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INTRODUCTION

This paper is a conclusion of the series of papers [GLC1, GLC2, GLC3, GLC4], written jointly with
D. Arinkin, D. Beraldo, J. Campbell, L. Chen, J. Feergeman, K. Lin, and N. Rozenblyum.

In the preceding papers, we have constructed the Langlands functor
(0.1) ]LG : D-mod% (Bung) — IndCOhan(LSé),
and established many of its properties.

In this paper we will prove the geometric Langlands conjecture (GLC) by showing that L is an
equivalence.

This theorem confirms the original vision of Beilinson-Drinfeld, which was circulated by them in dis-
cussions of their work [BD]. A precise version of the conjecture was originally given in [AG, Conjecture
11.2.3]. The functor Le was constructed in [GLC1], and a version of GLC with this precise functor
included appears as [GLC1, Conjecture 1.6.7]. As discussed in [GLC1], the functor L¢ is the unique
possible equivalence that is compatible with the Whittaker and Eisenstein compatibilities of [Ga4].

0.1. What was done in previous papers? We begin with a short summary of the key points of
[GLC1, GLC2, GLC3, GLC4]. This material is discussed in greater detail in Sect. 1.

0.1.1. Recall from [GLCI1, Sect. 1.1] that D—mod%(Bunc) denotes the category of half-twisted D-

modules on Bung. This is the category that appears on the automorphic side of the (de Rham) version
of the geometric Langlands conjecture (GLC).

In [GLC1], we used the functor of Whittaker coefficient to construct the geometric Langlands functor

(0.2) Lg: D—mod% (Bung) — IndCohniip (LS&),

where the right hand side was defined in [AG]. This functor is linear with respect to the spectral action
of QCoh(LSx) on D—mod% (Bung) (see [GLC1, Sect. 1.2]). The geometric Langlands conjecture states

that Lg is an equivalence of categories.
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0.1.2. We proved in [GLC4, Theorem 1.6.2] (building on [FR] and [GLC3]) that the functor L¢ is
conservative. We also proved that L admits a left adjoint, to be denoted L%. Moreover, we proved that
the composition of the functor L and its left adjoint LE, which is an endofunctor of IndCohniip (LSe),
is given by tensoring by an object

Ac € QCoh(LSe).
This object Ag is naturally an associative algebra object in QCoh(LSx).

By Barr-Beck, we obtain an equivalence

D-mod%(Bung) =5 Ag-mod(IndCohnip (LS&))

o,

IndCohniip (LSe)

between D—mod% (Bung) and the category of Ag-modules in IndCohniip (LS).

Therefore, the geometric Langlands conjecture amounts to the assertion that the unit map
(0.3) Ovs, — Aa,
is an isomorphism in QCoh(LSx).
0.1.3. The main theorem of [GLC3] asserts that the restriction of the map (0.3) to the locus of reducible
local systems is an isomorphism.

Therefore, it remains to show that the map
0.4 Oy qirrea — A irred
(0.4) Lsizred clus izred

induced by (0.3), is an isomorphism.

0.1.4. The paper [GLC4] developed some structural features of Ag irred-
Namely, this work proves that
Ag,irred 1= AG|LsiG§red

is a classical vector bundle® that carries a flat connection. Moreover, this connection has finite mon-
odromy.

0.1.5. The above observations mark the starting point of the present paper.
0.2. What is done in this paper?

0.2.1. First, let us observe what needs to be done given the preliminaries above.

Let o be an irreducible G-local system. We need to show that the fiber Ag » of Ag at o is the unit
associative algebra.

As Ag,o-mod is the category Hecke,(D-mod(Bung)) of Hecke eigensheaves with eigenvalue o, the
above amounts to showing that there is a unique (up to tensoring with a vector space) Hecke eigensheaf
for each such o.

By the construction of the Langlands functor L¢, this amounts to two assertions, (i) the existence of
a Hecke eigensheaf for an irreducible spectral parameter o, and (4i) a multiplicity one theorem: we need
to show that cuspidal objects of D-mod(Bung) can be (uniquely) reconstructed from their Whittaker
coefficients.

1Here we are for simplicity assuming that G is semi-simple, i.e., that Zg ={1}.
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0.2.2. We now outline the argument presented in the paper.

For simplicity, we assume that G is simple (in particular, of adjoint type) and that the genus g is
at least 2; we also exclude the case when g = 2 and G = PGLs. The proof is based on the three
observations concerning the topology of LSlged, the algebraic geometry of LS, and the sheaf theory
of Bung:

e LSZ? is simply-connected (Theorem 4.3.2);

e LS is Cohen-Macaulay and the complement of LSiGYer has codimension > 2 (Corollary 5.3.3,
Proposition 5.3.5);
Vac,glob

e Endomorphisms of the vacuum Poincaré sheaf Poinc, € D-mod 1 (Bung) are just scalars
(Theorem 5.2.3).
We remind here that the vacuum Poincaré sheaf appears in characterizing the Langlands functor
Lg, cf. [GLC1, Sect. 1.4].
The last of these three results is the simplest to prove. But as we will see below, it is ultimately the
point most responsible for addressing the multiplicity one problem mentioned in Sect. 0.2.1.
0.2.3. The above three observations combine as follows.

The first observation combined with the features of Ag irred mentioned in Sect. 0.1.4 implies that
Ag irrea 1s isomorphic to the direct sum of several copies of the structure sheaf, i.e.,

®n
«AG,irred =~ oLsigred~
G

As (0.4) is a morphism of algebras, it suffices to show that n = 1.

0.2.4. The second observation, combined with the fact that (0.3) is an isomorphism on the reducible
locus, implies that

HO (D(LSg, Ag)) — H° (P(Lsgre%AG,imd))
is an isomorphism (see Sect. 5.5.2 for more details).

So, we obtain that
(0.5) dim (H° (D(LSg, Ag))) = dim (HO (F(Lsgred,ﬂg,irred))) -
= dim (HO (r(LS"ged, Ofgi”ed))) > n.
0.2.5. Finally, by the construction of L¢, we have
[(LSg, Ag) ~ endD_mod%(Bunc>(Poincg‘"jf).

The third observation implies that H® of the right-hand side is one-dimensional. Combined with
(0.5), this implies that n = 1, as desired.

Remark 0.2.6. The outline above uses a special feature of the de Rham setting. By contrast, Betti or
étale moduli stacks of local systems have infinite dimensional algebras of global functions, while the
de Rham moduli stack has very few global functions. For this reason, our strategy does not adapt to
either Betti or étale settings. In particular, the dimension count above carries no meaning in those
settings, and our overall strategy for controlling multiplicities does not adapt.

With that said, we remind that it was shown in [GLC1, Theorem 3.5.2] that the de Rham version
of GLC proved in this paper implies the Betti version.

