
SYMMETRIC SPACESWERNER BALLMANNLet M be a 
onne
ted Riemannian manifold. We say that M is a symmetri
spa
e if for ea
h point p 2 M there is an isometry Sp : M ! M with Sp(p) = pand dSp(p) = � id : TpM ! TpM . We 
all Sp the geodesi
 symmetry or geodesi
re
e
tion at p sin
e for any unit speed geodesi
 
 in M with 
(0) = p we haveSp(
(t)) = 
(�t). The founding father of the theory of symmetri
 spa
es is ElieCartan. Most of what we dis
uss in these le
ture notes is due to him.The model spa
es of 
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urvature are symmetri
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2 WERNER BALLMANN1. PreliminariesLet M be a 
onne
ted Riemannian manifold, D be the Levi-Civita 
onne
tionof M and exp be the exponential map asso
iated to D.Let p 2 M . An orthonormal frame of M at p is an orthogonal isomorphism' : Rn ! TpM . If ' is an orthonormal frame of M at p then we 
all p the footpoint of '. The set OM of all orthonormal frames of M has a 
anoni
al smoothstru
ture su
h that for any other manifold N , a map f : N ! OM is smooth i�for any �xed ve
tor v 2 Rn the map N 3 q 7! f(q)(v) 2 TM is smooth. Withrespe
t to this smooth stru
ture on OM , the proje
tion � : OM !M to the footpoint is a smooth submersion. We denote by OpM the �ber of � over p, that is,the set of all orthonormal frames of M at p.Denote by I(M) the group of isometries of M . We endow I(M) with the
ompa
t{open topology. In this topology, a sequen
e (fn) of isometries of M
onverges to an isometry f of M i� it 
onverges uniformly to f on 
ompa
tsubsets of M . It is immediate that the 
ompa
t{open topology turns I(M) intoa topologi
al group.Let p 2M and f : M !M be an isometry of M . Then(1.1) expf(p) Æf�p = f Æ expp :It follows immediately that f is determined by its value and di�erential at p andthat for any �xed frame ' 2 OpM the map(1.2) I(M)! OM ; f 7! f�p Æ 'is an embedding of I(M) into OM . In parti
ular, I(M) is a lo
ally 
ompa
ttopologi
al group. It is not too hard to prove that the image is a smooth sub-manifold of OM and that the 
orresponding smooth stru
ture is independent ofthe 
hoi
e of p and ' and that I(M) with this smooth stru
ture is a Lie group.We will not need these fa
ts in this generality. In the 
ase of symmetri
 spa
es,there is an easier argument whi
h we will dis
uss further below.Consider a Riemannian 
overing � : M ! �M with M and �M 
omplete and
onne
ted. Let � be the group of 
overing transformations of �. Then � � I(M).Denote by Z(�) the 
entralizer of � in I0(M).1.3. Lemma. If �M is homogeneous, then Z(�) is transitive on M and hen
e Mis homogeneous.Proof. Let �X be a Killing �eld on �M and X be the lift of �X to M . Then Xis a Killing �eld on M . Let f be the 
ow of X, �f be the 
ow of �X. Then�(ft(p)) = �ft(�(p)) for all p 2M and t 2 R. Let 
 2 � and p 2M . For all t 2 R�(ft(
p)) = �ft(�(
p)) = �ft(�(p)) = �(ft(p)) :It follows that there is a 
t 2 � withft(
p) = 
tft(p) :



SYMMETRIC SPACES 3The left hand side is 
ontinuous in t. Sin
e � a
ts properly dis
ontinuously andfreely, it follows that 
t is 
onstant in t. Substituting t = 0 we get 
t = 
 for allt. Hen
e ft(
p) = 
ft(p) and hen
e � 
entralizes the 
ow ft.Now �M is homogeneous. Hen
e for ea
h point �p of M and ea
h tangent ve
tor�v of �M at �p, there is a Killing �eld �X on �M with �X(�p) = �v. Lifting Killing �eldsfrom M to �M shows that the analogous property holds for Killing �elds on Mwhose 
ow 
ommutes with �. It follows easily that the 
entralizer Z(�) of � inI0(M) is transitive on M as 
laimed. �1.4. Lemma. If Z(�) is transitive onM and � is normal, then �M is homogeneous.Proof. Sin
e � is normal, � is transitive on the �bers of �. Hen
e g 2 Z(�) maps�bers of � to �bers of �. Therefore ea
h g 2 Z(�) indu
es an isometry of �M . �An isometry f :M !M is 
alled a transve
tion if there is a point pinM and apie
ewise smooth 
urve 
 from p to f(p) su
h that df(p) = P
, where P
 denotesparallel translation along 
.1.5. Lemma. Suppose f is a transve
tion and 
 : [a; b℄ ! M a pie
ewise smooth
urve from p = 
(a) to f(p) = 
(b) su
h that df(p) = P
. Let q 2 M be anotherpoint and � be a pie
ewise smooth 
urve from p to q. Then df(q) = P~
, where~
 = ��1 � 
 � (f Æ �).Proof. Sin
e f is an isometry, we haveP(fÆ�) � df(p) � P�1� = df(q) :By assumption, df(p) = P
. �It follows that the 
omposition of transve
tions is a transve
tion. It is immedi-ate from the de�nition that the inverse of a transve
tion is a transve
tion. Hen
ethe set T(M) of transve
tions is a subgroup of the isometry group I(M) of M .Now for any isometry g and transve
tion f of M , d(gfg�1)(gp) = Pg
, where pand 
 are 
hosen as in the de�nition, that is, df(p) = P
. Hen
e T(M) is normalin I(M). 2. Lo
ally Symmetri
 and Symmetri
 Spa
esLet M be a 
onne
ted Riemannian manifold. Denote by D the Levi{Civita
onne
tion of M . We say that M is a lo
ally symmetri
 spa
e if for ea
h pointp 2 M there is an r > 0 and an isometry Sp : Br(p) ! Br(p) with Sp(p) = pand dSp(p) = � id : TpM ! TpM . Sin
e isometries map geodesi
s to geodesi
s,Sp re
e
ts geodesi
s through p. For that reason we 
all Sp the (lo
al) geodesi
symmetry or (lo
al) geodesi
 re
e
tion at p.2.1. Lemma. The following 
onditions are equivalent:(1) M is lo
ally symmetri
;(2) R is parallel;(3) for any geodesi
 
 in M , R
 = R( : ; _
) _
 is parallel along 
.



4 WERNER BALLMANNProof. Suppose �rst that M is lo
ally symmetri
 in the sense of the de�nitionand let p 2 M . Then S�p(DR) = DR sin
e Sp is an isometry. Hen
e for ve
torsu; x; y; z 2 TpM ,�(DuR)(x; y; z) = dSp((DuR)(x; y; z))= (DdSp(u)R)(dSp(x); dSp(y); dSp(z))= (D�uR)(�x;�y;�z) = DuR(x; y; z) :We 
on
lude that DR = 0, that is, that R is parallel.Suppose now that R is parallel and let 
 be a geodesi
 in M . Let E be aparallel ve
tor �eld along 
. Sin
e _
 is parallel along 
 and DR = 0, we get(DtR
) � E = Dt(R
 � E) = Dt(R(E; _
) _
) = 0 :Hen
e R
 is parallel along 
.Suppose now that R
 is parallel along 
 for ea
h geodesi
 
 in M . Let p 2 Mand r > 0 be smaller than the inje
tivity radius ofM at p. Consider the geodesi
symmetry Sp = expp Æ(� id) Æ exp�1p : Br(p)! Br(p) :We prove that Sp is an isometry. To that end, we let 
 : (�r; r) ! M be a unitspeed geodesi
 with 
(0) = p and E1; : : : ; En be a parallel frame along 
. Weset R
 � Ei = RkiEk. Sin
e R
 is parallel along 
, the fun
tions Rki are 
onstant.Hen
e if J = jkEk is a Ja
obi �eld along 
, then(jk)00 +Rki ji = 0 ; 1 � i � n :Sin
e the Ja
obi equation has 
onstant 
oeÆ
ients, it follows that jk(�t) =�jk(t) if J(0) = 0. Sin
e E1; : : : ; En is a parallel basis along 
, we 
on
ludethat then kdSp(J(t))k = kJ(�t)k = kJ(t)k:It follows that Sp is an isometry. �The last part of this argument also gives the following result.2.2. Theorem. Let M and ~M be lo
ally symmetri
 spa
es, let p 2 M , ~p 2 ~Mand L : TpM ! T~p ~M be a linear isomorphism with L�~g~p = gp and L� ~R~p = Rp.Let r > 0 be smaller than the inje
tivity radius of M at p and of ~M at ~p. Thenf = ~exppÆLÆexp�1p : Br(p)! Br(~p) is an isometry with f(p) = ~p and df(p) = L.We re
all that the torsion tensor of the Levi-Civita 
onne
tion of Riemannianmanifolds vanishes and hen
e is parallel. Therefore the results of ??? apply andhave the following appli
ation.2.3. Theorem. Let M and ~M be lo
ally symmetri
 spa
es. Assume that M issimply 
onne
ted and that ~M is 
omplete. Let p 2 M and ~p 2 ~M be points andL : TpM ! T~p ~M be a linear isomorphism with L�~g~p = gp and L� ~R~p = Rp. Thenthere is a lo
al isometry f : M ! ~M with f(p) = ~p and df(p) = L.



