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A motivating example

Let (g, [·, ·]) be an n-dimensional Lie algebra, with

• center z,

• inner automorphisms gad := g/z.

Consider the (aspirational) short-exact sequences:

z g gad ⊆ gln

integration? (z/Π,+) G Gad := ˜⟨exp gad⟩

Lie Lie Lie

• Π would be some topologically discrete subgroup of (z,+).

• G would be constructed from Gad, z/Π, and [·, ·].
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A motivating example

Choose a splitting

z g ∼= z⊕ gad gad

(z/Π,+) G Gad

Lie Lie Lie

Let ω1 denote the z-component of the bracket ω : gad × gad → g.

Theorem (van Est-Korthagen [EK64], Cartan [Car52])

The Lie alg. g is integrable if and only if the period homomorphism’s image

Π := image

(
perω1 : π2(Gad) → z, σ 7→

∫
σ
ωL
1

)
≤ z

is topologically discrete, whence G comes from a Ω(ω1) ∈ H2(Gad, z/Π).
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A motivating example

• π2(a Lie group) = 0, so we can always integrate g!

• There are Banach Lie algebras g for which everything works, except

the group Π is not topologically discrete,

thus z/Π is not a (Banach) manifold. No integration exists.

Example (Douady-Lazard [DL66])

Let H be an ∞-dim. complex Hilbert space. Fix α irrational. The quotient

(u(H)× u(H))/{(it · idH , itθ · idH) | t ∈ R}

is not integrable. We encounter an irrational torus z/Π ∼= R/(Z+ αZ).

R/(Z+ αZ) is not a manifold...but is a perfectly good diffeological space!
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Overview

Theorem (Blohmann-M)

A Banach Lie algebra g which topologically splits g ∼= z⊕ gad integrates to
an elastic diffeological group if Π is diffeologically discrete.

We may generalize “Banach” to “locally-exponential.”
Wockel and Zhu [WZ16] integrated such Lie algebras to Lie 2-groups.

• Define diffeology.

• Introduce a tangent functor.

• Introduce the Lie functor.

• View infinite-dimensional manifolds as diffeological spaces.
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Diffeology
Definition

Definition (Souriau [Sou80], Chen [Che77])

A diffeology on a set X is a collection of maps (plots) D = {U p−→ X}
from open subsets of Cartesian spaces into X such that

• a all locally constant maps are plots;

• b when U ′ F−→ U is smooth, and U
p−→ X is a plot, so is U ′ pF−→ X ;

• c when a map U
p−→ X is locally a plot, it is a plot.

A map X
f−→ Y is smooth if it pushes forward plots to plots.

aconcreteness
bpresheaf
csheaf

Dflg has all (small) limits and colimits, and is locally Cartesian closed.
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Diffeology
Propagation

Diffeology propagates to:1

• A manifold M: DM := {p | p is smooth as usual}.
• A subset ι : A ↪→ X : DA := {p | ιp ∈ DX}.
• A quotient pr : X → X/∼:

DX/∼ := {p | p loc.
= pr ◦q for various q ∈ DX}.

• The function space C∞(X ,Y ):

DC∞(X ,Y ) := {p | U × X → Y , (r , x) 7→ p(r)(x) is smooth}.

1for each set S under consideration, recall that p has the form U
p−→ S .
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Diffeology
Examples

• The sets of all maps, and of locally constant ones, are diffeologies.

• The subset x2 = y3 in R2 is isomorphic to R. [Jor82]
• The subset Q ⊆ R has discrete diffeology (all plots are loc. constant).

• No two Rn/O(n) are iso., and none are iso. to [0,∞) ⊆ R.
• R/(Z+ αZ) is isomorphic to R/(Z+ βZ), for α, β irrational,

if and only if α = a+bβ
c+dβ for

(
a b
c d

)
∈ GL2(Z).2 [DI85].

• The spaces Cn/U(n) and R2n/O(2n) are isomorphic.

• R2 has a “spaghetti” diffeology: {p | p factors through curves}.

2which holds if and only if the action groupoids are Morita equivalent.
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Diffeology
D-topology

There is a left-adjoint functor D : Dflg → T op.

Definition

The D-topology of X is the final (most opens) one induced by the plots.

Lemma (Christensen-Sinnamon-Wu [CSW14])

The D-topology is the final one induced by the smooth curves C∞(R,X ).

