Math. Res. Lett.
Volume 31, Number 1, 1-24, 2024

Small eigenvalues of Schrodinger
operators over geometrically
finite manifolds

WERNER BALLMANN AND PANAGIOTIS POLYMERAKIS

We estimate the number of small eigenvalues of Schrédinger oper-
ators on Riemannian vector bundles over geometrically finite man-
ifolds.

1. Introduction

Estimating the number of small eigenvalues of complete Riemannian mani-
folds is a traditional subject of study in differential geometry. The origins lie
in the theory of hyperbolic surfaces, where eigenvalues of the Laplacian on
functions are called small, if they are below 1/4, the bottom of the spectrum
of the hyperbolic plane. Similarly, an eigenvalue of the Laplacian on func-
tions on real hyperbolic manifolds is called small if it is below (m — 1)?/4,
where m denotes the dimension of the manifold. Small eigenvalues of hyper-
bolic manifolds are connected to other geometric invariants, for example the
length spectrum; see [11] for more information.

Let M be a geometrically finite manifold of dimension m and sectional
curvature bounded by —1 < K < —a? < 0, where 0 < a < 1. Recall that one
of the four equivalent definitions of geometrically finite of Bowditch requires
that the volume of the set U,(C) of points of distance less than r to the
convex core C of M is finite for some or any r > 0 [8, Section 5]. By [7
Corollary 1.4], M is diffeomorphic to the interior of a compact manifold
with boundary (possibly empty). Conversely, complete and connected Rie-
mannian surfaces of pinched negative curvature are geometrically finite if
they are diffeomorphic to the interior of a compact surface with boundary
(possibly empty). Complete and connected Riemannian manifolds of finite
volume and pinched negative sectional curvature are geometrically finite and
among the geometrically finite manifolds characterized by the property that
C = M or, equivalently, that U,(C) = M.
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Let H be the universal covering space of M, endowed with the lifted met-
ric, and denote by A\g = A\g(H) the bottom of the spectrum of the Laplacian
on functions on H. We have the sharp bounds

(m —1)%a? (m —1)2
<A -
4 =0=y

A

(1.1)

The left inequality is due to McKean [24]. The right inequality is an immedi-
ate consequence of Cheng’s [13, Theorem 1.1] (as observed in [I7, Theorem
3.1]). In this article, we say that an eigenvalue X\ of (the Laplacian Ay on
functions on) M is small if A < A\g. We are interested in estimating the
number of small eigenvalues of M, where we count eigenvalues always with
multiplicity.

For any A > 0, denote by N () the dimension of the image of the spectral
projection of Ay with respect to [0, A]. Then N()) is equal to the finite
number of eigenvalues of M in [0, A] for A < Aess(M) and N(A) = oo for
A > Aess(M), where Aegs(M) denotes the bottom of the essential spectrum
of Ao.

Theorem A. For any 0 < e < g,
N(Xg—¢) < C(m,a,e)vol(U1(C)) < 0.
In particular, Aess(M) > No.

The main point of Theorem |Alis of course that the constant C'(m,a,¢)
does not depend on the specific H or its quotient M, but only on m, a, and
g, as indicated by the notation. By what we said above, U;(C) is to be read
as M in the case where the volume of M is finite.

A complete Riemannian metric on a surface S of finite type and negative
Euler characteristic x(S5) has at most —x(.5) eigenvalues in [0, \g], see |25,
Théoremes 1 and 2] and, for the result in the stated generality, [4, Theorem
1.5]. Together with the Gauf}-Bonnet formula and the lower curvature bound
—1, it gives that

N(Xo) < area(5)/2m

in the case where area(S) < co. This is an optimal estimate. In fact, \g = 1/4
for hyperbolic metrics on S, and, for any 0 < & < Ag, there are finite area
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hyperbolic metrics on S with
N(Xo—¢) = N(\o) = area(5)/2m,

by [1I, Theorem 8.1.3] and, again, [25]. In particular, 1) linearity in the
volume in Theorem |[A]is best possible and 2) the constant C(2,a,e) = 1/27
is sharp and does not depend on €. In the general case of Theorem [A] sharp
constants C(m, a,e) are not known.

In the case where M is compact or, more generally, of finite volume,
Buser, Colbois, and Dodziuk assert that

N((m —1)%a?/4) < C(m,a) vol(M);

see [12, Theorem 3.6]. (Note, however, that their proof rests on the cru-
cial inequality there, whose two proofs only seem to hold true for
constant negative curvature.) It would be interesting, in that case, to get
their kind of bound, but for N()\p) on the left. This would imply that
C(m,a,e) = C(m,a), at least in the case where vol(M) < co. The main—
and only—issue here is an extension of their estimate [12, (3.11)] of the first
positive Neumann eigenvalue of domains which they call pieces of cheese
(see also [10], pp. 61-64]).

