A NOTE ON HIGHER ALMOST RING THEORY

FABIAN HEBESTREIT AND PETER SCHOLZE

ABSTRACT. We explain a derived version of the basic construction of localisations of module
categories by means of idempotent ideals, which lie at the heart of Faltings’ almost ring theory.
We use it to provide an example of a commutative Fj-algebra whose Frobenius endomorphism
does not induce an isomorphism on its smashing spectrum.
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1. INTRODUCTION

Almost ring theory was introduced by Faltings in [Fal88, Fal02], as a way capturing and prop-
agating vanishing phenomena in Galois cohomology, building on initial work of Tate in [Tat67].
The basic set-up of the theory was then reworked by Gabber and Ramero in [GR03, GR04] to
simply rely on a commutative ring R, and ideal I C R satisfying two assumptions:

(1) I is idempotent (that is I = I?), and

(2) I is flat as an R-module.
The most prominent example of this situation is given by the ideal of topologically nilpotent
elements I inside the ring of power bounded elements R of a perfectoid field.

For an idempotent ideal I, one says that a morphism of R-modules is an I-almost isomorphism
if its kernel and cokernel [-almost vanish, that is they are annihilated by all elements of I. If T
is flat, the localisation aMod;(R) of Mod(R) at these maps, the category of I-almost R-modules,
retains many good homological properties: For example the tensor product of R-modules descends
to it and its derived category can be described as the localisation of the derived category of R-
modules localised at those maps inducing I-almost isomorphisms on homology groups. In fact,
these desirable properties are all direct consequences of the fact that the multiplication

R/I®% R/I — R/I

is an equivalence, if I satisfies the properties listed above, making R — R/I into what is sometimes
called a derived localisation.

The purpose of the present note is to explain that by passing to derived categories directly one
can do away with the flatness hypothesis while still retaining this simple explanation for the good
properties of the derived category of I-almost modules. Namely, Gabber and Ramero already
showed with some effort that the subcategory of the derived category D(R) spanned by those
complexes whose homology I-almost vanishes admits both adjoints the moment I is idempotent.
From a more modern point of view this also follows from the reflection principle of [RaSc22], since
this subcategory is easily checked closed under limits and colimits. The Schwede-Shipley theorem
now implies that this subcategory is still the derived category of some R-algebra in D(R), that
is a derived localisation of R. Gabber and Ramero already observed that when I ®pz I (but
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not necessarily I) is flat over R, this is given by the commutative differential graded algebra
R (I®gI)= with

R/I i=0
Hi(R)I@rl)=<ker(IQrI—1) i=1
0 else.

Our main results identify it in general, even when the base ring is not assumed static. Furthermore,
our arguments do not rely on the reflection principle or an a priori analysis of the category of
complex that I-almost vanishing at all. Namely, we directly show:

Theorem A. Let R be an animated commutative ring and consider the full subcategory LQg of
R/AnCRing spanned by the maps p: R — S for which

(1) the multiplication S ®Hé S — S is an equivalence, i.e. ¢ is a derived localisation, and
(2) mo(p): moR — moS is surjective.
Then the functor
LQr — {ICmR|I* =1}, ¢+ ker(mop)

is an equivalence of categories, where we regard the target as a poset via the inclusion ordering.

The inverse image of some I C mo(R) is given by the limit of the Amitsur complex for the map
R — mo(R)/I.

In fact, there is an entirely analogous result for Eg-rings, which in particular gives a sensible
way of forming quotients by idempotent ideals; recall that directly forming quotients even by single
elements is neither easy nor generally possible in this realm, see e.g. [Bur22]:

Theorem B. Let A be a connective Ei-ring with 1 < k < oo, respectively. Consider again the
full subcategory LQ 4 of A/Algg, (Sp) spanned by the maps ¢: A — B for which

(1) the multiplication B ® 4 B — B is an equivalence, i.e. ¢ is a localisation,

(2) B is connective, and

(3) mo(p): mgA — moB is surjective.
Then the functor

LQ, — {I CmA|I? =1}, ¢+ ker(mop)
is an equivalence of categories, where we again regard the target as a poset via the inclusion
ordering. The inverse image of some I C mo(A) can be described more directly as A/I®, where
[ = lim [®a"
neNep

with T — A the fibre of the canonical map A — H(mo(A)/I). PFurthermore, this inverse system
stabilises on m; formn >1i+ 1.

The inverse limit in the statement is formed over the system of maps 147+1 — [®am induced
by the inclusion I Ain any of the n + 1 spots; the induced maps agree on account of I being
a Smith-ideal in A, a concept we briefly recall in Section 2 on accout of a lack of a simple general
reference.