0.2.7. Deficiencies. An awkward aspect of this paper is that the argument outlined above does not
apply in low genus. Namely, the three features mentioned in Sect. 0.2.2 break down when g < 1 (and
the first two also for g = 2 when G is of type A1).

Thus, the proof of GLC we give is not uniform across all reductive groups and genera.
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0.2.8. We treat the outlying cases as follows (still assuming that G is simple):
First, when g = 0, there is nothing to prove, as LSiC{,red is empty in this case.

Second, we recall from [GLC4, Theorem 1.8.2] that multiplicity one problems can be settled for
arbitrary genus and groups of type A,, using features of the geometry of opers, which is much easier to
understand in this case.

Thus, it remains to treat the case of g = 1 and a simple group of type different than A,. However,
in this case a theorem of [KS, BFM)] asserts that LS‘ng is again empty.

0.3. Complications stemming from a non-trivial center. This subsection can be skipped on the
first pass. That said, here we will point to a fun part of this paper: the 2-categorical Fourier-Mukai
transform.

0.3.1. In the outline in Sect. 0.2, we have assumed that G is of adjoint type. However, this case is
insufficient in order to deduce GLC for any reductive group G.

In fact, we prove (see Corollary 2.3.10) that GLC reduces to almost simple simply-connected groups.

In this subsection we indicate how the outline in Sect. 0.2 needs to me modified in order to treat
this case.

0.3.2. Assume that G is semi-simple. Then if G is not simply-connected, LSiC'{,'“Ed is not connected, nor
are its connected components simply-connected. In fact

WO(LSiged) ~ mo(Bung) ~ (ZG)V_
We denote this bijection by
0 () — LSS,
where LSiéfzd is a connected component of LSigfred.

Moreover, each connected component of LSiC{Ver has abelian fundamental group, and its characters
are in bijection with Bunz,. We denote this bijection by

(?ZG € BunZG) ~ [’U’ZG7

where L?zc is a 1-dimensional local system.

0.3.3.  With this understood, it is not difficult to adapt the proof explained in Sect. 0.2, modulo the
following issue:

We need to know that:

o The functor Lg sends the direct summand of D—mod% (Bung) on which the action of Zg by
automorphisms of the identity functor is given by « to the direct summand of IndCohiip (LS )

okl irred
consisting of sheaves supported on LSG’Q .

e The functor L¢ intertwines the automorphism of D-mod 1 (Bung) given by translation by Pz,
with the automorphism of IndCohnip (LS¢;) given by tensor product with Lz, .

0.3.4. The above two properties can be formulated purely on the geometric side, in terms of the
spectral action of QCoh(LSx) on D—mod% (Bung), see Theorems 5.1.5 and 5.1.7, respectively.

The proofs of these two theorems involve a fun manipulation (that appears to be new) with the
2-categorical Fourier-Mukai transform.
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0.3.5. The 2-categorical Fourier-Mukai transform in the case at hand is an equivalence of 2-categories
between sheaves of categories over the 2-stacks Gez (X) and Ge,, (&) (X), which classify gerbes on X

with respect to Z¢ and m1(G), respectively.
In turns out that one can upgrade D-mod% (Bung) to a sheaf of categories over Gez, (X) and over
Ge,, () (X), and the assertion is that the resulting two sheaves of categories map to one another under

the 2-categorical Fourier-Mukai transform. Per Remark 8.1.5, the prestacks Gez (X) and Ge,, () (X)
are not 1-affine, so it is essential to work with sheaves of categories here.

The above assertion implies the two properties mentioned in Sect. 0.3.3. But in fact it carries much
more information. For example, it contains the answer to the following question:

What the spectral side of GLC, when on the automorphic side instead of the usual Bung, we consider
the stack of bundles with respect to a non-pure inner form of G (i.e., a twist by a Gag-torsor, which
does not come from a G-torsor)?

It turns out that the answer is the twist of (the usual) IndCohniip(LSs) by a gerbe on LS that is
attached to the Gaq-torsor in question.

0.4. What is not done in this paper?

0.4.1. First, there are a number of nearby problems that we do not consider and do not know how to
solve. Here are some:

Geometric Langlands with Iwahori ramification.

Quantum geometric Langlands.

Local geometric Langlands with wild ramification.

Global geometric Langlands with wild ramification.

Restricted geometric Langlands for ¢-adic sheaves (for curves in positive characteristic).
Geometric Langlands for Fargues-Fontaine curves.

0.4.2. Moreover, even in the (global, untwisted, unramified, de Rham) setting of the present paper, we
feel there is more to understand. The tricks indicated in Sect. 0.2 analyze automorphic sheaves via
their shadows (specifically, the core part of the argument uses a dimension count). In the remainder of
this subsection, we indicate questions and projects that might let us observe them more directly.

0.4.3. As in Sect. 0.2.1, we need to be able to recover cuspidal D-modules — or equivalently: eigen-
sheaves with irreducible spectral parameters — from their Whittaker coefficients. This can be stated
more formally either as showing that the composition

Coeffvac’glob

(0.6) D-mod (Bung)eusp C D-mod; (Bung) —C%  Whit(Grg,Ran)
is fully faithful, or showing that the functor of vacuum Whittaker coefficient
coeﬂvac’gIOb
Hecke, (D—mod% (Bung)) — D—mod% (Bung) —%—— Vect
is an equivalence for any irreducible local system o.

For G = GL,, (or a quotient thereof), the mirabolic trick suffices to prove this result; see [Bel] for a
strong version of this assertion. We remind that a similar assertion holds at the level of automorphic
functions, although in the arithmetic setup, such assertions are not valid for more general reductive
groups.

A posteriori, the same statement for general G follows from the results of the present paper. But
one can imagine tackling this statement more directly.

Below we record some possible strategies that we know have been discussed previously in the geo-
metric Langlands community. We allow ourselves more informality in this discussion than elsewhere in
this text.
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0.4.4. Proof via contractibility of opers? Recall that Ag € QCoh(LSs) was defined using sheaves on
Bung, i.e., it crosses the barrier between G and G — as should be no surprise.

However, one key point of [GLC4] is that there is an alternative construction of A irrea purely in G
(i.e., spectral) terms: this sheaf is the relative homology of the space of rational opers (with irreducible
underlying local system). Equivalently, for irreducible o, the fiber Ag,, can be identified with homology
of the space of generic oper structures on o.

Therefore, as recorded in [GLC4, Conjecture 4.5.7], it suffices to show that this space of generic oper
structures is contractible. Note that one piece of this assertion — namely, that this space is non-empty
—is a theorem of D. Arinkin, [Ari].

The contractibility assertion is easy for G = GLy, and has recently been established in [BKS] for
all classical groups. So this provides a uniform proof of GLC for classical groups, see [GLC4, Theorem
4.5.11].

