
AUTOMORPHISM GROUPS

WERNER BALLMANN

In these lecture notes I discuss groups of automorphisms of certain natural
structures which occur in differential geometry. My aim is to show that such
groups of automorphisms, when endowed with the compact–open topology, are
Lie transformation groups.

Many of the automorphism groups from differential geometry can be viewed as
closed subgroups of automorphism groups of parallelizations. For example, this
is the case for the group of isometries of a Riemannian or pseudo-Riemannian
manifold, see Example 3.2. In the first part of these notes I therefore treat the
case of parallelized manifolds.

I would like to thank Dorothee Schüth for helpful criticism. More criticism is
welcome.

1. The Main Result

Let M be a smooth manifold of dimension n. A parallelization or global frame
of M is a diffeomorphism Φ : M × Rn → TM such that

(1.1) Φ(p, . ) : Rn → TpM

is an isomorphism for all p ∈ M . Sometimes it is convenient to replace Rn by
some other real vector space of dimension n.

The existence of a parallelization imposes strong topological restrictions on M .
For example, if M = Sn, the sphere of dimension n, then M has a parallelization
iff n ∈ {1, 3, 7}, see [Ad].

Let Φ be a parallelization of M . For each vector z ∈ Rn we obtain a smooth
vector field Z on M by setting

(1.2) Z(p) = Φ(p, z) .

We call Z a constant field (with respect to Φ). The vector space of constant fields
has dimension n. In general, it is not a subalgebra of the Lie algebra of all smooth
vector fields on M .

The automorphism group Aut(Φ) of Φ is the group of all diffeomorphisms f of
M such that

(1.3) f∗ ◦ Z = Z ◦ f
for all constant fields Z. We endow Aut(Φ) with the compact–open topology.
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1.4. Example. Let G be a Lie group and g be the Lie algebra of left invariant
vector fields on G. Define Φ : G × g → TG by Φ(p, Z) = Z(p). We call Φ the
left invariant parallelization of G. The automorphisms of Φ are precisely the left
translations by elements of G.

1.5. Proposition. The action of Aut(Φ) on M is free. For each p ∈ M , the
orbit map Aut(Φ) 3 g 7→ g(p) ∈ M is proper and embeds Aut(Φ) as a closed
subset of M .

The proof is easy and will be presented below.

1.6. Corollary. A subgroup G of Aut(Φ) is closed iff G(p) is closed for some
p ∈M or, equivalently, iff G(p) is closed for any p ∈M .

Our main result is the following.

1.7. Theorem. Let G be a closed subgroup of Aut(Φ). Then

(1) for each p ∈M , the orbit G(p) is a submanifold of M ;
(2) the smooth structure on G induced by the orbit map g 7→ g(p) is indepen-

dent of p ∈M and turns G into a Lie transformation group of M ;
(3) the orbit space G\M has a unique smooth structure for which the projec-

tion M → G\M is a smooth left principal bundle with structure group
G.

In the beginning I follow arguments in Kobayashi’s book [Ko] on transformation
groups. The main argument is similar to the one which is used in the proof of
the fact that a closed subgroup of a Lie group is a Lie subgroup. Note that this
latter result is a consequence of Theorem 1.7, when applied to Example 1.4.

1.8. Corollary. Let L be a Lie group and G ⊂ L a closed subgroup. Then G is
a Lie subgroup of L. Furthermore, G\L has a unique smooth structure such that
L→ G\L is a left principle bundle with structure group G.

By interchanging left and right we get the analogous conclusions for the more
standard homogeneous space L/G, namely that it has a unique smooth structure
such that L→ L/G is a principle bundle with structure group G.