To connect to the discussion of almost modules before, recall first that for R a commutative
animated (e.g. static) ring, the derived category of R depends only on its underlying E;-ring HR,
that is we have D(R) ~ Mod(HR), and note that the animated commutative ring S corresponding
to some idempotent I C my(R) necessarly satisfies HS ~ (HR)/I* by the uniqueness assertions of
the theorems above. We shall therefore denote this animated commutative ring by R/I* as well
and restrict the discussion to the case of E;-rings from here on. Recall then that a localisation of
E;-rings ¢: A — B, gives rise to a stable recollement

B®a— fib(p)®a—
VS VS 1
Mod(B) —— Mod(A) —— Mod(A4)[p-eq’s™ "]

~_ <
hom 4 (B,—) hom 4 (fib(p),—)
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where the p-equivalences are those maps of A-modules whose fibres lie in image of the restriction
functor Mod(B) — Mod(A), see e.g. [CDH'20, Appendix A.4]; the diagram above indicates four
adjunctions with left adjoints on top, arranged into three horizontal Verdier sequences.

In the case at hand, B = A/I* with A connective, we now indeed show that the image of
the fully faithful restriction Mod(A/I*°) — Mod(A) consists exactly of the I-almost vanishing
A-modules M, i.e. those with I - m,(M) = 0 for all n € Z, and consequently that a map is a
p-equivalence if and only if it induces an I-almost isomorphism on all homotopy groups. If A is
not assumed connective the same then holds for

A/IOO = A®720A (TZ()A)/IOO.

Keeping the notation I°° also for the fibre of A — A/I°° in the general case, the recollement takes
the form

A/IOC@Af I°®@a—
DS VS
Mod(A/I*®) —— Mod(4A) —— aMod;(A)
~_ — ~_
homy (A/I°°,—) homy (I°°,—)

exhibiting the I-almost A-modules as a split Verdier quotient of Mod(A), as desired. Furthermore,
if A is an Eg-algebra, the entire recollement is suitably E;_i-multiplicative on general grounds.

We end this introduction with three examples, which illustrate the extended range of applica-
bility offered by the removal of the flatness assumption:

(1) On the one hand, consider for K a field the commutative ring

Rn = K[Tll/Qoow",TrlL/ro] = K[Ti,j7iaj € Nv] S n}/(T?—i-l,j _T‘i,jvimj S Na] S n)a

?

together with the ideal
L= (T} TY?7) = (Tyj,i,5 €N, j < n).

which is evidently idempotent. It is flat only for n = 1 but nevertheless I, ®Hj{n I, =1,
so that
R, /I = Ry/I, = K

is still static.

(2) On the other hand, in R,, = R, /(T},...,Ty) the ideal I,, = I,,/(T1,...,T}) is no longer
flat even for n =1 and

TR /T, = Ag[Th, ... T

is the exterior algebra on n generators in degree 1: The module I; ®F, 1 is still flat over
Ry, giving this calculation for n = 1 and the general case then follows by multiplicativity.
In this example, a well-behaved almost theory thus still exists at the level of modules for
n = 1. This fails for n > 1, but nevertheless, the derived theory is largely unaffected.

(3) On the third hand, our results can be used to analyse wilder examples: For S the set of
finite strings of 0’s and 1’s take

R:FP[TS ‘ s € S]/(Ts *Ts*o 'Ts*l,TSp | CAS S)

with I generated by all the variables. Then the maps R — R/I = F, and R — R have
the same extension of scalars under the Frobenius of R, and thus so do R — R/I* and
R — R by Theorem A. This shows that contrary to the case of the ordinary spectrum,
the Frobenius map need not induce the identity or even an isomorphism on the smashing
spectrum (which is nothing but the posed of derived localisations) of R.

Acknowledgements. We thank the anonymous referee of [CDHT20], Lars Hesselholt, and Akhil
Mathew for making us aware of the connection between almost ring theory and the localisation
theorem in algebraic K-theory. The clarification of this connection led to the present note, which
originally appeared as part of the appendix of [CDH'20], but eventually outgrew it. We further
thank Dustin Clausen, Manuel Hoff, Maxime Ramzi and Christoph Winges for several helpful
discussions.
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2. SMITH IDEALS

In the proof of the main results, we will have to pass back and forth between ring maps and
their fibres, regarded as ideals. We provide here the basic observations concerning Smith-ideals
that facilitate this. The statements are certainly well-known, though we are unaware of a general
reference, but see e.g. [Hov14, WhYa24] for a treatment in model categorical language

Consider then an E;-monoidal category (C, ®,1), k > 1, and give Ar(C) the induced E;-monoidal
Day convolution structure with respect to taking minima on [1] (which is symmetric monoidal). If
C has finite colimits which are respected by the monoidal structure this is again an Eg-monoidal
category. Explicitly, we then have

(c—=d) @ (d 5d)~(c®d +ege ¢ @d—dod),

and the unit is 0 — I. Even without the assumption, the evaluation functor ¢: Ar(C) — C is a
map of operads over Ej, which allows us to set:

2.1. Definition An E-Smith-ideal in an Eg-algebra A in (C,®,1) is an Eg-algebra J — A in
Ar(C) lifting the Eg-structure on A. Let us denote the category of Smith-ideals in A, that is the
fibre of ¢: Algg, (Ar(C)) — Algg, (C) over A, by Smldg, (A).

