NOTES ON FACTORIZABLE SHEAVES

This is a preliminary version. Imprecisions are likely.

1. FROM HOPF ALGEBRAS TO FACTORIZABLE SHEAVES
1.1. Configuration spaces. Let A be a lattice and A™®Y C A a sub-semigroup, isomorphic to
(Z=).
Let X be an algebraic curve (smooth, but not necessarily complete). For A € A" we will

denote by X* the algebraic variety classifying A-valued divisors D := ¥ \; - #; with x; # x; and
i € A™®9. By definition, X° = pt.

For a marked point ¢y € X and an arbitrary A € A, let X?O be the ind-scheme classifying
A-valued divisors ¥ \; - z; as above but with a weaker condition, namely, that \; € A9 for
xT; # Zo-.

Let us denote by addy, », either of the maps

XM x XM — XMz and XM x X2 — X1
o xo N
The map addy, », is finite. For a perverse sheaves J; on X* and Fy on X*2 or X;\O?, we
shall denote by F1 x F5 the perverse sheaf
(add>\1,)\2)!(3~1 X EFQ) = (add/\lakz)*(gfl X 32)
on XMFAz (op X itAz),
0
Let
(XM x XM)disj C XM x X*2 and (XM x X;\Cf)disj c XM x X?ﬁ
the open subschemes, corresponding to pairs of divisors (D, D) with the condition that the

support of Dy does not intersect the support of Dy in the former case, and is also disjoint from
{zo} in the latter case.

1.2. The construction. Let A be a A™*9-graded Hopf algebra. For the following construction
we will work over the ground field C and we take X to be the affine line A'. (For the construction
to work for any X, we need that the antipode on A be involutive.) We will assume that A% ~ C
and that its graded components are finite-dimensional.
Theorem-Construction 1.3.
(1) To A one can canonically attach a system Q4 of perverse sheaves Q% on X* endowed with
factorization isomorphisms

PYEDY A A
(11) (ldd;l)\2 (QA1+ 2)|(X>‘1 ><X>‘2)disj ~ QAl & QA2 |(X>‘1 XXxQ)disj.
Moreover, the isomorphisms (1.1) are associative in a natural sense.
(2) The *-stalk of ¥ at a point T \; - x; € X* is quasi-isomorphic to

&) (Tory(C. )™,

7

where the super-script refers to the corresponding graded component.
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1.4. Verdier duality. For a perverse sheaf F on X* let us view its Verdier dual D(F) as living
over X (i.e., we change our semi-group to AP%% := —A,5).

For a A™®9-graded Hopf algebra A as above, consider its graded linear dual AV as a AP°S-

graded Hopf algebra.

Proposition 1.5. There exists a natural isomorphism of perverse sheaves over X .
D(QY) = Qe

where the superscript “oc” denotes the Hopf algebra with reversed co-multiplication (and the old
multiplication).
The above isomorphisms for all A € AP°® are compatible with the factorization isomorphisms

(1.1).

Note that D(D(€2%)) =~ Qg0m.oc, where ”om” denotes the Hopf algebra with reversed multi-
plication. However, A°™°¢ ~ A, by means of the antipode.

As a corollary, we obtain the following description of the I-stalk of Q) at a point ¥ \;-x; € X ™.

Namely, it is quasi-isomorphic to
&) (Ext?. (C, )" .

1.6. Modules. We will now extend the construction of Sect. 1.2 to the case of modules. Let
Dr(A) be the Drinfeld double of A. We will consider the category Dr(A)-mod of A-graded
modules M over Dr(A), with finite-dimensional graded components and such that the set
{\| M* # 0} is bounded from above (i.e., is contained in a set of the form X + A" for some
N e).
Theorem-Construction 1.7.

(1) To an object M € Dr(A)-mod one can canonically associate system Qa nr of perverse
sheaves Q;\LM on X;\O for A € A endowed with following system of factorization isomorphisms
with respect to Q4

* A1+ A A
(1.2) add)\h)\2 (QAl,XI 2)|(X*1 XXa/:\g)disj ~ QK QA%M‘(xAl ijg)d,isj'
The isomorphisms (1.2) are associative in a natural sense with respect to (1.1).
(2) The *-stalk of QXM at a point X \; - x; € X+ o - g 15 quasi-isomorphic to
& (Tor’y(C.C)™ @ (Tor’y(C. M))™ .
Note that linear duality M — MY defines a contravariant equivalence between Dr(A)-mod
and Dr(AVY-°¢)-mod, (reversing the braiding).

Proposition 1.8. There is a natural isomorphism
D(QQ,M) = Q‘Zi\woc,M\/?
compatible with the isomorphisms (1.2).

The proposition implies the following description of the !-stalks of Qﬁ, v Atapoint ¥ \;-z; €
X 4+ Xo - o, the !-stalk is isomorphic to

&) (Ext? (C,0) @ (Bxthy (C, M))™.

i
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1.9. Factorizable sheaves.

Definition 1.10. A factorizable sheaf with respect to Q4 is a system F of perverse sheaves F*
on X;‘O equipped with an associative system of isomorphism

* A1+A A A
(1'3) add/\lJ\z (3: i 2)|(X*1 XX?g)dz‘sj = QAI X 2|(XA1><X;\§)MS]”

and such that the set {\|F* # 0} is bounded from above.

Factorizable sheaves with respect to {14 naturally form a category that we shall denote
FS(Qa4).

