BASIC DIFFERENTIAL GEOMETRY:
RIEMANNIAN IMMERSIONS AND SUBMERSIONS

WERNER BALLMANN

INTRODUCTION

Immersions and submersions between SR-manifolds which respect the SR-
structures are called Riemannian immersions respectively Riemannian submer-
sions. A typical example of the first kind of map are immersions f : M — R"
considered in [SE], where R" is endowed with the Euclidean metric and M with
the corresponding first fundamental form. An important example of the second
kind is the Hopf map f : $?"*1 — CP" which we discuss below.

For both kinds of maps a natural splitting of the tangent bundle plays a crucial
role. For Riemannian immersions, it is the splitting of the tangent bundle of the
target manifold into tangential and normal part. For Riemannian submersions,
it is the splitting of the tangent bundle of the source manifold into horizontal and
vertical part.

A general reference is [Be|. My discussion is influenced by the work of Hermann
Karcher in [Ka|. I start with some general remarks on vector bundles with a given
decomposition into a direct sum.
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1. SOME GENERAL REMARKS

Let £ — M be a vector bundle and D be a connection on E. Assume that
E = FE' + E" is a decomposition of F into a direct sum. Let

(1.1) P:.E—F and P'":E—E

be the projection of E onto E’ along E” and of E onto E” along E’, respectively.
For a section S of E, denote by S =P’ - S and S” = P” - S” the part of S in
E’" and E”, respectively. More generally, S” will denote a section of E' and S” a
section of E”. Define connections D’ on E' and D" on E” by

(1.2) D\S"=P' - DxS" and DYS"=P" DxS",
respectively. Here and below, X is an (arbitrary) vector field on M.
EXERCISE 1.1. Show that D' and D" are connections.

Now we have P’ +P” =id and Dy id = 0. Hence

(1.3) DxP' = —DxP".

Furthermore P’ - S” =0 and P” - S’ = 0, therefore

(1.4) DxP'-58"=—-P'-DxS" and DxP" -5 =-P"-DxS,
respectively. In particular,

(1.5) DxP', DxP" maps E’ to E” and E" to E'.

We also have P’ - 5" = §’, hence

(1.6) DxS' = D\S"+ DxP'-S" and DxS" = DYS"+ DxP"-S5",

respectively. Since the roles of £’ and E” are exchangeable, we prefer £ in the
statements below.

REMARK 1.2. If D is a symmetric connection on £ = TM and X and Y are
vector fields tangent to the distribution £’, then

[X,Y] = DxY — DyX = DY — D{,X + DxP'-Y — DyP' - X.

The part DY — D{ X is tangent to £’, the rest is tangent to E”. Hence E’ is
integrable iff DP’ is symmetric on E’, that is, iff DxP’-Y = Dy P’ - X for all
vector fields X, Y tangent to F'.

FUNDAMENTAL EQUATIONS 1.3. In the above setup we have
P R(X,Y)S' = (R(X,Y)— [DxP',DyP]) - 5;
P"-R(X,Y)S" = (DxDyP' — DyDxP' — Dixy/P') - 5.
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Proof. We compute
DxDyS" = Dx(DyS"+ DyP' - S

= D\ DS + DxP' - DS + D (DyP' - S') + DxP" - DyP' - §'.
Here we recall that Dy P’ - S" is a section of E”, so that D% and DxP” are
responsible for the second term on the right hand side of the first line. We also
have

D[X,y}s, = DEX,Y]S, + D[)QY]PI . S/,
where the first term on the right hand side belongs to E’, the second to E”.
Collecting terms which belong to E' in R(X,Y)S’, and using (1.3) we get the
first equation. As for the second equation, we differentiate P” - S = 0 and get
0= DxDy(P"-5")
= (DxDyP")-S" + (DyP") - DxS"+ (DxP") - DyS"+P" - DxDyS'.

Now DP” = —DP’, hence the claim. d

REMARK 1.4. If (.,.) is an SR-metric on £ with £’ and E” non-degenerate and
perpendicular and if D is metric, then the projections P’ and P” are symmetric,

<Pl : Slv SQ> = <Slapl : 52> and <7J” . Sl, SQ> = <Sl,P” . 52>

for all sections S; and Sy of E. Furthermore, the connections D’ and D" are
metric and the covariant derivatives DxP’ and DxP” are symmetric,

<Dx7)/ . Sl, Sg> = <Sl, DXP/ . Sg> and <DXp// . Sb SQ) = <Sl, DXp// . Sg>

Similarly, all higher covariant derivatives of P’ and P” are symmetric.

