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The exposition of vector bundles and connections below is taken
from my lecture notes on differential geometry at the University of
Bonn. I included more material than I usually cover in my lectures.
On the other hand, I completely deleted the discussion of “concrete
examples”, so that a pinch of salt has to be added by the customer.

Standard references for vector bundles and connections are [GHV]
and [KN], where the interested reader finds a rather comprehensive
discussion of the subject.

I would like to thank Andreas Balser and Hong Huang for pointing
out some misprints and mistakes. The exposition is still in a prelimi-
nary state. Suggestions are very welcome.
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1. Vector Bundles

A bundle is a triple (π,E,M), where π : E →M is a map. In other
words, a bundle is nothing else but a map. The term bundle is used
when the emphasis is on the preimages Ep := π−1(p) of the points
p ∈M ; we call Ep the fiber of π over p and p the base point of Ep. We
view the fiber Ep as sitting over p and M as organizing the different
fibers into a family. We call M the base space, E the total space and π
the projection of the bundle.

Frequently we pretend that the projection π is known and speak of
the bundle E over M or, even more simply, of the bundle E.

For a bundle π : E → M and N ⊂ M , we set E|N := π−1(N). The
restriction π : E|N → N is called the restricted bundle.

We say that a bundle is smooth if E and M are smooth manifolds
and π is a smooth map. We assume throughout that all our bundles
are smooth. If π : E → M is smooth and U ⊂ M is open, then the
restricted bundle π : E|U → U is also a smooth bundle.

We are interested in the case when the fibres are equipped with vector
space structures over K ∈ {R,C}. This leads to the notion of real and
complex vector bundles. The case of quaternionic vector bundles can
be handled in the same way. However, since H is not commutative, one
has to be careful when writing down formulas.

The most important example is the tangent bundle, a real vector
bundle. But there are many other interesting vector bundles.

1.0.1. Definition. A K–vector bundle over M of rank k consists of a
bundle π : E → M whose fibres are K–vector spaces and such that
about each point p ∈M , there is an open neighborhood U in M and a
diffeomorphism Φ : U ×Kk → E|U such that

(1) π ◦Φ = π1, where π1 : U ×Rk → U is the projection to the first
factor and

(2) for each q ∈ U , the map Φq : Kk → Eq, Φq(ξ) := Φ(q, ξ), is a
K–linear isomorphism.

We also speak of real vector bundles and complex vector bundles de-
pending on whether K = R or K = C. Usually we suppress the de-
pendence on the field K and simply speak of vector bundles. Vector
bundles of rank one are also called line bundles.

A map Φ as in Definition 1.0.1 is called a trivialization of E|U or
also a local trivialization of E.
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1.0.2. Examples. 1) The trivial bundle π : M ×Kk →M , π(p, x) = p.
The vector space structure on the fibers {p} ×Kk is the natural one,

(p, x) + (p, y) := (p, x+ y) for x, y ∈ Kk ,

κ · (p, x) := (p, κ · x) for κ ∈ K and x ∈ Kk .

In other words, we consider p as an index. Similar rules lead to natural
vector space structures in many other cases.

2) The tangent bundle π : TM → M , a real vector bundle of rank
dimM . We assume that the reader is familiar with the construction of
the tangent bundle of a smooth manifold. In Lemma 1.3.4 below we
discuss a general construction of which the usual construction of the
tangent bundle is a special case.

3) Let KP n be the projective space of K–lines in Kn+1 and let

K̂n+1 = {(l, x) | l ∈ KP n, x ∈ l} .

The natural map

π : K̂n+1 → KP n , π(l, x) = l ,

is called the canonical line bundle over KP n. The fiber over the line
l ∈ KP n consists of all pairs (l, x) with x ∈ l. Since the fibers are
K–lines, we can introduce a natural K–vector space structure on them,

(l, x) + (l, y) := (l, x+ y) for x, y ∈ l ,
κ · (l, x) := (l, κ · x) for x ∈ l and κ ∈ K .

This turns the fibers of π into K–vector spaces of dimension one. Note
that the different lines l ∈ KP n are not disjoint, they all intersect in
0 ∈ Kn+1. By considering tuples (l, x), we force them to be disjoint.

For a non–zero vector x ∈ Kn+1, we denote by [x] the K–line spanned
by x. For 1 ≤ i ≤ n + 1, let Ui = {[x] ∈ KP n | xi 6= 0} and consider
the bijections

Φi : Ui ×K→ K̂n+1|Ui , Φi([x], ξ) =
(
[x],

ξ

xi
x
)
.

It is easy to see that K̂n+1 has a unique structure as a smooth manifold
such that the canonical bundle π : K̂n+1 → KP n is a K–line bundle for
which the bijections Φi are local trivializations, see Lemma 1.3.4.

1.0.3. Definitions. Let π : E → M and π′ : E ′ → M ′ be K–vector
bundles. A pair (f, L) of smooth maps f : M → M ′ and L : E → E ′

is called a bundle map if π′ ◦ L = f ◦ π and if Lp = L|Ep : Ep → E ′f(p)

is K–linear for all p ∈M .
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If M = M ′, then a map L : E → E ′ is called a morphism if (idM , L)
is a bundle map. A morphism L is called an isomorphism if it is
invertible.

We may think of a bundle map as a smooth family of K–linear maps
Lp between the corresponding fibers Ep of E and E ′f(p) of E ′.

1.0.4. Example. Let f : M → M ′ be a smooth map. Then the pair
(f, f∗), where f∗ : TM → TM ′ is the differential of f , is a bundle map.

1.0.5. Definition. Let π : E → M be a K–vector bundle of rank k.
Then a submanifold E ′ ⊂ E is called a subbundle of rank k′ of E if the
restriction π : E ′ →M is a K–vector bundle of rank k′.

1.0.6. Examples. 1) Consider Sn = {p ∈ Rn+1 | |p| = 1}. Then the
submanifold

{(p, x) ∈ Sn × Rn+1 | x ⊥ p}
is a subbundle of the trivial bundle Sn × Rn+1. This subbundle is
isomorphic to the tangent bundle of Sn.

2) The canonical bundle K̂n+1 → KP n is a subbundle of the trivial
bundle KP n ×Kn+1. Furthermore, the submanifold

{(l, x) ∈ KP n ×Kn+1 | x ⊥ l} → KP n ,

is also a subbundle of the trivial bundle KP n × Kn+1. The latter
subbundle is isomorphic to the tangent bundle of KP n.

1.1. Sections. A vector field on a smooth manifold M is a map which
associates to each point p ∈M a tangent vector at p. Similar maps are
also important in the case of a general vector bundle π : E →M .

1.1.1. Definition. A section of E is a map S : M → E with π ◦ S =
idM , i.e., we have S(p) ∈ Ep for all p ∈ M . Similarly, a section of E
over U ⊂M is a map S : U → E with π ◦ S = idU .

1.1.2. Examples. 1) The zero section is defined by S(p) = 0p ∈ Ep,
p ∈M . The zero section is smooth.

2) Vector fields on manifolds are sections of the tangent bundle.

If S, S1 and S2 are sections of E and ϕ : M → K is a function, then
there are new sections S1 + S2 and ϕ · S,

(S1 + S2)(p) := S1(p) + S2(p) ,

(ϕ · S)(p) := ϕ(p) · S(p) ,

obtained by pointwise addition and multiplication respectively.
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By V(M) we denote the space of smooth vector fields on M . For a
general vector bundle E over M , the space of smooth sections of E is
denoted S(E).

We recall that FK(M) denotes the space of smooth functions ϕ :
M → K. By using local trivializations it is easy to see that the above
operations of addition and multiplication preserve smoothness. This
we can express in the following more sophisticated way.

1.1.3. Proposition. Pointwise addition of sections and multiplication
of a function with a section turn S(E) into a module over FK(M). �

We show next that vector bundles have many smooth sections.