If C has finite colimits that are preserved by the monoidal structure, the (source part of the)
multiplication map of a Smith-ideal takes the form

J@A+y0; AR J —> J.

It equips J with a non-unital Ej-structure and an extension of its multiplication to an A-A-
bimodule structure, such that the map J — A extends to both a non-unital Eg-algebra and a
bimodule map by the following:

2.2. Remark Using for (D, ®) an Eg-monoidal category the general adjunction
— xg, D¥: Opd/E}, = Opd/Ey, : Fun(D®, —)E+Day
on the category of operads over Ei, an Eg-Smith ideal is thus nothing but an algebra over the
operad Smldg, = E; x [1]™®: take for (D,®) the Ei-monoidal category induced by ([1], min),
whose underlying operad is just Ei x [1]™". In particular, an Eg-Smith ideal is simply a lax
Ex-monoidal functor out of ([1], min, 1).
Further investing the equivalences
Algqjmax (0) =~ Ar(Algg_ (0))

the non-unitally multiplicative and bimodule structures described above are in this perspective
simply obtained via operad maps EX" x [1]m%* — E; x [1]™" and BMod x [1]™8% — Ej, x [1]™in,
The first one comes from the observation that the identity of [1] is a non-unitally lax symmetric
monoidal functor from ([1], max) to ([1], min). To construct the second map, note that it suffices
to treat the case k = 1, in which case all operads involved are ordinary. Denoting the colours

of BMod by a;, m,a, and that of Assoc = E; by a, it is then easy to check that there is then a
unique (planar, multi-coloured) operad map with

(m,0) — (a,0), (m,1)+— (a,1) and (a;,0),(a;,1),(ar,0),(ar,1)— (a,1).
Of course, there are generalisation to operads other than Ex; we leave the details to the reader.
In particular, if A is a static ring, every ordinary (two-sided) ideal I C A is a Smith-ideal in

A for C = D(Z), but note that for static I the map I — A in a Smith-ideal does not need to be
injective. The structure of a Smith ideal I — A is precisely what is required to equip the quotient
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map A — A/I, with the structure of a ring map and in the stable setting this process actually
yields an equivalence of categories.

2.3. Proposition For every Ei-algebra A in a pointed Ei-monoidal category C, k > 1, with finite
colimits that are preserved by the monoidal structure and also finite limits, extracting (co)fibres
gives an adjunction

cof : Smldg, (A) = A/Algg, (C) :fib,

and if C is stable these are equivalences.

For A a static ring we, in particular, find that ordinary ideals in A are precisely those Smith-
ideals I in A for which both I and A/I are static again.

Proof. To see this consider Fun([1]?,C) equipped with Day convolution with respect to taking
maxima in the first (say horizontal), and minima in the second (say vertical) component of [1]2,
and recall that Day convolution with respect to taking maxima in [1] is just the pointwise monoidal
structure on Ar(C), and consider its full suboperad spanned by Fun,([1]2,C), the subcategory of
diagrams with vanishing lower right corner (i.e. the entry at (1,0)), which is easily checked closed
under the monoidal operation and contains the unit, and is thus Eg-monoidal in its own right.

Now on the one hand, the further full suboperad thereof spanned by the cocartesian squares
is equivalent to Fun([1]™" C®)Pa by adding and and removing the right column (i.e. the entries
at (1,0) and (1,1)): By functoriality of Day convolution the restriction map extends to one of
operads, and one easily checks that the cocartesian squares are closed under Day convolution
inside all squares (with lower right corner vanishing) and that the restriction is strong monoidal.
Since the restriction functor is clearly an equivalence on underlying categories the claim follows.
The inclusion of this subcategory into Fun,([1]?,C) furthermore admits a right adjoint given by
replacing the top right corner by the cofibre of the left vertical map. By [Lurl7, Proposition
2.2.1.1], this right adjoint then induces a lax Eg-monoidal adjunction

cof : Fun([l]n”‘in,C‘g’)Day S Fun, ([1]™ x [1]min,C®)Day :Tes,,

adding and removing cofibres with strong E;-monoidal left adjoint.

On the other hand the subcategory of cartesian squares in Fun, ([1]2, C) is equivalent to Fun([1],C)
by forgetting the lower row (i.e. the entries at (0,0) and (1,0)). This subcategory is not necessarily
closed under the monoidal operation, but admits a left adjoint, given by replacing the lower left
corner by the fibre of the top horizontal map. This left adjoint is easily checked to satisfy the
conditions of [Lurl7, Proposition 2.2.1.9], which makes the subcategory strong Eg-monoidal in its
own right. In particular, it induces a lax Eg-monoidal adjunction

resy, : Fun, ([1]™2 x [1]™0 ¢®)PY = Fun([1]m*,C®)Pa . fib,
adding and removing fibres, again with strong E;-monoidal left adjoint.
Composing the two adjunctions (and taking fibres in the upper left corner) yields the first claim.