2. RIEMANNIAN IMMERSIONS

Let M and M be SR-manifolds. We say that a smooth map f : M — M is a
Riemannian immersion if

(2.1) (fepv, fep) ) = (v, w0)p
for all p € M and v,w € T,M. A local isometry is a Riemannian immersion, but
in the definition of Riemannian immersion it is not required that dim M = dim M.
Typical examples are the immersions f : M — R™ = M considered in [SE],
where R" is endowed with the Euclidean metric and M with the corresponding
first fundamental form. A similar construction works in our present context, but
we have to be a bit more careful in the indefinite case: Let M be an S R-manifold
with SR-metric g. Assume that f : M — M is an immersion such that Im f,,
is a non-degenerate subspace of Tf(p)]\7[ for all p € M'. For each point p € M,
define a non-degenerate bilinear form g, = (.,.), on T,M by

(2.2) (0, w)p = (fapv, fip) f(p)-

IThis condition is empty if M is Riemannian.
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With respect to local coordinates (x,U) on M and (y,V) on M we have

(2.3) 9i5(p) = Gu(f(p)) fF(p) £i(p)

for all p € UN f~YV). Here f* = y*o f, fl=9'offor1 < kil <m. It
follows that the family of non-degenerate symmetric bilinear forms g, is smooth
in the sense of the definition of SR-metrics. The SR-metric g is called the first
fundamental form of f. By definition, f : M — M is a Riemannian immersion if
M is endowed with the first fundamental form of f. The first fundamental form
is also called the pull-back of g, denoted g = f*(g).

Let f : M — M be a Riemannian immersion. Let 7 : TM — M and 7 : TM —
M be the natural projections. Recall that f*TM = {(p,v) € M x TM | #(v) =
f(p)} is a bundle over M, the pull-back of TM. A section of f*T'M is a map of the
form (id, Z), where Z is a vector field along f. The first component is tautological
— there is no information in it concerning the section. The second component 7
is called the principal part of the section. It determines the section completely.
For that reason, we do not distinguish between sections of f*T'M and vector fields
along f and switch freely from one language to the other. Note however that in
the definition of f*T'M, it is necessary to keep the first component: it serves to
remind us which point in the preimage of the foot of the second component we
consider. If f is an embedding, then the first component is redundant.

The bundle f*T'M carries a natural SR-metric and metric connection,

{(p,v), (p,w)) := (v,w) and Dx(id, Z) := (id, DxZ),

where Dy Z is the covariant derivative along f and D is the Levi-Civita connection
of M. Tt would be more precise to reserve a special symbol for the connection on
f*TM and not to use the same symbol D as for the connection on M, but there
will be no danger of confusion.

There are two natural perpendicular subbundles of f*T'M, the tangent and
normal bundle of f. We define the fibres of these bundles for each point in M,
Lemma 2.1 below then shows that the corresponding subbundles are smooth. For
p € M, let

T,(M, f) == {(p.v) € (f TM), | v € Im f,, },
No(M, f) :=={(p,v) € (f*TM), | v LIm f,,}.
We call T,(M, f) the tangent space and N,(M, f) the normal space to f at p.

By assumption, 7,(M, f) is non-degenerate, hence N,(M, f) is non-degenerate
as well and

(2.5) (f'TM), = To(M, f) + Np(M, f).

as a direct sum. The unions 7 (M, f) := UT,(M, f) and N (M, f) := UN,(M,
are called the tangent and normal bundle of f, respectively. Sections of 7 (M
are called tangential fields and sections of N'(M, f) normal fields (along f).

(2.4)

f)
f)

)
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LEMMA 2.1. Let p € M. Then there are an open neighborhood U of p in M,
smooth vector fields E1, ..., E, of M on U and smooth vector fields Ny, ..., Ny
along f, where k =n —m, such that

(feaBo(@)s - -+ [raBm(q), Ni(q)s - - -, Ni(q))
1s an ON-basis of Tf(q)]\7[ for each q € U.

Proof. In a neighborhood of p choose smooth vector fields Xy, ..., X,, of M and
Y1, ..., Y, along f such that

f*p : Xl(p>7 ey Jxp Xm<p)7 }/i(p)> s aYk(p)
is a basis of T f(p)]\7[ and such that the linear hulls of

(fop - Xa(D), - fop - Xi(p)) and (fugBy(q), - -, fegBm(q); Ni(q), - - - Nj(q))

are non-degenerate subspaces for alli € {1,...,m} and j € {1,...,n—m}. These
properties are open, therefore they also hold for all ¢ in an open neighborhood
U of p € M. Now apply the Gram-Schmidt orthonormalization procedure to get
vector fields Ey, ..., E,, of M and Ny,..., N, along f as claimed. 0]

COROLLARY 2.2. T(M, f) and N (M, f) are perpendicular and non-degenerate
subbundles of f*T'M and

f*TM =T (M, f)+ N (M, f)
is a decomposition of f*TM into a direct sum. The bundle morphism
TM —T(M,f), v (p fip-v),
where p = w(v), is an isomorphism. [

If fis an embedding, then the above morphism T'M — 7 (M, f) corresponds
to the usual identification of the tangent spaces T,M with the subspaces Im f,,
of Tf(p)M, p e M.