For eigenvalue estimates of geometrically finite manifolds of infinite vol-
ume, substituting vol(M) by vol(U;(C)) goes back to Burger and Canary
[9], who showed that, in the case where M is real hyperbolic, the bottom
of the spectrum of M is bounded from below by C(m)/vol(U;(C))?. This
was generalized by Hamenstadt [I8, Theorem.1] to variable curvature with
a constant C'(m, a). Concerning Theorem [A| above, she obtained

N((m N 1)2a2/4 B 8) < eC(m,a,s) vol(Ul(C’));

see [I8, Theorem.3]. In the hyperbolic case, that is, in the case where M is a
quotient of one of the hyperbolic spaces H = H]fi, she obtained the same kind
of exponential bound, but with (the explicit) Ao in place of (m — 1)%2a?/4
[18, Corollary.2]. In comparison with her estimates, we have 1) Ao in general
in place of (m — 1)%a?/4 and 2) linearity in vol(U(C)).

In her recent article [19], Hamenstédt considered small eigenvalues also
for geometrically finite manifolds of finite volume, but her estimates are of
a somewhat different nature. Namely, she obtains lower estimates in terms
of Neumann eigenvalues of specific large domains in M. Corollaries
and are versions of her result for both cases, M of finite or infinite
volume, but for Dirichlet eigenvalues of sufficiently large domains in M.
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For geometrically finite hyperbolic manifolds M, Li shows that N()\g)
is finite, that is, that the number of eigenvalues of M in [0, Ao] is finite [22]
Theorem 1.1]. (He only asserts this for N(Ag—) = limyy, N(X).) However,
except for finiteness, his arguments do not seem to give an estimate of N (o).

With some care, our arguments also work in the case of Schrédinger
operators on vector bundles E over M, whose pull-back to H is a bundle
associated to a geometric structure, with structure group G a covering group
of SO(m), via an orthogonal representation 6 of G on a Euclidean space Fy.
The differential 6, of 6 at the neutral element of G induces a Riemannian
metric and a metric connection V on any such bundle. Examples of asso-
cated bundles are tensor bundles, spinor bundles, flat bundles, and bundles
obtained from them by natural operations.

Let E be as above and A = A + V be a formally self-adjoint Schrédinger
operator on F, where A = V*V denotes the connection Laplacian. The pull-
backs of E and A to the universal covering space H of M will be denoted
by Fy and Ag. Assume that the potential V' is bounded from below. Then
both, A and Ap, are bounded from below and, in particular, essentially
self-adjoint [5, Theorem A.24].

Denote by A\g = M\o(Ax) = Ao(A, H) the bottom of the spectrum of Ag.
We say that an eigenvalue A of A is small if A < A\g. For any A € R, denote
by N4(A) the dimension of the image of the spectral projection of A with
respect to (—oo, A]. Then N4(A) is equal to the finite number of eigenvalues
of A in (—oo,A] for A < Aess(A) and Ny(A) = oo for A > Aess(A), where
Aess(A) denotes the bottom of the essential spectrum of A.

Theorem B. For any e > 0,
Na(Ao —€) < C(m,a,l|b4|, ) rk(E) vol(Ui (C)),
where tk(E) denotes the rank of E. In particular, Aess(A) > Ao.

Theorem [A]is an instance of the case 6, = 0 and rk(E) = 1 of Theorem [B]
The inequality Aess(A) > Ag is a special case of [6, Theorem B].

1.1. Applications to differential forms

The most interesting situation of Theorem [B]is when there is a natural lower
bound for A which is strictly smaller than \g. For example, if

A=Ay = (d+d*)?
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is the Hodge-Laplacian on differential k-forms, then zero is a natural lower
bound. On the other hand, if 6y = (m —1—k)a —k > 0 for some 0 < k <
(m —1)/2, then

(1.2) Mo(A, H) = Xo(Am—, H) > 63/4 >0,

by [21, Theorem 2] (or by the later [2 Corollary 5.4]), and this estimate is
sharp [2, Example 5.5]. For the real hyperbolic space with sectional curvature
—1, that is, a = 1, is an equality. In fact, for all the hyperbolic spaces
H = H]fi, except possibly for the octonionic hyperbolic plane, A\o(Ag, H) has
been determined explicitly [16} 26l 27]. If we normalize their metric so that
the minimum of their sectional curvature is —1 and if k < m/2, then

(m—1-—2k)?/4 if H=Hy,
(1.3) oA, H) = Xo(Am—g, H) = {(5 k24 if = HL.
Moreover, for all hyperbolic spaces, \o(Ag, Hf) > 0 unless |k —m/2| < 1,
and then A\o(Ag, Hﬁ) = 0. In the latter case, our estimate does not apply.

For 0 < k < m, denote by H* (M) the space of square-integrable har-
monic k-forms on M, that is, the eigenspace of Ay for the eigenvalue zero.
In the context of Theorem [B] it is interesting to recall that, if M is a geo-
metrically finite real hyperbolic manifold of even dimension m = 2k, H*(M)
is infinite dimensional if the volume of M is infinite, by [23, Theorem 1.5]
of Mazzeo and Phillips. Since AO(Ak,HH%k) =0, this is an example for the
possibility that N4(A\g) = oo, contrasting the finiteness result of Li in the
case of Ag, which we cited above.

