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NotEtagof
Last time we discussed

the multiplication kernel

K Ca b c where a b c

belong to some n dimensional

variety X In our main

example X Bung is the

module space of G bundles
a curve C In this example
we also have Hecke

operators Hx X Efx
for KEC which commute



with each other and

with the integral operators

Ka ECM Eu defined

by the kernel Kalb d KlgbD

For G PGL2 C P1 and

4 parabolic points by
accident we have X E C

Ss

Where Xss is the semi stable

part of degree g
and

H Koc But in general
this cannot be so since

He is parameterized by
XEC while Ka by a EX
So how are these pictures
related



This question is answered

by a procedure called

separation of variables

due to E Sklyanin
The key geometric fact
behind separation of
variables is that we have

a birational isomorphism

1 Bundg IT Symnc
Eiteigerda

for G GLr here A dim Bund

genus of
the

spectral curve

This isomorphism can be

quantized which defines
an isomorphism S L2 Bunde E Symnd
Note The measure on Symnc is
NIT the product of some measures on

factors it includes a discriminant like
factor



which is a certain integral
transform This operator
has the property that it

maps eigenfunctions
of

Hecke operators 4
such that

HxY B 4

to the functions

p CyD pxyn
Sf ya yD Jstor yn a ffa da

Yi E C X

and

sq yes yntp.fm Glyn



So this integral transform
maps complicated functions
of several variables to

TX powers of a single
function of one variable
eigenvalue of the Hecke
operator In the genus 0
Case G PGLz this

kernel sty a is

known explicitly and
one can also write
a formula for the kernel

of the inverse operator
5 for which we have

5th r DXBD 4



Recall that y are

eigenfunctions of the

Gaudin Hamiltonians
So this allows us to

separate variables

in the Gaudin equations
which is why 5 is called

the Lguantum separation of

variablesmapf
Example G GL D

we identify
let g genus

C Then picozpied

Bundle Piece
hd oFd

In this case n g and

the birational isomorphism
1 Syms c T Pig C

is actually induced



by a map of the

bases the Abel Jacobi

map AT SymotC
Pied

xn x
g 06470 00kg3

which is a birational

isomorphism
As a

result the integral
transform S is simply

the change of variable

4 ya yg yfAJ yrs ygD

The Hecke operators in

this situations are just
shifts and their

eigenfunctionsare Fourier harmonics

which are characters Y ofX

Picot F



and we have

4 AJ yes yD

g a yg

4,101yd y yg

PIYA p tyg

whuepfyt y.CO y

This was extended to

GLz by V disinfeld
where S is much
more complicated

but

still can be constructed

using certain Radar

transforms



Now recall that

Kla 6,4 3,4614
16146

Applying S with respect to
a we get
K xn in b c

p.CM Bixby 4 6

which is the kernel

for the operator
Hxi H xn
S K a

Gn xu Hxi Hxn
So separation of variables
relates the multiple



cation kernel with

Heckeoperatorsy
We may

also apply
s to all 3 components

of Kla b c

Then we get
x3NGI.y7Ej kCE.y E

n n n

xD fzCxDpjyD BING.GS BED

If we can get an explicit
formula for this

function Kn.mn of 3N variables

arestill in business

have our multiplication
kernel although



how written in terms

of the curve Li e
on the spectral side

of the Langlands
correspondence For F R E

The function pix
is going to be a

solution of the

corresponding open

forG
One benefit of this is

that this function
of 3h variables can

be expressed in terms
of a simpler function



of 2nA variables

Kisii.in

IfsCx1R.lyd piynlBfzd
p.sEnl

Namely stzlk.n.nlx.IE

Hex a b is the

kernel of the Hecke

operator Hix
The function IT has

S h h

the following meaning
We have

Baloo P lyd pzlynl

IPKT.mn x.Yr ynfy zn fgED iBfZnd



In other words
while for 4 points on IP

dim Bun 1 we had

HxHy S Kla y f Hzdz
So the product of two
Hecke operators expresses
as a linear combination

of Heike operators
if dim Bun 1 this

is no longer so

But if dim Bun n

then the product of
Ntt Hecke operators
already expresses
via products of n



Hecke operators
HxHyi Hye

JI n nb4Yr it n zDHzi HzudE

tion in

symmetric monoidal
categories that corresponds
to this

Definition An Intl ncommutativealgebra in e is

an object it with a

map
M Sh V S V

such that

MCM D i V
n 2 5V is

Inez symmetric



Preposition If V is an

ntl n algebra then

S V is a usual

commutative associative

algebra
In our example

V is the space of functions
on C and

K i.mn defines a

structure of a

commutative Intl n algebra

on T

This gives a usual commutative
associative algebra structure
on Snu Fun Sym C



which we discussed
last time given by the

multiplication kernel K
Remark this is all modulo

analytic issues that need

to be addressed in each case

Upshot It is interesting
to find kernels

M X Yes syn 21 AD

which define a structure

of an ntl ul commutative

algebra For this they
must satisfy a quadraticcommutativity
eg Wion associativity axioms

Example Twisted



Langlands on IP with
nt3 parabolic points
G PGLz ta the the

I e we consider
n

Being the space of
bundles with trivializations

at te tn 13

Let B I EPGLz3

Then Bn 13 acts on

Buring freely

Being Bnt3 Bung

And we fix
Rr Rn 1,2 5 29 3 EILER



and define
Bung se

to be the space of
functions on BTung which

change according to

the character
by t of B

In this case we have the
usual story with

Hecke operators quantum
Hitchin etc
and the corresponding
opens with monodromy

having eigenvalues

exptpTxj near tj



are as follows

Dj ddxpddz slstn Ds.cn

Qp X x t XD

where Plock t.FI x ti

QE Efx degQEntl
interpolation polynomial

Qtti se P Cti
2

We have

ix G
0

For F E we need

B single valued

with leading coeff



of asymptotic 1 ata

For F IR we need

P to have appropriate
asymptotic at ti

assuming
ti EIR

e g p
n x ti

i x ti

yes or yes
n i

x

this can be said more

precisely but

there was no time in

the talk
In some sense this means

trivial monodromy
around the real locus gig
but this needs to be

taken with a big gain ofsalt



Theorem For this case

symmetric
KEY Poznan in all variables

fm
IlwEiwiieiItzlwi twiIYnd

with constraint

ti wit
w

Coca ti

P'Cti
a

Trick This can be reduced

to an ntl dimensional

integral by replacing

twist Wi by stritean

ways
a ten

que



after integration this

replacement becomes

legitimate
Examples n I 4 points
but with twisting by
Hr Nz Hz Rg the

Oper is the Darboux

operator on E Gta 27

I I kplkp DPE p.it
PEE N
of order 2

descended to E l Z

If all xi are 0

get KK y

for an explicit
Gig



polynomial ft but
this is a happy accident
In general this is a

double integral that

does not seem to

simplify
Ci e the answer is still
motivic but direct

image under a map

with fibers of dimension
n xD


