]

One can compute all RHom’s between the condensed abelian groups associated to locally com-
pact abelian groups. The key computation is the following.

THEOREM 4.3. Let A =[], T be the compact condensed abelian group, where I is any (possibly
infinite) set.
(i) For any discrete abelian group M,
RHom(A, M) = @ M[-1] ,
I
where the map @; M[—1] — RHom(A, M) is induced by the maps

M[~1] = RHom(Z[1], M) — RHom(R/Z, M) “ Rom([| R/Z, M) = RHom(A, M) ,
I

using pullback under the projection p; : [[; R/Z — R/Z to the i-th factor, i € I.
(ii)
RHom(A,R)=0.
REMARK 4.4. A sample consequence of the theorem is that
RHom(R,R) =R,

(where homomorphisms are over Z!), as the difference between RHom(R,R) and RHom(Z,R) =R
is given by RHom(R/Z,R) = 0.

For the proof, we need the following general resolution, extending the partial resolution used
in the proof of the proposition.

THEOREM 4.5 (Eilenberg-MacLane, Breen, Deligne). There is a functorial resolution of an
abelian group A of the form

e éléZ[A”J] — ... LAY ® Z[AY] - Z[A?] > Z[A] - A =0

where all n; and r; ; are nonnegative integers.

REMARK 4.6. The theorem does not seem to have a published proof in the literature. Eilenberg-
MacLane, [EM51] Theorem 6.2], prove that there is such a resolution but allowing possibly infi-
nite direct sums. That argument is rather formal and does not use much of their work. Breen,
[Bre78|, relying on their other work on Eilenberg-MacLane spaces, establishes a similar resolution
up to bounded torsion in each degree, and a variant involving Z[A™ x Z"| instead. In [BBM82],
Berthelot-Breen-Messing mention that Deligne has an unpublished proof of the result.
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In the appendix to this lecture, we give a proof of this theorem, which (as Breen’s previous
work on the subject) makes use of some (stable) homotopy theory, in the form of the homology of
Filenberg-MacLane spaces.

REMARK 4.7. The functoriality of the construction ensures that it works automatically for
abelian group objects in any topos: Apply the resolution to the values A(U) of the abelian sheaf
A on all opens U of a defining site, and sheafify. This way, we see that we can also apply it to
condensed abelian groups.

COROLLARY 4.8. For condensed abelian groups A, M and an extremally disconnected set S,
there is a spectral sequence

TLil
By = [ H? (A" x S, M) = Ext"2(A, M)(S)
j=1
that is functorial in A, M and S.

PRrOOF. Use the resolution

Rt ZIAT x S] — ... =5 Z[A® x S|BZ[A%2 x S] = Z[A%2 x S] = Z[Ax S| = AR Z[S] — 0
@ [
j=1

and apply RHom(—, M), noting that
RHom(A, M)(S) = RHom(A ® Z[S],M) . O

PROOF OF THEOREM [£.3] We start with part (i). Assume first that I is finite; decomposing

into a finite direct sum, we can then assume that I has one element, so we need to compute
RHom(R/Z, M). The claim is that the map

M[-1] = RHom(Z[1], M) — RHom(R/Z, M)
is an isomorphism; equivalently, we need to see that
RHom(R, M) =0

for any discrete abelian group M. For this, it is enough to prove that the map 0 — R induces
an isomorphism upon applying RHom(—, M); and for this, we use the spectral sequence from
Corollary and observe that it suffices to see that the map

HY(R" x S, M) — H'(S, M) ,

induced via pullback along 0 x id : § — R” x S, is an isomorphism for all profinite sets S and
integers 7 > 0. The left-hand side RTI'(R" x S, M) is the derived limit of RI'([—n,n]" x S, M) over
all n > 1, so it is enough to prove that H([—n,n|" x S, M) — H*(S, M) is an isomorphism. Now
both sides identify with Cech/ sheaf cohomology by Theorem and it is known that the latter is
homotopy-invariant.

For general I, it is now enough to show that the map

lim RHom (][ T, M) — RHom(] [ T, M)
JCI J I
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is an isomorphism, where J runs over finite subsets of I. Again, Corollary reduces this to

lim HY([]T7 % S, M) = H([[T" x S, M)
JCI J I
being an isomorphism, which follows from the comparison with Cech/sheaf cohomology, and the
known result there.
It remains to prove part (ii). For this, we use again the resolution F'(A)e of A all of whose terms
are of the form F(A); = @, Z[A"7]. By Theorem we see that RHom(A,R)(S) is computed
by the complex

no ny
0 EPcmi x S,R) - P CA™ x SR) — ...,
Jj=1 Jj=1
which is a complex of Banach spaces.

Our idea is now that multiplication by 2 on A is bounded, while it is unbounded in R: This
implies for example that any map A — R must be zero, as the image is both bounded and stable
under multiplication by 2. Extending this to higher cohomology, we use that the maps 2 : F(A) —
F(A) of multiplication by 2 and [2] : F(A) — F(A) induced by multiplication by 2 of A (using
that the construction of F'(A) is functorial in A) are homotopic, via some homotopy he : F'(A)e —
F(A)et1, cf. Proposition .17

Assume that f € @72, C(A™ x S,R) satisfies df = 0. Then 2f = [2]*(f) + d(h;_,(f)), or
equivalently

f=32"(f) +dzhi_1(f)) -

Continuing, we find

F=g2"T(F) +dGhi () + hi 2 (2F(D) + -+ whia (27717() -
Note that [2"]*(f) € @)L, C(A™i x S,R) stays bounded (in fact ||[2"]*(f)[| < [|f|]) and

n; Ti—1
oA x S R) —» @ C(AT 1 x S R)
j=1 Jj=1

is a map of Banach spaces and thus has bounded norm. It follows that we can take the limit n — oo
to get

f=dGhi () + 1hi (2F() + )
as desired. 0

In [HS07], Hoffmann-Spitzweck define a bounded derived category D?(LCA) of the quasiabelian
(but not abelian!) category LCA of locally compact abelian groups. This can be defined by starting
with the category Chb(LCA) of bounded complexes of locally compact abelian groups, and inverting
maps whose cones are strictly exact. One gets a functor

DY(LCA) — D(Cond(Ab))

as the functor Ch®(LCA) — Ch(Cond(Ab)) sends strictly exact complexes of locally compact
abelian groups to acyclic complexes. To see the latter, the key point is that a strict surjection
A — B of locally compact abelian groups induces a surjection A — B, which follows from such
surjections being open, so the image of any compact neighborhood of the identity in A is a compact
neighborhood of the identity in B.
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Comparing our formalism and computations with the ones from [HSO7], we get the following
corollary.

COROLLARY 4.9. The functor D*(LCA) — D(Cond(Ab)) is fully faithful.
PrOOF. Let A and B be locally compact abelian groups. We need to see that the map
RHomyca (A, B) = RHomcona(an) (4, B)

is an isomorphism. By the structure result, we can reduce to the case that A is either R, discrete,
or compact. In fact, the discrete case reduces to A = Z (by filtered colimits and resolutions), which
is clear, and the case of R reduces to T = R/Z, so we can assume that A is compact. Dually
to a 2-term free resolution of an abelian group, we can then assume that A = [[; T for some
set I. Similarly, applying the structure result for B, we can assume that B is either R, discrete,
or compact. The compact case again reduces to B = [[; T, and then to B = T by pulling out
the product, which follows from the case of discrete B and B = R. Finally, we have reduced to
A =T]; T and B being either discrete or R. In these cases, Theorem computes the right-hand
side, while [HS07, Example 4.11] gives the same answer for the left-hand side in the discrete case,
and [HSO07, Proposition 4.15] also gives the same answer when B = R. O

We remark that more important than this equivalence with the (rather abstract) D?(LCA) is
the fact that all RHom'’s between locally compact abelian groups can be computed in D(Cond(Ab))
(and give the expected answer). In particular, the proof shows that

Extond(an) (4, B) =0

for all ¢ > 2 for all locally compact abelian groups A, B.

We remark that we used critically (AB4*) in Cond(Ab) when mapping into an infinite product
of copies of T. This is one situation where the existence of compact projective generators, and thus
of extremally disconnected sets, is critical.
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Appendix to Lecture I'V: Resolutions of abelian groups

The goal of this appendix is to provide a proof of the following unpublished theorem due to
Deligne.

THEOREM 4.10. There is a functorial resolution of an abelian group A of the form
= PzA] o Z[AY @ Z[A%] - Z[A®] - Z[A] - A = 0
j=1

where all n; and r; ; are nonnegative integers.

We start by providing appropriate categorical framework to address this question. Let Latt
be the category of finite free Z-modules, and consider the category Fun(Latt, Ab) of (arbitrary)
functors Latt — Ab. This is an abelian category where all limits and colimits are formed termwise.
As a functor category, it again has all limits and colimits and satisfies (AB3-6) and (AB3*-4%*).
Moreover, it has compact projective generators. A set of such compact projective generators is
given by the functors taking P € Latt to Z[P"] for some n > 0. Indeed, P" = Hompa(Z", P), so
for any F' € Fun(Latt, Ab), one has

Hompyn (Latt, Ab) (Z[Hompate (2", —)], F) = Hompyn(patt,Sets) (Hompaw (27, =), F) = F(Z")

which commutes with all limits and colimits, and as F' is determined by the values F(Z™), one also
sees that they form a generating family.

Consider for the moment any abelian category A with all colimits admitting compact projective
generators, and fix a set 4y C A of such compact projective generators. (This implies in particular
that filtered colimits are exact.) In particular, we may form the derived category D(A). Recall the
following definition.

DEFINITION 4.11. An object X € A is n-pseudocoherent for some integer n > 1 if the functors
Ext’4(X,—) : A — Ab commute with all filtered colimits for all = 0,...,n — 1. The object X is
pseudocoherent if it is n-pseudocoherent for all n > 0.

PROPOSITION 4.12. An object X € A is n-pseudocoherent if and only if there is a partial

resolution
kn kL kO

GSr,,—.. PP, »... PR X0
j=1 Jj=1 J=0
where all P; ; € Ay are in the fized set of compact projective generators, and the k; are nonnegative
integers. More precisely, given any shorter partial resolution of X of this form, it can be prolonged
to a partial resolution of length n.
In particular, X € A is pseudocoherent if and only if there is a resolution

ki ko

= Pri—.. . -Pr; X0
=1 j=0

where all P; ; € Ay are in the fized set of compact projective generators, and the k; are nonnegative
integers.
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REMARK 4.13. Extending the above definition to n = 0, we say that an object X is 0-
pseudocoherent if it is finitely generated; this way, the characterization of the proposition in terms
of resolutions extends to n = 0.

PRrROOF. It is clear that if X admits such a resolution, then it is n-pseudocoherent. For the
converse, we argue by induction on n: Assume first that n = 1. In that case, X is 1-pseudocoherent
if and only if Hom 4(X, —) commutes with all filtered colimits, i.e. X is compact in A. Choose some

presentation of X of the form
PBr,-Pr;,->X—0.
JEN j€Jdo

Exhausting Jy and Ji by finite subsets writes X as a filtered colimit of finitely presented X;. As
X is compact, the isomorphism X — li z’Xi factors over some X;, so that X is a retract of some

X;, and thus X itself is finitely presented.
Now assume that X is n-pseudocoherent and a resolution

kn72 ko
@Pnfgvj—)...—)@PoJ—)X—)O
j=1 j=0
has been constructed. Let X,_; be the kernel of the first map. It follows from a direct diagram

chase that X,,_1 is 1-pseudocoherent (argue by descending induction that the image of the i-th map
is i-pseudocoherent). By the case n = 1, we can find a two-step resolution of X,,, as desired. ]

We can now reformulate Theorem .10
THEOREM 4.14. The functor Latt — Ab : P — P is pseudocoherent in Fun(Latt, Ab).
Let us first explain how this proves Theorem

THEOREM [£.14= THEOREM [£.10. Applying Proposition to A = Fun(Latt, Ab), the func-
tor Latt — Ab : P — P, and the class of compact projective generators P — Z[P"], we get a

functorial resolution
ko

k;
cee @Z[P”vj] — ... @Z[PTOJ] —P =0
j=1 j=1
in P € Latt. In fact, one can construct by hand a partial resolution
ZIP*) @ Z[P?) - Z|P* - Z[P] - P — 0,
cf. [BBMS82], and Proposition ensures that the above resolution can be chosen to prolong this
one.

It remains to extend this from finite free Z-modules P to all abelian groups A. For this, we
observe that the differentials in the above resolution are given by universal formulas. Indeed, maps

(P~ Z[P™]) = (P — Z[P™])

in Fun(Latt, Ab) are given by Z[(Z™)"2], i.e. finite sums of matrices M € M, x,,(Z). The map
corresponding to a matrix M is given by sending generators [(p1,...,pr )], pi € P, of Z[P™] to
[M(p1,...,pr)], where M(p1,...,pr) € P™ is a generator of Z[P"] obtained by applying the
matrix M.
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In particular, these universal formulas extend to all abelian groups, leading to a functorial
sequence
ki ko
Pz @zA A0
j=1 j=1
in the abelian group A. We claim that this is indeed a complex, and exact: if A is free, this follows
via passage to filtered colimits from the case of finite free A. In general, A admits a surjection
from a free abelian group, which is enough to ensure that it is indeed a complex. To see that it
is a resolution, take a simplicial resolution A, of A by free abelian groups Ay, and write down the
corresponding double complex. The resulting double complex is equivalent to the complex for A,
as A and Z[A"] for all » > 0 are resolved by Ae and Z[A}]. On the other hand, for all k¥ > 0, the
row of the corresponding double complex is exact by the free case already established, giving the
result in general. O

Before embarking on the proof of Theorem [4.14] we establish the following general lemma that
allows us to use approximate resolutions in an inductive proof of pseudocoherence.

LEMMA 4.15. Let A be an abelian category as above. Let X € A and assume given a complex
cC....>P—..-F—-X—=0

in A such that all P; € A are compact projective and Py — X is surjective. If H;(C) isn —1i — 1-
pseudocoherent for all it =0,...,n — 1, then X is n-pseudocoherent.

ProoF. This follows from a direct diagram chase, noting that one can replace C by its stupid
truncation in degrees < n. O

PROOF OF THEOREM [£.14l We argue by induction on n that the functor P — P is n-pseudo-
coherent. The partial resolution Z[P?] — Z[P] — P — 0 shows that it is 1-pseudocoherent.