In [14], Di Cerbo and Stern obtain upper bounds for the dimensions of
the spaces H¥(M) on compact or finite volume real and complex hyper-
bolic manifolds M. For example, in the case of compact complex hyperbolic
manifolds M = F\Hé and k < £ =m/2, they obtain that

dim H* (M) < C(m, k)
volM  ~ vol B(r)l=k/m’

where r = inj(M) is the injectivity radius of M and B(r) C Hf is a geodesic
ball of radius r [14, Theorem 2]. In comparison, Theorem [B|implies that

dim H* (M)

ol = C(m,1/2,k, (€~ k)*/8) (7:) =C'(m, k).
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Their estimate is better if inj(M) is close to infinity. Di Cerbo and Stern
have similar estimates in other cases, but we refer to their article for further
comparison, discussion, and references.

1.2. Some remarks before we start

In a first step of our proof of Theorems [A] and [B] we reduce the problem
of estimating N(\g — ) and N4(Ag — €) to counting Dirichlet eigenvalues
on an appropriate neighborhood of the thick part of C' (Theorem .
This is similar to the approach in [18], where the problem of estimating
N((m —1)a%/4 — ¢) is reduced, with more involved arguments, to counting
Neumann eigenvalues of an(other) neighborhood of the thick part of C' ([I8],
Section 3]).

The second step is standard, we use a variation of the Courant prin-
ciple to estimate the number of Dirichlet eigenvalues by estimates on the
number of Neumann eigenvalues of small geodesic balls covering the given
neighborhood of the thick part of C' (Theorem . Courant’s principle is
also employed in [I2] and [I8], both relying on Dirichlet domains instead
of geodesic balls. We can avoid the somewhat technical discussion of the
roundness of Dirichlet domains, achieved in [12], Section 2], by using an ele-
mentary estimate of the multiplicity of an appropriate covering of the given
neighborhood of the thick part of C' by small geodesic balls.

In the final step, we use standard comparison theory to estimate the
volume of the given neighborhood of the thick part of C' by vol(U;(C)).

For our argument, we need that non-zero Neumann eigenvalues of A on
sufficiently small geodesic balls in M are arbitrary large. It is not difficult to
see this in the case of the Laplacian on functions. In the general case, where
we need control on the connection of E, this holds true in the case where
the pull-back of E to the universal covering of M is an associated bundle
as above. We will see this in the last section of the text, where we discuss
both cases separately. It is an interesting problem whether the largeness of
Neumann eigenvalues on small geodesic balls also holds for, say, connection
Laplacians on general Riemannian vector bundles with metric connections,
given bounds on the curvatures of the connections and of M. Such estimates
would lead immediately to the corresponding generalizations of Theorem

Assumption 1.4. The assertion in Theorem [B] is stable under adding a
constant to the potential V' of A. For that reason, we assume throughout
the body of the text that V' > 0. In particular, we then have that A > 0.
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Notation 1.5. Throughout the body of the paper, we indicate the Rayleigh
quotient with respect to an operator A in a Hilbert space by Ray 4. Further-
more, we use |B| as a shorthand for the (suitable) volume of a set B.

2. Preparations

Throughout the article, let H be a simply connected and complete Rieman-
nian manifold with negative sectional curvature —1 < K < —a?, and denote
by H, the sphere at infinity of H (ideal points). Let I be a group acting
properly discontinuously and isometrically on H such that any element of
I', that fixes some point of H, acts by the identity on H. Then the quotient
M =T\H is a manifold and H — M is the universal covering projection.

2.1. Estimating covering multiplicities

Given o > 0, say that Z C M is o-separated if d(z,2) > o for all z # 2/
in Z.

Lemma 2.1. Let B C M and assume that inj(z) > o >0 for all xz € B.
Let Z C B be a mazimal 20-separated subset. Then the balls By(z), z € Z,
are pairwise disjoint, and the balls Bay(z) cover B. Moreover, if s > 2 and
0< (2s+1)o <In2, then any x € M is contained in at most {s of the balls
By (2), where

by = ly(m) = (25 + 1)™5m L /4m—L,

Proof. The first assertions are clear. As for the last, if y € Bs,(2) N By (2')
with 2,2’ € Z, then d(z,2') < 2so. Hence, for any such z,2’, we have
B, (2") € B(2s41)s(2). Since balls of radius o about points in Z are pair-
wise disjoint, volume comparison gives that

(2s+1)o0 o
0 =qm ! / sinh ()™~ dt // sinh(at)™ *dt
0 0

is an upper bound for the number of such 2’ (including z). Note here that
the Bishop-Gromov volume bound applies to the balls B, s+1)a(z), although
the radius might be beyond inj(z). The rough estimate

t < sinh(t) < 5t/4

for 0 <t <In2 gives £ < /. O
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2.2. Margulis lemma and thick—thin decomposition

We recall and refine the setup in [0, Section 4]. For any subgroup I"” of T,
p>0,and z € H, let I, () be the subgroup of I'" generated by the elements
g € I” with d(x, gx) < p. We call

(2.2) To(I') = {x € H|T,(z) is non-trivial} and H \ T,(I")
the p-thin and p-thick part of H with respect to I and
(2.3) Tp(M') =T'\T,(I") and M\ T,(M')

the p-thin and p-thick part of M’ = T\ H, respectively. Clearly, the p-thick
part of M’ is the set of x € M’ with injectivity radius inj(z) > p/2.

