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Abstract. A complete and simply connected Riemannian mani-
fold with nonpositive sectional curvature is called a Hadamard
manifold. Anderson and Schoen showed that the Martin boundary
of a Hadamard manifold is homeomorphic to its geodesic boundary
if the sectional curvature is pinched between two negative con-
stants. In this paper we show that this conclusion also holds for
certain Hadamard manifolds which contain a flat subspace. This
is interesting in connection with so–called rank one manifolds.

Dedicated to Professor Yu. G. Reshetnyak
on the occasion of his 70th Birthday.

An important part of the global shape of an open Riemannian mani-
fold M is the structure at infinity. One way of describing this structure
is by means of geometric compactifications, that is, compactifications
whose definition is tied up with the geometry of M . Quite a general
procedure was devised by Martin [Ma]: Assume that M admits a Green
function with respect to the Laplacian ∆,

(1) G : M ×M → (0,+∞] .

Choose an origin x0 ∈M and consider the functions

(2) K(· , x) = G(· , x)/G(x0, x) ,

which are harmonic onM\{x} and = 1 at x0. By the Harnack principle,
every sequence (xn) inM such that dist(x0, xn) →∞ has a subsequence
(xnk

) such that (K(· , xnk
)) converges. The limit will be a positive

harmonic function on M which is = 1 at x0. Now consider the space
of all sequences (xn) in M such that (K(· , xn)) converges and call
two such sequences equivalent if their limits coincide. The space of
equivalence classes ∂∆M is called the Martin boundary of M (with
respect to ∆). Thus for each ξ ∈ ∂∆M there is a well defined positive
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harmonic function K(· , ξ) on M which is = 1 at x0 . By definition,

the Martin topology on M
∆

= M ∪ ∂∆M induces the given topology

on M and is such that a sequence (xn) in M
∆

converges to ξ ∈ ∂∆M

iff (K(· , , xn)) converges to K(· , ξ). The space M
∆

is compact with
respect to this topology and is called the Martin compactification of M .
Up to homeomorphism, it is independent of the choice of x0. References
for the Martin compactification are [DJ] and [Br].

We say that M is a Hadamard manifold if M is complete, simply
connected and if the sectional curvature KM of M is nonpositive. This
is equivalent to requiring that M is complete and the distance func-
tion globally convex. Eberlein and O’Neill obtain a compactification
M = M ∪M(∞) of M by means of equivalence classes of asymptotic
geodesics, see [EO]. Moreover, M is homeomorphic to the closed unit
disc Dm, m = dim(M), where M(∞) corresponds to the unit sphere.
Therefore M(∞) is referred to as the sphere at infinity; M is called the
geodesic compactification or Eberlein–O’Neill compactification of M .

Associated to any ξ ∈ M(∞) there is a well defined function, the
Busemann function bξ at ξ such that bξ(x0) = 0. This leads to a de-
scription of M very much reminiscent of Martin’s procedure: associate
to x ∈M the continuous map

(3) dist(· , x)− dist(x0, x) ,

which defines an imbedding M ↪→ C(M), where C(M) is the space of
continuous functions on M with the compact–open topology. Then M
as above is homeomorphic to the closure of M in C(M).

We may ask now whether M and M
∆

are homeomorphic. For ex-
ample, when M = Em, Euclidean space of dimension m ≥3, then M
admits a Green function. However, since any positive harmonic func-

tion on Em is constant, ∂∆M consists of one point and hence M
∆

is
the one point compactification Sm of Em, whereas M is homeomorphic
to the closed disc Dm.

If M is a Hadamard manifold and the sectional curvature of M is
negatively pinched, −b2 ≤ KM ≤ −a2 for some appropriate positive
constants a < b, then by the theorem of Anderson and Schoen [AS],

the identity id : M →M extends to a homeomorphism M →M
∆
, see

also [Ac] and [Ki].
The present paper was motivated by the question whether this also

holds for cocompact rank one manifolds, that is, Hadamard manifolds
which admit a uniform lattice of isometries and which are neither a
Riemannian product nor symmetric of rank at least two. For these
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manifolds the Dirichlet problem at M(∞) is solvable [Ba] and their
Poisson boundary is naturally isomorphic to the sphere at infinity [BL].
This is in accordance with the case of pinched negative curvature. It
can be shown however that the so–called Harnack inequality at infinity,
the basic tool and result in the work of Anderson and Schoen, does not
hold for all rank one manifolds. The basic problem is that compact
rank one manifolds can contain many flats. This is the reason that
we discuss the Martin boundary of a specific example, a Hadamard
manifold which contains a flat of dimension at least two.

