SYMMETRIC SPACES

WERNER BALLMANN

Let M be a connected Riemannian manifold. We say that M is a symmetric
space if for each point p € M there is an isometry S, : M — M with S,(p) = p
and dSy,(p) = —id : T,M — T,M. We call S, the geodesic symmetry or geodesic
reflection at p since for any unit speed geodesic ¢ in M with ¢(0) = p we have
Sp(c(t)) = ¢(—t). The founding father of the theory of symmetric spaces is Elie
Cartan. Most of what we discuss in these lecture notes is due to him.

The model spaces of constant curvature are symmetric spaces, but there are
many others. The classification of symmetric spaces is intimately connected with
the classification of semisimple Lie algebras.

This is not the final version of the notes, comments and criticism are welcome.
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2 WERNER BALLMANN

1. PRELIMINARIES

Let M be a connected Riemannian manifold, D be the Levi-Civita connection
of M and exp be the exponential map associated to D.

Let p € M. An orthonormal frame of M at p is an orthogonal isomorphism
¢ R* = T,M. If ¢ is an orthonormal frame of M at p then we call p the foot
point of p. The set OM of all orthonormal frames of M has a canonical smooth
structure such that for any other manifold N, a map f: N — OM is smooth iff
for any fixed vector v € R” the map N 3 ¢ — f(q)(v) € TM is smooth. With
respect to this smooth structure on OM, the projection 7 : OM — M to the foot
point is a smooth submersion. We denote by O,M the fiber of 7 over p, that is,
the set of all orthonormal frames of M at p.

Denote by J(M) the group of isometries of M. We endow J(M) with the
compact—open topology. In this topology, a sequence (f,) of isometries of M
converges to an isometry f of M iff it converges uniformly to f on compact
subsets of M. It is immediate that the compact—open topology turns J(M) into
a topological group.

Let pe M and f: M — M be an isometry of M. Then

(1.1) exp () Ofsp = foexp, .

It follows immediately that f is determined by its value and differential at p and
that for any fixed frame ¢ € O,M the map

(1.2) JM)—=OM, [~ fypop

is an embedding of J(M) into OM. In particular, J(M) is a locally compact
topological group. It is not too hard to prove that the image is a smooth sub-
manifold of OM and that the corresponding smooth structure is independent of
the choice of p and ¢ and that J(M) with this smooth structure is a Lie group.
We will not need these facts in this generality. In the case of symmetric spaces,
there is an easier argument which we will discuss further below.

Consider a Riemannian covering 7 : M — M with M and M complete and
connected. Let ' be the group of covering transformations of 7. Then I" C J(M).
Denote by Z(T') the centralizer of T in Jo(M).

1.3. LEMMA. If M is homogeneous, then Z(T') is transitive on M and hence M
18 homogeneous.

Proof. Let X be a Killing field on M and X be the lift of X to M. Then X
is a Killing field on M. Let f be the flow of X, f be the flow of X. Then
7(fi(p)) = fi(w(p)) forallp € M andt € R. Let y € ' and p € M. Forallt € R

©(fi(vp)) = film(vp)) = fulm(p)) = 7 (fe(p)) -
It follows that there is a v, € I' with

fi(vp) = v fi(p) -
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The left hand side is continuous in ¢. Since I' acts properly discontinuously and
freely, it follows that ~; is constant in ¢. Substituting t = 0 we get v; = y for all
t. Hence fi(yp) = vfi(p) and hence I' centralizes the flow f;.

Now M is homogeneous. Hence for each point p of M and each tangent vector
v of M at p, there is a Killing field X on M with X (p) = v. Lifting Killing fields
from M to M shows that the analogous property holds for Killing fields on M
whose flow commutes with T'. Tt follows easily that the centralizer Z(T') of T' in
Jo(M) is transitive on M as claimed. O

1.4. LEMMA. If Z(T) is transitive on M and 7 is normal, then M is homogeneous.

Proof. Since 7 is normal, T is transitive on the fibers of 7. Hence g € Z(T") maps

fibers of 7 to fibers of 7. Therefore each g € Z(I') induces an isometry of M. [O

An isometry f : M — M is called a transvection if there is a point pinM and a

piecewise smooth curve ¢ from p to f(p) such that df (p) = P., where P, denotes
parallel translation along c.
1.5. LEMMA. Suppose f is a transvection and ¢ : [a,b] — M a piecewise smooth
curve from p = c(a) to f(p) = c¢(b) such that df (p) = P.. Let ¢ € M be another
point and o be a piecewise smooth curve from p to q. Then df(q) = Pz, where
c=o0""xcx(foo).

Proof. Since f is an isometry, we have

P(foa)df(p)Pglzdf(Q)
By assumption, df (p) = P.. O

It follows that the composition of transvections is a transvection. It is immedi-
ate from the definition that the inverse of a transvection is a transvection. Hence
the set T(M) of transvections is a subgroup of the isometry group I(M) of M.
Now for any isometry ¢ and transvection f of M, d(gfg~")(gp) = P,., where p
and c are chosen as in the definition, that is, df (p) = P.. Hence T(M) is normal

in I(M).

2. LOCALLY SYMMETRIC AND SYMMETRIC SPACES

Let M be a connected Riemannian manifold. Denote by D the Levi-Civita
connection of M. We say that M is a locally symmetric space if for each point
p € M there is an r > 0 and an isometry S, : B,(p) — B,(p) with S,(p) = p
and dS,(p) = —id : T,M — T,M. Since isometries map geodesics to geodesics,
S, reflects geodesics through p. For that reason we call S, the (local) geodesic
symmetry or (local) geodesic reflection at p.

2.1. LEMMA. The following conditions are equivalent:
(1) M is locally symmetric;
(2) R is parallel;
(3) for any geodesic ¢ in M, R. = R(.,¢)¢ is parallel along c.
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Proof. Suppose first that M is locally symmetric in the sense of the definition
and let p € M. Then S;(DR) = DR since S, is an isometry. Hence for vectors
u,,y,z € T,M,

—(DuR)(2,y,2) = dS,((DuR)(z,y, 2))
= (Das, (uw R)(dSy(x), dSy(y), dSy(2))
= (D_,R)(—z,—y,—2) = D,R(x,y, 2) .

We conclude that DR = 0, that is, that R is parallel.
Suppose now that R is parallel and let ¢ be a geodesic in M. Let E be a
parallel vector field along c¢. Since ¢ is parallel along ¢ and DR = 0, we get

(DtRc) B = Dt(Rc : E) = Dt(R(Ea C)C) =0.

Hence R, is parallel along c.

Suppose now that R, is parallel along ¢ for each geodesic ¢ in M. Let p € M
and r > 0 be smaller than the injectivity radius of M at p. Consider the geodesic
symmetry

Sp = exp, o(—id) oexp, ' : B,(p) = B,(p).

We prove that S, is an isometry. To that end, we let ¢ : (—r,r) — M be a unit
speed geodesic with ¢(0) = p and Fjy,..., E, be a parallel frame along c. We
set R. - F; = RfEk. Since R, is parallel along ¢, the functions Rf are constant.
Hence if J = j*E}, is a Jacobi field along ¢, then

G5+ RFji=0, 1<i<n.

Since the Jacobi equation has constant coefficients, it follows that j¥(—t) =
—j*(t) if J(0) = 0. Since Fi, ..., E, is a parallel basis along ¢, we conclude
that then

1S, (TN = T (=) = [T (D]

It follows that S, is an isometry. U

The last part of this argument also gives the following result.
2.2. THEOREM. Let M and M be locally symmetric spaces, let p € M, p € M
and L : T,M — T M be a linear isomorphism with L*g; = g, and L*R~ = R,.
Let 1 > 0 be smaller than the injectivity radius of M at p and of M at p. Then
f= eai“p],,oLoexp];1 : B.(p) — B,(p) is an isometry with f(p) = p and df (p) =
We recall that the torsion tensor of the Levi-Civita connection of Riemannian
manifolds vanishes and hence is parallel. Therefore the results of 777 apply and
have the following application.
2.3. THEOREM. Let M and M be locally symmetric spaces. Assume that M is
stmply connected and that M is complete. Let p € M and p € M be points and
L:T,M — T; M be a linear zsomorphzsm with L*g; = g, and L*R~ = R,. Then
there is a local isometry f : M — M with f(p) = p and df (p) =
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We now discuss the relation between locally symmetric and symmetric spaces.
We note first that a symmetric space is locally symmetric, whereas the opposite is
clearly not true. However, Theorem 2.3 has the following immediate consequence.
2.4. THEOREM. Let M be a complete and simply connected locally symmetric
space. Then M 1is a symmetric space.

Vice versa, a symmetric space is automatically complete as we will see now.
2.5. PROPOSITION. Let M be a symmetric space. Then M is complete and ho-
mogeneous.

Proof. Let ¢ : (a,b) — M be a maximal geodesic. We need to show that a = —oo
and b = co. Suppose for example that b < oo and choose t, € (a,b) with b—t, <
to — a. Set p = ¢(ty). Since S, is an isometry, the curve é(t) := S,(c(2ty — t)),
2y — b < t < 2ty — a, is also a maximal geodesic. Moreover, &(ty) = ¢(ty), hence
¢ = ¢. On the other hand we have 2t; — a > b, a contradiction. Hence maximal
geodesics on M are defined on all of R and hence M is complete.