Recall the bar construction BP, which is the simplicial set with i-simplices (BP); = P’ and
where the simplicial structure maps encode the group structure on P. As P is abelian, this is
in fact a simplicial abelian group, so one can inductively form the n-fold simplicial abelian group
B"P. It is clear from the construction that each term (B"P);, . ;, is a finite power P"i1.inn of

77'77,
P, and 7y, .. i, n =0 if one of the i; = 0. In particular, forming the associated chain complex

Z[B"P]

-ln,

whose degree i term is €@; | ; _; Z[(B"P)i,, . i,], it is concentrated in homological degrees > n.
Now we need the following result from algebraic topology about the homology of Eilenberg-MacLane
spaces.

THEOREM 4.16 ([EM50]). For a finite free abelian group P, the homology groups
H,(Z|B"P)) = H;(K(P,n),Z)
vanish for i < n and are given by M;_, @z P forn <i < 2n, where M;, j > 0, is a certain sequence

of finitely generated abelian groups, with My = Zﬂ

9n fact, M; = n;(HZ ®s HZ) form the integral dual Steenrod algebra, and are finite for j > 0.



APPENDIX TO LECTURE IV: RESOLUTIONS OF ABELIAN GROUPS 31

In particular, H,(Z[B™P]) = P, and we get a complex
Z[B"P][-n] - P — 0
of the form in Lemma The homology groups considered in Lemma are all of the form
P — M; ®z P for some ¢ = 0,...,n— 1. As all M; are finitely generated and P +— P is n — 1-

pseudocoherent by induction, all P — M; ®z P are n — 1-pseudocoherent. Thus Lemma [£.15] shows
that P — P is n-pseudocoherent, as desired. O

We also used the following result in the lecture that is an easy consequence of the categorical
setup established here.

PROPOSITION 4.17. Consider a functorial resolution F(A)e of abelian groups A where all
F(A); = @)L, Z[A"9]. For any integer n > 1, the maps n : F(A) — F(A) of multiplication
by n and [n] : F(A) — F(A) induced by multiplication by n on A are homotopic via a functorial
homotopy he : F(A)e — F(A)eyt1.

ProoOF. The data of such a functorial resolution is equivalent to the datum of a certain
projective resolution of P +— P in Fun(Latt,Ab). Both maps n and [n] lift the same map
(P — P) — (P ~ P) (multiplication by n) to the resolution, so general nonsense about pro-
jective resolutions in abelian categories gives the result (a priori for finite free A, but again this
extends to general A as everything is given in terms of universal formulas). ([l
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5. Lecture V: Solid abelian groups

We have seen that condensed abelian groups have excellent categorical properties, and that
one can compute Hom and Ext-groups, getting good answers. However, this is not the case when
forming a tensor product: Even when A and B are nice topological (or condensed) abelian groups,
their tensor product A ® B is usually pathological. For example, take A = Z, and B = R or
Zy: There is no good sense in Z, ® R or Z, ® Z, (note that the underlying abelian group is the
usual algebraic tensor product, in both the topological and the condensed setting). The standard
response to this is to complete the tensor product. This is usually where the theory gets tricky, as
there are usually many sensible ways of forming a completed tensor product.

Somewhat surprisingly, there is a very general theory of completion for condensed abelian groups
with extremely favourable propertiesm However, as the current notion does not exactly match the
classical notion of completeness, and will come in various flavours once we enter the relative theory,
we have chosen to use the different term “solid”.

DEFINITION 5.1.
(i) For a profinite set S = lim, S;, define the condensed abelian group

ZIS|" = imZ[S)]

There is a natural map S = lim S; — Z|S|™ = lim, Z[S;], inducing a map Z[S] — Z[S]".
(ii) A solid abelian group is a condensed abelian group A such that for all profinite sets S and
all maps f: S — A, there is a unique map f : Z[S|™ — A extending f.
(iii) A complex C' € D(Cond(Ab)) of condensed abelian groups is solid if for all profinite sets
S the natural map

RHom(Z[S]",C) — RI(S,C) = RHom(Z[S], C)
is an isomorphism.

REMARK 5.2. It follows formally that if A is condensed abelian group such that A[0] €
D(Cond(Ab)) is solid, then A is solid. However, it is not clear that conversely, if A is a solid
abelian group, then A[0] € D(Cond(Ab)) is solid, nor that if C' € D(Cond(Ab)) is solid then a
cohomology group H'(C) is solid. However, Theorem will show that these implications are both
true.

REMARK 5.3. One might ask in condition (iii) that the internal RHom’s agree, which is a priori
stronger. By Corollary (iv), this is actually automatic.

We would like to call Z[S]™ the free solid abelian group on S. This terminology is in fact
justified by the definition of solid abelian groups once we have proved that Z[S]® is indeed a solid
abelian group. Let us analyze its structure. We have

Z[S]. = I&HZ[SZ] = @@(C(&,Z),Z) = M(C(S7 Z),Z) )

10The only caveat is that, for the notion of completion we are about to develop, the completion of R is 0: The
current notion of completion is very much a “nonarchimedean” notion. We have some ideas on how to resolve this.
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where the abelian group C(S,Z) of continuous maps S — Z is a discrete abelian group. In partic-
ular, the underlying abelian group of Z[S]™ is the group

M(S,Z) = Hom(C(S,Z),Z)

of Z-valued measures on S. This means that if A is a solid abelian group, f : S — A is a map from
a profinite set, and pu € M(S,Z) is a measure on S, then one can define

/quA

via evaluating the extension f : Z[S]™ — A on p.
To go on, we need the following surprising structure result on C(S,Z), due to Nobeling,
INGb68]|, generalizing previous work of Specker, [Spe50].

THEOREM 5.4. For any profinite set S, the abelian group C(S,Z) of continuous maps from S
to Z is a free abelian group.

ProOOF. For the convenience of the reader, we give a translation of the argument (attributed
to Bergman) in [Fuc73l, Theorem 97.2] to our setup. Pick an injection S < [];{0, 1} for some set
I, and choose a well-ordering on I, so I is some ordinal A, and elements of I identify with ordinals
p < A. For each p < X, we get the idempotent e, € C(S,Z) given by the corresponding projection
S — {0,1} C Z. Order the products e, ---e,, with g1 > ... > p, (including the empty product
corresponding to r = 0) lexicographically, and let E be the set of such products that cannot be
written as a linear combination of smaller such products. We claim that E is a basis of C(S,Z).

We argue by induction on A, the case A = 0 being trivial. For any p < A, let S, be the image
of Sin J],.,{0,1}. If A is a limit ordinal, then the result for S follows formally from the result
for all S, with < X\ by passage to the filtered colimit, noting that the basis for E is the union
of the bases E, for all S,,. Thus assume that A = p + 1 is a successor ordinal and write S = S,,.
We have a closed immersion S < S x {0,1}. Let S; = SN (S x {i}) for i = 0, 1; these are closed
subsets of S that project to closed subsets of S that cover S. Let S’ be the intersection of S1 and
S5 in S. Then we have a short exact sequence

0— C(5,Z) = C(S,Z) —» C(S,Z) >0 ,
where the second map sends f € C(S,Z) to the difference of its two restrictions to S x {0} and
S x {1}.

By induction, the part of the basis vectors of E that do not start with e, form a basis of
C(S,Z). On the other hand, the basis vectors of E that start with e, project to a basis of C’(g/, Z)
(by applying the induction hypothesis to S’ with its closed immersion into I < p{O, 1}). Thus, E
defines a basis of C(S,Z), as desired. O

COROLLARY 5.5. For any profinite set S, there is some set I, |I| < 2151 and an isomorphism
of condensed abelian groups
zis"=]]z.
I

PRrOOF. Take an isomorphism C(S,Z) = @, Z, and use
I I
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As another application, we note that in Definition [5.1] we could replace profinite sets with
extremally disconnected sets without changing the notions. This follows formally from the following
proposition.

PROPOSITION 5.6. Let S — S be a hypercover of a profinite set S by profinite sets S;. Then

the corresponding complex
= L[S = Z[So)" = Z[SI" = 0
of condensed abelian groups is exact.
Proor. We know that
is exact (as H*(S,Z) = 0 for i > 0). Taking RHom(—, Z) and using Theoremgives the result. O
Now we can prove that indeed, all Z[S]® are solid; in fact Z[S]®[0] € D(Cond(Ab)) are solid.
PROPOSITION 5.7. For any profinite set S, Z[S]™ is solid both as a module and as a complex.

PROOF. We need to prove that for all profinite sets T', we have
RHom(Z[T],Z[S]™) = RHom(Z[T|", Z[S]") .
By Corollary it suffices to handle the case Z[S|™ = Z. In that case Ext!(Z[T],Z) = H(T,Z) =0

for i > 0, and is given by C(T,Z) = @, Z for i = 0, applying Theorem again. To compute the
right-hand side, we note that Z[T]® = []; Z, and we use the short exact sequence

0—>HZ—>HR—>HR/Z—>O.
J J J
Here []; R is a module over the condensed ring R, and thus

RHom(] [ R, Z) = RHomg(] [ R, RHom(R, Z)) = 0
J J
by Theorem On the other hand,
RHom(][R/Z,2) = P Z[-1]
J J
by the same result. Together, we see that

RHom(][2,2) =Pz =C(S,Z)
J J

as desired. (]
The goal of the next lecture is to prove the following theorem.

THEOREM 5.8.

(i) The category Solid C Cond(Ab) of solid abelian groups is an abelian subcategory stable
under all limits, colimits and extensions. The objects [[;Z € Solid, where I is any set,
form a family of compact projective generators. The inclusion Solid C Cond(Ab) admits
a left adjoint

M +— M™ : Cond(Ab) — Solid
that is the unique colimit-preserving extension of 7S] — Z[S]™.
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(ii) The functor D(Solid) — D(Cond(Ab)) is fully faithful and its essential image are precisely
the solid objects of D(Cond(Ab)). An object C € D(Cond(ADb)) is solid if and only if all
H(C) € Cond(Ab) are solid. The inclusion D(Solid) — D(Cond(Ab)) admits a left
adjoint

C — C™ . D(Cond(Ab)) — D(Solid)
which is the left derived functor of M s M™.

The following lemma summarizes the abstract setup, and isolates the key property that we need
to prove in our situation.

LEMMA 5.9. Let A be an abelian category with all colimits that admits a subcategory Ay C A
of compact projective objects generating A. Assume that F : Ag — A is a functor equipped with a
natural transformation X — F(X), with the following property:

For any X € Ay and any Y,Z € A that can be written as (possibly infinite) direct sums of
objects in the image of F', and any map f:Y — Z with kernel K € A, the map

RHom(F(X),K) - RHom(X, K)

s an isomorphism.

Let Ap C A be the full subcategory of all Y € A such that for all X € Agy, the map
Hom(F(X),Y) — Hom(X,Y)

is an isomorphism, and let Dp(A) C D(A) be the full subcategory of all C' € D(A) such that for
all X € Ay, the map

RHom(F(X),C) - RHom(X,C)
18 an isomorphism. Then the following properties hold true.

(i) The category Ap C A is an abelian subcategory stable under all limits, colimits and exten-
sions, and the objects F(X) for X € Ay are compact projective generators. The inclusion
Ap C A admits a left adjoint L : A — Ap that is the unique colimit-preserving extension
of F: Ay — Ap.

(ii) The functor D(Ar) — D(A) is fully faithful and identifies D(Afp) with Dp(A). A complex
C € D(A) lies in Dr(A) if and only if all H(C) € A lie in Ap. The inclusion D(Ap) =
Dp(A) — D(A) admits a left adjoint which is the left derived functor of L.

PrROOF. It is clear that Ap C A is stable under passage to kernels and all limits. Let f: Y — Z
be any map in Ap; we want to see that the cokernel of f, taken in A, still lies in Arp. We may
find a surjection @,.; P; — Z where all P; € Ap, which extends to a surjection @, F(F;) — Z.
Replacing Y — Z by the pullback, we may assume that Z = @, F(F;). Picking a similar surjection
for Y, we may assume that both Y and Z are sums of objects in the image of F'. We get an exact
sequence

0O K—>Y—>27Z—-Q—0
in A. Applying the hypothesis, we see that

RHom(F(X),K) = RHom(X, K)
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and also RHom(F'(X),Y) = RHom(X,Y), RHom(F(X),Z) = RHom(X,Z) (by applying the
hypothesis also to Y — 0 and Z — 0). This implies that also RHom(F(X),Q) = RHom(X, @),
so in particular Q € Ap.

The preceding argument actually shows that Q[0] € Dr(A). Moreover, one sees that the objects
of Ap are precisely the cokernels of maps f : Y — Z between objects Y, Z € A that are direct sums
of objects in the image of F'. This description shows that Ap is stable under all direct sums and
under extensions. Together with stability under passage to cokernels, this implies stability under
all colimits. It is also clear that the F'(X) € Ap for X € Aj are compact projective generators, and
that the left adjoint L exists and agrees with F' on Ap (and is automatically colimit-preserving).

To see that D(Ar) — D(A) is fully faithful, it suffices to see that for any X € Ay with
associated compact projective generator F'(X) € Ap, and any C € D(AF), the map

RHOmD(AF)(F(X),C) — RHOmD(A)(F(X),C) = RHOH]D(A)(X, C)

is an isomorphism. We may replace C' by 7<'C' as this does not change either side in any given
degree if 7 is large enough; and by passing to a Postnikov limit, we can also assume that C is
bounded, and then that C is concentrated in one degree, so C' = Y'[0] for some Y € Ap. It remains
to see that

Exty, (F(X),Y) — Exty(X,Y)

is an isomorphism for all ¢ > 0. But both sides vanish for ¢ > 0 as X € A and F(X) € A are
projective; and for i = 0 they agree as Y € Ap.

Consider the full subcategory D(A) C D(A) of all C € D(A) such that all H(C) € Ap.
By the results on Ap already established, this is a triangulated subcategory stable under arbitrary
direct sums and arbitrary products. Moreover, D}(A) C Dp(A). Indeed, if C' € D’%.(A) is bounded,
this reduces in finitely many steps to the case that C = X[0] for X € Ap, where we have already
established X[0] € Dp(A). If C is unbounded to the left, it follows via passage to a Postnikov
limit. In the general case, any Ext!(F(X),C) resp. Ext!(X,C) only depends on a truncation of C
on the right.

On the other hand, Dp(.A) is generated by F(X)[0] for X € Ay, by definition. As all F(X)[0] €
D’.(A), it follows that D%.(A) = Dp(A).