We start with the description of our Hadamard manifold. Suppose
f : R → R is a smooth and convex function such that f(0) = 1,
f ′(0) = 0 and

(4) a2 ≤ f ′′/f ≤ b2

for appropriate positive constants a < b. The main example is f(t) =
cosh t. On M = Rk × R we obtain the (complete) warped metric

(5) f 2(t)dx2 + dt2 ,

where dx2 is the Euclidean metric on Rk. Since f is convex and f ′′/f ≤
b2 we have −b2 ≤ KM ≤ 0. The subspace F = Rk × {0} is totally
geodesic and flat. For each line L in F , the surface H spanned by
L and the t–direction is totally geodesic and has Gaussian curvature
−b2 ≤ KH ≤ −a2. For any isometry A of Euclidean space Rk, the map
(x, t) → (Ax, t) is an isometry of M . We will call it the isometry of M
induced by A.

Following the work of Ancona in [Ac], where a very elegant and
rather short proof of the main results in [AS] is presented, we will show
the following result.

6. Theorem. Let ξ ∈M(∞) and (xn) be a sequence in M converging
to ξ. Then (K(· , xn)) converges and the limit K(· , ξ) is minimal and
independent of the sequence (xn) approaching ξ. Furthermore,

(1) if ξ ∈ M(∞) \ F (∞), then K(· , ξ) is o(1) at any η ∈ M(∞) \
{ξ}.

(2) if ξ ∈ F (∞), then K(· , ξ) is o(1) at any η ∈ M(∞) \ F (∞)
and at the antipodal point of ξ in F (∞). Moreover, K(· , ξ) is
invariant under isometries of M induced from translations in
F perpendicular to the lines in F ending in ξ. In particular,
K(· , ξ) is not o(1) at points η ∈ F (∞) such that ∠(ξ, η) ≤ π/2.

(3) K = K(x, ξ) is continuous in (x, ξ) ∈M ×M , and hence M is
the Martin compactification of M .
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In Section 1 we collect some preliminaries, mainly taken from Sections
1 and 2 in [Ac], and prove the coercivity of the Laplacian.

In Section 2 we consider points ξ ∈ M(∞) \ F (∞). The arguments
are very close to the corresponding arguments in [Ac]. However, there
are some modifications which are not completely straightforward. The
problem is that we need the Harnack inequalities in cones in M which
contain F .

In Section 3 we consider points ξ ∈ F (∞). Using the invariance un-
der isometries, we reduce the discussion to a two–dimensional problem
to which the work of Anderson–Schoen [AS], Ancona [Ac], or Kifer [Ki]
respectively applies.

As already mentioned above, we follow the approach by Ancona. It
relies on potential theory.

1. Coercivity of the Laplacian and Preliminaries

In order to apply the results in [Ac] we need to establish the coercivity
of the Laplacian ∆ of M .

7. Lemma. There exists a constant ε > 0 such that

−〈∆ϕ, ϕ〉2 ≥ 2ε
(
‖ϕ‖2

2 + ‖∇ϕ‖2
2

)
for all smooth functions ϕ on M with compact support.

Proof. By Cheeger’s inequality it suffices to show that there exists a
constant C such that

(8) volk+1(Ω) ≤ C volk(∂Ω)

for each compact smooth domains Ω in M . To that end choose a unit
speed geodesic γ perpendicular to F . Let A be the measurable set of
points y ∈ ∂Ω such that the geodesic γy starting in y and asymptotic
to γ intersects ∂Ω transversally and such that y is the first point of
intersection of γy with ∂Ω. Then

volk+1(Ω) =

∫
A

∫ ∞

0

j(y, t)χΩ(γy(t)) dtd volk(y) ,

where j(y, t) is the Jacobian. Since the curvature of M is nonpositive
and γy is contained in a totally geodesic surface with Gauss curvature
bounded above by −a2 < 0, we have j(y, t) ≤ exp(−at). Since χΩ ≤ 1
we get

volk+1(Ω) ≤ 1

a

∫
A

d volk(y) ≤
1

a
volk(∂Ω) .

