
GEOMETRIC STRUCTURES

WERNER BALLMANN

This text is based on lectures at the University of Bonn. I discuss
geometric structures with the main aim of proving a theorem of Singer
on the local homogeneity of Riemannian manifolds [Si] and Gromov’s
Open Orbit Theorem [Gr]. Recall that the latter theorem is crucial in
the celebrated work of Benoist, Foulon and Labourie on the regularity
of stable foliations of contact Anosov flows, see [BFL]. This work was
one of my main motivations for discussing geometric structures.

The size of the notes indicates that they do not contain a compre-
hensive introduction into the field. The section on conformal structures
is not complete yet. I also intend to add, at some later point, a discus-
sion of projective structures, Cartan connections, and of Killing fields
of geometric structures.

Anyway, much more can be said about geometric structures than
is revealed here. Besides Gromov’s article [Gr] and the survey [DG]
of this article, the papers [Be] by Benoist and [Ze] by Zeghib contain
discussions of Gromov’s work in [Gr]. In particular, [Be] contains a
proof of the Open Orbit Theorem and [Ze] a proof of this theorem in
the case needed in [BFL]. References for further reading are Chern’s
article [Ch] and Kobayashi’s monograph [Ko]. The recent paper [We]
of Weingart contains interesting new ideas.

I would like to thank Anna Wienhard for helpful remarks. Further
criticism is welcome.
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1. Preliminaries

Let M , N be smooth manifolds. We say that a map f is a local map
from M to N if the domain of f is an open subset of M and the target of
f is N or an open subset of N . Let p ∈M and f : U → N , g : V → N
be local maps from M to N with p ∈ U ∩ V . We say that f and g
have contact of order k ≥ 0 at p if f(p) = g(p) and if, with respect to
local coordinates x about p and y about f(p), the first k derivatives
of y ◦ f ◦ x−1 and y ◦ g ◦ x−1 coincide in x(p). This is independent
of the choice of coordinates and defines an equivalence relation on the
space of local maps f containing p in their domain of definition. The
equivalence class of f is denoted jk(f, p) and is called the k-jet of f at
p. The space of all equivalence classes is denoted Jkp (M,N) and we set

Jk(M,N) = ∪p∈MJkp (M,N) .

We keep the notation somewhat flexible in accordance with readability.
For example, the k–jet of f at p is also denoted jkp (f) or jkf (p). We call

p the foot point of jkp (f).
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Let 0 ≤ l ≤ k and p ∈ M . It is plain that jl(f, p) = jl(g, p) if
jk(f, p) = jk(g, p). Hence there is a well defined projection

(1.1) Jk(M,N)→ J l(M,N) , jk(f, p) 7→ jl(f, p) .

There are also the following natural projections,

Jk(M,N)→M , jk(f, p) 7→ p ,

Jk(M,N)→ N , jk(f, p) 7→ f(p) .
(1.2)

Via j0(f, p) = (p, f(p)) we identify J0(M,N) withM×N . Via j1(f, p) =
(p, f(p), f∗(p)) we identify J1(M,N) with the space of all triples (p, q, L),
where p is a point in M , q is a point in N and L : TpM → TqN is a
linear map.

Smooth Structure. We now show that Jk(M,N) has a natural
smooth structure. The idea is the same as that in the definition of the
smooth structure on the tangent bundle. Let T k0 (m,n) be the vector
space of all polynomial maps T of degree at most k from Rm to Rn

with T (0) = 0. Let (x, U) and (y, V ) be local coordinates in M and N
respectively. Then Jk(U, V ) ⊂ Jk(M,N) consists of all k-jets jk(f, p)
with p ∈ U and f(p) ∈ V . Define (candidates for) coordinates

Jk(U, V )→ x(U)× y(V )× T k0 (m,n) ,

jk(f, p) 7→ (u, ϕ(u), T ku (ϕ)) ,
(1.3)

where u = x(p), ϕ = y◦f ◦x−1 and T = T ku (φ) is the Taylor polynomial
of order k of φ in u. That is, we have

ϕ(u+ h) = ϕ(u) + T (h)

up to terms of order > k. The chain rule implies that coordinate
changes between coordinates of the above type are smooth. It follows
easily that Jk(M,N) has precisely one topology such that the coordi-
nates of the above type induce a smooth structure. As a rule, claims
about local properties of maps and sets are easy to check in these co-
ordinates. It is usually also helpful to adapt the coordinates x on M
and y on N to the situation.

The projections in (1.1) and (1.2) are smooth fiber bundles. For all
points p ∈ M , Jkp (M,N) is a smooth submanifold of Jk(M,N). Simi-

larly, for all points p ∈ M and q ∈ N , the subspace Jkpq(M,N) ⊂
Jkp (M,N) of jets jkf (p) with f(p) = q is a smooth submanifold of

Jkp (M,N) and of Jk(M,N).

1.4. Example. As a manifold, TM = J1
0 (R,M).
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Sometimes it is also helpful to consider the direct sum of vector
spaces Si(m,n) of symmetric i–linear maps from Rm to Rn instead of
the space T k0 (m.n) of polynomials as above. This amounts to a different
view of the local coordinates in (1.3),

Jk(U, V )→ x(U)× y(V )×⊕1≤i≤kS
i(m,n) ,

jk(f, p) 7→ (u, ϕ(u), ϕ′(u), . . . , ϕ(k)(u)) ,
(1.5)

where u = x(p) and ϕ = y ◦ f ◦ x−1. Switching from the first type
of coordinates to this type amounts to polarization of T ku (ϕ). With
respect to such coordinates, elements of Jk(U, V ) ⊂ Jk(M,N) are of
the form

(u, v, ϕ1, . . . , ϕk)

with u ∈ x(U), v ∈ y(V ) and ϕi ∈ Symi(m,n), 1 ≤ i ≤ k.
Many of our considerations are of a local nature. In such considera-

tions we simply view M as an open subset of Rm, N as an open subset
of Rn and denote points of M by the letter u, points of N by the letter
v. We indicate the change to this point of view by writing “in terms
of local coordinates ”.

Holonomic Sections. We let Z = Jk(M,N) and π : Z →M be the
projection to the foot point. A local section s of π : Z → M is called
holonomic if s = jkf for some local map f from M to N . Similarly, a
linear map L : TpM → TzZ is called holonomic if L = s′(p), where
s = jkf is a holonomic section. Then π(z) = p and z = jkf (p).

In terms of local coordinates, local sections of π are local maps of
the form

(1.6) s(u) = (u, ϕ0(u), ϕ1(u), . . . , ϕk(u))

with ϕ0(u) ∈ Rn and ϕi(u) ∈ Si(m,n), 1 ≤ i ≤ k. If s = jkϕ is a
holonomic section, then we have

s(u) = (u, ϕ0(u), ϕ1(u), . . . , ϕk(u))

= (u, ϕ(u), ϕ′(u), . . . , ϕ(k)(u)) = jkϕ(u) .
(1.7)

Similarly, suppose that L : TuM → TzZ is a holonomic linear map,

z = jkϕ(u) = (u, ϕ(u), ϕ′(u), . . . , ϕ(k)(u))

and

L = (jkϕ)′(u) = (id, ϕ′(u), . . . , ϕ(k+1)(u)) .

The latter equation has to be understood in the usual way,

L(ξ) = (ξ, ξxϕ′(u), . . . , ξxϕ(k+1)(u)) ,
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where, for ξ ∈ Rm and ψ ∈ Symi+1(m,n), ξxψ ∈ Symi(m,n) is given
by

(ξxψ)(ξ1, . . . , ξi) = ψ(ξ, ξ1, . . . , ξi) .

Since the information on L also includes the foot point z, we see that
the holonomic map L = (jkϕ)′(u) is nothing else but an interpretation

of the (k + 1)–jet z̃ = jk+1
ϕ (u) of the local map ϕ in question. In other

words, we may view a (k+1)–jet z̃ over z as a linear map TpM → TzZ.
In terms of local coordinates, if

z̃ = (u, v, ϕ1, . . . , ϕk, ϕk+1)

is a (k + 1)–jet over

z = (u, v, ϕ1, . . . , ϕk) ,

then the corresponding holonomic linear map TuM → TzZ is

ξ 7→ (ξ, ξxϕ1, ξxϕ2, . . . , ξxϕk, ξxϕk+1) .

This point of view will be relevant in some instances.

1.8. Lemma. If s is a local section of π and s′(p) is holonomic for all
p in the domain of s, then s is holonomic.

Proof. In terms of local coordinates, suppose that

s(u) = (u, ϕ0(u), ϕ1(u), . . . , ϕk(u)) .

Then

s′(u)(ξ) = (ξ, ϕ′0(u)(ξ), . . . , ϕ′k(u)(ξ)) .