Theorem 1.11. The assignment
M — QA,M
is an equivalence between the category Dr(A)-mod and FS(24).
2. THE COMMUTATIVE CASE

2.1. We begin with the following observation:

Lemma 2.2. A Hopf agebra A is co-commutative (resp., commutative) if and only if the
isomorphism (1.1) extends to a map

add;, »,(Q3 %) = QRO or Q) KO — add), ,, (),
respectively.
Thus, for A which is co-commutative (resp., commutative) we have the maps
(2.1) QT Q4 Q) and Q) x Q) — QT
that we shall refer to as co-multiplication and multiplication, respectively.

2.3. The Bar-complex. Again, for A co-commutative (resp., commutative) we can form a
complex of perverse sheaves on X*’s, denoted Bar(24) by taking

P Al * .+ A1,

n>0

n

with the appropriate A™¢9-grading and with +£1 = —1 in the co-commutative and +1 = 1 in
the commutative case.

The system Bar(€24) itself is endowed with factorization isomorphisms, and, moreover, an
associative algebra (resp., co-associative co-algebra) structure with respect to x. For a point
z € X, the direct sums

@ 3. (Bar(Q,4)) and @ iy, (Bar(24))
AEAnEY AEAnEY
thus acquire structures of a co-associative co-algebra and associative algebra, respectively (here
tx.z denotes the embedding of the corresponding point into X*).

Lemma 2.4. We have canonical quasi-isomorphisms:

@ x..(Bar(Q4)) ~ A, as associative algebras for A co-commutative,
AEAe9

@ i\ (Bar(Q4)) ~ A, as co-associative co-algebras for A commutative.
AEAney



4 NOTES ON FACTORIZABLE SHEAVES

2.5. Modules. Let A be co-commutative (resp., commutative). Then we can speak about
systems F of perverse sheaves * on X* (or X7 ) that are co-modules (resp., modules) with
respect to 24 and the x operation. IL.e., we have the maps

FHTRe o Y TN or QY TN — FhTA
respectively, that are associative with respect to the maps (2.1).
For a co-module (resp., module) F with respect to {24, the convolution
(2.2) Bar(24,%) := Bar(Qa) x F

acquires a natural differential, and as such is a module (resp., co-module) with respect to
Bar(24).

Moreover, the assignment (2.2) establishes an equivalence of suitably defined derived cate-
gories. The functor in the opposite direction sends a system of complexes ¥’ with an action
(resp., co-action) of Bar(24) to

Un-Bar(F') := Qu « F
with a canonical differential.
2.6. Modules vs. factorizable sheaves. Assume that A is co-commutative (resp., commu-
tative).

Definition 2.7. A factorizable sheaf F with respect to Q4 is said to be co-commutative (resp.,
commutative) if the factorization isomorphisms (1.3) extend to maps

addy, »,(FN?) = QY RF and Q) BF2 — add),, ,, (FH 1),
respectively.

We note that in the derived category being co-commutative (resp., commutative) is not a
property but an additional structure.

Let F be a co-commutative (resp., commutative) factorizable sheaf with respect to Q4. By
adjunction, we obtain a co-associative co-action (resp., associative action)

FoQaxFor QuxF —F,
respectively.

Thus, we obtain a functor from the category of co-commutative (resp., commutative) factor-
izable sheaves with respect to Q4 to that of  4-comodules (resp., modules).
Proposition 2.8.
(1) The above functor is a fully faithful embedding.
(2) An Qa-comodule (resp., module) F is a factorizable sheaf if and only if Bar(Qa,F) is

supported on

A
Y Ao C U x2,.
A€A
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2.9. Let us see how the notion of (co)commutative factorizable sheaf couples with Theorem-
Construction 1.7.

Let A be co-commutative (resp., commutative). Let A-comod (resp., A-mod) denote the
category of graded A-comodules (resp. modules) N with finite-dimensional graded components
and such that the set {\| N* # 0} is bounded from above.

We have a natural functor from A-comod (resp., A-mod) to Dr(A)-mod, which makes A act
(resp., co-act) via the augmentation.

Proposition 2.10.
(1) For N € A-comod (resp., N € A-mod) the corresponding object N € Dr(A)-mod has the
property that Qa n is co-commutative (Tesp., commutative) with respect to Q4.

(2) The assignment N +— Q4 n establishes an equivalence between the category of A-comodules
(resp., A-modules) and that of co-commutative (resp., commutative) factorizable sheaves with
respect to Q4.

(3) For N € A-comod (resp., N € A-mod),
(Bar(Qa, 2a,n))" = (trg)« (V).

3. THE TWISTED CASE: PRELIMINARIES

3.1. Categories over a braided monoidal category. Let C be a braided monoidal category.
We denote by S, ., the braiding isomorphism ¢; ® ¢ — c2 ® ¢1. Let € denote the braided
monoidal category, which equals C as a monoidal category, but with the reversed braiding
Seqie 1= SC_;CI.

Let O be a monoidal category equipped with a central functor ¢ : € — O, by which we mean
a monoidal functor endowed with functorial isomorphisms S¢ ar : ¢(c) @M — M @¢(c) for c € €
and M € O, compatible with tensor products and such that for ci,ca, Se, ¢(c;) = @(Sey,e,)- In
this case we will say that O is a monoidal category over C.

Note that the category O°7, obtained from O by reversing the monoidal structure naturally
receives a central functor from C.
3.2. The Drinfeld double. For (C, O, ¢) as above, we can consider the category Ze(O) whose
objects are V € C, equipped with a system of isomorphisms
Ryyv MV —-VeoM, VM € O,
compatible with tensor products of M’s and such that for M = ¢(c),c € €, Ry(ey,v = Se,v-

The tensor product in O equips Ze(O) with a monoidal structure. Moreover, Ze(O) is
naturally braided by means of Sy, v, := Ry, 1, : V1 ® Vo = Vo ® V1.