If C is stable, then the subcategories of cartesian and cocartesian squares in Fun,([1]2,C) agree,
and restricting both adjunctions above to this subcategory gives the second claim. O

We end with two natural operations that can be performed on Smith ideals:

2.4. Example There are Smith-ideal analogues of the sum and product of ordinary ideals. For
this purpose let C be Ej4;-monoidal with [ > 0 and let I — A, J — B be two Eg-Smith ideals in
Ej-algebras A and B in C.

(1) On the one hand, the category of Ei-Smith ideals inherits a residual E;-monoidal structure
and convolving two Eji-Smith ideals provides the higher categorical way of taking the
exterior sum I B J — A ® B of ideals, i.e.

(I =AY (J 5B ~I®B+19;A®J = A® B)

with corresponding Ex-map A ® B — A/I ® B/J and if A = B convolving them over
0 — A gives the interior sum [ + J — A, i.e.

(I = A) @524 (J = A) = (T +1g,0 T = A)
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with corresponding Ei-map A — A/I ®4 A/J.
(2) On the other hand, taking pointwise tensor products generalises taking the product of
ideals in that

(I—-A)e"Y(J =B ~I®J— A®B)

with corresponding Ex-map A® B — A/I ® B X(agp)/ms) A ® B/J, with the interior
version [ - J — A given by

(I = A) @Y, 4 (] > A) = (I®4J — A)

with corresponding map A — A/I ® 4/745 A/J; to see that this pointwise tensor product
really preserves Smith-ideals, note that

Algg, FunP¥ ([1]™", —): Algg (Cat) — Cat,
preserves products and so indeed lifts to a functor
Algg, FunDay([l]min, -): Algg, ., (Cat) — Algg, (Cat)

whose values are precisely equipped with the pointwise monoidal structures.

3. PROOF OF THE MAIN RESULTS

For the proof recall the category Ex-Mod(A) of Ex-modules over A, as constructed in [Lurl?7,
Sections 3.3 & 3.4], which is again Ei-monoidal under ® 4. In contrast Mod(A) is only Ep_1-
monoidal; one has E;-Mod(A) = BiMod(A, A) and E..-Mod(A) = Mod(A).

Proof of Theorem B. We start with the observation that LQ, is indeed equivalent to a poset,
i.e. its mapping spaces are either empty or contractible, by the characterisation of localisations
of an Ep-ring A as ®s-idempotent objects in Eg-modules under A (the analogue indeed holds
for collections of idempotent objects in any monoidal category). Let us also immediately verify
that ker(moe) is indeed idempotent for p: A — B a mp-surjective localisation among connective
Ei-rings. Tensoring the fibre sequence F' — A — B with F gives

FRaF—F —FXyB
and the right hand term vanishes since one has a fibre sequence
F®sB—A®sB—B®aB

whose right hand map (after identifying A® 4 B ~ B) is a section of the multiplication B& 4 B — B
and thus an equivalence. But F' is connective and the map 7o (F') — ker moy surjective by the long
exact sequence of ¢, whence a chase in the diagram

ker(mpp) ®qr,4 ker(mop) ker(mop)
ToF Qpoa moF ———— mo(F ®4 F) ——— moF

shows that the multiplication ker(mp¢) ®,4 ker(mop) — ker(mpyp) is surjective as desired.

Next, we verify the last claim from the statement, i.e. that the inverse system I®an gtabilises
degreewise. In fact we show slightly more, namely that the cofibre A/ I ®4 I®4" of the canonical
map [®4m+ — J®an i n_connective. Since A/I = H(mo(A)/I) is an Ei-ring annihilated by I,
we immediately deduce that the homotopy groups of this cofibre are annihilated by I (from both
sides).

Now, for n = 0, the connectivity claim is clear, and if we inductively assume that A/ I® A [®an
is n-connective, then

AJT @4 T84+ = (A/T®A T®A”) ®al
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is clearly also n-connective and its nth homotopy group is 7, (A/I~ ®a I ®A"> ®roA L. Since the
left hand term is annihilated by I, we compute

T (A/T®A f®“‘") Qmoa I = mn (A/7®A T®A") ®Omo(a)/1 T0(A) /1 @rga I

=Ty (A/f@A I~®An) Rro(A)/1 1/12 = 0.

As the next step, we show that the tautological map M = A ®4 M — A/I® ®4 M is an
equivalence whenever the homotopy of M is annihilated by I, or in other words that I°°®4 M ~ 0.
We start with the simplest case M = A/ f, where the claim is equivalent to the multiplication map

( lim 'f®A") @4 T — lm Toan
neNop neNop
being an equivalence. But since the limit stabilises degreewise and I is connective, we can move
the limit out of the tensor product (the cofibre of the interchange map is a limit of terms with
growing connectivity), and then the statement follows from finality.