Now s′(u) is holonomic for all u, hence by what we said above, ϕ′i(u)(ξ) =
ξxϕi+1(u) for all u and i, 0 ≤ i ≤ k − 1. Hence s is holonomic. �

Glk(m) and Frames. Let k ≥ 0 and Glk(m) be the space of all k–jets
of local diffeomorphisms of Rm fixing the origin 0 ∈ Rm. Composition
turns Glk(m) into a Lie group,

(1.9) jk0 (ϕ) · jk0 (ψ) = jk0 (ϕ ◦ ψ) .

Since the origin is fixed, we can identify jk0 (ϕ) ∈ Glk(m) with the Taylor
polynomial T k0 (ϕ) ∈ T k0 (m,m) of ϕ at 0. With respect to this identifica-
tion, Glk(m) consists of the open subset of polynomials T ∈ T k0 (m,m)
such that T ′(0) is invertible. Multiplication in Glk(m) corresponds to
composition of polynomials in T k0 (m,m), where terms of order higher
than k are cancelled. In this sense, T k0 (m,m) = glk(m), the Lie algebra
of Glk(m).
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By definition, Gl0(m) is the trivial group. We view Gl1(m) as the
general linear group Gl(m) of invertible (m × m)–matrices with real
entries and, more generally, Glk(m) as the space of all k–tuples

(1.10) Glk(m) = {(a1, . . . , ak)} ,
where a1 ∈ Gl(m) and ai ∈ Symi(m,m), 2 ≤ i ≤ k. In this notation,
multiplication in Gl2(m) is given by

(a1, a2) · (b1, b2) = (a1 · b1, a1 · b2 + a2 · (b1, b1)) ,

and there are similar formulas for k ≥ 3.
Let p ∈ M . A frame of order k at p is the k-jet jk(f, 0) of a local

diffeomorphism f from Rm to M with f(0) = p. The space of frames
of order k at p is denoted Glkp(M) and we set

Glk(M) = ∪p∈M Glkp(M) .

With respect to the smooth structure on Jk(Rm,M) defined above,
Glk(M) is an open subset of the submanifold Jk0 (Rm,M).

The projection Glk(M)→M with fibres Glkp(M) is a principal bun-

dle with structure group Glk(m). Here right multiplication by jk0 (ϕ) is
defined by right composition as above,

(1.11) jk0 (f) · jk0 (ϕ) = jk0 (f ◦ ϕ) .

Translations. By τ(u), u ∈ Rm, we denote the translation by u,

(1.12) τu = τ(u) : Rm → Rm , τu(h) = u+ h .

It usually serves as the preferred smooth map sending 0 ∈ Rm to u.
For a local diffeomorphism ϕ of Rm and u ∈ Rm in the domain of ϕ,

we let

gk(ϕ, u) = jk0 (τ(−ϕ(u)) ◦ ϕ ◦ τ(u))

= jk0 (h 7→ ϕ(u+ h)− ϕ(u)) ∈ Glk(m) .
(1.13)

We may think of gk(ϕ, u) as the Taylor polynomial of ϕ at u. Whenever
convenient, we also write gku(ϕ) or gkϕ(u) instead of gk(ϕ, u).

Let ψ be another local diffeomorphism of Rm. Then the chain rule
tells us that

(1.14) gk(ϕ ◦ ψ, u) = gk(ϕ, ψ(u)) · gk(ψ, u)

for all u in the domain of ϕ ◦ ψ. We also have

(1.15) gk(ϕ, u)−1 = gk(ϕ−1, ϕ(u)) .
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2. Geometric Structures

Suppose Σ is a smooth manifold and λ : Glk(m)×Σ→ Σ is a smooth
action. Whenever convenient we also write gs or g ·s instead of λ(g, s).

2.1. Definition. A geometric structure of type λ on M is an equivari-
ant map σ : Glk(M) → Σ, that is, we require σ(x · g) = g−1 · σ(x) for
all x ∈ Glk(M) and g ∈ Glk(m). The number k is called the order of
σ.

We may interpret geometric structures of type λ as sections of the
associated fiber bundle Glk(M)×λ Σ.

Frequently, there is no need to specify the particular λ and then we
simply speak of a geometric structure.

Let σ be a structure of type λ on M and k be the order of σ. A
(local) automorphism of σ is a (local) diffeomorphism F of M such
that σ ◦ F∗ = σ, where F∗ denotes the map of Glk(M) induced by F ,
F∗(j

k
0 (f)) = jk0 (F ◦ f). The (pseudo) group of (local) automorphisms

of σ is denoted Aut(σ) (respectively Autloc(σ)).

2.2. Example (Parallelizations). Let Σ = Gl1(m) = Gl(m) and λ be
the action of Gl(m) on itself by left translations. Then a geometric
structure σ on M of type λ corresponds to a parallelization Φ of M :
Define Φ(p) to be the unique frame j1

0(ϕ) at p with σ(j1
0(ϕ)) = 1.

2.3. Example (Connections). Let Σ be the vector space of bilinear
maps from Rm to Rm and, for g = (a1, a2) ∈ Gl2(m) and Γ ∈ Σ, let

λ(g,Γ)(ξ, η) = a1 · Γ(a−1
1 ξ, a−1

1 η)− a2(a−1
1 ξ, a−1

1 η) .

This is the transformation rule for the Christoffel symbols of a connec-
tion under a change of coordinates. In other words, connections are
geometric structures of order 2.

2.4. Example (Riemannian Metrics). Let Σ+ the space of inner prod-
ucts on Rm, where Gl1(m) = Gl(m) acts by

λ(a, s)(ξ, η) = s(a−1ξ, a−1η) .

In this case, a geometric structure σ of type λ is the same as a Rie-
mannian metric on M : View σ(j1

0(f)) as the fundamental matrix of
the metric with respect to the frame j1

0(f).
The same λ also works when we replace Σ+ by the vector space Σ

of all symmetric bilinear forms on Rm. The corresponding geometric
structures are symmetric (2, 0)–tensor fields.

2.5. Example (G–Structures). Let G ⊂ Glk(m) be a closed subgroup.
By definition, aG–structure on M is a principal subbundle P ⊂ Glk(M)
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with induced structure group G. We may view G–structures as geomet-
ric structures: We let Σ = Glk(m)/G with the natural Glk(m)–action
by left translations and define σ by

σ(jk0 (f)) = [G] ∈ Σ iff jk0 (f) ∈ P .

Riemannian metrics are geometric structures of this kind, connections
are not.

2.6. Exercise. Show that distributions and tensor fields are geometric
structures of order 1. A distribution of rank d is a Gl(d)×Gl(m− d)–
structure. Give an example of a tensor field which is not a G–structure.

In what follows, σ denotes a structure of type λ on M and k denotes
the order of σ.

Local Form. Suppose x : U ′ → U ⊂ Rm is a local coordinate chart
of M . Then we define the local form σx : U → Σ of σ with respect to
x by

σx(u) = σ(jk0 (x−1 ◦ τ(u)))

= σ(jk0 (h 7→ x−1(u+ h))) .
(2.7)

Note that σ is only defined on jets taken at 0, so that τ(u) enters into
the definition. If y : V ′ → V is another local coordinate chart of M ,
ϕ := y ◦ x−1 and u is in the domain of ϕ, then

jk0 (x−1 ◦ τ(u)) = jk0 (y−1 ◦ y ◦ x−1 ◦ τ(u))

= jk0 (y−1 ◦ τ(ϕ(u))) · gkϕ(u) .

Therefore the transformation rule for local forms is

(2.8) gkϕ(u) · σx(u) = σy(ϕ(u)) .

Vice versa, any system (σx) of local forms satisfying this rule gives rise
to a geometric structure σ of type λ.

Higher Order. We obtain geometric structures of higher order by
taking derivatives. Suppose that λ : Glk(m)×Σ→ Σ is an action. Let
r ≥ k and set l = r − k ≥ 0 and Σl = J l0(Rm,Σ). For jr0(ϕ) ∈ Glr(m)
and jl0(s) ∈ Σl, set

λl(jr0(ϕ), jl0(s)) : = jl0((gkϕ · s) ◦ ϕ−1)

= jl0(u 7→ gkϕ(ϕ−1(u)) · s(ϕ−1(u))) .
(2.9)

2.10. Lemma. λl is an action of Glr(m) on Σl.
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Proof. We compute

(jr0(ϕ)jr0(ψ)) · jl0(s) = jr0(ϕψ) · jl0(s) = jl0((gkϕψ · s) ◦ (ϕψ)−1)

= jl0(u 7→ gkϕ(ϕ−1(u)) · gkψ(ψ−1ϕ−1(u)) · s(ψ−1ϕ−1(u)))

= jr0(ϕ) · jl0(v 7→ gkψ(ψ−1(v)) · s(ψ−1(v)))

= jr0(ϕ) · (jr0(ψ) · jl0(s)) ,

hence the claim. �

Let g = (a1, . . . , ar) ∈ Glr(m) and jl0(s) ∈ Σl. Then in terms of local
coordinates on Σ about s(0) and g · s(0) respectively, we have

(2.11) λl((a1, . . . , ar), (s0, . . . , sl)) = (s̃(0), s̃′(0), . . . , s̃(l)(0)) ,

where

s̃(u) = λ(gkϕ(ϕ−1(u)), s(ϕ−1(u))) .