Note, however, that unless € is symmetric, we do not have any naturally defined functor
C — Ze(0O). In other words, Ze(O) is not a category over C (unless € is symmetric).

Note that we have a naturally defined monoidal functor Ze(O°) — (Ze(0))°P, which re-
verses the braiding, and makes the following diagram commute:

Ze(0O%) —— (Ze(O))P

I l

or 4. Qor
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3.3. Hopf algebras. Assume that we also have a faithful monoidal functor F' : O — € such
that F' o ¢ = Ide, as monoidal functors, and such that F(S. ) = S¢ peary- In this case, we
will say that O is a monoidal category in €. Modulo representability, a datum of a monoidal
category in C is equivalent to that of a Hopf algebra A in C.

Note that O° is then naturally a category over €. The corresponding Hopf algebra may be
thought of as A°¢ (which it literally is, if € is symmetic).

As was mentioned above, the category Ze(O), although endowed with a monoidal functor
to C, does not correspond to a Hopf algebra in C. However, it corresponds to an algebra in
this category, denoted Dr(A). By definition, Dr(A)-mod := Ze(0O). The forgetful functor
Ze(0) — O defines a homomorphism of algebras A — Dr(A).

3.4. The Koszul dual category. For (O,C, ¢, F) as above consider the category O’ =
Functo (€, C) of functors € — € that commute in a natural sense with the action of O, the
latter being

MeO,ceC—F(M)®c.

Composition makes O’ into a monoidal category. We have a natural monoidal functor
F': O — Functc(C, €) ~ € ~ €,
where the last arrow comes from the braiding.

In addition, since € maps to Z (O) by means of ¢, we have a natural monoidal functor
¢': € — Z(O'). Le., we obtain that O’ is naturally a monoidal category over €. The functor
F’" makes O’ into a monoidal category in C.

If O corresponds to a Hopf A in €, and assume that A is dualizable as an object of C. Then
O’ corresponds to the Hopf algebra AY:°¢ in C.
3.5. Relationship between Drinfeld doubles. Note that we have a natural functor
Ze(0) — Ze(0')7,
which reverses the braiding and makes the following diagram commute
Ze(0) —— Ze(O')

e —— G

where the bottom horizontal line is the identity functor.

In the case when O corresponds to a Hopf algebra A in €, we obtain an isomorphism of
algebras

Dr(A) ~ Dr(AY:°%);

in particular, Dr(A) receives a homomorphism from AV:°¢.
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4. THE TWISTED CASE: CONSTRUCTION

4.1. Gerbes. Recall that on a topological space, a data of a C*-gerbe allows to twist the
notion of a sheaf. Given a C*-gerbe P over Y, we will refer to the corresponding category as
P-twisted sheaves on Y. If Y is stratified, we can talk about P-twisted constructible (or perverse,
if we are given a perversity function) sheaves on Y.

Let us recall the following constriction. Let £ be a complex line bundle over Y, and ¢’ € C*.
We define the gerbe L®log(d) gyer Y as follows: its sections (over an open subset of Y) is the
category of 1-dimensional local systems on the corresponding circle bundle (over the given open
subset) with monodromy ¢’ along the fiber.

The corresponding category of L®109(0")_twisted sheaves identifies with that of sheaves on
the circle bundle, which are monodromic with monodromy ¢’ along the fiber.

4.2. Gerbes attaches to a pairing. Let ¢ be a symmetric pairing A ® A — C*.

The following mimics [CHA], Sect. 3.10.3. Assume that for every A € A we are given a
C*-gerbe T§(7q over X plus the following data: for every A, Ay an identification

A1, 2 . pAL A2 pA1tA2 2log(q(A1,)2))
c ~?X,q®?x,q—jjx,q Qwy ,

A1,

where wy is the canonical line bundle on X. We need the data of ¢*'*? to be symmetric in a

natural sense.

For three elements A1, A2, A3 we need a data that identifies the three arising isomorphisms
of gerbes,

:P;\(l’q ® T;\(Qq ® T;\{Sq ~ :p;\{l;rA‘er)\:s ® w?(log(lI(AlJQ)) ® w?{log(q()%/\s» ® w?éOQ(Q(AS,Al))

such that the corresponding identity holds for 4-tuples of \’s.

Given a pairing ¢, it is easy to see that the data of (Tﬁ‘(,q,c)‘l’)@) exists (see below for a

construction). Having two pieces of data like this, their ratio is canonically a T-gerbe over X,
where T' is the torus C* ® A.
z

Given g, we will refer to a data P := {(P} ., c**2)} as above as a g-twisted T-gerbe on X.

4.3. The canonical gerbe attached to a pairing. We define a ¢-twisted T-gerbe on X by
setting:
fPé\cm X,q = (wX>log(q()\,>\)))

A1,

and ¢**2 to be the natural identification

(w)log(q()\1+>\2,)\1+/\2)) ~ (wX)lOQ(Q(Aw\l)) ® (wX)lOQ(LI(/\z)Az)) ® (wX)?lOQ(LI(/\l)\z)).