Therefore C = 1/a is a constant satisfying (8). Hence ∆ is coercive. �



THE MARTIN BOUNDARY OF CERTAIN HADAMARD MANIFOLDS 5

We conclude that for 0 ≤ τ < 2ε, ∆ + τ admits a Green function
Gτ . We will only be concerned with G := G0 and Gε. For a positive
measure µ on M we define

(9) Gτ (µ)(x) =

∫
Gτ (x, y) dµ(y) .

If µ = ψ vol we also write Gτ (ψ). We have

(10) Gε(µ) = G(µ) + εG(Gε(µ)) .

In particular, Gε(µ) is a potential (with respect to ∆).
Recall that for any domain Ω and x ∈ Ω there is a measure µx with

support in ∂Ω such that for all y ∈M \ Ω we have

(11) G(y, x) =

∫
G(y, z) dµx(z) .

We have the following Harnack inequalities:

12. Lemma. There are constants c and c(r), r > 0, such that

(1) a positive harmonic function h on a ball B(x, 2r) in M satisfies

h(y)

h(z)
≤ c(r) for all y, z ∈ B(x, r) .

(2) for 0 ≤ τ ≤ ε,

Gτ (y, x) ≤ c if dist(x, y) ≥ 1 ,

Gτ (y, x) ≥ 1/c if dist(x, y) ≤ 1 .

Another useful estimate is the following maximum principle for poten-
tials, see [He, p.429]:

13. Lemma. If µ is a positive measure with support in a domain Ω and
u is (∆ + τ)–superharmonic on M with u ≥ Gτ (µ) on ∂Ω, then

u ≥ Gτ (µ) on M \ Ω .

Very important is the following estimate [Ac, Corollary 11]:

14. Lemma. For every δ > 0 there is a constant r = r(δ) such that
for every x ∈M , the harmonic measure µx on ∂B(x, r) and the corre-
sponding (∆ + ε)–harmonic measure µε

x satisfy µx ≤ δµε
x.
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2. A Boundary Harnack Inequality

Let (gt) be the geodesic flow on the unit tangent bundle SM of M .
For v ∈ SM set vt = gt(v).

Fix constants θ ∈ (0, π) and ρ > 0. Denote by Vρ the open set of
unit vectors v in TM such that

dist(vt, SF ) > ρ for all t ≥ 0 .

Note that gt(Vρ) ⊂ Vρ for all t ≥ 0, a property which will be important
in an inductive step in the proof of the Proposition 16 below. Moreover,
for any r > 0 there is a constant R = R(r, ρ, θ) with the following
property:

for all v ∈ Vρ and y ∈M \ C(v, θ) such that

dist(y, π(v)) ≥ R we have B(y, r) ⊂M \ C(v1, θ) .
(15)

This is clear since the curvature along the geodesic rays γv(t), v ∈ Vρ

and t ≥ 0, stays uniformly negative.

16. Proposition. There is a constant c = c(ρ, θ) such that for all
v ∈ Vρ, y ∈M \ C(v, θ) and t ≥ 1

G(y, xt) ≤ cG(x0, xt)G
ε(y, x1) ,

where xt = γv(t) = π(vt).

Proof. Recall thatG(· , z) is harmonic onM\{z}. Hence if dist(x0, z) ≥
2, then

(17) G(x1, z) ≤ c1G(x0, z) ,

where c1 = c(1) as in Lemma 12. There is also a constant c2 = c2(θ)
such that

(18) Gε(y, xt+1) ≤ c2G
ε(y, xt)

for all t ≥ 0 and all y ∈ M \ B(xt+1, sin(θ)/2). In fact, the Har-
nack inequalities imply the existence of such a constant if we restrict
y to belong to ∂B(xt, sin(θ)/2). Since the left hand side is a (∆ + ε)–
potential and the right hand side is (∆ + ε)–superharmonic and posi-
tive, the maximum principle in Lemma 13 implies that (18) holds on
M \B(xt+1, sin(θ)/2) as claimed.