Frequently, Σ is an open subset in a Euclidean space and then we use
(2.11) to compute λl.

2.12. Example (Riemannian Metrics). Let Σ be the vector space of
symmetric bilinear forms on Rm and λ be as in Example 2.4. We
compute the action of j2

0(ϕ) = (a1, a2) ∈ Gl2(m) on j1
0(s) = (s0, s1) ∈

Σ1 = J1
0 (Rm,Σ). We have

(a1, a2) · (s0, s1) = (a1 · s0, s̃1) ,

where a1 · s0 = λ(a1, s0) is as before. To compute s̃1 we fix ξ1, ξ2 ∈ Rm

and consider the map

u 7→ s(ϕ−1(u))(ϕ′(ϕ−1(u))−1(ξ1), ϕ′(ϕ−1(u))−1(ξ2)) .

The derivative at u = 0 in the direction of ξ0 ∈ Rm is

s̃1(ξ0)(ξ1, ξ2) = s1(a−1
1 ξ0)(a−1

1 ξ1, a
−1
1 ξ2)

− s0(a−1
1 a2(a−1

1 ξ0, a
−1
1 ξ1), a−1

1 ξ2)

− s0(a−1
1 ξ1, a

−1
1 a2(a−1

1 ξ0, a
−1
1 ξ2)) .

In particular, if a1 = 1 and a2 =: a, then s̃1 − s1 is given by

−s0(a(ξ0, ξ1), ξ2)− s0(ξ1, a(ξ0, ξ2)) .

Now suppose that σ : Glk(M)→ Σ is a geometric structure on M of
order k. We obtain a smooth map σl : Glr(M)→ Σl by setting

(2.13) σl(jr0(f)) = jl0(u 7→ σ(jk0 (f ◦ τ(u)))) .

2.14. Lemma. σl is Glr(m)–equivariant, hence a geometric structure of
order r.
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Proof. We recall that for jr0(ϕ) ∈ Glr(m)

gku(ϕ)−1 = gkϕ(u)(ϕ
−1) .

We also have

jk0 (f ◦ ϕ ◦ τ(u)) = jk0 (f ◦ τ(ϕ(u))) · gku(ϕ) .

Hence since σ in a geometric structure,

σl(jr0(f) · jr0(ϕ)) = σl(jr0(f ◦ ϕ))

= jl0(u 7→ σ(jk0 (f ◦ ϕ ◦ τ(u))))

= jl0(u 7→ σ(jk0 (f ◦ τ(ϕ(u)))) · gku(ϕ))

= jl0(u 7→ gku(ϕ)−1 · σ(jk0 (f ◦ τ(ϕ(u)))))

= jl0(u 7→ gkϕ(u)(ϕ
−1) · σ(jk0 (f ◦ τ(ϕ(u)))))

= jr0(ϕ−1) · jl0(v 7→ σ(jk0 (f ◦ τ(v))))

= jr0(ϕ)−1 · σl(jr0(f)) .

We conclude that σl is Glr(m)–equivariant. �

If x is a coordinate chart on M , then the local form of σl with respect
to x is

(2.15) σlx(u) = jl0(h 7→ σ(jk0 (x−1 ◦ τ(u+ h)))) .

That is, in terms of local coordinates on Σ,

(2.16) σlx(u) = (σx(u), σ′x(u), . . . , σ(l)
x (u)) .

This formula will be used in computations.

3. Rigid Geometric Structures

It is well known that the group of isometries of a Riemannian metric
on M is a Lie group with respect to the compact–open topology. On
the other hand, the group of automorphisms of a vector field X on M ,
that is, the group of diffeomorphisms of M commuting with the flow
of X, is infinite dimensional in many cases. We are interested in the
question when Aut(σ) is finite dimensional in a natural topology. This
leads us to the notion of rigidity of geometric structures.

We let σ : Glk(M)→ Σ be a geometric structure onM . ByDk(M) ⊂
Jk(M,M) we denote the open subset of k-jets of local diffeomorphisms
of M . For points p, q ∈M , we set

(3.1) Autkpq(σ) := {jkp (F ) ∈ Dk(M) | F (p) = q and

σ(jk0 (F ◦ f)) = σ(jk0 (f)) for all f ∈ Glkp(M)} .
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By the equivariance of σ, we can replace the term “for all”on the right
hand side by “for one”. We also set

(3.2) Autk(σ) := ∪p,q∈M Autkpq(σ) .

For r ≥ k and l = r − k, we set Autrpq(σ) := Autrpq(σ
l) and define

Autr(σ) correspondingly. Similar notation will be used for automor-
phisms and local automorphisms of σ. For example, Autlocpq (σ) will
denote the set of local automorphisms of σ mapping p to q.

Recall that an isometry of a connected Riemannian manifold is com-
pletely determined by its 1–jet at one point. Now the idea behind
rigidity is that for some r, the (r + 1)–jet of a local automorphism F
of σ is determined by its r–jet. More precisely, in the case r ≥ k we
require that the projection Autr+1

pp (σ) → Autrpp(σ) is injective for all
points p ∈M .

A straightforwarded computation shows that jkp (F ) ∈ Autkpp(σ) if

and only if for one (or any) x = jk0 (f) ∈ Glkp(M), jk0 (f−1Ff) ∈ Glk(m)
is in the stabilizer

(3.3) Stab(y) = {g ∈ Glk(m) | gy = y}
of y = σ(x) ∈ Σ. The corresponding statement holds for jrp(F ), x =

jr0(f) and y = σl(x), l = r − k.
Let ∆r+1(m) be the kernel of the projection Glr+1(m) → Glr(m).

Then ∆1(m) = Gl(m) and ∆2(m) = {(1, a) | a ∈ Sym2(m,m)}. More
generally, if 1r denotes the r–tupel (1, 0, . . . , 0), then

(3.4) ∆r+1(m) = {(1r, a) | a ∈ Symr+1(m,m)} .
For r ≥ 1 we have

(3.5) (1r, a) · (1r, b) = (1r, a+ b) .

We see that ∆r+1(m) is abelian if r ≥ 1.
In terms of stabilizers, our requirement on injectivity of the projec-

tion Autr+1
pp (σ)→ Autrpp(σ) means that

(3.6) ∆r+1(m) ∩ Stabr+1(σl+1(x)) = {1}
for all p ∈ M and x = jr+1

p (f) ∈ Glr+1
p (M). In other words, the

requirement on injectivity means that ∆r+1(m) acts freely on the image
of σl+1, l = r − k. This requirement also makes sense in the case
r = k − 1 and leads to our main definition.

3.7. Definition. Let r ≥ k − 1 and l = r − k ≥ −1. We say that
a geometric structure σ : Glk(M) → Σ is r–rigid if there is an open
Glr+1(m)–invariant neighborhood Σl+1

0 of the image of σl+1 in Σl+1

such that the action of ∆r+1(m) on Σl+1
0 is proper and free.
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By proper we mean that for any compact subset K ⊂ Σl+1
0 , the set of

g ∈ ∆r+1(m) with gK ∩K 6= ∅ is compact in ∆r+1(m).

3.8. Example (Parallelizations). The action of ∆1(m) = Gl(m) on
itself by left translation is proper and free. Hence parallelizations are
0–rigid.

3.9. Example (Connections). Let Σ be the vector space of bilinear
maps from Rm to Rm with the action of Gl2(m) as in Example 2.3.
Now (1, a) ∈ ∆2(m) acts on Γ ∈ Σ by

(1, a) · Γ = Γ− a .

This action is proper and free, hence connections are 1–rigid.

3.10. Example (Riemannian Metrics). Let Σ+ be the space of inner
products on Rm with the action of Gl1(m) as in Example 2.4. In
Example 2.12 above we computed the action of ∆2(m) on Σ1

+. We see
that (1, a) ∈ ∆2(m) is in the stabilizer of (s0, s1) ∈ Σ1

+ if and only if

s0(a(ξ0, ξ1), ξ2) + s0(ξ1, a(ξ0, ξ2)) = 0

for all ξ0, ξ1, ξ2 ∈ Rm. Now s0 is an inner product and a is a symmetric
bilinear form with values in Rm. It follows easily that a = 0. Hence
Riemannian metrics are 1–rigid.

The Case r ≥ k. We assume r ≥ k and discuss the action of ∆r+1(m)
on Σl+1, l = r−k, in more detail. We do not assume that our geometric
structure is r–rigid.

Let jl+1
0 (s) ∈ Σl+1 and r+1

0 (ϕ) ∈ Glr+1(m). Let P : Σl+1 → Σl be
the projection. Then

(3.11) P (jr+1
0 (ϕ) · jl+1

0 (s)) = jr0(ϕ) · jl0(s) .