The contractibility assertion for general GG follows a posteriori from the results of this paper. But
conceivably, one could find an a priori proof of this assertion for a general G that would yield a more
satisfying conclusion to the geometric Langlands conjecture.

We remark that in [GLC4, Corollary 4.5.5], we showed that the space of generic oper structures
on o has vanishing homology in positive degrees, so it only remains to show that it is connected. In
fact, as Ag,irrea 18 @ vector bundle, it suffices to check this for a single irreducible local system o (per
connected component of LSiC{,“d).

0.4.5. Proof via microlocal sheaf theory? To date, the most successful geometric approach to studying
Whittaker coefficients of automorphic sheaves for general reductive groups is [FR], where it was shown
that the functor (0.6) is conservative. One could try extending the techniques of [FR] to obtain a
geometric proof of fully faithfulness. Here we briefly fantasize about one possible form this idea might
take.

First, [FR] works primarily in the setting of sheaves with nilpotent singular support as in [AGKRRV1].
One key point of [FR] is the picture that the vacuum Whittaker coefficient is the microstalk at the
basepoint of the global nilpotent cone Nilp, a picture that was then realized in a better and more
precise form in [NT].

On the one hand, by [Wa], there is a category uPerv(T™(Bung)) of microsheaves supported on

T*(Bung) and a subcategory uPervip (T (Bung)) of microsheaves supported on the nilpotent cone.
Moreover, there is a fully faithful microlocalization functor Pervip(Bung) — p Perviip (77 (Bung)).

For Nilp C Nilp the open of generically regular nilpotent Higgs fields, [FR, Theorem G| morally says
that the composition

Pervnilp (Bung)temp — Pervip (Bung) — p Pervyi, (T (Bung)) — /,cPerVNp1 (T*(Bung))

ilp
remains fully faithful.

On the other hand, one can dream of a strengthening of [NT] that expresses all Whittaker coefficients
from the microlocalization to pLPerng,l (T*(Bung)), with this microlocal functor being fully faithful
ilp

for some natural geometric reasons.

This would also yield another resolution to the geometric Langlands conjecture, and one that might
teach us more than the present paper does.

0.4.6. Proof via Verlinde gluing? By [GLC1, Theorem 3.5.6], we can deduce the de Rham geometric
Langlands conjecture from its Betti counterpart [BZN].

As in [BZN] Sect. 4.6, a better understanding of the automorphic side of Betti Langlands could allow
one to glue Shv]ief\fillp(Bung) via degeneration to a nodal curve, using Bezrukavnikov-style equivalences
3,

as local input. As we understand, there is active and on-going work of D. Nadler and Z. Yun in this
direction.
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0.4.7. Proof via arithmetic? Suppose for simplicity that G is adjoint and the genus is at least 2, so that
LSIC{,red is connected.

Recall that Ag|;girrea is a vector bundle. As mentioned in Sect. 0.4.4, it follows that Ag|}girrea has
one-dimensional fibers if it has a one-dimensional fiber at any point. This in turn should reduce by
specialization to a statement in characteristic p. Using the intimate relationship between geometric
and arithmetic Langlands established in [AGKRRV?2], one should be able to reduce de Rham geometric
Langlands to a suitable multiplicity one statement for essentially any class of unramified cusp forms
(equipped with the action of V. Lafforgue’s excursion operators).

With that said, we are not aware of any such arithmetic results for general reductive groups.

0.4.8. Proof via... something else? We do not intend to represent the above as an exhaustive summary
of discussions that have occurred. More seriously, we anticipate future innovations whose form we do
not yet know.

0.5. Contents.

0.5.1. Let us briefly review the actual contents of this paper.
In Sect. 1 we summarize the results of [GLC1, GLC2, GLC3, GLC4] that will be used in this paper.

In Sect. 2 we show that it is sufficient to prove GLC in the special case when the group G is almost
simple and simply-connected.

In Sect. 3 we prove GLC when the genus g of our curve is either 0 or 1.

In Sect. 4 we express the fundamental groupoid of LSiC’;red in terms of Zg. (In particular, we show
that if G is simple, then LSiGEred is connected and simply-connected, under the assumption that g > 2,
and excluding the case g = 2 and G = PGLs.)

In Sect. 5 we prove GLC for curves of genus > 2, essentially elaborating on the outline in Sect. 0.2.
Here we also state some further results whose proofs are given in later sections.

In Sect. 6 we calculate (in the case g > 2) endomorphisms of the vacuum Poincaré object, and show
that they consist essentially only of scalars.

In Sect. 7 we prove the properties concerning algebraic geometry and topology of the stacks Bung
and LS.

In Sect. 8 we introduce the 2-categorical Fourier-Mukai transform and use it establish the compati-
bility between the action of Bunz, on D-mod% (Bung) and the spectral action. This material is used
to adapt the discussion of Sect. 0.2 to the case when G is not of adjoint type. As a byproduct, we
obtain a version of geometric Langlands for non-pure inner twists of G.

0.5.2. Conventions and notation. This paper follows the conventions and notation of the [GLC1, GLC2,
GLC3, GLC4] series.
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1. SUMMARY OF THE PRECEDING RESULTS

In this section we summarize the results from [GLC1, GLC2, GLC3, GLC4]| that will be used in the
present paper for the proof of GLC.

1.1. The Langlands functor and its categorical properties.

1.1.1. In [GLCI, Sect. 1], we have constructed a functor

L¢ : D—mod% (Bung) — IndCohniip (LSx).

It satisfies the following properties:

e The functor Lg admits a left adjoint L&, see [GLC3, Theorem 16.1.2];
e The functor L¢ is conservative, see [GLC4, Theorem 1.6.2].

1.1.2.  The geometric Langlands conjecture (GLC) says:

Conjecture 1.1.3. The functor Lg is an equivalence.

1.1.4. By the above, Conjecture 1.1.3 is equivalent to the fact that the unit of the adjunction
(1.1) IdtndCohyyy (L8 ) — La 0 L&

is an isomorphism.
1.2. Spectral properties.

1.2.1. Recall that the Hecke action gives rise to an action of the monoidal category QCoh(LSx) on
D—mod% (Bung), see [GLC1, Sect. 1.2].

The functor Lg has the following features with respect to this action:

e The functor Lg is QCoh(LS)-linear, i.e., it intertwines the actions of QCoh(LSx) on the two
sides, see [GLC1, Sect. 1.7]. As QCoh(LSx) is rigid monoidal, this implies that the functor
L is also QCoh(LSg)-linear;

e The QCoh(LS5)-linear monad Lg o L% on IndCohni, (LS) is given by a (uniquely defined)
associative algebra object

Ac € QCoh(LSx),
see [GLC3, Theorem 16.4.2].
1.2.2. The unit map
(1.2) Ous, — Ac

for the associative algebra A in QCoh(LSs) gives rise to the map (1.1). Therefore, to see that (1.1) is
an isomorphism of functors, it suffices to show that (1.2) is an isomorphism of quasi-coherent sheaves.