By the Margulis lemma, there is an explicit constant py = pg(m) > 0
such that I' () is virtually nilpotent if 0 < p < pg(m) [3, § 9.5]. Recall that
po(m) is a very small positive number so that, by far, 10pg(m) < In2. For
0 < p < po, there are two sources for the components of 7,(M), parabolic
ends and short closed geodesics; compare with [3, §10].

Let P C H, be the set of parabolic points of I'. For any p € P, the p-
thin part U, = 7,(I',) of H with respect to the isotropy group I', of p in I’
is a component of 7,(I'). Note that U, N U, = 0 for all p # ¢ in P. Clearly,
Ugp = gUp for all g € T, and therefore the image V), of U, in M only depends
on the orbit of p under I". The components of the p-thin part of M due to
parabolic ends is the union

Vpar = U‘/pa

which is disjoint up to passing to I'-orbits.

Next, let @, be the set of geodesics [z, y] with « # y in H, such that [z, y]
is the axis of a hyperbolic isometry h € T" which shifts [z, y] by less than p.
Then the isotropy group I', , of [z,y] (as a set) in T is infinite cyclic. For
any geodesic [r,y] in @), the p-thin part U, = T,(H,T', ) of H with
respect to I',  is a component of T,,(I"). Note that the different U, ,, are
pairwise disjoint and that they are also disjoint from the U, above. Clearly,
Ulya,gy] = 9U[zy) for all g € I', and therefore the image V|, of Uj, ) in M
only depends on the orbit of [z, y] under I'. The components of the p-thin
part of M due to short closed geodesics is the union

Vce = Uvz,y]a

which is disjoint up to passing to I'-orbits.
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Note that the above V}, and V], ,; depend on the choice of p, hence also
Vpar and Viec.

2.3. Harmonic coordinates

Using harmonic coordinate gives us the following; see [20] Section 5] (or also
[1, Main Lemma 2.2]).

Lemma 2.4. Given §, there is a o = o(m,d) > 0 such that, for each x € H,
there is a coordinate system

Uy,(z) — BJ'(0) CR™
about x mapping x to 0, such that
90 <9< (1+0)%g and |dg| <3,

where g denotes the Riemannian metric of X in the coordinate system and
go the Euclidean metric on BJ'(0).

Note that the injectivity radius does not interfere here since it is infinite
for all points in H. Note also that, with respect to coordinates about = as
above,

(2.5) B,(2) € Up(x) € Ba)()

for all 0 < p < o(m,d), where the neighborhood U,(z) of x in the middle
corresponds to the Euclidean ball of radius p with center at the origin.

Note that the Christoffel symbols associated to the coordinates are
bounded in terms of §. Apply the Gram-Schmidt orthonormalization pro-
cess to the coordinate frame (9/0x%) to get an orthonormal frame X = (X;)
on Uy (x). Since the Gram-Schmidt process only involves the Riemannian
metric g,

(2.6) |X; — 0/03"| < co(m)d and |V, Xj| < co(m)sd.
2.4. Associated bundles

View an orthonormal frame of H at x € H in two ways, namely as a basis
of T, H or as an isomorphism R — T, H, and similarly for a Riemannian
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vector bundle E over H. A frame of H or E over an open subset U of H is
a family of frames of H or E which is defined and smooth on U.

Fix an orientation of H and let SO(H) be the principal bundle of oriented
orthonormal frames of H with structure group SO(m). Let G — SO(m) be
a covering of connected Lie groups and P — M be a principal bundle with
structure group G together with a commutative triangle

P — s SO(H)
(2.7)
\ I\g

such that the horizontal arrow is compatible with the right actions of G
on P and SO(m) on SO(H), respectively. The main examples are the iden-
tity of SO(H) and spin structures, but, in dimension two, there are further
possiblilities.

Let 6 be an orthogonal representation of G on a FKuclidean vector space
Ey and let E — H be the bundle over H associated to 6. Recall that E
consists of equivalence classes [p,u] with p € P and u € Ey, where [pg, u] =
[p, gu] for all g € G. We also write pgu = [p, u] and consider py as a frame of
E. Fix an orthonormal basis (fi,..., fx) of Ey.

The scalar product of Ey induces a Riemannian metric on E. Further-
more, the Levi-Civita connection induces a metric connection on E (as does
any other metric connection on M) by the rule

(2.8) Vx(pou) = po(du(X) + 0.(v(X))u),

where we write a smooth section of F locally in the form pyu for some local
frame py of E and a smooth map u to Ey and where 7 is the (2, 1)-tensor
field of Christoffel symbols of the frame of H associated to p.

2.5. An upper bound for \g

An immediate consequence of [I3, Theorem 1.1] is that, for A = Ay, the
Laplacian on functions, we have

(m —1)?

(29) )‘O(AO,H) S )\ess(AO,H) S 4

Namely, Cheng shows that the eigenfunctions for the smallest Dirichlet
eigenvalue on balls in the model space, when transferred to balls in H of the
same radius, have Rayleigh quotient at most the one in the model space.
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Whereas (2.9) is an optimal upper bound, we do not know an optimal
upper bound for Ag in the more general case of associated bundles.