1.1.4. Lemma. Let π : E → M be a vector bundle over M and p ∈ M
be a point. Then

(1) for each x ∈ Ep there is S ∈ S(E) with S(p) = x.
(2) for U ⊂ M open with p ∈ U and S : U → E a smooth section

of E over U , there is a smooth section S ′ ∈ S(E) such that
S = S ′ in a neighborhood of p.

Proof. Choose a trivialization Φ : W ×Kk → π−1(W ) of E with p ∈ W
and a smooth function ϕ : M → R with supp(ϕ) ⊂ W and ϕ(p) = 1.
Now Φ(p, ξ) = x for some (unique) ξ ∈ Kk. Define a section S of E by

S(q) =

{
Φ(q, ϕ(q) · ξ) if q ∈ W ,

0 if q /∈ W .

Then S(p) = x. Now Φ is a diffeomorphism, hence S is smooth on W .
Since supp(ϕ) ⊂ W , S is zero on a neighborhood of M \W . Hence
S is smooth on M . This proves the first assertion. The proof of the
second assertion is similar and is left to the reader. �

1.2. Frames. Let π : E →M be a vector bundle of rank k and U ⊂M
be open.

1.2.1. Definition. A frame of E over U is a k–tuple (S1, . . . , Sk) of
smooth sections of E over U such that S1(p), . . . , Sk(p) is a basis of Ep
for all p ∈ U .

We also speak of local frames when the set U is not specified. The
existence of local frames is guaranteed by the following proposition.

1.2.2. Proposition. Let (S1, . . . , Sk) be a frame of E over U . Then
the map

Φ : U ×Kk → E|U , Φ(p, ξ) = ξiSi(p) ,
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is a trivialization of E|U . Vice versa, if Φ : U × Kk → E is a triv-
ialization of E|U and e1, . . . , ek is the standard basis of Kk, then the
k–tuple Si = Φ(. , ei), 1 ≤ i ≤ k, is a frame of E over U .

Proof. For each p ∈ U , Φp is an isomorphism, hence Φ is bijective. It
remains to show that Φ has maximal rank. To that end, let Ψ be a
local trivialization of E in a neighborhood V ⊂ U of a point p ∈ U .
Then we have

(Ψ−1Φ)(q, ξ) = (q, (Ψ−1
q Φq)(ξ))

for all q ∈ V and ξ ∈ Kk. Now for each q ∈ V , Φq,Ψq : Kk → Eq are
isomorphisms. It follows easily that

Ψ−1Φ : V ×Kk → V ×Kk

is a diffeomorphism. Hence Φ has maximal rank on V × Kk. Now
p ∈ U was arbitrary, hence Φ is a diffeomorphism. The other direction
is trivial. �

The above proposition tells us that local trivializations and frames
are two sides of the same coin. For that reason we often will not
distinguish between the two.

Let Φ = (S1, . . . , Sk) be a local trivialization/frame and S be a sec-
tion of E over U . Then there is a map σ = σΦ : U → Kk such that
S(p) = Φ(p, σ(p)) for all p ∈ U , that is,

(1.2.3) S = σiSi , σ = (σ1, . . . , σk) .

We call σ the principal part of S with respect to Φ. Since Φ is a
diffeomorphism, σ is smooth iff S is smooth.

Let Ψ = (T1, . . . , Tk) be another local trivialization of E, say over an
open subset V of M . Then over U ∩ V we have

(1.2.4) Si = gjiTj

with smooth functions gji : U ∩ V → K. For each p ∈ U ∩ V , the

(k × k)–matrix g(p) = (aji (p)) describes a change of basis, hence it is
invertible. We obtain a smooth map g : U ∩ V → Gl(k,K).

Let S be a section of E over U ∩ V and σΦ and σΨ be the principal
part of S with respect to Φ and Ψ. Then

(1.2.5) σjΨ = gjiσ
i
Φ respectively σΨ = g · σΦ .

In this sense we may interpret sections of vector bundles as families of
maps σΦ : U → Kk which transform in the right way, that is, according
to (1.2.5). This point of view is important in computations.



VECTOR BUNDLES AND CONNECTIONS 7

1.3. Constructions. The following situation arises frequently: We are
given a family Ep, p ∈M , of pairwise disjoint K–vector spaces, an open
cover (Uα) of M and, for each index α and point p ∈ Uα, a K–linear
isomorphism

(1.3.1) Φα,p : Kk → Ep .

We face the problem to turn the (disjoint) union E = ∪Ep together
with the canonical map π : E → M with fibers Ep into a (smooth)
K–vector bundle such that the given bijections

(1.3.2) Φα : Uα ×Kk → E|Uα , Φα(p, ξ) = Φα,p(ξ) ,

are local trivializations. A necessary condition is that all the maps

(1.3.3) gαβ : Uα ∩ Uβ → Gl(k,K) , gαβ(p) := Φ−1
α,pΦβ,p ,

are smooth. We prove now that this condition is also sufficient. The
arguments in the proof are the same as those used in the construction
of the tangent bundle.

1.3.4. Lemma. Suppose that all the maps gαβ are smooth. Then E
carries a unique structure as a smooth manifold such that π : E → M
is a K–vector bundle for which the bijections Φα are local trivializations.

Proof. We obtain a topology on E by declaring O ⊂ E to be open iff,
for all α, Φ−1

α (O) is open in Uα × Kk. Now the maps gαβ are smooth,
hence the maps

Φ−1
α Φβ : (Uα ∩ Uβ)×Kk → (Uα ∩ Uβ)×Kk

are diffeomorphisms. Therefore O ⊂ E is open iff, for any p ∈ M ,
there is an index α with p ∈ Uα such that Φ−1

α (O) is open in Uα ×Kk.
It follows easily that the topology is Hausdorff with a countable base.

If ϕ : U → U ′ is a local parameterization of M with U ′ ⊂ Uα for
some α, then we obtain a local parameterization ϕ̂ : U × Kk → E|U ′
by setting

ϕ̂(u, ξ) = Φα,ϕ(u)(ξ) .

With respect to the above topology, ϕ̂ is a homeomorphism and the
set of such local parameterizations — or rather the set of their inverse
maps — is a C∞–atlas of E. With respect to the corresponding smooth
structure of E, π : E →M is a K–vector bundle for which the bijections
Φα are local trivializations. The uniqueness of the smooth structure is
clear since the maps Φα are required to be diffeomorphisms onto their
image. �
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1.3.5. Examples. We discuss several constructions by which we obtain
new bundles out of old ones.

1) (Dual bundle) The dual bundle of the tangent bundle TM is the
cotangent bundle T ∗M . There is a similar construction for a K–vector
bundle π : E →M :

For p ∈M , let E∗p be the dual space of Ep, that is, E∗p = HomK(Ep,K).

For any local trivialization Φ : U ×Kk → E|U and point p ∈ U define
an isomorphism

Φ̂p : Kk ∼= (Kk)∗ → E∗p

by Φ̂p(ϕ) := ϕ ◦Φ−1
p . By a straightforward computation it follows that

the maps ĝΦ,Ψ given by ĝΦ,Ψ(p) = (Φ̂p)
−1Ψ̂p are smooth in p. Hence

the condition of Lemma 1.3.4 is satisfied. Hence the disjoint union
E∗ = ∪E∗p carries a unique smooth structure such that the canonival
projection π∗ : E∗ →M with fibers E∗p is a K–vector bundle for which

the bijections Φ̂ are local trivializations. We call π∗ : E∗ →M the dual
bundle of π : E →M .