• Warning: in general D(X × Y ) ̸= D(X )× D(Y ).3

• D(X/∼) = D(X )/∼, but in general D(A ⊆ X ) ̸= A ⊆ D(X ).

3But they are isomorphic if one factor is a manifold.
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A tangent functor
Definition of the tangent functor

There are several proposals for tangent functors on Dflg.

Definition

We take T : Dflg → Dflg to be the left Kan extension

Dflg

Cart Dflg,

T :=Lany yT̂
y=Yoneda

yT̂

where T̂ : Cart → Cart is the usual tangent functor, T̂U := U × Rn.

The space TX already has a diffeology; we do not begin with “
⊔

x TxX .”
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A tangent functor
Examples of tangent bundles

• T preserves finite products (because T̂ does).

• TX is a quotient of C∞(R,X ). Namely γ ∼ γ′ if there is a zig-zag4

(R, 0, 1) (U1, u1, v1) · · · (R, 0, 1)

X
γ

f1

p1

f2 fk

p2

γ′

where the T̂ fi preserve the indicated tangent vectors.

Example (M)

T0[0,∞) = [0,∞). Use that the Hessian of pi is preserved.

4Any top arrow may be reversed.
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A tangent functor
Examples of tangent bundles

Proposition (M)

For a diffeological groupoid G ⇒ X, we have

TX

TX/TG T (X/G ).

quot. T pr

∃!ρ

The map ρ is an isomorphism if G ⇒ X:

• is étale and proper (i.e. an orbifold groupoid), or

• is (G ⋊ H ⇒ G ) for H ≤ G.
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Elastic groups
Elasticity

Let L(·) := Lany y(·). A tangent structure on Dflg could be

(π) TX
L(π̂)−−−→ X .

(0) X
L(0̂)−−→ TX .

(+) T2X
θ−1
2,X−−→ L(T̂2)(X )

L+̂−−→ TX . But θ2,X may not be an iso.

(τ) τ such that

(LT̂ 2)X (LT̂ 2)X

T 2X T 2X .

(Lτ̂)X

θ2X θ2X

τ

But τ may not exist.

(λ) TX
L(λ̂)−−−→ L(T̂ 2)(X )

θ2X−→ T 2X . But λ may not be a kernel.
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Elastic groups
Tangent stability

Theorem (Blohmann)

There is a full subcategory E lst of Dflg such that (E lst, (T , π, 0,+, τ, λ))
is a tangent category. We call its objects elastic spaces.

Theorem (Blohmann [Blo24])

A diffeological group G is elastic if and only if the map

TeG := g → T0g, ξ 7→ d

dt

∣∣∣
t=0

tξ = ∂[t 7→ tξ]

is an isomorphism. We call such g (themselves elastic) tangent stable.

The tangent structure gives a Lie functor

Lie : {elastic groups} → {tangent stable Lie algebras}.
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Elastic groups
Examples

Example (Blohmann-M)

(M) If G is elst., H ≤ G , and TH ∼= T ι(TH) ≤ TG , then G/H is elst.
• Also Lie(G/H) ∼= g/h.
• G/H is elastic for diffeologically discrete H. Then Lie(G/H) ∼= g.
• G/H is elastic for all H when G is a Lie group.

(B) If F → M is a fiber bundle, TΓ(F → M) ∼= Γ(VF → M).
• Even when M is not compact!
• For example, TC∞(M,M) ∼= C∞(M,TM).

(BM) For M compact, Lie(Diff(M)) ∼= (X(M),−[·, ·]).
• Possibly also for M non-compact.

(M) Banach, Fréchet, and “convenient” manifolds are elastic.
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Convenient diffeologies
Definition

Definition

A diffeological vector space V is

(l.g.) linearly generated if U
p−→ V is a plot if and only if U

lp−→ R is
smooth for all l ∈ L∞(V ,R).

(l.s.) linearly separated if L∞(V ,R) separates points.
(c.) convenient if l.g. and l.s., and every smooth curve c has a

“weak-derivative”:

a smooth curve ċ such that �̇l ◦ c = l ◦ ċ for all l ∈ L∞(V ,R).