In what follows we will refer to this choice as a canonical g-twisted T-gerbe on X, and denote
it Pg.can-

4.4. Gerbes over configuration spaces. A datum of a g-twisted T-gerbe on X gives rise
to the following construction:

A
™ over X", whose

For every n-tuple A1, ..., A, of elements of A we obtain a C*-gerbe fP}\S;L"'é’
restriction to the diagonal
A¢ X e X
corresponding to a surjection ¢ : {1,...,n} = {1,...,m} identifies with 9";(171;";]’“"”, where
= X A\
M= i
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Namely, we set

Ay An L DA A R .y
?Xnvq = ‘J’Xﬁq X ... &fPXﬂ X (Ejo(_Ai’j)Ql g(q( i, ), ))> .

For n = ny +ng and {A1,..., A} = {1, ..., AL, JU{A},...; A2} we have an identification of
gerbes

PYTTIDY PETID ¢ A2 A2
1yesAn -~ s Ay R N
:PX”,q |(Xn1><Xn2)disj — “PXm,q &(Pxn%q |(X"1 XX"™2) a5

In particular, for a semi-group A™*9 C A, the above datum gives to a C*-gerbe denoted Pxx 4
over X* and a C*-gerbe denoted P xx .q over X;‘O endowed with factorization isomorphisms
xq?

(4.1) Pxaven gloonnsoayan, = Pxrg BPx0 gl
and

4.2 P ~ P X P

(4.2) X25+A27(1|(X*1><X£§)disj X*M.q Xa/}qu|(X)\1><Xa):\g)disj,

which are associative in the natural sense.

4.5. The braided category attached to g. Let ¢ be as above. We consider a new braiding
on the category of A-graded vector spaces. Namely, for two such vector spaces My and My and
elements m; € M; od degrees \;, respectively, we set

my @ mg = q(A1, A2) - M2 @ my.
We denote this category by Vectf;.

Let now A be a Hopf algebra in Vectf;. Assume that as a A-graded vector space, A satisfies
the same assumptions as in the non-twisted case.

We take our curve X to be A! with a fixed coordinate. Let P, be P, cun as defined in

Sect. 4.3. (Note that the choice of a coordinate trivializes the gerbes P

d.can, X LoOT every A,

however, the gerbe Pxx g cq, Over X A is non-trivial 1.)
The following generalizes Theorem-Construction 1.3 to the present context:

Theorem-Construction 4.6.

(1) To A one can associate a system Q4 of Px» ,-twisted perverse sheaves Q* on X*, endowed
with factorization isomorphisms as in (1.1), (the latter make sense in view of (4.1)), which are
associative in the natural sense.

(2) The *- and !I-stalks of Q4 are calculated by the same formula as in the non-twisted case.
(This makes sense, since according to our choice of the q-twisted T-gerbe, its restriction to the
strata of the diagonal stratification of X* is trivial, so *- and !-fibers of a twisted sheaf are
(non-twisted) vector spaces ).

IThe choice of the coordinate allows to trivialize each individual Pxa as well, which is how it is done

,q,can
in [BFS], but this will not be compatible with the factorization isomorphisms.
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4.7. Factorizable sheaves in the twisted situation. Due to (4.2), the definition of fac-

torizable sheaf given in Sect. 1.9 transfers to the twisted context, where the F3’s are now

Pxxr o -twisted perverse sheaves. Thus, for A as above, we have a well-defined category FS(Q4).
xQ’

Recall now the category (which is in fact braided monoidal) Dr(A)-mod. Generalizing
Theorem-Construction 1.7 and Theorem 1.11 we have:

Theorem-Construction 4.8.

(1) To an object M € Dr(A)-mod one can canonically associate an object Qa pr in FS(24).
Moreover, the assignment M — Q4 pr is an equivalence of categories.

(2) The *- and !-stalks of Q4 are calculated by the same formula as in the non-twisted case.

4.9. Verdier duality in the twisted case. Given a C*-gerbe P over Y we have the Verdier
duality functor that maps the (derived category of) P-twisted sheaves to that of P~ -twisted
sheaves.

Recall that we can think of AY:°¢ as a Hopf algebra in Vectg_l, and there is an isomorphism
Dr(A)-mod — Dr(AY>°¢)-mod,

as monoidal categories that reverses the braiding. The rigidity functor on Dr(A)-mod can be
thought of as a contravariant functor

Dr(A)-mod — Dr(AY>°¢)-mod,
which underlies the dualization functor
M— MY : Vect;\ — Vectfz\_l.
We have:
Proposition 4.10. D(Q4) ~ Q4v.ee and D(Qa nr) ~ Qavioe prv.

5. THE QUANTUM GROUP

5.1. Lusztig’s algebra. Let A be the weight lattice of a reductive group G. We denote by [
the Dynkin diagram, and for ¢ € I by «; the corresponding root. Let AP°® be the positive span
of the «;’s. Let ¢ be as above.

Our primary interest is the category of modules over Lusztig’s quantum group LU, (with
divided powers). We will denote by £U,-mod the category of A-graded modules with weights
bounded from above. This quantum R-matrix makes “Uj-mod into a braided monoidal cate-
gory.

Along with LUq we have the Kac-De Concini version of the quantum group, denoted %7 Uy,
and the corresponding category of modules 5P U,-mod. We have a homomorphism of Hopf
algebras

¢:*PU, - U,

compatible with the the fiber functor to Vect. The morphism ¢ is known to be an isomorphism
7away from roots of unity”, i.e., when ¢(«;, ;) is not a root of unity for any ¢ € I, and at ¢ = 1.

We remark, however, that %7 U,-mod fails to be a braided category at roots of unity.
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5.2. Positive and negative parts. Let U, [B*] be either Lusztig’s are the Kac-De Concini
sub-Hopf algebra of U, corresponding to the quantum Borel.