We conclude that the action of ∆r+1(m) does not affect jl0(s). In other
words, in terms of local coordinates on Σ we may consider the action
locally about ∆r+1(m) ⊂ Glr+1(m) as an action on

(3.12) W ×
(
⊕li=1 Symi(m,n)

)
⊕ Syml+1(m,n) ,

where W ⊂ Rn is an open subset, n = dim Σ. All that matters is the
(l + 1)–st derivative of

(3.13) u 7→ λ
(
gkϕ(ϕ−1(u)), s(ϕ−1(u))

)
at u = 0, where we assume ϕ′(0) = 1 and ϕ(i)(0) = 0 for 2 ≤ i ≤ r. Now
the derivative of ϕ−1 at u is ϕ′(ϕ−1(u))−1, hence the first derivative of
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the above map is

k∑
i=1

(∂iλ)
(
gkϕ(ϕ−1(u)), s(ϕ−1(u))

)
◦ (ϕ(i))′(ϕ−1(u)) ◦ ϕ′(ϕ−1(u))−1

+ (∂sλ)
(
gkϕ(ϕ−1(u)), s(ϕ−1(u))

)
◦ (s ◦ ϕ−1)′(u) ,

where ∂iλ and ∂sλ denote the partial derivative of λ in the direction
of Symi(m,m) and Σ respectively. We need to differentiate all these
terms l more times and evaluate the result at u = 0. By the condition
jr+1

0 (ϕ) ∈ ∆r+1(m), only the term

(3.14) (∂kλ)(1k, s(0)) ◦ (ϕ(k))(l+1)(0)

survives among the terms from the sum. Note that with the usual
identification (ϕ(k))(l+1)(0) = ϕ(k+l+1)(0).

The second term involving ∂sλ is a complicated expression involving
higher derivatives of ∂sλ and (s ◦ ϕ−1)′. However, this term has to
simplify to s(l+1)(0) since it does not involve derivatives of ϕ of order
r+ 1 or higher and therefore has to give the same expression as in the
case where ϕ(r+1)(0) = 0. We summarize the result of our computation
in the following lemma.

3.15. Lemma. Let r ≥ k and view Σl+1 as the space of holonomic linear
maps from Rm = T0Rm to TΣl. Then the action of ∆r+1(m) on Σl+1

is affine on the fibers of P : Σl+1 → Σl. In fact, in terms of local
coordinates we have

λl((1r, a), (s0, . . . , sl, sl+1)) = (s0, . . . , sl, s̃l+1)

with
s̃l+1 − sl+1 = (∂kλ)(1k, s0) ◦ a .

Here we note that for ξ0, . . . , ξl ∈ Rm,

a(ξ0, . . . , ξl, . . .) = ξ0x· · · ξlxa
is a symmetric k–linear map, to which (∂kλ)(1k, s0) can be applied.

The formula for s̃l+1− sl+1 only involves the first derivative of λ and
no higher order terms of λ or s. In particular, (∂kλ)(1k, s0) ◦ a is well
defined as an (l + 1)–linear symmetric map from Rm to Ts0Σ.

3.16. Corollary. Let r ≥ k. Then σ is r–rigid if and only if the
linear map

Symr+1(m,m) 3 a 7→ (∂kλ)(1k, s0) ◦ a ∈ Syml+1(Rm, Ts0Σ)

is injective for all s0 in a Glk(m)–invariant open neighborhood Σ0 of
the image of σ in Σ.
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Proof. Injectivity of the action of ∆r+1(m) on Σl+1
0 is immediate from

Lemma 3.15. Properness follows since the action is affine. �

3.17. Example (G–structures). Let G ⊂ Glk(m) be a closed subgroup
and denote by g the Lie algebra of G. Let Σ = Glk(m)/G. Since the
natural action of Glk(m) on Σ is transitive, r–rigidity only needs to be
checked at the point s0 = [G] in Σ.

Recall that the (l+1)–st prolongation of g consists precisely of those
a ∈ Symk+l+1(m,m) such that

(0, . . . , 0, ξ0x· · · ξlxa) ∈ g

for all ξ0, . . . , ξl ∈ Rm. Now for b ∈ Symk(m,m),

(∂kλ)(1k, s0)(b) = 0⇐⇒ (0, . . . , 0, b) ∈ g

by the definition of λ. Hence G–structures are r–rigid for r ≥ k if and
only if the (l + 1)–st prolongation of g vanishes, l = r − k.

3.18. Proposition. Let σ : Glk(M) → Σ be a geometric structure on
M . Suppose that σ is r–rigid for some r ≥ k − 1. Then σ is r′–rigid
for all r′ ≥ r.

Proof. If σ is (k− 1)–rigid, then (∂kλ)(1, s0) is injective for all s0 in an
open invariant neighborhood Σ0 of the image of σ. The rest is clear
from Corollary 3.16. �

Cross Sections. Suppose now that σ is a geometric structure of
order k which is r–rigid. Set l = r − k ≥ −1.

A cross section for the action of ∆r+1(m) on Σl+1
0 is a submani-

fold T ⊂ Σl+1
0 which meets each orbit of ∆r+1(m) exactly once and

transversally.

3.19. Example (Parallelizations). We let r = 0, k = 1 and Σ = Gl(m).
The action of Gl(m) on itself by left translations is simply transitive,
hence any point in Gl(m) is a cross section.

3.20. Example (Connections). We let r = 1, k = 2 and Σ be the space
of bilinear maps from Rm to Rm. We have

(1, a) · Γ = Γ− a .

Now a is an arbitrary symmetric bilinear map from Rm to Rm, hence
we may take T = {Γ | Γ(v, w) = −Γ(w, v)} as a cross section. In-
terpretation: With respect to exponential coordinates, the Christoffel
symbols at the origin are skew symmetric.
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3.21. Example (Riemannian Metrics). We let r = k = 1 and Σ+ be
the space of inner products s on Rm. We checked that we have 1–
rigidity. Hence for reasons of dimension, T = {(s0, 0) | s0 ∈ Σ+} is a
cross section. Interpretation: In Riemannian normal coordinates, the
first derivative of the fundamental tensor of the metric vanishes in the
origin.

Let π : Glr(M) → M be the projection. Let jr+1
0 (f) ∈ Glr+1(M).

Recall that we can interpret jr+1
0 (f) as a holonomic linear map from

Rm to the tangent space of Glr(M) in jr0(f), namely as the differential
of the map

u 7→ jr0(f ◦ τ(u)) ∈ Glr(M)

at u = 0. This map lifts the map f , that is, π(jr0(f ◦ τ(u))) = f(u).
Since f is a local diffeomorphism, we conclude that jr+1

0 (f), viewed as
a holonomic linear map, is injective and that its image Im(jr+1

0 (f)) is
a horizontal space, that is, π∗ : Im(jr+1

0 (f)) → TpM , p = f(0), is an
isomorphism.

3.22. Theorem. Suppose σ is r–rigid and the action of ∆r+1(m) on
Σl+1

0 is proper and free and admits a cross section. Then there is a
parallelization Φ of Glr(M) such that a local diffeomorphism of M is
a local automorphisms of σ if and only if the induced map of Glr(M)
preserves Φ.

Proof. Let T be a cross section. Now π : Glr+1(M) → Glr(M) is a
principal bundle with structure group ∆r+1(m). Hence for any x ∈
Glr(M) there is precisely one x̃ ∈ Glr+1(M) with σl+1(x̃) ∈ T . Since x̃
is an isomorphism from Rm to a horizontal subspace Hx ⊂ TxGl

r(M),
we obtain in this way a smooth horizontal distribution H of Glr(M)
together with a trivialization of this distribution,

Glr(M)× Rm 3 (x, ξ) 7→ x̃(ξ) ∈ H .
Now Glr(M) is a principal bundle over M and therefore has a natural
trivialization of the vertical distribution. Hence Glr(M) has a natural
parallelization Φ determined by T . Now the induced map F∗ of any
local diffeomorphism F of M preserves the vertical trivialization. It is
an automorphism of σl, and hence of σ, if and only if it preserves the
horizontal trivialization. �

3.23. Corollary. Suppose σ is r–rigid and the action of ∆r+1(m)
on Σl+1

0 is proper and free and admits a cross section. Then for any
jr0(f) ∈ Glr(M), the orbit map

Aut(σ)→ Glr(M) , F 7→ F∗(j
r
0(f)) = jr0(F ◦ f) ,



16 WERNER BALLMANN

is an inclusion of Aut(σ) in Glr(M) and the image is a smooth sub-
manifold of Glr(M). Furthermore, the corresponding smooth structure
on Aut(σ) is independent of the choice of jr0(f) ∈ Glr(M) and turns
Aut(σ) into a Lie group such that the action of Aut(σ) on Glr(M) is
smooth.

Proof. By Theorem 3.22, Aut(σ) consists precisely of those diffeomor-
phisms of M such that the induced diffeomorphism F∗ of Glr(M) pre-
serves the parallelization Φ. This represents Aut(σ) as a closed sub-
group of Aut(Φ) ⊂ Diff(Glr(M)). Now the claim follows from the
corresponding statements about Aut(Φ), see [Ba]. �

Note that Corollary 3.23 also gives the trivial estimate

dim Aut(σ) ≤ dim Glr(M)

on the dimension of Aut(σ). Equality occurs under very specific cir-
cumstances only. For example, the group of isometries of a Riemannian
metric on M has dimension at most m(m+ 1)/2 < dim Gl(M).