2. Proof of Proposition 1.5 and Theorem 1.7

Without loss of generality we may and do assume that M is connected.
Denote by ϕ(p, z, t) the maximal integral curve of the constant field Z = Φ(. , z)

with initial condition ϕ(p, z, 0) = p. The domain O of definition of ϕ is open in
M×Rn×R and contains the closed subset M×Rn×{0}. Moreover, ϕ is smooth
on O and

ϕ(p, αz, t) = ϕ(p, z, αt) for all α ∈ R and

f(ϕ(p, z, t)) = ϕ(f(p), z, t) for all f ∈ Aut(Φ) .
(2.1)
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For z ∈ Rn let ϕz(p) = ϕp(z) = ϕ(p, z, 1) and denote by Dz ⊂ M and Dp ⊂ Rn

their (maximal) domains of definition. We may have Dz = ∅ for some z ∈ Rn.
By definition, ϕ−z = ϕ−1z . We consider the family Γ of all local diffeomorphisms

(2.2) γ = ϕz1 ◦ · · · ◦ ϕzm .
For any γ ∈ Γ, the inverse γ−1 also belongs to Γ. The domain of γ ∈ Γ is denoted
Dγ. We note the following obvious assertion.

2.3. Lemma. For any f ∈ Aut(Φ) and γ ∈ Γ we have f ◦γ = γ ◦f . In particular,
Dγ is invariant under Aut(Φ).

Proof. For any vector field Z and diffeomorphism f of M , the flow of f∗ ◦Z ◦ f−1
is f ◦ ϕ ◦ f−1, where ϕ denotes the flow of Z. �

2.4. Lemma. For all p ∈M there are open neighborhoods U of p in M and V of
0 in Rn such that for each q ∈ U , ϕq : V →M is a diffeomorphism onto an open
neighborhood of q in M .

Proof. The map (p, z) 7→ (p, ϕz(p)) is defined in an open neighborhood of M×{0}

in M×Rn. By the definition of ϕ, its differential in (p, 0) is

(
1 0
∗ 1

)
. This matrix

is invertible, hence the assertion follows from the inverse function theorem. �

2.5. Lemma. For all points p, q ∈M there is γ ∈ Γ with γ(p) = q.

Proof. It follows from Lemma 2.4 that for all points p ∈ M the orbit Γ(p) =
{γ(p) | γ ∈ Γ} of p under Γ is open. Now M is connected and γ−1 ∈ Γ for all
γ ∈ Γ, hence Γ(p) = M for all p ∈M . �

2.6. Lemma. If f : M → M is a map with f ◦ γ = γ ◦ f for all γ ∈ Γ, then f is
smooth and f∗ ◦Z = Z ◦f for all constant fields Z. In particular, f is of maximal
rank.

Similarly, if X is a vector field on M such that X ◦ γ = γ∗ ◦X for all γ ∈ Γ,
then X is smooth and [X,Z] = 0 for all constant vector fields Z. Moreover, if X
is complete, then the 1–parameter group generated by X belongs to Aut(Φ).

Proof. Let p ∈M and choose V as in Lemma 2.4. Then for any z ∈ V , f(ϕp(z)) =
ϕf(p)(z) and hence f is smooth. We clearly have f∗ ◦ Z = Z ◦ f for all constant
fields Z. This proves the assertions about f , the proof of the assertions about X
is similar. �

2.7. Lemma. Suppose (fn) is a sequence in Aut(Φ) such that (fn(p)) converges
for some p ∈ M . Then (fn(p)) converges for all p ∈ M . The pointwise limit
f defined by f(p) := lim fn(p) belongs to Aut(Φ) and (fn) converges to f in the
compact–open topology.

Proof. Let q = lim fn(p). Then fn(p) = ϕq(zn) for all n sufficiently large, where
Rn 3 zn → 0. Hence q = ϕ(fn(p),−zn, 1) and therefore by (2.1),

f−1n (q) = f−1n (ϕ(fn(p),−zn, 1)) = ϕp(−zn)→ p .
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Now let p′ = γ(p), γ ∈ Γ. Since the domain Dγ of γ is open, f−1n (q) ∈ Dγ

for all n sufficiently large. Since Dγ is invariant under Aut(Φ) we conclude that
q = fn(f−1n (q)) ∈ Dγ. Hence by Lemma 2.3,

fn(p′) = fn(γ(p)) = γ(fn(p))→ γ(q) .