The functor D(Ar) — D(A) clearly factors over D(Ar) — D(A) = Dp(A) and induces an
equivalence on hearts. As it is fully faithful and commutes with all products and direct sums, it
is easy to see that it is an equivalence. It is also formal that the inclusion Dp(A) C D(A) admits
a left adjoint, which necessarily commutes with arbitrary direct sums and by definition of Dp(.A)
takes X € Ag to F(X) € Ag, so is the left derived functor of L : A — Ap. O

In some situations, the property isolated in the lemma can be proved directly. In our case, we
will use the following criterion.

LEMMA 5.10. Let A be an abelian category with all colimits that admits a subcategory Ay C A
of compact projective objects generating A. Assume that F : Ag — A is a functor equipped with a
natural transformation X — F(X), satisfying the following property:

For all X € Ay and any complex

C:....—>Ci—...-C; —>Cy—0,
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where all C; are direct sums of objects in the image of F', the map
RHom(F(X),C) - RHom(X,C)

s an tsomorphism.

Then for any Y and Z that are direct sums of objects in the image of ' and any map f :Y — Z

with kernel K, the map
RHom(F(X),K) — RHom(X, K)
is an isomorphism, and so Lemma[5.9 applies.

REMARK 5.11. Both in Lemma [5.9] and in Lemma the hypothesis imposed is clearly a
consequence of the conclusion of Lemma [5.9] and so both are equivalent to it. We note that in
Lemma [5.9] one could also impose the similar condition on the cokernel of f, which would again
be equivalent.

ProoFr. Take any f : Y — Z as in the statement, and choose a resolution
...—>Bi—>By—>K—0

of K in A, where all B; = jeJ; X ; are direct sums of elements X; ; € Ap. Let B be the complex
... By — By—0. Let C; = GajeJ,- F(X;;); these form a complex C', and there is a natural map
B — C'. Note that as
RHOIH(XZ'J', Y) = RHOHI(F(XZ‘,]‘), Y)
for all 4, j (by applying the hypothesis to the complex Y[0]), one has RHom(B,Y) = RHom(C,Y),
and similarly R Hom(B, Z) = RHom(C, Z). It follows that the map B — K C Y extends uniquely
to a map C' — Y whose composite to Z vanishes, i.e. the map B — K extends to a map C — K.
But the map B — K is a quasi-isomorphism, so B is a retract of C' in D(A).
In particular, the condition

RHom(F(X),C) = RHom(X,C)
passes to B, which is a resolution of K, i.e.
RHom(F(X),K)= RHom(X,K) ,
as desired. O
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6. Lecture VI: Solid abelian groups, 11
The goal of this lecture is to finish the proof of Theorem

ProOOF OF THEOREM [5.8. We want to apply Lemma to A = Cond(Ab), the compact
projective generators Ay = Z[S] for S extremally disconnected, and the functor F': Ay — A taking
Z]S] to Z[S]™. Note that

Z[S]" = Hom(C(S, Z), Z) = Hom(Hom(Z[S], Z), Z)

is indeed functorial in Z[S]. To verify the hypothesis of Lemma we will use Lemma In
other words, we need to see that for any complex

C:..-Ci—>...-C1—>Cy—0

such that each C; is a direct sum of condensed abelian groups of the form Z[T]® for varying
extremally disconnected sets 7', then

RHom(Z[S]", C) = RHom(Z[S],C) ,
for all profinite sets S, or, rewriting the right-hand side,
RHom(Z[S]",C) = RI(S,C) .

Note that Z[T]™ = ], Z for some set I; we will then in fact more generally allow complexes C
such that each C; is a direct sum of condensed abelian groups of the form []; Z for varying sets I.
To prepare for the proof, we note that for any profinite set .S, we recall that

Z|S|" = Hom(C(S,Z),Z) = M(S,Z) ,
the space of integer-valued measures on S. We will also consider
M(S,R) = Hom(C(5,Z),R)
and
M(S,R/Z) = Hom(C(S,Z),R/Z) ,
the spaces of R and R/Z-valued measures. Note that by Theorem one has M(S,R) = [[;R
and M(S,R/Z) = [[; R/Z, and the sequence
0— M(S,Z) - M(S,R) - M(S,R/Z) — 0
is exact.
We will prove the following claim.

Claim. Let
C:...>Ci—...—-C1—>Cy—=0

be any complex such that each C; is a direct sum of condensed abelian groups of the form [[; Z
for varying sets I. Then

RHom(M(S,R/Z),C)(S") = R['(S x §',C)[~1]
for all profinite sets S, 5.

Let us first explain how this implies the desired result
RHom(Z[S]",C) = RT(S,O) ;
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in fact, the slightly finer result that for all profinite sets S’, one has
(6.1) RHom(Z[S|™,C)(S") = R['(S x §',C) .
First, applying the claim for S = {*} being a point, we find that
RHom(R/Z,C)(S") = RI'(S',C)[-1] = RHom(Z[1], C)(S")
for all S/, so that
(6.2) RHom(R,C) =0.
In particular, as M(S,R) is a module over the condensed ring R, this implies
RHom(M(S,R), C) = RHomg (M(S,R), RHom(R,C)) =0 .
In other words,
RHom(M(S,Z),C) = RHom(M(S,R/Z),C)[1]
so the claim gives the desired
RHom(Z[S|™,C)(S") = R['(S x §',C) .

We prove the claim first when C' is concentrated in degree 0, so C' = M][0] where M =
DBicr HjeJi Z for certain sets I, J;, i € I. For this, we use Theorem (and the pseudoco-
herence of Z[X] for X compact Hausdorff, via simplicially resolving X by extremally disconnected
sets) to see that the condensed abelian group M(S,R/Z) = [[R/Z is pseudocoherent, as then is
M(S,R/Z) ® Z[S’]. This implies that

RHom(M(S,R/Z). P [ 2)(8") = P RHom(M(S,R/2), || Z)(5")

i€l jeJ; iel Jedi
— D [ Rtom(M(S.R/2), Z)(S)
iel jeJ;
=PI csxs n-1,
il jeJ;

using Theorem in the last equation. But we also have for any profinite set S
RrS, P [[2)=EPrres [[2 =[] cs 2],
i€l jeJ; i€l J€J; i€l jeJ;
so we get the desired
RHom(M(S,R/Z), M)(S") = RT'(S x S, M)[-1] .

The case where C' is bounded follows formally. In general, we see that it suffices to prove that
for any such complex C,
RHom(M(S,R/Z),C) , RI'(S,C)
are concentrated in cohomological degrees < 1 for all profinite sets S. Indeed, if C<; is the stupid
truncation of C, we know the result for C<;, and for the cone C>;11 of C<; — C both sides will
be concentrated in homological degrees > i; so in any given degree, we get the desired result by
taking 7 large enouth

Hyye may assume that S’ is extremally disconnected in proving the claim, in which case the bound on
RHom(M(S,R/Z),C) implies the same bound on S’-valued points.
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Let C; = @jeji Hk’eKi,j Z for certain sets J;, K; ;. Define a new complex Cr whose degree 4

term is
Cri=Ep [ R

jeJ; kEK, ;
We claim that the differential d; : Cj11 — C; C C; r extends uniquely to a map dg; : Cri+1 — CRr,i,
i.e.

HOm(Ci_H, CR,z') = HOHI(CR,@'_H, CRJ) .
To prove this claim, we may assume Cjy1 = [] Kiit Z for some set K;;1 (as the case of infinite
direct sums follows formally), and then it is enough to see that

RHom( [ R/Z,Cr,;) =0
Ki

As ]]k,,, R/Z is pseudocoherent, we can now assume that Cr; = [[x, R, in which case it follows

from Theorem (ii).
We also define the complex Cg/z with terms

Crjzi=Cri/Ci=EP [] R/Z,

jeJ; keK; ;
so there is a short exact sequence
0—-C—Cr—Criz—0
of complexes. Thus, it is enough to prove that
RHom(M(S,R/Z),Cr) , RI'(S,Cr) , RHom(M(S,R/Z),Cr/z) , RU(S,Cr/z)

are concentrated in cohomological degrees < 0.

By writing Cr and Cg/7, as the limits of their canonical truncations 7<;Cr, 7<;Cg/z, it suffices to
prove the same result for these canonical truncations. These are finite complexes, and so it suffices
to prove the result for all of their terms. The hardest part is the kernel of the i-th differential,
where it suffices to see that

RHom(M(S,R/Z),kerdgr ;) , RT'(S,kerdg;) , RHom(M(S,R/Z),kerdr,z;) , RT(S,kerdg/z;)

are all concentrated in cohomological degrees < 1. By passing to filtered colimits over finite
subsets of J; 11 and using pseudocoherence, we can for this assume that J;1 is finite, in which case
Cit1 =11 Kitt 7 is a product of copies of Z. Then the map

di:Cin=[[z—-c= [] z

K¢+1 jGJi kEKi’j

factors over a finite direct sum, so we can also assume that J; is finite, so that C; = [] K, L s a
product of copies of Z. Then
dryzi: [ R/Z— [[R/Z
K K;
is a map of compact abelian groups, and so A = kerdg,z; is a compact abelian group. Using
Theorem this implies that RHom(M(S,R/Z), A) is concentrated in degrees < 1, and also

RI'(S, A) is concentrated in degrees < 1, by using a two-step resolution of A in terms of products
of R/Z’s.
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In order to understand kerdg;, we use that d; : HK-L+1 7 — HKZ Z is dual to a map f :
Dk, Z— D Ky, Z- The corresponding map fr: @, R— D Kii, R is @ map of R-vector spaces,
and as such one can factor it as a split surjection followed by a split injection, and the cokernel

Q of fr is also of the form ;R for some set L. Passing to the duals again, one sees that
ker dr ; = Homg(Q,R) = [[; R. This implies that

RHom(M(S,R/Z),kerdr;) =0

by Theorem .3 (ii), while RI'(S,kerdg;) is concentrated in degree 0 by Theorem [3.3] finally
finishing the proof. O

Let us collect some of the information obtained.

COROLLARY 6.1.

(i) The compact projective objects of Solid are exactly the condensed abelian groups [[; Z for
varying sets I.
(ii) The derived category D(Solid) is compactly generated, and the full subcategory

D(Solid)¥

of compact objects consists of the bounded complexes all of whose terms are of the form
[1;Z. The category D(Solid)* is contravariantly equivalent to the category D*(Z) via the
functor
DY(Z)°P — D(Solid) : C — RHom(C,Z) .
(iii) The derived solidification R™ of R is equal to 0.
(iv) Let C € D(Solid). Then for all profinite sets S, the map

RHom(Z[S|", C) — RHom(Z[S],C)
s an tsomorphism.

PRrROOF. For (i), note that by Lemma compact projective generators of Solid are given by
Z[S|™ for extremally disconnected S. By Corollary these are isomorphic to products of copies
of Z (and the cardinality of the index set can be arbitrarily large). It follows that any product of
copies of Z is compact projective, by writing it as a retract of a larger product of the form Z[S]"™.
If P € Solid is any compact projective object, one can write it as retract of [[; Z for some set I;
but any such retract is itself a product of copies of Z (as dually any retract of a free abelian group
is a free abelian group).

For (ii), the first sentence follows formally from (i). The functor D®(Z)°° — D(Solid) lands in
the compact objects as one can represent any bounded complex of abelian groups by a bounded
complex of free abelian groups. Similarly, one has a functor D(Solid)* — D’(Z)°P defined by
C +— RHom(C,Z), and one immediately verifies that these functors are quasi-inverse.

For (iii), we need to see that R Hom(R, C') = 0 whenever C is solid. We may assume that C'is
bounded to the right, and then by shifting that C' sits in homological degrees > 0. In that case,
picking a projective resolution, we may represent C' by a complex all of whose terms are direct
sums of products of copies of Z. But then Equation gives the claim.

For (iv), we may similarly assume that C' is a complex all of whose terms are direct sums of
products of copies of Z. We need to see that for all profinite sets S’, we have

RHom(Z[S|",C)(S') = RI(S x §',0) ,
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which is Equation (6.1]) from the previous proof. O

The corollary implies that the completed tensor product behaves well. More precisely, we have
the following theorem.
THEOREM 6.2.

(i) There is a unique way to endow Solid with a symmetric monoidal tensor product @® such
that the solidification functor

M s M™ : Cond(Ab) — Solid

18 symmetric monoidal.
(ii) There is a unique way to endow D(Solid) with a symmetric monoidal tensor product @™
such that the solidification functor

C — C™ . D(Cond(Ab)) — D(Solid)
is symmetric monoidal. The functor @™ is the left derived functor of @™.
Concretely, one can in both cases define M @™ M’ resp. C@™C" as (M @ M')™ resp. (CoFC’)™.

In fact, this is a formal consequence of the assertion that completion is symmetric monoidal, and
proves the uniqueness assertion.

PROOF. As observed, uniqueness is clear. For existence in (i), we define a symmetric monoidal
tensor product on Solid via M @® N = (M @ N)®. We need to see that the functor M — M™ is
symmetric monoidal, i.e. the map

(M@ N)* - (M" o N")"
is an isomorphism. This can be written as the composite
(M@N)® - (M"®N)* » (M" o N")"

and it is enough to prove that the first map is an isomorphism (as then applying the same for
M replaced by N and N replaced by M™ shows that the second map is an isomorphism). As all
functors in question commute with all colimits, we can assume that M = Z[S], N = Z[T] are free
condensed abelian groups on profinite sets .S, T. We need to see that

Z[S x T™ = (Z[S|" @ Z[T])"™
is an isomorphism. This amounts to showing that for all solid A, the map
Hom(Z[S|™ ® Z[T], A) = Hom(Z[S]", A)(T) — Hom(Z[S], A)(T) = A(S x T)
is an isomorphism, which follows from Corollary (iv).
The existence proof in (ii) proceeds in exactly the same way. To see that @™ is the left derived
functor of @™, it remains to see that for compact projective M, N € Solid, one has
Me"™mN=M"N,

i.e. M @™ N is concentrated in degree 0. But we can assume M = Z[S]|™, N = Z[T|", with S and
T extremally disconnected, in which case M @™ N = Z[S x T|" (as all functors are symmetric
monoidal), which is still concentrated in degree 0. (|

The completed tensor product behaves nicely:
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PROPOSITION 6.3. Let M = [[;Z and N =[] ;Z be products of copies of Z. Then

M®L'N:HZ.
IxJ

PROOF. We need to see that for any free abelian groups M’, N’, the natural map
Hom(M',Z) @™ Hom(N', Z) — Hom(M' @ N',Z)
is an isomorphism. To prove this, write M’ as a retract of C'(S,Z) for some profinite set S, and
similarly N’ as a retract of C(T,Z) for some profinite set T'; we can then reduce to M’ = C(S,Z)
and N' = C(T,Z). Then M'® N' = C(S x T,Z), and the claim is equivalent to
Z[S|" @M Z[T|™ — Z[S x T]"™
being an isomorphism, which is a consequence of all functors being symmetric monoidal. ([l

EXAMPLE 6.4. Let p and ¢ be distinct primes. One has the following identities:
Z, "R =0,
Zp ®L. Z[ == 0 5
L
Z, " ZLp=17,,
Zp @™ Z[[T)] = Z,([T]]
Z([V)) " Z[[T)) = Z[[U.T]] -
We see that in these situations the completed tensor product seems to ask both factors for what
I-adic topology they have, and then combines the adic topologies of both factors.
To verify the examples, the first one follows from @™ being symmetric monoidal and R/™ = 0.
Now we continue with the last one, which follows from Proposition [6.3] This implies the second-

to-last by taking the quotient by multiplication with U — p. This in turn implies the second and
third examples by passing to the quotient by multiplication with T — £ resp. T' — p.