SYMMETRIC SPACES 5We now dis
uss the relation between lo
ally symmetri
 and symmetri
 spa
es.We note �rst that a symmetri
 spa
e is lo
ally symmetri
, whereas the opposite is
learly not true. However, Theorem 2.3 has the following immediate 
onsequen
e.2.4. Theorem. Let M be a 
omplete and simply 
onne
ted lo
ally symmetri
spa
e. Then M is a symmetri
 spa
e.Vi
e versa, a symmetri
 spa
e is automati
ally 
omplete as we will see now.2.5. Proposition. Let M be a symmetri
 spa
e. Then M is 
omplete and ho-mogeneous.Proof. Let 
 : (a; b)!M be a maximal geodesi
. We need to show that a = �1and b =1. Suppose for example that b <1 and 
hoose t0 2 (a; b) with b� t0 <t0 � a. Set p = 
(t0). Sin
e Sp is an isometry, the 
urve ~
(t) := Sp(
(2t0 � t)),2t0 � b < t < 2t0 � a, is also a maximal geodesi
. Moreover, _~
(t0) = _
(t0), hen
e~
 = 
. On the other hand we have 2t0 � a > b, a 
ontradi
tion. Hen
e maximalgeodesi
s on M are de�ned on all of R and hen
e M is 
omplete.Let p0; p1 2 M . Sin
e M is 
omplete, there is a geodesi
 
 : [0; 1℄ ! M fromp0 to p1. Then the geodesi
 re
e
tion Sp in the point p = 
(1=2) reverses 
 andtherefore maps p0 to p1. Hen
e M is homogeneous. �3. Infinitesimal DataLet M be a lo
ally symmetri
 spa
e and let p0 2 M . Choose r > 0 su
h thatfor any p 2 Br(p0), the (lo
al) geodesi
 symmetry Sp is de�ned on Br(p). Thisholds for example if for any p 2 Br(p0), the exponential mapexp : Br(0p)! Br(p)is a di�eomorphism. If M is a symmetri
 spa
e, we may 
hoose r = 1. In thisse
tion, we study the Lie algebra g� of Killing �elds on Br(p0).We �rst 
onsider Killing �elds whose (lo
al) 
ow preserves p0. Let A : Tp0M !Tp0M be an endomorphism. Then(3.1) Lt = exp(tA) = etA = 1 + A+ 12A2 + � � � ; t 2 R ;is a smooth 1{parameter group of automorphisms of Tp0M . Di�erentiating weget that these automorphisms preserve the inner produ
t h� ; �i0 on Tp0M if andonly if A is skew symmetri
 and that they preserve the 
urvature tensor R0 of Mat p0, that is, they satisfy L�tR0 = R0, if and only if(3.2) AR0(u; v)w� R0(Au; v)w� R0(u;Av)w� R0(u; v)Aw = 0for all u; v; w 2 Tp0M . Note that this 
an be understood as a formula for the
ommutator [A;R0(u; v)℄, namely(3.3) [A;R0(u; v)℄ = R0(Au; v)� R0(u;Av)



6 WERNER BALLMANNWe denote by k the spa
e of all skew symmetri
 endomorphisms of Tp0M satisfyingthe 
ommutator rule (3.3). Note that k is a Lie algebra, where we take the usual
ommutator of endomorphisms as Lie bra
ket.3.4. Lemma. Let k� = fX� 2 g� j X�(p0) = 0g. Then for any X� 2 k� we haveDX�(p0) 2 k and the map k� ! k ; X� 7! DX�(p0) ;is an inje
tive anti{homomorphism between the Lie algebras k� and k. The mapis surje
tive if M is a simply 
onne
ted symmetri
 spa
e or if for any p 2 Br(p0),the exponential map exp : Br(0p)! Br(p) is a di�eomorphism.Proof. Let X� 2 k�. Then the 
ow ft of X� �xes p0. Now X� is a Killing�eld, hen
e DX�(p0) is a skew symmetri
 endomorphism of Tp0M . Sin
e ft isa lo
al isometry, we have f �t R0 = R0 and hen
e DX�(p0) 2 k. A Killing �eldis determined by its value and 
ovariant derivative at a point, hen
e our map isinje
tive.Let X�; Y � 2 k� and set A = DX�(p0), B = DY �(p0). Then [X�; Y �℄(p0) = 0and for any u 2 Tp0M we haveDu[X�; Y �℄(p0) = DufDX�Y � �DY �X�g= D2Y �(u;X�(p)) +DDuX�Y � �D2X�(u; Y �(p))�DDuY �X� :Now X�(p0) = Y �(p0) = 0, hen
e the right hand side is equal toDDuX�Y � �DDuY �X� = BAu� ABu = �[A;B℄ u :We see that our map reverses the sign of Lie bra
kets and hen
e it is an anti{homomorphism of Lie algebras.Now assume that M is a simply 
onne
ted symmetri
 spa
e or that for anyp 2 Br(p0), the exponential map exp : Br(0p) ! Br(p) is a di�eomorphism. ByTheorem 2.3 or Theorem 2.2 respe
tively, any A 2 k gives rise to a 1{parameterfamily of isometries ft : Br(p0) ! Br(p0) with ft(p0) = p0 and dft(p0) = Lt =exp(tA). Furthermore, ft is smooth in t and fs Æ ft = fs+t for all s; t 2 R.Hen
e the family ft, t 2 R, is a 1{parameter group of isometries of Br(p0). Sin
eft(p0) = p0 for all t, the 
orresponding Killing �eldX�(p) = �t(ft(p))jt=0on Br(p0) satis�es X�(p0) = 0. Hen
e X� 2 k�. Let u 2 Tp0M and � = �(s) be a
urve with �(0) = p0 and _�(0) = u. ThenDuX� = Ds�t(ft(�(s)))js=t=0= Dt�s(ft(�(s)))jt=s=0= DtLtujt=0 = �tLtujt=0 = Auand hen
e DX�(p0) = A. This proves surje
tivity of our map. �



SYMMETRIC SPACES 7Next we 
onsider a di�erent type of isometries and Killing �elds. By the
hoi
e of r, the geodesi
 symmetry Sp is de�ned on Br(p) for any p 2 Br(p0). Let
 : (�T; T )!M be a geodesi
 through p0 with T = r=k _
k. Then the image of 
 isin Br(p0). Set ft = S
(t=2)Sp. The domain of de�nition of ft is Br(p0)\Br(
(t=2))and ft(
(s)) = 
(s+ t) if s; t; s+ t 2 (�T; T ).Let E be a parallel ve
tor �eld along 
. Then Sp0�E is parallel along Sp0 Æ 
.Sin
e Sp0(
(s)) = 
(�s) and Sp0�(p0) = � id, we getSp0�E(s) = �E(�s) :Similarly, S
(t=2)�E(s) = �E(t� s) :We 
on
lude that ft�E(s) = E(s+ t)and hen
e that dft(
(s)) is parallel translation along 
 from 
(s) to 
(s+t). Hen
eft is a transve
tion along 
. If s; t; s+ t 2 (�T; T ), thenfs Æ ft = fs+ton the 
ommon domain of de�nition of left and right hand side. Therefore we
all the family of maps ft the (lo
al) 1{parameter group of transve
tions along 
.For any p 2 Br(p0), there is an " > 0 su
h that p 2 Br(p0) \ Br(
(t=2)) for allt 2 (�"; "). We set X�(p) = �t(ft(p))jt=0 :Then X� is a Killing �eld on Br(p0). We 
all X� the in�nitesimal transve
tionalong 
.3.5. Lemma. Let u 2 Tp0M and 
 : (�T; T ) ! Br(p0) be the geodesi
 with
(0) = p and _
(0) = u. Then X� 2 g� is the in�nitesimal transve
tion along 
 ifand only if(3.6) X�(p0) = u ; DX�(p0) = 0 :In parti
ular, the spa
e p� = fX� 2 g� j DX�(p0) = 0g of in�nitesimal transve
-tions along geodesi
s through p0 is a linear subspa
e of g�.Proof. Let X� be the in�nitesimal transve
tion along 
. Then X�(p0) = u sin
eft(p0) = 
(t). As for the 
ovariant derivative of X� in p0 let v 2 Tp0M and� = �(s) be a smooth 
urve with �(0) = p0 and _�(0) = v. ThenDvX� = Ds�t(ft(�(s)))jt=s=0= Dt�s(ft(�(s)))js=t=0= Dt(ft�v)jt=0 = Dt(Ptv)jt=0 = 0 :Now a Killing �eld (on a 
onne
ted set) is determined by its value and 
ovariantderivative at one point. Hen
e the stated properties determine X� uniquely. �



8 WERNER BALLMANN3.7. Proposition. The Lie algebra g� of Killing �elds on Br(p0) splits as a dire
tsum, g� = k� + p� :We have [k�; k�℄ � k� ; [k�; p�℄ � p� ; [p�; p�℄ � k� :Furthermore, for X�; Y � 2 p� with X�(p0) = u, Y �(p0) = v and Z� 2 k� withDZ�(p0) = A we haveD[X�; Y �℄(p) = R0(u; v) and [X�; Z�℄(p0) = Au :In parti
ular, we have R0(u; v) 2 k for all u; v 2 Tp0M .Proof. The �rst assertion [k�; k�℄ � k� is obvious. Let X� 2 p�, Z� 2 k� withX�(p0) = u and DZ�(p0) = A. Then DZ�(p0) = 0 and hen
e[X�; Z�℄(p0) = DX�Z�(p0) = Au :Moreover, for w 2 Tp0MDw[X�; Z�℄ = DwDX�Z� �DwDZ�X�= D2Z�(w;X�(p))�D2X�(w;Z�(p))+DDwX�Z� �DDwZ�X� :The last two terms on the right hand side vanish sin
e DX�(p0) = 0. The se
ondterm vanishes sin
e Z�(p0) = 0. Sin
e Z� is a Killing �eld the �rst term is equal toR0(Z�(p0); w)X�(p0) = 0 . Hen
e D[X�; Z�℄(p0) = 0 and therefore [X�; Y �℄ 2 p.If X�; Y � 2 p, then [X�; Y �℄(p0) = 0 and hen
e [X�; Y �℄ 2 k�. As for the
ovariant derivative at p0, we haveDw[X�; Y �℄ = D2Y �(w;X�(p0))�D2X�(w; Y �(p0))= �R0(Y �(p0); w)X�(p0) +R0(X�(p0); w)Y �(p0)= R0(u; v)w ;where X�(p0) = u, Y �(p0) = v. This 
ompletes the proof. �As an appli
ation of our dis
ussion we get the remarkable fa
t that the Eu-
lidean spa
e Tp0M together with the 
urvature tensor R0 on TpM determinesthe Lie algebra g� 
ompletely. Namely let k as above be the spa
e of skew sym-metri
 endomorphisms satisfying the 
ommutator rule (3.3) and set p := Tp0M ,g := k� p. For (A; u); (B; v) 2 g set(3.8) [(A; u); (B; v)℄ := ([A;B℄� R(u; v); Av � Bu) :It is imediate that [�; �℄ is a skew symmetri
 bilinear form on g. Using (3.2), astraightforward 
omputation shows that [�; �℄ also satis�es the Ja
obi equationand hen
e turns g into a Lie algebra. Our dis
ussion implies the following result.3.9. Theorem. The evaluation map g� ! g, X� 7! (DX�(p); X�(p)) is an anti{isomorphism of Lie algebras.



SYMMETRIC SPACES 9Clearly the map s : g ! g, (A; u) 7! (A;�u), is an involutive isomorphism ofg with eigenspa
e k for the eigenvalue +1 and eigenspa
e p for the eigenvalue �1.Note that p is invariant under all adX , X 2 k. Furthermore, the inner produ
th�; �i is invariant under s and all adX , X 2 k, are skew symmetri
 with respe
t toh�; �i. A triple (g; s; h�; �i) with su
h properties is 
alled a Riemannian symmetri
Lie algebra. Thus starting from a lo
ally symmetri
 spa
e we arrive naturally ata Riemannian symmetri
 Lie algebra.