We are now in the situation of the previous section: We have a bundle, f*T M,
together with a decomposition into perpendicular and non-degenerate subbun-
dles, T (M, f) and N (M, f). We denote by 7 and N the (orthogonal) projections.

For a vector field Z along f (viewed as a section of f*T'M), we denote by Z7
respectively ZV the components of Z in T (M, f) and N'(M, f), respectively,

(2.6) 7T =T.2, ZN =N Z

We call Z7 and ZV the tangential part and normal part of Z.

The connection D on f*T'M and the projections 7 and A give rise to connec-
tions D7 on 7 (M, f) and DV on N (M, f). Since D is metric, D7 and DV are
metric, see Remark 1.4.

We are now ready to apply the results of the previous section. Before we do
this, we discuss the most important part of the story, namely the relation with the
intrinsic geometry of M — this is achieved in the crucial Fundamental Lemma
below. It is the key observation for Riemannian immersions.
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For a vector field X of M, define a vector field f,X along f by
(2.7) f:X(p) = fup - X(p).

If X is smooth, then f,X is smooth. In fact, with respect to local coordinates
(z,U) on M and (y,V) on M we have

(2.8) fX(p) = €00 p) - Y;(f (),

on UN f~1(V), where £ denotes the principal part of X with respect to the coor-
dinates z. By our standard identification, we view f,X as a section of 7 (M, f).

FUNDAMENTAL LEMMA 2.3. Let f: M — M be an isometric immersion. Let D
be the Levi-Civita connection of M, D the Levi-Civita connection on M. Then

(Dx fY)T = DX LY = f.DxY
for all X, Y € V(M). Furthermore,
(Dx YW = DxT - £.Y = 1I(X,Y)
15 tensorial and symmetric in X and Y .

In other words, via the identification TM = T (M, f) in Corollary 2.2, the tan-
gential connection D7 corresponds to the Levi-Civita connection on M. The
normal part I1(X,Y) = Dx7T - f.Y is called the second fundamental form of f.

Proof of Fundamental Lemma. It remains to show that D7 corresponds to a sym-
metric connection on 7'M and that Dx7 - Y is symmetric in X and Y. (It is
obviously tensorial in X and Y.) Now D is symmetric, hence

= (DxfY)T — (Dy £.X) £[X, Y]+ TT(X,Y) = TI(Y, X).

The first three terms on the right hand side are tangential, the last two terms are
normal. Hence

(Dx YY) — (Dy £.X)T = f([X,Y]) and [I(X,Y)=1I1I(Y,X) O

FUNDAMENTAL EQUATIONS 2.4. Let f : M — M be an isometric immersion.
For vector fields X,Y,Z on M and normal field N along f we have

(RX,V)1.2)" = f.R(X,Y)Z = [DxT,DyT]- f.Z  (GauB Equation)
(RX. V) .2)Y = (D% yT — D2 T) - .2 (Codazzi Equation)
(R(X,Y)NYY = RV(X,Y)N — [DxT, DyT]- N (Ricci Equation)

There is also an equation for the tangential part of R(X,Y)N. However, by the
skew symmetry of the curvature tensor, (R(X,Y)N, f.Z) = —(R(X,Y) f.Z, N},
it is equivalent to the Codazzi Equation.
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Proof of Fundamental Equations. The Gaul Equation follows immediately from
the Fundamental Lemma 2.3 and the first of the Fundamental Equations 1.3. As
for the Codazzi Equation, note that by definition

D%y T = DxDyT — Dp oy T

and that [X,Y] = DxY — Dy X. Now the Codazzi Equation follows from the
second of the Fundamental Equations 1.3. The Ricci Equation is immediate from
the first of the Fundamental Equations 1.3. ([l

COROLLARY 2.5. Let f : M — M be an isometric immersion. Let p € M and
u,v,x,y € T,M. Then

(R(z,y)u,v) = (R(z,y)u,v) + (11 (z,v), 11y, u)) — (I1(z,u),[1(y,v)).
In particular, if (u,v) span a nondegenerate 2-plane o C T,M, then
(I (u,w), I1(v,v)) — (II(u,v), II(u,v))
(u, u){v,v) — (u,v)? '

Proof. Let XY, U,V be smooth vector fields extending x,y,u,v. Since f is a
Riemannian immersion, the Gaufl Equation implies