1.3. Restriction to the irreducible locus.
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1.3.1. Let
d
LSrG? C LS@
be the closed substack consisting of reducible local systems, i.e., the union of the images of the (proper)
maps
LSP — LSG,
where P C G are proper parabolics of G.

Let
Lsired < LS,
denote the embedding of the complement to LSYC‘;d, ie., Lngd is the open substack of irreducible local
systems.

1.3.2. Let
(1.3) QCoh(LSg)rea C QCoh(LSy)

be the full subcategory consisting of objects set-theoretically supported on LSrG?d7 ie.,

QCoh(LS¢)rea = ker (]* : QCoh(LSg) — QCOh(LSiéred)) '

The above faithful embedding (1.3) admits a right adjoint, denoted 7'. Explicitly,
7' ~ Fib(Id — . 0 7" (—)).

1.3.3. The following is the main result of [GLC3] (it is equivalent to Theorem 17.1.2 in loc. cit., see
Sect. 17.3.3):

e The map f(OLsc) — 7'(Ag) induced by (1.2) is an isomorphism.

1.3.4. Set
Ac irred = 7" (Ag).
Given the isomorphism in Sect. 1.3.3, we obtain that the fact that (1.2) is an isomorphism (and
hence, the statement of GLC) is equivalent to the fact that the map

(14) OLSiéred — AG,irredy
induced by (1.2) is an isomorphism.
1.4. Properties of Ag irred-

1.4.1. In this subsection we will assume that G is semi-simple. In this case LSiéreCl is a classical smooth
algebraic stack.

1.4.2. The following property of Agirrea is one of the two main results of the paper [GLCA4], see
Theorem 3.1.8 in loc. cit.:

e The object Ag irred € QCOh(LSgred) is a vector bundle (in particular, it is concentrated in
cohomological degree 0);

1.4.3. In addition, we have:
e The object Ag,irrea is canonically of the form oblv!(F), where F € D-mod(LS¥?) and
oblv' : D-mod(LSE*") — QCoh(LSE?)
denotes the “left” forgetful functor. This is [GLC4, Corollary 4.2.5].

e The above object F is a local system with a finite monodromy (in particular, it is concentrated
in cohomological degree 0). This is [GLC4, Proposition 4.2.8].
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2. REDUCTION TO THE CASE WHEN (G IS ALMOST SIMPLE AND SIMPLY-CONNECTED

For a number of technical reasons,? in the main argument in the proof of GLC, we will need to
assume that the group G is almost simple and simply-connected. In this section we will perform a
reduction to this case.

2.1. Compatibility between Langlands functors.

2.1.1. Let G1 and G2 be a pair of reductive groups, and let
¢:G1 — Ga
be an almost isogeny, i.e., a map that induces an isogeny of their derived groups.
By a slight abuse of notation we will denote by the same symbol ¢ the induced map

Bung, — Bung, .

2.1.2. The map ¢ induces a map

¢ Gy — Gy.
By a slight abuse of notation, we will denote by the same symbol ¢¥ the induced map
LSs, — LSq, -
2.1.3. Note that the functor
(2.1) ¢ : D-mod (Bung, ) — D-mod, (Bung, )

is linear with respect to the action of Rep(Gv’l)Ram7 where the action on D—mod%(BunGQ) is via the
functor
Rep(G1)ran — Rep(G2)ran,

given by restriction along ¢".
Hence, (2.1) is QCoh(LSg, )-linear, where the action on D-mod (Bung,) is via
(¢")" : QCoh(LS¢,) — QCoh(LS,).
2.1.4. Note also that the functor
(¢¥)49°" : IndCoh(LSg, ) — IndCoh(LSg, )

sends
IHdCOhNilp (LSGQ ) — IndCOhNilp (LSGl ) .

This follows, e.g., from [AG, Proposition 7.1.3(b)].
2.1.5. We will prove:
Proposition 2.1.6. The following diagram of functors commutes
D-mod (Bung, ) i N IndCohuiip (LSg, )
(2.2) ¢‘T (aﬁv)i“dC““T
D-mod (Bung,) — <2 IndCohnip(LSg, ).
Moreover, this datum of commutativity is compatible with the action of QCoh(LSs, ).

2.2. Proof of Proposition 2.1.6.

20ne reason is not very serious: if G has a center of positive dimension, the stack LSié‘"ed is not smooth, which is a
silly annoyance. The more serious reason is that when g = 2 we will need to assume that G has no factors of A; in its
Dynkin diagram, see the preamble to Sect. 5.5.
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2.2.1. First, we can factor ¢ as
/ 17
Gl £> Gl X Zg;Z ¢—) Gz.
The proposition evidently holds for ¢’. Hence, it is sufficient to prove it for ¢”. Thus, we can assume
that our ¢ is surjective.

2.2.2.  When ¢ is surjective, we factor it as

Gl f> Gl/ker(¢)0 ¢—) C:z7
so that the kernel of ¢ is a connected torus, and ¢” is an actual isogeny.
The case of a surjection with kernel being a connected torus will be analyzed explicitly in Sect. 2.4.2.

Hence, it is enough to prove Proposition 2.1.6 for ¢ being an isogeny (this assumption will be used
in one place in the course of the proof, namely, in Sect. 2.2.4).

2.2.3. First, we claim that it is sufficient show that the outer square in the following diagram commutes:
D-mod (Bung; ) e, IndCohip(LSg,) ——— QCoh(LSs,)
(2.3) ¢>!T (¢V>*T <¢V)*T
D-mod (Bung,) — <2 IndCohxinp(LSg,) —— QCoh(LSq,).
where the horizontal composite functors are
L, coarse and La, coarse,

respectively (see [GLC1, Sect. 1.4]).

Indeed, suppose that (2.3) commutes, and let us show that this uniquely upgrades to the commuta-
tion of (2.2).

2.2.4. Tt is enough to show that the two circuits in (2.2) are isomorphic when restricted to the sub-
category of compact objects in D—mod% (Bung,). Since the functor

IndCohyinp (LS, ) — QCoh (LS, )

is fully faithful on
IndCohniip (LS, )™~ C IndCohnip (LSg, ),

it suffices to show that both circuits in (2.2), when restricted to

D-mod (Bung, )¢ C D-mod (Bung,)
map to IndCohniip (LS, )
By [GLC1, Theorem 1.6.2], the functors L¢; coarse send
D-mod; (Bung, )" — IndCohnip (LS¢,)” ™,
i=1,2.

The statement about the counterclockwise circuit follows now because the functor (¢"). has finite
cohomological amplitude.