In general, we cannot guarantee the existence of cross sections. How-
ever, the following lemma ensures that Theorem 3.22 and Corollary 3.23
apply in the case of r–rigid structures of order k whenever r ≥ k.

3.24. Lemma. Let r ≥ k. Suppose ∆r+1(m) acts freely on Σl+1
0 . Then

there is a cross section T ⊂ Σl+1
0 .

Proof. By Lemma 3.15, the action of ∆r+1(m) is affine. By our assump-
tion, the orbits are affine subspaces of dimension equal to dim ∆r+1(m).

Now for each point z = jl0(s) ∈ Σl
0, we may choose a linear subspace

Tz in Hom(Rm, TzΣ
l
0) transverse to the orbits of ∆r+1(m) and so that T

depends smoothly on z. For example, we may choose any Riemannian
metric on Σl

0 and define Tz to be the orthogonal complement through
0 of the orbits of ∆r+1(m). Then the distribution T ⊂ Σl+1

0 is a cross
section. �
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4. The Automorphism Relation

We let Zk = Jk(M,M) and denote by Dk(M) ⊂ Zk the open subset
of k–jets of local diffeomorphisms ofM . We consider Autk(σ) ⊂ Dk(M)
as a partial differential relation, compare Section 8. By definition, solu-
tions of Aut(σ) are local automorphisms of σ. Following our discussion
in Section 8, we discuss smoothness, consistence and completeness of
Autk(σ).

Let p, q ∈ M and F be a local diffeomorphism of M with F (p) = q.
Then in terms of local coordinates x about p and y about q we have

(4.1) λ(gku(ϕ), σx(u)) = σy(v)⇐⇒ jkF (p) ∈ Autk(σ) ,

where u = x(p), v = y(q) and ϕ = y ◦ F ◦ x−1. Hence we can reduce
our discussion to a discussion of this equation.

We say that the equation λ(g, σx(u)) = σy(v) has constant rank about
(u0, v0, g0) ∈ Autk(σ) if, in terms of appropriate local coordinates of Σ
about σy(v0), the map

(4.2) (u, v, g) 7→ λ(g, σx(u))− σy(v)

has constant rank about (u0, v0, g0). This condition implies, by the
implicit function theorem, that locally about (u0, v0, g0) the above map
is a submersion followed by an embedding. We conclude the following.

4.3. Lemma. Suppose that the equation λ(g, σx(u)) = σy(v) has con-
stant rank about the point (u0, v0, g0) ∈ Autk(σ). Then there are open
neighborhoods U0 of u0, V0 of v0 and W0 of g0 such that in U0×V0×W0,
Autk(σ) is smooth and the tangent space of Autk(σ) in (u0, v0, g0) is
given by the equation

(∂gλ)(g0, σx(u0)) · ζ + (∂sλ)(g0, σx(u0)) · σ′x(u0) · ξ = σ′y(v0) · η ,

where ξ, η ∈ Rm and ζ ∈ Tg0 Glk(m). �

An easy case where this applies is contained in the following result.

4.4. Corollary. Suppose Autkpq(σ) 6= ∅ for all p, q ∈ M . Then the
equation λ(g, σx(u)) = σy(v) has constant rank.

Proof. The assumption Autkpq 6= ∅ for all p, q ∈ M is equivalent to

requiring that the image of σ is contained in an orbit Σ0 of Glk(m) in
Σ. Hence by the equivariance of σ, the equation λ(g, σx(u)) = σy(v)
has rank equal to dim Σ0 everywhere. �

Assume now that Σ0 ⊂ Σ is a submanifold which is invariant un-
der Glk(m) such that the orbit space Σ̄0 = Σ0/Glk(m) is a smooth
manifold and the projection π̄ : Σ0 → Σ̄0 a smooth submersion. Let
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π : Glk(M) → M be the projection and suppose that M0 ⊂ M is an
open subset such that σ maps π−1(M0) into Σ0. By the equivariance
of σ, there is a smooth map σ̄ : M0 → Σ̄0 such that σ̄ ◦ π = π̄ ◦ σ.

4.5. Lemma. The rank of σ and σ̄ differ by a constant,

rankσ = rank σ̄ + dim Σ0 − dim Σ̄0 .

Proof. Since σ is equivariant, the image of σ′ contains the tangent
spaces to the fibers of π̄. �

4.6. Lemma. Suppose σ̄ has constant rank in M0. Then the preimages
of points under σ̄ foliate M0 into closed submanifolds of dimension
dimM − rank σ̄.

Proof. By the implicit function theorem, a map of constant rank locally
is a submersion followed by an embedding. �

4.7. Proposition. Suppose σ has constant rank in M0. Then in an
open neighborhood of {jkp (F ) ∈ Autk(σ) | p ∈M0 and F (p) = p} and
in terms of appropriate coordinates x in M0, the equation λ(g, σx(u)) =
σx(v) has constant rank equal to rankσ.

Proof. With respect to appropriate local coordinates x about a given
point p0 ∈M0 and z̄ about its image σ̄(p0) ∈ Σ̄0,

σ̄(u1, . . . , um) = (u1, . . . , ul, 0, . . . , 0) ,

where l = rank σ̄. Now let u0 = x(p0) and suppose (u0, u0, g0) ∈
Autk(σ), that is

λ(g0, σx(u0)) = σx(u0) .

There are local coordinates z about σx(u0) in Σ0, such that with respect
to z and the above coordinates z̄, the projection π̄ is given by

π̄(w1, . . . , wn0) = (w1, . . . , wn1) ,

where n0 = dim Σ0 and n1 = dim Σ̄0. In terms of such coordinates,

σx(u) = (u1, . . . , ul, 0, . . . , 0, ψ(u))

and

λ(g, σx(u)) = (u1, . . . , ul, 0, . . . , 0,Ψ(g, u)) ,

where the number of zeroes in the middle is equal to n1 − l in both
cases. Since u and v are independent variables and λ is equivariant in
g, the image of the derivative of λ(g, σx(u)) − σx(v) spans the first l
and last n0 − n1 coordinates. �
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4.8. Proposition (Consistence). In terms of local coordinates on M ,
suppose that the equation λ(g, σx(u)) = σy(v) has constant rank about
z = (u0, v0, g0) ∈ Autk(σ). Let z̃ = (u0, v0, g̃0) ∈ Autk+1(σ) be a point
over z. Then z̃, viewed as a holonomic linear map Tu0M → TzZ

k, is
tangent to Autk(σ).

Proof. Let g̃0 = jk+1
0 (ϕ). Let u = u(t) be a curve through u0 = u(0)

and set v = ϕ ◦ u. Then ϕ−1 ◦ v = u and

∂t
(
λ(gkϕ(u), σx(u))

)
(0) =

(∂gλ)(g0, σx(u0)) · (gkϕ ◦ u)′(0) + (∂sλ)(g0, σx(u0)) · σ′x(u0) · u′(0) .

Now z̃ ∈ Autk+1(σ), hence the right hand side is equal to σ′y(v0) · v′(0).
Hence by Lemma 4.3,

(u′(0), ϕ′(u0) · u′(0), (gkϕ)′(u0) · u′(0))

is tangent to Autk(σ) at z. On the other hand, this is just z̃ applied
to u′(0), where z̃ is viewed as a holonomic linear map. �

4.9. Proposition (Completeness). Suppose σ : Glk(M) → Σ is a
(k− 1)–rigid geometric structure. Then the partial differential relation
Autk(σ) is complete and P : Autk(σ)→ Zk−1 is a proper embedding.

Proof. Without loss of generality we can assume that the action of
∆k(m) on all of Σ is proper and free. Now the graph

Γ = {(s, t, g) | λ(g, s) = t} ⊂ Σ× Σ×Glk(m)

of the action of Glk(m) on Σ is a smooth submanifold. We consider
the natural projection

P̄ : Σ× Σ×Glk(m)→ Σ× Σ×Glk−1(m)

which sends (s, t, g) to (s, t, ḡ), where ḡ is the element of Glk−1(m)
under g. Now P̄ is proper and injective on Γ since the action of ∆k(m)
on Σ is proper and free. Hence P̄ : Γ→ Σ×Σ×Glk−1(m) is a proper
topological embedding.

Suppose now that c = c(τ) = (g exp(τX), s(τ), t(τ)), −ε < τ < ε, is
a smooth curve in Γ such that P̄ ◦ c has derivative 0 in τ = 0. Then
s′(0) = t′(0) = 0 and X is in the Lie algebra of ∆k(m). Now the image
of c is in Γ, hence

λ(g exp(τX), s(τ)) = t(τ) .