Let po,p1 € M. Since M is complete, there is a geodesic ¢ : [0,1] — M from
po to p1. Then the geodesic reflection S, in the point p = ¢(1/2) reverses ¢ and
therefore maps py to p;. Hence M is homogeneous. O

3. INFINITESIMAL DATA

Let M be a locally symmetric space and let py € M. Choose r > 0 such that
for any p € B,(po), the (local) geodesic symmetry S, is defined on B, (p). This
holds for example if for any p € B,(pg), the exponential map

exp : B,(0,) = B,(p)

is a diffeomorphism. If M is a symmetric space, we may choose r = oo. In this
section, we study the Lie algebra g* of Killing fields on B, (py).

We first consider Killing fields whose (local) flow preserves py. Let A : T, M —
T,,M be an endomorphism. Then

1
3.1 Li=exp(tAd)=e?=14+A4+-A%+..., teR,
2

is a smooth 1-parameter group of automorphisms of 7T}, M. Differentiating we
get that these automorphisms preserve the inner product (-,-)o on 7, M if and
only if A is skew symmetric and that they preserve the curvature tensor Ry of M
at po, that is, they satisfy L; Ry = Ry, if and only if

(3.2) ARy (u,v)w — Ry(Au, v)w — Ro(u, Av)w — Ry(u,v)Aw =0

for all u,v,w € T,,M. Note that this can be understood as a formula for the
commutator [A, Ry(u,v)], namely

(3.3) [A, Ry(u,v)] = Ro(Au,v) — Ro(u, Av)
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We denote by € the space of all skew symmetric endomorphisms of T}, M satisfying
the commutator rule (3.3). Note that € is a Lie algebra, where we take the usual
commutator of endomorphisms as Lie bracket.

3.4. LEMMA. Let & = {X* € g* | X*(po) = 0}. Then for any X* € € we have
DX*(py) € € and the map

€t X" DX*(p),

18 an injective anti-homomorphism between the Lie algebras € and €. The map
is surjective if M is a simply connected symmetric space or if for any p € By(po),
the exponential map exp : B.(0,) — B.(p) is a diffeomorphism.

Proof. Let X* € €. Then the flow f; of X* fixes pyp. Now X* is a Killing
field, hence DX*(py) is a skew symmetric endomorphism of 7, M. Since f; is
a local isometry, we have ffRy, = R, and hence DX*(py) € ¢. A Killing field
is determined by its value and covariant derivative at a point, hence our map is
injective.

Let X*,Y* € ¢ and set A = DX*(py), B = DY*(py). Then [X*,Y*|(pog) =0
and for any v € T,,, M we have

D, [X*,Y*|(po) = Du{Dx-Y" — Dy~ X"}
= D*Y*(u, X*(p)) + Dp,x-Y* — D*X*(u,Y*(p)) — Dp,y-X*.
Now X*(pg) = Y*(po) = 0, hence the right hand side is equal to
DDuX*Y* — DDuy*X* = BAU, — ABU, = —[A, B] U.

We see that our map reverses the sign of Lie brackets and hence it is an anti-
homomorphism of Lie algebras.

Now assume that M is a simply connected symmetric space or that for any
p € B, (po), the exponential map exp : B,(0,) — B,(p) is a diffeomorphism. By
Theorem 2.3 or Theorem 2.2 respectively, any A € € gives rise to a 1-parameter
family of isometries f; : B.(po) — Br(po) with fi(po) = po and df;(py) = Ly =
exp(tA). Furthermore, f; is smooth in ¢ and fs o f; = foy, for all s,t € R
Hence the family f;, ¢t € R, is a 1-parameter group of isometries of B,.(py). Since
ft(po) = po for all ¢, the corresponding Killing field

X*(p) = 9(fi(p))li=0

on B, (pg) satisfies X*(pp) = 0. Hence X* € €. Let u € T,,M and 0 = o(s) be a
curve with 0(0) = py and 6(0) = u. Then

D, X" = D;0(fi(0(s)))ls=t=0
= Dy0s(fi(0(s)))li=s=0
= D;Liuli—y = O Lyuli—g = Au

and hence DX*(py) = A. This proves surjectivity of our map. a
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Next we consider a different type of isometries and Killing fields. By the
choice of r, the geodesic symmetry S, is defined on B, (p) for any p € B, (py). Let
c: (=T, T) — M be a geodesic through py with "= r/||¢||. Then the image of ¢ is
in B, (po). Set fi = S¢(t/2)Sp- The domain of definition of f; is B, (po) N B,(c(t/2))
and fi(c(s)) =c(s+1t)if s,t,s+t € (-T,T).

Let E be a parallel vector field along c¢. Then S,,.E is parallel along Sy, o c
Since Sy, (c(s)) = ¢(—s) and Sp,«(po) = —id, we get

SposE(s) = —E(—s).
Similarly,
Sc(t/g)*E(S) = —E(t — S) .
We conclude that
finE(s) = E(s + 1)

and hence that df;(c(s)) is parallel translation along ¢ from ¢(s) to ¢(s+t). Hence
fi is a transvection along c. If s,t,s +t € (=T, T), then

fso fi = fors

on the common domain of definition of left and right hand side. Therefore we
call the family of maps f; the (local) 1-parameter group of transvections along c.

For any p € B,(py), there is an £ > 0 such that p € B,(py) N B, (c(t/2)) for all
t € (—e,e). We set

X*(p) = 0u(fe(P))li=o -

Then X* is a Killing field on B, (py). We call X* the infinitesimal transvection
along c.
3.5. LEMMA. Let uw € T,,M and ¢ : (=T,T) — B,(po) be the geodesic with
c(0) = p and ¢(0) = u. Then X* € g* is the infinitesimal transvection along c if
and only if

(3.6) X*(po) = u, DX*(py) =0.
In particular, the space p* = {X* € g* | DX*(po) = 0} of infinitesimal transvec-

tions along geodesics through po is a linear subspace of g*.

Proof. Let X* be the infinitesimal transvection along c¢. Then X*(py) = u since
ft(po) = ¢(t). As for the covariant derivative of X* in py let v € T, M and
o = o(s) be a smooth curve with (0) = py and 6(0) = v. Then
Dy X" = D;0,(fi(0(5)))li=s=0
= Du0s(fi(o(s)))]s=t=0
= Dt(ft*v)|t 0= Dt(PtU)|t:0 = 0.

Now a Killing field (on a connected set) is determined by its value and covariant
derivative at one point. Hence the stated properties determine X* uniquely. [
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3.7. PROPOSITION. The Lie algebra g* of Killing fields on B,.(py) splits as a direct
sum,
g* — E* + p* .
We have
e elce, [ep]cpt, [pLplCE.
Furthermore, for X*,Y* € p* with X*(py) = u, Y*(po) = v and Z* € € with
DZ*(py) = A we have
DIX*,Y*|(p) = Ro(u,v) and [X*, Z%](py) = Au.
In particular, we have Ry(u,v) € € for all u,v € T, M.
Proof. The first assertion [¢*,€*] C € is obvious. Let X* € p*, Z* € & with
X*(po) = u and DZ*(py) = A. Then DZ*(py) = 0 and hence
[X*, Z*](pg) = Dx*Z*(po) = Au.
Moreover, for w € T,,, M
D,[X*,Z7*| = DyDx-Z* — DyD 7z X*
= D*Z"(w,X"(p) — D*X*(w, Z*(p))
+Dp, x<Z" — Dp,z+ X"
The last two terms on the right hand side vanish since DX*(py) = 0. The second
term vanishes since Z*(py) = 0. Since Z* is a Killing field the first term is equal to
Ry (Z*(po), w) X *(po) = 0 . Hence D[X*, Z*|(py) = 0 and therefore [X*, Y*] € p.
If X*,Y* € p, then [X*,Y*](pp) = 0 and hence [X*,Y*] € €. As for the
covariant derivative at py, we have
Dy[X*, Y] = D*Y*(w, X*(po)) — D*X*(w, Y™ (po))
= —Ry(Y"(po), w) X*(po) + Ro(X"(po), w)Y™ (po)
= Ro(u,v)w,
where X*(pg) = u, Y*(po) = v. This completes the proof. O
As an application of our discussion we get the remarkable fact that the Eu-
clidean space Tp,M together with the curvature tensor Ry on T,M determines
the Lie algebra g* completely. Namely let £ as above be the space of skew sym-

metric endomorphisms satisfying the commutator rule (3.3) and set p := T, M,
g:=Etdp. For (A ,u),(B,v) € g set

(3.8) [(A,u), (B,v)]:= ([A, B] — R(u,v), Av — Bu) .
It is imediate that [-,-] is a skew symmetric bilinear form on g. Using (3.2), a
straightforward computation shows that [-, -] also satisfies the Jacobi equation

and hence turns g into a Lie algebra. Our discussion implies the following result.
3.9. THEOREM. The evaluation map g* — g, X* — (DX*(p), X*(p)) is an anti-
wsomorphism of Lie algebras.
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Clearly the map s : g — g, (A,u) — (A, —u), is an involutive isomorphism of
g with eigenspace € for the eigenvalue +1 and eigenspace p for the eigenvalue —1.
Note that p is invariant under all ady, X € €. Furthermore, the inner product
(-,-) is invariant under s and all adx, X € &, are skew symmetric with respect to
(-,-). A triple (g, s, (-,-)) with such properties is called a Riemannian symmetric
Lie algebra. Thus starting from a locally symmetric space we arrive naturally at
a Riemannian symmetric Lie algebra.
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4. ORTHOGONAL SYMMETRIC LIE ALGEBRAS

In our previous discussion we saw that a locally symmetric space gives rise to
a Lie algebra g and an involutive automorphism s : g — g. Such a pair (g, s) will
be called a symmetric Lie algebra. Let (g, s) be a symmetric Lie algebra. Then

(4.1) g==t+p,

where € and p are the eigenspaces of s for the eigenvalues +1 and —1 respectively.
Since s is an automorphism,

(4.2) egce, [eplCp, [pplCE.