For an arbitrary A-module M concentrated in degree 0 and killed by the action of I, choose
a free resolution of moM by m(A)/I-modules, which by the Dold-Kan theorem yields a diagram
F: A°® — D(my(A)/I) with each F,, concentrated in degree 0, mo(F,) free and colimpop F =~
(moM)[0], so that colimaes tF' ~ M, where ¢ is the composite D(mo(A)/I) ~ Mod(A/I) —
Mod(A). But then

I ®4 M ~ colimgepor I @4 tF ~ 0

since each ¢Fy, is a direct sum of A/:f By exactness of I ®4 (—), the claim then follows for each
bounded A-module M whose homotopy is annihilated by I using the Postnikov tower of M. For
bounded below M, we have

I Q4 M ~1I*®4 < lim T<kM) ~ lim I ®4 1< M ~0
kENep = kENop =
by commuting the limit out using the same argument as above. Finally, for arbitrary M whose
homotopy is killed by I, we find

I Qu M ~1I®° ®x (COlimkeNTZ—kM) ~ colimgen I™° ® 4 T>_pM ~ 0.

Now, since A — A/I = H(mo(A)/I) is a map of Eg-rings, it follows that I — A is an Eg-Smith-
ideal in A. It then formally follows that so is 4™ — A, whence A/T‘X’A” and thus A/I* are Ej-
rings by Example 2.4. Since mo(A/I°°) = mo(A)/I, all homotopy groups of A/I°° are annihilated
by I, and so the canonical map A — A/I* induces an equivalence A/I® — A/I® @4 A/I>,
which shows that A — A/I*° is a localisation. Furthermore, it implies that the homotopy of every
A/I*°-module is a mo(A)/I-module, so combined with the previous point, we learn that the image
of the fully faithful restriction functor Mod(A/I*°) — Mod(A) counsists exactly of those modules
whose homotopy is killed by I, as desired.

Finally, we are ready to verify that the construction I — (A4 — A/I*°) induces an inverse to
taking kernels. The composition starting with an ideal is clearly the identity. So we are left to
show that for every ¢: A — B in LQ 4 the canonical map 1: A/ker(mop)™ — B, arising from the
homotopy of B being annihilated by ker(mgg), is an equivalence. Per construction it induces an
equivalence on 7p. By the lemma below, the functor 11 = B ® 4 jker(p)> —: Mod(A/ ker(mg¢)>°) —
Mod(B) is thus conservative when restricted to bounded below modules. But the map

P
B ~ ¢y (A/ ker(mo0)™) 22 4y(B) = B @4, ker(mopy~ B~ B®a B

is induced by the unit and thus an equivalence since ¢ is a localisation. O

3.1. Lemma If: A — B is a map of connective E1-rings which is an isomorphism on gy, then
B ®4 —: Mod(A) — Mod(B)

1s conservative when restricted to bounded below A-modules.
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Proof. 1If M € Mod(A) with 7;(M) = 0 for i < n, then 7,(B ®4 M) = m(B) ®@z,a) Tn(M) =
(M), so if M is bounded below with B ® 4 M ~ 0 then also M ~ 0. Considering cofibres of
morphisms, this implies the statement. O

Now, the main step in the deduction of Theorem A from Theorem B is to establish the structure
of an animated commutative ring R/I* on (HR)/I*°, whenever R is itself an animated commu-
tative ring. A simple argument for this is to note that the entire tower (HR)/I®""~ inductively
lifts to animated commutative rings on account of the cartesian squares

(HR)/T@HR""Fl N (HR)/fé@HRn

| |

(HR)/I ——— (HR)/I ®ug (HR)/I®nz"

issuing from Example 2.4 above, together with the equivalence (HR)/I ~ mo(R)/I. A slightly more
conceptual way employs the Amitsur (or cobar) complex: To this end, recall that for an algebra
B in a monoidal category (C,®) it is the cosimplicial object in C with [n] — B®"*! and face and
degeneracy maps induced by the unit and multiplication, respectively, see e.g. [MNN17, Section
2.1]. For a map R — S of animated commutative rings, we can consider it in (R/AnCRing, ®%)
and similarly for a map A — B of E-rings we can consider it in (A/Algg, (Sp),®4) and also in
(Ex-Mod(A), ®4); these examples are connected by strong monoidal, limit preserving functors

(R/AnCRing, ®%) — (HR/Algg_(Sp),®ur) and (A/Algg, (Sp),®4) — (Ex-Mod(A), ®4).

In [MNN17, Proposition 2.14] it is in particular shown, that the limit of the Amitsur complex
for A — H(m(A)/I) formed in (Ex-Mod(A),®4) agrees with A/I* as an Ei-A-module. The
characterisation of the Eg-ring structure on A/I°° as arising from being ® 4-idempotent then
shows that this upgrades to an equivalence of Eg-algebras under A.