K(0) = K(fu(0)) +

(R(X,Y)U,V) = (f.R(X,Y)U, f.V)
= <R(X7 Y)f*U7 f*v> + <[DX,T, DYT] - [ U, f*v>

Now DxT and Dy 7 are symmetric, see Remark 1.4. Therefore, by the definition
of I in Lemma 2.3,

([DxT,DyT]- f.U, V) = II(Y,U),11(X,V)) — (II(X,U),II1(Y,V)). O

EXAMPLE 2.6. Compare Example 1.1.3 in [SRM]: Let V be a vector space of

dimension m + 1 and (-,-) be a non-degenerate symmetric bilinear form on V.
For a # 0, set

Qoa=1p €V |(pp) =a}

and assume Q, # (. Then @, is a smooth submanifold of V of dimension m, a
level set of the function f(p) = (p,p) on V.
Let p € (Q,. Then tangent and normal space to (), are given by

%Qa gpL and]\fp@a = Rp

We identify vectorfields on ), with smooth maps X : @, — V such that
(p,X(p)) = 0 for all p € Q4. Furthermore, the restriction N : @, — V of
the identity map of V', N(p) = p, is normal to Q,. For vector fields X,Y of Q,,
we have (Y, N) = 0. Since d = D is the Levi-Civita connection of V = M and
since dx N = X, we compute

0= X(Y,N) = (dxY,N) 4+ (Y,dx N) = (II(X,Y),N) + (¥, X).
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Now dim N,(), = 1 for all p. Hence

1
II(X,)Y)=—(II(X,Y),N)N.
o
This implies
1
II(X,)Y)=——(X,Y)N.
o

Since R = 0, we get
1
—((Y,2)X —(X,2)Y) = R.(X,Y)Z
«
with k = 1/a. In particular, hyperbolic space has constant sectional curvature

—1 and the sectional curvature of Riemann’s metric is constant = k, see Examples
1.1.2 and 1.3.2 in [SRM].

R(X,Y)Z =

DEFINITION 2.7. We say that a Riemannian immersion f : M — M is totally
geodesicin U C M if I, =0 for all p € U.

PROPOSITION 2.8. Let f: M — M be a Riemannian immersion and let U C M
be open. Then f is totally geodesic in U if and only if ¢ = f o c is a geodesic in
M for each geodesic ¢ in U.

Proof. By Lemma 2.3 we have Dy¢ = f.(Dyc')+ S(c, ). Hence if ¢ is a geodesic
for each geodesic ¢ in U, then Sy(v,v) =0 for all p € U and v € T,,M. Since S,
is symmetric this implies S, = 0. The other direction is obvious. U

3. RIEMANNIAN SUBMERSIONS

Let M, M be SR-manifolds with Levi-Civita connections D and D, respec-
tively. A smooth map f : M — M is called a Riemannian submersion if
Vo(M, f) = ker f, is non-degenerate and f., : Vpl(M, f) — Ty M is an orthog-
onal isomorphism for all p € M. In that case, Hy(M, f) := V;-(M, f) is called

the horizontal and V,(M, f) the vertical subspace of T,M. The corresponding
distributions H(M, f) and V(M, f) are smooth and

(3.1) TM =H(M, )+ V(M,f)

is a decomposition into a direct sum.

In what follows, we fix a Riemannian submersion f : M — M and denote by H
and V the orthogonal projections onto the horizontal distribution H(M, f) and
vertical distribution V(M, f), respectively. The horizontal and vertical part of
vector field X on M are denoted X7 and XV, respectively.

For every vector field H on M, there is precisely one horizontal vector field H
on M that is f-related to H, that is, f.,H(p) = H(f(p)) for all p € M. We say
that H is the horizontal lift of H, denoted H = L(H).

LEMMA 3.1. For a vertical vector field V' and a horizontal lift H, the Lie bracket
|V, H] is vertical.
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Proof. Since V' is f-related to the vector field 0 and H to a vector field H on M,
the Lie bracket [V, H] is f-related to [0, H] = 0. O
FUNDAMENTAL LEMMA 3.2. For horizontal lifts H = L(H) and K = L(K),
_ 1
DyK = L(DgK) + 3 [H,K]V.

In other words,

DK = (DyK)" = L(DgK) and DyH-K = (DygK)Y = % [H,K]Y.

Proof. Using the Koszul formula, we determine the horizontal and vertical part of
Dy K separately. As for the vertical part, we use that the horizontal and vertical
distributions are perpendicular and that the Lie bracket of a vertical field and a
horizontal lift is vertical. Hence for a vertical field V' we have

2 (DyK,V)=—-V(H K)+ (V,[H, K)).