2) (Whitney sum) Let π : E ′ → M and π′′ : E ′′ → M be K–vector
bundles over M of rank k′ and k′′ respectively. For any pair of local
trivializations

Φ : U ×Kk′ → E ′|U , Φ′′ : U ×Kk′′ → E ′′|U

and point p ∈ U define an isomorphism

Φp : Kk′+k′′ ∼= Kk′ ⊕Kk′′ → E ′p ⊕ E ′′p ,

by

Φp(ξ
′, ξ′′) = (Φ′p(ξ

′),Φ′′p(ξ
′′)) .

It is easy to see that the maps gΦ,Ψ given by gΦ,Ψ(p) = Φ−1
p Ψp are

smooth in p. Hence the condition of Lemma 1.3.4 is satisfied. Hence
the disjoint union E ′⊕E ′′ = ∪E ′p⊕E ′′p carries a unique smooth structure
such that the canonical projection E ′⊕E ′′ →M with fibers E ′p⊕E ′′p is
a K–vector bundle for which the bijections Φ are local trivializations.
We call E ′ ⊕ E ′′ →M the direct sum or Whitney sum of E ′ and E ′′.

3) Let π′ : E ′ → M and π′′ : E ′′ → M be K–vector bundles over
M of rank k′ and k′′ respectively and let m ≥ 0. For each p ∈ M let
Λm(E ′p, E

′′
p ) be the K–vector space of alternating m–linear maps

E ′p × · · · × E ′p → E ′′p .

This space is isomorphic to the space Λm(k′, k′′) of alternating m–linear
maps

Kk′ × · · · ×Kk′ → Kk′′ .



VECTOR BUNDLES AND CONNECTIONS 9

For any pair of local trivializations

Φ′ : U ×Kk′ → E ′|U , Φ′′ : U ×Kk′′ → E ′′|U
and point p ∈ U define an isomorphism

Φp : K(k′
m)·k′′ ∼= Λm(k′, k′′)→ Λm(E ′p, E

′′
p )

by
Φp(φ)(x1, . . . , xm) = Φ′′p(φ((Φ′p)

−1x1, . . . , (Φ
′
p)
−1xm)) .

It is easy to see that the maps gΦ,Ψ given by gΦ,Ψ(p) = Φ−1
p Ψp are

smooth in p. Hence the condition of Lemma 1.3.4 is satisfied. Hence
the disjoint union Λm(E ′, E ′′) = ∪Λm(E ′p, E

′′
p ) carries a unique smooth

structure such that the natural projection Λm(E ′, E ′′) → M is a K–
vector bundle with fibers Λm(E ′p, E

′′
p ).

The case E ′ = TM is particularly important (here K = R). Sections
of Λm(TM,E ′′)→M are called m–forms with values in E ′′.

Another special case which deserves attention is the case m = 1.
We denote Λ1(E ′, E ′′) = HomK(E ′, E ′′), a vector bundle of rank k′k′′

with fibers the spaces of homomorphisms HomK(E ′p, E
′′
p ) = Λ1(E ′p, E

′′
p ).

Sections of this bundle are morphisms E ′ → E ′′.

1.3.6. Exercises. One essential feature in the above examples is that
the corresponding construction from linear algebra is canonical, that
is, it does not depend on the choice of a basis.

1) Again let π′ : E ′ → M and π′′ : E ′′ → M be K–vector bundles
over M of rank k′ and k′′ respectively. Follow the construction of the
bundle E ′⊕E ′′ and define the tensor bundle E ′⊗E ′′ →M , a K–vector
bundle of rank k′k′′ with fibers E ′p ⊗ E ′′p .

2) Generalize other standard constructions from linear algebra and
show that the natural isomorphisms from linear algebra hold. For
example, show that (E ′ ⊕ E ′′)⊕ E ′′′ ∼= E ′ ⊕ (E ′′ ⊕ E ′′′).

1.4. Pull Back. Let π : E → M be a vector bundle over M and
f : N →M be a smooth map. For p ∈ N define a vector space

(f ∗E)p = {(p, x) | x ∈ Ef(p)} ,
where the vector space structure is inherited from Ef(p),

(p, x) + (p, y) := (p, x+ y) , κ · (p, x) := (p, κ · x) .

Furthermore, for each local trivialization Φ : U ×Kk → E|U and point
p ∈ V = f−1(U), define a map (f ∗Φ)p : V ×Kk → (f ∗E)p by

(f ∗Φ)p(ξ) := (p,Φ(f(p), ξ)) .
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It is easy to see that the family of pairwise disjoint vector spaces (f ∗E)p
and maps (f ∗Φ)p satisfies the assumption of Lemma 1.3.4. We obtain
a new vector bundle f ∗E = ∪(f ∗E)p, the pull back of E via f . Note
that f ∗E ⊂ N ×E and that the projection is the restriction of π1, the
projection to the first factor in f ∗E ⊂ N × E.

A map S : N → f ∗E is a section of f ∗E iff there is a map s : N →
E, the so–called principal part of S, with π ◦ s = f and such that
S(p) = (p, s(p)) for all p ∈ N . Note that a section S is smooth iff the
corresponding principal part s is smooth.

A map s : N → E satisfying π ◦ s = f is called a section of E along
f . Often it is more convenient to deal with sections along f instead
of dealing with sections of f ∗E, the simple reason being that the first
component of a section of f ∗E contains no information.

We denote the space of smooth sections of E along f by Sf (E).

1.4.1. Example. Let I be an interval and c : I → M be a smooth
curve. Then the differential ċ : I → TM is a smooth section of TM
along c. More generally, if X(t) is a tangent vector of M with foot
point c(t), t ∈ I, then X : I → TM is a section of TM along c.

1.5. The Fundamental Lemma on Morphisms. Let π : E → M
and π′ : E ′ → M be vector bundles over M . and L : E → E ′ be a
morphism. Then the map L : S(E)→ S(E ′) defined by L(S) = L ◦ S
is tensorial, i.e., linear over FK(M),

(1.5.1) L(S1 + S2) = L(S1) + L(S2) and L(ϕ · S) = ϕ · L(S)

for all S, S1, S2 ∈ S(E) and ϕ ∈ FK(M). In Corollary 1.5.3 below, we
characterize morphisms by this property. The fundamental property of
tensorial maps is captured in the following fundamental lemma.

1.5.2. Lemma. Let L : S(E) → S(E ′) be tensorial. Let p ∈ M and
S, S̃ be smooth sections of E with S(p) = S̃(p). Then

L(S)(p) = L(S̃)(p) .

Proof. In a neighborhood U of p, choose a local frame Φ = (S1, . . . , Sk)
of E and a smooth function ϕ on M with ϕ(p) = 1 and supp(ϕ) ⊂ U .
Then ϕ ·Si is a smooth section of E when extended by zero outside U .
Hence L(ϕSi) is defined.

Let σ and σ̃ be the principal parts of S and S̃ with respect to Φ.
Then ϕσ and ϕσ̃ are smooth on M when extended by zero outside U
and σ(p) = σ̃(p). By definition we have S = σiSi, S̃ = σ̃iS̃i and

ϕ2 · S = (ϕσi) · (ϕSi) , ϕ2 · S̃ = (ϕσ̃i) · (ϕSi) .
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Hence

L(S)(p) = ϕ2(p) · L(S)(p) = L(ϕ2 · S)(p)

= L
(
(ϕσi) · (ϕSi)

)
(p)

=
(
(ϕσi) · L(ϕSi)

)
(p)

= σi(p) · L(ϕSi)(p)

= σ̃i(p) · L(ϕSi)(p) = L(S̃)(p) ,

the asserted identity. �

We discuss two applications of Lemma 1.5.2. Further on there will
be similar applications of Lemma 1.5.2, we will not repeat the (easy)
arguments however.

1.5.3. Corollary. Let L : S(E)→ S(E ′) be tensorial. Then there is
a morphism L : E → E ′ such that L(S) = L ◦ S for all S ∈ S(E).