Therefore by Lemma 2.5, (fn(p)) converges for all p ∈ M . Clearly the limiting
map f commutes with the action of Γ, hence f is smooth and f∗ ◦ Z = Z ◦ f for
any constant field Z. In particular, f is of maximal rank.

Now by the first equation above we have (f−1n (q)) → p, hence the pointwise
limit of (f−1n ) is an inverse to f . Hence f is a diffeomorphism and therefore
f ∈ Aut(Φ). The convergence fn → f is locally uniform since fn(ϕp(z)) =
ϕ(fn(p), z, 1) for all p ∈M . �

Proof of Proposition 1.5. Suppose f ∈ Aut(Φ) fixes a point p ∈ M . Let q ∈ M .
Then by Lemma 2.5, there is a γ ∈ Γ with γ(p) = q. From Lemma 2.3 we infer

f(q) = f(γ(p)) = γ(f(p)) = γ(p) = q

and hence f = id. Hence Aut(Φ) acts freely. The second assertion of the propo-
sition follows immediately from Lemma 2.7. �

Denote by ` the space of all smooth vector fields X on M such that [X,Z] = 0
for all constant fields Z. Then by the Jacobi identity, ` is a Lie algebra.

2.8. Lemma. For any p ∈ M , the evaluation map ` → TpM , X 7→ X(p), is
injective. In particular, dim ` ≤ dimM .

Proof. Let X ∈ ` and let (ψs) be the flow of X. By the definition of `,

ψs(ϕ(p, z, t)) = ϕ(ψs(p), z, t)

whenever both sides of the equation are defined. Hence if X(p) = 0, that is, if
ψs(p) = p for all s ∈ R, then

ψs(ϕ(p, z, t)) ≡ ϕ(p, z, t) ,

and hence X(q) = 0 for all q in a neighborhood of p. Therefore the set of zeroes
of X is open and closed. Now M is connected, hence the set of zeroes of X is
empty if X 6= 0. �

Now fix a closed subgroup G ⊂ Aut(Φ). Let C ⊂ ` be the cone of all X ∈ `
such that X is complete and exp(sX) ∈ G for all s ∈ R, where exp(sX)(p), s ∈ R
and p ∈M , denotes the flow of X.

2.9. Lemma. Let g ∈ G and X ∈ C. Then g∗X ∈ C.

Proof. The flow of g∗X is g ◦ exp(sX) ◦ g−1. �



AUTOMORPHISM GROUPS 5

Let g ⊂ ` be the linear hull of C and define a distribution ∆ on M by

(2.10) ∆p = {X(p) | X ∈ g} .
If X1, . . . , Xk is a basis of g, then by Lemma 2.8, X1(p), . . . , Xk(p) is a basis of ∆p

for all p ∈M . In particular, ∆ is smooth of rank k. We choose a basis X1, . . . , Xk

of g such that Xi ∈ C, 1 ≤ i ≤ k.
Let p ∈ M and choose a smooth map h : U → M , where U ⊂ Rn−k is a small

open set, such that h(u0) = p for some u0 ∈ U and such that the image of h∗u is
a linear complement of ∆h(u) for all u ∈ U . For v = (v1, . . . , vk) ∈ Rk and u ∈ U
set

(2.11) H(u, v) = exp(v1X1) · · · exp(vkXk)(h(u)) .

Let (e1, . . . , en) be the standard basis of Rn. Then

(2.12) H∗(u,0)(ei) =

{
h∗u(ei) if 1 ≤ i ≤ n− k,

Xi−n+k(h(u)) if n− k < i ≤ n.

We conclude that H has maximal rank equal to n in (u, 0). Hence if V ⊂ Rk is a
sufficiently small neighborhood of 0 and if we replace U by a smaller neighborhood
of u0 if necessary, then H : U × V → W = H(U × V ) is a diffeomorphism.

