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Let C be a cyclic group scan

Consider the space
V of functions
On this space we have

operators fTf x fate
AE C a

These operators have eigenfunctions

4 x e2T such that
N

X d C Hom 92 74 63 1 and
C l d f



Ty e2 y ftfeashoidaedu.EE
a X n identify C with Y

We can form the addition kernel

KCx y z L 2 4474414
2 2

X x x

SCxtytz
symmetric in X y Z

It is called this way
because

the function KCx y z is

the delta function of the graph of
addition z y We have

46741yd EKG y 2 YEA
X X z

This can be thought of as a

commutative algebra structure define

by structure constants

Kcx y Z and this algebraA
acts on the space
W of functions C



by Cy f n y FG so

that

4k741g fvzklx.us 274A

Moreover we have the trace

Tr A Gfthe trace in the

representation W divided by N

Tr yCxD Zy x _8 o and
X

Tr ly ylyD 8x y
TECH 4cg 4AD KG y Z

Thus A is a Frobenius

algebra We can also form
m point functions

km x Xm Tr 4G 4km3
We have a natural isomorphism
V 5 A f flayed and

the module W has cyclic vector TEW

so that the map a x 1 gives an

isomorphism A W The composite
A W is the Fourier transform



This story extends straightforward
to the infinite setting when
the group C is replaced
with the circle s IRKED
In this case S1

Ta expial where
i da C 27 eigenfunctions

y x e2
T

Ly y
X J X X

W late
t

4k741g z fKCx y qf d
x x

where KG yp 8CxtytZ
so except for analytic
details the story is

the same It also

extends to the case

I



IR CE IR In fact
we can take for C

any locally compact
abelian

group
and this is just

the story of Pontryagin
duality

of course this example
is pretty trivial but

there are more interesting
where addition is

ones

non deterministic so

the kernel K x y z

actually has full support
One of the simplest
examples is the one of

son
egenbauer formula



Namely consider the

operator
at 0

The solution of the equation

Ly 424 such that 4,65 1

has the form

4 64 5 Xx

where

ca E.im E5 soe

Sonine

theorem The Gegenhauez formula
A

SJ JobyJoGzHdX KCx y z

where
t Z o



KK y z
1

where
FDG y

DCxig.H fxtyfxtyfxzyfy.TN
is the area of a

triangle with sides x y z

Here if there is ne

such triangle the

expression under the

square root is 0

and we should put
O

The Hole of Fourier
transform here is played
by the Fourier Bessel



y
transform
In fact this story

can be deformed we

can consider the

operator

The
41 Ex E
the solution of 44 54

with 463 1 is

4 1 7 52 xx

Note that

Jyz x t sin x

so for 2 42 this

specializes to the

previous Fourier story



restricted to even

furactions tote
the minus in front

of 2 in Kay Z

disappeared because we
now work with even functions and nodded out

the symmetry
2 This could

be further
deformed as follows

Consider the operator
Ktes

D xcx DG E Ot x

and consider solutions

4 4 of Ly Xy
with 4 61 1 which

solve a suitable
Sturm Liouville problem

There is a disisete
spectrum and



we have

2,4 414 ladyG
Kk y

where
I

KK yH
_m

ft Cx y Z

ft K y z xytxztyz
t

4 xyz
ttt x y z

As before if this

is negfive we are

supposed to put


