Proof. By Proposition 1.1.4, for each p ∈ M and x ∈ E, there is
S ∈ S(E) with S(p) = x. Define Lp(x) = L(S)(p). By Lemma 1.5.2,
Lp is well defined and L(S)(p) = Lp(S(p)) for all S ∈ S(E). Clearly,
Lp is linear for each p ∈ M . We obtain a map L : E → E ′ by setting
L|Ep := Lp.

It remains to show smoothness of L. To that end, consider a point
p ∈ M , a local frame (S1, . . . , Sk) of E in an open neighborhood U of
p and a smooth function ϕ with supp(ϕ) ⊂ U and such that ϕ(q) = 1
for all q in an open neighborhood V of p. Then ϕS1, . . . , ϕSk are
smooth sections of E when extended by zero outside U . Hence L(ϕSi)
is defined and is a smooth section of E ′. If (S ′1, . . . , S

′
l) is a frame of E ′

in a neighborhood U ′ of p, then for q ∈ V ∩ U ′,
L(Si(q)) = L((ϕSi)(q)) = L(ϕSi)(q) = aji (q)S

′
j(q) .

Now the functions aji are smooth in q since L(ϕSi) ∈ S(E ′). �

1.5.4. Corollary. Let L : V(M)× · · · × V(M)→ S(E) be m–linear,
alternating, and tensorial in each variable Xi,

L(X1, . . . , ϕXi, . . . , Xm) = ϕL(X1, . . . , Xm) .

Then there is an m–form ω with values in E such that

L(X1, . . . , Xm) = ω(X1, . . . , Xm) .

Proof. Let p ∈M and X1, . . . , Xm, X̃1, . . . , X̃m be smooth vector fields
with Xi(p) = X̃i(p), 0 ≤ i ≤ m. By induction over i ≤ m it follows
that

L(X1, . . . , Xm)(p) = L(X̃1, . . . X̃m)(p) .
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Define
ωp(X1(p), . . . , Xm(p)) = L(X1, . . . , Xm)(p) .

It is clear that ω is an m–form with values in E. Smoothness of ω
follows as in the previous proof. �

2. Connections

In what follwos, π : E →M is a K–vector bundle of rank k.

2.0.1. Definition. A connection or covariant derivative on E is a map

D : V(M)× S(E) −→ S(E), D(X,S) = DXS = DS(X),

such that D is tensorial in X and a derivation in S.

By the definition of derivation, a connection D satisfies

(2.0.2) DX(ϕ · S) = X(ϕ) · S + ϕ ·DXS

for all ϕ ∈ FK(M) and S ∈ S(E).
From now on, we let D be a connection on E. Let S ∈ S(E). Then

by Lemma 1.5.2, DS is a morphism of E, that is, a 1–form with values
in E in the language of Example 1.3.5. We call DS the covariant
derivative of S.

Let X ∈ V(M). We call DXS the covariant derivative of S in the
direction of X. We think of covariant differentiation as a generalization
of directional or partial differentiation in Euclidean space Rm.

2.0.3. Examples. 1) Let E = M × Kk be the trivial vector bundle
of rank k over M . A smooth section of E is a map S of the form
S(p) = (p, σ(p)), where σ = (σ1, . . . , σk) : M → Kk is the principal
part of S. Define

(DXS)(p) := (p,Xp(σ)) ,

where
X(σ) = (X(σ1), . . . , X(σk)) = dσ ·X

is the usual derivative of σ in the direction of X. It is straightforward
to check that D is a connection on E, the so–called trivial connection.

2) Let E = M×Kk be the trivial bundle as above and ω be a 1–form
on M with values in Mat(k × k,K), that is, ω = (ωji ) is a matrix of

K–valued 1–forms ωji on M , 1 ≤ i, j ≤ k. For a section S = (id, σ) as
above define

(DXS)(p) :=
(
p,Xp(σ) + ωp(Xp) · σ(p)

)
.

In other words, if σ is the principal part of S, then

X(σ) + ω(X) · σ
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is the principal part of DXS, where in index notation

ω(X) · σ =
(
ω1
i (X)σi, . . . , ωki (X)σi

)
.

Once again it is straightforward to check that D is a connection on E.
In fact, every connection on the trivial bundle is of this form as we will
see below.

2.0.4. Proposition. Let D be a connection on E and ω be a 1–form
with values in Hom(E,E). Then

D′XS := DXS + ω(X) · S
is a connection on E. Vice versa, if D and D′ are connections on E,
then

ω(X) · S := D′XS −DXS

defines a 1–form ω with values in Hom(E,E). �

2.1. Local Data. We now show that a connection D on a vector
bundle π : E → M is determined by local data. It is clear from
Lemma 1.5.2 that for any section S of E and any point p ∈M , the co-
variant derivative DXS only depends on X(p). In our first observation
we use (2.0.2) to show that DXS(p) only depends on the restriction of
S to a neighborhood of p.

2.1.1. Lemma (Localization). Let p ∈M and S1, S2 ∈ S(E) be smooth
sections such that S1 = S2 in some neighborhood U of p. Then

(DXS1)(p) = (DXS2)(p) for all X ∈ V(M).

Proof. Choose a smooth function ϕ : M → R with supp(ϕ) ⊂ U such
that ϕ = 1 in a neighborhood V ⊂ U of p. Then ϕ · S1 = ϕ · S2 on M ,
hence

DX(ϕ · S1) = DX(ϕ · S2) .

On the other hand, by (2.0.2) and the choice of ϕ we have

DX(ϕ · Si)(p) = Xp(ϕ) · Si(p) + ϕ(p) ·DXSi(p)

= 0 · Si(p) + 1 ·DXSi(p) = DXSi(p)

for i = 1, 2. Hence (DXS1)(p) = (DXS2)(p) as claimed. �

Now let U ⊂ M be an open subset. Let p ∈ U . Recall from
Lemma 1.1.4 that for any smooth vector field X on U and smooth
section S of E over U , there is a smooth vector field X ′ on M and a
smooth section S ′ of E over M such that X = X ′ and S = S ′ in an
open neighborhood V ⊂ U of p. Define

(2.1.2) DU
XS(p) := D(X ′, S ′)(p) .
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By Lemma 2.1.1, DXS(p) does not depend on the choice of X ′ and S ′.
It is now easy to verify that (2.1.2) DU is a connection on E|U . We
call DU the induced connection on E|U .

By abuse of notation we simply write D instead of DU . This sim-
plification does not lead to a conflict with the previous notation: if X
is the restriction of a smooth vector field X ′ on M to U and S is the
restriction of a smooth section S ′ of E over M to U , then DU(X,S) is
the restriction of D(X ′, S ′) to U .

Let U ⊂M be open and Φ = (S1, . . . , Sk) be a frame of E over U . Let
X be a smooth vector field of M over U . Then since D = DU is a con-
nection of E|U , DXS1, . . . , DXSk are smooth sections of E|U . Hence
their principal parts with respect to Φ, denoted ω1(X), . . . , ωk(X), are
smooth maps from U to Kk and satisfy

(2.1.3) DXSi = ωji (X) · Sj .

It is immediate from the definition of covariant derivative that

ωji (ϕX + ψY ) = ϕ · ωji (X) + ψ · ωji (Y )

for all i, j, all smooth functions ϕ, ψ and smooth vector fields X, Y on
U . Hence ωji is a 1–form on U , 1 ≤ i, j ≤ k. As in Example 2.0.3,

we organize the different ωji in a (k × k)–matrix ω = (ωji ). Then by
definition, ω is a 1–form on U with values in Mat(k × k,K). We call
ω the connection form of D with respect to Φ. Sometimes we indicate
the dependence on Φ by using Φ as an index.

Now let S be an arbitrary smooth section of E over U and σ =
(σ1, . . . , σk) be the principal part of S with respect to Φ. If X is a
smooth vector field on U , then by (2.0.2)

DXS = DX{σiSi} =
{
X(σi) · Si + σi ·DXSi

}
=
{
X(σi) · Si + σiωji (X) · Sj

}
=
{
X(σj) + ωji (X)σi

}
· Sj .