Hence for the derivative at τ = 0, we have

(∂gλ)(g, s(0)) · L′g(X) + (∂sλ)(g, s(0)) · s′(0) = t′(0) ,
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where Lg denotes left translation by g in Glk(m). Since s′(0) = t′(0) =
0 and the action of ∆k(m) is free, we conclude that X = 0. Hence
P̄ : Γ → Σ× Σ× Glk−1(m) is a proper smooth embedding. Therefore
there is an open neighborhood W of Γ̄ = P̄ (Γ) in Σ × Σ × Glk−1(m)
and a smooth section Q̄ : W → Σ× Σ×Glk(m) of P̄ such that Q̄ ◦ P̄
is the identity on Γ. By the definition of P̄ ,

Q̄(s, t, ḡ) = (s, t, q(s, t, ḡ))

for some appropriate smooth map q.
In terms of local coordinates, Dk(M) = U×V×Glk(m) andDk−1(M) =

U × V ×Glk−1(m). There is a commutative diagram

U × V ×Glk(m) −−−→ Σ× Σ×Glk(m)

P

y yP̄
U × V ×Glk−1(m) −−−→ Σ× Σ×Glk−1(m)

where the horizontal maps are given by

(u, v, g) 7→ (σx(u), σy(v), g) and (u, v, ḡ) 7→ (σx(u), σy(v), ḡ)

respectively. Over U ×V , Autk(σ) is the preimage of Γ. It follows that
P : Autk(σ)→ Dk−1(M) is a proper smooth embedding with lift

Q(u, v, ḡ) = (u, v, q(σx(u), σy(v), ḡ))

over U × V . Hence Autk(σ) is complete. �

Recall that for r ≥ k, Autr(σ) = Autr(σl), l = r − k. Hence the
results of this section also apply to Autr(σ).
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5. Singer’s Homogeneity Theorem

As a first application of the general theory developed above we dis-
cuss a theorem of Singer in which he establishes a criterion for the
homogeneity of Riemannian manifolds.

5.1. Theorem (Singer [Si]). Let M be a Riemannian manifold of di-
mension m. Suppose that for all points p, q ∈ M , there is an orthogo-
nal linear transformation preserving the curvature tensor and its first
m(m− 1)/2 covariant derivatives. Then M is locally homogeneous.

Proof. With respect to Riemannian normal coordinates, the k–jet of the
fundamental matrix of the metric at the origin is a universal polynomial
in the curvature tensor and its covariant derivatives of order ≤ k − 2.
Hence the assumption in the theorem means that Aut3+m(m−1)/2

pq 6= ∅
for all p, q ∈ M . Hence Theorem 5.3 applies. Note that we need to
take k = 2 in Theorem 5.3 since we assume there that the structure is
(k − 1)–rigid. �

5.2. Remark. There are curvature homogeneous Riemannian mani-
folds which are not homogeneous, see [FKM]. As far as this author
knows, there are no examples of Riemannian manifolds in the litera-
ture which are locally homogeneous with respect to the curvature and
its first covariant derivative, but which are not locally homogeneous as
Riemannian manifolds.

5.3. Theorem (Gromov [Gr]). Let σ be a geometric structure of order
k, rigid of order k− 1. Let N = dim Stab(σ(x)) for some x ∈ Glk(M).
Suppose that Autrpq(σ) 6= ∅ for all p, q ∈ M , where r = k + N + 1.

Then σ is locally homogeneous, that is, Autloc(σ) is transitive on M .
More precisely, the partial differential relation Autr(σ) is smooth and
integrable.

Proof. By our assumption, Autk+l
pq (σ) 6= ∅ for all p, q ∈ M and l ∈

{0, . . . , N + 1}. Hence Autk+l(σ) is smooth for all such l, see Corol-
lary 4.4. Hence we have a sequence of smooth manifolds and embed-
dings

Autk+N+1(σ)→ Autk+N(σ)→ . . .→ Autk+1(σ)→ Autk(σ) .

By assumption, the dimension of Autk+l(σ) is m2 +Nl, where Nl is the
dimension of a stabilizer of an element in the image of σl and N0 = N .
By rigidity,

N0 ≥ N1 ≥ . . . ≥ NN ≥ NN+1 ≥ 0 .
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Hence there is a first l ∈ {0, . . . , N} such that Nl = Nl+1. But then
the image A ⊂ Autk+l(σ) of the embedding

Autk+l+1(σ)→ Autk+l(σ)

is an open submanifold in Autk+l(σ).
We want to apply the general theory in Section 8 and show that A is

an integrable PDR. Now σ is (k− 1)–rigid, hence also (k+ l− 1)–rigid
by Proposition 3.18. Hence A is complete by Proposition 4.9. By defi-
nition, A is precisely the image of Autk+l+1(σ) and open in Autk+l(σ),
hence A is consistent by Proposition 4.8. Hence Theorem 8.14 applies
and shows that A is integrable.

Now solutions of A are solutions of Autk+l(σ) and hence local auto-
morphisms of σ. By definition, A is the image of Autk+l+1(σ), hence
Autk+j(σ) is integrable for all j ≥ l + 1. �

5.4. Remark. Following [Si] we can improve on the magnitude of the
number N as follows: For a Lie algebra g, let N = N(g) be the maximal
length of a chain of Lie subalgebras

g = g1 ⊃ g2 ⊃ . . . ⊃ gN

with

dim g = dim g1 > dim g2 > . . . > dim gN > 0 .

Clearly N(g) ≤ dim g. It is also clear from the above proof, that we
can replace the number N = dim g of the Lie algebra g of the stabilizer
of σ(x) in Theorem 5.3 by the number N = N(g).

6. Gromov’s Open Orbit Theorem

The problem in applying the results of the general theory on the
integrability of PDRs from Section 8 to the automorphism relation lies
in the smoothness question. In the case where the action λ of Glk(m)
on Σ is not too wild this problem can be overcome on an open and
dense subset of M .

6.1. Definition. We say that the action λ of Glk(m) on Σ is tame if
there is a stratification of Σ by G–invariant submanifolds,

Σ = Σ0 ∪ . . . ∪ Σs ,

such that for all l ∈ {0, . . . , s}
(1) Σl ∪ . . . ∪ Σs is closed in Σ;
(2) Σ̄l = Σl/G is a smooth manifold such that Σl → Σ̄l

is a smooth submersion.
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If λ is tame, then the orbits of G are embedded submanifolds of Σ.
The following result will be used without proof. It is an easy conse-

quence of Bezout’s theorem.

6.2. Theorem. Suppose that Σ is a smooth real algebraic variety and
that λ is algebraic. Then λ is tame. In fact, there is a stratification of
Σ by G–invariant submanifolds as above such that for all l ∈ {0, . . . , s}

(1) Σl ∪ . . . ∪ Σs is Zariski closed in Σ;
(2) Σ̄l = Σl/G is a smooth real algebraic variety such that Σl → Σ̄l

is a submersion.

If Σ is a smooth real algebraic variety and λ is algebraic, then Σl is
a smooth real algebraic variety and the induced action of Glr(m) on Σl

is algebraic, where l ≥ 0 and r = l+ k. Hence if λ is algebraic, then λl

is tame for all r ≥ k. Note that in all our examples λ is algebraic.
From now on we assume that σ : Glk(M) → Σ is a (k − 1)–rigid

structure. We let N be the maximal dimension of a stabilizer in the
image of σ and assume that λl is tame for all l ∈ {0, . . . , N + 1}.

For all l ∈ {0, . . . , N + 1}, we fix stratifications Σl = Σl
0 ∪ . . . ∪ Σl

s,
s = s(l), of Σl as in Definition 6.1. We let M l

i be the open subset of
points p ∈M such that σ(x) ∈ Σl

i for all x ∈ Glk+l(M) with foot point
π(x) sufficiently close to p.

6.3. Lemma. For all l ∈ {0, . . . , N + 1}, M l
0 ∪ . . . ∪M l

s is open and
dense in M .

Proof. We prove recursively that π−1(M l
0 ∪ . . . ∪M l

i ) is dense in the
preimage of Σl

0 ∪ . . . ∪ Σl
i, 0 ≤ i ≤ s. Now Σl

0 is open, hence π−1(M l
0)

is actually equal to the preimage of Σl
0. Let i ≥ 1 and assume that

π−1(M l
0 ∪ . . . ∪M l

i−1) is dense in the preimage of Σl
0 ∪ . . . ∪Σl

i−1. Now
Σl

0 ∪ . . . ∪ Σl
i is open. Hence if π−1(p) is not in the closure of the

preimage of Σl
0 ∪ . . . ∪ Σl

i−1, but is in the preimage of Σl
i, then p ∈M l

i

by the definition of M l
i . Hence recursion applies. �

We are now ready to apply the counting argument from Section 5 in
the present situation.