The projection on the torus and the forgetful functor to Vect?® define monoidal functors
Vect® = U, [B*]-mod,

and it is easy to see that U,[B*]-mod becomes a monoidal category in Vectsfl. We shall
denote by LU;r and KP U;r, respectively, the resulting Hopf algebras in Vectf;_l. As associative
algebras, they coincide with the same-named sub-algebras of LU, and P U, respectively.

Similarly, we consider the Hopf algebra U,[B~], and the category U,[B~]-mod with the
corresponding functors Vect® = U,[B~]-mod. We change the monoidal structure on the above
functors by multiplying it by g(X, x) on the (A, u) graded component for the « functor, and
by its inverse for the — functor. This makes U,[B~]-mod into a monoidal category over
Vect™. We shall denote by LUq’ and KP U, , respectively, the resulting Hopf algebras in Vectf;.
As associative algebras, they coincide with the same-named sub-algebras of LUq and KP Uy,
respectively.

The Drinfeld doubles
A KDt71— L KD
Dr( U, ), Dr( U, ), Dr( U;‘) and Dr( U;)

make sense as Hopf algebras in Vect.

The quantum R-martix on U, has the property that the monoidal restriction functors
LU, mod — FU,[B~]-mod — KPU,[B~] naturally lift to a braided monoidal functors

(5.1) "Ugmod = Zyeern ("Uy[B7]-mod) and “Ugmod — Zyees (M7 Uy [B]-mod)
Moreover, the above functors are equivalences away from roots of unity.

Similarly, when we consider * U,-mod with the inverted braiding, we have the functors
(5.2) "Umod — Zyees (“Uy[BT]-mod) and “Ugmod — Zyeea (P Ug[BT]-mod),
which are equivalences away from roots of unity.

We have the corresponding homomorphisms of Hopf algebras

(5.3) Dr(*U,) - "U,, Dr(*PU;) - *U,, Dr(*U}) - U, and Dr(*PU}) - 'U,.

The categories

(54) ZVccté\ (LUq [B_]_mOd)ﬂ ZVcctQ (KDUQ[B_]_mOd)7
ZVecth\ (LUq [B+]_m0d)7 Z\/ectflX (KDUQ [B+]_m0d)

will serve as approximations for LUq—mod. In the sequel we will make an assumption that
q(ay, a;)? # 1 for any i € I, and will define categories that approximate LUq—mod even better.
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5.3. The free algebras. We consider the braided monoidal category Vectf;, and we let / "U,
be the free associative algebra in it, generated by the elements F;, i € I, where deg(F;) = —ay;.
We define a Hopf algebra structure on it by F; — F; @ 1 + 1 ® F;.

Similarly, we consider the braided monoidal category Vectf;_l, and we let 7”UqJr be the free
associative algebra in it, generated by the elements E;, ¢ € I, where deg(E;) = «,;. We define a
Hopf algebra structure on fTU(‘; by Bi— E,®1+1Q E;.

We let «/"U, be (/"UF)Y-*¢, which is a Hopf algebra in Vectf;7 and we let «/"US be
(/U )V+°¢, which is a Hopf algebra in Vect) ..

From now on, we will assume that q(«a;, o;)? # 1 for any i € I. Then the formulas (F;, E;) =
W define canonical maps of Hopf algebras
(5.5) ", — U, and 7"US — «/TUT
5.4. Lusztig’s and Kac-De Concini algebras. By definition, the Kac-De Concini version

KD U, of U, is a quotient Hopf algebra of f "U, given by the quantum Serre relations, and
similarly for KPUF.

Under the above assumption on ¢, Lusztig’s algebra LUq’ is a Hopf sub-algebra of ¢/ "U,,
and similarly for LUqﬂ such that the isomorphisms

cofrU; ~ (frU(—IQ-)\/,oc and cofrU;- ~ (fqu—)\/,oc
induce isomorphisms
Lyt— ~ (KDy71+)\V,0c Lyt+ ~ (KDy71—\V,0c
U, ~("7Uy) and “U; ~ (F7U, )"
The maps
Kby — MU, and *PUS - FUS,
induced by (5.5) coincide with those induced by the map ¢ : *PU, — LU,
In particular, we have:
ZVcctg (LUq [B™]-mod) =~ Lecth_, (KDUq [B*]-mod)
and
ZVectQ (KDUQ [Bi]_mOd) = Z\/ectfz\_1 (LU(I [B+}_m0d)a
ie.,
LT ~ KDy1+ LT+ ~ KDyy—
Dr(“U,) ~Dr(*~U;) and Dr(*U;) ~ Dr(*~U, ),
reversing the braiding, and compatible with the homomorphisms (5.3).
5.5. The small quantum group. Let u (resp., u(‘]“) be the images of the maps
¢~ *PU; — U, and ¢~ : KPUS - UL,
respectively. These are Hopf algebras in Vectﬁ]X and Vectfz\_l, respectively.
By the above,

+ o~ ()
uy o (u, )0l

_x =
Let U, ? c LU, and, US? C LU, be the sub-Hopf algebras, equal to the images of
Dr(*U;) — "U, and Dr(*U}) — U

q»
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respectively. They are generated as algebras by (LU;, ul) and (u, LU;r). Ie., the correspond-

_x =
ing categories of modules, denoted Uy’ ? -mod and Uj? -mod are monoidal, and braided since
- =
the subalgebras U, "% C U, and, U;_’ ? ¢ I'U, contain the R-matrix of LU,.