Now for δ = 1/c1c2 choose r as in Lemma 14 and R according to
(15). By the Harnack inequalities there is a constant c3 = c3(R, θ) such
that

(19) G(y, xt) ≤ c3G(x0, xt)G(y, x1)
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for all y ∈ (M \ C(v, θ)) ∩B(x0, R) and t ≥ 1. This follows since both
sides are harmonic in y and of the same order at y = x0. For these y
the asserted inequality in the proposition already follows since G ≤ Gε.

Once again by the Harnack inequalities there is a constant c4 such
that

G(y, x1) ≤ c4G(x0, x1)G
ε(y, x1)

for all y ∈ M \ C(v, θ). Now set c5 = max{c3, c4} and note that c5
depends on ρ and θ only. In particular, c5 is independent of v ∈ Vρ.
Assume inductively for n ≥ 1,

(20) G(y, xn) ≤ c5G(x0, xn)Gε(y, x1)

whenever v ∈ Vρ and y ∈ M \ C(v, θ). Recall that v1 ∈ Vρ for v ∈ Vρ.
Hence by applying (20) to v1 we get

G(z, xn+1) ≤ c5G(x1, xn+1)G
ε(z, x2)

for all z ∈M \ C(v1, θ). By (17) and (18) we obtain

(21) G(z, xn+1) ≤ c1c2c5G(x0, xn+1)G
ε(z, x1)

for all z ∈M \C(v1, θ). Now let y ∈M \C(v, θ) such that dist(y, x0) ≥
R. ThenB(y, r) ⊂M\C(v1, θ), and hence (21) holds for all z ∈ B(y, r).
Integrating over ∂B(y, r) with respect to the harmonic measure µy and
using µy ≤ µε

y/c1c2, see Lemma 14, we get

G(y, xn+1) ≤ c5G(x0, xn+1)G
ε(y, x1) .

This shows that the asserted inequality holds for all xt, t ∈ N. Now the
proposition follows from an easy application of the Harnack inequali-
ties. �

Fix a further constant α ∈ (0, π) and denote by Wα,ρ,θ the set of
vectors w such that if ∠(v, w1) = α then v ∈ Vρ and C(v, θ) ⊂ C(w,α)
and if ∠(v, w) = α then v ∈ Vρ and C(v, θ) ⊂M \ C(w1, α).

22. Proposition. There is a constant c = c(α, ρ, θ) such that for all
w ∈ Wα,ρ,θ, all x ∈ C(w1, α) and y ∈M \ C(w, α) we have

G(y, x) ≤ cG(x0, x)G
ε(y, x1)

G(x, y) ≤ cG(x1, y)G
ε(x, x0) .

Proof. By Proposition 16, the first inequality holds for all x ∈ ∂C(w1, α).
Now for x ∈ C(w1, α), there is a measure µx with support on ∂C(w1, α)
such that G(y, x) =

∫
G(y, z)dµx(z) for all y ∈ M \ C(w, α). Integra-

tion yields the first inequality. The second one follows by changing the
roles of the variables involved. �
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23. Theorem. There is a constant c = c(α, ρ, θ) such that for any unit
tangent vector w with w and w−1 in Wα,ρ,θ we have

G(y, x) ≤ cG(y, x0)G(x0, x)

for all x ∈ C(w1, α) and y ∈M \ C(w−1, α).

The proof is the same as that of Theorem 1 in [Ac], where C(w, α)
playes the role of Γ′ there and C(w1, α) that of Γ1. The proof of the
following assertion is the same as that of Theorem 2 in [Ac].

24. Theorem. Under the assumption of Theorem 23, if u and v are
positive harmonic functions on M such that u extends continuously to
0 on C(w−1, α) ∩M(∞), then for all x ∈ C(w1, α) ,

u(x)

u(x0)
≤ c

v(x)

v(x0)

and
u(x) ≤ c u(x0)G(x0, x) ,

where c depends on α, ρ and θ.