In particular, (HR)/I* is the limit of the Amitsur complex of HR — H(moR/I) formed
in (HR/Algg_(Sp), ®ur), which allows us to lift this structure to that of an animated com-
mutative ring by letting R/I* denote the limit of the Amitsur complex for R — moR/I in
(R/AnCRing, ®%).

Regardless of the construction, we have H(R/I*°) ~ (HR)/I*> as E-rings.

Proof of Theorem A. We again observe that LQp is a poset, since — ®% S: R/AnCRing —
R/AnCRing is a localisation onto its image for every ¢: R — S in LQg. The assignement
R +— R/I* thus gives a functor that is evidently right inverse to

LQr — {ICmR|I*=1}, ¢+ ker(mp).

Furthermore, from the case of Eo-rings we learn that the natural map S ~ R®% S — R/I®°®% S
is an equivalence if and only if the homotopy groups of S are annihilated by I. In this case we
therefore obtain a map R/I*® — S of animated commutative rings under R, and in particular
this applies in the case I = ker(p). But by Theorem B there is only one map HR/ker(p)> — HS
under HR and this is an equivalence. Since the functor H: AnCRing — Algg_ (Sp) is conservative,
we must thus also have R/ker(¢)* ~ S under R as desired. O

4. EXAMPLES AND REMARKS

(1) A different way of phrasing Theorem B is that there is a one-to-one correspondence be-
tween idempotent ideals in mo(A) and connective idempotent Smith-ideals in A for every
connective Eg-algebra A, which makes I C my(A) and I°° — A correspond.

(2) As a consequence of the classification of stable recollements, one obtains a cartesian square

homa (A/I%,—)=A/I®Q 4 —

Mod(A) Ar(Mod(A/I*))

| [

aMod(A) — 7 @ahomal™2) a1,
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decomposing the module category of A for every idempotent I C m(A), and consequently
exact squares

M ——— homy (I>°, M) hom 4 (A/I®°,I*° ® 4 M) —— hom(A/I*, M)
M/I® —— homa(I®, M/I) 1°®4 M M

for every M € Mod(A), see [CDHT20, Section A.5].

(3) Either directly from the statement of the theorems, or via the construction using the
Amitsur complex, one finds that for the exterior sum I Hy J of two idempotent ideals
I C7mp(A) and J C mp(A’) in two connective k-algebras A and A’ (k some Eo-ring), that
is the image of

(7T0A Qrok J) D (I Qrok 7T0A/) — moA Qrok 7T0A/ = 7T0(A ®I][; A/),

we have
(A&} A)/(T By J)® = A/T® & AL,
or in other words (I By J)> is the exterior sum (over k) of the Smith-ideals 1> in A and
J® in A’
This formula evidently also holds for three animated commutative rings in place of k, A
and A'.

(4) If R is a static ring with an ideal I that is flat as a left or right R-module and satisfies
I2 =1, then I®" = [®r" = [ g0 I = [ and R/I*® = R/I is static.

As mentioned in the introduction, a commutative ring R together with an idempotent,
flat ideal I C R is indeed one of the standard set-ups for almost mathematics, see e.g.
[Bhal7, Section 4] for an exposition, and in this case aDy(R) ~ aMod;(HR) is the derived
category of the ordinary category of almost R-modules. For example, this situation occurs
whenever (K, |-|) is a perfectoid field: Then m = {x € K | |x| < 1} is a flat and idempotent
ideal in the valuation ring O = {z € K | |z| < 1}.

(5) Let us also immediately note, that a finitely generated idempotent ideal I in a (static)
commutative ring R is necessarily generated by single idempotent element e by Nakayama’s
lemma and thus, as a direct summand, even projective over R. In this case R/(e)>® =
R/(e) is simply the factor of R singled out by e, which can also be described as the ordinary
localisation R[(1 —e)~!] of R.

(6) In fact, for R static the animated ring R/I* is static if and only if I ®% I ~ I via the
multiplication: The latter implies the former by the description of HR/I* in Theorem
B, and conversely if R/I> ~ R/I we learn that R/I ®% R/I ~ R/I, which by passing
to fibres along the exact sequence I — R — R/I first yields I ®% R/I ~ 0 and then the
claim. - .

An example, where this occurs without I being flat is the ring R,, = K[Tll/2 yeen ,Tﬁ/Z ]
from the introduction with I,, = (Tll/zoo, . 7TT1L/200). Then as a sequential colimit of prin-
cipal ideals I; is flat over R, so the multiplicativity statement for exterior sums of ideals
yields

Rn /I ~ (Ry JI°)®%" o (Ry JT))PK™ ~ KO%™ o~ K
But I,, is no longer flat for n > 2: Setting J,, = (11,...,T,) € R, we for example have