Proposition 2.10. For Ey an associated bundle as in Section[2.4] and Ay
its connection Laplacian, we have

)\O(AH) < )\ess(AH) < Cl(ma |0*|)

Proof. Let 0 = o(m,1/2) in Lemma and z € H. Fix harmonic coordi-
nates on U, (x) about x and consider the orthonormal frame (X;) on U,(x)
as in Section Let p be a lift of the frame to P over U,(z). Then sec-
tions of E over U, (x) can be written as [p, u] = pgu, where u is a map from
Us,(z) to Ey. Choose a unit vector ug € Ep and let u(y) = ¢(|y|/o)ug, where
o(t) =1—ton|0,1] and U,(x) is viewed as the Euclidean ball BJ*(0). Then

VX, (Pou)ll2 = |lpe(dp(Xi)uo + 08 (v(Xi))uo)ll2
< (1 + |0«feo(m, 1/2))|Us(2)] < e1(m, [04])][ull2-

Since x € H is arbitrary, this yields the right inequality. O
2.6. Amenable coverings

In the proof of our main results we will use [28, Proposition 4.13], which we
summarize as follows:

Proposition 2.11. Let p: My — M be an amenable Riemannian covering
of Riemannian manifolds. Let A1 be a formally self-adjoint differential op-
erator on a vector bundle Ey over My and As be the lift of Ay to the lift Eo
of E1. Then, for any non-zero uy € C°(My, E1), A € R, and € > 0, there
exists a non-zero uz € C°(Ma, E2) with ||uz|l2 = ||ui|l2 such that

Ray 4, (u2) < Rayy (u1) + €.

The proof consists of a sophisticated choice of cutoff functions to turn
the lift of u; to M> into a section with the asserted properties. Amenability
makes such choices possible.

3. On Dirichlet eigenvalues

We refine the setup in [6, Section 4]. Let C' be the convex core of M and
o M — C be the projection. Let pg = po(m,b) be the Margulis constant
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as in Section 2.2 and
(3.1) Ko =C\Tp (M)

be the po-thick part of C', that is, the set of points x € C with inj(x) > po/2.
By the definition of geometrically finite, Ky is compact.

Lemma 3.2. If|M| < oo and u € CX(M \ Ko, E), then
(Au,u)z > Nolul3.

Proof. Since |M| < oo, we have C'= M and therefore M \ Ko = T,,(M).
Hence we can assume that the support of u is contained in one of the V), or
Viz,y as described in Section Now the fundamental group of any of the
Vp or Vi, is infinite and amenable and its universal covering is an open
subset of H. Hence the assertion follows from Proposition [2.11 U

Our next aim is to get a similar statement in the case |M| = oo. To that
end, we let, in this section,

(3.3) p = po(m)/2.

Let R be a maximal 2p-separated set of points in Ko. Then the balls B,(z)
about points « € R are pairwise disjoint, and the balls Bo,(x) cover K. We
obtain an open covering V of C' by open sets V,, where xt € S=PUQUR
and V, = Bs,(z) for z € R.

Lemma 3.4. FEach y € M is contained in at most {3(m) + 1 open sets V,
from V.

Proof. Since the sets V,, with x € P U @ are pairwise disjoint, y is contained
in at most one of these V, (up to passing to I'-orbits). On the other hand,
since inj(x) > p for all x € Ky, y is contained in at most ¢3(m) of the balls
Bs,(x) with = € R, by Lemma O

For any x € S, let 7, be the continuous function on C' that is equal to
one on points of C'N 'V, which are away from C'\ V, by at least p, vanishes
on C'\V,, and is linear in the distance to C'\ V, in between. Each 7, is
Lipschitz continuous with Lipschitz constant 1/p.

Lemma 3.5. For anyy € C,

Zﬁ,;(y)2 >1/2.

€S
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Proof. This is clear for y € Ky since the balls By,(x) with = € R already
cover Ky. It is also clear for y € V.., where x € PUQ, if y has distance
at least p to C'\ V,, since then 7,(y) = 1. In the remaining case, if y has
distance at most p to C'\ V,, consider a shortest geodesic connection v from
y to C'\ V. The endpoint 3 of v belongs to Ky, by the definition of K|
and since the various V, with z € PU(@Q are pairwise disjoint. But then
Y € Ba,(z) for some z € R, and hence 7,(y) + 7:(y) > 1. O

Define functions ¢, x € S, by
Tx

(ZzGS 7—22) v

Then the 1, are a family of functions, whose squares form a partition of
unity on C. They admit Lipschitz constant

(3'6) ¢w =

(3.7) Lip(m, p) = 2**(¢3(m) +1)/p

by Lemmas and and the quotient rule for Lipschitz functions.

For any z € S, let v, = ¥, o mc. Now the V, with x € R are contractible,
and therefore we are in the situation considered in [6, Section 5]. Hence we
can conclude from [6l (5.7)] that, for any non-zero u € C°(M, E), there is
an x € S such that ¢, u is non-zero and

(38) RaYA(SOQUu) < RaYA(u) + Z ”Vgpmnguppu,oo'
z€S

This is a keystone of our discussion.
Denote by r the distance to Ky = {r = 0} and recall that Ao = \o(An).
Our analogue of Lemma [3.2] in the general case is as follows.