EXAMPLE 6.5. Let X be a CW complex, and let Hq(X) denote the singular homology complex.
Then there is a canonical isomorphism

ZIX)M™ = Hy(X) .

In particular, this shows that the derived solidification of a condensed abelian group can sit in all
nonnegative homological degrees.

To prove this, it suffices to handle the case that X is a finite CW complex, as both sides
commute with filtered colimits. Then X is compact Hausdorff, and thus Z[X] is pseudocoherent.
In particular, Z[X ]L' is a pseudocoherent complex of solid abelian groups. On such, the functor
RHom(—,Z) takes discrete values in D=°(Z), and the resulting functor is fully faithful. Note that
as X is a finite CW complex, Hq(X) is also pseudocoherent. In other words, it is enough to show
that there is a canonical isomorphism

RHom(Z[X]"™, Z) =~ RHom(H,.(X),Z) € D(Z) .
But the left-hand side is given by R Hom(Z[X],Z) = RI'(X,Z), as is the right-hand side, as desired.
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7. Lecture VII: Analytic rings

As our next topic, we want to extend the results obtained for abelian groups to A-modules for
any discrete ring A. Although our main interest is certainly in commutative rings, we allow general
unital associative rings A in the following.

From now on, we will repeatedly run into a setup of a condensed ring A together with a
specification of “free complete” A-modules A[S]", such as Z and Z[S]®. It will be convenient to
have a general language for this situation, which we will establish in this lecture.

DEFINITION 7.1. A pre-analytic ring A is a condensed ring A together with a functor
{extremally disconnected sets} — Modi’nd : S — A[S]

to the category MochOnd of A-modules in condensed abelian groups, taking finite disjoint unions to
products, and a natural transformation S — A[S]H

REMARK 7.2. If the underlying condensed ring A is discrete, the functor S — A[S] factors
uniquely over an additive functor A[S] — A[S] from the full subcategory of A-modules of the form
AIS] for S extremally disconnected. To see this, we need to see that for any extremally disconnected
sets S, T, we can get functoriality in Hom(A[S], A[T]) = A[T](S), which is the sheafification of
S +— A[T(S)]. We certainly have functoriality in A[T'(S)] as the functor takes values in A-modules,
and we can pass to the sheafification by the condition that the functor takes finite disjoint unions
to products.

The functor A[S] — .A[S] is then moreover equipped with a natural transformation A[S] —
A[S]. We will see that if A is analytic, then these properties hold also when A is general.

Let us give some examples. We include here already a number of examples where the underlying
condensed ring A is non-discrete. However, in these lectures we will primarily consider the case
where A is discrete.

EXAMPLES 7.3.
(i) The pre-analytic ring Zm given by the discrete condensed ring Za = Z together with the
functor
(ii) The pre-analytic ring Z, m given by the condensed ring Z, together with the functor

S ZpulS] =7, S|™ = @Zp[Si] .
This is the space M(S,Z,) of Z,-valued measures on S.
(iii) For a discrete ring A, the pre-analytic ring (A, Z)m given by the condensed ring A together
with the functor
S+— ZalS|®z A .

12Warning: This definition is in some ways preliminary. In particular, one should allow the pre-analytic ring to
be “derived”, i.e. A may be a simplicial ring and \A[S] a simplicial module (as usual, simplicial objects are considered
here as objects of the appropriate co-category, obtained by inverting homotopy equivalences). Only with this extra
flexibility a good general theory can be developed. In that generality, one loses the property that the relevant “derived
categories” are actually the derived category of their heart, as usual in the context of modules over simplicial rings;
the rest of the discussion below immediately extends.



7. LECTURE VII: ANALYTIC RINGS 45

(iv) For any finitely generated Z-algebra A, the pre-analytic ring Ag given by the condensed
ring A together with the functor taking an extremally disconnected S = @1@ S; to the
condensed A-module

AulS] = im A[S)]

The underlying abelian group is the space M(S, A) of A-valued measures on S H

For any pre-analytic ring, one can mimic Definition We would like this to behave well.
This amounts to the following definition.

DEFINITION 7.4. An analytic ring is a pre-analytic ring A such that for any complex
C:...>Ci—...—-C1—>Cyp—=0

of A-modules in condensed abelian groups, such that all C; are direct sums of objects of the form
A[T] for varying extremally disconnected T', the map

RHom 4(A[S],C) — RHom 4(A[S], C)
of condensed abelian groups is an isomorphism for all extremally disconnected sets S.

Note that for any (associative) condensed ring A and any two A-modules M, N in condensed
abelian groups, one can define a complex of condensed abelian groups RHom 4 (M, N) whose S-
valued points are R Hom 4 (M ®z Z[S], N).

Then Lemma [5.10] implies the following result.

PROPOSITION 7.5. Let A be an analytic ring.
(i) The full subcategory
Mod%"® € Mod %™

of all A-modules M in condensed abelian groups such that for all extremally disconnected
sets S, the map

Hom 4 (A[S], M) — M(S)

s an 1somorphism, is an abelian category stable under all limits, colimits, and extensions.
The objects A[S] for S extremally disconnected form a family of compact projective gen-
erators. It admits a left adjoint

Mod%™ — Mod™ : M +— M ®4 A

that is the unique colimit-preserving extension of A[S| — A[S]. If A is commutative, there
18 a unique symmetric monoidal tensor product @ 4 on Modfffnd making the functor

Mod§™! — Mod™ : M — M ®4 A
symmetric monoidal.
13Obviously7 this definition extends immediately to the case of a general discrete, or even a general condensed,
ring A. We restrict it to the case of finitely generated Z-algebras as only then Am fits into a general framework (e.g.,

taking a general Huber pair (A, A") to a pre-analytic ring (A, AT)m). In fact, we suspect that for general discrete
A, the pre-analytic ring Am is not analytic.
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(ii) The functor
D(Mod%™) — D(Modsmd)
18 fully faithful, and its essential image is stable under all limits and colimits and given by
those C € D(Modffnd) such that for all extremally disconnected S, the map

RHom4(A[S],C) - RHom4(A[S], C)

is an isomorphism; in that case, also the RHom’s agree. An object C € D(Modzmd) lies
in D(Mod™?) if and only if all H'(C) are in Mod$™. The inclusion D(Mod%™) C
D(Modzmd) admits a left adjoint

D(Mod%™) — D(Mod™) : €+ C @5 A
that is the left derived functor of M — M ®4 A. If A is commutative, there is a unique
symmetric monoidal tensor product ®ﬁ on D(Modff“d) making the functor

D(Mod$™) — D(Mod%™) : €+ C @5 A
symmetric monoidal.

In the following, for an analytic ring A, we abbreviate
D(A) = D(Mod%™)
and refer to it as the derived category of A-modules.

WARNING 7.6. In the most general case, it could happen that ®ﬁ is not the left derived
functor of ® 4. In every instance known to us, this holds true, however. It is equivalent to the
question whether for all extremally disconnected sets S, T', the A-module in condensed abelian
groups A[S x T] (computed by simplicially resolving S x T' through extremally disconnected sets)
is concentrated in degree 0. In practice, this holds true for any profinite set in place of S x T.

PROOF. Most of this follows directly from Lemma What remains is to prove that if
Ce D(Modffnd), then for all extremally disconnected sets S, the map
RHom 4(A[S],C) — RHom 4(A[S],C)
is an isomorphism, and the existence of the symmetric monoidal tensor product if A is commutative.
For the question about RHom, we may assume that C' is connective, in which case it is exactly the

condition that A is analytic. If A is commutative, this implies that for any extremally disconnected
set T and any C € D(Modi{md), the map

RHomy(A[S] ®4 A[T],C) — RHom4(A[S x T],C)
is an isomorphism. This means that the kernel of the Bousfield localization
D(Mod%™) — D(Mod$™)
is a ®-ideal, which is exactly what we need to prove. ]

In particular, Theorem says that Zg is an analytic ring. With this notation, we have in
particular
Solid = Modg
and the solidification functor
Cond(Ab) — Solid : M s M™
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has been renamed to
Mod§™™! — Mod§2 : M — M &z Za

and the symmetric monoidal tensor product @™ to ®z,. On the derived level, the functor
D(Cond(Ab)) — D(Solid) : C +— C'™
is now denoted
D(Cond(Ab)) — D(Za) : C — C ®% Zn .
The symmetric monoidal tensor product @™ on D(Za) is now denoted ®£..
There is an obvious notion of a map of pre-analytic rings: If A and B are pre-analytic rings,
then a map A — B is a map A — B of condensed rings together with A-linear maps
A[S] — B[S]

natural in the extremally disconnected set S and commuting with the map from S.

We will actually define maps of analytic rings slightly differently, as follows. A map of analytic
rings f : A — B is a map of underlying condensed rings f : A — B with the property that for
all extremally disconnected S, the A-module B[S] lies in Mod%™?. Note that this implies that the
map S — B[S] extends uniquely to a map A[S] — B[S], functorial in S, so this recovers a map
of pre-analytic rings in the sense above. In the appendix, we will check that conversely, a map of
pre-analytic rings between analytic rings actually defines a map of analytic rings under a very mild
assumption.

The next proposition ensures that the formation of Modfj’nd is functorial in the analytic ring

A.
PROPOSITION 7.7. Let A, B be analytic rings and let f : A — B be a map.

(i) The composite functor
—®a4B —®pB
Modi’nd 2 Modgncl —= Modgmd
factors over Modffnd, via a functor denoted
Mod%™ — Mod®™ : M +— M @4 B .
(ii) The composite functor
L

4y ~®aB 4y %88 d
D(Mod$™) —“A% D(Modgg™) — 22, D(Modg™)

factors over D(Modffnd), via the left derived functor
D(Mod%™) — D(Modg™) : C — C @4 B
of M — M ®4 B.
Again, we will usually just write
D(A) = D(B):C—CoLB.

REMARK 7.8. Note that any condensed ring A can be considered as a pre-analytic ring, with
A[S] being the usual free modules in Mod<"?; it is then tautologically an analytic ring. The
corresponding notion of Modffnd and of ® 4.4 for an analytic ring A over A are compatible with
this translation.
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PROOF. For (i), by our definition of maps of analytic rings, this is automatic for all B[S], and
thus all objects of Mod%ond, as these generate.

For part (ii), we similarly have to see that if C' € D(ModCBond), then C regarded as an object
of D(Mod%™) lies in D(Mod%™). As this can be tested on cohomology groups, this reduces to
part (i). The induced functor must be the left derived functor as it commutes with all colimits and
takes the compact projective generators A[S] to B[S]. O

Moreover, we have the following examples of analytic rings.

PRrROPOSITION 7.9. The following are analytic rings.

(i) The pre-analytic ring Zp .
(ii) For any discrete ring A, the pre-analytic ring (A,7Z)m.

PROOF. We can prove both parts simultaenously; let A denote either pre-analytic ring, with
underlying condensed ring A = A. Let

C:...>C;i—>...—-C1—>Cy—0

be a complex of A-modules in condensed abelian groups as in Definition We need to see that
for all extremally disconnected sets .S, the map

RHom 4 (A[S]"™, C) — RHom 4(A[S], C) = RHom(Z[S], C)

is an isomorphism.
We note that C' is in particular in D(Solid). Moreover, in D(Solid), we have in both cases

A[S] = Za[S] ®% A .
But as C is a module over A in D(Solid), we have formally that
RHom(Za[S],C) = RHom , (Za[S] ®%, A, C) .

The left-hand side is RHom(Z[S],C) as C' is solid, while the right-hand side is RHom 4 (A[S], C),
giving the desired result. O

REMARK 7.10. In fact, for any Huber pair (A, A™), one can define an analytic ring A = (4, A" )m
associated with (A, AT). The underlying condensed ring A is the condensed ring A associated with
the topological ring A, and the subring A* C A is needed for the specification of the free modules
A[S] (which may in general turn out to be derived). Some notable specializations are agreement
with (A, Z)m as defined above, and Ag = (A, A)g for finitely generated Z-algebras A.

In particular, in the case of Q,, the free modules
(Qp: Zp)u[S] == Mb(5> Qp) = M(5S, Zp)[%]

are the spaces of bounded Qp-valued measures on S. It is a natural question whether a similar
prescription might work over the real numbers.

EXAMPLE 7.11. One can define a pre-analytic ring R,1 whose underlying ring is the condensed
ring R, and for any extremally disconnected set S, one sets

Ry [S] := M®(S,R)
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as the space of bounded R-valued measures on S, with the topology dual to the Banach space
C(S,R); this makes M?(S,R) a Smith space. Analogously to the formula

Qp.ulS] = [ J(lim p~"Z,[S:])
nooi
when S = 1&12 S;, one can write
Rgl [S] = U @R[Si]glgq« 5
r>0 @
where R[Sy, C R[S;] is the subspace of ¢!-norm at most r. Note that the latter formula also

gives a description of Ry1[S] as a condensed set, where all the lm, R[S;]p1 <, are compact Hausdorff.

Unfortunately, R, is not an analytic ring. Note that if A is an analytic ring, then for any
extremally disconnected sets S, T and any ¢ > 0, one must have

Extiy(A[S], A[T]) = H'(S, A[T]) =0 .
The following proposition is a rephrasing of the Ribe extension, [Rib79].

PROPOSITION 7.12. For any infinite extremally disconnected set S, one has
Extg(Rp [S], R [S]) #0 .

Interestingly, the nontrivial Ext!-classes are related to the entropy function (z;)ier — > wilog ||
In fact, one can define a canonical self-extension

0= Ru[S] =& —=RulS]—0
via
£ = | m(R[S] & RIS]) o
r>0 @
where for any finite set I, we set

(R @ R[I])«<p := { (i i) € RU] ©RT | Z il <7, Z lyi — wilog |ail| <7} .

To show that £ is indeed an abelian group, one needs to show that the sum of two elements in the
“ < r”-part sum into the “ < Cr” part for some constant C'. For this, one uses that the function
x — xlog|z| is almost additive:

(@1 + 22) log |21 + 22| — 21 log [21] — @2 log |x2||| < C(|[1][ + [|z2]])

for any z1,z2 € R and some constant C' > OE
To remedy this, we note that for any real number 0 < p < 1, one can define a pre-analytic ring
Ry» whose underlying ring is the condensed ring R, and for any extremally disconnected set S we
set
Ro(S) := | Im R[S,

r>0 1

4, prove this, use that multiplying both x1 and z2 by a positive constant multiplies the left-hand side by that
constant; one can then assume that z1,z2 € [—1,1] and one of them is +1 by rescaling, in which case the result
follows from continuity of the left-hand side and compactness.
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where the (P-norm is given by ||(z;)||er = (3, |2i|?)}/P. (One needs to assume p < 1 in order for
the transition maps in the projective system to respect the condition /# < r). One can show that
again

Extg (Ree [S], Rep[S]) # 0
via the same construction, using fP-norms everywhere. Thus, Ry is not an analytic ring either.
However, we have the following conjecture (which seems to be within reach):

CONJECTURE 7.13. For any p < 1, the pre-analytic ring
Ry<p := ligqu

q<p

s analytic.
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Appendix to Lecture VII: Constructing maps of analytic rings

To define a map of analytic rings f : A — B, one has to ensure that B[S] lies in Modfffnd for
all extremally disconnected S. This might a priori seem subtle. In practice, one can however often
directly define a map of pre-analytic rings in the sense of a map f : A — B of condensed rings
together with a natural transformation A[S] — B[S] linear over A — B and commuting with the
structure map from S.

PROPOSITION 7.14. Assume that for all extremally disconnected S with a map S — A, inducing
a unique map A[S] — Alx] in Modffnd, and, from the composite S — A — B, a unique map
B[S] — B[*] in Mod$™d, the diagram

AlS] —— Al+]

|
B[S] — B[]

commutes. Then f : A — B is a map of analytic rings A — B, i.e. B[S] lies in Modffnd for all
extremally disconnected S.

REMARK 7.15. This condition is automatic in the following cases: If A is discrete (as then any
map S — A is locally constant); if B[] € Mod%™® (as then the map A[S] — B[#] is determined by
its restriction to S); or if the underlying condensed set of B[x] is quasiseparated and A[S] — A[S]
has dense image in the sense that there are no maps from the quotient to a nontrivial quasiseparated
condensed set (as the diagram commutes after restriction to A[S]). This handles all practical cases.

PrROOF. We prove that any N € Mod¥"? lies in Mod%™? when regarded as A-module. To
check this, we use that for any pre-analytic ring A, we get a functor X — A[X] from condensed
sets to A-modules, the unique colimit-preserving extension of S — A[S]. If A is analytic, then this
is the left adjoint to the forgetful functor from Modfffnd to condensed sets, and in particular, this
functor has a natural monad structure. In that case, for any A-module M, the diagram

AJAM]) = AIM] = M

is a coequalizer diagram. (To check this, note that this property is stable under colimits in M, so
one can assume that M = A[S] for some extremally disconnected set S. In that case, the diagram
is split.)
Coming back to the general N € Modcgond, we know that NN is the coequalizer of the diagram
AJA[N]] = A[N]
and of the diagram
B[B[N]] = B[N] .
This implies, once we have checked that some diagrams commute, that N is a direct summand (in
Modimd) of the coequalizer of the diagram

AJA[N]] = A[N].

Here, note that the natural transformation A[S] — B[S] induces a natural transformation A[X] —
B[X] which we can apply to X = N and X = A[N] to get a map from the last displayed diagram
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to the second-to-last displayed diagram. This will show that IV is a retract of an object of Modffnd,
and thus itself in Modi{’nd.
The nontrivial part is to see that

A[«‘I[NH — A[f\f]
BIA[N]] —— B[N]

commutes, where the the horizontal maps are the unique maps in Modfffnd resp. ModfgOnd induced
by the map of condensed sets A[N] — A[N] resp. A[N] — B[N]. It is enough to see that for any
map T — A[N] from an extremally disconnected 7', the associated diagram

A[T] —— A[N]

=

B|T] —— B[N]

commutes. Now locally on T, any such map T" — A[N] lies in A(T)[Hom(T, N)|, so can be written
as a finite sum of terms of the form h[g] where h € A(T) and g € Hom(7T, N); we can thus assume
that it is of this form h[g]. The associated map A[T] — A[N] is then given by the product of the
map induced by g with the map A[T] — A[*] induced by h, and a similar statement holds true for
B[T] — B[N]. As the map induced by g makes the diagram commute, we reduce to the assertion
that

A[T] —— A[%]

.

B|T| —— BJ[%]

commutes for any map h: T — A, which is exactly the assumption. O
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8. Lecture VIII: Solid A-modules

From now on, we will usually restrict to finitely generated Z-algebras AE The goal of this
lecture is to prove the following theorem.

THEOREM 8.1. For any finitely generated Z-algebra A, the pre-analytic ring Am is an analytic
ring. The forgetful functor

admits the left adjoint j* = — ®(LA Z)m Am, which in turn admits a left adjoint
ji: D(Am) = D((A,Z)u) -

The left adjoint ji satisfies
JJTM = M @478 1A -

A consequence of the theorem is that one can define “coherent cohomology with compact
support” (in the affine case):

THEOREM 8.2. Let A be a finitely generated Z-algebra and let f : Spec A — SpecZ denote the

projection. Consider the functor

f! . D(A.) — D(Z.)
defined as the composite

D(Aw) % D((A, Z)u) = D(Za) .
Then fi commutes with all direct sums, preserves compact objects, and satisfies the projection
formula
A(M @F, Aa) @5, N) = M @F AN

for M € D(Zu) and N € D(Am). The functor fi admits a right adjoint

f': D(Zuw) = D(An)
that commutes with all direct sums, and is given by

f'M = (M ®%, Aw) @ f'Z .

The object f'Z € D(An) is a bounded complex of finitely generated discrete A-modules. If f is a
complete intersection, then f'Z € D(A) is an invertible object, i.e. locally a line bundle concentrated
in some degree.

In fact, f'Z € D(A) C D(Am) is exactly the dualizing complex, as defined in coherent du-
ality! Proving this identification with the dualizing complex will be the goal of the forthcoming
lecturesm Note that the functor f' preserves discrete objects, inducing a functor D(Z) — D(A)
of usual derived categories; however, our definition of this functor makes critical use of condensed
mathematics! Indeed, fi does not preserve discrete objects, and does not exist (naively) in classical
approaches to coherent duality.

151t turns out that for more general A, one should redefine Am as lim, (Ai)m, where A = lim_A; is written as
a filtered colimit of finitely generated Z-algebras. In fact, we have reasons to doubt that Am is an analytic ring
otherwise, and in any case only this modified definition will extend to general Huber pairs.

167 explained in the appendix to this lecture, the formalism extends in the same way to the relative case,
except that some assertions require the hypothesis that f is of finite Tor-dimension; notably, that fi preserves
compact objects, or equivalently that f' commutes with all direct sums.
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REMARK 8.3 (Local finiteness of coherent cohomology). The assertion that f; preserves compact
objects can be seen as a local version of finiteness of coherent cohomology. Note that fi manifestly
does not preserve discrete objects (unless f is finite); but if it would, then it would send compact
discrete objects to compact discrete objects. Now it is easy to see that the compact discrete objects
are exactly the usual perfect complexes of A-modules, i.e. complexes that can be represented by
finite complexes of finite projective A-modules. Thus, this would give preservation of perfect
complexes. This argument does indeed apply once we globalize and prove that for proper f, the
functors f) and Rf. agree, using that Rf, always preserves discrete objects, thus giving a new proof
of finiteness of coherent cohomology for proper maps.

REMARK 8.4 (Local Serre duality). The definition of f' as a right adjoint implies formally that
for any M € D(An), one has

RHomy (fiM,Z) = RHom 4(M, f'Z) .

If f is a complete intersection, wy := f'Z is invertible. In this case, if P is a finite projective
A-module or more generally a perfect complex of A-modules, one can set M = RHomu(P,wy) =
PY ®4 w4 and the equation becomes

RHomZ(f!(PV XA wA),Z) =P.

In other words, the coherent cohomology of P, which in this affine case is just P itself, considered
as a Z-module, is written as the dual of the compactly supported cohomology of the usual twist
PV ®4wa.

In fact, by biduality in D(Zum) for compact objects and the compactness of fi(PY ®4 wa), we
can also rewrite this as

fiPY ®4wa) = RHomy (P, A)
or as a perfect pairing
S(PY ®awa) @z P — 7.

REMARK 8.5 (A new formula for the dualizing complex). The adjointness of f' implies that
f'7Z = RHom, (A, Z) .

By Theorem fiA is compact as an object of D(Zu) so that its dual is discrete, and still carries an
A-module structure. As we will see below, fiA can be computed in practice in terms of “functions
near the boundary of Spec A”; this yields a new formula for the dualizing complex. For example,
if A= Z[X,Y]/XY, then the functions near the boundary are Ao, = Z((X 1)) x Z((Y 1)), and
one has
AL = A /A = (Z(X 1) x Z(Y ™)) /(ZIX, Y]/XY))
and so the dualizing complex is given by
f'Z = RHomg (Z((X 1)) x Z((Y ™)) /(Z[X,Y]/XY), Z)[1] .

In the rest of this lecture, we will prove Theorem in the special case A = Z[T]. In the
appendix of this lecture, we will explain the modifications required to handle the general case.

Thus, we fix A = Z[T]. Let Ao = Z((T~')) with its natural condensed structure. Then A, is
naturally a condensed A-algebra, and its underlying condensed abelian group is solid. In particular,
it defines an object Ao, € D((A,Z)a). We like to think of Z((T~1)) as “functions near the boundary
of SpecZ[T]”.
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OBSERVATION 8.6. The object Ay, € D((A,Z)u) is compact (in the general sense of triangulated
categories: Hom(Ay,, —) commutes with all direct sums). Indeed, we have the short exact sequence

UT-1

0— Z[[U]] 9z A == Z[[U]] ®2 A — Ao — 0

where the first two terms are compact projective in Modfond) )

OBSERVATION 8.7. The ring Ao, € D((A,Z)u) is idempotent in the sense that the multiplication

map

Ao B4 7)9 Aco = Aco
is an isomorphism. Indeed, this is a simple computation from the presentation of A, in the previous
observation.

In particular, the As-modules form a full subcategory of D((A,Z)m): Any M € D((A,Z)u)
admits at most one A,.-module structure, and such a module structure exists precisely when the
map

L
M= M ®z), Aoo

is an isomorphism.

OBSERVATION 8.8. Let C' € D(Cond(A)) be any complex of condensed A-modules all of whose
terms are direct sums of products of copies of A. Then

RHom 4 (As, C) =0 [7]

To see this, we first observe that C' € D((A,Z)u) as (A, Z)w is an analytic ring and so D((A,Z)a) C
D(Cond(A)) is stable under all limits and colimits. We may assume that C'is connective by writing
it as the limit of its stupid truncations C<". Now A, € D((A,Z)a) is compact by Observation
so it is enough to consider the case that C' = [[; A for some set I. This reduces to C' = A, so it
remains to prove that
RHom 4(Ax, A) =0 .

For this, we use the resolution from Observation to see that RHom 4 (A, A) can be computed
by the two term complex

UTl

RHomg (Z[[U]], A) —— RHomgz (Z[[U]}, A)

which is given by

UT—1
—

AUT/A AlU/A

which is acyclic.

OBSERVATION 8.9. For any set I, the cokernel of the injective map
[[zezA-]]4
T I
is an As.-module. Indeed, this cokernel can also be written as the cokernel of the map

HZ -1 Z((T %HZ

T This is an analogue of the assertion RHom, (R, C') =0 when C' is a complex of solid abelian groups.
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as there is a natural map from the first sequence to the second sequence whose cokernel is the
isomorphism

[[r'zir ") - [[ 7 'zir ) -
I I

But the second sequence is naturally a map of Z((T~!))-modules.

Now we can prove that Z[T']a is an analytic ring. Let C' be any connective complex of condensed
A-modules all of whose terms are sums of products of copies of A. We need to see that for any
profinite set S, we have

RHom 4(A[S],C) = RHom 4(Aa[S],C) .
As C € D((A,Z)u), we already know that
RHom 4(A[S],C) = RHom 4((A,Z)a[S],C) .

Now Zu[S] = [[; Z for some set I, and then (A, Z)u[S] = [[; Z®z A and Ag[S] = []; A. It remains
to see that
RHom ([ [ Z ®z A, C) = RHom (] A.C) .
I I
This follows from Observations [8.9] and
In particular, we get the full inclusion
as both are full subcategories of D(Cond(A)). This admits a left adjoint j* which is M — M®(LA 7
A, by Proposition [7.7}
OBSERVATION 8.10. The kernel of the localization functor
j*:D((A,Z)a) — D(An)
is precisely the full subcategory of all M € D((A,Z)u) that are As-modules. Indeed, if M is an
Aso-module, then j*M is a module over Ay ®(LA Z)m Ag = 0 by Observation Conversely, the

kernel is generated by the objects considered in Observation which we have seen there to be
Aso-modules. By Observation we see that all objects in the kernel are A,.-modules.

OBSERVATION 8.11. Consider the endofunctor
Ji:D((A,Z)m) — D((A,Z)m) : M +— M®A®§Z. (Ao /A)[-1] .
This functor factors uniquely over a fully faithful functor
Jr: D(Aw) = D((A, Z)u)

that is a left adjoint of j*. To prove this, note first that fully faithfulness of ji follows from the
other assertions, as j*ji will be the left adjoint of j*j,. which is the identity, and so j*ji is itself the
identity, giving full faithfulness of j.