I)Jn- I, i=0
Torf™™ (I,,, R,/ Jy,) = " ,
or;"™ (In, Rn/Jn) {K(m) i>1

which can be read off from the exact sequence
I, &% R,/J, — Ry/Jy — K®% Ry/Jn
in D(R,,/J,) together with
K @, Bu/Jn = (K O, Ri/Ty)"" o (A (K)o Age ()W),
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which in turn can be read off from the evident free resolution Ry KEN Ry of Ry/T;.
Whenever I ®g I is flat over R, one has I ~ I Qg I (which does not generally agree
with I ®% I in this situation), and consequently R/I> ~ R J/ (I @ I) as mentioned in the
introduction, where // denotes the cofibre in D(R), modelled by the commutative graded
differential algebra with

R i=0
(R)(I®rD);i=Torl i=1
0 else
so that
R/I i=0
mi(R/I®) = ker(I@Qr [ — 1) i=1
0 i>2

in this case: The multiplication map I®#2 ®% I®Rn 5 [®RT factors as
1982 @k 1€k s [®r2 gL [®Rn _, [kn

so the limit computing I°° can be replaced by that over the terms I®z2 ®Hj% I®%", But
this system is constant, as can be seen inductively from the fibre sequence

1®r2 @b 1 [®r2 _, [®r2 L R/T

whose last term is 19?2 @r R/I =1/1?> @ I = 0.

Note that I®r" = [ @p I for all n > 2 the moment I is idempotent, e.g. by the stability
assertion of Theorem B, so that no further flatness hypothesis can sensibly be put on
tensor powers of I.

The condition I - 7, M =0 of M € Mod(A) being almost zero is in fact equivalent to the
a priori stronger condition that I ®@r,4 m,M = 0: For the former condition makes m,, M
into an m(A)/I-module so that

I®7T0A Wn(M) :I®7T0A 7T0(A)/I®7T0(A)/I T, M = I/I2 ®71'0(A)/I M = 0.

In contrast to this, it need not be true, however, that T ®HRM ~ (O for M an I-almost zero R-
module: For example, let R = K[T"/27]/T and I = (T"/?7), the ideal generated by all the
2-power roots of T. Then R/I = K is clearly almost 0, but I@3 K ~ @, K121 does not
vanish: Writing R(n) = K[T/?"]/T and I(n) = (T'/?") for the principal ideal therein, so
that R = colim,, R(n) and I = colim,, I(n) and consequently I®% K = colim,, I(n)@ﬂé(n)K,
we can freely resolve the inclusion I(n) — I(n + 1) by the periodic

(2 —1) /2" p1/2" (27 —1) /2"

R(n) R(n) R(n) R(n)

lincl \LTU?"'H lincl Lj‘l/TH’1
ontl_q)/ontl 'T1/2"+1 71(2*"‘*'171)/2”‘*'1
R(n+1).

After tensoring with K each term is K with horizontal maps vanishing and vertical maps
alternating between 0 and idx. This gives the claim upon taking vertical colimits.

The algebra R = K[T'/?7]/T and ideal I = (T'/?7)/T from the previous point form a
typical example for which I ® I, but not [ itself, is flat: We already used above that over
K[T"/?7] the ideal (T''/?7) is flat, and one easily checks that

I®rI= R®K[T1/2°°] (T1/2"°)'

From the fibre sequence 1 ®Hé I—>1—1 ®HI§ K and the calculation in the previous point,
one then reads off that ker(I @p I — I) = K, generated by T'/? @ T'/2, which gives

T (R/I°) = A (KW),
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an exterior algebra on one generator in degree 1, and also that there is an exact sequence

PrP — 18l — 1
i>1
showing that the last two terms do not agree.

Note also that in fact R/I® ~ Ag (K1) as animated commutative K-algebras as the
right hand side equals LSym’ (K[!), the free animated commutative K-algebra on K1,
on account of the general formula LSym’ (M) ~ LA% (M), They are not, however,
equivalent as R-modules, let alone animated commutative R-algebras, since as an R-
module the exterior algebra is just K @ K[!, which is not remotely idempotent over R on
account of the calculations from the previous item.

(12) For
R, = K[T\*" . TY27\)(T,...,T,)
n 1 ) s Ly ) y4n
and I, = (Tll/Qoo, . ,Tﬁmm), we then have R, /IS = (Ry /I{®)®%" | so
7o (R /1) = A (K™ 1)),

by the previous point. This in particular shows that even for static rings R, the animated
rings R/I°° can have arbitrarily high non-trivial homotopy in the absence of any flatness
assumption on I.

(13) The categories aMod;(A), alongside categories of sheaves on locally compact Hausdorff
spaces, and categories of nuclear modules in condensed mathematics, are typical examples
of compactly assembled categories that need not be compactly generated, e.g. for I =
(TY/?7) C K[T'/?7] = R this is due to Keller [Kel94]. In long anticipated work Efimov
[Efi24] recently defined a version of algebraic K-theory for such categories, and there results
a fibre sequence

K(aMod;(A)) — K(A) — K(A/I™)
of spectra for every idempotent I C mgA. It is this connection to algebraic K-theory that
originally sparked the present note.