6.4. Theorem (Gromov [Gr]). Assume that σ : Glk(M) → Σ is a
(k − 1)–rigid geometric structure and let N be the maximal dimension
of a stabilizer in the image of σ. Assume that λl is tame for all l ∈
{0, . . . , N + 1}. Then there is an open and dense set U in M such that
Autk+N+1(σ) is integrable over a neighborhood of the diagonal in U×U
and such that the orbits of Autloc(σ) foliate U into closed submanifolds
of constant dimension locally.
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Proof. We let U be the open subset of points such that any p ∈ U has
an open neighborhood V in M such that, for all l ∈ {0, . . . , N + 1},

(1) V ⊂ U l
i for some i = i(V, l) and

(2) rankσl is constant in the preimage of V .

By the semi–continuity of the rank and Lemma 6.3, U is open and
dense in M .

Let U0 be a component of U and l ∈ {0, . . . , N + 1}. Then U0 ⊂ U l
i

for some fixed i = i(l). We let N l
i be the dimension of the stabilizers

in Σl
i. By Proposition 4.7, in an open neighborhood of

{jk+l
F (p) | p ∈ U0 and F (p) = p} ,

Autk+l(σ) is a smooth submanifold of dimension

dimDk+l(M)− rankσl

= m2 + dim Glk+l(m)− dim Σl
i + dim Σ̄l

i − rank σ̄l

= m2 +N l
i − rank σ̄l ,

where σ̄l : U0 → Σ̄l
i denotes the induced map as in Lemma 4.5. Hence

by the argument in the proof of Theorem 5.3, Autk+N+1(σ) is integrable
in a neighborhood of {jk+N+1

F (p) | p ∈ U0, F (p) = p}.
By Lemma 4.6, the preimages of points of σ̄k+N+1 foliate U0 into

submanifolds of dimension dimM − rank σ̄k+N+1. By the definition of
σ̄k+N+1, Autk+N+1

pq (σ) 6= ∅ if p, q ∈ U0 are contained in the same such

submanifold. By the integrability of Autk+N+1(σ) established above,
the orbits of Autloc(σ) in U0 are open subsets of these submanifolds. �

A special case of the above main theorem is the following result,
Gromov’s Open Orbit Theorem.

6.5. Theorem. Assume that σ : Glk(M) → Σ is a (k − 1)–rigid geo-
metric structure and let N be the maximal dimension of a stabilizer in
the image of σ. Assume that λl is tame for all l ∈ {0, . . . , N + 1}.
Then an orbit of Autloc(σ) is open if it is dense.
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7. Example: Conformal Structures

Conformal structures are a bit more involved than the examples dis-
cussed in the text. Therefore we discuss them in this extra section.

Let Σ, Σ+ and λ be as in Example 2.4. Note that λ is linear in
s ∈ Σ. Hence λ descends to an action λ̄ of Gl(m) on the projective
space Σ̄ := P (Σ). The subset Σ̄+ = P (Σ+) is open and invariant under
Gl(m). Conformal structures are geometric structures of type λ̄ with
image in Σ̄+.

Now Gl(m) acts transitively on Σ̄+ and CO(m), the group of confor-
mal transformations of Rm with respect to the standard inner product,
is the stabilizer of the standard conformal structure. This identifies
Σ̄+
∼= Gl(m)/CO(m). Hence we may view conformal structures as

G–structures in the sense of Example 2.5, where G = CO(m) and
P ⊂ Gl1(M) is the preimage of [CO(m)] ∈ Σ̄+ under σ̄.

Let ξ ∈ Rm, ξ 6= 0. The image of a conformal structure σ̄ is contained
in the open subset of [s] ∈ Σ̄ with s(ξ, ξ) 6= 0, the domain of the
coordinate chart [s] 7→ s/s(ξ, ξ) of Σ̄. Hence a conformal structure σ̄
corresponds to an equivariant map σξ into the affine subspace Σξ =
{s(ξ, ξ) = 1} ⊂ Σ, where the action λξ of Gl(m) on Σξ is given by

(7.1) λξ(a, s)(ξ0, ξ1) =
s(a−1ξ0, a

−1ξ1)

s(a−1ξ, a−1ξ)
.

This representation of conformal structures will be used below.
We now discuss the induced geometric structure of order two. Let

(a1, a2) = j2
0(ϕ) ∈ Gl2(m), (s0, s1) = j1

0(s) ∈ Σ1
ξ and set

(7.2) (a1, a2) · (s0, s1) = (a1 · s0, s̃1) ,

where a1 ·s0 = λξ(a1, s0) is as before. To determine s̃1 we fix ξ1, ξ2 ∈ Rm

and consider the map

u 7→ s(ϕ−1(u))(ϕ′(ϕ−1(u))−1ξ1, ϕ
′(ϕ−1(u))−1ξ2)

s(ϕ−1(u))(ϕ′(ϕ−1(u))−1ξ, ϕ′(ϕ−1(u))−1ξ)
.

The differential at u = 0 in the direction of ξ0 ∈ Rm is

s̃1(ξ0)(ξ1, ξ2) = s1(a−1
1 ξ0)(a−1

1 ξ1, a
−1
1 ξ2)s0(a−1

1 ξ, a−1
1 ξ)

− s0(a−1
1 a2(a−1

1 ξ0, a
−1
1 ξ1), a−1

1 ξ2)s0(a−1
1 ξ, a−1

1 ξ)

− s0(a−1
1 ξ1, a

−1
1 a2(a−1

1 ξ0, a
−1
1 ξ2))s0(a−1

1 ξ, a−1
1 ξ)

− s0(a−1
1 ξ1, a

−1
1 ξ2)s1(a−1

1 ξ0)(a−1
1 ξ, a−1

1 ξ)

+ 2s0(a−1
1 ξ1, a

−1
1 ξ2)s0(a−1

1 a2(a−1
1 ξ0, a

−1
1 ξ), a−1

1 ξ) ,

divided by s0(a−1
1 ξ, a−1

1 ξ)2.
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We are mainly interested in the case (a1, a2) ∈ ∆2(m), that is a1 = 1
and a2 =: a ∈ Sym2(m,m). Then s̃1 − s1 ∈ Hom(Rm, Ts0Σξ) is given
by

(7.3) −s0(a(ξ0, ξ1), ξ2)− s0(ξ1, a(ξ0, ξ2)) + 2s0(ξ1, ξ2)s0(a(ξ0, ξ), ξ) .

Here we use s0(ξ, ξ) = 1 and s1(ξ0)(ξ, ξ) = 0, which follows from
s(u)(ξ, ξ) ≡ 1.

We conclude that (1, a) ∈ ∆2(m) is in the stabilizer of (s0, s1) ∈ Σ1
ξ

if and only if a is in the first prolongation of co(s0), the Lie algebra of
the conformal group CO(s0), compare Example 3.17.

7.4. Lemma. The first prolongation of co(s0) has dimension m and
consists precisely of the maps aζ, ζ ∈ Rm, given by

aζ(ξ0, ξ1) = s0(ξ0, ξ1)ζ − s0(ζ, ξ1)ξ0 − s0(ξ0, ζ)ξ1

Proof. Consider the linear map which associates to a in the first pro-
longation of co(s0) the linear map

Rm 3 ξ0 7→ s0(a(ξ0, ξ), ξ) ∈ R .
If a is in the kernel, then a belongs to the first prolongation of so(m).
This implies a = 0, see Example 3.10. Hence the first prolongation
of co(s0) has dimension at most m. On the other hand, the maps aζ ,
ζ ∈ Rm, belong to the first prolongation of co(s0). �

It follows that conformal structures are not 1–rigid. Now we also have

(7.5) dim ∆2(m)− dim Hom(Rm, Ts0Σξ) = m.

We conclude that the linear map which associates to a ∈ Sym2(m,m)
the 3–linear map s̃1 − s1 ∈ Hom(Rm, Ts0Σξ) in (7.3) is surjective. It
follows that Gl2(m) acts transitively on Σ̄1

+. Let s0 be the standard
conformal structure on Rm and CO1(m) be the stabilizer of (s0, 0) in
Gl2(m). Then we may view σ̄1 as a G–structure of order 2, where
G = CO1(m) and the principal bundle P 1 ⊂ Gl2(M) is the preimage
of (s0, 0) under σ̄1.

Now conformal structures are 2–rigid for m ≥ 3. As explained in
Example 3.17, we need to check that a ∈ Sym3(m,m) vanishes if

− s0(a(ξ0, ξ1, ξ2), ξ3)− s0(ξ2, a(ξ0, ξ1, ξ3))

+ 2s0(ξ2, ξ3)s0(a(ξ0, ξ1, ξ), ξ) = 0

for all ξ0, ξ1, ξ2, ξ3 ∈ Rm. This is an elementary exercise.
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8. Appendix: Partial Differential Relations

Let M and N be smooth manifolds of dimension m and n respec-
tively. Let k ≥ 0, Z = Jk(M,N) and π : Z → M be the projection to
the foot point.

A partial differential relation (PDR) of order k (for local maps from
M to N) is a subset R ⊂ Z. A solution of such a relation R is a local
map f from M to N such that jkf (p) is in R for all p in the domain
of f , a formal solution is a local section s of π with s(p) ∈ R for all p
in the domain of s. In this appendix we discuss solvability of PDRs in
the sense of the Frobenius Integrability Theorem.