Now it suffices to see that for any M, N € D((A,Z)a), we have

RHom 4 (:M, N) = RHom 4 (i, N ®f, 5 Aw) & RHom 4(M, N @f, ;) Aus) .

Indeed, this implies that R Hom(jiM, —) depends only on the image of M in D(An), giving the
desired factorization; and then the displayed equation proves the desired adjointness. Note that
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the second equation follows from Observation [8.8| and the observation that the cone of M — M
is by definition of jiM an As.-module.

For the left map, we use that the cone of N — N ®(LA Z)m Ag is an A, ,-module by Observa-
tion [8.10] so that it is enough to see that

j!M ®(LA,Z). Aoo - O .

But this follows from the definition of jiM and Observation

At this point, we have proved all of Theorem [8.I] We observe that the arguments are roughly
similar to the arguments for Zg, with Z((7T1)) taking the role of R. The case of Zg was somewhat
more subtle as we did not have yet have a nice analytic base ring to base our arguments on, and
so the arguments involving R had to be done in a very ad-hoc fashion.

In order to prepare for the proof of Theorem in particular the preservation of compactness
under fi, we make another observation.

OBSERVATION 8.12. For any set I, the natural map
alTA—TT(A</a0-
I I

is an isomorphism (and the right-hand side is compact as an object of D(Zg)). This follows from
the following computation:

]IHA—jl] HZ®ZA HZ®ZA ®(AZ (Ao /A)[-1]

=[] 2 ®Zy (Ax/A)[-1] = [[(Ax/A)[-1] .
1

I
Here we use the definition of jij* in the second equation, and Proposition in the last equation.
Finally, we give a proof of Theorem when A = Z[T]. By definition f; commutes with all
direct sums (as ji does as a left adjoint, and the forgetful functor does). This implies formally that
fi admits a right adjoint f'. Moreover, in the case of compactly generated triangulated categories,
it is known that f' commutes with all direct sums exactly when f; preserves compact objects. The

compact objects of D(Am) are generated by [[; A’s, and for these the claim is Observation
For the projection formula, it is enough to prove the finer assertion

(M ®7, An) ®Gg N) = (M 07 A) @ (A 7)m IV

in D((A,Z)a). This holds true as it holds true after applying j*, and as both sides vanish after
tensoring with A,
Note that the adjunction

RHomgz(fiM,Z) = RHom(M, f'Z)

implies, by taking M = A, that
f'Z = RHomgz(fiA,7)

which, as fiM is compact, implies that f'Z is discrete. In fact, we can compute
£'Z = RHomz(Z((T™))/Z[T], Z)[1) = Z[T][1] ,

which is an invertible A-module.
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By formal nonsense, we have a natural map
(M @, Aw) @4, f'Z — f'M -
indeed, defining this map is equivalent to defining an adjoint map
AM &F, An) @5, f'Z) = M
in D(Am). This comes from the projection formula
F((M @7y Au) @lig ['Z) = M @7y fif'Z

and the counit fif'Z — Z.
To prove that the map
(M @7y An) @4g fZ— f'M
is an isomorphism, we note that both sides commute with all direct sums, so we can reduce to
M =1[,;Z. As f' commutes with products, we need to see the same for the left-hand side. But
1,2 ®£I Am=[[; A and f'Z = A[1] is just a shift.
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Appendix to Lecture VIII: General case

In this appendix, we prove the general version of Theorem and in fact formulate a relative
version. Fix a map of finitely generated Z-algebras R — A. We define a pre-analytic ring (A, R)m
whose underlying condensed ring is the discrete ring A, and with

(A, R)u[S] := Ra[S] ®r A .
Note that Ra[S] ®% A = Ra[S] ®p A: More generally, for any R-module M and any set I, one has

[[RerM=]][RerM.
1 I
As both sides commute with filtered colimits in M, it suffices to check this when M is finitely

generated. But then in fact
[[RekM=]]M
I 1

(which is concentrated in degree 0), as one sees by resolving M by finite free R-modules.
With this definition, we have the following generalization of Theorems [8.1] and

THEOREM 8.13.

(i) For any map of finitely generated Z-algebras R — A, the pre-analytic ring (A, R)a is an
analytic ring.
(ii) For any maps R — S — A of finitely generated Z-algebras, the forgetful functor

J« : D((A, S)n) = D((A, R)u)
admits the left adjoint j* = — ®(LA’R). (A, S)m, which in turn admits a left adjoint

jr: D((A, S)m) = D((A, R)u) -
The left adjoint j satisfies

J3"M =M @ r)g N4 -
(iii) For a map f : Spec A — Spec R of affine finite type Z-schemes, consider the functor
fi:D(Am) = D(Ru)
defined as the composite
D(An) % D((A, R)a) = D(Fa) .
Then fi commutes with all direct sums and satisfies the projection formula
F((M ©fy Aw) @g N) = M OFy N

for M € D(Ru) and N € D(Au). If f is of finite Tor-dimension, then f preserves compact
objects. The formation of f is compatible with composition, i.e. if g : Spec R — Spec R/
is another map of affine finite type Z-schemes, then (go f)1 = g1 o fi.

(iv) In the situation of (iii), the functor fi admits a right adjoint

f': D(Ra) = D(Aa) .



60 CONDENSED MATHEMATICS

The object f'R € D(Ag) is discrete and a bounded to the left complex of finitely generated
A-modules. If f is of finite Tor-dimension, then f'R is bounded, f' commutes with all
direct sums, and is given by

f'M = (M @, An) @}y f'R .

If f is a complete intersection, then f'R € D(A) is an invertible object, i.e. locally a line
bundle concentrated in some degree. The formation of fi is compatible with composition,

| ~

i.e. if g : Spec R — Spec R’ is another map of affine finite type Z-schemes, then (go f) =
flog.

PROOF. For part (i), we note that by the proof of Proposition [7.9] (i) and the observed identity
Ra[S] @k A = Ra[S] ®r A, the case of (A, R)m reduces to the case of Re. Thus, it is enough to
prove that for any finitely generated Z-algebra A, Ag is an analytic ring. But now we can choose
a surjection R = Z[X1,...,X,] — A, in which case Ag = (A, R)m as then A is a finitely generated

R-module and so
H A H RepA .
I I

Thus, the case of Ag is equivalent to the case of (A, R)w, which reduces to Rg. In other words, it is
enough to handle the case of Ag when A = Z[X},..., X,] is a polynomial algebra. We handle this
case by induction on n. Let R = Z[X1,...,X,—1] =& A. Then Rg and hence (A, R)g are analytic
rings by induction. Now we can repeat all arguments from the lecture with the base ring Z replaced
by R, in particular using the ring Ao, = R((X,; 1)), to get the result for A.

For part (ii), the existence and description of j* is now a consequence of Proposition For
the properties of j), we note that the question reduces formally to the case A = S, as afterwards one
simply carries around an A-module structure on top. In particular, we can assume that S — A is
surjective. We can then actually assume that S = R[X1, ..., X,] (changing now S while fixing A and
R), noting that (A, S)w = Am is independent of S when S — A is surjective. Now using again the
reduction from R — S — A to R — S = S, we are reduced to the case that A = S = R[X;,..., X,,]
is a polynomial algebra over R. In that case, we use the factorization

(A,R)m — (A, R[X1,..., Xn-1])m — (A, A)m

using which we can by induction reduce to the case n = 1. Hence finally again A = R[X] over some
general base ring R, where we can repeat the arguments from the lecture.

In part (iii), one first checks compatibility with composition, i.e. (g o f); = g1 o fi. This comes
down to the commutativity of the following diagram:

D((4, R)w) —> D((4, R)u)

L,

D(Ru) —> D((R, R')u)

As in the proof of (ii), this is formal as the functor on top is simply carrying around an additional
A-module structure.

For the other assertions in (iii), we can now reduce to the case that either A = R[X1,...,X}]
is a polynomial algebra over R or R — A is surjective; and the case of the polynomial algebra
can further by induction be reduced to A = R[X]. This case was handled in the lecture (modulo
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replacing Z by R everywhere). If R — A is surjective, then Ag = (A, R)m and thus jj is the identity
and fy is simply the forgetful functor. The projection formula is then easily verified, while if f is
of finite Tor-dimension, then the compact projective generators [[; A of D(Am) are also compact
as objects of D(Ra), by taking a finite resolution of A by finite projective R-modules.

In part (iv), the existence of f' is formal, and the commutation with colimits is automatic when
f is of finite Tor-dimension as then f) preserves compact objects. It is also clear that the formation
of f'is compatible with composition. For the other assertions about f' we can now again reduce
to the case A = R[X] or R — A is surjective. The case A = R[X]| was analyzed in the lecture
(modulo replacing Z by R). In particular, note that

f'R = RHomp(R((X~1))/RIX], R)[1] = RIX][1]
is invertible over A = R[X]. If R — A is surjective, then
f'R = RHomp(A, R)

which is a bounded to the left complex of finitely generated A-modules. If f is of finite Tor-
dimension, it is in fact bounded (as seen by resolving A by a finite complex of finite projective
R-modules). In that case, one can also see that

F'M = (M ®p, An) @4, f'R

by constructing the map as in the lecture, and then reducing (as both sides commute with colimits)
to the compact projective generators M = [[; R, for which one observes that both sides commute
with this product, as f'R is pseudocoherent.

Finally, if f is a complete intersection, the usual Koszul computation shows that f'R =
RHomp (A, R) is invertible in D(A). O
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9. Lecture IX: Globalization

In this lecture, we want to globalize the previous constructions. Recall that to any map R — A
of finitely generated Z-algebras, we have associated the derived category
D((A, R)u)
In fact, if AT C A is the integral closure of the image of R in A, then (A, R)m = (A, A" ) as

[[RorA=]]AT @4 A,
I 1

noting that as A" is finite over R, one has
[[RerAT=]]A".
I I

In particular, we really have a functor that takes pairs (A, A") consisting of a finitely generated
Z-algebra A and an integrally closed finitely generated subalgebra AT C A to

D((A, A" )u) -

This indicates that the globalization is naturally done in the language of adic spaces. We refer
to [Hub93|, [Hub94] for some basic assertions in the following.

DEFINITION 9.1. A discrete Huber pair is a pair (A4, A1) consisting of a discrete ring A together
with an integrally closed subring A™ C A.

There is a functor from discrete Huber pairs to analytic rings, given by
(A, AT) = (A AT ) g = hﬂ (B,B")a,
(B,BT)—(A,AT)
where (B, BT) runs over discrete Huber pairs mapping to (A, AT) with both B and B™ finitely

generated Z-algebras.
To any discrete Huber pair (A, AT), one can associate the space

Spa(A4, A%) = {|-|: A » TU{0} | |A*| <1}/ =

of equivalence classes of valuations on A that are < 1 on A". Here I is a totally ordered abelian
group, written multiplicatively, depending on the valuation | - |, and the conditions of being a
valuation are
01 = 0,11 = 1, |lzy| = |z[lyl, [z + y| < max(|z], |y[)

(with the convention that 0 < v and 0y = 0 for all v € T'). We will generally abuse notation and
write € Spa(A, AT) for a point of Spa(A4, AT) and f — |f(z)| for the associated valuation. The
space Spa(A, AT) is given a topology where a basis of quasicompact open subsets is given by the
rational subsets

Bt o fa V=1, lao)] < 7@ £0)

for varying f,g1,...,9n € A. With this topology Spa(A, A™") is a spectral space.
The following proposition clarifies the role of AT C A. We let

Spv(A) = Spa(A,Z) = {| - | : A = T U{0}}/ =

be the space of all equivalence classes of valuations on A, where Z C A denotes the integral closure
of Z in A.

U(gla
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PROPOSITION 9.2. There is a bijection between integrally closed subrings AT C A and subsets
U C Spv(A) that are intersections of subsets of the form Uy ¢, given by

AT U = Spa(A, A%) = {z € Spv(A) | Vf € AT, |f(@)| <1} = ) Uws,
feA+
U At ={fecA|VzeU]lf(z) <1} .
In particular,

AT ={f € A|Vx € Spa(4, AT, |f(z)| < 1} .

PROOF. It is clear that for all U, the subset AT = {f € A |Vz € U,|f(z)] < 1} C A is an
integrally closed subring. We note to see that the maps are inverse. The association A™ — U =
Spa(A, AT) is by definition surjective: If U = ﬂf€I Uy, s for some set I, then we can take A1 to be
the integral closure of the subring of A generated by all f for f € I. Thus, it remains to see that
starting with A™, one has

AT ={f € A|Vz € Spa(A, A", |f(z)] <1} .
Assume that f ¢ AT. Then f is also not in A*[%] C A[%] as otherwise f would be integral over A™.
In particular, we can find a prime ideal p of Aﬂ%] that contains % Let q be a minimal prime ideal
of Aﬂ%] contained in p. We may then find a valuation ring V' with a map SpecV — Spec Aﬂ%]
taking the generic point to q and the special point to p. As the image of Spec A[%] — Spec A*[%]
contains the minimal prime ¢, we can lift the valuation corresponding to Spec V' — Spec Aﬂ%] to
1

A[?]. The resulting valuation of A takes values < 1 on all elements of A" by construction, and

value > 1 on f as % € p. This gives the desired contradiction. O

PROPOSITION 9.3. Let (A, AT) — (B, B™") be a map of pairs as above such that the induced
map
Spa(B, BT) — Spa(A, A™)
factors over the rational subset U = U(#=p2*) C Spa(A, A"). Then the map (A, AT) — (B, B™")

—_—~— —_—

actors uniquely over the pair (A[%], A*[9, ..., 2]) where AT[%,..., %] C A[}] is the integral
f f f f f f
closure of A*[g%, . 3] in A[%] Moreover, the map

Spa(A[L], A*[2, ., %]) - Spa(4, 4*)
is a homeomorphism onto U.

PROOF. As Spa(B,B") — Spa(A4, A™) factors over the locus where |f(z)| # 0, it follows that
there are no y € Spa(B, BT) with |f(y)| = 0. But there is a natural map Spec(B) — Spa(B, B™)
sending any prime ideal p to the valuation B — Frac(B/p) — {0,1}; if y is not invertible on B,
then any point of Spec(B/ fB) would define a point y € Spa(B, BT) with |f(y)| = 0, contradiction.
Thus, y is invertible in B, and we get the desired unique map A[%] — B. Moreover, we know that
hi =% € B is an element such that |h;(y)| < 1 for all y € Spa(B, BT). This implies that h; € Bt
by Proposition In particular, we get the desired map A+[971, cee 97"] — BT, which moreover
extends to the integral closure.