The statement for the clockwise circuit follows similarly: indeed since ¢ : Gi — G2 is an isogeny,
the map
¢ : Bung, — Bung,
is étale, and hence the functor
¢ : D-mod% (Bung,) — D—mod% (Bung,)

preserves compactness.
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2.2.5. The same argument implies the following:

Once we prove that the outer circuit in (2.3) commutes as a diagram of QCoh(LSs, )-module cat-
egories, it would follow that its restriction to compact objects commutes as a diagram of Perf(LSg, )-
module categories, so the resulting left commuting square in (2.3) is one of Perf(LSs, )-module cate-
gories, and hence of Ind(Perf(LSy, )) ~ QCoh(LS, )-module categories.

2.2.6. Let us now prove the commutativity of

LGI ,coarse

D-mod (Bung, ) QCoh(LSg,)
(2.4) ﬂ (MJ
LGy, coarse
D—mod% (Bung2 ) QCOh(LSG2 )

It will follow from the construction that the data of commutativity is compatible with the Hecke
action of Rep(G1)ran, and hence also of QCoh(LSél)A

2.2.7. Since the functor
I'Z* : QCoh(LSg,) — Rep(G1)Ran

is fully faithful, it suffices to show that the outer square in the concatenation of (2.4) with the commu-
tative diagram

QCoh(LS¢g,) — Rep(G1)ran
(25) (d’v)*]\ Tco[nd¢v
QCoh(LSg,) —— Rep(G2)ran

commutes, where
colnd?” : Rep(G2) — Rep(Gh)

is the functor of co-induction, i.e., the right adjoint to the functor
Res?” Rep(G1) — Rep(Ga).
2.2.8. Note that pullback with respect to the map
¢ : Grg, — Grg,

induces a functor
¢ : Whit(Ga) — Whit(Gy).

It is easy to see that the following diagram commutes:
. Csg, .
Whit(G1) ———— Rep(Gh)

¢!T Tcolnd‘bv

i CSa, .
Whit(G2) —— Rep(Ga).

Combining this with the commutative diagrams [GLC2, Equation (18.4)]

Whit(Gi)Ran _— Rep(éi)Ran
coeffg, [26NP(WX)]T TFSGP:C
]LG’v,course
D-mod% (Bung;,) : QCOh(LSéi)
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for ¢« = 1,2, we obtain that the required commutativity is equivalent to the commutativity of

coeff g,

D-mod% (Bung,) ——— Whit(G1)ran

(2.6) ¢’T ch!

coeff
D-mod (Bung,) %2, Whit(G2)Ran.

2.2.9. Passing to left adjoints, the commutativity of (2.6) is equivalent to the commutativity of

Poincg, 1

D-mod% (Bung, ) Whit(G1)Rran
] l ld’!
PoincG2 | .
D—mod% (Bung,) Whit(G2)Rran,

while the latter is tautological.
O[Proposition 2.1.6]

2.3. Changing the group.

2.3.1. Passing to left adjoint functors in (2.2), we obtain a commutative diagram

]LL
D-mod} (Bung, ) «——— TndCohi(LSg, )

4)!1 l(¢v)*
L,
D—mod%(BunGQ) +——— IndCohniip (LSg, ),

compatible with the action of QCoh(LSs, ). Tensoring up, we obtain a commutative diagram

L

L
QCoh(LSg,) ~ ®  D-mody(Bung,) «——— QCoh(LSg,) ~ ®  TIndCohip(LSg,)

QCoh(LSg, ) QCoh(LSg,)
(2.7) l l
JL(L;2
D—mod% (Bung,) — IndCohilp (LSe, )-

2.3.2. We claim:
Proposition 2.3.3. The functor

QCOh(LSC‘;2 ) [024] IndCohNﬂp (LSG'1 ) — IndCOhNilp(LSGz)
QCoh(Lsél)

is an equivalence.

Indeed, this is particular case (extended to stacks in a straightforward way) of [AG, Corollary 7.6.2].
In Sect. 2.4, we will prove:

Theorem 2.3.4. The functor

(2.8) QCoh(LS¢,) ® D-mod 1 (Bung, ) — D-mod1 (Bung,)
QCoh(LSg,) 2 3

is an equivalence.
2.3.5. Combining Proposition 2.3.3 and Theorem 2.3.4, we obtain:

Corollary 2.3.6. Suppose that the functor Lg, is an equivalence. Then so is La,.
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2.3.7. For a given reductive group G, take G2 = G, and let GG; := G be the simply-connected cover
of its derived group. Let ¢ be the canonical map

Gse = G.
As a particular case of Corollary 2.3.6, we obtain:
Corollary 2.3.8. If GLC holds for Gsc, then it also holds for G.
2.3.9. Let G = G1 x G2. We have
Bung ~ Bung, x Bung,,

and hence
D-mod (Bung) ~ D-mod (Bung,) ® D-mod (Bung,).
We also have:
G ~ Gl X Gz,
and hence
LS@ ~ LS@l X LS@2,
so that
IndCOhNilp(LSG) ~ IndCOhan(LSGl) X IndCOhNilp (LSGQ)

It is clear that under the above identifications,
Lo ~ ]LGl ® ]LGQ.
Combining with Corollary 2.3.8, we obtain:

Corollary 2.3.10. If GLC holds for all G that are almost simple and simply-connected, then it holds
for any reductive G.

2.4. Proof of Theorem 2.3.4.

2.4.1. We will distinguish two special types of homomorphisms ¢:
Type A: ¢ is injective;
Type B: ¢ is surjective with a connected kernel.
Note that any ¢ can be factored as a composition
G1 — G = G4 — Ga,
where:

e The homomorphisms G1 — G} and G5 — G2 are of type B;
e G — GY is of type A.

So, it is enough to prove Theorem 2.3.4 for ¢ of each of the above two types separately.

2.4.2. Proof for type B. Set
T := ker(¢).

(In this subsection T is just a torus, i.e., it is not the Cartan subgroup of either G1 or G.)

We have an action of Bunr on Bung,, and

(2.9) Bung, ~ Bung, /Bunr .
We also have a projection
LSC';1 — LST,
and
(2.10) LSg, ~pt x LSs,
LS4

where pt — LS4 is the unit point.
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From (2.9) we obtain that the naturally defined functor
(2.11) Vect ® D—mod% (Bung,) — D—mod% (Bung,)

D-mod(Buny)
is an equivalence, where:
e D-mod(Bunr) acts on D-mod (Bung, ) by !-convolution;
e The functor D-mod(Bunr) — Vect is cohomology with compact supports.