10 WERNER BALLMANN4. Orthogonal Symmetri
 Lie AlgebrasIn our previous dis
ussion we saw that a lo
ally symmetri
 spa
e gives rise toa Lie algebra g and an involutive automorphism s : g! g. Su
h a pair (g; s) willbe 
alled a symmetri
 Lie algebra. Let (g; s) be a symmetri
 Lie algebra. Then(4.1) g = k+ p;where k and p are the eigenspa
es of s for the eigenvalues +1 and �1 respe
tively.Sin
e s is an automorphism,(4.2) [k; k℄ � k ; [k; p℄ � p ; [p; p℄ � k :It follows that k is a subalgebra of g and that k and p are perpendi
ular withrespe
t to the Killing form B of g,(4.3) B(k; p) = 0 :We say that a symmetri
 Lie algebra (g; s) is orthogonal if there is an innerprodu
t h� ; �i on g whi
h is invariant under s and su
h that all adX , X 2 k, areskew symmetri
 with respe
t to h� ; �i.We say that a symmetri
 Lie algebra (g; s) is e�e
tive if k does not 
ontain anon{trivial ideal of g. In what follows, (g; s) is an e�e
tive orthogonal symmetri
Lie algebra with 
orresponding inner produ
t h� ; �i.4.4. Lemma. The Killing form B of g is negative de�nite on k.Proof. Let X 2 k. Sin
e adX is skew symmetri
, B(X;X) � 0 and equalityimplies adX = 0. In the latter 
ase X belongs to the 
enter of g and then R �Xis an ideal of g 
ontained in k. But then X = 0 sin
e (g; s) is e�e
tive. �We say that a subspa
e U � g is adk{invariant if adX U � U for all X 2 k.4.5. Lemma. Let U; V � p be subspa
es. If U is adk{invariant, then B(U; V ) = 0implies [U; V ℄ = 0.Proof. Let X 2 U , Y 2 V . Then [X; Y ℄ 2 k, hen
e [[X; Y ℄; X℄ 2 U . But thenB([X; Y ℄; [X; Y ℄) = B([[X; Y ℄; Y ℄; Y ) = 0 ;hen
e [X; Y ℄ = 0 by Lemma 4.4. �4.6. Proposition. If g is semisimple, then k = [p; p℄.Proof. By (4.2) and the Ja
obi identity, h = [p; p℄ + p is an ideal of g. Sin
e g issemisimple, g = h + h? where h? = fX 2 g j B(X; Y ) = 0 for all Y 2 hg, see???. Now p � h, hen
e h? � k by (4.3). Sin
e h? is an ideal and (g; s) is e�e
tivewe get h? = f0g. �We say that (g; s) is of Eu
lidean type if [p; p℄ = 0. We say that (g; s) is of
ompa
t type respe
tively non
ompa
t type if g is semisimple of 
ompa
t typerespe
tively non
ompa
t type. We say that (g; s) is irredu
ible if the adjointrepresentation of k on p is irredu
ible.



SYMMETRIC SPACES 114.7. Proposition. Let (g; s) be an e�e
tive orthogonal symmetri
 Lie algebra.Then there is a de
omposition of g into s{invariant ideals,g = g0 + g1 + : : :+ gm ;su
h that (g0; s) is of Eu
lidean type and (gi; s) is irredu
ibel with gi semisimplefor i > 0. For ea
h i > 0 there is a 
onstant �i 6= 0 su
h that h� ; �i = �iB onpi. Moreover, (gi; s) is of 
ompa
t type or non
ompa
t type depending on whether�i < 0 respe
tively �i > 0.Proof. Let U � p be a subspa
e invariant under adk. Sin
e all adX , X 2 k, areskew symmetri
, the orthogonal 
omplement V of U with respe
t to h� ; �i is alsoinvariant under adk. Hen
e there is a de
ompositionp = p01 + � � �+ p0l;where the p0i are irredu
ibel under adk. Now let p0 be the sum of the p0i with[p0i; p0i℄ = 0 and enumerate the other ones as p1; : : : ; pm. By Lemma 4.5, [p0; p0℄ =f0g and [pi; pj℄ = f0g for i 6= j. For i > 0, set ki = [pi; pi℄ and gi = ki + pi. Thengi is s{invariant. By the Ja
obi identity [ki; pj℄ = f0g for i 6= j. Again by theJa
obi identity we gi is an ideal in g. It also follows that ki is irredu
ibel on pi.Therefore there is a 
onstant �i su
h thatB(X; Y ) = �i � hX; Y ifor all X; Y 2 pi. Now by Lemma 4.5, �i = 0 implies pi; pi℄ = 0 in 
ontradi
tionto the 
hoi
e of p0 and i > 0. Sin
e B is negative de�nite on k and B(k; p) = 0we 
on
lude that gi is semisimple.Set h = g1 + � � � + gm and let g0 = fX 2 g j B(X; Y ) = 0 for all Y 2 hg.Then g0 and h are ideals in g and g0 
ontains p0. Sin
e h is semisimple wehave g0 \ h = f0g. Sin
e h is s{invariant and s is an automorphism of g, g0 isalso s{invariant. Hen
e g0 = k0 + p0 with k0 � k. Hen
e (g0; s) is of Eu
lideantype. �For a given orthogonal symmetri
 Lie algebra (g; s) with inner produ
t h� ; �i, letgC be the 
omplexi�
ation of g and extend s to a 
omplex linear automorphismsC of gC . Furthermore extend h� ; �i to a Hermitian inner produ
t h� ; �iH on gC .Then g� = k+ ip is a real subalgebra of gC , invariant under sC . Denote by s� therestri
tion of sC to g�. Then (g�; s�) is a symmetri
 Lie algebra, orthogonal withrespe
t to the real part h� ; �i� of h� ; �iH. We 
all (g�; s�) together with h� ; �i� thedual orthogonal symmetri
 Lie algebra. We 
an also think of g� = g as a ve
torspa
e, where we 
hange the Lie bra
ket by(4.8) [X; Y ℄ = (+[X; Y ℄ if X or Y 2 k�[X; Y ℄ if X; Y 2 pand where s� = s and h� ; �i� = h� ; �i. Note that B� = B on k� = k and B� = �Bon p� = p. The following two propositions are immediate from this des
ription.



12 WERNER BALLMANN4.9. Proposition. Let (g; s) be an orthogonal symmetri
 Lie algebra with dual(g�; s�). Then(1) (g; s) is of Eu
lidean type i� (g; s) �= (g�; s�).(2) (g; s) is of 
ompa
t type i� (g�; s�) is of non
ompa
t type.4.10. Proposition. Let (g; s) be an orthogonal symmetri
 Lie algebra with dual(g�; s�) and let g = g0 + g1 + : : :+ gm be the de
omposition of g into s{invariantideals as in Proposition 4.7. Then g� = g0 + g�1 + : : : + g�m is the 
orrespondingde
omposition of g�.Together with duality, the following result redu
es the 
lassi�
ation of simply
onne
ted symmetri
 spa
es to the 
lassi�
ation of simple real Lie algebras of
ompa
t type and their involutive automorphisms.4.11. Theorem. Up to isomorphism, the irredu
ible e�e
tive orthogonal sym-metri
 Lie algebras (g; s) of 
ompa
t type fall into two 
lasses:(1) g is a simple real Lie algebra of 
ompa
t type and s is an involutiveautomorphism of g.(2) g = h� h where h is a simple real Lie algebra h f 
ompa
t type ands(X; Y ) = (Y;X).Proof. Sin
e (g; s) is irredu
ibel and of 
ompa
t type, B < 0 on p and hen
e ong. Hen
e g is simisimple. Let g = g1 + : : :+ gmbe the de
omposition of g into simple ideals. Sin
e s is an automorphism of gthere is an i 2 f1; : : : ; mg su
h that s(g1) = gi. Sin
e s is involutive, s(gi) = g1and therefore g1 + gi is s{invariant. By irredu
ibility g1 + gi = g. There are twopossibilities:1) i = 1: Then (g; s) is of the �rst type.2) i 6= 1: Sin
e s is involutive, s is an isomorphism between g1 and gi. Seth = g1 �= gi, then g �= h� h with s as predi
ted for the se
ond type. �5. Riemannian Symmetri
 PairsLet (G;K) be a pair 
onsisting of a Lie group G and a 
losed subgroup K. Wesay that (G;K) is a symmetri
 pair if M = G=K is 
onne
ted and if there is aninvolutive automorphism � : G! G with(5.1) F0 � K � F;where F = fg 2 G j �(g) = gg and F0 denotes the 
omponent of the identity ofF. In what follows, (G;K) is a symmetri
 pair. Denote by �� the di�erential of� at the neutral element e 2 G and set(5.2) k = fX 2 g j ��X = Xg ; p = fX 2 g j ��X = �Xg ;



SYMMETRIC SPACES 13the eigenspa
es of �� for the eigenvalues 1 and �1 respe
tively. Sin
e �� isinvolutive,(5.3) g = k+ p:Sin
e F0 � K � F, k is the Lie algebra of K. Sin
e K � F, �(kgk�1) = k�(g)k�1for all k 2 K and all g 2 G, hen
e �� 
ommutes with all Adk, k 2 K. Therefore(5.4) Adk(k) � k ; Adk(p) � p for all k 2 K :Furthermore,(5.5) [k; k℄ � k ; [k; k℄ � p ; [p; p℄ � k :The �rst and se
ond in
lusion follow from (5.4) above. As for the third in
lusion,let X; Y 2 p. Sin
e �� is an automorphism of g, we have��[X; Y ℄ = [��X; ��Y ℄ = [�X;�Y ℄ = [X; Y ℄and hen
e [X; Y ℄ 2 k. Note that the �rst two in
lusions also follow by a similarargument.G a
ts from the left on M . We denote by gp 2 M the image of p 2 M underleft multipli
ation by g 2 G. Sometimes it will be advantageous to distinguishbetween the element g 2 G and the di�eomorphism of M given by left multipli-
ation with g. Then we will use �g to denote the latter, �g(p) := gp.We denote by p0 = [K℄ the distinguished point of M and by � : G ! M the
anoni
al map, �(g) = [gK℄ = �g(p0). We use �� = d�(e) : p! TpM to identifyp and TpM . An easy 
omputation shows that for all k 2 K(5.6) �� Æ Adk = d�k(p0) Æ �� :Thus with respe
t to the identi�
ation p � TpM via ��, the isotropy representa-tion of K on TpM 
orresponds to the restri
tion of the adjoint representation ofK to p.We say that a symmetri
 pair is Riemannian if there is an inner produ
t h� ; �ion p whi
h is invariant under all Adk, k 2 K. Note that su
h inner produ
ts arein one{to{one 
orresponden
e with G-invariant Riemannian metri
s on M .5.7. Theorem. Let (G;K) be a Riemannian symmetri
 pair with 
orrespondinginvolution � of G and s
alar produ
t h� ; �i on p. Let M = G=K and endow Mwith the G{invariant Riemannian metri
 
orresponding to h� ; �i. Then we have:(1) M is a symmetri
 spa
e. The geodesi
 symmetry S at p0 is S([gK℄) =[�(g) �K℄. In parti
ular, S Æ �g = ��(g) Æ S.(2) For X 2 p, etXp0, t 2 R, is the geodesi
 through p0 with initial velo
ity��X and left multipli
ation by etX , t 2 R, is the 1{parameter group oftransve
tions along this geodesi
.(3) With respe
t to the identi�
ation p � Tp0M , the 
urvature tensor R andRi

i tensor Ri
 of M are given byR(X; Y )Z = �[[X; Y ℄; Z℄ ; Ri
(X; Y ) = 12B(X; Y ) ;