The final statement follows easily by unraveling definitions. O
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It follows that the pair (A[l],ﬂ%/]) depends only on U = U(£=29") and we can define a

f f
presheaves Ox, O on the basis of rational opens of X = Spa(4, AT) via Ox(U) = A[%], O (U) =
Al4].

PROPOSITION 9.4. The presheaves Ox and (9} are sheaves. For all x € Spa(A, AT), the
valuation f — |f(x)| extends uniquely to Ox . Moreover,

O%(U) ={f € Ox(U) | Yz € U,|f(z)] <1} .

PROOF. We have already seen that the valuations extend uniquely to Ox(U) whenever z €
U, so by passing to the colimit they extend uniquely to the stalks. Moreover, O%(U) = {f €

Ox(U) | VaeU,|f(x)| <} holds for the U = U(#+*) by Proposition applied to the pair

(Ox(U),0%(U)). This implies that OF is a sheaf as soon as Ox is.

Now note that there is a map v : Spec A — Spa(A, AT) taking any prime ideal p to the
composite A — Frac(A/p) — {0,1}. The pullback of U(%) under this map is D(f). We see
that Ogpa(a,4+) 1s the pushforward of Ogpec 4 under 9, on the level of presheaves. As pushforward
preserves sheaves, this shows that Ogpa(a,4+) 1 a sheaf. O

DEFINITION 9.5. A discrete adic space is a triple (X, Ox, (|- (x)|)zex) consisting of a topological
space X equipped with a sheaf of rings Ox and with an equivalence class of valuations | - (z)| on
Ox forall z € X, such that (X, Ox, (|- (z)|)zex) is locally of the form (Spa(A, A™), Ogpaca,at+y, (|-
(2)])sespa(a, a+)) for a discrete Huber pair (A4, AT).

There are two fully faithful functors X — X?24 from schemes X to discrete adic spaces. The first
is given by X = Spec A — X2 = Spa(A, A), while the second is given by X = Spec A — X2d/Z =
Spa(A4, Z) It is easy to see that both functors glue, and that there is in general a comparison
map X24 — X2d/Z Tp fact, more generally, for any ring R, one can define a fully faithful functor
X — X2/ from schemes over Spec R to discrete adic spaces over Spa(R, R), given by sending
X = Spec A to X2d/F = Spa(A, ﬁ)

One can specify the points of X2d and X24/% in terms of scheme-theoretic data. Indeed, points
of X2 are equivalent to maps SpecV — X from spectra of valuation rings, up to equivalence
(where equivalence is generated by declaring Spec V' — X and Spec W — SpecV — X equivalent
when V' — W is a faithfully flat map of valuation rings). Similarly, points of X ad/R are equivalent
to valuation rings V' with fraction field K and a diagram

Spec K X

|

SpecV ——= Spec R ,

again up to the same notion of equivalence.

PROPOSITION 9.6. If X is separated and of finite type over Spec R then X4 — X2d/R s gp
open immersion. If X is proper over Spec R, then X2d — X3/E s an isomorphism.

PROOF. As long as X is of finite type over Spec R, the map X?d — Xad/R ig Jocally on the
source an open immersion: Indeed, this can be checked when X is affine, in which case the map is
indeed an open immersion. It follows that the assertions reduce to injectivity resp. bijectivity of
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the underlying point sets, where it is precisely the valuative criterion of seperatedness/properness
using the description of points. O

REMARK 9.7. Later, when we recover finiteness of coherent cohomology and Serre duality for
proper maps, the properness of the map will be used via the previous proposition, as ensuring that
Xad and X2d/R agree. In fact, the category of modules on X24 will be glued from D(Ag)’s whereas
the category of modules on X24/% will be glued from D((A, R)a)’s; their agreement globally means
that the functor ji appearing in the previous lecture will simply be the identity for proper maps.

Finally, we can state the theorem on gluing. We would like to glue (A4, A™)g-modules. Unfor-
tunately, this cannot be done on the abelian level. Indeed, if U C Spa(A4, A™) is a rational subset,
the base change functor

~ ®(4,4)a (Ox(U), 0% (U))u
is not exact. For example, if (4, AT) = (F,[T],F,) and U = {|T| < 1}, then (Ox(U),0%(U)) =
(Fp[T1,Fp[T]), and the injection
Fp[T] = Fp((T7))
of (Fp[T],Fp,)m-modules becomes the map
F,[T] — 0

of (Fp[T],Fp[T])m-modules after base change.

We see that we should work with derived tensor products throughout, and thus glue on the level
of derived categories. Unfortunately, gluing in derived categories is not possible because one has
to keep track of homotopies between homotopies (between homotopies...). Thus, we need to pass
to the oco-categorical enhancements. Recall that for any abelian category A, the derived category
D(A) has a natural oo-categorical enhancement D(A). With this change, everything works:

THEOREM 9.8. Let X be a discrete adic space. The association taking any open affinoid U =
Spa(A, AT) C X to the co-category

D((A, A)a) C D(Cond(A))

defines a sheaf of oco-categories on X. More precisely, the given association defines in an obvious
way a covariant functor from the category of affinoid open U C X (where maps induce the forgetful
functors) towards the oco-category of co-categories such that all functors admit left adjoints; passing
to the corresponding diagram of left adjoint functors gives the implied functor U = Spa(A, A1) —
D((A, A )m).

In particular, we can define the oo-category D((Ox,O%)a) by taking global sections; passing
to the homotopy category, we also get a triangulated category D((Ox, (’)}).).
We will give the proof in the next lecture.
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10. Lecture X: Globalization, II

In this lecture, we prove Theorem Although the statement is co-categorical, most results
needed for the proof can actually be stated more concretely. The main idea of the proof is as for
Zariski descent for schemes: If X = Spec A is covered by U; = Spec A[%] for some fi,..., f, that
generate the unit ideal, then for any A-module M the sequence

n
O—>M—>HM[%]—> H M[ﬁj]%...ﬁM[ﬁ]aO
i=1 1<i<j<n
is exact. To check this, it suffices to check after inverting each f;; but then the cover is split, so the
sequence is automatically exact.

The two key points needed for this is that localizations commute, and that a module is zero
once it is locally zero. We will establish these results on the level of derived categories, and then
observe that this gives the desired gluing once we formulate it in terms of co-categories.

First, we observe that all localizations can be regarded as full subcategories:

PROPOSITION 10.1. Let (A, AT) be a discrete Huber pair, and let U C X = Spa(A, AT) be a
rational subset. Then the forgetul functor

D((0x(U),0x(U))u) = D((A, A")a)
is fully faithful, and admits the left adjoint — ®(LA7A+). (Ox(U),0%(U))a.
PrROOF. We only need to prove that the functor is fully faithful. But we have compatible

forgetful functors to D(Cond(Ox (U))) resp. D(Cond(A)), and Ox(U) = A[%] for some f € A. As
D(Cond(A[%])) — D(Cond(A)) is fully faithful, we get the result. O

Moreover, we need the following commutation of localization with base change.

PROPOSITION 10.2. Let (A, AT) — (B, BT) be a map of discrete Huber pairs, and let U C X =
Spa(A, AT) be a rational subset with preimage V. C'Y = Spa(B, B1). Then the diagram of forgetful
functors

D((Oy(V), 0y(V))a)— D((B, B")u)

| |

D((0x(U),0%(U))n)— D((A, A" )a)

is cartesian, i.e. an object M € D((B, BT )am) lies in the essential image of D((Oy(V),05(V))m)
if and only if the image of M in D((A, AT)a) lies in the essential image of D((Ox(U), 0% (U))u)-
Moreover, the diagram

~@p 5+ OY V)OF(V)m
D((Bf+).) D((Oy(V),05(V))m)
D((A,A*).) —®(A7A+)-(OX(U)7(9X(U))I D((OX(U),O}(U)).)

commutes naturally.
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More precisely, in the final commutative diagram, there is a natural base change transformation,
and we claim that this is an equivalence.

ProoF. Let U = U(#+4%*) C X. This can be written as the intersection of the loci {|%(z) <
1} inside {f # 0}. By induction, we may reduce to the case that either U = U(%) ={f#0}CX
or U=U({) = {|lg| <1}. In the first case, Ox(U) = A[%] and O (U) is the integral closure of A"
in A[%] This implies that

(Ox(U), 0% (U))m = (A[H], A*)w = (4, A" )w 24 A[L
which implies that
D((Ox(U),0%(U))m) € D((A, A" )u)

is precisely the full subcategory of all M € D((A, A™)m) on which multiplication by f is invertible.
This also means that the left adjoint M — M ®%A,A+). (Ox(U),0%(U))a is given by M M[%]
It is clear that this description is compatible with base change.

In the other case U = U({) = {|g| < 1}, we can assume that (A, A*) = (Z[T],Z) and g = T.
Then (Ox(U),0%(U)) = (4, A) and — ®(LA,A+). (A, A)m is given by

RHom 4(Aso/A, —)[1]
as proved in Lecture VIII; here we denote again A, = Z((T~1)). To prove the assertions, it suffices
to see that for any M € D((B, B )a), the base change
M @[y 4+)q (A, A)m € D(Cond(B))

e

lies in D((B, B*[T])m) C D(Cond(B)). To check this, we may assume that (B, BT) is of finite type
over Z, and that B = B1[T] is a polynomial algebra over B™. In that case, we verify directly that

M @4 1+)q (A A)w =M @5 p+)y (B, Ba -
Indeed — ®(p p+)g (B, B)a is given by
RHomp(Bs /B, —)[1]
by the appendix to Lecture VIII, and B /B = A /AR74 By , which formally implies the result. [

To prove Theorem it is formal that we may assume that X = Spa(A, AT) is affine, and
work with the basis of rational open subsets U = U(%) C X. For any such U, the forgetful
functor

D((Ox(U), O4(U))m) = D((A, A" )u)
is fully faithful, and admits a left adjoint. Thus, to X = Spa(A, AT) we have associated the trian-
gulated category C' := D((A, A" )m), and to any rational open subset U C X, we have associated
a full subcategory Ciy = D((Ox(U), 0% (U))a) C C such that the inclusion admits a left adjoint
Ly :C — Cy.
First, we reformulate geometric properties in terms of these categories.

LEMMA 10.3.

(i) Let U,V C X be rational subsets. Then Cyny = CyNCy and Lyny = LyoLy = Ly oLy.
(ii) Assume that X = Uy UUyU...UU, where all U; C X are rational subsets. If M € C and
Ly,(M) =0 foralli=1,...,n, then M = 0.
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PrOOF. For part (i), first observe that if U C V, then Cyy C Cy C C as there are natural maps
(A, AT ) — (Ox(V),0%(V))a — (Ox(U),0%(U))a (inducing fully faithful forgetful functors).
This shows that in general that Cyny C Cy N Cy. For the converse inclusion, it is enough to show
that for all M € C = D((A, A")m) that Lyny (M) = Ly(Ly(M)); indeed, for M € Cy N Cy, we
then have M = Ly(Ly(M)) = Lynv(M) € Cyny. But the equation Lyny = Ly o Ly follows by
the compatibility of localization with base change.

For part (ii), assume first that n = 2 and that there is some f € A such that U; = U(%) ={lf] >

1} and Us = U({) = {|f] < 1}; these rational open subsets always form a cover. In that case, we
can assume that A = Z[T] and f =T (as the localizations commute with base change). Note that
Ly, (M) = 0 if and only if M is a Z[[T]]-module; and Ly, (M) = 0 if and only if M is a Z((T1))-
module. Thus, the assumption means that M is a module over Z[[T]] ®(LZ[T],Z). Z((T71)) =0, and
thus M = 0 as desired.

In general, we use Lemma below to reduce to the case that U; = U (flfilf") for some
fi,..., fn € A generating the unit ideal. As it is enough to show that M[%] =0foralli=1,...,n,
we can also assume that one of the f;, say f,, is equal to 1. Now we argue by induction on n, the
case n = 2 being handled already. By that induction base, it is enough to show that the localizations
of M to U(%) and U(%) vanish, so we may also assume that either f; € A% or f{' € AT. In the

first case, the
fl)"'a n—la]-) (f?a"'u n—171>
uv=U0|— - ——-|=U———"+——
( fi fi

for i = 2,...,n already form a cover, so we are done by induction. In the second case, the
U | Lfafi o faa fi
Ui:U<f17 sy Jn—1, ):U< 7f2f1 ) _71fn lfl >
fi fifi
fori=1,...,n— 1 already form a cover, so again we are done by induction. O

In the proof, we used that all covers of X = Spa(4, A") by rational subsets can be refined by
standard rational covers:

LEMMA 10.4 ([Hub94, Lemma 2.6]). Let (A, A") be a discrete Huber pair and X = Spa(A, A™).
Assume that Uy, ...,U, C X are rational subsets of X that cover X. Then there exist s1,...,sy € A
generating the unit ideal so that each U(*:2°) is contained in some Uy; in particular, the rational

covering of X by the U(%) refines the given cover.

PRrROOF. Let U; = U(g“fif”“fl) for various gji, fi € A. Assume first that for all 4, the ideal
generated by gi1;, ..., gni, fi is all of A. In that case, let T" be the set of all products hq - - - h,, where
each h; € {g1i,...,9mi, fi} and let S C T be the subset of those elements for which at least one
h; = fi;. We claim that S = {s1,...,sy} has the required property. Take any j. First, note that

U <81,...,$N> :U <T>
Sj Sj

as any ¢ € X is contained in some U;, and so replacing any ¢ € T" by a corresponding s € S
changing only the factor at i to f;, we have |t(z)| < |s(x)|, giving the displayed equality. But now
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sj contains some factor f;, and then

Sj fi

so we get the desired refinement.

In general, it now suffices to show that any closed point of X has a basis of open neighborhoods
of the form U(#=p) = U(%) where g1,...,0n, f generate A. Let I' = T, be the value
group at x, and let IV C T" be the subgroup generated by all |f(z)], f € A, that are > 1. We
get an induced valuation 2’ with values in IV, where |f(z")| = |f(x)| if |f(z)] € I" and otherwise
|f(2")] = 0. Then 2/ is a specialization of z, so we actually see that 2/ = x by our assumption that
z is a closed point. Now assume that « € U(#=3%). Then [f(z)| # 0, so as I' = I/, we can find
some h € A such that |h(z)| > 1 and |fh(z)| > 1. Then

glh,...,gnh,1> <gl,...,gn>
reU|l——+——"— ) CU | =—/——"—
< fh f

gives a rational neighborhood of the desired form. O

Finally, Theorem follows from the following general categorical statement.