Now (H, K) is constant along the fibres of f since H and K are horizontal lifts,
hence V(H, K) = 0. Thus the vertical part of Dy K is as claimed.

Let L be the horizontal lift of a further vector field L on M. Then H, K and
L are f-related to H, K and L, respectively. Hence, for any point p € M,

H(K,L)(p) = H(K,L)(f(p)), (H,[K,L])(p)=(H[K L)(f(p)
and similarly for permutations of H, K and L. Therefore
(DK, L)(p) = (DpK, L)(f(p))
and the claim about the horizontal part of Dy K follows. 0

REMARK 3.3. Since the Lie bracket is skew symmetric, D'H is skew symmetric
on the horizontal distribution. Compare with Remark 1.4.

COROLLARY 3.4. The horizontal lift of a geodesic in M is a geodesic in M : more
precisely, if ¢ : [ — M is a smooth horizontal curve, then c is a geodesic in M iff
focis a geodesic in M.

Proof. By the Fundamental Lemma 3.2,
(D) =0 and f.(D,d) = D(foc). O

The Fundamental Equation 1.3 can be used to relate the curvature of D with
that of the connections D and DY on the horizontal and vertical distributions,
respectively. However, our main interest is the relation with the curvature of the
base manifold M. The key for this relation is the Fundamental Lemma 3.2.
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O’NEILL’S FORMULA 3.5. Let H, K, X, Y be horizontal vector fields on M. Then
the curvatures R of M and R of M in corresponding points p and f(p) satisfy

1

(RUFH, J.K)SX, 1Y) = (ROEK)X,Y) = {H,K) (X, Y]
L XD [ YY) — (K XD YT

Proof. Since all the terms are tensorial in all the variables, we can assume that
H, K, XY are horizontal lifts of vector fields H, K, X, Y on M. By the Funda-
mental Lemma 3.2, we have

(DEDEX)Y) = (DgDgX,Y).
Similarly for the horizontal lift L = [H, K] of L = [H, K],
(DYX,Y) = (D;X,Y).
By Lemma 3.1, the vertical field V = [H, K]V satisfies
(DY¥X,Y) = (DyX,Y) = (DxV,Y)

= (V. DxY) = — - ([, K", [X, Y],
Hence in corresponding points,
(RULH, F)LX, £Y) = (RUH K)XY) 4 (KD XY,

Now the claim is immediate from the Fundamental Equation 1.3, the symmetry of
DyH and Di'H, see Remark 1.4, and the formula for D’H, see the Fundamental
Lemma 3.2. O

COROLLARY 3.6. For horizontal vector fields H, K on M,

(RUFH, K LK f.H) = (ROH,K)K )+ 3 (K], [, KDY)

In the Riemannian case, the sectional curvature in the base manifold increases
by the amount 2 - ||[H, K]V||>. In particular, the sectional curvature of M is
nonnegative respectively positive if the sectional curvature of M is nonnegative
respectively positive.

4. PROJECTIVE SPACES, HOPF MAP AND STANDARD METRIC

In what follows, we denote by K one of the fields R of real numbers, C of
complex numbers or H of quaternionic numbers®. Then K is a vector space over
R, where the dimension k£ = dimg K is 1, 2 or 4, respectively.

Any complex number « can be written in the form a = apg+aqi with ag, a; € R.
Similarly, any quaternion o can be written in the form a = ag + 17 4+ asj + ask
with ag,...,a3 € R. In both cases, we call ag the real part and o — oy the

2Readers not familiar with H should disregard this case.
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imaginary part of a, notation Rea = agp, Ima = a — «ay. For convenience we
set Rea = a and Ima = 0 for a € R. We say that a € K is real respectively
imaginary if & = Re «a respectively a = Im . The space of imaginary o € K is
denoted Im K. It is an R-linear subspace of K of dimension k — 1.

For a € K we call @ = Rea — Ima the conjugate number of . We have
aa = |al? and a3 = Ba. Recall that H is not commutative, so that we have to
be careful with the order of factors in products.

We denote by K"*™ the space of (n x n)-matrices with entries in K. Since H is
not commutative, we need to be careful when representing K-linear maps of K"
by multiplication with a matrix from K"*" (at least when K = H). We stick to
the following conventions: Scalar multiplication from the right: for scalar a € K

and vector x = (z!,...,2") € K",
(4.1) r-a=(r'a,... ").

Matrix multiplication from the left: for matrix A = (aé) € K™ and vector
r=(2',... 2") € K",

(4.2) A~x:(2a}xj,...,oz?xj).