It is important that C(w1, α) may very well contain F (∞). For ex-
ample, if γ is a geodesic perpendicular to the flat F , then γ̇(−s) belongs
to Wπ/2,1,π/4 for all s sufficiently large. The (elementary) arguments in
[Ac, p.511] now show that M(∞) \F (∞) is part of the Martin bound-
ary: if ξ ∈ M(∞) \ F (∞) and (xn) is a sequence in M covering to ξ,
then

K(· , xn) =
G(· , xn)

G(x0, xn)

converges to a harmonic function K(· , ξ) independent of the particu-
lar sequence (xn) approaching ξ. Moreover, K(· , ξ) is O(G(· , x0)) at
every η ∈M(∞) \ {ξ}; in particular, K(· , ξ) is minimal. Furthermore,
K(y, ξ) is continous in y ∈M and ξ ∈M ∪ (M(∞) \ F (∞)).

3. The Case ξ ∈ F (∞)

We now consider ξ ∈ F (∞) ⊂ M(∞). For a sequence (xk) in M
converging to ξ we have to investigate the sequence

K(·, xk) =
G(·, xk)

G(x0, xk)
,

where x0 ∈ F denotes the chosen origin of M . Let γ be the unit speed
geodesic from x0 to ξ.

Our first objective is to show that K(·, xk) is o(1) uniformly in k at
the antipodal point η = γ(−∞) of ξ in F (∞). Thus for m large and
α > 0 given we want to show that K(y, x) is uniformly small for all
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y ∈ C(−γ̇(−m), α) and x ∈ C(γ̇(m), α). We can assume α < π/4. For
z ∈ M , denote by ẑ the projection of z in F . Now G(· , x) is invariant
under isometries of M which are induced from rotations of F fixing the
point x̂. Hence

K(y, x) = G(y, x)/G(x′0, x),

where x′0 is the point on the line in F from x̂ to ŷ of distance dist(x0, x̂)
to x̂. Since x̂ ∈ C(γ̇(m), α) we have dist(x′0, x̂) ≥ m. Now x′0 ∈
C(γ̇(0), π/2 + α), hence α < π/4 implies dist(x′0, ŷ) ≥ m. It follows
easily that there is an isometry A of M which maps x′0 to x0, x into
C(γ̇(m), π/2) ∩ H and y into C(−γ̇(−m), π/2) ∩ H, where H is the
totally geodesic surface spanned by the above geodesic γ in F and the
direction perpendicular to F . But then

K(Ay,Ax) =
G(Ay,Ax)

G(x0, Ax)
=

G(y, x)

G(x′0, x)
= K(y, x) .

Hence in our discussion that K(·, x) is o(1) at η, it suffices to consider
the case that y and x are in H.

We introduce cylindrical coordinates in M , centered at x̂: polar
coordinates (r, θ) about x̂ in F and signed arc length t perpendicular
to F . Recall that the metric on M is

f 2(t)(dr2 + r2σ) + dt2 ,

where σ is the standard metric on the sphere. Now Green functions
are invariant under isometries, hence in the coordinates K(·, x) does
not depend on θ. The Laplacian of M on functions independent of θ is
given by

L =
1

f 2

∂2

∂r2
+
∂2

∂t2
+ n

f ′

f

∂

∂t
+
n− 1

f 2r

∂

∂r

= ∆H + (n− 2)
f ′

f

∂

∂t
+
n− 2

f 2r

∂

∂r
.

We are only interested in the values of K(·, x) in C(−γ̇(0), π/2). To
estimate those we want to apply the results of [Ac] toK(·, x) considered
as a function on H. Recall first that the Gaussian curvature KH of H
satisfies

−b2 ≤ KH ≤ −a2 < 0 .

Secondly, the coefficients of L are bounded as required in [Ac], except
for the factor 1/r, which can be handled as follows: since x and x̂ are in
C(γ̇(m), α), the r-coordinate of any point in C(−γ̇(0), π/2) is at least
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m, hence large. Choose a function ψm(r) such that

ψm(r) = 0 for r ≤ 1 ,

ψm(r) = 1/r for r ≥ m− 1 ,

|ψ′m(r)| ≤ 2/m for all r ,

and set

Lm,z = ∆H + (n− 2)
f ′

f

∂

∂t
+
n− 1

f 2
ψm

∂

∂r
.

Then the coefficients of Lm are uniformly bounded as required in [Ac]
(independently of m). In order to apply the results there we also have
to check coercivity. Now ∆H is coercive, hence there is a constant κ
such that

−〈∆Hϕ, ϕ〉 ≥ 2κ〈ϕ, ϕ〉
for any smooth function ϕ in H with compact support. We also have

−
∫
ϕ
f ′

f

∂ϕ

∂t
dAH = −

∫ ∫
ϕ
f ′

f

∂ϕ

∂t
fdtdr

=

∫ ∫ (
∂ϕ

∂t
f ′ϕ+ ϕf ′′ϕ

)
dtdr .