Lemma 3.9. For any € > 0, there is an r- = r-(m,a) > 1 such that
(Au, u)z > (Ao — €)|ull3
for allu € C({r >r:}, E). In particular, Aess(A) > Ao.

We have to be a bit more careful than in [6] since we need to estimate
the error term in (3.8)), that is, the Lipschitz constants of the ¢, .

Proof. By Lemma we may assume that | M| = co. This is only for con-
venience, since the following discussion would be a little bit clumsier if the
finite volume case would be included.
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Since |M| = oo, we have C' # M. Since C' is convex, the projection ¢
onto C has Lipschitz constant < 1/cosh(as) on the set {dc > s}, where
dc denotes the distance to C. Therefore Lip ¢, < Lip(m, p)/cosh(as) on
{d¢ > s}. By Lemma at any point of M, at most ¢3(m)+ 1 points
contribute to the error term in , that is, to the second term on the
right. Therefore the error term at any point of {dc > s} is bounded by

(3.10) 25(03(m) +1)3/p® cosh(as)?.

Now there are the following three kinds of points y in {dc > s}:
1) If 7o (y) € Ko, then r(y) = do(y), and we have as an upper estimate
for the error term.
2) If me(y) € C NV, for some z € PUQ and 7o (y) is away from C'\ V,, by
at most distance 3p, then deo(y) > r(y) — 3p.
3) If me(y) € C NV, for some z € PUQ and 7o (y) is away from C'\ V,, by
at least distance 3p, then ¢,(mc(y)) =0 for all z # 2 in S and ¢, =1 in a
neighborhood of m¢(y). But then the error term in vanishes.

Recall now that p = pp/2 and let r. = r.(m, a,b) > 0 be the solution of

(3.11) cosh(a(re — 3p0/2))* = 2°(¢3(m) + 1)3/ple.

We claim that r. satisfies the assertion of Lemma [3.9. To that end, let
u € CP({r >r.}, E) be non-zero. If the asserted inequality would not hold
for u, then there would be an = € S such that Ray4(p,u) < Ao, by
and the definition of r.. But the support of @,u is contained in V, hence
pgu can be lifted to H for z € R, and then Ray 4(¢zu) > Ag. Or else the
support of ¢,u belongs to V, for some x € PU Q. Now the fundamental
group of V. is amenable and its universal covering is an open subset of H.

Then again Ray 4(p,u) > Ao, by Proposition Hence both cases, z € R
or x € PUQ, lead to a contradiction. O

Given € >0, let 7. =0 if |M| < oo and as in Lemma otherwise.
Suppose that u € C2°(M, E) has Rayleigh quotient < Ao — ¢. Let

(3.12) Se =T+ m/V2e
and ¢ be the function such that

1 on {r <r.},
(3.13) o(z) = < cos(ye(r —r:)/v2) on {r. <r <s.},

0 on {r > s.}.
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Theorem 3.14. Lete > 0,0 < A< X\g—2¢, and W C C®°(M, E) be a sub-
space such that Ray 4(u) < X\ for all non-zero w € W. Then multiplication
with ¢ defines a linear injection of W into Lip.({r < s:}, E) such that

Ray 4(pu) < A+e <X —¢

for all non-zero uw € W. In particular, A over {r < s.} has at least dim W
Dirichlet eigenvalues in [0, X + €].

Proof. Set 1 = \/1 — 2. Then the pair (2, 1?) is a partition of unity on
M. By Lemma [3.2] respectively Lemma [3.9] we have

(A(u),Yu)s > (Ao — e)[lull3
for any u € W. Therefore we must have, by (3.8), that pu is non-zero with
Ray 4 (wu) < Ray 2 (u) + [[Ve|5, + VI3 < A +e < Xo —e.

Hence multiplication by ¢ is an injective linear map from W to a subspace
of Lipschitz sections with compact support of E contained in {r < s.} and
with Rayleigh quotient < A +¢. O

Let 0 < 2e < Ag, and enumerate the eigenvalues of A below \g — 2¢ as
0<X(A,M) < - < M(A, M) < Ay — 2¢.
Similarly, enumerate the Dirichlet eigenvalues of A over {r < s.} as
0 <AG (A {r <se}) S AP(A{r <se}) <
where, in each case, multiplicities are taken into account.
Corollary 3.15. For all 0 <2z < Ay and 1 < i <k, we have
N(A, M) > NP (A {r <s.}) —e.

In the case of the Laplacian Ag on functions, we use the shorthand \;(M)
instead of A\;(Ag, M), and similarly for the Dirichlet eigenvalues of {r < s.}.

Corollary 3.16. If the volume of M is finite and m > 3, then

e|M[?
C(m)a?