14 WERNER BALLMANNwhere B denotes the Killing form of g.(4) With respe
t to the identi�
ation p � Tp0M , a subspa
e q � p is tangent toa totally geodesi
 submanifold of M through p0 if and only if [[q; q℄; q℄ � q.If the latter in
lusion holds, then N = exp(q) is su
h a submanifold anda symmetri
 spa
e in its own right.Proof. Sin
e h� ; �i is invariant under AdK, there is a unique G{invariant Riemann-ian metri
 on M , also denoted h� ; �i, su
h that h� ; �ip0 
orresponds to the giveninner produ
t on p under the identi�
ation Tp0M � p. By G{invarian
e, thedi�erentials �g� preserve norms. Now let p = gp0 2 M and u 2 TpM . Choosev 2 Tp0M with �g�v = u.kS�uk = kS��g�vk = k��(g)�S�vk = k � ��(g)�vk = kvk = k�g�vk = kuk ;and hen
e S is an isometry. This proves Assertion 1.Let X 2 p and X� be the 
orresponding Killing �eld of M ,X�(p) = �t(etXp)jt=0 :Let u 2 Tp0M . Then etXS(p) = S(e�tXp)and hen
e S�X� = �X�. Sin
e S is an isometry we get�DuX� = S�DuX� = DS�uS�X� = DuX�and hen
eDX�(p0) = 0. Hen
eX� is the in�nitesimal transve
tion withX�(p0) =��X, hen
e Assertion 2.Assertion 3 ...It remains to prove Assertion 4 about totally geodesi
 submanifolds. Notethat for a totally geodesi
 submanifold N through p0, R(u; v)w 2 Tp0N for allu; v; w 2 Tp0N . Hen
e the ne
essity of the 
ondition on q is immediate from theformula for R.Suppose now that [[q; q℄; q℄ � q. Let l = [q; q℄. Then l is a Lie subalgebra ofk and h = l + q is a Lie subalgebra of q. Let H be the 
orresponding 
onne
tedLie subgroup of G. Then the orbit N of p0 under H, N = Hp0, is a submanifoldof M . Now N is totally geodesi
 at p0 sin
e N = exp(q)p0 lo
ally about p0.Sin
s H is transitive on N and H a
ts isometri
ally on M , N is totally geodesi
everywhere. Sin
e M is a 
omplete Riemannian manifold and N is 
onne
ted wehave N = exp(q)p0. In parti
ular, N is 
omplete. Sin
e N is invariant underS, SjN is the geodesi
 symmetry of N in p0. Sin
e N is homogeneous, N issymmetri
. �6. Transve
tions and the Symmetry SubgroupWe 
ontinue to assume that M is a symmetri
 spa
e. Then the group T(M)of transve
tions of M is transitive on M . More pre
isely, we have the followingstatement.



SYMMETRIC SPACES 156.1. Lemma. Let (G;K) be a symmetri
 pair and M = G=K. Let 
 : [a; b℄ ! Mbe a pie
ewise smooth 
urve. Then there is g0 2 G with �g0(
(a)) = 
(b) andd�g0(
(a)) = P
.6.2. Remark. If M is simply 
onne
ted, and G = I(M), then Lemma 6.1 isimmediate from Theorem 2.3Proof of Lemma 6.1. Consider the submersion � : G!M , �(g) = gp0 = �g(p0),where p0 = [K℄ is the distinguished point of M . For any g 2 G, the verti
al spa
ein g is Vg = ker d�(g) = �g�k � TgG ;where �g denotes left multipli
ation by g in G. Furthermore, the horizontal spa
eHg = �g�p � TgGis a 
omplement of Vg in TgG. The distributions V and H are left invariant andhen
e smooth.Without loss of generality we may and do assume that 
 is smooth. Let g :[a; b℄! G be a horizontal lift of 
, that is, g is a smooth 
urve in G with � Æg = 
and _g(t) 2 Hg(t) for all t 2 [a; b℄. We show that g0 = g(b) � g(a)�1 sati�es therequired properties. Sin
e g is a lift of 
, we have g0
(a) = 
(b), the �rst property.Fix t 2 [a; b℄ and set f� = g(t)�1g(t+ �). Sin
e the 
urve g is horizontal��f� j�=0 = ��1g(t)� _g(t) 2 p :Hen
e the Killing �eld X�t on M de�ned byX�t (p) = �� (f� (p))j�=0is the in�nitesimal transve
tion along the geodesi
 through p0 with initial velo
ityX�(p0). Therefore DX�(p0) = 0.Now let u 2 T
(a)M , then v = ��1g(a)�u 2 Tp0M andD�f�g(t+�)���1g(a)�ugj�=0 = D�f�g(t)�f��vgj�=0= �g(t)�D�ff��vgj�=0= �g(t)�DvX� = 0 :Therefore �g(t+�)���1g(a)u is parallel along 
 and hen
e �g(b)���1g(a) = P
. �Now we 
onsider the group TG(M) of g 2 G su
h that �g is a transve
tion ofM . Lemma 6.1 and its proof have the following appli
ation.6.3. Theorem. Let (G;K) be a symmetri
 pair. Then TG(M) is a normal Liesubgroup of G with Lie algebra [p; p℄ + p and TG(M) a
ts transitively on M .6.4. Remark. The group T(M) of transve
tions of M is a 
onne
ted Lie group.For a symmetri
 pair (G;K), ea
h 
omponent of the subgroup of G whi
h a
tstrivially on M 
ontains exa
tly one 
onne
ted 
omponent of TG(M).



16 WERNER BALLMANNProof of Theorem 6.3. For any X 2 p and t 2 R we have exp(tX) 2 TG(M).Hen
e TG(M) 
ontains the 
onne
ted Lie subgroup H of G generated by exp(p).By Lemma 6.5, the Lie algebra of H is [p; p℄ + p. Sin
e exp(p)p0 
ontains aneighborhood of p0 in M , H is transitive on M .On the other hand, for any g 2 TG(M) there is a 
urve 
 : [0; 1℄ ! M fromp0 to �g(p0) with d�g(p0) = P
. Let g(t), 0 � t � 1, be the horizontal lift of 
to G with g(0) = e. Now the horizontal distribution H is tangential to H and_g(t) 2 Hg(t) for all t 2 [a; b℄, hen
e g(t) 2 H for all t. Hen
e g(1) 2 H. By theproof of Lemma 6.1 we have d�g(1) = P
, hen
e �g(1) = �g. We 
on
lude that His the 
onne
ted 
omponent of the identity of TG(M). �6.5. Lemma. Let G be a 
onne
ted Lie group. Let W be a subset of the Liealgebra g of G with(1) if X 2 W and t 2 R then tX 2 W ;(2) W generates g as a Lie algebra.Then exp(W ) generates G as a group.Proof. Let H be the subgroup of G generated by exp(W ) andV = fX 2 g j etX 2 H for all t 2 Rg :Then W � V by Assumption 1. Let U be the linear subspa
e of g generated byV . Now for all h 2 H and X 2 Vexp(tAdhX) = hetXh�1 2 H ;hen
e AdhX 2 V . Therefore U is invariant under AdH. Hen
e for any X 2 U ,Y 2 V and t 2 R ead tYX = Adexp(tY )X 2 U :Therefore [U; U ℄ � U . Now W � U and hen
e U = g. Therefore V 
ontains abasis X1; : : : ; Xn of g. But then the mapRn 3 a = (a1; : : : ; an) 7! exp(a1X1) : : : exp(anXn)has maximal rank in a = 0. Hen
e the image 
ontains a neighborhood of theneutral element of G. �By Lemma 6.1 the isotropy group of T(M) at p0 is the holonomy group Hp0(M).Sin
e the in
lusion T(M) � I(M) is 
ontinuous, Hp0(M) is 
losed in T(M) andhen
e(6.6) M = T(M)=Hp0(M) :Sin
e the Lie algebra of T(M) is [p; p℄+p, T(M) is the smallest subgroup of I(M)
ontaining p.Let S(M) be the normal subgroup of I(M) 
onsisting of produ
ts of geodesi
re
e
tions and Sev(M) � S(M) be the normal subgroup of elements whi
h areprodu
ts of an even number of re
e
tions.



SYMMETRIC SPACES 17Let S be the geodesi
 re
e
tion in p0. For any p 2M we have SSp = (SpS)�1sin
e S and Sp have order 2. Furthermore, SSpS�1 = Sq with q = S(p), hen
e(SpS)�1 = SqS.For all p; q 2 M we have SpSq = (SpS)(SqS)�1 and hen
e Sev(M) 
an also be
hara
terized as the subgroup of I(M) 
onsisting of produ
ts SpS, p 2M . Hen
eSev(M) is 
onne
ted.We now represent M by a symmetri
 pair (G;K) and let SevG (M) be the sub-group of g 2 G with �g 2 Sev(M).6.7. Theorem. SevG (M) = TG(M)Proof. Let X 2 p � t(M). Then exp(X) = SpS with p = exp(X=2)p0. Hen
eexp(p) � Sev(M) and therefore T(M) � Sev(M) by Theorem 6.3 and Lemma 6.5.Vi
e versa, let p; q 2 M and 
 : [a; b℄ ! M be a geodesi
 polygon from p toq. Choose a subdivision a = t0 < t1 : : : < tk = b of [a; b℄ su
h that 
j[ti�1; ti℄ is ageodesi
, 1 � i � k. Let Si be the geodesi
 re
e
tion in 
(ti), 0 � i � k. ThenSpSq = (S0S1)(S1S2) � � � (Sk�1Sk) :Now Si�1Si is a transve
tion along the 
omplete geodesi
 
i whi
h is de�ned by
ij[ti�1; ti℄ = 
j[ti�1; ti℄, 1 � i � k. Hen
e Sev(M) � T(M). �6.8. Theorem. Let (G;K) be a symmetri
 pair and assume that G is semisimple.Then G = TG(M) and I0(M) = G=H ;where H = fg 2 G j �g = idg.Proof. Without loss of generality we may assume that G a
ts e�e
tively on M .We let G0 = I0(M) and g0 be the Lie algebra of g0. We show that g0 = [p; p℄ + p.We have g0 = k0 + p0, where k0 is the Lie algebra of the isotropy group K0 of p0in I0(M) and p0 
orresponds to the in�nitesimal transve
tions through p0. Nowp = p0 sin
e G 
ontains all the transve
tions along geodesi
s through p0 = [K℄.Sin
e g is semisimple, the Killing form B of g is non-degenerate. Hen
e theRi
i tensor of M is non-degenerate on Tp0M . Therefore the Killing form B0 of g0is non-degenerate.Suppose g0 6= [p; p℄ + p. Then there exists a Z 2 k0nf0g with B0([X; Y ℄; Z) = 0for all X; Y 2 p. On the other hand, sin
e the Killing �eld Z� 
orresponding toZ is nonzero and Z�(p0) = 0 we have DZ�(p0) 6= 0. Sin
e DZ�(p0) 
orrespondsto adZ under the usual identi�
ation Tp0M �= p there is a Y 2 p with [Y; Z℄ 6= 0.Now B0 is non{degenerate on p, hen
e there is an X 2 p with0 6= B0(X; [Y; Z℄) = B0([X; Y ℄; Z)in 
ontraditi
tion to the 
hoi
e of Z. Hen
e [p; p℄ + p = g, hen
e T(M) = G =I0(M) as 
laimed. �



18 WERNER BALLMANN7. Riemannian Coverings and Symmetri
 Spa
esClearly any 
onne
ted 
overing spa
e of a symmetri
 spa
e is itself a symmetri
spa
e with respe
t to the indu
ed metri
. We reverse the point of view and askwhen a spa
e 
overed by a symmetri
 spa
es is itself symmetri
. The answer we�nd is pretty mu
h 
omplete, see Theorem 7.2 and Lemma 7.5.Let (G;K) be a Riemannian symmetri
 pair with involutive automorphism �of G and inner produ
t h� ; �i on p. Assume that G is 
onne
ted and denote byZ(G) the 
enter of G.First we assume in addition that G is e�e
tive on M , that is, G � I(M), thegroup of isometries of M . Then the automorphism � of G is 
onjugation by thegeodesi
 symmetry S of M at p0 = [K℄. In other words, 
onjugation by S is aninvolutive automorphism of I(M) leaving G invariant. We are mainly interestedin the 
ase where G is the group T(M) of transve
tions of M .7.1. Lemma. The 
entralizer ZI(M)(G) of G in I(M) is invariant under 
onju-gation by S and a
ts freely on M .Let h 2 ZI(M)(G) and g 2 G be isometries with gp0 = hp0. Then g 2 fg 2 G jg�(g)�1 2 Z(G)g and h is equal to right translation by g: h(fp0) = f(gp0) for allf 2 G. Moreover, 
onjugation by S is given byShS = ShS�1 = h�1 :In parti
ular, ZI(M)(G) is an abelian group and any subgroup of ZI(M)(G) isinvariant under 
onjugation by S.Proof. Sin
e G is invariant under 
onjugation by S, the same holds for its 
en-tralizer ZI(M)(G) in I(M).Now let g 2 G and h 2 ZI(M)(G). Sin
e g and h 
ommute we have h(gp0) =g(hp0). Now G is transitive on M and hen
e h = id if and only if hp0 = p0.Therefore ZI(M)(G) a
ts freely on M .Let h 2 ZI(M)(G) and g 2 G with gp0 = hp0. Then there is an isometry f ofM with fp0 = p0 su
h that g = hf . Then SfS = f and thereforeg�(g)�1 = gSg�1S = hSh�1S 2 G \ ZI(G) :Sin
e G \ ZI(G) = Z(G) we 
on
lude that g 2 fg 2 G j g�(g)�1 2 Z(G)g. Thisproves the �rst assertion.The proof of the se
ond assertion is easy: Let p 2 M and 
hoose f 2 G withfp0 = p. Then hp = h(fp0) = f(hp0) = f(gp0) :Hen
e h is equal to right translation by g as 
laimed.Now ShS 2 ZI(M)(G). By Lemma 7.3 we also have SgS = g�1k for somek 2 K. ThereforeShS(p0) = S(hp0) = S(gp0) = SgS(p0) = g�1k(p0) = g�1(p0) ;and hen
e ShS is right translation by g�1. Therefore ShS = h�1. �
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onsider a Riemannian 
overing � : M ! �M , where M and �M are sym-metri
 spa
es. We let G = T(M) be the group of transve
tions of M and denoteby Z(M) the 
entralizer of T(M) in I(M), Z(M) := ZI(M)(T(M)). Re
all thatT(M) is 
onne
ted.7.2. Theorem. The group � of 
overing transformations of � is a dis
rete sub-group of Z(M). Vi
e versa, if � � Z(M) is a dis
rete subgroup, then �M = M=�is a symmetri
 spa
e and � :M ! �M is a Riemannian 
overing.Proof. Let S(M) be the subgroup of I(M) generated by the geodesi
 symmetriesof M . Now if p 2 M and S denotes the geodesi
 symmetry of M at p, then� Æ S = �S Æ �, where �S is the geodesi
 symmetry of �M at �p = �(p).Fix 
 2 �. Then for any point q 2M�(S(
q)) = �S(�(
q)) = �S(�(q)) = �(S(q)) :Hen
e there is 
q 2 � with S(
q) = 
qS(q). Sin
e � a
ts freely and properlydis
ontinuously on M we get that 
q does not depend on q. Hen
e S normalizes�. It follows that S(M) and T(M) � S(M) normalize �. Sin
e � is a dis
retesubgroup of I(M) and T(M) is a 
onne
ted Lie group, T(M) 
entralizes �. Hen
e� � Z(M). Now � is dis
rete sin
e the a
tion of � onM is properly dis
ontinuous.Vi
e versa, let � be a dis
rete subgroup of Z(M). Sin
e Z(M) a
ts freely onM ,� a
ts freely and properly dis
ontinuously on M . Hen
e �M = M=� is a smoothRiemannian manifold and � : M ! �M is a Riemannian 
overing. By Lemma 7.1,� is invariant under 
onjugation by re
e
tions. Hen
e geodesi
 re
e
tions are wellde�ned isometries on �M and hen
e �M is a symmetri
 spa
e. �We now return to the more general situation of a symmetri
 pair (G;K), whereG is not assumed to be e�e
tive on M = G=K. We 
onsider N = fg 2 G jg�(g)�1 2 Z(G)g.7.3. Lemma. The set N is a 
losed, �{invariant subgroup of G and N normalizesK. For g 2 N we have �(g) = g�1 modulo K. In parti
ular, N=K is an abeliangroup.Proof. Let F be the subgroup of G �xed by � and F0 be the identity 
omponentof F. Then F0 � K � F. Let M0 = G=F0. Then M0 is 
onne
ted, hen
e asymmetri
 spa
e. Sin
e M0 is 
omplete, the exponential map Tp0M0 ! M0 issurje
tive, where p0 = [F℄. Hen
e for ea
h g 2 G there are k 2 F0 and X 2 pwith g = eXk. Sin
e �(k) = k and �(eX) = e�Xwe get g�(g)�1 = (eXk) � �(eXk)�1 = e2X :Hen
e g = eXk 2 N i� e2X 2 Z(G). Now Z(G), the 
enter of G, is a normalsubgroup of G. Hen
e e2X 2 Z(G) implies e�2X 2 Z(G) and alsog�1�(g�1) = (k�1e�X) � �(k�1e�X)�1 = k�1e�2Xk 2 Z(G) :



20 WERNER BALLMANNIt follows that N�1 = N. Now let g; h 2 N. Sin
e h�(h)�1 is in the 
enter Z(G)of G we get(gh)�(gh)�1 = gh�(h)�1�(g)�1 = g�1�(g)�1h�(h)�1 2 Z(G) :It follows that N �N = N, hen
e N is a subgroup of G. It also follows thatN! Z(G); g 7! g�(g)�1 ;is a homomorphism. The kernel of this homomorphism is F. Hen
e F, andtherefore also F0, is normal in N. Now�(eX � F0) = e�X � F0 = (eX)�1 � F0 ;hen
e for any g 2 N, �(g) = g�1 modulo F0. Now a group for whi
h the mapwhi
h sends an element to its inverse is a homomorphism is abelian. Hen
e N=F0is abelian.Sin
e F0 � K � N we 
on
lude that N=K is abelian and that �(g) = g�1modulo K. �For any g in the normalizer NG(K) of K in G we have g � K = K � g. Hen
efor any g 2 NG(K), right translation �g by g is a well de�ned di�eomorphism ofM = G=K, �g(hp0) := hgp0 ; p0 = [K℄ :These right translations will play an important role in our dis
ussion below. Notethat the group N from Lemma 7.3 is 
ontained in NG(K), hen
e right translationsby elements of N are de�ned.Sin
e right translations by elements from NG(K) as above 
ommute with lefttranslations by elements from G, any su
h right translation | if it happens tobe an isometry of M | is 
ontained in the 
entralizer(7.4) ZI(M)(G) = ff 2 I(M) j f Æ �g = �g Æ f for all g 2 Ggof G in I(M).Now we assume in addition that G is semisimple. As in Theorem 6.8, letH = fg 2 G j �g = idg. Let h be the Lie algebra of H. Note that H is a normalsubgroup of G, hen
e h is an ideal in g. By Theorem 6.8 we have TG(M) = Gand I0(M) = G=H. By Proposition 4.7 we also haveg = h+ g1 + � � �+ gm ;where the gi are semisimple �{invariant ideals of g and (gi; s) is irredu
ible withh� ; �i = �iB on pi, where �i 6= 0, 1 � i � m. De�ne a non{degenerate bilinearform A on g by A(h; gi) = A(gi; gj) = 0 for all i and j 6= i, A(X; Y ) = �iB ongi and A = B on h. Re
all that on h and gi, B is the Killing form of h and girespe
tively. It follows easily that for any X 2 g, adX is skew symmetri
 withrespe
t to A. Sin
e G is 
onne
ted, we get that A is invariant under Adg for allg 2 G. Note that Ajp = h� ; �i.