Completeness. Let Z̃ := Jk+1(M,N) and P : Z̃ → Z, π̃ : Z̃ → M
be the canonical projections.

The first idea we discuss in connection with PDRs is that of com-
pleteness. Let R̃ ⊂ Z̃ be a PDR of order k+ 1 and set R = P (R̃). On
a more informal level, completeness means that for jk+1

f (p) ∈ R̃, the

derivative of order k + 1 of f at p is a function of the k–jet jkf (p) ∈ R.

8.1. Definition. We say that R̃ is complete if P : R̃ → R is injective
and if, for each point z ∈ R, there is an open neighborhood W of z in Z
and a smooth section Q : W → P−1(W ) of P such that Q(R∩W ) ⊂ R̃.

It follows that P : R̃∩P−1(W )→ R∩W is a homeomorphism with
inverse Q|R ∩W .

From now on we assume that R̃ is complete. We will see that com-
pleteness corresponds to uniqueness of solutions of R̃.

In terms of local coordinates, a section Q as in Definition 8.1 is a
map of the form

(8.2) Q(u, v, ϕ1, . . . , ϕk) = (u, v, ϕ1, . . . , ϕk, q(u, v, ϕ1, . . . , ϕk)) ,

where q is a smooth map which is defined in a neighborhood in Z of a
point z ∈ R. Locally about z, solutions of R̃ are maps ϕ from Rm to
Rn which satisfy the PDE

(8.3) ϕ(k+1)(u) = q(u, ϕ(u), ϕ′(u), . . . , ϕ(k)(u)) = q(jkϕ(u))

for all u in the domain of ϕ. If ϕ is a solution of R̃ and c is a smooth
curve in M , then along c we have

(ϕ(i) ◦ c)′ = c′x(ϕ(i+1) ◦ c) , 0 ≤ i ≤ k ,

with ϕ(0) = ϕ and ϕ(k+1) = q ◦ jkϕ, an ODE for jkϕ ◦ c. In our interpreta-
tion of (k + 1)–jets as linear holonomic maps, we can write this ODE



28 WERNER BALLMANN

as follows,

(8.4) (jkϕ ◦ c)′ = c′xQ(jkϕ ◦ c) .

This discussion leads us to the first result concerning solutions of R̃.

8.5. Lemma. Let z ∈ R. Then there is at most one solution of R̃
through z.

Proof. Locally, the k–jet jkϕ of a solution satisfies an ODE as in (8.4).
Now the assertion is immediate from the uniqueness of solutions of
ODEs with smooth coefficients. �

8.6. Remark. The above ODE also implies that solutions of R̃, if they
exist, are smooth and depend smoothly on z.

Consistence. The second idea we discuss in connection with PDRs
is that of consistence. We saw that completeness of R̃ leads to an ODE
for the k-jet jkϕ of solutions ϕ of R̃ along smooth curves c : [0, 1]→M .
Consistence requires that the terminal values of the solutions of the
ODE only depend on their initial values and the homotopy class of c.
Thus in connection with completeness, consistence corresponds to the
existence of solutions of R̃.

8.7. Definition. We say that R̃ is consistent if R̃ is a smooth sub-
manifold of Z̃ and if, for any z̃ ∈ R̃, there is a holonomic linear map
L : TpM → Tz̃Z̃ tangent to R̃, that is, with ImL ⊂ Tz̃R̃.

8.8. Lemma. Suppose R̃ is consistent and let z̃ ∈ R̃. Let L : TpM →
Tz̃R̃ be a linear holonomic map. Then there is a formal solution s̃ of
R̃ through z̃ such that s̃′(p) = L.

Proof. Suppose that R̃ is consistent and let z̃ ∈ R̃. Let L : TpM →
Tz̃R̃ be a holonomic linear map. Let s̃h be a local holonomic section
of π̃ with s̃′h(p) = L. Then π̃ ◦ s̃h = id and hence π̃′(z̃) : ImL→ TpM

is an isomorphism. Now by assumption ImL ⊂ Tz̃R̃. In particular,
π̃ : R̃ →M has rank m at z̃. It follows that there is a formal solution
s̃ of R̃ with s̃′(p) = L. �

From now on we assume that R̃ is complete and consistent and set
R = P (R̃) as above.

8.9. Lemma. R is a smooth submanifold of Z, P : R̃ → R is a diffeo-
morphism and z̃ ∈ R̃, viewed as a holonomic linear map TpM → TzR,
where z = P (z̃) and p = π(z), is tangent to R. In particular, solutions
of the ODE (8.4) with initial value in R stay in R.
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Proof. The first claim is clear since the local sections Q of P are smooth
and satisfy Q ◦ P = id on R̃. As for the second, let s̃ be a formal
solution of R̃ through z̃ as in Lemma 8.8. Let s = P ◦ s̃. Then s is a
formal solution of R through z and s′(p) is the holonomic linear map
TpM → TzZ associated to z̃. �

In terms of local coordinates, let

z̃ = (u, v, ϕ1, . . . , ϕk, ϕk+1) = (z, q(z))

with

z = (u, v, ϕ1, . . . , ϕk) and ϕk+1 = q(z) .

Let L : TpM → Tz̃R̃ be a linear holonomic map and s̃ be a formal
solution as in Lemma 8.8. Then

(8.10) L = (id, ϕ1, . . . , ϕk+1, ϕk+2)

for some ϕk+2 ∈ Symk+2(m,n). Taking the differential of s̃ at u, we
see that

(8.11) ϕk+2 = q′(z) · (id, ϕ1, . . . , ϕk+1) .

In other words, ϕk+2 is uniquely determined by q and z̃. Hence L is
uniquely determined by Q and z̃. We obtain a smooth local section
Q̃ : R̃ → R̂ with R̂ ⊂ Ẑ := Jk+2(M,N), where L = Q̃(z̃) is the
holonomic linear map as in Definition 8.7.

Again in terms of local coordinates and in the above notation, since
ϕk+2 is symmetric,

(8.12) ξx(q′(z) · (µ, µxϕ1, . . . , µxϕk+1))

= µx(q′(z) · (ξ, ξxϕ1, . . . , ξxϕk+1))

for all ξ, µ ∈ Rm. This is the formula which we need in the proof of
the next lemma.

8.13. Lemma. In terms of local coordinates, suppose that

(c, ϕ0, . . . , ϕk) = z = z(t, τ) : [0, 1]2 → R

is a solution of

∂tϕi = (∂tc)xϕi+1 , 0 ≤ i ≤ k ,

with ϕk+1 = q ◦ z such that

∂τϕi = (∂τc)xϕi+1 , 0 ≤ i ≤ k ,

holds along the curve t = 0. Then the latter equation holds for all (t, τ).
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Proof. We compute the differential of the difference of the sides with
respect to t. For 0 ≤ i ≤ k − 1, we have

∂t∂τϕi − ∂t(∂τcxϕi+1) = ∂τ∂tϕi − ∂t(∂τcxϕi+1)

= ∂τ (∂tcxϕi+1)− ∂t(∂τcxϕi+1)

= ∂tcx(∂τϕi+1)− ∂τcx(∂tcxϕi+2) .

For i = k, we have

∂t∂τϕk − ∂t(∂τcxϕk+1) = ∂τ∂tϕk − ∂t(∂τcx(q ◦ z))

= ∂τ (∂tcxϕk+1)− ∂t(∂τcx(q ◦ z))

= ∂tcx(∂τϕk+1)− ∂τcx(q′(z) · (∂tc, ∂tcxϕ1, . . . , ∂tcxϕk))

= ∂tcx(∂τϕk+1)− ∂tcx(q′(z) · (∂τc, ∂τcxϕ1, . . . , ∂τcxϕk))

= ∂tcx(∂τϕk+1)− ∂tcx∂τ (q ◦ z) = 0 .

Hence ∂τϕk = ∂τcxϕk+1 for all (t, τ). But then also

∂τcx∂tcxϕk+1 = ∂tcx∂τcxϕk+1 = ∂tcx∂τϕk

and therefore ∂τϕk−1 = ∂τcxϕk for all (t, τ). Recursively we get that
∂τϕi = ∂τcxϕi+1 for all i and (t, τ). �

We say that R̃ is integrable if through any z̃ in R̃, there is a solution
of R̃.

8.14. Theorem. Suppose R̃ is complete. Then R̃ is integrable if and
only if R̃ is consistent.

Proof. Consistence implies that π̃ : R̃ → M is of maximal rank m =
dimM . Hence the image U of π̃ : R̃ →M is open inM . By Lemma 8.9,
for any smooth curve c : [0, 1]→ U and point z̃ ∈ R over p, the solution
of (8.4) with jkϕ(0) = z = P (z̃) is contained in R. By Lemma 8.13, the
terminal value does not depend on the (proper) homotopy class of c
(since then (∂τc)(τ, 1) = 0). �
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