2.13. Lemma. For all (u, v) ∈ U×V , the vectors H∗(u,v)(en−k+i), 1 ≤ i ≤ k, form
a basis of ∆H(u,v). In particular, ∆ is integrable and H({u} × V ) is the local leaf
of ∆ through h(u).

Proof. Let v ∈ V and i ∈ {1, . . . , k}. Then

f = exp(v1X1) · · · exp(viXi) and g = exp(vi+1Xi+1) · · · exp(vkXk)

are both in G. Now

H∗(u,v)(en−k+i) = ∂s(f ◦ exp(sXi) ◦ g(h(u)))|s=0

= ∂s((f ◦ exp(sXi) ◦ f−1)(fg(h(u))))|s=0 = (f∗Xi)(H(u, v)) .

Now Lemma 2.9 applies and shows H∗(u,v)(en−k+i) ∈ ∆H(u,v). This concludes the
proof since H has maximal rank. �

For example, if X ∈ C, then X is tangent to ∆. Hence if exp(sX)(p) ∈ W for
0 ≤ s ≤ 1, then exp(X)(p) ∈ H({u0} × V ).

Now let G0 be the subgroup of G generated by the flows exp(sX), X ∈ C.
By Lemma 2.13, the orbit G0(p) is the set of all q ∈ M such that there exists a
piecewise smooth curve c : [0, 1] → M with c(0) = p, c(1) = q and c′ tangential
to ∆.

2.14. Lemma. The orbit G0(p) of p is closed in M . If W = H(U × V ) is as
above, where U and V are sufficiently small, then

H({u0} × V ) = W ∩G0(p) = W ∩G(p) .
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Proof. The inclusions from left to right are obvious from the definitions. Hence it
suffices to show that W ∩G(p) ⊂ H({u0} × V ) if U and V are sufficiently small.

We use the following terminology. Let (pn) be a sequence in M converging to
p and let (rn) be a sequence of positive numbers. We say that the sequence (of
formal expressions) rn(pn − p) converges to X ∈ TpM if

(2.15) rn(x(pn)− x(p))→ x∗p(X)

with respect to some local coordinate chart x of M about p. This is independent
of the choice of x. Moreover, if f : M → N is smooth and rn(pn − p)→ X, then
rn(f(pn)− f(p))→ f∗(X).

Suppose now that W ∩ G(p) 6⊂ H({u0} × V ) even if U and V are as small
as possible. Then there exists a sequence (gn) in G such that gn(p) → p with
gn(p) = H(un, vn) and un 6= u0. By the definition of H we have H(un, vn) =
hn(H(un, 0)) for appropriate hn ∈ G, hence replacing gn by h−1n gn if necessary we
can assume vn = 0 for all n. Set rn = 1/|un − u0| and note that rn → ∞. Now
H−1 is a coordinate chart, hence

rn(gn(p)− p)→ Xp ∈ TpM , Xp 6= 0 ,

after passing to a subsequence if necessary. Moreover, Xp /∈ ∆p since ∆p is
spanned by the v–directions.

Recall from Lemma 2.3 that gn commutes with any γ ∈ Γ. Hence by the above,

rn(gn(γ(p))− γ(p)) = rn(γ(gn(p))− γ(p))→ γ∗Xp .

Since any q ∈M can be written as γ(p) for some appropriate γ ∈ Γ, we obtain a
vector field X by setting

X(q) = lim rn(gn(q)− q) .

Note that X ◦ γ = γ∗ ◦X for all γ ∈ Γ. Hence by Lemma 2.6, X is smooth and
belongs to `. We now show that X is complete and exp(sX) ∈ G for all s, hence
X ∈ g. This is a contradiction since X(p) = Xp /∈ ∆p.