From (2.10) we obtain:

QCoh(LSg,) =~ Vect ®  QCoh(LSg, ),
QCoh(LS#)

and hence

QCoh(LSg,) ® D-mod1 (Bung, )
QCoh(LSg, ) 2

can be rewritten as

Vect X D-mod 1 (Bung1 )
QCoh(LS+) 2

However, by Fourier-Mukai (i.e., GLC for tori)
QCoh(LS5) £ D-mod(Bunr).
Hence, we obtain
QCoh(LSg, ) ® D-modi (Bung,) ~ Vect ®  D-modi (Bung,) =
QCoh(LSg, ) 2 QCoh(LS;) 2
(2.11)
~ Vect ® D-modi1 (Bung,) =~ D-modi(Bung,).
D-mod(Bunr) 2 2
This is the desired equivalence (2.8).
2.4.3. Proof for type A. First, replacing G1 by its derived group, we obtain that it is enough to consider
the case when G is semi-simple, which we will from now on assume.
Denote by T the cokernel of ¢, and denote by 1 the projection

Bung, — Bunr.

!
Consider D-mod(Bunr) as a (symmetric) monoidal category with respect to the pointwise ® tensor
!
product, and let it act on D-mod% (Bung,) via ¥'(=) @ (—).
Denote

(2.12) D-mod (Bung, ) := Vect ® D-mod (Bung,),

D-mod(Bunr)
where D-mod(Buny) — Vect is the functor of !-fiber at the unit point.

The functor ¢' naturally factors as
D-mod (Bung,) — D-mod (Bung, )’ @) D-mod (Bung, ),

and it is easy to see that the functor (¢>!)’ is fully faithful. In fact, its essential image is a direct
summand in D—mod% (Bung, ), described as follows:

Note that the group Zg, (which is finite, due to the assumption that G is semi-simple) acts by
automorphisms of the identity functor of D-mod 1 (Bung, ). Hence, the category D-mod 1 (Bung, ) splits
as a direct sum according to characters of Zg,:

D—mod% (Bung,) = @& D—mod% (Bung, )a-

a€(Zg,)V
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Now,
D-mod% (Bung,) = @ D-mod% (Bung, )a,
[e3
where a runs over the subset consisting of those characters that vanish on the subgroup

ker(Za, — Za,/Z&,)-

The functor ¢, factors as

D—mod% (Bung, ) — D—mod% (Bung, )’ @ D—mod% (Bung, ),

where the first arrow is the corresponding orthogonal projection.

2.4.4. Consider the map
¢" :LSg, — LS¢, -
Let
(2.13) LSy, C LSg,

be the union of connected components that lie in the essential image of ¢". The following assertion is
a particular case of Theorem 5.1.5 below:

Proposition 2.4.5. The full subcategory
D-mod% (Bung, )’ C D-mod% (Bung, )

equals

QCoh(LS'G1 ) ® D-mod1 (Bung, ).
QCoh(LSg,) 2

Let us assume this proposition and proceed with the proof of Case A of Theorem 2.3.4. We obtain
that the functor (2.8) is an equivalence if and only if the functor

(2.14) QCoh(LS¢,) ® D-mod; (Bung, )’ — D-mod; (Bung,),
QCoh(Ls’Gl) 2 2

induced by (¢)’, is an equivalence.

2.4.6. Consider QCoh(LS}) as a monoidal category with respect to convolution. As such, it acts on
QCoh(LS, ) via the map
¢” 1 LSy — LSq, .

Note that using the Fourier-Mukai equivalence (i.e., GLC for tori)
QCoh(LS;) = D-mod(Bunr),
we can rewrite D-mod (Bung, )’ as

Vect ® D-mod1 (Bung,),
QCoh(LS ;) 2

where the functor QCoh(LS4) — Vect is I'(LS#, —).
2.4.7. Note the action of QCoh(LSs,) on D—mod%(BunGQ) is compatible with the actions of

QCoh(LS#) on both. Thus, (2.14) can be rewritten as the special case (for C := D—mod% (Bung,)) of
the functor

(2.15) QCoh(LSg, ) ® Veet ® C| —=C,
QCoh(LSY, ) QCoh(LS )

defined for a DG category C, equipped with an action of QCoh(LSs,) and a compatible action of
QCoh(LSy).
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2.4.8. We claim that (2.15) is an equivalence for any such C. Indeed, let Y be an algebraic stack with
an affine diagonal, and let

Y—1Y
be a torsor with respect to a group-stack T, also with an affine diagonal.

Assume that both Y and T are quasi-compact, locally almost of finite type and eventually coconnec-
tive (so that [Ga3, Theorem 2.2.6] is applicable).

Then the 2-category of DG categories tensored over QCoh(g) and equipped with a compatible action
of QCoh(7) is equivalent to the 2-category of DG categories tensored over QCoh(Y), with the mutually
inverse equivalences being

C—Vect ® C
QCoh(T)

and

D+ QCoh(Y) ® D.
QCoh(Y)

O[Theorem 2.3.4]

3. LOW GENUS CASES

The device that we use to prove the GLC breaks down when X has genus 0 or 1. In this section,
we treat these cases separately. We highlight the key role played by the main results of [GLC3] and
[GLC4] in this material.

3.1. What do we need to prove? According to Sect. 1.3.4, in order to prove GLC, we need to prove
that the map (1.4) is an isomorphism.

We will show that this is automatic when X has low genus.

3.2. The case of g = 0. Note that for a curve of genus 0, we have LS™*4(X) = (J, so that (1.4) holds
trivially.

3.3. The case g = 1.

3.3.1.  According to Corollary 2.3.10, we can assume that G is almost simple and simply-connected.
We will separate two cases:

(a) G=SLy;
(b) G # SLy,.

3.3.2. In case (a), the dual group G is isomorphic to PGL,. In this case, [GLC4, Conjecture 4.5.7] is
known (in fact, it is a trivial particular case of [BKS]).?

This implies GLC by [GLC4, Corollary 4.5.5].
3.3.3. Note that this proof covers the case of G = SL,, for any genus.

3.3.4. We now consider case (b).

Proposition 3.3.5 ([KS], [BFM]). Let G be an adjoint group different from PGL,. Then for a curve
of genus 1, we have LSE™d = (.

From the proposition, we obtain that (1.4) holds trivially in this case.
3Fix an irreducible PGL,, local system o, and choose its generic lift to an SL,-local system; denote the underlying

vector bundle by €. Then the space of generic oper structures on o is isomorphic to the space of generically defined
line subbundles in &, and this space is known to be homologically contractible by [Ga5].
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3.3.6. Proof of Proposition 3.3.5. Appealing to Riemann-Hilbert, it is enough to show that a Riemann
surface X of genus 1 does not admit irreducible (Betti) Ge-local systems.

A Gc-local system o on X is given by a pair of commuting elements
g1, 92 € Ge.

Consider the subgroup
Zg(gl,gz) ~ Aut, .

