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Common Construction: category Bordy 4-1
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Figure: Cartoon. objects = closed d —1 manifolds and morphisms = cobordisms
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Common Construction: category Bordy 4-1
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Figure: Cartoon. objects = closed d —1 manifolds and morphisms = cobordisms

Glueing is difficult (or impossible for e.g. Riemannian metrics)
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Idea: Suppose we know a glueing and where to cut:

forget the clit= composition
«
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Bordg 4_1 in terms of cuts

@ objects: replace d —1 manifolds by a
d-manifold with a cut (:
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Bordg 4_1 in terms of cuts

@ objects: replace d —1 manifolds by a
d-manifold with a cut ... Too many! Add an ()&
equivalence for embeddings.
~ space of objects Xg
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Bordg 4_1 in terms of cuts

@ objects: replace d —1 manifolds by a
d-manifold with a cut ... Too many! Add an ()&
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Bordg 4_1 in terms of cuts

@ objects: replace d —1 manifolds by a
d-manifold with a cut ... Too many! Add an ()&
equivalence for embeddings.
~ space of objects Xg
@ morphisms: d manifolds with 2 cuts
~ space of morphisms X

X1 \

forget a cut‘ &

X()(:-ﬁ(- "l'

source target

@ composition space: X, with 3 cuts... X, with n cuts }p
~ X AP — TOp
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There is a 'unique’ element in X, for two elements in X; with a chosen
isomorphism of their boundaries: 4,

X]_ XS'(O X]_ «— X2
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There is a 'unique’ element in X, for two elements in X; with a chosen
isomorphism of their boundaries: 4,

h d
X1 XX0X1<—X2—>X1
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Comparison to Categories

K € sSet. Recall: K is the nerve of a category if and only if

Kn = Kixky K1 XKy - XKk K1 (Segal condition)
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Comparison to Categories

K € sSet. Recall: K is the nerve of a category if and only if

Kn = Kixky K1 XKy - XKk K1 (Segal condition)

Definition

X e sTop is called a Segal space if
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Comparison to Categories

K € sSet. Recall: K is the nerve of a category if and only if

Kn = Kixky K1 XKy - XKk K1 (Segal condition)

Definition
X e sTop is called a Segal space if

= h h h
Xn_’X]_ XXOX]' XXO...XXOX]"

Segal spaces are models for (oo, 1)-categories. We have defined Bordy 4-1
as a Segal space.
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@ The same construction works for e.g. Riemannian manifolds! Also:
paths in a manifold.

@ Symmetric monoidal structure.

@ add more cuts ~~ (oo, d)-categories

&
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@ The same construction works for e.g. Riemannian manifolds! Also:
paths in a manifold.

@ Symmetric monoidal structure.
@ add more cuts ~~ (oo, d)-categories

Thank you for your attention!
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[3 Daniel Grady and Dmitri Pavlov.
The geometric cobordism hypothesis, 2022.

[3 Jacob Lurie.
On the classification of topological field theories, 2009.
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Precise definition of a cut

Definition

A cut on a manifold M is a partition M = M<c U M- ¢ such that the cut
locus Mg = M<cn Mxc is an embedded submanifold of codimension 1 and
admits a collar in M.

A cut-[m]-tuple is a collection of m+1 cuts Cy,..., C, such that

Mcgc Mcqyc--- € M<p,.

Figure: A cut-[3]-tuple on R?
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