
2LGLC wth restricted variation :

÷ : ✗ = curve /k
,

E- reductive/E

Shu (Buno) ← Indlohwiiplloasys
"CÉ))

.

Niilp

One of 3 contexts :

¥És/E :

1) l -adic : E=TQe
,

1--1 charts

2) de Rham : E- =L
,

char k=0

3) Betti : k=Q



Automorphic Galois
Us

Shy,p(Bunch : Jndcohwiip (↳ esys g)
-

①Cohreuormalized .ind- completed
derived category of Loe SysÉ= moduli stack
sheaves on Bung w/ of local systems with restricted

5.supp
C Nilp variation :

Higgs buddy}
.

"
-

Loesys
•

"

Bunco s - equivalence-1¥%É
pay

dams •

0

& og $# &

Automatically holonomic



① Automorphic :
"

all interesting sheaves home nilpotent
support ?

Suppose F- ShulBunch .

←
heck actin .

For
any

✓ c-Rep (G) , we By Satake
hare Trev :(F) c- Shr(BmjX) Ciuiversal

"

Keke functor
.

Example F- theatre eigcnsheaf
for eigenvalue

E.e- Locsys

HIFI _-F☒Vq
.



theorem (Nadler -Yun) : F-BangJffeshr (Buno) , then
ilp

FT : Sing Supp Cliff a 'T*B(mG×✗) µ✓(F) .
Nip
? {04T¥ . §;É( i.e

,
Nv CF) is

"

lisse
"

along X )
Remains It is in fact tune
that IHF) c- Shum,p(Bung) Qlissecx)A

"completed
" E. systems on X .



theorem ( converse claim)
suppose 5- c-Shu (Buno)
satisfies V-VEReplG7
SingSupp H✓(F)at

*

Bungles} ( hecke - lisse)

Then

J-c-swwplB.MG) .
Coroltary All Hecke

eigen sheaves are in

Swamp (BMG) .



Boofofthm : manipulations
with Singsnpp Ttpsung - Higgs bundles .

Tessue : need estimates

on

Siyspp fly#) ( in terms of sing supp #1)
from below

(whileÑadler -Yun direction

needs estimates from aho⇐) .
QED .



É
The "

usual
"

Geometric Langlands conjecture (de Rham)
D-mod (Buno)

_~ Indlohwilpllocsys E)
must respect Hecke action ( better . :put together

as actin of QCohlhoc.gs#
So ( not surprisingly ) ,
"

usual
"

conjecture -

E) restricted conjecture
de Rham ⇐

essentially equivalent .



② Spat?aÉcomposition :
"

Heche - line things live over "

Loa Sygus
Reminder : E-- category "

integration
"

BeU/ Action of Rep (d) Module structure

¥.

on C
"

by these
←•

QCohfoesyslc.CC
functors

"

(compatible with fusion) ( Hecke functors ←

Red Pack this action as tautological bundles
Yu : act by Hecke functors at in Qcohchoesys ) .

h points
tompakbilihy with
restriction to diagonals .

CM→@



"

spechaldewmposihithbtc.be
- category - Nice enough

together with a

rnd En of Rep ( lisse action ? )
.

- V-J
,
Alex

, given
"

C- vabeiidl . systems on
RepKi#☒C- C•QlissdxPt ✗

I '

- Compatible with @ I. e.
, iuo¥ functor
Rep (g)•5- End(c)•QLisselÑ

- Compatible with Ino]



Then C acquires an (encodes all Hecke functors

us via tautological bundles
:

Qlohlloesys g) CoC Rep (G)%Qwh(lousy?#
Qlissecx)•J =)

.

Roof Technical , but
main idea is simple :

.

(and familiar)
- res .

If loesys g- were affine,
we would need to

construct bfloesys;)
from input date Custiikd ahu)

.



tII,÷Éis not aka
Instead

,
it is E}µ-

W formal affine Schmieg .



Why
"

Spectral decomposition
" ?

us
,
6 Qlohfloesyif )-PE lousys%=YmÉ§sE

Qcohclocsys:?) .6

Hen Any C decomposes with restricted action of
The

Rep (E)
'

⇐> actin ofc-☒ e les
, Loc Sys g-lives 6

Covetous
, isté

G.
g. :
6 is irreducible ;⇒C• is gGsteigenspace

" )



EEG
, applies to [FranWG This is not immediate]G-Swamp(Buno) ! for technical reasons .

Automorphic .

but still true

so Shun.yp(Bane)
"

civilplBmÑ



E.gg 6 is irreducible :

Automorphic side :

Galois side :

co shrwiiplbunofcshyy.y.BY
.locsys?É is formal I

☒

@sysustjed-p.tt/Aut
.

é

QcoTÉÉr - generated by
is generated by 6- eigen objects .

QWhµ§ig . 6)
red

)



③ Projection from SW (Buno) .

Constrwctionofspechalpnyetor (Beilihson )
.

Fix Fe Locsysqv .

Define

Rf : ShulBuna)- ShulBung
at

. 1) Rft ) is eiginshof Heche
.

for F

2) Rf is universal :

( left adjoint to (* inclusion
"

of eiguspaa)
( her (Buno)) ,=→

Shr (Bunco)) 1

not really .

-eipn



Ee : Rp defined explicitly
via integrals of Hecke functors
corresponding

to regular
rep .

since Rpt ) has @Shum ,p(Buna)€
eigenproperty , I 6

Rp f) c- Swamp(Buno) (in fact : specific Stum . ,p(Bm§
.

M cover : RFC ) for varying
F Iumt~ generate Show.ip(Band



( no Eisenstein series
,There's no 5- equivalence and no reducible local

systems , too )
.

Galoisside : Autonwrphnside

hoagie
>
= hoagies ,

'

6

HEH *a * we Shrwilp (Bung)
"

Qlohcoasyiesp-O-Qlohlbcsys49.co
/ generated by [spectral

② Shrew:1p(Bung}
-detomp.fi?gmuaeizedeigenspaesO--QWhl(oeSys4GYed) generated

6 by

② Shu
• . • • Nilp(BmG)s

- eiym
-

ergen spaces .



E.Qlohllocsys
")

dioromp .

Shini1pBmG)
4 generate 9 generate

r R
②Qlohltoc.sc?iTd)6-eigenCoraechion .

I
② shy,,p(Band6 6 Ted

.

→gunahfBeilinsY@sgjos.s)RsBecause they are left-adjoint Sw (Bunch
Infa This works ,

even

'

with S - equivalence :

Replace f-⇐ has,.us#?hCorae-hin:(LocSyiesi)udisrvo$-LoeSyies
not discrete . scheme



Corollaries :

① Shun:/p(Bung) is
"

nice
"

compactly generated
by objects

( Rsvp ) , S- bogies)PEBUMG



⑧ In de Rham setting ,
D-modwilp (Bourg) has regular singularities

(Because generators do) .

Reward Restricted correspondence :( (G) .

Betti,z, SLvµip(Bun# Indlohwiipkocsyifs.fi)
RM Is rescuing {SR.tl . Is☐e-hrodwilp

de Rham D- molldw:(pltkmgy~Indcohw.yplocsyi.FR)



They Ctast time , Dennis) :
In Betti contexts it should be

easier to show that

Shirai↳ (Buno)
is a (then for re - dim constructible

objects
,
as in Benzi -Nadler)top .

invariant of ✗
Outline ( conjectural) :

the Rs(8) as generators ✗ varies
.

in Shun:b (Bama) ,
Requires . using ÑÉo¥%variable

How's between them are ( and f.ch# ! )
.

locally constant