We choose small neighborhoods W0 ⊂ W of p in M and V0 of 0 in Rn such
that ϕ(q, z, 1) ∈ W for all q ∈ W0 and z ∈ V0 and such that the restriction of ϕp
to V0 is a diffeomorphism onto a neighborhood of p in M . Fix a small s 6= 0 and
suppose that the domain of the flow ψ of X contains the set W × (−2|s|, 2|s|).
We will show that ψs is defined on all of M .

In what follows, differences and estimates are to be understood to be taken
with respect to the coordinate chart H−1 on W0 ⊂ W . For example, the first
and second derivatives of the maps ϕz, z ∈ V0, have a uniform bound C on W0.
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Hence for q = ϕz(p) and n sufficiently large,

‖rn(gn(q)− q)−Xq‖ = ‖rn(gn(ϕz(p))− ϕz(p))− ϕz∗pXp‖
= ‖rn(ϕz(gn(p))− ϕz(p))− ϕz∗pXp‖
≤ C · ‖rn(gn(p)− p)−Xp‖+ rnC · ‖gn(p)− p‖2

≤ C · ‖rn(gn(p)− p)−Xp‖+ C/rn ,

where we use that ‖gn(p)− p‖ = 1/rn. Now choose kn ∈ Z and ρn ∈ (0, 1) with

rns = kn + ρn .

Since s is fixed,
ρn
s
‖gn(q)− q‖

can be estimated by C/rn for some appropriate constant C, uniformly for all q
sufficiently close to p. Hence we may replace rn by kn/s in the above estimate.

We now want to show that gknn (p)→ ψs(p). To that end we choose coordinates
about p such that X is the coordinate vector field in the direction of the first
coordinate, X = e1. Then ψs(q) = q + se1 locally about p.

The above estimates also hold in the new coordinates since locally about p,
there are uniform bounds on the derivatives of the coordinate transition map.

Without loss of generality we assume s > 0. Then kn →∞ and by the above
estimate

‖gknn (p)− p− se1‖

≤
∥∥gn(p)− p− s

kn
e1
∥∥+

∥∥g2n(p)− gn(p)− s

kn
e1
∥∥+ · · ·

≤ s

kn

∥∥kn
s

(gn(p)− p)− e1
∥∥+

s

kn

∥∥kn
s

(g2n(p)− gn(p))− e1
∥∥+ · · ·

≤ C s
∥∥kn
s

(gn(p)− p)− e1
∥∥+ C

s2

kn
.

It follows that gknn (p) → ψs(p) as claimed. By Proposition 1.5 there is a unique
element gs ∈ Aut(Φ) such that gs(p) = ψs(p). Now G is closed and gknn (p) →
gs(p), hence gs ∈ G.

We have gsgt(p) = gs+t(p) for all s, t small. Hence by Proposition 1.5, gsgt =
gs+t for all small s, t. It follows that the family of gs generates a 1–parameter
group of diffeomorphisms of M . Since γ∗ ◦X = X ◦ γ and gs ◦ γ = γ ◦ gs for all
γ ∈ Γ and s ∈ R, we conclude by Lemma 2.5 that (gs) is the flow of X. Hence
X is complete and exp(sX) ∈ G for all s, the desired contradiction. �

Proof of Theorem 1.7. The first assertion of Theorem 1.7 is an immediate con-
sequence of Lemma 2.14. As for the smoothness of the group structure of G, it
suffices to show that multiplication and inversion is smooth in a neighborhood of
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the identity. We use that G acts by diffeomorphisms on the orbit G(p): Choose
a basis X1, . . . , Xk of g as above. Then by Lemma 2.14, the map

v = (v1, . . . , vk) 7→ exp(v1X1) · · · exp(vkXk)(p) = H(u0, v)

is a diffeomorphism of a small neighborhood V of 0 in Rk onto a neighborhood
of p in G(p). Now multiplication and inversion in a neighborhood of the identity
in G correspond to composition and inversion of the local flows of the Xi close
to p. Since H(u0, . ) is a diffeomorphism, the output of such operations depends
smoothly on the input. This proves the second assertion of Theorem 1.7, where
the independence of p follows from Lemmas 2.3 and 2.5. It also follows that g
represents the Lie algebra of G.