Under these conventions, multiplication by scalars and matrices do not interfere
with each other, and matrix multiplication is K-linear, A - (z-a) = (4 - 2) - a.
On K" we consider the form

(4.3) (z,y) = Z 7y

which is conjugate linear in x and linear in y. The real part

(4.4) (z,y) = Re(z,y)

is the standard Euclidean inner product on K", when considered as real vector
space R*" as above. For a matrix A € K™ we have

(4.5) (A-z,y) = (z,A" - y),

where A* is the conjugate transposed of 4, A* = At

A K-line in K" is a K-linear subspace of K**! of dimension 1 over K. A
K-line is a real vector space of dimension k := dimg K € {1,2,4}. Two different
K-lines intersect in {0} only, and any non-zero vector z € K" is contained in
precisely one K-line, namely x - K. The set PK" of all K-lines in K"*! is called
n-dimensional projective space over K. For n = 2, PK? is also called projective
plane over K.

For non-zero z = (xg,...,z,) € K" the line L = z - K is also denoted
(2% ..., 2"]. We call 2°,... 2" the homogeneous coordinates of L. We obtain a
surjective map

(4.6) H: Skntk=l o PKR™ 2 [1],
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the Hopf map. The fibres Hy, := H (L) = L N S¥**=1 [ € KP", of the Hopf
map are called Hopf spheres. They are great spheres in S** %=1 For K = R, Hopf
spheres consist of pairs of antipodal points; for K = C, they are great circles; for
K = H, they are great 3—spheres.

There is a natural distance function on projective space KP" derived from
angle measurement on the sphere S¥"*+=1: For L, L' € KPV, set

(4.7) d(L, L") = min{Z(z,2') |z € Hy,2' € Hp }.

Then 0 < d(L,L) < w/2 and d(L,L') = 0 iff L = L'. By definition, d is
symmetric in L and L’. The triangle inequality for d is immediate from the first
assertion of the following proposition.

PROPOSITION 4.1. Hopf spheres are parallel: If L, L' are Hopf spheres in Skn+k=1
and 6 := d(L, L"), then for any x € L there is a point ' € L' with Z(z,2") = 0.
Moreover, x' is unique if § < w/2 and arbitrary (in L') if 6 = 7 /2.

Proof. Since Hy, and Hj are compact, there are points xy € L,z € L' with
Z(xg, ) = . Now there is an o € K with |a|] = 1 such that = zy - @. Then
¥ =uxy-a€ Hp and Z(z,2") = 0. Here we use that right multiplication by « is
an R-linear angle and norm preserving transformation of K1,

The case K = R is trivial in the discussion of the uniqueness of z’. Therefore
we assume K = C or K = H in the rest of the argument. Then Hopf spheres are
great spheres of dimension 1 or 3. In particular, for any two points ', 2" € L’
there is a minimal great circle arc from z’ to z” contained in H,.

Since a great circle arc of length § from x to 2’ is a curve of minimal length
from x to L/, it is perpendicular to L' in 2’. If there is a second point z” € L'
with Z(z,2"”) = §, then the spherical triangle consisting of the minimal great
circle arcs from x to 2’ and z” respectively and of a minimal great circle arc in
L’ from 2z’ and z” has right angles in 2’ and z” and hence 6 = 7/2. Vice versa,
if 6 = 7/2, we have Z(x,2") = /2 for any 2’ € L. O

We will see below that the above distance function on PK™ arises as the dis-
tance associated to a natural Riemannian metric on PK". As a first step in that
direction we now introduce a manifold structure on KP".

Consider the topology associated to the distance function d. From Proposi-
tion 4.1 it is immediate that U C KP™ is open iff its preimage H~*(U) under the
Hopf map is open in S***¥=1 In particular, the sets

U= {[z] € PK" | 2" #0}, 0<i<n,
are open and the bijections

1

(4.8) kit Up — K* k([2%,...,2"]) = (2°,...,2",...,2")

where the hat indicates that 2’ is to be deleted, are homeomorphisms. Geomet-
rically speaking, r;(]x]) corresponds to taking the intersection [z] N A;, where
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A; is the affine space of vectors in K"*! with i-th coordinate equal to 1. The
set {(ki, U, )} is a smooth (acutally analytic) atlas of KP™. Thus PK" carries a
canonical smooth structure.

The Hopf map is smooth with respect to this structure. We will see below
that H is a submersion. For x € S¥"**~1 we define the horizontal and vertical
subspace of T, S¥"++=1 by

H, = {v e K" | (z,v) = 0},
Ve={vez K |(x,v) =0}

Note that V, = T,H, where H is the Hopf sphere through z. In particular,
V, C ker H,,. By definition, H,, is the orthogonal complement of V, in T, S+,

(4.9)

For x € Sk*k=1 and v € H, with |lv|]| = 1, we consider the parameterized
great circle
(4.10) c(t)=x-cost+v-sint, teR.

Note that (¢(t),d(t)) = 0 for all ¢, that is, ¢ intersects Hopf spheres perpendicu-
larly.

LEMMA 4.2. For 0 < t < /2, ¢ is the minimal connection between x and the
Hopf sphere H; through c(t).

Proof. The assertion is trivial in the case K = R. Suppose now that K = C
or K = H. Then Hopf spheres are great spheres of dimension at least one. In
particular, for any two points ', 2" € H;, there is a minimal great circle arc from
2’ to 2” contained in H,.

Suppose that ¢ is not the minimal connection between x and H;, and let b be
a minimal great circle arc from x to H;. Then the spherical triangle consisting
of ¢([0,¢]), b and the minimal great circle arc from ¢(t) to the endpoint 2’ of b
and contained in H; has right angles in ¢(¢) and z’. Since b is shorter than ¢,
t>m/2. O

The standard map S : PK" — H(n + 1) associates to L € KP" the orthogonal
projection of K" onto L. Here we recall that L is a linear subspace of K*™!. If
L = H(z) = [z], then

(4.11) S([2)(y) =z - (z,y).

We study the differential of S through curves ¢ as in (4.10). Note that for such
a curve c,

(4.12) Sife)(Hia(v)) = 0u(S([z()]))|e=0 = v - (x,.) + 7 - (v,.).
We conclude that the tangent space to S at z is
(4.13) TS ={v-(z,.)+x-(v,.) | veH}

To determine the first fundamental form of S, we compute the norm of the matrix
A= S,y (H(v)): Let eg = ,e1 = v, e9,..., €, be an orthonormal basis of K"
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with respect to (.,.). Then Aey = ey, Ae; = ey and Ae; = 0 for j > 2. Hence if
v € H, has norm 1, then

(4.14) [1Safa) (Haw(0))[|* = 2.

In other words, up to the factor 2, the Hopf map H is a Riemannian submersion if
we endow PK" with the first fundamental form gg of S. To get rid of that factor,
we renormalize gg and call g = % gs the standard metric. In the case of complex
projective space, the standard metric is also refered to as the Fubini—Study metric.
Let ¢ be a curve as in (4.10). Then H o ¢ is parameterized by arc length and
realizes distances on intervals of length < 7/2, see Proposition 4.2. It follows
that H o c is a unit speed geodesic in PK". Clearly, any unit speed geodesic in
PK"™ is of this form.
SECOND FUNDAMENTAL FORM: As for the second fundamental form, consider a
geodesic H o ¢ as above. Its second derivative

(4.15) 2w - (v,.) =z (x,.)

is perpendicular to 7 S since it is a geodesic. By polarization, we get the second
fundamental form of S,

(4.16) I(Hepv, Hpw) =v- (w,.) +w- (v,.) =22 - (v,w) - (z,.).

It is now possible to compute the curvature tensor of the standard metric by
using the Gaufl Equation. However, we will follow a different path.
ISOMETRIES: Let G be the group of all K-linear maps of K"™! preserving (.,.).
By our representation of K-linear maps by matrices,

(4.17) G = {A e Ktx(nh) | gx — A-11,

For K = R, G is the orthogonal group O(n+1); for K = C, G is the unitary group
U(n + 1); for K = H, G is the symplectic group Sp(n + 1). Since G preserves
the length of vectors in K", G operates isometrically on S***k~1  Since the
action of G maps Hopf spheres to Hopf spheres, the induced action on PK",
A - [z] = [Az], is isometric. Since the action on PK" is transitive, the standard
metric is homogeneous. In fact, more is true:

PROPOSITION 4.3. The standard metric on KP™ is symmetric. More precisely, if
x € SFHh=Land if A € G is the map with Ax = x and Ay = —y fory L x-K, then
the above map on PK"™ corresponding to A is the geodesic symmetry in [z]. In
particular, the covariant derivative of the curvature tensor vanishes, DR = 0. [

TOTALLY GEODESIC SUBMANIFOLDS: For any K-linear subspace V' C K" of
dimension m + 1 over K, there is an orthonormal basis eg, €1, . . . , e, of K**! such
that V is the K-linear hull of ey, ..., e,. Hence PgV = H(V N Sk+E-1) is a
KP™. A curve c as in (4.10) with z,v € V is contained in V, hence PxV is a
totally geodesic submanifold, isometric to KP™ with the standard metric.
Suppose now that V' C K"*! is totally real of dimension m + 1 over R; that is,
there is an orthonormal basis ey, . .., e, of K"*! such that V is the R-linear hull
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of eg,...,€m. Then V N SF+E=1 — §m 4 unit sphere of dimension m. In each
x € S™ T,S™ is perpendicular to z - K, and hence the restriction of the Hopf
map H to S™ is an isometric and totally geodesic immersion. It factors through
an isometric and totally geodesic embedding PR™ — PV = H(V N Skrtr-1),
PROJECTIVE PLANES: We show that PK? is isometric to a round sphere of
radius 1/2. Consider the atlas (ko, Up), (k1,U;) of PK? as in (4.8). We have

k10 kg (1) = ki ([1, @) = 27",

K10 Ky H(wo) = ko([mo, 1]) = 25"
This is the same coordinate transformation as for the atlas of the sphere S*
consisting of the stereographic projections from north and south pole. Hence
PK?2 is diffeomorphic to S*.
We now compute the metric g; on K corresponding to the standard metric on
U, with respect to k. For ¢ € S¥~! C K and ¢ € R consider

A, = 10 R, — cos@ —sing) _ o
0 ¢ sing  cosp

(k1o Ago k") (@) = 2q".

Now

Since A, acts isometrically on KP?, g; is invariant under right multiplication by
g '. Since ¢ € S¥7! is arbitrary, we conclude that g, is rotationally symmetric.
In particular, ¢;(0) is a multiple of the Euclidean metric (.,.) of K. On the other

hand,

(k10 Rpo (o) = L L 2E

=T, (x
sin ¢ - & + cos @ o),
hence ¢, is invariant under transformations 7, on their domain of definition in

K. Now .
sin ¢

A0 0= (14 laf) v o= -2

Hence in z,

1
(4.18) 91(7) FuED) {0
where (.,.) is the Euclidean metric on K. Since g; is rotationally symmetric, we
conclude that ¢; is of this form in all points € K. On the other hand, the
right hand side in (4.18) is equal to Riemann’s metric with constant curvature 4,
compare Examples 1.1.2 and 1.3.2 in [SRM].

By the same line of argument we get that the metric gy on K corresponding to
the standard metric on U, is Riemann’s metric. Hence KP? is isometric to the
sphere Sf/Q of radius 1/2.

CURVATURE TENSOR: There are at least two efficient ways of determinig the
curvature tensor of KP™. The first is via Riemannian submersions using O’Neill’s
Formula. In this case, the Riemannian submersion in question is the Hopf map.
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The second way is via totally geodesic submanifolds, in this case the two types
PxV and PRV discussed above. We choose the first way. For the second, we refer
to the literature.

The horizontal space of the Hopf map H : S¥+k=1 — KP™ in p € SFn+k—1 g
given by the condition (p, X) = 0, the vertical space is p - Im(K), where Im(K)
denotes the imaginary part of K. Hence for a horizontal field X and an arbitrary
vector field Y on SFrtk—1,

(p,dy X (p)) = —(Y(p), X(p))-

In particular, if X and Y are horizontal, then
(X, Y]V = —2p-Im(X,Y).

If X, Y and Z are horizontal with ||[Y|| = 1 and X and Z perpendicular to Y,
then by O’Neill’s Formula

(4.19) (R(H. X,H.Y)H.Y,H.Z) = (X, Z) +3-Re(Im(X,Y) - Im(Y, Z)).
If X,Y are perpendicular and orthonormal, then
(4.20) KmXAmY)=1+3-]Im(X,Y)|?

for the sectional curvature K of KP". Hence K is between 1 and 4, depending
on the angle between Y and X - Im(K).

Sectional curvature 4 is realized on the totally geodesic projective lines PK!
defined by two-dimensional K-linear subspaces of K" for K = C or K = H.
(Note that in the case K = R, projective lines are closed geodesics of length
7.) Sectional curvature 1 is realized by totally geodesic real projective subspaces
defined by totally real subspaces of K"*!. This remark also hints at how to
compute the curvature tensor using totally geodesic submanifolds.

5. BERGER’'S DEFORMATION

Consider a Riemannian submersion f : M — M. Define a new metric on M,
depending on a parameter § # 0,

(X,Y)s = (X" Y™) 46 - (XY, YY),

For § = 1, we obtain the given metric. For § — 0, the metric tends to 0 in the
vertical direction. The map f : M — M is still a Riemannian submersion with
the same horizontal and vertical distributions as for (.,.). For the curvature we
have

(RUFH, LIS SH) = (B KK, H) + 5 (H K (5, K]),

where R’ denotes the curvature tensor of < .,. > 4.

It is an interesting feature of the standard deformation that the Levi-Civita
connection D° converges smoothly for § — 0. This follows from the Koszul
formula by straightforward computations. On the horizontal distribution, the
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curvature of the limiting connection corresponds exactly to the curvature of M.
We leave the details to the reader.
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