We have a commutative diagram of homomorphisms of Hopf algebras:

Dr(*U;) ~ Dr(°U}) —— U, ® . Ly,
Dr(u;) ~Dr(uf) —— U;’%

Dr(¥PU;) ~ Dr(*U]).
The above diagram is compatible with the R-matrices of
LyT— - KDyp— L
Dr(*U,), Dr(u,), Dr(®"“U,_) and “U,,

respectively.

The intersection

Ut AutT oL
u, =0, N0, * Cc ~U,

is the small quantum group. The above diagram shows that u, identifies both with Dr(u,’) (as
a Hopf algebra with an R-matrix), and with the image of ¢ : P U, — LU,

5.6. The quantum Frobenius. Let A,; C A be the sub-lattice consisting of elements
Mg\, p)? = 1,Yu € A}. Note that the corresponding braided monoidal subcategory
Vectf;“’ C Vectf; is symmetric. We denote the corresponding category simply by Vect e,

For i € I let ¢; be the minimal integer such that g(ay, ;)% = 1. Then, it is easy to see that
Qj el 1= ;- oy € Acl, and di,cl = % € (Acl)v.

According to [Lu], (Aa, (Aa)Y, I, @ e, o) form a root datum. We shall denote by U,
the resulting quantum enveloping algebra. The braided monoidal category U.-mod is in fact
symmetric. Let G, denote the reductive group, corresponding to the above root datum. By loc.
cit., the category Uy -mod is equivalent, as a braided monoidal category, to O,—the category
O corresponding to G;.

In addition, we have a homomorphism of Hopf algebras (the quantum Frobenius):
Frob, : “U, — Uy,
and the corresponding braided monoidal functor

Frob, : Uy-mod — LUq—mod.

The composition
U, -mod — LUq—mod — Ug-mod
factors as
U, -mod — Vect™et — ug-mod,

where elements of Vect® are considered as 1-dimensional representations of u,-mod with the
FE;’s and F;’s acting trivially.
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Moreover, we have an exact sequence of Hopf algebras:
_ Ly7— _
(5.6) l—u, - "U, —-U; —1

(see, [Lu], Theorem 35.4.2 or [AG]).

6. FACTORIZABLE SHEAVES ATTACHED TO THE QUANTUM GROUP

6.1. The algebras. Denote

(6.1) "y = Qoo POF = Qugr, KPQ = Qe and FPQS = Qo
and also
(62) Q;small = Quq_’ Q:‘{r,small = Quq'*'

We have canonical maps between factorization algebras:

Lo, — KPQ  and "Qf — 5PQf.

By the previous section, the categories in (5.4) are equivalent to
Lo- KDy— Lo+ KD+
FS(*Q, ), FS("7Q,), FS(*Q,) and FS(™~Q),
respectively, and
(6.3) FS(Q

q,small) = uq_mOd'

6.2. Free factorization algebras. Assume now that q(a;,a;)? # 1 for any i € I. Denote
64)  TQ; =y, T = Qg O = Qeoeyss T = Qeopry-
We obtain the following isomorphisms:
LO— ~ KD+ KDO— ~ Lo+ frOo— ~ cofro+ cofrOoy— ~u fro+
Q, =D(T7Qy), Q, =D(7Qy), '"Q; =D(*'"Qy), Q, =D("Qy)
and

Q;sma” ~ ]D)(Q+ ).

q,small

We have canonical maps

(6.5) L A U

q,small

The Verdier dual of this sequence is

fTQ;r _y KDQ; _y Q+ s LQ;r (_>cofr Q;r

q,small

In what follows we will describe the above factorization algebras more explicitly.
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6.3. Change of gerbe. Recall that the factorization algebras of (6.5) were in the category
of perverse sheaves twisted by the gerbes P cqr,. Consider a different g-twisted T-gerbe Py can’

on X, where we put

A . Jog(a(X\,X)—log(a(X,2p))
X,q,can’ " Wx )

where 2p € A is the sum of positive roots. The data of ¢**2 for Pg.can’ follows from that of
Py,can since the function A — g(X,2p) : A — C* is linear.

Let us assume now that the C*-gerbes wg((’\’2p)

with isomorphisms

have been trivialized in a way compatible

A1+2A2,2 A1,2 A2,2
wg{(1+2 ) Q(IP)®wg((2 P)_

~wy
For example, such a trivialization arises from a trivialization of wx, and for X = A; there is a
canonical choice for one.

This data defines an equivalence of g-twisted T—gerbes Py.can’ = Pg.can- Thus from now on,
we will think of the factorization algebras in (6.5) as being in Py cqn/-twisted perverse sheaves.

Remark. The above replacement of the gerbe has no significance for X = A!, but would have
one if we worked with arbitrary curves. The necessity of the replacement can be explained as
follows:

In order for the construction A — Q4 to be defined for any X, we need to consider Vect? as
a ribbon category, and we need that the square of the antipode on A be equal to the balancing
on V/e\zctAq. The modification of the gerbe effects the required modification of the balancing on
Vect ™.

6.4. Description on the open part. A crucial property of Py cqns is that the C*-gerbe
Px , is canonically trivial for A = —q; for 7 € I. Indeed, we have:

a(A, A) = q(A, 2p) for A=w(p) —p, weW,

,g,can

and —a; = s;(p) — p.

o
For A € A™9 let X* be the open subset of X* corresponding to ”multiplicity-free” divisors
i.e., to points of the form X\ - 2 with xy # xp and each Ag of the form —q; for some i € I.

By the above, the gerbe Pxx ; cqn/, Testricted to X A is canonically trivial. Hence, we can

[e]
think of Pxx ¢ cqn/-twisted sheaves on X A as ordinary sheaves.

[e]
Let 7(2?, denote the restriction of any of the twisted perverse sheaves appearing in (6.5) to

X?. By the above, we can think of it as ordinary perverse sheaves.

Proposition 6.5. The maps

(o) o (e} o o
fro—A KDo—,A —A Lo—,A cofr O—,A
Q7 = 2000 = QG = T = Q,

are isomorphisms. The corresponding perverse sheaf is canonically the sign local system on X .

Proof. The assertion follows from the fact that for all of the algebras U~ involved
(Tory- (C,C))™ ™ is 1-dimensional and is concentrated in the cohomological degree —1.
0

We will denote the resulting local system simply by Q;’)‘.
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6.6. Description of extensions. Let j* denote the open embedding X* — X?*. We shall
denote by j2, ? =!,*,!* the corresponding functors on the category of Pxx g,can-twisted per-

o
verse sheaves. (Note that although the twisting was trivial on X* and can be non-canonically
trivialized over the entire X*, each of the above extension functors in the twisted and the
non-twisted contexts is different.)

Proposition 6.7. We have:

[e] o

A A QA A AN O
erq = (Qq ) and COerq = Jx (Qq )a

compatibly with factorization isomorphisms. The map

FrQ=A _, cofrg-A

TQq — co TQq
corresponds to the canonical map j(\ — g

Proof. Tt is enough to prove the first isomorphism, since the second one would follow by Verdier
duality and replacing — by +.

Our assertion is equivalent to

(TorMU(7 (C, (C)) A -0

for A\ being not one of the negative simple roots. However, the latter follows from the fact that
f "U, is the free associative algebra with the generators in the specified degrees.

[e]
The assertion about factorization follows from the corresponding property over X?*, and
likewise the assertion about the map between €2’s.

O
Corollary 6.8. We have:
Q;,s)r\nall =~ J'/}k(éq_/\)
compatibly with factorizations.
Proof. This follows by combining the previous proposition with (6.5). O

Combining the above corollary with (6.3), we reprove the main result of [BFS].

6.9. Description of LQ; and KDQ;. By (6.5), as perverse sheaves, LQq”)‘ injects into
[e] [e]
j;\(Qq_”\) and KDQ;’/\ receives a surjective map from j!)‘(Qq_v)‘).

Let A denote the main diagonal on X*. Let j'* denote the open embedding of its comple-
ment. By factorization and induction on |\|, we can assume that we know the restrictions of
LQ;)‘ and KDQQ*’)‘ to X*» — A* and we can assume that A # —a, i € I.

Proposition 6.10.

(1) The perverse sheaf LQ;’A admits the following description in terms of its restriction to
XA — AN e, j (RO

for X £ w(p) = pyw € W, LN = (5 (EQ; ),

for A=w(p) = p,l(w) =3, FQ* = HO (5. ("))

for A= wlp) = p.w) =2, "0 = 10 )
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(2) The perverse sheaf KDQ;’A admits the following description in terms of its restriction to
— A e, j (PO

for X # w(p) — pyw € W, KPQEA = ji((FQ ),
for X =w(p) — p, t(w) > 2, KDQq A HO (i (5 (R )
for X=w(p) — p,l(w) =2, FPQ S = ji (j*(KPQ, ).
Proof. Again, by Verdier duality, it suffices to prove statement (2). By Theorem-

Construction 4.6(2), the *-restriction of *PQ_* to A* is the constant sheaf tensored with
Torxpy (C,C), and the latter satisfies

0 for A # w(p) — p,w € W,
is concentrated in cohomlogical degees < —2 for A = w(p) — p, f(w) > 2,
is concentrated in cohomlogical degee — 2 for A = w(p) — p, L(w) = 2,

since the Kac-De Concini algebra has the same homology as the classical U(n™).

This implies the assertion regarding except in the case A\ = w(p) — p, L(w) = 2.
In the latter case, we have to show that the !-restriction of KDQq_”\ to A* is concentrated in
the perverse cohomological degrees > 1. Again, by Verdier duality, it suffices to show that the
*-restriction of “Q_* to A* is concentrated in the perverse cohomological degrees < —1, i.e.,

KDQ—A
q

A
that (TorKDU; (C, (C)) is concentrated in degrees < —2.

However, Tor}(DU, (C,C) is spanned by elements whose weights are proportional to the
q

negative simple roots, implying our assertion.
O

7. GEOMETRIC INCARNATION OF THE QUANTUM FROBENIUS

7.1. For A € A let us denote by X*¢ the corresponding space taken with respect to the lattice
A, and by X* the corresponding space taken with respect to the lattice A. We have a natural
closed embedding

A . YA A
AFrob X — X

Let
Q. Qf, QY ~D(Qy), QY ~DQY)

cl’ cl’
be the factorization algebras corresponding to the lattice A.; and the ”classical” quantum group
U, with the sub-algebras U, and U;. These are P xx -twisted perverse sheaves on the
spaces X 1, X € Ag.

cl,qer,can

Note that the corresponding gq-twisted Ty-gerbe Pg..,can has the property that the identifica-
tions (4.1) extend to identifications of gerbes over the entire X*1¢t x X*2¢i, Thus, we can speak
about factorization algebras that are commutative or co-commutative as in the non-twisted
case.