A standard argument shows that if o is irreducible then (in any genus) the Lie algebra of Aut, is
zero. Hence, Zg(g1, g2) is finite.

Since g1 and g2 commute, the subgroup that they generate is contained in Zg(g1,g2), and hence is
itself finite. Hence, the pair (g1, g2) is contained in a compact form K of G¢.

However, now [BFM, Proposition 4.1.1]* implies that K ~ PSU,, for some n; hence G ~ PGL,,.
O[Proposition 3.3.5]

4. CALCULATION OF THE FUNDAMENTAL GROUP

In this section we let G be a semi-simple group.

One of the key parts of the argument in the proof of GLC is that® the fundamental group of the
stack LS is small (outside a few exceptional cases).

For example, if G is adjoint (in which case G is simply-connected), the stack LSEred is also simply-
connected. The reader may choose to focus on this case on the first pass.

For a general GG, we will show that the fundamental group of LSiC’«;’Fed is controlled by the finite group
Za.

We remark that the arguments in this section are of de Rham nature. It would be nice to also have
a direct topological proof of Theorem 4.3.2 in its Betti incarnation.

4.1. The fundamental groupoid of Bung.

4.1.1. Let 8 be a connective spectrum. We can regard it as a constant prestack, and we let Sc¢ be its
étale sheafification.
For example, if § = B(T"), where T is a finite abelian group, then B(I')¢s is the étale stack pt /T
4.1.2. Consider the tautological map
G — pt /m(G),
where 71 (G) denotes the étale fundamental group of G.

The above map induces a map
pt /G —= B*(m1(G))er,
and hence to a map
(4.1) Bung = Maps(X, pt /G) — Maps(X, B*(11(G))et) =: Ge,, &) (X),
where Maps(—, —) denoted the prestack of maps.

Remark 4.1.3. The map (4.1) means that to a G-bundle we can canonically associate an étale w1 (G)-
gerbe. Namely, this is the gerbe of étale-local lifts of our bundle to the simply-connected cover of

G.

4A related result is established also in [KS].
5Under the assumption that g > 2 (and if g = 2, the Dynkin diagram of G has no A; factors).



20 DENNIS GAITSGORY AND SAM RASKIN

4.1.4. Note that we can think of Ge,, (&) (X) also as
B*(C/(X, m1(G)))et,

where C' (X, m1(G)) is the spectrum of étale cochains on X with coefficients in 1 (G).

Accordingly, the (2)-stack Ge, () (X) splits into connected components indexed by H*(X,m(Q®)).
The neutral connected component is canonically isomorphic to

B(Bunm (G) )et .
4.1.5. We will prove:
Proposition 4.1.6. The map (4.1) defines an isomorphism of T<1 truncations of étale homotopy types.

The concrete meaning of this proposition is that the map (4.1) defines a bijection on the sets of
connected components, and on each connected component an isomorphism of étale fundamental groups.

The proof will be given in Sect. 7.1.

4.2. Line bundles on Bungs. We will now use the map (4.1) to construct line bundles on Bung
starting from Zg-torsors. This will be part of a more general construction, which will be extensively
used in Sect. 8.

4.2.1. Note that we have a canonical identification
(4.2) m(G) = (Za)" (1),
where (—)" denotes Cartier duality and (1) denotes the Tate twist.
4.2.2. Combining (4.2) with Verdier duality
C'(X, Zc)" = B* (C'(X,(Za)" (1)),

we obtain an identification

(4.3) C (X, Za)" ~ B*(C'(X,m(G))),

and in particular a bilinear pairing

(4.4) B*(C'(X, Za)) x B*(C'(X,m(G))) = B*(pteo)-
4.2.3.  After étale sheafification, from (4.4) we obtain a bilinear pairing
(4.5) Gezg (X) x Ge, (&)(X) = Gep, (P),
where

Gepuoe (Pt) := B (100 e
4.2.4. Looping (4.5) along the first factor, we obtain a pairing®
(4.6) Bunzg % Ger, (@) (X) = B(ttos)et — Dt /G-
In particular, we obtain that a point
Pzy € Bungz,
gives rise to a canonically defined poo-torsor, to be denoted
Loy
on Ge,, (@ (X).

The fact that (4.4) is a perfect pairing implies that every poo-torsor on every connected component
of Ge,, (¢)(X) is the restriction of Ly, . for some Pz.

6We will return to the untruncated pairing (4.5) in Sect. 8, where it will play a fundamental role.
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4.2.5. We will denote by the same symbol Lryzc the pullback of the above poo-torsor along the map
(4.1). By a slight abuse of notation, we will continue to use the same symbol L:pZG the corresponding
étale local system of k-vector spaces on Bung.

By Proposition 4.1.6, every étale local system of k-vector spaces on a given component of Bung
splits as a direct sum of 1-dimensional ones, and each of the latter is isomorphic to the restriction of
LTPZG for some Pz, .

4.2.6. Since Lfyzc, viewed as an étale local system of k-vector spaces comes from a poo-torsor, we can
canonically associate to it a de Rham local system, which we will still denote by the same character
L'J’ZG-

We will also use the same symbol Lo z¢ 1O denote the corresponding line bundle (viewed either as
the line bundle underlying the corresponding de Rham local system, or equivalently, as a O*-torsor
induced by the map poo — 0).

By a further abuse of notation, we will use the same symbol L:pZG to denote its pullback (in all
three incarnations: étale, de Rham, coherent) along the map

LSG“ — Bun@ .
4.3. The fundamental group of LSiG?”d.

4.3.1. Consider the map
(4.7) LSE*Y - LSy — Bung.
The main result of this subsection is the following assertion:

Theorem 4.3.2. Assume that g > 2, and if g = 2, then its root system does not have Ay factors.
Then the map (4.7) induces an isomorphism on the T<1 truncations of étale homotopy types.

Before we proceed to the proof, we record the following corollary, obtained by combining Theo-
rem 4.3.2 and Proposition 4.1.6:

Corollary 4.3.3. For every connected component of LSiged, every étale local system of k-vector spaces
on it splits as a direct sum of 1-dimensional ones. Each of the latter is isomorphic to the restriction of
Ly, for some Pz, € Bung.

The rest of this subsection is devoted to the proof of Theorem 4.3.2.

4.3.4. Let

stbl
Bungz™ C Bung

be the stable locus. We will prove:

Proposition 4.3.5. Under the assumptions on G and g specified in Theorem 4.3.2, the complement
of Bun"gbl in Bung has codimension > 2.

Remark 4.3.6. Statements of this type are classical in the literature of Bung; they begin with [NR,
Sect. 9]. The literature we found concerned coarse moduli spaces instead of moduli stacks, so we
include the argument for Proposition 4.3.5 in Sect. 7.2. There are no significant differences between
our argument and those in the existing literature.