MW{r<sh<(1+ JAi(M)

foralll <i<k.
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Proof. Since m > 3 and the volume of M is finite, the bottom of the positive
part of the spectrum of M satisfies

M(M) > C(m)a®/|M?,
by Dodziuk’s [15, Theorem]. Therefore, if i > 1, then

el M|

AP({r <se}) < M(M)+e< (1+ T2

JAi(M)
where we use Corollary and that \;(M) > A\ (M). O

Corollary is a version of Hamenstédt’s [19, Theorem 1], where
she obtains that A\;(M) > AN(T,(M))/3 for all eigenvalues A\;(M) < (m —
2)2a%/12, where p > 0 is sufficiently small and the superindex N indicates
Neumann eigenvalues. (She also assumes that M is orientable.)

Corollary 3.17. If the volume of M 1is infinite and m > 3, then

e|th (O)?

A ({r<se}) < (1+ C(m,a)

)JAi(M)

forall 0 <1 < k.

Proof. By Hamenstédt’s [I8, Theorem.1], we have
Ao(M) = C(m, a) /|1 (C)[?

for the smallest eigenvalue A\g(M) of M. The assertion follows now as in the
previous case. O

4. Counting small eigenvalues

Recall that we normalized A = A +V so that V > 0 and that we use the
shorthand A\g = A\g(Ax). Recall also that r denotes the distance to the po-
thick part Ky of the convex core C as in .

In this section, we estimate the number of small eigenvalues under
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Assumption 4.1. There is a 0 < pa = pa(m,a, |0.]) < po/2 such that, for
all z € H and 0 < p < po, there is an open neighborhood U,(z) with

By(x) C Upy(x) C Bs,a(x)

such that the (rk(E) + 1)** Neumann eigenvalue of A = V*V on U,(z) is at
least £3(m)Ao.

In Section |5 we will provide conditions under which Assumption
holds.

Lemma 4.2. For any x € M, inj(z) > e ") py/2.

Proof. Since C' is convex, the projection m¢ onto C has Lipschitz constant
one. Hence inj(x) > inj(r¢(x)), for any = € M.

On the other hand, since Z; () (7,y) > /2 for any y € Ko, we have
r(x) > r(rc(x)). Hence, by the first step, it suffices to estimate inj(z) for
any z € C'\ Ky C C. But then z belongs to the pp-thin part of C. More
precisely, there is a parabolic point p € H, such that z € V), or a geodesic
[§,n] in H, which is shifted by an i € " by less than po, such that z € Vj¢ ..
Then OU N Ky # (), where U =V, or U = Vie,n)» respectively, and hence

2inj(z) > e~ U=V pg > e~ dl=k0) oo = o=T(2)

as asserted. O

Let w(m, a,r) be the volume of the ball of radius r in the real hyperbolic
space of dimension m and constant sectional curvature —a?. Recall that
w(m,a,r) grows like exp((m — 1)ar) as r tends to infinity.

Lemma 4.3. For any s> 1 and 0 < p < e ®py/2, the cardinality of any
2p-separated set Z in {r < s} is bounded by

{r < s+ 1}
w(m,a,p)

Proof. For any 2p-separated set Z in {r < s}, the balls of radius p about
the points of Z are pairwise disjoint and contained in {r < s+ 1}, where
we use the crude estimate pg < 2e® for the latter assertion. Moreover, since
inj(z) > e *pg/2 > p for any z € Z, the volumes of these balls is at least
w(m,a, p). O
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Theorem 4.4. For any e > 0, A over {r < s:} has at most

{r < s+ 1}
w(m,a, 6_85p2/3)

rk(E)
Dirichlet eigenvalues in [—00, \g).

Proof. Let 3p/2 = e % py < e % py/2. Let Z be a maximal p-separated sub-
set of {r <s.}. Then the balls B,(z), with z € Z, cover {r <s.} and
inj(z) > 3p/2 at each z € Z, by Lemma Hence the sets U,(z) are well
defined as images of the leaves in H above them. They cover {r < s.} and
any x € M is contained in at most ¢3(m) of them.

Suppose that W C C*°({r < s}, F) is a subspace with

{r <s.+1)|

dim W =
T G(m, a e p2/3)

rk(E) + 1.

Then there is a u € W such that u is perpendicular to the first rk(F) Neu-
mann eigensections on each of the sets U = U,(z). But then Ray 4(u|y) >
l3(m)Ao on each of these sets. In conclusion,

(Au,u)y > 3(m) ™) (Au,uhpa = Nollullzs = Aollul3.
U U

Now the upper bound for the number of Dirichlet eigenvalues below g
follows from the variational characterization of eigenvalues. O

To finish the proof of Theorems [A]and [B] we need to compare the volume
of U1(C) to that of {r < s + 1}. In fact, we have

Lemma 4.5. For all s > 1,

< w(m,1,s+2)

{r <} <00 < =207

U1 (C)]-

Proof. Choose a maximal 2-separated subset Z of C. It is evident that the
balls B(z,1) C Ui(C), z € Z, are pairwise disjoint, and the balls B(z,s +
2), z € Z, cover Ug(C) for any s > 1. We derive from the Bishop-Gromov
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comparison theorem that

{r < s} <USC) <) |IB(zs+2)

z2€Z
m,1,5+2 wim,1,s+2)
B(z —U C
w(m, 1,1) Z‘ w(m, 1,1) ()]
as we wished. O

Proof of Theorems [A] and [Bl under Assumption[/.1 Given & >0, we get
from Theorems and [4.4) and Lemma [4.5| that the number N4(Ao — €) of
eigenvalues of A below A\ — ¢ is at most