Proposition (M)

V is convenient if and only if it is l.g. and l.s. and tangent stable.
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Banach diffeologies
Definition

Definition

A map E
f−→ E ′ of Banach spaces is MB-smooth if it has all derivatives

E × E
Df−−→ E ′, (E × E )× (E × E )

DDf−−−→ E ′, . . .

The canonical diffeology on E is DMB(E ) := {p | p is MB-smooth}.

A different approach: a curve R c−→ E is c-smooth if it has all derivatives

ċ(t) := lim
h→0

c(t + h)− c(t)

h
, c̈, . . .

A map E
f−→ E ′ is c-smooth if fc is c-smooth for all c-smooth c .

Miyamoto (MPIM) BGW, October 26, 2024 17 / 24



Banach diffeologies
An embedding

Theorem (Hain [Hai79], Losik [Los92])

The functor DMB : Banach → Dflg is an embedding over T op:

Banach Dflg

T op.

DMB

forget D

Consequently MB-smooth and c-smooth coincide.

Proposition (M)

It lands in the category of convenient vector spaces.

Thus Banach manifolds are elastic spaces.
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Integration again

• Take g a Banach Lie algebra with g ∼= z⊕ gad.

• Assume Π is diffeologically discrete.

Neeb [Nee02] constructs the bottom short-exact sequence of groups:

z g ∼= z⊕ gad gad

(z/Π,+) G Gad

Lie Lie Lie

We can5 is import this into E lst.
• In this talk, we justified the outer Lie arrows.

• The inner Lie arrow also holds.

The End

5Here we do not elucidate the diffeology of G
Miyamoto (MPIM) BGW, October 26, 2024 19 / 24



Convenient diffeologies
Other settings

• A convex bornological vector space X is a vector space with a
compatible bornology B = {B ⊆ X}.

• B contains singletons, is closed under finite union, and contains all
subsets of its members (“bounded” sets).

• A,B bounded implies A+ B and [−1, 1] · A are all bounded.
• the convex hull of a bounded set is bounded.

• A locally convex topological vector space E is a vector space with
topology generated by a collection of semi-norms.

• A dual vector space F is a vector space equipped with a subset
F ′ ⊆ L(F ,R).
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Convenient diffeologies
Other settings

DflgVS DualVS BornVS

LCTVS.

δ

σs

σb

µ
δ

β

δ

• δ dualizes.

• σs assigns F the diffeology {p | lp smooth for all l ∈ F ′}.
• σb assigns F the bornology {B | l(B) is bounded for all l ∈ F ′}.
• µ assigns F the finest l.c. topology τ for which Lcts((F , τ),R) = F ′.

• β assigns E the topology generated by the semi-norms that are
bounded on absorbing sets.6

6sets B such that for all zero-neighbourhoods U, eventually tU ⊇ B for some t.
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Convenient diffeologies
Other settings

DflgVS DualVS BornVS

LCTVS.

δ

σs

σb

µ
δ

β

δ

Theorem (Frölicher-Kriegl [FK88])

We have δσs = δσb = δβµ. We have isomorphisms of categories

{σsδ(V ) = V }
linearly generated

{δσs(F ) = F} {σbδ(X ) = X}
topological

{β(E ) = E}
bornological

σs=δ−1 σb=δ−1

µ=δ−1
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Convenient diffeologies
Other settings

Under these isomorphisms, convenient vector spaces correspond to
• Convenient convex bornological vector spaces as in [FK88].

• Also called “topological, separated, and complete” cbvs.

• Convenient bornological topological vector spaces as in [KM97].

Proposition

The category of convenient manifolds embeds into E lst.

Moreover, this is probably an embedding of tangent categories.
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Thank You!

Thank You!
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Oeuvres complètes. Part I. Groupes de Lie. Gauthier-Villars,
Paris, 1952, pp. 1143–1148.

[Che77] Kuo Tsai Chen. “Iterated path integrals”. In: Bull. Amer.
Math. Soc. 83.5 (1977), pp. 831–879.

[CSW14] J. Daniel Christensen, Gordon Sinnamon, and Enxin Wu. “The
D-topology for diffeological spaces”. In: Pacific J. Math. 272.1
(2014), pp. 87–110.

Miyamoto (MPIM) BGW, October 26, 2024 24 / 24



References II

[DI85] Paul Donato and Patrick Iglésias. “Exemples de groupes
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