Since f ′′ ≥ af we obtain

−2

∫
ϕ
f ′

f

∂ϕ

∂t
dAH ≥ a2

∫ ∫
ϕ2fdtdr = a2

∫
ϕ2dAH ≥ 0 .

By a similar computation we obtain, since f ≥ 1,∣∣∣∣2 ∫
ϕ
n− 1

f 2
ψm

∂ϕ

∂r
dAH

∣∣∣∣ ≤ n− 1

m

∫
ϕ2dAH .

Hence m ≥ (n− 1)/κ suffices to ensure

−〈Lm,z(ϕ), ϕ〉 ≥ κ〈ϕ, ϕ〉 ,

establishing the coercivity of Lm, independently of m.
It follows that we can apply the results in [Ac] to Lm,z, in partic-

ular the Harnack inequality at the boundary (Theorem 2), where the
constant c is independent of m and z: the function K(· , x) is Lm,z–
harmonic in C(−γ̇(0), π/2) and vanishes at C(−γ̇(0), π/2) ∩ H(∞).
Hence

K(y, x) ≤ cK(x0, x)Gm,z(y, x0) .

By definition, K(x0, x) = 1. Furthermore,

Gm,z(y, x0) ≤
1

λ
e−λ dist(y, x0)
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for some constant λ independent of m and z, cf. Remark 2.1 in [Ac].
Hence K(·, x) is uniformly o(1) at η for all x in C(γ̇(m), α).

Now we also want to show the latter at any η ∈ M(∞) \ F (∞).
For that purpose let γη be the geodesic from ξ to η. Then for s large,
w = −γ̇(s) satisfies the assumptions of Theorem 23, for example for
α = π/2, ρ = 1 and θ = π/4. Hence

K(y, x) ≤ cG(y, γ(s))

for all y ∈ C(γ̇(s+1), π/2) and x close to ξ. Hence K(· , x) is uniformly
small at η, independently of such x.

Now we are ready for the discussion of the sequences K(· , xk) for
xk → ξ. By the invariance of Green functions under isometries, if A is
an isometry of M such that A|F is a rotation of F about x̂k, then we
have

K(A(y), xk) = K(y, xk)

for all y ∈ M . Hence if h is a limit of a subsequence of K(· , xk), then
h is a harmonic function on M such that h(x0) = 1 and such that
it is invariant under isometries T of M such that T |F is a translation
perpendicular to the geodesic γ from x0 to ξ. Functions invariant under
such translations are determined by their values on the surface H. If s
is the arc length of γ, the Laplacian of M on such functions is

L = ∆H + (n− 2)
f ′

f

∂

∂t
.

Hence L is coercive, compare the computation above. Hence we can
apply the results in [Ac] and conclude that there is a unique positive L–
harmonic function hξ onH such that h(ξ) = o(1) at any η ∈ H(∞)\{ξ}
and such that h(x0) = 1. Now by the estimates we derived we know
that the above limit h is o(1) at all points η required, hence h = hξ.
Thus K(· , xk), xk → ξ, converges to hξ =: K(· , ξ), independently of
the sequence (xk).

Suppose now that hξ is not minimal. Then, since all the points at
F (∞) are equivalent under isometries, the extremal part of the Martin
boundary would be M(∞) \ F (∞) =: U . Hence there would exist a
probability measure µ on U such that

hξ =

∫
K(· , ζ)µ(dζ) .

Then there is a small compact subset X in U such that µ(X) > 0. Let
ν = µ|X. Then

h =

∫
K(· , ζ)ν(dζ)



12 WERNER BALLMANN

is a positive harmonic minorant of hξ. In particular, h = o(1) at any
η ∈ U . But sinceX is compact in U , the functionsK(·, ζ) are uniformly
o(1) at any η ∈ F (∞), for all ζ ∈ X. Hence h is o(1) at M(∞) and
therefore h ≡ 0 on M by the maximum principle, a contradiction to
h > 0.
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