It follows that € is a subalgebra of g and that € and p are perpendicular with
respect to the Killing form B of g,

(4.3) B(t,p) =0.

We say that a symmetric Lie algebra (g, s) is orthogonal if there is an inner
product (-,-) on g which is invariant under s and such that all adx, X € €, are
skew symmetric with respect to (-, -).

We say that a symmetric Lie algebra (g, s) is effective if € does not contain a
non—trivial ideal of g. In what follows, (g, s) is an effective orthogonal symmetric
Lie algebra with corresponding inner product (-, ).

4.4. LEMMA. The Killing form B of g is negative definite on €.

Proof. et X € €. Since ady is skew symmetric, B(X,X) < 0 and equality
implies ady = 0. In the latter case X belongs to the center of g and then R - X
is an ideal of g contained in €. But then X = 0 since (g, s) is effective. O]

We say that a subspace U C g is adg—invariant if adxy U C U for all X € ¢.
4.5. LEMMA. Let U,V C p be subspaces. If U is ade—invariant, then B(U,V) =0
implies [U, V] = 0.

Proof. Let X € U, Y € V. Then [X,Y] € ¢ hence [[X,Y], X] € U. But then
B([X,Y],[X,Y]) = B([X,Y],Y],Y) =0,

hence [X,Y] =0 by Lemma 4.4. O

4.6. PROPOSITION. If g is semisimple, then € = [p, p].

Proof. By (4.2) and the Jacobi identity, h = [p, p] + p is an ideal of g. Since g is
semisimple, g = h + bt where b = {X € g | B(X,Y) =0 for all Y € b}, see
??7. Now p C b, hence b~ C € by (4.3). Since h* is an ideal and (g, s) is effective
we get b = {0}. O

We say that (g, s) is of Euclidean type if [p,p] = 0. We say that (g, s) is of
compact type respectively noncompact type if g is semisimple of compact type
respectively noncompact type. We say that (g, s) is irreducible if the adjoint
representation of € on p is irreducible.
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4.7. PROPOSITION. Let (g,s) be an effective orthogonal symmetric Lie algebra.
Then there is a decomposition of g into s—invariant ideals,

g=g +o+...+9m,

such that (go, s) is of Euclidean type and (g;, s) is irreducibel with g; semisimple
for i > 0. For each i > 0 there is a constant \; # 0 such that (-,-) = \;B on
p;. Moreover, (g;,s) is of compact type or noncompact type depending on whether
A < 0 respectively A\; > 0.

Proof. Let U C p be a subspace invariant under ade. Since all ady, X € €, are
skew symmetric, the orthogonal complement V' of U with respect to (-, ) is also
invariant under adg. Hence there is a decomposition

p=pi+-
where the p; are irreducibel under ade. Now let py be the sum of the p; with
[pL, pi] = 0 and enumerate the other ones as py,...,pn. By Lemma 4.5, [pg, o] =
{0} and [p;,p;] = {0} for i # j. For i > 0, set &, = [p;, p;] and g; = & + p;. Then
g; is s-invariant. By the Jacobi identity [¢;,p;] = {0} for i # j. Again by the
Jacobi identity we g; is an ideal in g. It also follows that €; is irreducibel on p;.
Therefore there is a constant 3; such that

B(X,Y) = 5;- (X,Y)

for all X,Y € p;. Now by Lemma 4.5, 5; = 0 implies p;, p;] = 0 in contradiction
to the choice of py and ¢ > 0. Since B is negative definite on ¢ and B(¢,p) =0
we conclude that g; is semisimple.

Set h =g +---+gm and let go = {X € g | B(X,Y) =0forall Y € h}.
Then gy and bh are ideals in g and gy contains py. Since b is semisimple we
have go N h = {0}. Since h is s—invariant and s is an automorphism of g, go is
also s—invariant. Hence gy = € + po with & C €. Hence (go, s) is of Euclidean
type. 0

For a given orthogonal symmetric Lie algebra (g, s) with inner product (-, -), let
gc be the complexification of g and extend s to a complex linear automorphism
sc of go. Furthermore extend (-, -) to a Hermitian inner product (-,-)y on gc.
Then g* = £+ ip is a real subalgebra of g¢, invariant under s¢c. Denote by s* the
restriction of s¢ to g*. Then (g*, s*) is a symmetric Lie algebra, orthogonal with
respect to the real part (-,-)* of (-,-)g. We call (g*, s*) together with (-,-)* the
dual orthogonal symmetric Lie algebra. We can also think of g* = g as a vector
space, where we change the Lie bracket by

X,Y] = +[X,Y] ¥fX0rYE{?
—-[X,Y] if X, Yep

and where s* = s and (-,-)* = (-,-). Note that B* = B on ¢ = ¢t and B* = —B
on p* = p. The following two propositions are immediate from this description.

(4.8)
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4.9. PROPOSITION. Let (g,s) be an orthogonal symmetric Lie algebra with dual
(g*,s*). Then

(1) (g,s) is of Euclidean type iff (g,s) = (g*, s*).
(2) (g,s) is of compact type iff (g*,s*) is of noncompact type.

4.10. PROPOSITION. Let (g, s) be an orthogonal symmetric Lie algebra with dual
(g*,s*) and let g = go + g1 + ... + gm be the decomposition of g into s—invariant
ideals as in Proposition 4.7. Then g* = go + g7 + ... + g, is the corresponding
decomposition of g*.

Together with duality, the following result reduces the classification of simply
connected symmetric spaces to the classification of simple real Lie algebras of
compact type and their involutive automorphisms.

4.11. THEOREM. Up to isomorphism, the irreducible effective orthogonal sym-
metric Lie algebras (g, s) of compact type fall into two classes:

(1) g is a simple real Lie algebra of compact type and s is an involutive
automorphism of g.

(2) g = b P b where by is a simple real Lie algebra b f compact type and
s(X,Y) = (Y, X).

Proof. Since (g, s) is irreducibel and of compact type, B < 0 on p and hence on
g. Hence g is simisimple. Let

g=gt...+0m

be the decomposition of g into simple ideals. Since s is an automorphism of g
there is an i € {1,...,m} such that s(gi) = g;. Since s is involutive, s(g;) = g
and therefore g; + g; is s—invariant. By irreducibility g; + g; = g. There are two
possibilities:

1) i = 1: Then (g, s) is of the first type.

2) i # 1: Since s is involutive, s is an isomorphism between g; and g;. Set
h=g1 =g, then g = h P bh with s as predicted for the second type. O

5. RIEMANNIAN SYMMETRIC PAIRS

Let (&, R) be a pair consisting of a Lie group & and a closed subgroup K. We
say that (&, R) is a symmetric pair if M = & /R is connected and if there is an
involutive automorphism o : & — & with

(5.1) So CRCF,

where § = {g € & | 0(g9) = g} and Fo denotes the component of the identity of
§. In what follows, (&, K) is a symmetric pair. Denote by o, the differential of
o at the neutral element e € & and set

(5.2) E:{X€g|J*X:X}, p={X€g|a*X:—X},
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the eigenspaces of o, for the eigenvalues 1 and —1 respectively. Since o, is
involutive,

(5.3) g==t+p.

Since §o C & C F, € is the Lie algebra of & Since & C §, o(kgk™') = ko(g)k™!
for all £ € K and all g € &, hence o, commutes with all Ad, & € K. Therefore

(5.4) Adi(e) c e, Adg(p) Cp forall ke R.
Furthermore,
(5.5) egce, [e¢gCp, [pp]CE.

The first and second inclusion follow from (5.4) above. As for the third inclusion,
let X,Y € p. Since o, is an automorphism of g, we have

0 [X,Y] = [0.X,0.Y] = [-X,~Y] = [X, Y]

and hence [X,Y] € k. Note that the first two inclusions also follow by a similar
argument.

® acts from the left on M. We denote by gp € M the image of p € M under
left multiplication by ¢ € &. Sometimes it will be advantageous to distinguish
between the element g € & and the diffeomorphism of M given by left multipli-
cation with ¢g. Then we will use A\, to denote the latter, A\,(p) := gp.

We denote by py = [R] the distinguished point of M and by 7 : & — M the
canonical map, 7(g) = [gR] = A\y(po). We use 7, = dm(e) : p — T,M to identify
p and T,M. An easy computation shows that for all £ € &

(5.6) . 0 Ady, = d\i(po) o 7. .

Thus with respect to the identification p = T, M via 7, the isotropy representa-
tion of K on T, M corresponds to the restriction of the adjoint representation of
K top.

We say that a symmetric pair is Riemannian if there is an inner product (-, -)
on p which is invariant under all Adg, £ € K. Note that such inner products are
in one-to—one correspondence with &-invariant Riemannian metrics on M.

5.7. THEOREM. Let (&, R) be a Riemannian symmetric pair with corresponding
involution o of & and scalar product (-,-) on p. Let M = &/RK and endow M
with the —invariant Riemannian metric corresponding to (-, ). Then we have:

(1) M is a symmetric space. The geodesic symmetry S at py is S([gK]) =
[0(g) - K]. In particular, S o Xy = Ayg) 0 S.

(2) For X € p, eXpy, t € R, is the geodesic through py with initial velocity
7. X and left multiplication by e'*, t € R, is the 1-parameter group of
transvections along this geodesic.

(3) With respect to the identification p = T, M, the curvature tensor R and
Ricci tensor Ric of M are given by

R(X,Y)Z = —[[X,Y],Z], Ric(X,Y)= %B(X, Y),
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where B denotes the Killing form of g.

(4) With respect to the identification p = T,, M, a subspace q C p is tangent to
a totally geodesic submanifold of M through py if and only if [[q,4q],q] C q.
If the latter inclusion holds, then N = exp(q) is such a submanifold and
a symmetric space in its own right.

Proof. Since (-, -) is invariant under Adg, there is a unique B—invariant Riemann-
ian metric on M, also denoted (-,-), such that (-,-),, corresponds to the given
inner product on p under the identification T,,M = p. By ®&-invariance, the
differentials A, preserve norms. Now let p = gpy € M and u € T,M. Choose
v € Ty, M with A\jv = u.

[Seull = [SeAgevll = [Aa(gyeSuvll = | = Ao(gyvll = o[l = IAguvll = [[ull,

and hence S is an isometry. This proves Assertion 1.
Let X € p and X* be the corresponding Killing field of M,

X*(p) = 0(e"*p)|i=0 -
Let w € T,,M. Then
e S(p) = S(e™"p)
and hence S, X* = —X*. Since S is an isometry we get
-D,X*=S8,D,X"=Dg,,S.X*"=D,X"

and hence DX*(py) = 0. Hence X* is the infinitesimal transvection with X*(pg) =
m.X, hence Assertion 2.

Assertion 3 ...

It remains to prove Assertion 4 about totally geodesic submanifolds. Note
that for a totally geodesic submanifold N through py, R(u,v)w € T, N for all
u,v,w € Ty, N. Hence the necessity of the condition on q is immediate from the
formula for R.

Suppose now that [[q,q],q] C q. Let [ = [q,q]. Then [is a Lie subalgebra of
¢ and h = [+ q is a Lie subalgebra of q. Let $ be the corresponding connected
Lie subgroup of &. Then the orbit NV of py under $, N = $Hpy, is a submanifold
of M. Now N is totally geodesic at py since N = exp(q)po locally about py.
Sincs § is transitive on N and $) acts isometrically on M, N is totally geodesic
everywhere. Since M is a complete Riemannian manifold and N is connected we
have N = exp(q)po. In particular, N is complete. Since N is invariant under
S, S|N is the geodesic symmetry of N in py. Since N is homogeneous, N is
symmetric. 0]

6. TRANSVECTIONS AND THE SYMMETRY SUBGROUP

We continue to assume that M is a symmetric space. Then the group T(M)
of transvections of M is transitive on M. More precisely, we have the following
statement.
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6.1. LEMMA. Let (&, R) be a symmetric pair and M = /K. Let ¢ : [a,b] — M
be a piecewise smooth curve. Then there is go € & with Ay (c(a)) = c(b) and
dAg(c(a)) = P..

6.2. Remark. If M is simply connected, and & = J(M), then Lemma 6.1 is
immediate from Theorem 2.3

Proof of Lemma 6.1. Consider the submersion 7 : & — M, 7(g) = gpo = A\;(po),
where py = [K] is the distinguished point of M. For any g € &, the vertical space
in g is
V, =kerdn(g) = At C T8,
where A, denotes left multiplication by g in &. Furthermore, the horizontal space
Hy=App CT,®

is a complement of V, in T,&. The distributions V' and H are left invariant and
hence smooth.

Without loss of generality we may and do assume that ¢ is smooth. Let ¢ :
[a,b] — & be a horizontal lift of ¢, that is, ¢ is a smooth curve in & with rog = ¢
and ¢(t) € Hyyy for all t € [a,b]. We show that gy = g(b) - g(a) ' satifies the
required properties. Since g is a lift of ¢, we have goc(a) = ¢(b), the first property.

Fix ¢ € [a,b] and set f, = g(t) 'g(¢t + 7). Since the curve g is horizontal

a7'.]['7'|7':0 — A;(i)*g(t) S p .
Hence the Killing field X; on M defined by
Xi(p) = 0:(f+(p))lr=0

is the infinitesimal transvection along the geodesic through py with initial velocity
X*(po). Therefore DX*(py) = 0.
Now let u € T, M, then v = )\g’(}l)*u € T,,M and

DA gty g(ay =0 = Dr{Ag(ays frav}Hrmo

= )\g(t)*DT{fT*U}|T:0
- )\g(t)*-D’UX* - 0 .

Therefore )\g(t+7)*)\g’é)u is parallel along ¢ and hence Ag(b)*A;(Z) =P. [

Now we consider the group Tg(M) of g € & such that ), is a transvection of
M. Lemma 6.1 and its proof have the following application.
6.3. THEOREM. Let (&, R) be a symmetric pair. Then Tg(M) is a normal Lie
subgroup of & with Lie algebra [p,p] +p and Te(M) acts transitively on M.
6.4. Remark. The group T(M) of transvections of M is a connected Lie group.
For a symmetric pair (&, K), each component of the subgroup of & which acts
trivially on M contains exactly one connected component of T (M).
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Proof of Theorem 6.3. For any X € p and ¢t € R we have exp(tX) € Tg(M).
Hence T (M) contains the connected Lie subgroup $) of & generated by exp(p).
By Lemma 6.5, the Lie algebra of $) is [p,p] + p. Since exp(p)pp contains a
neighborhood of py in M, § is transitive on M.

On the other hand, for any g € Tg(M) there is a curve ¢ : [0,1] — M from
po to Ay(po) with dA,(po) = P.. Let g(t), 0 < ¢ < 1, be the horizontal lift of ¢
to & with g(0) = e. Now the horizontal distribution H is tangential to ) and
G(t) € Hyy for all t € [a,b], hence g(t) € $ for all £. Hence g(1) € $. By the
proof of Lemma 6.1 we have d\,q) = P, hence \jq) = A;. We conclude that $
is the connected component of the identity of Tg(M). O

6.5. LEMMA. Let & be a connected Lie group. Let W be a subset of the Lie
algebra g of & with

(1) if X e W and t € R then tX € W;

(2) W generates g as a Lie algebra.
Then exp(W) generates & as a group.

Proof. Let $ be the subgroup of & generated by exp(WW) and
V={Xecgl|e¥enforalteR}.
Then W C V' by Assumption 1. Let U be the linear subspace of g generated by
V. Now forall h € Hand X € V
exp(tAd, X) = he'*h ' € §,

hence Ady, X € V. Therefore U is invariant under Adg. Hence for any X € U,
YeVandteR

e X = Adexp) X € U
Therefore [U,U] C U. Now W C U and hence U = g. Therefore V' contains a
basis Xi,..., X, of g. But then the map

R" 5 a=(ay,...,a,) — exp(a1 Xy) ...exp(a,Xp,)

has maximal rank in @ = 0. Hence the image contains a neighborhood of the
neutral element of G. U

By Lemma 6.1 the isotropy group of T(M) at py is the holonomy group $,,(M).
Since the inclusion T(M) C J(M) is continuous, $,, (M) is closed in T(M) and
hence

(6.6) M = T(M)/$p (M) .

Since the Lie algebra of (M) is [p, p]+p, T(M) is the smallest subgroup of J(M)
containing p.

Let &(M) be the normal subgroup of J(M) consisting of products of geodesic
reflections and &/ (M) C &(M) be the normal subgroup of elements which are
products of an even number of reflections.
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Let S be the geodesic reflection in py. For any p € M we have SS, = (5,5)™"
since S and S, have order 2. Furthermore, SS,S™" = S, with ¢ = S(p), hence
(S,5)"'=5,8S.

For all p,q € M we have S,S, = (5,5)(5,S)™" and hence &,,(M) can also be
characterized as the subgroup of J(M) consisting of products S,S, p € M. Hence
G (M) is connected.

We now represent M by a symmetric pair (&, f) and let &g’ (M) be the sub-
group of g € & with A\, € & (M).

6.7. THEOREM. &% (M) = Ts(M)

Proof. Let X € p C t(M). Then exp(X) = 5,5 with p = exp(X/2)po. Hence
exp(p) C Sy (M) and therefore (M) C &°(M) by Theorem 6.3 and Lemma 6.5.
Vice versa, let p,q € M and ¢ : [a,b] = M be a geodesic polygon from p to
q. Choose a subdivision a =ty < t;... < t;, = b of [a,b] such that ¢|[t;—_1,%;] is a
geodesic, 1 < i < k. Let S; be the geodesic reflection in ¢(¢;), 0 <i < k. Then

S,S, = (S051)(S1S2) -+ - (Sk_1Sk) -

Now S; 15, is a transvection along the complete geodesic ¢; which is defined by
Ci|[ti,1,ti] = C|[ti,1,ti], 1 S 1 S k. Hence GeU(M) C ‘:(M) O

6.8. THEOREM. Let (&, R) be a symmetric pair and assume that & is semisimple.
Then

6 =Te(M) and Jo(M) =8/9,
where $ = {g € & | A\, = id}.

Proof. Without loss of generality we may assume that & acts effectively on M.
We let 8 = Jy(M) and ¢’ be the Lie algebra of g’. We show that g’ = [p, p] + p.
We have g’ = € + p’, where ¥ is the Lie algebra of the isotropy group K of pq
in Jp(M) and p’ corresponds to the infinitesimal transvections through py. Now
p = p’ since & contains all the transvections along geodesics through p, = [K].

Since g is semisimple, the Killing form B of g is non-degenerate. Hence the
Rici tensor of M is non-degenerate on T, M. Therefore the Killing form B’ of ¢’
is non-degenerate.

Suppose g’ # [p, p] + p. Then there exists a Z € ¥\{0} with B'([X,Y],Z) =0
for all X,Y € p. On the other hand, since the Killing field Z* corresponding to
7 is nonzero and Z*(py) = 0 we have DZ*(p,) # 0. Since DZ*(py) corresponds
to adz under the usual identification T,,)M = p there is a Y € p with [V, Z] # 0.
Now B’ is non—degenerate on p, hence there is an X € p with

0 # B,(Xa [Ya Z]) = B,([Xa Y],Z)

in contraditiction to the choice of Z. Hence [p,p] +p = g, hence T(M) = & =
Iy(M) as claimed. O
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7. RIEMANNIAN COVERINGS AND SYMMETRIC SPACES

Clearly any connected covering space of a symmetric space is itself a symmetric
space with respect to the induced metric. We reverse the point of view and ask
when a space covered by a symmetric spaces is itself symmetric. The answer we
find is pretty much complete, see Theorem 7.2 and Lemma 7.5.

Let (&, 8) be a Riemannian symmetric pair with involutive automorphism o
of & and inner product (-,-) on p. Assume that & is connected and denote by
3(®) the center of &.

First we assume in addition that & is effective on M, that is, & C J(M), the
group of isometries of M. Then the automorphism o of & is conjugation by the
geodesic symmetry S of M at py = [R]. In other words, conjugation by S is an
involutive automorphism of J(M) leaving & invariant. We are mainly interested
in the case where & is the group T(M) of transvections of M.

7.1. LEMMA. The centralizer 35y (®) of & in I(M) is invariant under conju-
gation by S and acts freely on M.

Let h € 3500 (®) and g € & be isometries with gpg = hpy. Then g € {g € & |
go(g)™" € 3(®)} and h is equal to right translation by g: h(fpo) = f(gpo) for all
f € &. Moreover, conjugation by S is given by

ShS = ShS™' =h~".

In particular, 350 (®) is an abelian group and any subgroup of 35 (®) is
invariant under conjugation by S.

Proof. Since & is invariant under conjugation by S, the same holds for its cen-
tralizer 3s.pr)(®) in J(M).

Now let g € & and h € 33 (®). Since g and h commute we have h(gpy) =
g(hpo). Now & is transitive on M and hence h = id if and only if hpy = py.
Therefore 35ar)(®) acts freely on M.

Let h € 3500 (®) and g € & with gpy = hpo. Then there is an isometry f of
M with fpy = po such that ¢ = hf. Then SfS = f and therefore

go(g) ' =gSg 'S =hSh 'S € BN 35(&).

Since & N 35(&) = 3(B) we conclude that g € {g € & | go(g9) ' € 3(8)}. This
proves the first assertion.

The proof of the second assertion is easy: Let p € M and choose f € & with
fpo =p. Then

hp = h(fpo) = f(hpo) = f(gpo) -
Hence h is equal to right translation by ¢ as claimed.
Now ShS € 35)(®). By Lemma 7.3 we also have SgS = ¢~ 'k for some
k € R. Therefore
ShS(po) = S(hpo) = S(gpo) = SgS(po) = 9_1k(p0) = 9_1(170) )
and hence ShS is right translation by ¢—!. Therefore ShS = h™L. O
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We consider a Riemannian covering 7 : M — M, where M and M are sym-
metric spaces. We let & = T (M) be the group of transvections of M and denote
by 3(M) the centralizer of T(M) in J(M), 3(M) := 35m)(T(M)). Recall that
T(M) is connected.

7.2. THEOREM. The group I of covering transformations of m is a discrete sub-
group of 3(M). Vice versa, if T C 3(M) is a discrete subgroup, then M = M/T

15 a symmetric space and m: M — M is a Riemannian covering.

Proof. Let &(M) be the subgroup of J(M) generated by the geodesic symmetries
of M. Now if p € M and S denotes the geodesic symmetry of M at p, then
708 = Som, where S is the geodesic symmetry of M at p = 7(p).

Fix v € I'. Then for any point ¢ € M

m(S(vq)) = S(x(vq)) = S(x(q)) = 7(S(q)) -

Hence there is v, € I' with S(vq) = 7,5(q). Since I' acts freely and properly
discontinuously on M we get that v, does not depend on ¢. Hence S normalizes
I'. It follows that &(M) and T(M) C &(M) normalize I'. Since I is a discrete
subgroup of J(M) and T (M) is a connected Lie group, T (M) centralizes I'. Hence
[' C 3(M). Now I is discrete since the action of I on M is properly discontinuous.

Vice versa, let I' be a discrete subgroup of 3(M). Since 3(M) acts freely on M,
T acts freely and properly discontinuously on M. Hence M = M/T is a smooth
Riemannian manifold and 7 : M — M is a Riemannian covering. By Lemma 7.1,
[ is invariant under conjugation by reflections. Hence geodesic reflections are well
defined isometries on M and hence M is a symmetric space. O

We now return to the more general situation of a symmetric pair (&, K), where
& is not assumed to be effective on M = &/RK. We consider ! = {g € G |
go(g9)~" € 3(®)}.
7.3. LEMMA. The set N is a closed, o—invariant subgroup of & and N normalizes
K. For g € M we have o(g) = g~' modulo K. In particular, /R is an abelian

group.
Proof. Let § be the subgroup of & fixed by ¢ and §, be the identity component

of § Then §o C 8 C §. Let My = &/Fo. Then M, is connected, hence a
symmetric space. Since M; is complete, the exponential map T, My, — M, is

surjective, where py = [§]. Hence for each g € & there are k € §, and X € p
with g = eXk. Since
o(k)=k and o(e*)=e"
we get
go(g) ™t = (e¥k) - o(eXk) = .
Hence g = eXk € M iff e2X € 3(6). Now 3(8), the center of &, is a normal
subgroup of &. Hence X € 3(8) implies e 2% € 3(6) and also

g lo(g) = (ke ) ok e )T = ke E € 3(®).
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It follows that 91=' = 9. Now let g, h € M. Since ho(h)~! is in the center 3(&)
of & we get

(gh)a(gh)™ = gha(h)~'a(g)™ = g 'o(g) " ha(h)™" € 3(8).
It follows that 9t -9t = 91, hence N is a subgroup of G. It also follows that
N— 3(8), g~ go(g)™",

is a homomorphism. The kernel of this homomorphism is §. Hence §, and
therefore also o, is normal in 91. Now

o™ Fo)=e ¥ -Fo=(")" %,

hence for any g € M, 0(g) = ¢! modulo F,. Now a group for which the map

which sends an element to its inverse is a homomorphism is abelian. Hence 0M/F
is abelian.

Since §y C & C N we conclude that N/RK is abelian and that o(g) = ¢~
modulo R. I

For any ¢ in the normalizer Mg (R) of 8 in & we have g - 8 = 8- ¢. Hence
for any g € Mg (RK), right translation p, by ¢ is a well defined diffeomorphism of
M = 6/R,

pg(hpo) == hgpo, po = [8].
These right translations will play an important role in our discussion below. Note
that the group 91 from Lemma 7.3 is contained in 9 (R), hence right translations
by elements of 9t are defined.

Since right translations by elements from g (R) as above commute with left
translations by elements from &, any such right translation — if it happens to
be an isometry of M — is contained in the centralizer

(7.4) 35 (8) ={f € I(M) | fo)r,=Ago0 f forallg € &}

of & in J(M).

Now we assume in addition that G is semisimple. As in Theorem 6.8, let
H={g€&| )\ =id}. Let h be the Lie algebra of §. Note that §) is a normal
subgroup of &, hence b is an ideal in g. By Theorem 6.8 we have Tg(M) = &
and Jo(M) = &/$. By Proposition 4.7 we also have

g=b+g + - +gm,

where the g; are semisimple o-invariant ideals of g and (g;, s) is irreducible with
(-,-) = \;B on p;, where \; # 0, 1 < i < m. Define a non-degenerate bilinear
form A on g by A(h,g;) = A(gi,g;) =0 for all ¢ and j # i, A(X,Y) = ;B on
gi and A = B on h. Recall that on b and g;, B is the Killing form of h and g;
respectively. It follows easily that for any X € g, adx is skew symmetric with
respect to A. Since & is connected, we get that A is invariant under Ad, for all
g € &. Note that Alp = (-,).
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7.5. LEMMA. Assume that & is semisimple and let M= {g € G | go(g9)™' € Z¢}
as above. Then N = Ng(R), the normalizer of K in & and N/K = 35(B) =
3(M).
Proof. By Lemma 7.3 we have 1 C Mg (R). Vice versa, let g € N (R). We need
to show that p, is an isometry of M. To that end, we define a diffeomorphism
kg of M by

tig(hpo) = g™~ hapo,
that is, k, = )\,;1 o pg. For all h € & we have p, o A\, = Apg 0 k;. Now let
v € ThypoM, v =dN,(po) - u, where u € T,, M. Then

dpy(hpo) - v = dpg(hpo) - dAn(po) * u

= dAng(po) - drig(po) - u.
Now dk4(po) preserves the inner product in 7, M because A is invariant under
all Ad,, g € &. It follows that p, is an isometry of M. Clearly p, € 35(®). We
already know that the map 35(®) — Mg (R)/RK, sending h € 35(B) to the right

translation p,, where hpy = gpo, is an injective homomorphism. We just showed
that it is also surjective. 0]

8. THE CARTAN IMMERSION OF SYMMETRIC SPACES

In this section we assume that & is semisimple and that K is compact. As usual,
let M =®/K and 7 : & — M be the map with 7(g) = gpo, where py = [R]. The
group & acts on itself by g x h := gho(g)~". We let 8 be the orbit of the neutral
element,

(8.1) P={go(g)"" g€ &}.
Then P is an embedded submanifold of & with 7,8 = p. To see this, we choose
open neighborhoods U of 0 in € and V of 0 in p such that

exp: U4V 5 exp(U+V)=WC®

is a diffeomorphism onto its image. Then

exp(V)={g e Wla(g)=97"}.

On the other hand, if o(h) = h™' for some h € &, then this property holds for
any element in the &-orbit of h. Hence PN W = exp(V). Hence PN W is
an embedded submanifold in W. Since ‘B is an orbit, it follows that ¢ is an
embedded submanifold as claimed.

We endow ‘B with the &—invariant Riemannian metric which is equal to the
given inner product on p (when identified with 7}, M).

Since o (k) = k for all k € K, the map ¢ : & — &, p(g) = go(g) " factorizes
over M: there is a (smooth) map

(8.2) ®:M—>& with dor=op.

The map @ is called the Cartan immersion of M.
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8.3. THEOREM. The submanifold B is closed and B = exp(p). Furthermore, B is
totally geodesic with respect to the bi—invariant connection of & and a symmetric
space with respect to the &—invariant metric above.

The image of ® is equal to P and & : M — P is a covering with | P.v|| = 2||v||
for all v € TM. The covering ® is normal with |§/R| leaves and its group of
covering transformations consists of the right translation by elements of T/ K.

Proof. Since the exponential map T,,M — M is surjective, each element of & is
of the form g = exp(X)k with k € & X € p and such that || X|| = d(po, gpo)-
Now if ¢ = exp(X)k, then go(g)~! = exp(2X), hence the image of ¢ and of @
respectively is equal to exp(p).

If (h,) is a sequence in exp(p) with h, — h € &, then h, = exp(X,) with
X, € p such that || X,| = d(po, hnpo). But then [|X,|| is uniformly bounded
and hence X,, — X € p after passing to a subsequence if necessary. But then
h = exp(X) and therefore exp(p) is closed.

Now & is a Lie group and the Adg—invariant non—degenerate bilinear form A
as in Lemma 7.5 gives rise to a bi—invariant pseudo—Riemannian metric on G,
also denote A. The left (or right) translates of 1-parameter subgroups of G are
the geodesics of A. Hence B is totally geodesic with respect to A and therefore,
since & is connected, P = exp(p). It follows immediately from the definiton
that ||¢.X|| = 2]|X]||. Via the identification 7, : p — T,,, M, A corresponds to the
Riemannian metric on M. Therefore also ||®,X || = 2||X||. Hence ® is a covering.

Now R is normal in § by Lemma 7.3, hence the group of covering transformation
M — P can be identified with right translation by element of F/8&. It follows
that 9B is symmetric. (This can also be seen directly.) O
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9. RANK AND MAXIMAL FLATS

Throughout, we represent a given symmetric space M by a Riemannian sym-
metric pair (G, K), where G is connected and K is compact. We let o be the
corresponding automorphism of G and denote by s = o, the differential of o at
the neutral element e € G. As usual, we let g = € + p be the decomposition of
the Lie algebra g of G into (+1) and (—1)—eigenspace of s.

A subspace a C p is a subalgebra if and only if a is abelian. This is an

immediate consequence of [p,p] C €. Clearly, any 1-dimensional subspace of p is
abelian. Tt follows that any X € p is contained in a maximal abelian subspace
of p. This section is devoted to the discussion of maximal abelian subspaces of p
and the corresponding totally geodesic submanifolds of M.
9.1. LEMMA. Let g = go + -+ + @gm be a decomposition into s—invariant ideals
and g; = & + p; be the decomposition of g; into the eigenspaces of s as usual.
Then a C p is a mazximal abelian subspace if and only if a = ag+ - - -+ a,,, where
a; C p; 48 a mazrimal abelian subspace.

In particular, if g = go+- - -+ gum, is the decomposition as in 777, then a maximal
abelian subspace a in p contains pg since [pg, po] = {0}. Together with Lemma 9.1
this reduces the proof of (most of) the statements below to the case where g is
semisimple, that is, where gy = {0}.

In a similar vein, if g = €+ p is of the noncompact type and g* = € + ip is the
dual involutive Riemannian Lie algebra, then a C p is maximal abelian if and
only if ¢a C ip is maximal abelian. Again by Lemma 9.1 we can restrict in the
proof of most of the statements below to the case where g is of compact type.
9.2. THEOREM. Let a C p be mazimal abelian. Then the connected Lie subgroup
A of G with Lie algebra a is closed and F = Apy is a closed, totally geodesic, flat
submanifold of M.

The submanifolds F' = Ap, as above are called mazimal flats.

Proof of Theorem 9.2. We note first that A is abelian and connected, hence the
closure A is an abelian and connected subgroup of G. Now P = exp(p) is a closed
submanifold of G, see ???, therefore A C P. It follows that the tangent space @
of A at the neutral element of G is an abelian subspace of g with a C @ C p. By
maximality of a we conclude a = a. Hence A = A, the first assertion.

By 777, F = Apy is a totally geodesic, flat submanifold of M. It remains to
show that F' is closed. To that end, let (p,) be a sequence in F' converging to
p € M. Then we have p, = g,po for appropriately chosen ¢, € A. Now since
K is compact and the sequence (p,) converges, the sequence (g,) is contained
in a compact part of G. Passing to a subsequence if necessary we may therefore
assume that (g,) converges to some ¢ € G. By what we proved above we have
g € A and hence p € F. O
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9.3. LEMMA. Let a C p be maximal abelian. Then there is X € a whose central-
wzer in P s equal to a,
pX)Np=a.

Vectors X € a with centralizer in p equal to a are called regular.

Proof of Lemma 9.5. By what we said above we can assume that g and hence G
is of compact type. Then A = exp(a) is a torus. Hence there existis X € a with
exp(tX), t € R, dense in A.

Let Z € p commute with X, [Z, X] = 0. Then exp(sZ) and exp(tX) commute
for all s, € R. By the density of exp(tX), ¢t € R, in A it follows that exp(sZ)
commutes with A for all s € Z. Differentiating at s = 0, we conclude that
[Z,a] = {0}. Since a is maximal abelian in p we get Z € a. O

9.4. LEMMA. Let a C p be mazimal abelian. Let X € a be reqular and Y € p.
On K, consider the function

f(k) = B(Ad,Y, X).
Then Ad, Y € a for any critical point k of f.
Proof. Let k be a critical point of f. Then for any Z € ¢,

0= 0y(f(e"”k))]e=o
— B([Z, AdyY], X) = B(Z, [Ad)Y, X)).

Since B is negative definite on €, we conclude, [Ad, Y, X] = 0. Since X is regular,
Adk Y €a. Ol

9.5. THEOREM. If a,d’ C p are mazximal abelian, then there is k € Ky with
Adya=d. Furthermore,

UkEKo Adk a= p .

Proof. Recall that for any k € K, Ady is an automorphism of g and that Adg p =
p. Now if Y € d is regular, then a' is the centralizer of Y in p. Therefore for
any k € K, Ad,d is the centralizer of Ad,Y in p. Now by Lemma 9.4 there
is k € Ky with Ad,Y € a. But then a C Adia’ by what we just said. Hence
dima < dima’. Reversing the roles of a and a’, we conclude dim a = dim a’ and
a = Ad,d. O

By Theorem 9.5, the dimension of maximal abelian subspaces of p coincides;
it is called the rank of M. By definition, the rank of M is equal to the dimension
of maximal flats in M.

9.6. COROLLARY. Let F,F' be maximal subspaces, p € F and p' € F'. Then
there is g € G with gF = F" and gp =1p'.

We discuss an important application to compact Lie groups. As a preparation
we need the following result.
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9.7. LEMMA. Let G be a compact connected Lie group and T C G a closed,
connected, abelian subgroup — a torus. Let g € Zg(T), the centralizer of T in
G. Then there is a torus T" C G containing g and T. In particular, Zg(T) is
connected.

Proof. Let A be the closure of the subgroup of G generated by g and T. Then
A is a compact abelian Lie subgroup of G and the component Aj of the identity
of A is a torus. Now A/Ay is generated by [g] = gAp since Ay contains T'. Since
A/ A, is finite, there exists an n > 1 with [¢"] = 1, that is, with ¢" € Ay. Recall
that Ay is a torus, hence there is a € Ay such that {a™ | m € Z} is dense in A,.
Furthermore, there is b € Ay with (bg)™ = a. Then the closure of {(bg)" | k € Z}
contains A, and meets all the components of A, hence contains A. Now there is
X € g with exp X = bg. Hence the closure 7" of {exp(tX) | t € R} is a closed,
connected, abelian subgroup of G' containing A. Hence T is a torus containing
g and T. 0]

9.8. THEOREM. Let G be a compact connected Lie group. Then

(1) mazimal abelian subgroups of G are tori;
(2) any tow maximal tori in G are conjugate.

In particular, any element of G is contained in a maximal torus.

Proof. This is immediate from our discussion of compact connected Lie group as
symmetric spaces and the discussion of maximal flat subspaces above. 0]
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10. RooTs AND WEYL CHAMBERS

We assume that (g, s, (-,-)) is an orthogonal symmetric Lie algebra of compact
type. As usual, we decompose g = € + p into the eigenspaces of s. Without loss
of generality we can assume in our discussion below that the inner product on p
is equal to —B, where B is the Killing form of g.

We fix a maximal abelian subspace a C p. Typical elements from a will be
denoted H, whereas typical elements from g will be denoted X,Y, Z.

Let gc be the complexefication of g. For any o € Homg(a, R), we let

(10.1) gt ={X €gclady X =ia(H)X for all H € a}.
It is immediate from the Jacobi equation that

(10.2) (98, 92] C g**7.

Each ady, H € a, is skewsymmetric, hence for any adz—invariant subspace V' C
gc, the orthogonal complement is ady—invariant as well. Since all ady, H € a,
commute with each other, we get a decomposition

(10.3) gc=) gt

In the direct sum decomposition (10.3), we only list those o with g¢ # {0}.
These « are called the roots and the corresponding spaces g¢& # {0} are called
root spaces. The set of roots is denoted A, the subset of nonzero roots is denoted
A*. Note that A < dim g.

For X € gc, denote by X the conjugate element. Let & € A, H € a and
X € g&. Then H = H and hence

[H,X]=[H,X] = —ia(H)X .

Hence
(10.4) ¢ = g5
Since s is an involutive automorphism of g and sH = —H, we also have

[H,sX]| = s[sH, X] = —ia(H)sX
and therefore

(10.5) s(ge) = 9"
Thus the set of root spaces g¢ is invariant under s and under conjugation and,
furthermore, A = —A.

Each o € A* defines a hyperplane in g, namely {o = 0}. These hyperplanes
are called walls. We say that H € a is regular if «(H) # 0 for all & € A*, that
is, if H is not contained in a wall. Otherwise we call H singular. Below we will
show that this notion of regular and singular coincides with the one introduced
before. The connected components of the set of regular elements of a are called
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Weyl chambers. The choice of a Weyl chamber C determines a partition of A*
into positive and negative roots,

At ={ae A" |a>00onC},

10.6

(10.6) A" ={a€e A" |a<0onC}.
We have

(10.7) A*=ATUA" and A =-A".

Once and for all we choose a Weyl chamber C and the corresponding partition of
the roots into positive and negative roots. In examples such a choice is more or
less natural. For o € AT we set

(10.8) g =g 0N (8¢ +9c%)-

Then g* is invariant under s and hence

(10.9) g =% +p°

with

(10.10) e*=tnNng* and p*=pn g*.

We also set

(10.11) g’ =gNge =s(a).

Note that

(10.12) =tNng’=3(a) and p’=pn g’ =3,(a)=a.

Let « € A and X,Y € g with X —¢Y € g2. Then
[H,X|—i[H,Y]|=[H,X —iY]=ia(H)(X —iY)
= —ia(H)X +a(H)Y

and hence

(10.13) H,X|=«a(H)Y, [HY]=-a(H)X.

Motivated by this computation we say that X € €* and Y € p® are related if
X —1iY € g¢.

10.14. LEMMA. Let o € A and fix H € a with o(H) # 0. Then ﬁ ady is an

orthogonal isomorphism between €* and p* independent of the choice of H and
Y € p® is related to X € € if and only if Y = ﬁ ady X.
Proof. Let X € £*. By the definition of ¢, there is Y € g with

X —iY ege, X+iY egr”.

Hence X and Y are related and [H, X] = «(H)Y, [H,Y] = —a(H)X. Vice versa,
for Y € p® there is x € £* such that X and Y are related. Hence for H regular,

—a(ﬁq) adg is an isomorphism between £* and p®.
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It remains to show that ||X|| = [|Y||. Now s is orthogonal and g& L g:®.
Hence
X7 = (X =) + s(X —aY)|]”
= [(X —iV)[|* + [|(X —i¥)|?
= |(X —4Y) — s(X —iY) || = 4||Y||*.

L
a(H)

Let 7 = X —1iY € g¢ as above. Then for all H € a,
[H X, Y]] = [[H, X], Y]+ [X, [H, Y] = 0.

Now [X,Y] € p, hence [X,Y] is in 3,(a) = a.
10.15. LEMMA. Let o« € A" and X € €, Y € p® be related unit vectors. Then
H, = [X,Y] does not depend on the choice of X,Y. In fact

(Hy,H) =a(H) forallH € a.

Hence adg is an orthogonal transformation as claimed. 0

Proof. We have

B(H,,H)=B(|X,Y],H) = B(X,[Y,H]) = a(H)B(X,Y).
Now B = —(-,-), hence the claim. O
10.16. LEMMA. Let H € a. Then the centralizer of H in g is

(H) =g+ ) g*.
a>0
a(H)=0
In particular, H is reqular if and only if 34(H) is equal to g° or respectively if
and only if 3,(H) = a.

Proof. We compute centralizers in gc. Let X € gc and decompose X =) X,
with X, € g¢. Then
[H,X]= ) ia(H)X,.
a(H)#0
Hence [H, X] = 0 if and only if X, =0 for all « € A with «(H) # 0. Hence X is
in the centralizer of H in g¢ if and only if X € Za(H):O g&. The assertion about
3q(H) is an immediate consequence. O

We now assume that (&, K) is a Riemannian symmetric pair of compact type
with associated orthogonal symmetric Lie algebra (g, s, —B) as above. We let
a C p be maximal abelian and 2 be the connected subgroup of & with Lie
algebra a. Then
(10.17) Na(a) ={k € K| Ad¢(a) =a} = {k € R | kAL~ = A}
and
(10.18)  3ga(a) ={k € K| Ady|a=id,} = {k € &]| kgk™" = g for all g € A}
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are called the normalizer and centralizer of a in K respectively. The Lie algebras
of Ng(a) and 34(a) are denoted ng(a) and 34(a) respectively.
10.19. LEMMA. ng(a) = 3g(a)

Proof. Let X € ng(a). Then [H, X] € a for all H € a and hence
B([H,X],[H,X]) = B([[H, X],H],X)=0.
Now B is negative definite on g since g is of compact type. Hence [H, X| =0. O

Now 9g(a) and 3g(a) are closed subgroups of the compact group K. Hence
both groups are compact. By the lemma, 20 = Mg (a)/3a(a) is finite. We call 20
the Weyl group.

10.20. LEMMA. Let o € A* be a root and s, be the reflection of a about the wall
{a =0}. Then there is k € Ng(a) with Ady = s, on a.

Proof. Let X € £*,Y € p® be related unit vectors and H, = [X,Y]. Then
d2n71(Ha) = (—a(H,))"Y, ad%?(Ha) = (—a(Ha))"Ho -
Now a(H,) = ||H,.||?, hence
Adexp(ex)(Hy) = exp(tadx)(Ha)
(=1)" n n
=) @n) (t[ Hal)*" Ha +Z t||H DY

n>0

= cos(t]|Hall) Ha — || Hall Sln(75||Ha||)
Therefore for t = /|| H,||,

Adexp(tX) (Ha) =—-H,.
For H 1 H,, we have [X, H] = —a(H)Y = 0 and hence
Adexp(tX)(H) =H

for such H. Hence ¢ = exp(tX) with ¢t = 7/||H,|| is an element of N (a) realizing
the reflection s,,. O

10.21. THEOREM. The Weyl group 20 = Ng(a)/3a(a) acts simply transitively on
the Weyl chambers of a. Furthermore, 20 is generated by the reflections about
the hyperplanes {a = 0}, a € A*.

Proof. By Lemma 10.20, the reflections s, about the hyperplanes {«e = 0} belong
to 20. Now let C, C" be Weyl chambers. Since pairwise intersections {a =
0}N{B = 0} between linearily independent roots are subspaces of a of codimension
two, there is a continuous curve ¢ : [0,1] — a with ¢(0) € C and ¢(1) € C' such
that ¢ does not meet such intersections and such that c||[t;, t;11] is contained in
a closed Weyl chamber C; with Cy = C, C;, = C’ for some appropriate subdivision
to=0<t; <... <tk+1:1 of[O,l] Then

C(ti) S C_i—l N C_l C {Oli = 0}
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for some root o; € A*, 1 < k, hence

Sa; (Cifl) =G
and therefore
Say Sy (C) =C".
This shows that the subgroup of 20 generated by the reflections s,, a € A*, is
transitive on the set of Weyl chambers in a.
It remains to show that 20 acts simply transitively on the set of Weyl chambers
in a. To that end it suffices to show that the stabilizer in 20 of a prefered Weyl

chamber C is trivial. Suppose w(C) = C for some w € 2. Since 20 is finite, there
is n > 1 such that w™ = 1. Choose Hy € C and set

H:H0+w(HO)++wn—l(H0)

Since C is a convex cone and w(C) = C we have H € C. Since w" = 1 we
have w(H) = H. Let T be the closure of {exp(tH) | t € R}. Then T is a
closed connected abelian subgroup of &, hence a torus. Furthermore, 34(%) =
3e({exp(tH) | t € R}), hence 34(t) = 34(H), where t is the Lie algebra of . By
77?7, 36(H) = 3¢(F) is connected.

Now choose k € Mg(a) with Ady = w on a. Then Ady(H) = H, hence
k € 3a(%). Therefore k = exp(X) for some X € 34(a)) = 3,(H). Now H € C,
hence a(H) # 0 for all & € A* and hence 34(H) = 34(a). But then X € 34(a),
hence k € 3¢(a). This implies w = 1. O

10.22. LEMMA. Let b C a be a subspace and suppose Ady(b) C a for some € € K.
Then there is w € W with Adx(H) = w(H) for all H € b.