As for the proof of the third assertion, consider the diffeomorphism

H : U × V 7→ H(U × V ) = W

as above and set h(u) = H(u, 0). Consider the map

F : G× U →M , F (g, u) = g(h(u)) .

By making U smaller if necessary, F is injective. Hence by choosing U small
enough, we get that F is a diffeomorphism onto a G–invariant tubular neigh-
borhood of G(p) in M . Then π ◦ h : U → G\M is a local homeomorphism
onto its image, where π : M → G\M denotes the natural projection. The claim
follows. �

3. Applications

We discuss two examples from geometry, where the main result applies. The
first concerns the group of affine transformations of an affine manifold, the second
the group of isometries of a Riemannian manifold.

3.1. Example. Let M be a smooth manifold and π : Gl(M)→M be the principal
bundle of frames of M . Let V = kerπ∗ be the vertical distribution of Gl(M). Let
φ ∈ Gl(M) and x ∈ gl(n). Using the right action of Gl(n) on Gl(M) we define

Φv(φ, x) = ∂t(φ exp(tx))|t=0 .

Then

Φv : Gl(M)× gl(m)→ V
is a trivialization of the vertical distribution.

Let D be a connection on M . The pair (M,D) is called an affine manifold, a
diffeomorphism of M preserving D is called an affine transformation.

NowD induces a horizontal distributionH of Gl(M); that is,H is a distribution
of Gl(M) such that

π∗ : Hφ → TpM , p = π(φ) ,

is an isomorphism for all φ ∈ Gl(M). To define H, let φ ∈ Gl(M) and v =
φ(z) ∈ TpM , where p = π(φ) and z ∈ Rn. Choose a curve c = c(t) through p
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with c′(0) = v and let ψ = ψ(t) be the unique parallel frame along c such that
ψ(0) = φ. Set

Φh(φ, z) = ψ′(0) .

Using local coordinates, it is easy to see that Φh = Φh(φ, z) depends smoothly
on φ and z and that Φh(φ, . ) is linear for each frame φ. Note that π∗(Φh(φ, z)) =
v = φ(z). Hence for each φ ∈ Gl(M), Φh(φ, . ) : Rn → Tφ Gl(M) is an injection.
It follows that the images Hφ define a smooth horizontal distribution of Gl(M).
This is the horizontal distribution we are after. Note that H comes with a
trivialization, namely our map

Φh : Gl(M)× Rn → H .
Now the pair Φ = (Φv,Φh) is a parallelization of Gl(M).

A diffeomorphism f acts on Gl(M) by sending a frame φ to f∗ ◦ φ, where f∗
denotes the differential of f . By the definition of Φ, a diffeomorphism f is affine
if this action preserves Φ. It follows easily that the group Aut(M,D) of affine
transformations of (M,D), endowed with the compact–open topology, is a closed
subgroup of Aut(Φ) and hence is a Lie group.

We emphasize that for each frame φ, the orbit map Aut(M,D) → Gl(M),
f 7→ f∗ ◦ φ, is an embedding.

3.2. Example. Let M be a smooth manifold and g be a Riemannian metric on M .
Then the group Aut(M, g) of isometries of (M, g), endowed with the compact–
open topology, is a Lie group such that the action of Aut(M, g) on M is smooth.

This follows either from the previous example by observing that Aut(M, g) is
a closed subgroup of the group of affine diffeomorphisms of M with respect to
the Levi–Civita connection D of (M, g). Or else one can replace Gl(M) in the
previous discussion by the bundle π : O(M) → M of orthonormal frames. Now
D induces a parallelization Φ = (Φv,Φh) of O(M) and Aut(M, g) is a closed
subgroup of Aut(Φ) as in the previous example.

Other applications include the group of conformal transformations of a confor-
mal structure or of all projective transformations of a projective structure. For
this, see [Ko] or [Ba].
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