SYMMETRIC SPACES 217.5. Lemma. Assume that G is semisimple and let N = fg 2 G j g�(g)�1 2 ZGgas above. Then N = NG(K), the normalizer of K in G and N=K �= ZI(G) =Z(M).Proof. By Lemma 7.3 we have N � NG(K). Vi
e versa, let g 2 NG(K). We needto show that �g is an isometry of M . To that end, we de�ne a di�eomorphism�g of M by �g(hp0) = g�1hgp0 ;that is, �g = ��1h Æ �g. For all h 2 G we have �g Æ �h = �hg Æ �g. Now letv 2 Thp0M , v = d�h(p0) � u, where u 2 Tp0M . Thend�g(hp0) � v = d�g(hp0) � d�h(p0) � u= d�hg(p0) � d�g(p0) � u :Now d�g(p0) preserves the inner produ
t in Tp0M be
ause A is invariant underall Adg, g 2 G. It follows that �g is an isometry of M . Clearly �g 2 ZI(G). Wealready know that the map ZI(G) ! NG(K)=K, sending h 2 ZI(G) to the righttranslation �g, where hp0 = gp0, is an inje
tive homomorphism. We just showedthat it is also surje
tive. �8. The Cartan Immersion of Symmetri
 Spa
esIn this se
tion we assume thatG is semisimple and that K is 
ompa
t. As usual,let M = G=K and � : G!M be the map with �(g) = gp0, where p0 = [K℄. Thegroup G a
ts on itself by g � h := gh�(g)�1. We let P be the orbit of the neutralelement,(8.1) P = fg�(g)�1 j g 2 Gg :Then P is an embedded submanifold of G with TeP = p. To see this, we 
hooseopen neighborhoods U of 0 in k and V of 0 in p su
h thatexp : U + V ! exp(U + V ) =: W � Gis a di�eomorphism onto its image. Thenexp(V ) = fg 2 W j �(g) = g�1g :On the other hand, if �(h) = h�1 for some h 2 G, then this property holds forany element in the G{orbit of h. Hen
e P \ W = exp(V ). Hen
e P \ W isan embedded submanifold in W . Sin
e P is an orbit, it follows that P is anembedded submanifold as 
laimed.We endow P with the G{invariant Riemannian metri
 whi
h is equal to thegiven inner produ
t on p (when identi�ed with Tp0M).Sin
e �(k) = k for all k 2 K, the map ' : G ! G, '(g) = g�(g)�1 fa
torizesover M : there is a (smooth) map(8.2) � : M ! G with � Æ � = ' :The map � is 
alled the Cartan immersion of M .



22 WERNER BALLMANN8.3. Theorem. The submanifold P is 
losed and P = exp(p). Furthermore, P istotally geodesi
 with respe
t to the bi{invariant 
onne
tion of G and a symmetri
spa
e with respe
t to the G{invariant metri
 above.The image of � is equal to P and � :M ! P is a 
overing with k��vk = 2kvkfor all v 2 TM . The 
overing � is normal with jF=Kj leaves and its group of
overing transformations 
onsists of the right translation by elements of F=K.Proof. Sin
e the exponential map Tp0M !M is surje
tive, ea
h element of G isof the form g = exp(X)k with k 2 K, X 2 p and su
h that kXk = d(p0; gp0).Now if g = exp(X)k, then g�(g)�1 = exp(2X), hen
e the image of ' and of �respe
tively is equal to exp(p).If (hn) is a sequen
e in exp(p) with hn ! h 2 G, then hn = exp(Xn) withXn 2 p su
h that kXnk = d(p0; hnp0). But then kXnk is uniformly boundedand hen
e Xn ! X 2 p after passing to a subsequen
e if ne
essary. But thenh = exp(X) and therefore exp(p) is 
losed.Now G is a Lie group and the AdG{invariant non{degenerate bilinear form Aas in Lemma 7.5 gives rise to a bi{invariant pseudo{Riemannian metri
 on G,also denote A. The left (or right) translates of 1{parameter subgroups of G arethe geodesi
s of A. Hen
e P is totally geodesi
 with respe
t to A and therefore,sin
e G is 
onne
ted, P = exp(p). It follows immediately from the de�nitonthat k��Xk = 2kXk. Via the identi�
ation �� : p! Tp0M , A 
orresponds to theRiemannian metri
 onM . Therefore also k��Xk = 2kXk. Hen
e � is a 
overing.Now K is normal in F by Lemma 7.3, hen
e the group of 
overing transformationM ! P 
an be identi�ed with right translation by element of F=K. It followsthat P is symmetri
. (This 
an also be seen dire
tly.) �



SYMMETRIC SPACES 239. Rank and Maximal FlatsThroughout, we represent a given symmetri
 spa
e M by a Riemannian sym-metri
 pair (G;K), where G is 
onne
ted and K is 
ompa
t. We let � be the
orresponding automorphism of G and denote by s = �� the di�erential of � atthe neutral element e 2 G. As usual, we let g = k + p be the de
omposition ofthe Lie algebra g of G into (+1) and (�1){eigenspa
e of s.A subspa
e a � p is a subalgebra if and only if a is abelian. This is animmediate 
onsequen
e of [p; p℄ � k. Clearly, any 1{dimensional subspa
e of p isabelian. It follows that any X 2 p is 
ontained in a maximal abelian subspa
eof p. This se
tion is devoted to the dis
ussion of maximal abelian subspa
es of pand the 
orresponding totally geodesi
 submanifolds of M .9.1. Lemma. Let g = g0 + � � � + gm be a de
omposition into s{invariant idealsand gi = ki + pi be the de
omposition of gi into the eigenspa
es of s as usual.Then a � p is a maximal abelian subspa
e if and only if a = a0+ � � �+ am, whereai � pi is a maximal abelian subspa
e.In parti
ular, if g = g0+� � �+gm is the de
omposition as in ???, then a maximalabelian subspa
e a in p 
ontains p0 sin
e [p0; p0℄ = f0g. Together with Lemma 9.1this redu
es the proof of (most of) the statements below to the 
ase where g issemisimple, that is, where g0 = f0g.In a similar vein, if g = k+ p is of the non
ompa
t type and g� = k+ ip is thedual involutive Riemannian Lie algebra, then a � p is maximal abelian if andonly if ia � ip is maximal abelian. Again by Lemma 9.1 we 
an restri
t in theproof of most of the statements below to the 
ase where g is of 
ompa
t type.9.2. Theorem. Let a � p be maximal abelian. Then the 
onne
ted Lie subgroupA of G with Lie algebra a is 
losed and F = Ap0 is a 
losed, totally geodesi
, 
atsubmanifold of M .The submanifolds F = Ap0 as above are 
alled maximal 
ats.Proof of Theorem 9.2. We note �rst that A is abelian and 
onne
ted, hen
e the
losure �A is an abelian and 
onne
ted subgroup of G. Now P = exp(p) is a 
losedsubmanifold of G, see ???, therefore �A � P . It follows that the tangent spa
e �aof �A at the neutral element of G is an abelian subspa
e of g with a � �a � p. Bymaximality of a we 
on
lude a = �a. Hen
e A = �A, the �rst assertion.By ???, F = Ap0 is a totally geodesi
, 
at submanifold of M . It remains toshow that F is 
losed. To that end, let (pn) be a sequen
e in F 
onverging top 2 M . Then we have pn = gnp0 for appropriately 
hosen gn 2 A. Now sin
eK is 
ompa
t and the sequen
e (pn) 
onverges, the sequen
e (gn) is 
ontainedin a 
ompa
t part of G. Passing to a subsequen
e if ne
essary we may thereforeassume that (gn) 
onverges to some g 2 G. By what we proved above we haveg 2 A and hen
e p 2 F . �



24 WERNER BALLMANN9.3. Lemma. Let a � p be maximal abelian. Then there is X 2 a whose 
entral-izer in p is equal to a, zp(X) \ p = a :Ve
tors X 2 a with 
entralizer in p equal to a are 
alled regular.Proof of Lemma 9.3. By what we said above we 
an assume that g and hen
e Gis of 
ompa
t type. Then A = exp(a) is a torus. Hen
e there existis X 2 a withexp(tX), t 2 R, dense in A.Let Z 2 p 
ommute with X, [Z;X℄ = 0. Then exp(sZ) and exp(tX) 
ommutefor all s; t 2 R. By the density of exp(tX), t 2 R, in A it follows that exp(sZ)
ommutes with A for all s 2 Z. Di�erentiating at s = 0, we 
on
lude that[Z; a℄ = f0g. Sin
e a is maximal abelian in p we get Z 2 a. �9.4. Lemma. Let a � p be maximal abelian. Let X 2 a be regular and Y 2 p.On K, 
onsider the fun
tion f(k) = B(AdkY;X) :Then Adk Y 2 a for any 
riti
al point k of f .Proof. Let k be a 
riti
al point of f . Then for any Z 2 k,0 = �t(f(etZk))jt=0= B([Z;AdkY ℄; X) = B(Z; [AdkY;X℄):Sin
e B is negative de�nite on k, we 
on
lude, [Adk Y;X℄ = 0. Sin
e X is regular,Adk Y 2 a. �9.5. Theorem. If a; a0 � p are maximal abelian, then there is k 2 K0 withAdk a = a0. Furthermore, [k2K0 Adk a = p :Proof. Re
all that for any k 2 K, Adk is an automorphism of g and that Adk p =p. Now if Y 2 a0 is regular, then a0 is the 
entralizer of Y in p. Therefore forany k 2 K, Adk a0 is the 
entralizer of Adk Y in p. Now by Lemma 9.4 thereis k 2 K0 with Adk Y 2 a. But then a � Adka0 by what we just said. Hen
edim a � dim a0. Reversing the roles of a and a0, we 
on
lude dim a = dim a0 anda = Adka0. �By Theorem 9.5, the dimension of maximal abelian subspa
es of p 
oin
ides;it is 
alled the rank of M . By de�nition, the rank of M is equal to the dimensionof maximal 
ats in M .9.6. Corollary. Let F; F 0 be maximal subspa
es, p 2 F and p0 2 F 0. Thenthere is g 2 G with gF = F 0 and gp = p0.We dis
uss an important appli
ation to 
ompa
t Lie groups. As a preparationwe need the following result.



SYMMETRIC SPACES 259.7. Lemma. Let G be a 
ompa
t 
onne
ted Lie group and T � G a 
losed,
onne
ted, abelian subgroup | a torus. Let g 2 ZG(T ), the 
entralizer of T inG. Then there is a torus T 0 � G 
ontaining g and T . In parti
ular, ZG(T ) is
onne
ted.Proof. Let A be the 
losure of the subgroup of G generated by g and T . ThenA is a 
ompa
t abelian Lie subgroup of G and the 
omponent A0 of the identityof A is a torus. Now A=A0 is generated by [g℄ = gA0 sin
e A0 
ontains T . Sin
eA=A0 is �nite, there exists an n � 1 with [gn℄ = 1, that is, with gn 2 A0. Re
allthat A0 is a torus, hen
e there is a 2 A0 su
h that fam j m 2 Zg is dense in A0.Furthermore, there is b 2 A0 with (bg)n = a. Then the 
losure of f(bg)k j k 2 Zg
ontains A0 and meets all the 
omponents of A, hen
e 
ontains A. Now there isX 2 g with expX = bg. Hen
e the 
losure T 0 of fexp(tX) j t 2 Rg is a 
losed,
onne
ted, abelian subgroup of G 
ontaining A. Hen
e T 0 is a torus 
ontainingg and T . �9.8. Theorem. Let G be a 
ompa
t 
onne
ted Lie group. Then(1) maximal abelian subgroups of G are tori;(2) any tow maximal tori in G are 
onjugate.In parti
ular, any element of G is 
ontained in a maximal torus.Proof. This is immediate from our dis
ussion of 
ompa
t 
onne
ted Lie group assymmetri
 spa
es and the dis
ussion of maximal 
at subspa
es above. �



26 WERNER BALLMANN10. Roots and Weyl ChambersWe assume that (g; s; h� ; �i) is an orthogonal symmetri
 Lie algebra of 
ompa
ttype. As usual, we de
ompose g = k + p into the eigenspa
es of s. Without lossof generality we 
an assume in our dis
ussion below that the inner produ
t on pis equal to �B, where B is the Killing form of g.We �x a maximal abelian subspa
e a � p. Typi
al elements from a will bedenoted H, whereas typi
al elements from g will be denoted X; Y; Z.Let gC be the 
omplexe�
ation of g. For any � 2 HomR(a;R), we let(10.1) g�C = fX 2 gC j adH X = i�(H)X for all H 2 ag :It is immediate from the Ja
obi equation that(10.2) [g�C ; g�C ℄ � g�+� :Ea
h adH , H 2 a, is skewsymmetri
, hen
e for any adH{invariant subspa
e V �gC , the orthogonal 
omplement is adH{invariant as well. Sin
e all adH , H 2 a,
ommute with ea
h other, we get a de
omposition(10.3) gC =X� g�C :In the dire
t sum de
omposition (10.3), we only list those � with g�C 6= f0g.These � are 
alled the roots and the 
orresponding spa
es g�C 6= f0g are 
alledroot spa
es. The set of roots is denoted �, the subset of nonzero roots is denoted��. Note that � � dim g.For X 2 gC , denote by �X the 
onjugate element. Let � 2 �, H 2 a andX 2 g�C . Then H = �H and hen
e[H; �X℄ = �[H;X℄ = �i�(H) �X :Hen
e(10.4) g�C = g��C :Sin
e s is an involutive automorphism of g and sH = �H, we also have[H; sX℄ = s[sH;X℄ = �i�(H)sXand therefore(10.5) s(g�C ) = g��C :Thus the set of root spa
es g�C is invariant under s and under 
onjugation and,furthermore, � = ��.Ea
h � 2 �� de�nes a hyperplane in g, namely f� = 0g. These hyperplanesare 
alled walls. We say that H 2 a is regular if �(H) 6= 0 for all � 2 ��, thatis, if H is not 
ontained in a wall. Otherwise we 
all H singular. Below we willshow that this notion of regular and singular 
oin
ides with the one introdu
edbefore. The 
onne
ted 
omponents of the set of regular elements of a are 
alled



SYMMETRIC SPACES 27Weyl 
hambers. The 
hoi
e of a Weyl 
hamber C determines a partition of ��into positive and negative roots,�+ = f� 2 �� j � > 0 on Cg ;�� = f� 2 �� j � < 0 on Cg :(10.6)We have(10.7) �� = �+ _[�� and �� = ��+ :On
e and for all we 
hoose a Weyl 
hamber C and the 
orresponding partition ofthe roots into positive and negative roots. In examples su
h a 
hoi
e is more orless natural. For � 2 �+ we set(10.8) g� = g \ (g�C + g��C ) :Then g� is invariant under s and hen
e(10.9) g� = k� + p�with(10.10) k� = k \ g� and p� = p \ g� :We also set(10.11) g0 = g \ g0C = zg(a) :Note that(10.12) k0 = k \ g0 = zk(a) and p0 = p \ g0 = zp(a) = a :Let � 2 � and X; Y 2 g with X � iY 2 g�C . Then[H;X℄� i[H; Y ℄ = [H;X � iY ℄ = i�(H)(X � iY )= �i�(H)X + �(H)Yand hen
e(10.13) [H;X℄ = �(H)Y; [H; Y ℄ = ��(H)X :Motivated by this 
omputation we say that X 2 k� and Y 2 p� are related ifX � iY 2 g�C .10.14. Lemma. Let � 2 �+ and �x H 2 a with �(H) 6= 0. Then 1�(H) adH is anorthogonal isomorphism between k� and p� independent of the 
hoi
e of H andY 2 p� is related to X 2 k� if and only if Y = 1�(H) adH X.Proof. Let X 2 k�. By the de�nition of k�, there is Y 2 g withX � iY 2 g�C ; X + iY 2 g��C :Hen
e X and Y are related and [H;X℄ = �(H)Y , [H; Y ℄ = ��(H)X. Vi
e versa,for Y 2 p� there is x 2 k� su
h that X and Y are related. Hen
e for H regular,1�(H) adH is an isomorphism between k� and p�.



28 WERNER BALLMANNIt remains to show that kXk = kY k. Now s is orthogonal and g�C ? g��C .Hen
e 4kXk2 = k(X � iY ) + s(X � iY )k2= k(X � iY )k2 + k(X � iY )k2= k(X � iY )� s(X � iY )k2 = 4kY k2 :Hen
e 1�(H) adH is an orthogonal transformation as 
laimed. �Let Z = X � iY 2 g�C as above. Then for all H 2 a,[H; [X; Y ℄℄ = [[H;X℄; Y ℄ + [X; [H; Y ℄℄ = 0 :Now [X; Y ℄ 2 p, hen
e [X; Y ℄ is in zp(a) = a.10.15. Lemma. Let � 2 �+ and X 2 k�, Y 2 p� be related unit ve
tors. ThenH� = [X; Y ℄ does not depend on the 
hoi
e of X; Y . In fa
thH�; Hi = �(H) for all H 2 a :Proof. We haveB(H�; H) = B([X; Y ℄; H) = B(X; [Y;H℄) = �(H)B(X; Y ) :Now B = �h� ; �i, hen
e the 
laim. �10.16. Lemma. Let H 2 a. Then the 
entralizer of H in g iszg(H) = g0 + X�>0�(H)=0 g� :In parti
ular, H is regular if and only if zg(H) is equal to g0 or respe
tively ifand only if zp(H) = a.Proof. We 
ompute 
entralizers in gC . Let X 2 gC and de
ompose X =P�X�with X� 2 g�C . Then [H;X℄ = X�(H)6=0 i�(H)X� :Hen
e [H;X℄ = 0 if and only if X� = 0 for all � 2 � with �(H) 6= 0. Hen
e X isin the 
entralizer of H in gC if and only if X 2P�(H)=0 g�C . The assertion aboutzg(H) is an immediate 
onsequen
e. �We now assume that (G;K) is a Riemannian symmetri
 pair of 
ompa
t typewith asso
iated orthogonal symmetri
 Lie algebra (g; s;�B) as above. We leta � p be maximal abelian and A be the 
onne
ted subgroup of G with Liealgebra a. Then(10.17) NK(a) = fk 2 K j Adk(a) = ag = fk 2 K j kAk�1 = Agand(10.18) ZK(a) = fk 2 K j Adk ja = idag = fk 2 K j kgk�1 = g for all g 2 Ag



SYMMETRIC SPACES 29are 
alled the normalizer and 
entralizer of a in K respe
tively. The Lie algebrasof NK(a) and ZK(a) are denoted nK(a) and zK(a) respe
tively.10.19. Lemma. nK(a) = zK(a)Proof. Let X 2 nK(a). Then [H;X℄ 2 a for all H 2 a and hen
eB([H;X℄; [H;X℄) = B([[H;X℄; H℄; X) = 0 :Now B is negative de�nite on g sin
e g is of 
ompa
t type. Hen
e [H;X℄ = 0. �Now NK(a) and ZK(a) are 
losed subgroups of the 
ompa
t group K. Hen
eboth groups are 
ompa
t. By the lemma,W = NK(a)=ZK(a) is �nite. We 
all Wthe Weyl group.10.20. Lemma. Let � 2 �� be a root and s� be the re
e
tion of a about the wallf� = 0g. Then there is k 2 NK(a) with Adk = s� on a.Proof. Let X 2 k�, Y 2 p� be related unit ve
tors and H� = [X; Y ℄. Thenad2n�1X (H�) = (��(H�))nY ; ad2nX (H�) = (��(H�))nH� :Now �(H�) = kH�k2, hen
eAdexp(tX)(H�) = exp(t adX)(H�)=Xn�0 (�1)n(2n)! (tkH�k)2nH� +Xn�1 (�1)n(2n� 1)!(tkH�k)2n�1Y= 
os(tkH�k)H� � kH�k sin(tkH�k)Y :Therefore for t = �=kH�k, Adexp(tX)(H�) = �H� :For H ? H�, we have [X;H℄ = ��(H)Y = 0 and hen
eAdexp(tX)(H) = Hfor su
h H. Hen
e k = exp(tX) with t = �=kH�k is an element of NK(a) realizingthe re
e
tion s�. �10.21. Theorem. The Weyl group W = NK(a)=ZK(a) a
ts simply transitively onthe Weyl 
hambers of a. Furthermore, W is generated by the re
e
tions aboutthe hyperplanes f� = 0g, � 2 ��.Proof. By Lemma 10.20, the re
e
tions s� about the hyperplanes f� = 0g belongto W. Now let C, C 0 be Weyl 
hambers. Sin
e pairwise interse
tions f� =0g\f� = 0g between linearily independent roots are subspa
es of a of 
odimensiontwo, there is a 
ontinuous 
urve 
 : [0; 1℄ ! a with 
(0) 2 C and 
(1) 2 C 0 su
hthat 
 does not meet su
h interse
tions and su
h that 
k[ti; ti+1℄ is 
ontained ina 
losed Weyl 
hamber �Ci with C0 = C, Ck = C 0 for some appropriate subdivisiont0 = 0 < t1 < : : : < tk+1 = 1 of [0; 1℄. Then
(ti) 2 �Ci�1 \ �Ci � f�i = 0g



30 WERNER BALLMANNfor some root �i 2 ��, 1 � k, hen
es�i( �Ci�1) = �Ciand therefore s�k � � � s�1(C) = C 0 :This shows that the subgroup of W generated by the re
e
tions s�, � 2 ��, istransitive on the set of Weyl 
hambers in a.It remains to show thatW a
ts simply transitively on the set of Weyl 
hambersin a. To that end it suÆ
es to show that the stabilizer in W of a prefered Weyl
hamber C is trivial. Suppose w(C) = C for some w 2W. Sin
e W is �nite, thereis n � 1 su
h that wn = 1. Choose H0 2 C and setH = H0 + w(H0) + � � �+ wn�1(H0) :Sin
e C is a 
onvex 
one and w(C) = C we have H 2 C. Sin
e wn = 1 wehave w(H) = H. Let T be the 
losure of fexp(tH) j t 2 Rg. Then T is a
losed 
onne
ted abelian subgroup of G, hen
e a torus. Furthermore, ZG(T) =ZG(fexp(tH) j t 2 Rg), hen
e zg(t) = zg(H), where t is the Lie algebra of T. By???, ZG(H) = ZG(T) is 
onne
ted.Now 
hoose k 2 NK(a) with Adk = w on a. Then Adk(H) = H, hen
ek 2 ZK(T). Therefore k = exp(X) for some X 2 zg(a)) = zg(H). Now H 2 C,hen
e �(H) 6= 0 for all � 2 �� and hen
e zg(H) = zg(a). But then X 2 zg(a),hen
e k 2 ZG(a). This implies w = 1. �10.22. Lemma. Let b � a be a subspa
e and suppose Adk(b) � a for some k 2 K.Then there is w 2 W with Adk(H) = w(H) for all H 2 b.Proof. Let ZG(b) be the 
entralizer of b in G. Now b is invariant under theinvolutions �� = s of g, s(b) = b. Hen
ezg(b) = zk(b) + zp(b) :Let H 2 a, X 2 zp(b), k 2 ZG(b). ThenAdk(X) 2 p \ zg(b) = zp(b) :Hen
e for all H 0 2 b,[H 0; [H;Adk(X)℄℄ = [[H 0; H℄;Adk(X)℄ + [H; [H 0;Adk(X)℄℄ = 0 ;and therefore [H;Adk(X)℄ 2 zk(b).Now 
onsider the 
onne
ted 
omponent Z of the identity of ZG(b). On Z \ K,
onsider the smooth fun
tionf(k) = B(H;Adk(X)) ;where H 2 a, X 2 zp(b) are as above and where we assume that H is regular. Ifk is a 
riti
al point of f , then0 = B(H; [Adk(X); Y ℄) = B([H;Adk(X)℄; Y )