Proof. Let 3¢(b) be the centralizer of b in &. Now b is invariant under the
involutions o, = s of g, s(b) = b. Hence

3a(b) = 3e(b) + 3,(0).
Let H € a, X € 3,(b), k € 35(b). Then
Adi(X) € pN3g(b) = 3p(b) -
Hence for all H' € b,
[H',[H, Ady(X)]] = [[H', H], Adg(X)] + [H, [H', Adg(X)]] = 0,

and therefore [H, Ady(X)] € 3¢(b).
Now consider the connected component 3 of the identity of 3g(b). On 3N K,
consider the smooth function
f(k) = B(H, Adp(X)),

where H € a, X € 3,(b) are as above and where we assume that H is regular. If
k is a critical point of f, then

0= B(H,[Ad(X),Y]) = B([H, Ad(X)], Y)
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for all Y € 3(b). Now [H,Ady(X)] € 3e(b) by what we said above, hence
[H,Ad(X)] = 0. Since X is regular, we conclude that Adg(X) € a.
Now choose k = kg as in the assertion and X regular in Ad,'(a) D b. Then

Ady ! (a) = 3,(X) C 3,(b).
Let k = k; € 3NK be a critical point of the function f as above. Then Ady, (X) €
a, hence
Ady () C 3p(X) = Ady, (a);
therefore
Ad,:ll(a) = Ad,;ol(a) )

Hence k = kok[' € Mga(a). Since k; € 3N K, Ady = Ady, on b so that w = Ady|a
satisfies the requirement. O

10.23. COROLLARY. For any X € p, Adg(X) = Adg,(X). For any p € M,
Kp = Kop-

Proof. Tt suffices to consider the case where X,Y € a and Y = Ad,(X) for some
k € R. Then by Lemma 10.22 we can assume k € 9g(a). But 20 is generated by
reflections and these are by elements in Ky, hence the assertion. O

10.24. COROLLARY. Let H € a, Y € p and suppose that exp(H )py = exp(Y)py =
p. Suppose furthermore that p is not conjugate to py along the geodesic cy(t) =
exp(tH)py, t € R. Then [H,Y] = 0.
In particular, there is k € 8 with Adg(Y) =: H' € a, Adg(H) = H and
exp(H')py = p.
Proof. By assumption, there is k& € £ with exp(H) = exp(Y)k; hence for all
teR,
e Mee = k7 '™k = exp(tAd,'Y) .
Therefore
exp(—adg)(Y) = Adexlp( )
Y=Y+ naVa
with Yy € a and unit vectors Y, € p*, a > 0. Let X, € £* be related with Y.
Then for all H € a,

(V)= Ad, (V) €ep.
Now

exp(—ady)(Ya) = Yy — a(H) X, — ( (H))*Ya + = ( (H)*X,+ ...
= cos(a(H))Y, —s1n( (H))X,.

Since the resulting vector is in p we conclude o(H) € 7Z if n, # 0. But then p
is conjugate to py along cy, a contradiction. 0]

)
)
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11. EXAMPLES

GRASSMANNIANS
Let K € {R,C} and Gk(p,q) be the Grassmann manifold of p-planes in KP*9.

We show that Gk (p, ¢) together with a natural metric is a Riemannian symmetric
space.

The natural action of & = S0(p + ¢) on Ggr(p, q) is transitive. The stabilizer
of the p-plane R? x {0} € RP*? is 8 = S(0(p) x 0(q)), hence

Gr(p,q) = SO(p + )/S(0(p) x 0(q)) -
Similarly, the natural action of & = U(p + ¢q) on Gc¢(p,q) is transitive. The

stabilizer of the p-plane C* x {0} c C*7 is K = U(p) x U(q), hence
Ge(p,q) =Ulp+q)/U(p) x U(q).

In either case, let S be the reflection of KP*? in K? x {0}. Then conjugation with
S is an involutive automorphism of & with K as its set of fixed points. Hence
(8, R) is a symmetric pair.

We write square (p + ¢)-matrices as blocks of four matrices corresponding to
the prefered decomposition KPT? = KP x K. In the case of a matrix M with real
entries, M* denotes the transposed matrix of M. In the case where the entries
of M are complex, M* denotes the transposed of the conjugate matrix M of M.
With this notation

(11.1) - {(g 3)

(11.2) p= {(; _g(*> ‘X € MatK(q,p)} =~ Matg(q,p) .

Furthermore,

(6 03 )= (o lae T77)

Since U* = —U and V* = —V the RHS belongs to p. We also have

0 —X* 0 —-Y*\| _ [([Y'X-X"Y 0
X 0 )’\Y 0 - 0 YX*—XY*) "

There is an Adg—invariant scalar product on g,

Ut =-U, V*:—V},

(A,B) = _% tr(AB).

[ts restriction to p turns (&, KR) into a Riemannian symmetric pair. With re-
spect to the identification p = Matg(q,p) indicated by the notation above, the
curvature tensor is given by

RIXYVNZ =XY"Z+ZY*'X -YX"'Z - ZX"Y .
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Inside Gk(p,q), we consider the open subset G (p,q) of p-planes on which the
non-degenerate symmetric bilinear form with fundamental matrix

(11.3) A= (‘01 ?)

is negative definite. The group & = 0(p, q) respectively & = U(p,q) of linear
transformation preserving this form is transitive on G (p, ¢) and

Ggr(p,q) = 0(p,q)/0(p) x 0(q), Gec(p,q) =U(p,q)/U(p) x U(q)

The reflection of KP*? in KP x {0} with respect to A coincides with the above
reflection S. Conjugation with S is an involutive automorphism of & which has
£ = 0(p) x 0(q) respectively & = U(p) x U(q) as its set of fixed points. Hence
(8, fK) is a symmetric pair. We have

B !

0 X*
(11.5) p= {(X 0 ) ‘X € MatK(q,p)} = Matx(q,p) -
The Lie bracket in £ is as above, but there is a change in the Lie brackets [€, p]
and [p, pl,
U 0 0 X*\| _ 0 UX* - X*V
0 V)'\X 0 - \VX -XU 0
and

0 X*\ [0 v\]_ [(V'X-XY 0
X o0)'\v o)|~ 0 YX*— XY*) "

We see that with respect to the identification p = Matg(q, p), the Lie bracket [£, p]
remains the same, but the Lie bracket [p, p] changes sign. There is a corresponding
change in sign for the curvature tensor.

LLIE GROUPS WITH BI-INVARIANT METRICS
Let £ be a connected Lie group with a bi-invariant metric and set & = £ x £.

Then the diagonal
R={(g.9)lge &}

is the set of fixed points of the involution
o(g,h) = (h,9)
of &. We conclude that (&, f) is a Riemannian symmetric pair. The map

f:6/8—= L (g,h) R gh™!
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is a G-invariant diffeomorphism. Here & acts on £ by (g,h) - = glh™". With
respect to this diffeomorphism, the reflection in the neutral element e € £ is the
inversion of L, [ — [~'. We have

fem (X, —=X) = 2X,

which results in the factor 1/4 in the usual formula for the curvature tensor of
bi-invariant metrics on Lie groups.
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12. APPENDIX ON LIE ALGEBRAS

We discuss some elementary facts from the theory of Lie algebras. Let K be a
field and g be a Lie algebra over K. Denote by B the Killing form of g.
12.1. LEMMA. Let §h C g be an ideal. Then
(1) B|b is the Killing form of b.
(2) bt ={X € g| B(X,h) =0} is an ideal.

Proof. The first assertion is clear since adyx(g) C b for all X € h. As for the
second, let X € b+, Y € g, Z € h. Then

B([X,Y],Z) = B(X,[Y, Z]) =0,
hence [X,Y] € ht. Hence ht is an ideal. O

12.2. LEMMA. Suppose g is semisimple and b C g is an abelian ideal. Then
b ={0}.

Proof. Let X € b, Y € g. Then adyx oady = 0 on h and the image of adx o ady
is contained in h. Hence B(X,Y) = 0. Since g is semisimple, X = 0. Il

12.3. COROLLARY. If g is semisimple, then the center of g is trivial.
12.4. LEMMA. Suppose g is semisimple. Let h C g be an ideal. Then b is
semisimple, h N ht = {0} and g = h + bt

Proof. Let X € h,Y € b, Z € g. Then
B([X,Y], Z) = B(X,[Y,Z]) = 0

since X € h and [V, Z] € ht. Therefore h N h* is an abelian ideal in g. Hence
bt = {0}. O

12.5. PROPOSITION. Suppose g is semisimple. Then there is a unique decompo-
sition,

g=061+ "+ 0n
of g into simple ideals. If h C g is an ideal, then there are iy,...,ix € {1,...,m}
such that b = g, +---+ gi,. If s is an automorphism of g, then there is a
permutation o of {1,...,m} such that 5(gi) = g.()-

Proof. The existence of a decomposition g = g; + ...+ g,, of g into simple ideals
is immediate from what we said above. As for the other assertions, we only need
to show that any simple ideal b of g is equal to some g;. Now [g;, h] = 0 for all ¢
implies that h belongs to the center of g. By the above this implies h = {0}, a
contradiction. On the other hand, suppose [g;, h] # {0} for some i. Then since
g; and b are ideals, g; N h D [g;, b] # {0}. Now g; D g;Nh C h and g; and h are
simple. Since g; N § is a nontrivial ideal, we get g, = g; N Hh = h. U