{r < s+ 1}]
w(m, a,e % ps/3)

w(m,1,s: +3)
wim, 1, Dw(m, a,e=%ps/3)

tk(E) < wk(E)|UL ()]

Since s; = 1. + 7/ V2e and r,. only depends on m and a, the assertions of
Theorems [A] and [Bl follow. O

5. On Neumann eigenvalues

We discuss two cases, in which Assumption 4.1 holds. The discussion is based
on approximating A on geodesic balls or approximate geodesic balls in H
by the Euclidean Laplacian on Euclidean balls. To that end, let Ay (m) > 0
be the first non-zero Neumann eigenvalue of the Euclidean Laplacian on
functions on the Euclidean unit ball B{® C R™. Then the first non-zero Neu-
mann eigenvalue of the Euclidean Laplacian on functions on the Euclidean
ball Bj* C R™ of radius p is

(5.1) Av(m, p) = A (m)p~?

since the Laplacian behaves like length~2 and By = pBi".

5.1. Laplacian on functions

We use Riemannian normal coordinates to view the ball B,(z) as B}" en-
dowed with a Riemannian metric g and to compare the latter with the
Euclidean metric on Bj". Indicating Euclidean objects by an index 0, we
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have

sinh(o)?

9o < g < TQOa

by the Rauch comparison theorem. Hence, if sinh(p)?/p? < 1+ 6, then
(L+ )" |df[5 < |df|* < |df5

for the differential of f € C°°(B,(x)) and
volg < vol < (1 + 8)™/2volg

for the volume elements. For the Rayleigh quotient of a non-zero f €
C>(B,(x)), we obtain

5.2 1+ 0)"™2'Ray, f < Ray f < (1+6)™/?Ray, f.
0

Together with ([5.1]), this shows that Assumption holds for the Laplacian
on functions. More precisely, we get that any two-dimensional subspace of
C>(B,(z)) contains a non-zero function f such that

Ray f > (1+8)~ (™22 (1) 2
so that Assumption [4.1| holds for U,(x) = B,(z) and 0 < p < p; as long as
La(m)Aop® < (1+6)"U 22 AN (m).

Since the latter condition only depends on m, we get that ps = pa(m,a),
where we observe that 6, = 0 in this case anyway.

Clearly, the case where F is flat is analogous and with the same result,
except that the subspace of sections of E over B,(x) should be of dimension
rk(E) + 1 instead of two.

5.2. Connection Laplacian on sections

In Section [5.1] the connection does not enter the discussion. This changes
in the case of general E, where we need control over the connection. This
is the reason why we consider associated bundles. Assume therefore that
FEp is associated to a G-structure P — H via an orthogonal representation
0 of G on a Euclidean space Ey; compare with Section Let 6 > 0, and
Us(x) and U,(z), for 0 < p < o = o(m, ), be the neighborhoods of = with
harmonic coordinates as in Lemma and in , respectively.
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Lemma 5.3. In the above situation, there is a constant Cy = Cy(m) such
that the Rayleigh quotients of any non-zero section u of Ex on Uy(x) with
respect to the Fuclidean metric and the Riemannian metric satisfy

Ray u > (1 — 8)™ 3 Rayyu — md(1 — §)Ca6./°.

Proof. Recall that the Lie group G covers SO(m) so that we have a natural
identification of the Lie algebra g of G with the Lie algebra so(m) of SO(m).
Consider the orthonormal frame (X;) as in Section and let -y be the one-
form on H with values in so(m) = g defined by

Vx,X; =75 Xp.
Then
IVul? > X (u) + 0. (y(X0))ul®

> Z{!Xi(U)\Q = 21X ()]0, (v(X2) Jul + 10+ (v(X))ul*}

> Y {0 - X~ 25210 (X)al)

1-946
> {1 —6)’0ul® - —5— [0 [Peo(m)*6%[ul*}

> (1= 06)3|Voul? = mé(1 — 8)co(m)?]0.]*|ul?.
In conclusion, we obtain

[ |Vul? dx

[Tl ax

3f|v0u\2dX
JluPd<

(1—90)% [|Voul*dxo

07 [luPdx

> (1 —86)™3 Raygu — mdé(1 — 8)co(m)?|0. )%

Rayu =

> (1—6) md(1 — 8)co(m)2|0,]?

v

md(1 — 6)co(m)?|6. >

for the Rayleigh quotients of any non-zero section u of E over Uy (x). O
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We conclude that any subspace of C*°(U,(x), E) of dimension rk(E) + 1
contains a non-zero section u such that

Rayu > (1— 6™y (m)p~2 — mé(1 — §)eo(m)?|0.[2
Hence Assumption [4.1] holds on U,(z), for 0 < p < p1 = p1(m, a), as long as
(€3(m) o +md(1 — 8)eo(m)?|0.]%)p* < (1 —6)" Ay (m).

Choosing 0 = 1/2, the latter condition only depends on m and |6.| and yields
a p2 = pa(m,a,|0.]) as required in Assumption
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