(14) For R static and commutative we finally note that the category aD(R,I) is compactly
generated if and only if I C R is a pure ideal, which by definition means that R/T is
flat over R (which in turn implies that I is flat and idempotent and so in particular
R/I ~ R/I%®).

If T is pure then indeed R/I = R[(1+ I)~!] as explained for example in [StPr, Lemma
04PS], and for any P C R the kernel of the extension by scalars functor D(R) — D(R[P~1])
is generated by the various R/ p for p € P, see e.g. [Lurl7, Lemma 7.2.3.13]. For the
converse let us say that a localisation A — S has perfectly generated fibre if the associated
extension of scalars has compactly generated kernel. Then in [Tho97, Theorem 3.15]
Thomason showed (restricted to the affine case and slightly reinpreted) that

supp: {R — 8| SaRey sencrated e } = {U S Spec(R) | compact open neahnonthoods 1 ° :RE(—, Or)
are inverse equivalences of posets, where
supp(S) = {p C R| S & #p = Ky}
with x, the residue field at p, see also [KoPil7] for a simplified proof.
In particular, any such S is automatically coconnective and furthermore S®%—: D(R) —

D(S) preserves coconnective objects (by a simple induction on the representation of
supp(S) through basic opens). If now S is of the form R/I®, it indeed follows that
S must be static and flat over R, hence R/I*° ~ R/I with I pure.

(15) Pure ideals I that are not principal exist for example in every non-noetherian von Neumann
ring (as then every ideal is pure). Explicit examples are R = [[..; K;, K, fields and I
infinite with I = @, ; K;, in which case

&P [[px;) — aD(R, 1)

JjeJ

jeJg
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is easily checked an equivalence, and the source is indeed generated by €D jed DP(K;).

Another naturally occuring example is the augmention map Q[G] — Q, where G is an
infinite torsion group; in this case Q[G] = colimpcq Q[F], where F' exhausts the finite
subgroups of G, displays Q[G] as a filtered colimit of semi-simple rings, which makes it
a von Neumann ring. And if the augmentation ideal were principal, necessarily on an
idempotent e, the kernel of multiplication with e would map isomorphically onto Q via
the augmentation. But e necessarily lies in the image of some Q[F] — Q[A] so we have
an injection

ker(e: Q[F] — Q[F]) ®qr) Q[A] — ker(e: Q[A] — Q[A])

and the source is infinite dimensional if it does not vanish, and in the latter case e = 1,
which is absurd.

For an example outside the class of von Neumann rings, take the ideal I of elements in
C(J,R) that vanish in a neighbourhood of some chosen p € J, where J C R is an interval.

Note finally, that generally the augmentation map R[G] — R, for G a group, generally
yields a derived localisation if and only if H}"™?(G, R) for all i > 0, i.e. if G is R-acyclic. In
particular this yields lots of interesting non-commutative examples such as Z[V] — Z by
[SzWal9], where V is the second Thompson group.
Thomason’s theorem also implies that the Frobenius endomorphism of an IFj-algebra R
induces the identity on the poset of derived localisations with perfectly generated fibre,
since this certainly the case for the spectrum of R. Efimov recently posed the question
whether something similar holds on the entire poset of derived localisations, that is on the
smashing spectrum of R. The following is the counterexample already mentioned in the
introduction: Let S denote the set of finite strings of 0’s and 1’s and take

R= ]Fp[Ts ‘ s € S]/(Ts _TS*O 'Ts*lan | s € S)

with I generated by all the variables. Then under the Frobenius base change — ®Hé Fr*R
both R — R and R — R/I® map to R — R, and thus the map induced by Frobenius
is not even injective: By Theorem A this can be tested on components, where we have
to compare R and R/I ®p Fr*R, with the latter being the quotient of R by the ideal
generated by all the p-th powers of elements of I. But this is the trivial ideal.
Finally, Theorem A shows that an animated commutative ring structure on R induces a
unique compatible one on R/I°°; using the desciption of animated commutative rings as al-
gebras over the monad of derived symmetric powers [Rak20, Section 4.2], this implies that
D(R) and D(R/I*°) are equipped with derived functors of Sym"™, compatible under exten-
sion of scalars. It follows that also the category aDy(R) of derived almost modules carries
such operations compatible with the left adjoint to the localisation D(R) — aDy(R). In
most examples, these derived symmetric powers in fact simply descend from D(R) to
aDy(R): This is true precisely if for every k > 2 the ideal I is generated by the k-th
powers of its elements and in particular it happens in all safe the previous examples above
and always when I ®pg I is flat; to see this combine [GR03, Proposition 2.1.7 (ii)], [GR04,
Theorem 14.1.57], [GR04, Example 14.1.60] and recall that LSym', (M) = LT (M)127)]
so that ruling out descent for derived symmetric powers is the same as ruling it out for
derived divided powers. The ring from the previous example is an explicit case where the
statement fails.

This is the only important structural result we are aware of, that actually requires a
flatness assumption.
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