Let ω = (ωji ) be the connection form on U with respect to Φ. Then
the result of the above computation can be formulated as follows.

2.1.4. Proposition. If σ is the principal part of a section S with re-
spect to Φ, then

X(σ) + ω(X) · σ
is the principal part of DXS with respect to Φ. �

Let V ⊂ M be another open set and Ψ = (T1, . . . , Tk) be a local
frame of E over V . On U ∩ V , there is a smooth map g = (gji ) to
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Gl(k,K) such that

Si = gjiTj ,

see (1.2.4). If σΦ, σΨ : U ∩ V → Kk are the principal parts of a smooth
section S of E over U ∩ V with respect to Φ and Ψ respectively, then

σΨ = g · σΦ .

as in (1.2.5). This discussion applies also to the principal parts of DXS
with respect to Φ and Ψ, where X is a smooth vector field on U ∩ V .
Hence we must have

g ·
(
X(σΦ) + ωΦ(X) · σΦ

)
= X(σΨ) + ωΨ(X) · σΨ

= X(g · σΦ) + ωΨ(X) · σΨ

= X(g) · σΦ + g ·X(σΦ) + ωΨ(X) · σΨ .

The terms g ·X(σΦ) cancel. Substituting σΦ = g−1 · σΨ we get

(2.1.5) ωΨ(X) = g · ωΦ(X) · g−1 −X(g) · g−1 .

This equation describes the transformation rule of the connection form
ωΦ under a change of frame.

2.2. Induced Connections. As we saw before, there are many new
bundles which we can construct from given ones. We discuss now
shortly, how connections on given bundles induce connections on the
new bundles. The guiding principle are linearity of connections and
the product rule.

2.2.1. Examples. 1) Let π∗ : E∗ →M be the dual bundle of the vector
bundle π : E →M . Suppose that D is a connection on E. Then define
the covariant derivative of a section T of E∗ by

(D∗XT )(S) = X(T (S))− T (DXS) ,

where S is a section of E. Note that this is the product rule if we
consider (T, S) 7→ T (S) as a product. This is justified by the expression
for T (S) in terms of local frames.

2) Let E ′ ⊕ E ′′ → M be the direct sum of vector bundles E ′ → M ,
E ′′ → M and suppose that D′ and D′′ are connections on E ′ and E ′′

respectively. By a slight abuse of notation, we write sections of E ′⊕E ′′
in the form S ′ + S ′′, where S ′ is a section of E ′ and S ′′ is a section of
E ′′. Then the rule

DX(S ′ + S ′′) = D′X(S ′) +D′′XS
′′

defines a connection D on E ′ ⊕ E ′′. Here the required additivity of
connections leaves us no choice in the definition of D.
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3) Again let E ′ → M , E ′′ → M be vector bundles with connec-
tions D′ and D′′ respectively and let m ≥ 0. On Λm(E ′, E ′′) define a
connection D by

(DXT )(S1, . . . , Sm) = D′′X(T (S1, . . . , Sm))−∑
T (S1, . . . , D

′
XSi, . . . , Sm) .

Here it is again the product rule which leads to the definition of D.

The last example has a very interesting variation. Suppose E →M
is a vector bundle with a connection D. Then there is a covariant
exterior derivative on the space of alternating m–forms with values in
the given bundle E,

(2.2.2) dD : S(Λm(TM,E))→ S(Λm+1(TM,E)) ,

defined by

(2.2.3) dDT (X0, . . . , Xm) =
m∑
i=0

(−1)iDXi
(T (X0, . . . , X̂i, . . . , Xm))

+
∑

0≤i<j≤m

(−1)i+jT ([Xi, Xj], X0, . . . , X̂i . . . , X̂j, . . . , Xm) .

The exterior covariant derivative is connected to the curvature tensor
which we discuss further below, see Definition 3.0.1.

2.2.4. Exercises. 1) Compute the connection forms in the above ex-
amples with respect to local frames as given in Examples 1.3.5.

2) Using the product rule, define a connection on the tensor product
E ′⊗E ′′ of two vector bundles E ′ →M , E ′′ →M with connections D′

and D′′ respectively.
3) For a section S of a vector bundle E with connection D, compute

dDdDS and compare the result with the curvature tensor as in Defini-
tion 3.0.1. More generally, for an m–form T with values in E, compute
the second covariant exterior derivative dDdDT .

2.3. Pull Back. Let D be a connection on the vector bundle π : E →
M . Our goal is to show that for a smooth map f : N →M , there is a
natural connection f ∗D on f ∗E which is compatible with the natural
bundle map L : f ∗E → E. Clearly it suffices to define the covariant de-
rivative of a smooth section S along f . To that end, let Φ = (S1, . . . , Sk)
be a frame of E over an open set U ⊂M and let ω = (ωji ) be the con-
nection form of D as in (2.1.3). On V = f−1(U), let σ = (σ1, . . . , σk)
be the principal part of S with respect to Φ ◦ f , that is,

S = σi · (Si ◦ f) .
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For a smooth vector field X over V , define

(2.3.1) Df
XS =

{
X(σj) + ωji (f∗X) · σi

}
· (Sj ◦ f) .

In other words, the principal part of Df
XS with respect to the chosen

frame is

(2.3.2) X(σ) + (f ∗ω)(X) · σ .

This formula shows that Df
XS is smooth. We have not checked yet

that Df
XS is well defined. For this, let Ψ = (T1, . . . , Tk) be a local

frame of E over an open subset V ⊂ M and let (gji ) be the matrix of
functions on U ∩ V describing the change of frame as in (1.2.4). Let
W = f−1(U ∩ V ). On W , the principal parts σΦ and σΨ of S with
respect to the frames Φ and Ψ are related by

σΨ = (g ◦ f) · σΦ ,

see (1.2.5). For the proposed principal parts of DXS we have by (2.1.5),

X(σΨ) + (f ∗ωΨ)(X) · σΨ = X
(
(g ◦ f) · σΦ

)
+ ωΨ(f∗X) · σΨ

= X(g ◦ f) · σΦ + (g ◦ f) ·X(σΦ) + ωΨ(f∗X) · (g ◦ f) · σΦ

= X(g ◦ f) · σΦ + (g ◦ f) ·X(σΦ)

+ (g ◦ f) · ωΦ(f∗X) · σΦ −X(g ◦ f) · σΦ

= (g ◦ f) ·
(
X(σΦ) + (f ∗ωΦ)(X) · σΦ

)
.

This shows that Df
XS is well defined. For convenience, we usually

simply write D instead of Df .
The following proposition is immediate from the local expressions in

(2.3.1) or (2.3.2).

2.3.3. Proposition. The covariant derivative D = Df along f ,

D : V(N)× Sf (E)→ Sf (E) , D(X,S) = DXS = DS(X) ,

is tensorial in X and a derivation in S. In other words, if we identify
sections of f ∗E with sections of E along f , then the map

f ∗D : V(N)× S(f ∗(E))→ S(f ∗(E)) , (f ∗D)(X,S) = DXS ,

is a connection on f ∗E.
If ω is the connection form of D with respect to a frame Φ of E|U ,

then the connection form of f ∗D with respect to the frame Φ ◦ f of
f ∗E|f−1(U) is the pull back f ∗ω. �

For any smooth section S : M → E, S ◦ f is a smooth section of
E along f . The induced covariant derivative for sections along f is
consistent with the original covariant derivative in the following sense.
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2.3.4. Proposition (Chain Rule). If S : M → E is a smooth section,
then

D(S ◦ f)(v) = DS(f∗qv)

for any point q ∈ N and tangent vector v ∈ TqN . �

The most important case of this construction is the covariant deriv-
ative along a curve c = c(t) in M . If S is a smooth section of E along
c, then we set

(2.3.5) DtS := DS(∂t) ,

where ∂t is the canonical coordinate vector field on R. If σ is the
principal part of S with respect to a local frame Φ = (S1, . . . , Sk) of E
over U , then the principal part of DtS over V = c−1(U) is given by

(2.3.6) σ̇ + ω(ċ) · σ .