SYMMETRIC SPACES 31for all Y 2 zk(b). Now [H;Adk(X)℄ 2 zk(b) by what we said above, hen
e[H;Adk(X)℄ = 0. Sin
e X is regular, we 
on
lude that Adk(X) 2 a.Now 
hoose k = k0 as in the assertion and X regular in Ad�1k0 (a) � b. ThenAd�1k0 (a) = zp(X) � zp(b) :Let k = k1 2 Z\K be a 
riti
al point of the fun
tion f as above. Then Adk1(X) 2a, hen
e Ad�1k1 (a) � zp(X) = Ad�1k0 (a) ;therefore Ad�1k1 (a) = Ad�1k0 (a) :Hen
e k = k0k�11 2 NK(a). Sin
e k1 2 Z\K, Adk = Adk0 on b so that w = Adkjasatis�es the requirement. �10.23. Corollary. For any X 2 p, AdK(X) = AdK0(X). For any p 2 M ,Kp = K0p.Proof. It suÆ
es to 
onsider the 
ase where X; Y 2 a and Y = Adk(X) for somek 2 K. Then by Lemma 10.22 we 
an assume k 2 NK(a). But W is generated byre
e
tions and these are by elements in K0, hen
e the assertion. �10.24. Corollary. Let H 2 a, Y 2 p and suppose that exp(H)p0 = exp(Y )p0 =:p. Suppose furthermore that p is not 
onjugate to p0 along the geodesi
 
H(t) =exp(tH)p0, t 2 R. Then [H; Y ℄ = 0.In parti
ular, there is k 2 K with Adk(Y ) =: H 0 2 a, Adk(H) = H andexp(H 0)p0 = p.Proof. By assumption, there is k 2 K with exp(H) = exp(Y )k; hen
e for allt 2 R, e�HetY eH = k�1etY k = exp(tAd�1k Y ) :Therefore exp(�adH)(Y ) = Ad�1exp(H)(Y ) = Ad�1k (Y ) 2 p :Now Y = Y0 +X ��Y�with Y0 2 a and unit ve
tors Y� 2 p�, � > 0. Let X� 2 k� be related with Y�.Then for all H 2 a,exp(�adH)(Y�) = Y� � �(H)X� � 12(�(H))2Y� + 16(�(H))3X� + : : := 
os(�(H))Y� � sin(�(H))X� :Sin
e the resulting ve
tor is in p we 
on
lude �(H) 2 �Z if �� 6= 0. But then pis 
onjugate to p0 along 
H , a 
ontradi
tion. �



32 WERNER BALLMANN11. ExamplesGrassmanniansLet K 2 fR; C g and GK (p; q) be the Grassmann manifold of p-planes in K p+q .We show that GK (p; q) together with a natural metri
 is a Riemannian symmetri
spa
e.The natural a
tion of G = S0(p + q) on GR(p; q) is transitive. The stabilizerof the p-plane Rp � f0g � Rp+q is K = S(0(p)� 0(q)), hen
eGR(p; q) = S0(p+ q)=S(0(p)� 0(q)) :Similarly, the natural a
tion of G = U(p + q) on GC (p; q) is transitive. Thestabilizer of the p-plane C p � f0g � C p+q is K = U(p)� U(q), hen
eGC (p; q) = U(p + q)=U(p)� U(q) :In either 
ase, let S be the re
e
tion of K p+q in K p �f0g. Then 
onjugation withS is an involutive automorphism of G with K as its set of �xed points. Hen
e(G;K) is a symmetri
 pair.We write square (p + q)-matri
es as blo
ks of four matri
es 
orresponding tothe prefered de
omposition K p+q = K p �K q . In the 
ase of a matrix M with realentries, M� denotes the transposed matrix of M . In the 
ase where the entriesof M are 
omplex, M� denotes the transposed of the 
onjugate matrix �M of M .With this notationk = ��U 00 V � ����U� = �U; V � = �V� ;(11.1) p = �� 0 �X�X 0 � ����X 2 MatK (q; p)� �= MatK (q; p) :(11.2)Furthermore,��U 00 V� ;� 0 �X�X 0 �� = � 0 X�V � UX�V X �XU 0 � :Sin
e U� = �U and V � = �V the RHS belongs to p. We also have�� 0 �X�X 0 � ;�0 �Y �Y 0 �� = �Y �X �X�Y 00 Y X� �XY �� :There is an AdG{invariant s
alar produ
t on g,hA;Bi = �12 tr(AB) :Its restri
tion to p turns (G;K) into a Riemannian symmetri
 pair. With re-spe
t to the identi�
ation p � MatR(q; p) indi
ated by the notation above, the
urvature tensor is given byR(X; Y )Z = XY �Z + ZY �X � Y X�Z � ZX�Y :



SYMMETRIC SPACES 33Inside GK (p; q), we 
onsider the open subset G�K (p; q) of p-planes on whi
h thenon-degenerate symmetri
 bilinear form with fundamental matrix(11.3) A = ��1 00 1�is negative de�nite. The group G = 0(p; q) respe
tively G = U(p; q) of lineartransformation preserving this form is transitive on G�K (p; q) andG�R(p; q) = 0(p; q)=0(p)� 0(q) ; G�C (p; q) = U(p; q)=U(p)� U(q)The re
e
tion of K p+q in K p � f0g with respe
t to A 
oin
ides with the abovere
e
tion S. Conjugation with S is an involutive automorphism of G whi
h hasK = 0(p) � 0(q) respe
tively K = U(p) � U(q) as its set of �xed points. Hen
e(G; fK) is a symmetri
 pair. We havek = ��U 00 V � ����U� = �U; V � = �V� ;(11.4) p = �� 0 X�X 0 � ����X 2 MatK (q; p)� �= MatK (q; p) :(11.5)The Lie bra
ket in k is as above, but there is a 
hange in the Lie bra
kets [k; p℄and [p; p℄, ��U 00 V� ;� 0 X�X 0 �� = � 0 UX� �X�VV X �XU 0 �and �� 0 X�X 0 � ;�0 Y �Y 0 �� = �Y �X �X�Y 00 Y X� �XY �� :We see that with respe
t to the identi�
ation p � MatR(q; p), the Lie bra
ket [k; p℄remains the same, but the Lie bra
ket [p; p℄ 
hanges sign. There is a 
orresponding
hange in sign for the 
urvature tensor.Lie groups with bi{invariant metri
sLet L be a 
onne
ted Lie group with a bi-invariant metri
 and set G = L � L.Then the diagonal K = f(g; g)jg 2 Lg � Gis the set of �xed points of the involution�(g; h) = (h; g)of G. We 
on
lude that (G;K) is a Riemannian symmetri
 pair. The mapf : G=K! L; (g; h) � K 7! gh�1



34 WERNER BALLMANNis a G{invariant di�eomorphism. Here G a
ts on L by (g; h) � l = glh�1. Withrespe
t to this di�eomorphism, the re
e
tion in the neutral element e 2 L is theinversion of L, l 7! l�1. We havef���(X;�X) = 2X;whi
h results in the fa
tor 1=4 in the usual formula for the 
urvature tensor ofbi{invariant metri
s on Lie groups.



SYMMETRIC SPACES 3512. Appendix on Lie AlgebrasWe dis
uss some elementary fa
ts from the theory of Lie algebras. Let K be a�eld and g be a Lie algebra over K. Denote by B the Killing form of g.12.1. Lemma. Let h � g be an ideal. Then(1) Bjh is the Killing form of h.(2) h? = fX 2 g j B(X; h) = 0g is an ideal.Proof. The �rst assertion is 
lear sin
e adX(g) � h for all X 2 h. As for these
ond, let X 2 h?, Y 2 g, Z 2 h. ThenB([X; Y ℄; Z) = B(X; [Y; Z℄) = 0 ;hen
e [X; Y ℄ 2 h?. Hen
e h? is an ideal. �12.2. Lemma. Suppose g is semisimple and h � g is an abelian ideal. Thenh = f0g.Proof. Let X 2 h, Y 2 g. Then adX Æ adY = 0 on h and the image of adX Æ adYis 
ontained in h. Hen
e B(X; Y ) = 0. Sin
e g is semisimple, X = 0. �12.3. Corollary. If g is semisimple, then the 
enter of g is trivial.12.4. Lemma. Suppose g is semisimple. Let h � g be an ideal. Then h issemisimple, h \ h? = f0g and g = h+ h?.Proof. Let X 2 h, Y 2 h?, Z 2 g. ThenB([X; Y ℄; Z) = B(X; [Y; Z℄) = 0sin
e X 2 h and [Y; Z℄ 2 h?. Therefore h \ h? is an abelian ideal in g. Hen
eh \ h? = f0g. �12.5. Proposition. Suppose g is semisimple. Then there is a unique de
ompo-sition g = g1 + � � �+ gmof g into simple ideals. If h � g is an ideal, then there are i1; : : : ; ik 2 f1; : : : ; mgsu
h that h = gi1 + � � � + gik. If s is an automorphism of g, then there is apermutation � of f1; : : : ; mg su
h that s(gi) = g�(i).Proof. The existen
e of a de
omposition g = g1+ : : :+ gm of g into simple idealsis immediate from what we said above. As for the other assertions, we only needto show that any simple ideal h of g is equal to some gi. Now [gi; h℄ = 0 for all iimplies that h belongs to the 
enter of g. By the above this implies h = f0g, a
ontradi
tion. On the other hand, suppose [gi; h℄ 6= f0g for some i. Then sin
egi and h are ideals, gi \ h � [gi; h℄ 6= f0g. Now gi � gi \ h � h and gi and h aresimple. Sin
e gi \ h is a nontrivial ideal, we get gi = gi \ h = h. �


