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2 X B1 G PGL parabolic structures

at 0 I t s t EF
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Namely given yc Phsfa9es fm7aieT
can define bundle SIE zdegE 1

Ey O Oveis4EE9 ENm
with parabolic Str res 0,1 Y N

This is stable iffy 0 is

3 Also VX with at least one

parabolic pt E we have

a canonical isomorphism



Bunge Buns by doing
the

Hecke modif.at I using the

parabolic line We'll identify

them using
this isomhgqrphjs.nu

4 Also Buren Bunsntz by tensoring

with OCD
5 Let us write down the

Hecke modification yesss
sc E P's 0,1 t 3,5 Elp't
in these coordinates

Proposition We have
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Let Hx be the Hecke operator atx
usual one time 11 Xcx 1 x E IT'T



We have a half density
Id 41k on he Using this
halt density we can identify

the space ye of square
integrable half densities on

IIYH with Elida

Corollary The Hecke operator

yttxhastheformfH.IEI7ExIst
7 Using this formula we can

compute the Schwartz kernel

of the operator Hoc

Namely we can make a

change of variable
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This is a double cover so

we'll get a factor of 2

Also integration will be

not over the whole
F but only over

the image of this map
The result is as follows

Preposition Let fffx y z be

the following polynomial
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where Ela 1 if a is

a square
ando cay z.fi y

not.intYngEICEIE.fshTrTxteF
ek9o

This operator was considered

by Kontsevich in 2007

The following theorem stated
in his paper is not too hard to

prove
Thne The operator He

is compact and self adjoint
Moreover H Hjf O for
all x y
Example If f D then

Hxykgt.ES dzdE
I 648,231



Proof It is clear that H

is symmetric since its Schwartz

kernel is symmetric Also

HE is a Hilbert Schmidt

operator i e its kernel

Katy z satisfies

fpfk.ly
fdydzs

this requires a computation

Thus HE is compact hence

so is H The identity
Hx Hy O follows since

Hecke modifications at any

y
commute

Remark The operator H itself
is not Hilbert Schmidt
since

d



fqzlldy.dz
K tsiZIl2Hdydzk

ft Cx y z a ez
is log dirges

so HE is not trace class

But Hi
t is trace

class HE 0

Notetavean
action of 272 272 on Bun

by 5 g Ey Se g 2y
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Preposition Her 11241 log
Hall

x A

and similar asymptotic at 0,1 it
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Spectromposition
By the spectral theory
of compact self adjoint operators
the commuting operators Ha
have a common eigenbasis
Yn n O of H 11 11 1

HxYn pnCxfyTdisti
Can choose ya real and

positive near
this

fixes yn uniquely
The functions ya are

smooth f locally constant in

the non archimedian case

outside 0,1 t

Proposition We have pn CnYn
Can O



Thus 2offtlxiyFD

x.IEEFnYnklYnlDynEIProof
This follows since

fax y z is S3 symmetric
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Remark The numbers of are

the eigenvalues of the positive
operator Q SpHfHdxk
We have zinc so Q is

HS In fact I expect that

Q is almost trace class i e

25 is log divergent but

Cf is convergent
the 0

Prope The spectrum of Hoc
is simple and they have

no common kernel
This recovers the package

of properties from Kontsevich's

paper



The eal case

Let L Q X x c x t 0 tX

This is the Lame operator
after so called Halphen
transform i.e L I igplu.es

Proposition
g
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L Hito SIG y Z

corollaries Lyn AnynCx
for F IR E and for also

IX x In Yuk
Consider now the

F Q

So ynlxt fmfxlfanCD fznxlf.IN

where Fea 12 are basic

solutions of Lf Anf

alked



Since yn is single valued

there is an invariant

nondegenerate Hermitian
on the monodromy reps
of the equation Lf Anf
The monodromy matrices

at the 4 parabolic
points are unipotent
hence this firm must

beindefinite This

Implies that the monodromy

reps takes values

in R SUG
AndConversely if A is such

that the monodromy



takes values in SLzCR

then we get an

eigenfunction.rthuswe geti.e it belongs to K

Proposition Eigenfunctions

of Hx3 correspond to

AEE such that the

monodromy representation
of Lf Af lands in

SLzCIR up to conjugates

Renmark The positive eigenfunctions

largest eigenvalue of Hoc

corresponds to analytic
Uniformization of EP't t.at

The other eigenvalues
con to

other reae projective structures



These other projective
structures can be obtained

from the uniformization one

by a geometric procedure
called grafting which was

described by
WGoldman

These structures were also

discussed in a paper by
Fattings in 1983

Detailson ticatiouL.Takhtwjaniarxivs.l407.1815

J ER bit 3

analytic uniformization map

J ELP n fo l t I
multivalued holomorphic
function Then yf

1

and 42Gt qz



are a basis of solutions

of the Lame equation Ly Ay
So the function

BEE y Hyatt yzk 74FI
2Im Yz satisfies

15 z l 43 11.9
Then the onwformal IG ATP
metric looks like and p O

g52 z IdzTf my Kois the Perron
Frobenius eigenvcurvature 1

Remark In fact it is

importantthat the equation

Lg Lz 0

ft X y Z

holds not just formally but

in the sense of distributions

Namely for f we have



Ly Lz
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1ft Cx y Z
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and for F IR

Lg Lz
D

lfth.is
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Recall that

Han Hak log 11041 x s

Prod F weak

Alying 41041 Hx log 11041

an unbounded self adjoint
operator



It has the Schwartz
kernel

KidYA i Sly logllyly Dly.tk

The operator M is closely
related to the integral
operator used by S.kuijsena.rs

arXiv 0904.3250

to fix a self adjoint
extension of for F IR

but his self adjoint
extension is slightly
different from ours

Theschwartzspace
Defe The Schwartz space Sox

is the space of elements

having rapidly decaying
Fourier coefficients with



respect to the basis y2nddehription of 5

Prof S is the space of
functions smooth outside

0,1 Him and near these

points behaving as apostle login

for 0,1 t and aCx tbG logH
Il X11

hear where a b

are smooth for F E
3rd descriptionof f

Prof For F Q S is the

space of f EX such that

LML nf C fl.tt min

Poof L is an essentially
normal operator on S

This means that I
and t.CL I are essentially
self adjoint and strongly commute



yay

The.no E case

theorem Kontsevich
The eigenvalues of H
are algebraic numbers

ProoI Let xoEF xotosbt.es
Then Vn Shockdall

Xx Kollfqh q

is a finite Zank operator
Moreover the spacegeneratedby ftp.go.qny Under SHE
is finite dimensional
Thus eigenvalues of Hoc
are eigenvalues of finite
rational matrices



Examples consider the space't

generated under Hoa by
17131 0,94

where llxolt llxoH fyo.tt
1

Proposition dimV qs
5
fttpx.z.iq

Namely V Fun P Fg Y
where V is the 4 dim

space spanned by
logarithmic tails 494,4k

e

ftp.lyj IB ly loggHy H

Eigenvalues Take with

11041 112 111 112 t 11 1

Then the eigenvalues of
Hy ont are as follows



X Hgt Ittefaq
Roots of
5 45 1852

ht is the largest 2 4 015D
The other eigenvalues
are much smaller
We have 0 with

multiplicity

3 and the action

of Hx on the orthogonal
complement Vo of this
5 dim space is the

Drinfeld Hecke operator
over a finite field up
to factor f g so

by Drinfeld's bound
these eigenvalues satisfy
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Largernumberofpoints
MEEN 35

Points to 0 ti tm tm I

on IP
Buns Bunsou Buns dim _m 9

Si Bung Buns SE I

E 0 m 11
Si Sj Sjs

Hecke modif at ti

along the parabolic line

We identify Buoys Bunse

using Smu then So Sm

define an action of 4 412
sum of coordinates 0

on Bangparametrization
E E Bung EEO 0

Parabolic structures 4,0 lhyd.mil ifm7,6iD
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Symmetry Lye ym GYi Ym

So we obtain a birational

parametrization of Burros

by 1pm

Hecke modification
Proposition Hogg Ey Ez

ziexyi
sti

Ny lyn.im
Yc Z fZ Zm

Ff
Hilbest space

half densities on

APM functions on Fm

homogeneous of degree Mz

yay Hall Eyly
satisfying the L2 condition



functions on Fm with
word

which are translation 7nniakE
and homogeneous of degree
MI In the last realization

it is convenient to write

down the Hecke operator
Parabolic pts to tr tm

Propi Themodified Hecke operate Cley thx till't

THxMA E o
tE hII

Boumndedness

The Hx is founded on X

Proofe 4 we wn 449Wh own d

yytf HOR fm.toFdkLemkeasgsuak



HEEUx.SI xsYsIIcs
HidslT

where

axis HIEI's
I

eeisii.IE itii i
Key fact Uys is a unitary

operator lafgionpgofm fnnade.mn y
Thus repr

Hells fell s diff
Also Hx aoe self adjoint
and pairwise commuting

Compactness
To prove that He is compact



it suffices to check that we have

them O HE is a

compact operator
Proof didst Y s s f dsH

E POLY
1

HE ffnvs.pe vsnpdqdsi
r dr.ba

n
Ah 7 PELE mi

EPGtz

Sr Sn Us x Usn x

dA 3n 99 mfanswepq.my

d7 fxCg dga
Haar measure

g
on PGLE F

1 function n 3m 3
then

W principal series repr 3ndominang



of PGLzle on half densities

on LP w
m I

unitary reps of
PGLEIF

Hi f folg p g dog
P.GE F

tarnish.ch thm If 4 on

GLY F is smooth with compact

support then
the operator

Phin ftp.kgldg
is trace class compact
But foe can be

approximatedin L1 metric

by smooth functions
with compact support



so HE can be approx

by compact operators
hence it is itself

compact
Da

Azotes
He 11045 log11041 x s

Hx logllx tilffxst.SE

poitioniye

ENpnf

0Hx4 Balmy
Xk character of 27 2

1

on Hk
Beach log Hoc tilt Xplsix ti
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Thin For large enough a

the operator IHxle
is trace class

Hahah is Hilbert
Schmidt

It'd be interesting to

determine for which a

this is so Clearly
a 2 dim Bun 2cm 1

since otherwise the kernel

of lH l does not have

full support
Archimedean ease

In the archimedean case



we have also the quantum
Hitchin system on Banos

This is the Gaudin system

Fogg.gg EjflYi Yi5di9itlyi yj7Gi
o.D

9,53 0 E
N N

GE Gi Eti G IT
let
G Ei T.g.is

itIThm

Universal opes
equation

o
Q Hx
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Core The operator Gi
acts by a scalar desk

ontea
and Gi Hoc O

Corollary The eigenvalues

Beek satisfy the usual

open equation
Gi qq.tt x Ped

Zwick Bede O
x ti

Three The Hecke operators
have a joint simple
spectrum 2 on H

hi Let B be the set of
zeal opens Then AMER
F up to scaling real

analytic half density



defined outside the

non very stable
divisor on Buns

such that

Gi Yu _Mi Yu Fifty
lug The spectrum of Hecke

operators E embeds into R
Lw If ye it is a

joint eigenfunction of Gigi
as a distribution
then YE Hee for some k

Schwartzspace
As before it is the spaces
of functions with rapidly
decaying coefficients



with respect to the basis ya

thm.cn S f EH LIFER
Vititihmine Hamiltonians 4M
2 Quantum Hitchin

hamiltoniansare essentially
normal on 5

Example of 5 points
0 I s it a

BuNo blowup of R2 at

b points 0,0D co 1,0 490

i l D S t D cy z hE

The divisor D of singularities
of the Hitchin system
16 components
1 Exceptional fibers 5

2 10 lines
T



y
O 1 S Z O I s

Y Z Ty Sz

ft Diy D s 1 Iz D
line at a

3 Quadric
stly t s yz sz ty o

They have normal crossings
and are permuted transitive

by by 55K 1271275 W Ds

stabilizer W Ag S5
crossings form Clenbschgraphe
5 hypercube central symmetry

theorem 1 The basic solutions

of the Hitchin system ofrank 47
behave near generic point
of D as 1,1 1 E and



near intersections as

1,1 E Fw
2 Single valued eigenfunction

of Gi and Gi look there

like y.tl aYn.d
smooth

generically on D

vo lzty t.ro
uzTT

Cat intersection

so they are continuous L2

and one eigenfunctions of
Hecke operators
3 Monodromy around

components of D

looks like
i

near intersections also I



Expect a similar picture
for me 5 points
Casey m is odd

near generic point of
the divisor D eigenfunctions are

4 40 121
m

24
Yo Y smooth
Case 2 M is even

4 4 4 lztm
2

bg zI
1
y y smooth
o I

There alcase
Take F IR tosti Ltm
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J
tz
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Equation for eigenvalue
Llp f O

J in

Bj o.bg into

B T.bg



Mtl

Tt BjJ I
j o

III Bj F

f

ALTAI

2Mt 4 unknowns 2cm D
6 equations

dim
space
of solutions

This is a parametrization
of flat connections D

So what are real opers

DEI D is a balanced

connegation if aj 1 Vj
so 7 1 I e

Bi fo bei



Then the two matrix

equations above are

equivalent
so we just

havent
IT B I I
j o t

This defines an m l dim

variety Xin t

The Eigenvalues of
Hecke operators
balanced connections

Three Balanced connections

Foneittitionist of the Trystem

of level m



Tick DTifktD TE.lk Tiefkk1

O E i E m

Tock TmCk 4

for all k Talk bk
Remark Every non vanishing

on of the T system

of level m is

mid antiperiodic i.e

I ktm D Tmu.lk
This is the Al amolodchikoo

conjecture Frenkel Szenes

More general versions



were one of the starting
points of the theory of
chester algebras
Fomin 2elerinsky