2.3.7. Remark. Note that (DtS)(t) might be non–zero even if ċ(t) = 0.
For example, if c is a constant curve, c(t) ≡ p, and S is a smooth section
along c, then DtS = ∂tS, the usual derivative of S as a map into the
fixed vector space Ep.

3. Curvature

For smooth vector fields X, Y on M and a smooth map σ : M → Kk

we have XY (σ) − Y X(σ) = [X, Y ](σ) by the definition of the Lie
bracket. An analogous formula holds for second covariant derivatives
of sections of the trivial bundle with respect to the trivial connection
as in Example 2.0.3. For arbitrary connections, the failure of the cor-
responding formula is measured by the curvature tensor.

3.0.1. Definition. The curvature tensor of D is the map

R : V(M)× V(M)× S(E)→ S(E) ,

R(X, Y )S = DXDY S −DYDXS −D[X,Y ]S .

We quickly check that the curvature tensor is a tensor field. Note that
this is also immediate from Proposition 3.0.5 below.

3.0.2. Proposition. The curvature tensor R is tensorial in X, Y and
S and skew symmetric in X and Y , R(X, Y )S = −R(Y,X)S.

Proof. Skew symmetry in X and Y follows from the definition of R and
the skew symmetry of the Lie bracket. Addidivity in X, Y and S is
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immediate from the additivity of covariant derivative and Lie bracket.
As for homogeneity over F(M), we compute:

DXDY (ϕ · S) = DX

(
Y (ϕ) · S + ϕ ·DY S

)
= XY (ϕ) · S + Y (ϕ) ·DXS +X(ϕ) ·DY S + ϕ ·DXDY S .

An analogous formula holds for DYDX(ϕ · S). Now

D[X,Y ](ϕ · S) = [X, Y ](ϕ) · S + ϕ ·D[X,Y ]S

and hence

R(X, Y )(ϕ · S) = ϕ ·R(X, Y )S .

The proof of homogeneity over F(M) in X and Y is simpler. �

Now Corollary 1.5.3 implies that for any fixed vector fields X and
Y on M , we may consider R(X, Y ) as a section of HomK(E,E). By
Corollary 1.5.4 we may consider R also as a 2–form with values in
HomK(E,E). In fact, by Lemma 1.5.2, there is a family of 3–linear
maps

Rp : TpM × TpM × Ep → Ep ,

the curvature tensor of D at p ∈M .
Let Φ = (S1, . . . , Sk) be a frame of E over an open set U ⊂ M and

let ω be the corresponding connection form as in (2.1.3). Recall that
the exterior derivative of ω is defined by

(3.0.3) dω(X, Y ) = X(ω(Y ))− Y (ω(X))− ω([X, Y ]) .

For convenience, we also set

(3.0.4) [ω, ω](X, Y ) := [ω(X), ω(Y )] = ω(X) · ω(Y )− ω(Y ) · ω(X).

3.0.5. Proposition. If S is a smooth section of E over U with prin-
cipal part σ with respect to Φ and if X, Y are vector fields on U , then
the principal part of R(X, Y )S with respect to Φ is(

dω(X, Y ) + [ω(X), ω(Y )]
)
· σ .

Proof. By Proposition 2.1.4, the principal part of DXDY S is

X
(
Y (σ) + ω(Y ) · σ

)
+ ω(X) ·

(
Y (σ) + ω(Y ) · σ

)
=

XY (σ) +X(ω(Y )) ·σ+ω(Y ) ·X(σ) +ω(X) ·Y (σ) +ω(X) ·ω(Y ) ·σ .
An analogous formula holds for the principal part of DYDXS. The
principal part of D[X,Y ]S is

[X, Y ](σ) + ω([X, Y ]) · σ = XY (σ)− Y X(σ) + ω([X, Y ]) · σ .
The claim follows. �
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We call Ω = dω + [ω, ω] the curvature form of D with respect to Φ.
The curvature form is a 2–form with values in Mat(k × k,K).

We now let f : N →M be a smooth map and consider the pull back
connection f ∗D on the pull back bundle f ∗E of E. Associated to our
frame Φ = (S1, . . . , Sk) on E|U above we have the frame Φ ◦ f along
f on f−1(U). By abuse of notation, we also consider Φ ◦ f as a local
frame of the pull back bundle f ∗E.

3.0.6. Corollary. With respect to the frame Φ◦f , the curvature form
of f ∗D is

f ∗Ω = f ∗(dω + [ω, ω]) .

Proof. Recall that f ∗ω is the connection form of f ∗D. Now

d(f ∗ω)(X, Y ) = f ∗(dω)(X, Y ) = dω(f∗X, f∗Y ) ,

hence the assertion. �

3.0.7. Proposition. Let f : N →M be smooth and S ∈ Sf (E). Then
for all X, Y ∈ VN ,

DXDY S −DYDXS −D[X,Y ]S = R(f∗X, f∗Y )S .

Proof. Let Φ = (S1, . . . , Sk) be a frame of E over the open subset
U ⊂ M and let ω be the connection form with respect to this frame.
Let σ be the principal part of S on V = f−1(U) with respect to Φ ◦ f .
Then by Corollary 3.0.6, the principal part of R(X, Y )S with respect
to Φ ◦ f is(

d(f ∗ω)(X, Y ) + [(f ∗ω)(X), (f ∗ω)(Y )]
)
· σ

=
(
dω(f∗X, f∗Y ) + [ω(f∗X), ω(f∗Y )]

)
· σ

Now by Proposition 3.0.5, the right hand side is the principal part of
R(f∗X, f∗Y )S. �

3.0.8. Corollary. Let U ⊂ R2 be open and f = f(x, y) be a smooth
map from U to M . If S is a section of E along f , then

DxDyS −DyDxS = R(fx, fy)S ,

where fx and fy denote the partial derivatives of f with respect to x
and y.

Proof. The Lie bracket of the coordinate vector fields ∂x and ∂y in R2

vanishes. �

3.0.9. Exercise. Prove the Bianchi identity dDR = 0.
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3.1. Parallel Translation and Curvature. Let c : I → M be a
smooth curve. We consider sections along c.

3.1.1. Definition. We say that a smooth section S along c is parallel
along c if DtS = 0.

Note that the differential equation DtS = 0 is linear. In particular,
linear combinations αS + βT , α, β ∈ K, of parallel sections S and T
along c are again parallel.

Let Φ = (S1, . . . , Sk) be a frame of E over an open set U ⊂M , ω the
corresponding connection form as in (2.1.3) and σ the principal part of
S with respect to Φ. Then S is parallel along the part of c contained
in U iff

(3.1.2) σ̇ + ω(ċ) · σ = 0 .

This is a first order linear differential equation for σ with smooth co-
efficients. Hence we have the following result.

3.1.3. Lemma. Let t0 ∈ I and x ∈ Ec(t0). Then there is exactly one
parallel section S along c with S(t0) = x. �

Now let t0, t1 ∈ I and set p = c(t0) and q = c(t1). For x ∈ Ep let
P (x) = S(t1) ∈ Eq , where S is the unique parallel section along c with
S(t0) = x. Then Pc is called the parallel translation along c from p to
q. There is a little ambiguity in this terminology since there might be
other parameters t with c(t) = p or c(t) = q. However, in real life this
does not lead to any problems.

Since linear combinations of parallel sections are parallel, P is a
linear map. Moreover, P is invertible: parallel translation along c from
q to p is the inverse map. This shows the existence of parallel frames
as follows.