ProposITION 10.5. Let X be some spectral space equipped with a basis B of quasicompact open
subsets of X, stable under intersections. Let C some stable co-category. Let U — Cy C C be a
(covariant) functor from B to full subcategories of C, with the property that the inclusion Cy — C
admits a left adjoint Ly. Moreover, assume that

(i) If U,V € B, then Cyny = Cy NCy and Lyny = Ly o Ly = Ly o Ly.
(ii) If U € B is covered by Uy,..., U, € B and M € Cy with Ly,(M) =0 foralli=1,...,n,
then M = 0.

Then the contravariant functor U — Cy, with the left adjoints Ly as functors, defines a sheaf of
00-categories.

Proor. Let U € B with a cover by Uj,...,U, € B. For each nonempty finite subset I C
{1,...,n} we get the category C; = Cﬂie[ v, C Cu, and the inclusion C; < Cy has a left adjoint
Ly :Cy — C;. We need to see that the natural functor

F = (L[)]:CU %@C}
I

is an equivalence. Formally, we may replace X by U to assume U = X and so Cy = C.

It is formal that F' has a right adjoint, which is given by taking a collection of objects M € Cy,
compatible under localization, to their limit @I My € C. First, we need to see that the natural
unit map

M — Jim L;(M)
I

is an equivalence. The limit is a finite limit and thus commutes with localization. By assumption
(ii), it suffices to prove the result after applying L; for any ¢ = 1,...,n. By assumption (i), the
corresponding limit will look the same, except that we are now in a situation where some U; = X.
In that case, the cover is split and so F' is automatically an equivalence.
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It follows that F' is fully faithful. Now assume that (M), € @1 ; Cr and define M = @1 L Mi e C.
We need to see that the counit maps L;(M) — My are equivalences. Again, L; commutes with
the finite limit, and we are again formally reduced to the case that the cover is split. ([l

In particular, we can define D((Ox, O%)a) by gluing. Let us end by giving an explicit descrip-
tion of it independently of co-categories. Assume that X is separated, and let X = |J_, U; be an
affine cover of X, U; = Spa(4;, A]). For any finite nonempty subset I C {1,...,n}, we have the in-
tersection Uy = (;c; Us = Spa(Ar, AT). Then we can consider the abelian category Condy,3(Ox)
of presheaves of condensed Ox-modules which are defined only on the {U}; concretely, functors
from I to condensed Aj-modules My together with maps M; ®4, Ay — My for I C J. This is an
abelian category with compact projective generators (here it is important to work with presheaves,
not sheaves). Then

D((Ox,0x)n) = D(Condyy,3(Ox))
is fully faithful, and the essential image consists of all those M € D(Condy,1(Ox)) such that all
M € D(Cond(Ay)) lie in D((Ar, AT )m), and the base change maps

My @ oy a (As AT)m = My

are equivalences. Theorem asserts that this category does not depend on the chosen cover of
X.
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11. Lecture XI: Coherent duality

Finally, we can give a proof of coherent duality. Let us first recall the classical statements.
Serre duality says that for a d-dimensional proper smooth variety X over a field k, taking
Wx =Wy = /\d Qﬁ(/k, there is a canonical trace map

tr: H(X,wx) = k
such that for any coherent sheaf £ on X, the pairing
H'(X,E) @ Bxt$ (€, wx) = HY(X,wxy) = k

is perfect.

In the projective case, this can be proved by choosing an embedding into projective space and
proving it by hand for the projective space. In this approach, it is not clear that the trace map is
canonical. With more effort, one can give a proof in the proper case.

Grothendieck duality is a generalization to a general base. Let f : X — Spec R be a proper
smooth map of dimension d. Let wx/r = /\d Qﬁ( IRy B line bundle on X. Then there is a canonical
trace map

tr: HY(X,wy/p) = R
such that for any quasicoherent sheaf M on X, the natural map
RHomey (M,wx/g)ld] = RHompg(RI'(X, M), R)

is an isomorphism in the derived category D(R) (where the map is again induced by the trace
map and a Yoneda pairing, noting that the trace map can equivalently be regarded as a map
Generalizations of this result to the nonsmooth situations have been widely studied. In this
lecture, we will prove a generalization to the non-proper case (but retaining for simplicity the
smoothness assumption, although our techniques will apply in general).
To state the generalization, we need to work with solid modules, and consider the functor taking
a scheme X to

D(Ox ) = D((OXadvo;ad)l) .

If X = Spec A, then by Theorem and the definition of X! = Spa(A, A), we have D(Ox u) =
D(Aum); in general, it is defined by gluing.

THEOREM 11.1. Let f: X — Spec R be a separated smooth map of finite type, of dimension d.
Let wx/r = /\d Q%{/R' There is a canonical functor

fg : D(Oxy.) — D(R.)

that agrees with RT(X,—) in case f is proper. It preserves compact objects. There is a natural
trace map

fiwx/rld = R
such that for all C € D(Ox u), the natural map
RHOm()X (C, wX/R)[d] — RHOmR(ﬁC, R)

s an tsomorphism.
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In fact, we can build a whole 6-functor formalism. Recall that a 6-functor formalism consists
essentially of the following data:

e A functor taking any scheme X (or other type of geometric object currently under consid-
eration) to a triangulated (or stable co-) category D(X), which should in fact be a closed
symmetric monoidal category, i.e. be equipped with a symmetric monoidal tensor product
— ®x — that admits a partial right adjoint Hom y (—, —), i.e.

Hompx)(A®x B,C) = Hompx)(A,Homx (B, C)) .

e For each map f : X — Y, a symmetric monoidal pullback functor f* : D(Y) — D(X)
that admits a right adjoint f, : D(X) — D(Y).

e For each map f: X — Y (possibly under extra conditions, for example separated of finite
type), a “pushforward with compact support” functor f; : D(X) — D(Y) that admits a
right adjoint f': D(Y) — D(X).

This gives in total the 6 functors (®, Hom, f*, fs, fi, f'). Usually, the first four of these are easy
to construct, and the essential difficulty is to construct fi.

The standard example of a 6-functor formalism is the derived category of f-adic sheaves
De (X, Zy).

Some properties that a 6-functor formalism should satisfy are the following;:

e If f is proper, then fi = f..
e If f is étale, then f' = f*. In particular, fi is in this case a left adjoint of f*.

Note that these properties, together with the obvious requirement that the functors should
behave well with respect to composition, already determine fi in general. Indeed, let f:Y — X
be a separated map of finite type between (qcqs) schemes. Then by the Nagata compactification
theorem, there is a factorization

Y*j>?

NP

X

where j is an open immersion and f is proper. We necessarily have

fr=fur= f.

where j is a left adjoint of j*; so fi is determined by the first four functors. It is then a nontrivial
exercise to verify that this definition of f is independent of the choices made.
Let us note some other properties a 6-functor formalism should satisfy:

e (Verdier duality) Let f : X — Y be amap and A € D(X), B € D(Y). There is a natural
functorial isomorphism

f«Homx (A, f!B) >~ Homy (fiA, B) .

e (Projection formula) Let f : X — Y be a map and A € D(X), B € D(Y). There is a
natural functorial isomorphism

f(Aex f*B) = iA®y B .
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e (Proper base change) Let
X' v X
f’l lf
N v
be a cartesian diagram@ Then there is a natural equivalence
g fh=fld  D(X)— DY) .

o (Poincaré duality) Assume that f : X — Y is smooth. Then for all B € D(Y) the natural
map
fly ®x f*B— f'B
(coming via adjointness from the projection formula) is an isomorphism, and f'ly €
D(X) is an invertible object (ideally explicitly described). Here 1y € D(Y') denotes the
symmetric monoidal unit.

Let us now describe the 6-functor formalism in coherent duality, based on solid modules. We
take any scheme X to the closed symmetric monoidal triangulated category D(Ox m), and any
morphism f: X — Y to the usual pullback f* and pushforward f, functors. This could have been
(and has been) done in the same way without any condensed mathematics.

It remains to define fi (then f' will be its right adjoint). If f = j : Spec A[%] — Spec A is an
open immersion, we want 7 to be a left adjoint of j*. This requires j* to commute with all limits,
in particular we need that for any set I, we have

[TA®1a ALl = [T ALI -
I I

This is what fails entirely in abstract A-modules, but holds true in solid A-modules!
In fact, we can give the following general direct definition of fi. Let f: X — Y be a separated
map of finite type. We get a commutative diagram of adic spaces

xad I xad/y
s lfad/Y
yad
The map j is an open immersion, and an isomorphism if f is proper.
PROPOSITION 11.2. The functor
7 D((Oxaarv, Oaasy )m) = D((Oxaa, O%ua)m)
admits a left adjoint
Jre D((0X3d70;ad)l) - D((OXad/Yyo;ad/Y)l) :

In the affine (and finite type over Z) case, this follows from the results of the appendix to
Lecture VIII; in general, one can deduce it from that case.

1813 the coherent case, we will have to work with derived schemes here, in case the fibre product is not Tor-
independent.
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DEFINITION 11.3. The functor
fg : D(OXJ) — D(OYJ)

is defined as the composite fi = fi Y, Jr.

It is formal that f; commutes with all direct sums (as ji does as a left adjoint, and f;’ Y5 does

as, after passing to an affine open subset of S, it can be written as a finite limit of forgetful functors
by taking an affine open cover of X), and thus admits a right adjoint f' : D(Osm) — D(Oxu).
This finishes the definition of the 6 functors.

With this definition, all of the properties of a 6-functor formalism stated above hold true. Much
of this has been proved in the affine case in the appendix to Lecture 8, and in general the assertions
can be reduced to that case.

In order to show that the present approach leads to a simplification in the foundations, we show
that for smooth f, we can indeed identify f'Oy as wy /v [d], which gives Theorem

First, we note that f'is a twist of f* and commutes with flat base change if f is of finite
Tor-dimension. This can be checked in the affine case as everything localizes well (as for open
immersions j' = j*).

PRrROPOSITION 11.4. Let f : R — A be a map of rings that is the base change of a finitely
generated map of finite Tor-dimension between noetherian rings. Then the natural map

FR&4g f* = F
of functors D(Rm) — D(Am) is an equivalence. Moreover, if g : R — S is a flat map of rings and

f':8— B=A®RgS is the base change of f along g, so we also have ¢’ : A — B, then there is a
natural equivalence ¢* f' ~ f"'¢* of functors

D(Ra) — D(Ba) .
Here the map ¢ f' — f"g* is adjoint to
f'= Flo.g” = g.f"g"
using the equivalence f'g, ~ g’ f" adjoint to the proper base change isomorphism.

PROOF. As usual, we can reduce to the case that either A = R[T] is a polynomial algebra, or
[ is surjective. If f is surjective, then fi = f. (and f/ = f.) are the forgetful functors. The right
adjoint f' is given by RHompg(A, —) = RHompg(A, R) ®ﬁ. f*— (as A is perfect as R-module by
the assumption of finite Tor-dimension), and this description commutes with base change.

On the other hand, if A = R[T], then f is given by

AM = M &k o RIT™)/RIT)-1]

we have computed f' to be a twist of f* in Lecture 8, and the statement amounts to the base
change
RHompg(R((T™"))/RIT], R) ®%, Ba = RHomg(S((T1))/S[T],5) .

But f'R = RHompg(R((T~1))/R[T], R)[1] = R[T][1] = A[1] and similarly for f’, giving the result.
U

In the case of regular closed immersions one can compute the dualizing complex.
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PROPOSITION 11.5. Let f : R — A be a regular closed immersion, i.e. f is surjective and the
kernel I of f is locally on Spec R generated by a reqular sequence. Assume that Spec A C Spec R
1s everywhere of pure codimension c. Then there is a natural isomorphism

f'R = RHompg(A, R) = det4(I/I?)*[—¢] .

ProOF. This is a standard result. Locally one has A = R/(f1,..., fc) where fi1,...,f. is a
regular sequence. Then a Koszul complex calculation shows that
RHomp(A,R) = A[—(] .
We also have an isomorphism deta(I/I1?) = A where fi A ... A f. serves as a basis element of
det(I/I?). Now one checks that the composite isomorphism

RHomp(A, R) = det4(I/1*)*[~]
is independent of the choice of fi,..., fe. O

By using the diagonal, we can now also compute the dualizing complex for smooth morphisms.

THEOREM 11.6. Let f : R — A be a smooth map of dimension d. Then there is a natural
isomorphism

F'R = deta(5)[d] -

As the isomorphism is natural, and everything is defined locally, the result immediately glob-
alizes.

PRrROOF. Any embedding of Spec A into an affine space is a regular closed immersion. By the
computations for affine space and the case of regular closed immersions, we see that f'R is a line
bundle concentrated in degree d. It remains to find a canonical isomorphism to det 4 (Qi‘ / rld].

Let g : A®r A — A be the multiplication map, geometrically corresponding to the diagonal
Ay : Spec A — Spec A Xgpec g Spec A. Then Ay is a regular closed immersion of codimension c.
Let p1,p2 : Spec A Xgpec R Spec A — Spec A be the projection to one factor. We find that

f'R=gpif'R=g0If'R g, P1A)
=9 (01 R O(ug )9 P2 R)
= ¢" (D1 /'R ®( g ) Pof R) @i 9'(A®R A)
= f'lReL, f'R4, ¢ (AR A).

Here, the first equality is clear, the second uses the formula for p!1 as the twist of p] by p!lA from
Proposition [IT.4] the third uses the base change part of Proposition [I1.4] the fourth uses the
formula for ¢' as the twist of g* by ¢'(A ®@g A), and the last is simplifying all terms.

As f'R is invertible, this amounts to an isomorphism

fR=(§(Aor A))" .

But by the previous proposition, g'(A ®p A) = det 4(1/I?)*[—d] where I/I? = Q}LVR; this gives the
desired result. O
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REMARK 11.7. Theorem also states that f) preserves compact objects. This can be proved
locally, where it can be proved by embedding into affine space and eventually reducing to the affine
line, where it follows from the computations in Lecture 8. Note that for proper f and applied to
discrete modules, this gives a new proof of finiteness of coherent cohomology!

Thus, modulo establishing the formalism and checking various abstract results, this gives a proof
of the finiteness of coherent cohomology and Grothendieck duality where the only computation one
has to do is for Al
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