Lemma 7.2. The factorization algebras Q0 and le are co-commutative and the factorization
-,V +,V . E
algebras Q" and €1 are commutative.
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7.3. Note that the C*-gerbe Pxx
means of A, .

on X*¢ identifies with the pull-back of Pxx 4 can by

cl,qer,can

Note also that for A € A, and p € A we have natural identifications of gerbes:

‘:PX’\JW,q,can|X’\cl xXr = ':PX*cl,q,can X :PXuqucan
and also
[“Pxi‘gr“yqycan|X>‘cl xXxn = iPXAcl ,q,can X iPXg‘:O,q,cana

b

compatible with the factorization property of the Py S.

cl,q,can

Therefore, given a co-commutative (resp., commutative) factorization algebra Q. on the
Xt we can speak about co-modules (resp., modules) with respect to it on the X*’s.

The maps of Hopf algebras
LU, — U, and "U} — U,
define maps
* _ A * , A
(71) (A%‘rob) (LQq ’A) - ch and (Alérob) (LQ;F A) - QZ )
and hence, by duality, a map
! _
QZ},\/,)\ N (Alérob) (KDQq ,)\).
denote the corresponding maps

XMl x XH — XA and XM x XE — Xt

Let addy,, .

and let
(XA % XH) o © XN XH

denote the corresponding open subset.
Lemma 7.4. The map

LO—A A Lo—,
add;m“( Qq +M)‘(X*clqu)d - QX Qq #|(X*czxxu) )

isj disj

which results from (7.1) and (1.1), extends canonically onto the entire Xt x X*. Similarly,
the map

+,V,A KDoy—,n
QAR KD

(XAClXX“)d' . — add!)\cl’u(KDQq—,)\-‘rM)‘

isj

(X%czqu)

isj

extends canonically onto the entire X et x XH.

Thus, we obtain that LQ; is naturally a co-module with respect to €, and KD Q) is

naturally a module with respect to Q;’V.
7.5. Recall the natural maps
KD— - - Lo-—
Qq - Qq7small and Qq,small - Qq ’
as well as the notation regarding the bar-construction.
Proposition 7.6. The natural map
— L —
Q — Bar(Q2) x *Q,
18 a quasi-isomorphism. Likewise, the map

+,Vy\ , KD(y— -
Bar(Q2") % Qq —>Qq,sma”

q,small

18 a quasi-isomorphism.
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Proof. The assertion of the proposition is the short exact sequence of Hopf algebras (5.6), i.e.,
that

Torpy- (C,C) ~ TorU7 ((C,Toru; (C, (C)) .
O

Remark. From the above proposition, we obtain that Qq,small’

as an object of the derived
category, carries an action of Bar(2;), which is an incarnation of U_, and a co-action of
Bar(Q,""), which incarnates an action of UJ,. We would like to be able to phrase in what way
these two structures are compatible, i.e., how to speak about an action on Q;Sma” of the entire
U,;. Morally, this should correspond to the outer action of G on u, coming from the short

exact sequence of Hopf algebras
1—>uq—>LUq—>Ucl—>1.

7.7. Let F be a factorizable sheaf with respect to © Q, . We shall say that it is co-commutative
with respect to 2, if the map

add}, (T (xraxe), = QBT

isj

(which follows from (7.1) and (1.3)) has been extended to a map
add;,, ,(FMH) — QA R FH

cl ><Xu)
disj

on the entire Xt x XH.

Similarly, if F is a factorizable sheaf with respect to P Q;, we shall say that it is commutative
with respect to QZ’V if the map

VLA !
Q:}V IE?H‘(XAchX“)d_ . —>add')\cl,u(.qj)""“)k)(*czxx“)

isj isj

has been extended to a map
+,V,A ! A
Q, X F* — add, , ,,(F !
on the entire X*et x X*.

We remark that in both cases above, if F consists of twisted perverse sheaves, than an
extension of the required map, if exists, is unique. This is no longer the case in the derived
category, where such an extension is an additional structure.

Proposition 7.8.

(1) There exists an equivalence between the category of factorizable sheaves with respect to LU;

_+
co-commutative with respect to 27, and Uy’ * -mod, such that we have a commutative diagram
of functors

Uq_’%—mod —— Dr(*U;)-mod
FS(LQ;)QC}COCOm —  FS(*Qy).

(2) The assignment F — Bar(Q_) xF defines a functor
FS(*Q;) — FS(Q

Q_,—cocom q,small)
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that makes the following diagram of categories commutative:

_*
U, ? -mod —  Ug-mod

| -

FS(EQ-

q )Q:l —co—com FS(Q;small)'

Similarly, we have:

Proposition 7.9.
(1) There exists an equivalence between the category of factorizable sheaves with respect to KDQ;

commutative with respect to Q;’v and U;’%—mod, such that we have a commutative diagram
of functors

U;’%—mod —— Dr(*PU,)-mod
FS(KDQ;)ngcom —  FS(*PQy).

(2) The assignment F — Bar(Qz’v) * F defines a functor
FS(*PQ7 )05 _com — FS(Q,

co q,small)

that makes the following diagram of categories commutative:

U;’%—mod —  ug-mod
FS(KDQ;)Q:vaCOfCom - FS(Q;S"W”)'

Remark. Let M be a module over LUq. Consider its restriction to u, and let F be the cor-
responding factorizable sheaf with respect to 2 We obtain that it carries an action of

q,small”
Bar(Q;) and a co-action of Bar(Q;"). We would like to be able to spell out the compatibil-
ity of these two structures, which would determine which factorizable sheaves with respect to

Q, sman correspond to modules that came by restriction from Lu,.
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