3.1.4. Lemma. Let t0 ∈ I and S1, . . . , Sk be parallel sections along c.
Suppose that S1(t0), . . . , Sk(t0) is a basis of Ec(t0). Then S1(t), . . . , Sk(t)
is a basis of Ec(t) for all t ∈ I.

Proof. By definition, Si(t) = PSi(t0), where P is parallel translation
along c from p = c(t0) to q = c(t). By what we said before, P is
invertible. �

3.1.5. Definition. We say that a k–tuple Φ = (S1, . . . , Sk) of sections
along c is a frame of E along c if S1(t), . . . , Sk(t) is a basis of Ec(t) for
all t ∈ I. We say that a frame Φ = (S1, . . . , Sk) of E along c is parallel
along c if S1, . . . , Sk are parallel along c.
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Let Φ = (S1, . . . , Sk) be a parallel frame of E along c. Let S be a
smooth section along c. Then there is a smooth map σ : I → Kk, the
principal part of S with respect to Φ, such that

S = σiSi .

Since the sections Si are parallel,

(3.1.6) DtS = (∂tσ
i)Si .

In other words, ∂tσ is the principal part of DtS. Hence by using a par-
allel frame along c, we reduce covariant derivatives to standard deriva-
tives (of the principal part). Yet another way of expressing this fact is
formulated in the following lemma.

3.1.7. Lemma. Let t0 ∈ I and Pt be parallel translation along c from
c(t) to p = c(t0). Let S ∈ Sc(E). Then

PtDtS = ∂tPtS .

Proof. Choose a parallel frame Φ = (S1, . . . , Sk) of E along c and let σ
be the principal part of S with respect to Φ. Then since Φ is parallel,

PtS = σiSi(t0) and PtDtS = (∂tσ
i)Si(t0) .

Hence PtDtS = ∂tPtS as claimed. �

3.1.8. Lemma. Let φ : J → I be smooth and S ∈ Sc(E) be parallel
along c. Then S ◦ φ is parallel along c ◦ φ.

Proof. This is immediate from the differential equation (3.1.2). �

It follows that parallel translation along c does not depend on the
parameterization of c.

Now let c : I →M be piecewise smooth and S be a piecewise smooth
section along c. Choose a subdivision

. . . < ti−1 < ti < ti+1 . . .

of I such that c and S are smooth on the subintervals [ti−1, ti]. Then
we say that S is parallel along c if DtS = 0 along these subintervals.
Lemmas 3.1.3 and 3.1.4 extend to the piecewise smooth situation.

3.1.9. Corollary. Let t0 ∈ I. Then we have:

(1) For any x ∈ Ec(t0), there is exactly one parallel section S along
c with S(t0) = x.

(2) If S1, . . . , Sk are parallel sections along c and S1(t0), . . . , Sk(t0)
is a basis of Ec(t0), then S1(t), . . . , Sk(t) is a basis of Ec(t) for
all t ∈ I. �
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We now discuss the relation between parallel translation and curva-
ture. Let I be an interval. Consider a piecewise smooth homotopy

c : I × [a, b]→M , c(s, t) = cs(t) .

Let Ps,t be parallel translation along cs from c(s, t) to c(s, b) and set

(3.1.10) Rs,t = Ps,t ◦R(∂tc(s, t), ∂sc(s, t)) ◦ P−1
s,t .

3.1.11. Lemma. Let S be a piecewise smooth section along c such that
DtS = 0 and DsS(. , a) = 0. Then

DsS(s, b) =
(∫ b

a

Rs,t dt
)
· S(s, b)

Proof. By Corollary 3.0.8 and our assumption on S we have

DtDsS = DsDtS +R(∂tc, ∂sc)S = R(∂tc, ∂sc)S

and hence by (3.1.7),

∂tPs,tDsS(s, t) = Ps,tDtDsS(s, t) = Ps,tR(∂tc(s, t), ∂sc(s, t))S(s, t)

= Ps,tR(∂tc(s, t), ∂sc(s, t))P
−1
s,t S(s, b) = Rs,tS(s, b) .

Now Ps,b = id by the definition of Ps,t and DsS(. , a) = 0 by our
assumption on S. Therefore

DsS(s, b) = Ps,bDsS(s, b)− Ps,aDsS(s, a)

=

∫ b

a

Rs,tS(s, b) dt =
(∫ b

a

Rs,t dt
)
· S(s, b) .

This is the asserted equation. �

One of the interesting applications of the above lemma occurs in the
case where c is proper, that is, c(s, a) = p and c(s, b) = q for some
points p, q ∈M and all s ∈ I. Then S(s, a) ∈ TpM and S(s, b) ∈ TqM
for all s. Under the assumptions of Lemma 3.1.11, S(. , a) is constant.
The assertion of the lemma then says that

(3.1.12) ∂sS(s, b) =
(∫ b

a

Rs,tdt
)
· S(s, b) ,

a first order linear ordinary differential equation for S(. , b). If Ps = Ps,a
denotes parallel translation along cs from p = cs(a) to q = cs(b), then
S(s, b) = PsS(s, a) by our assumptions on S. Hence we can reformulate
(3.1.12) as

(3.1.13) ∂sPs =
(∫ b

a

Rs,tdt
)
· Ps .
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In this precise sense, curvature tells us the dependence of parallel trans-
lation on the path.

Let p ∈M and u, v ∈ TpM . Let f : U →M be a smooth map with

f(0) = p , fx(0) = u , fy(0) = v ,

where U ⊂ R2 is an open neighborhood of 0. Define a smooth family
cs(t) = c(s, t), 0 ≤ s, t ≤ 1, of piecewise smooth curves by

(3.1.14) cs(t) =


f(4st, 0) for 0 ≤ t ≤ 1/4,

f(s, s(4t− 1)) for 1/4 ≤ t ≤ 1/2,

f(s(3− 4t), s) for 1/2 ≤ t ≤ 3/4,

f(0, 4s(1− t)) for 3/4 ≤ t ≤ 1 .

The infinitesimal dependence of parallel translation on curvature is now
captured by the following result.

3.1.15. Theorem. Let p ∈ M , u, v ∈ TpM and f : U → M be a map
as above. Let Ps be parallel translation along the curve cs as in (3.1.14)
from cs(0) to cs(1). Then

∂sPs(0) = 0 and ∂s∂sPs(0) = 2R(v, u) .

Proof. By the definition of c and the skew symmetry of R,

R(∂tc, ∂sc) =

{
0 for t ≤ 1/4 or t ≥ 3/4 ,

4sR(fy, fx) for 1/4 ≤ t ≤ 3/4 .

Let Ps,t be parallel translation along the curve cs as (3.1.14) from cs(t)
to cs(1) and define Rs,t as in (3.1.10), where a = 0 and b = 1. Then
Ps = Ps,0 and

∂sPs =
(∫ 3/4

1/4

Rs,tdt
)
Ps

by (3.1.13). Now parallel translation depends continuously on the path,
hence

1

4s
Rs,t = Ps,t ◦R(fy, fx) ◦ P−1

s,t → R(v, u)

uniformly in t for s→ 0. �

Let c : [0, 1] → M be a curve. Then the inverse curve c−1 of c is
defined by

(3.1.16) c−1(t) := c(1− t) 0 ≤ t ≤ 1 .
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Let c1, c2 : [0, 1] → M be curves with c2(0) = c1(1). Then the compo-
sition c = c1 ∗ c2 of c1 and c2 is defined by concatenation,

(3.1.17) (c1 ∗ c2)(t) =

{
c1(2t) if 0 ≤ t ≤ 1/2 ,

c2(2t− 1) if 1/2 ≤ t ≤ 1 .

If c and c1, c2 are piecewise smooth, then both c−1 and c1 ∗ c2 are
piecewise smooth — this is one of the reasons for considering piecewise
smooth curves. Note that the composition of smooth curves need not
be smooth.

We denote by Π = Π(M) the space of all piecewise smooth curves
c : [0, 1] → M . For p, q ∈ M we let Πp = Πp(M) respectively Πpq =
Πpq(M) be the subspace of curves with initial point p respectively initial
point p and end point q. Elements of Πpp are also called loops at p.

For c ∈ Π we denote by Pc parallel translation along c. We have

(3.1.18) Pc−1 = P−1
c and Pc1∗c2 = Pc2Pc1 .

We conclude that for any point p ∈ M , the set Hol(p) of parallel
translations Pc, c ∈ Πpp, is a group of linear automorphisms of Ep.
We call Hol(p) the holonomy group of the connection D at p. The
subset Hol0(p) of parallel translations Pc, where c is a piecewise smooth
contractible loop at p, is a normal subgroup, the restricted holonomy
group of D at p.

Let p, q ∈M and γ ∈ Πpq. Then the map

(3.1.19) Πpp → Πqq , c 7→ γ−1 ∗ c ∗ γ ,

induces an isomorphism

(3.1.20) Hol(p)→ Hol(q) , Pc 7→ PγPcP
−1
γ ,

which sends Hol0(p) to Hol0(q).
We now discuss the holonomy theorem of Ambrose–Singer [AS] and

Nijenhuis [Ni]. For c ∈ Πp and u, v ∈ TpM set

(3.1.21) Rc(u, v) = P−1
c ◦R(Pcu, Pcv) ◦ Pc ,

an endomorphism of Ep.

3.1.22. Theorem. Let p ∈M . In the Lie algebra of endomorphisms of
Ep, let g be the subalgebra generated by the endomorphisms Rc(u, v) for
all c ∈ Πp and u, v ∈ TpM . Then Hol0(p) is the connected Lie subgroup
of Gl(Ep) with Lie algebra g.

In particular, Hol(p) is a Lie group with Hol0(p) as component of the
identity.
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Proof. Let c : [a, b]→ M be a piecewise smooth loop at p and assume
that c is contractible. Choose a piecewise smooth proper homotopy cs,
0 ≤ s ≤ 1, from the point curve c0 = p to c = c1. By (3.1.13), parallel
translation Ps = Pcs along cs satisfies the differential equation

∂sPs =
(∫ 1

0

Rs,tdt
)
· Ps .

Now the integrand on the right hand side is contained in g. It fol-
lows that the curve Ps, 0 ≤ s ≤ 1, is contained in G. Hence parallel
translation P = P1 along c = c1 belongs to G, hence Hol0(p) ⊂ G.

By the first part of the latter argument, H = Hol0(p) is a subgroup
of G such that for each element g ∈ H, there is a continuously differ-
entiable curve from the neutral element of G to g which is contained
in H. Hence H is a Lie subgroup of G, see Appendix 4 in Volume I of
[KN].

Now let c ∈ Πp and u, v ∈ TpM . Let U ⊂ R2 be an open neighbor-
hood of 0 and f : U →M be smooth with f(0) = q = c(1), fx(0) = Pcu
and fy(0) = Pcv. Define loops cs, 0 ≤ s ≤ 1, at q as in (3.1.14). Then
the piecewise smooth curves γs = c ∗ cs ∗ c−1 are contractible loops at
our point p.

For 0 ≤ τ ≤ 1, let g(τ) be parallel translation along γs, s =
√
τ .

Then by (3.1.13) and Theorem 3.1.15, g : [0, 1]→ Gl(Ep) is a continu-
ously differentiable curve contained in H = Hol0(p) and

∂τg(0) = P−1
c ◦R(Pcv, Pcu) ◦ Pc = Rc(v, u) .

Hence the Lie algebra h of H contains the generators of the Lie algebra
g. Therefore h = g and hence Hol0(p) = H = G. �

4. Miscellanea

4.1. Metrics. For many vector bundles, the fibers are equipped with
inner products which depend smoothly on the base points.

4.1.1. Definition. Let π : E → M be a K–vector bundle over M . A
Riemannian metric (if K = R) respectively Hermitian metric (if K =
C) is a smooth map 〈. , .〉 : E ⊕ E → K such that 〈. , .〉 : Ep ⊕ Ep → K
is an inner respectively Hermitian product on Ep for all p ∈M .

We also speak of Riemannian or Hermitian bundles respectively.

4.1.2. Definition. Let E be a Riemannian or Hermitian bundle and
D be a connection on E. We say that D is Riemannian or Hermitian
respectively if D satisfies the product rule

X〈S, T 〉 = 〈DXS, T 〉+ 〈S,DXT 〉
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for all vector fields X on M and sections S, T of E. We also simply
say that D is compatible with 〈. , .〉.

If D is compatible with 〈. , .〉, then R(X, Y ) ∈ HomK(E,E) is skew
symmetric for all vector fields X and Y on M .

4.2. Cocycles and Bundles. Let π : E → M be a K–vector bundle
of rank k over M . A family Φα : Uα ×Kk → E|Uα of trivializations of
π is called a bundle atlas if ∪αUα = M . For such an atlas and a point
p ∈ Uα ∩ Uβ, we have

(4.2.1) (Φ−1
α Φβ)(p, ξ) = (p, gαβ(p) · ξ) ,

where gαβ : Uα∩Uβ → Gl(k,K) is a smooth map. Obviously the family
of maps gαβ satisfies the following cocycle relations,

gαα = 1 on Uα ,

gαβgβα = 1 on Uα ∩ Uβ ,
gαβgβγgγα = 1 on Uα ∩ Uβ ∩ Uγ .

(4.2.2)

An open cover M = ∪αUα of M together with a family of smooth maps
gαβ : Uα∩Uβ → Gl(k,K) satisfying (4.2.2) is called a cocyle with values
in Gl(k,K).

Suppose now we are given such a cocycle. For (p, ξ) ∈ Uα ×Kk and
(q, η) ∈ Uβ ×Kk define (p, ξ) ∼ (q, ξ) iff p = q and gαβ(p) · ξ = η. Then
”∼” defines an equivalence relation on the disjoint union ∪̇(Uα ×Kk).
The equivalence class of (p, ξ) is denoted [p, ξ], the set of equivalence
classes is denoted E. By the definiton of our relation, the map

π : E →M , π([p, ξ]) = p ,

is well defined. For p ∈ Uα, κ ∈ K and x, y ∈ Ep let (p, ξ), (p, η) ∈
Uα ×Kk be representatives, x = [p, ξ], y = [p, η], and define

x+ y := [p, ξ + η] , κ · x := [p, κ · ξ] ,
where we consider (p, ξ + η) and (p, κ · ξ) as elements of Uα × Kk. It
follows from (4.2.1) that x + y and κx are well defined. In this way
each fiber Ep of π carries a natural structure as a K–vector space of
dimension k. Furthermore, for each α and point p ∈ Uα,

Φα,p : Kk → Ep , Φα,p(ξ) = [p, ξ] ,

is a K–linear isomorphism. The following lemma is now immediate
from Lemma 1.3.4.

4.2.3. Lemma. The space E of equivalence classes as above carries a
unique structure as a smooth manifold such that π : E → M is a K–
vector bundle for which the bijections Φα are local trivializations. �
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4.2.4. Exercise. Starting from a bundle atlas (Uα,Φα) for a vector
bundle π : E → M , we obtain a cocycle (gαβ) as in (4.2.1). The
above construction associates to this cocycle a new vector bundle, now
denoted π′ : E ′ →M . Show that the map on the disjoint union of the
Uα ×Kk, defined by

Uα ×Kk 3 (p, ξ) 7→ Φα(p, ξ) ∈ E
on the different parts of the disjoint union, induces an isomorphism
E ′ → E.
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