4.3.7. Combining Propositions 4.3.5 and 4.1.6, we obtain:

Corollary 4.3.8. Under the assumptions on G and g specified in Theorem 4.3.2, for every connected

component of Bunsébl, every étale local system of k-vector spaces on it splits as a direct sum of 1-

dimensional ones. Fach of the latter is isomorphic to the restriction of LTzG for some Pz, € Bunz,.
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4.3.9. Denote
LSE™ :=LSe x Bung”.

Bung
The following is well-known:
Proposition 4.3.10. The map
LSE” — Bun™
is smooth and surjective. The fibers of this map are affine spaces.

For the sake of completeness, we will supply a proof in Sect. 7.4. Combining Proposition 4.3.10 and
Corollary 4.3.8, we obtain:

Corollary 4.3.11. Under the assumptions on G and g specified in Theorem 4.3.2, for every connected
component of LSSthl, every étale local system of k-vector spaces on it splits as a direct sum of I-
dimensional ones. Each of the latter is isomorphic to the restriction of L‘J’ZG for some Pz, € Bunz,.

4.3.12. Proof of Theorem 4.3.2. First, we claim that there is an inclusion
LSEM c LSE™
with both spaces being smooth Deligne-Mumford stacks, and both are open inside LS.

It is enough to establish the inclusion at the level of k-points. Suppose o € LSSGEM; we need to show
it does not admit a reduction op to any proper parabolic P C G. Suppose we had such a reduction.
Then, by the definition of stability (see Appendix A), we would have (255, deg(op)) < 0. However, the
above integer is the degree of the line bundle induced from o using 25, viewed as a homomorphism
P — M — G,,. Since the line bundle is endowed with a connection, its degree must be zero, which is
a contradiction.

Thus, given Corollary 4.3.11, in order to prove Theorem 4.3.2, it suffices to show that LSgb1 is dense
in LSin”’d. This is equivalent to saying that LSSGfEbl has a non-empty intersection with every irreducible
component of LSiérEd. Since LSiC'{,'“Ed is smooth, its irreducible components are the same as connected
components.

According to Corollary 5.3.7 below, the embedding
LSE*! — LSg
induces a bijection on the sets of connected components.
Hence, we obtain that it is sufficient to show that the embedding
LSEM < LSs
induces a bijection on the sets of connected components.

We have a commutative square
LSE" —— LSq

! !

stbl
Bung” —— Bung.

In it, the lower horizontal arrow and the left vertical arrow induce bijections on the sets of connected
components, by Propositions 4.3.5 and 4.3.10, respectively.

Hence, the desired assertion follows from the fact that the map
LS — Bung

induces a bijection on 7y (see [BD, Proposition 2.11.4]).
O[Theorem 4.3.2]
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5. THE CORE OF THE PROOF
Throughout this section, we will assume that G is semi-simple.
After some preparations, in this section we will give a proof of GLC for curves of genus > 2.

We note that the proof is particularly simple when G is adjoint, so that G is simply-connected (in
this case, one needs neither Sect. 5.1 nor Theorem 5.2.7). The reader may choose to focus on this case
on the first pass.

5.1. Action of the center.

5.1.1. Note that the (abelian) group-stack Bunyz, acts on Bung, and this action lifts to an action of
Bunz, on D—mod% (Bung).

For Pz, € Bungz,, we will denote the corresponding automorphism of D-mod% (Bung) by
(5.1) Pze - —.
5.1.2. Note that the group Zg acts on the unit point TP%G € Bungz,. Since
Poe - (-)

is the identity functor, we obtain that Zg acts by automorphisms of the identity endofunctor of
D—mod% (Bung).

Let
D-mod (Bung) ~ & D—mod%(BunG)a, a€(Zg)Y
denote the corresponding decomposition. Denote by P, the idempotent on D—mod%(BunG), corre-
sponding to D—mod% (Bung)a.
5.1.3. Let Wl,alg(é) denote the algebraic fundamental group of G, i.e., the quotient of the coweight
lattice by the coroot lattice. We have
71 a1 (G) > mo(Bung ) ~ mo(LSg).
Note that we have
Talg(G) ~ m(G)(—1),
so that we have a canonical identification
(Za)" =~ m1,a15(G).

5.1.4. For a given o € (Zg)", let LSy, denote the corresponding connected component of LS.
Consider the corresponding idempotent

OLSGYQ € QCoh(LSs).
We will prove (see Sect. 8.5.10):

Theorem 5.1.5. For a € (Zg)" as above, the idempotent
OLSG,()/ ®(=): D-mod% (Bung) — D-mod% (Bung),
where ® denotes the spectral action of QCoh(LSs) on D—mod%(Bung), identifies canonically with Py, .
5.1.6. We will also prove (see Sect. 8.5.10):
Theorem 5.1.7. For Pz, € Bunz, and the corresponding Loy, € QCoh(LSy), the functor

L%;; ®(—): D—mod% (Bung) — D—mod% (Bung),
where ® denotes the spectral action of QCoh(LSx) on D—mod% (Bung), identifies canonically with (5.1).

5.2. Endomorphisms of the vacuum Poincaré object. In this subsection, we will assume that
g =2
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5.2.1. Recall the object

Poincg?f’gl‘)b € D-mod (Bung),

see [GLC2, Sect. 9.6.4]. For a € (Zg)", let Poincg?ﬁ& denote the corresponding direct summand.
5.2.2.  We will prove (see Sect. 6.2):

Theorem 5.2.3. For every «, the map
k — H°(End(Poincty o))
is an isomorphism.

In fact, we will prove a more precise result, but only Theorem 5.2.3 will be needed for the proof of
GLC:

Theorem 5.2.4. Hi(End(Poinc\é?f’gIOb)) =0 fori#0.
As a corollary of Theorem 5.2.3, we obtain:
Corollary 5.2.5. dim (HO(End(Poinc\é‘?f’gIOb))) = |Zg|.

5.2.6. We will also prove (see Sect. 6.3):

Theorem 5.2.7. For a non-trivial Pz, € D—mod% (Bung),
H° (i]-fom(F‘oin(:g?f‘glob7 Pze - Poinc\é?f’gl‘)b)) =0.

As in the case of Theorem 5.2.3, we will actually prove a more precise result (but only Theorem 5.2.7
will be needed for the proof of GLC):

Theorem 5.2.8. For a non-trivial Pz, € D—mod% (Bung),

fHom(Poinc\G/?f’gbb, Pzg - Poincéﬁ‘f’gbb) =0.
5.3. Algebraic geometry of LS. In this subsection, we continue to assume that g > 2.
5.3.1. First, we recall (see [BD, Proposition 2.11.2]):
Theorem 5.3.2. The stack LS is a classical locally complete intersection of dimension
dim(g) - 2(g — 1).
Corollary 5.3.3. The stack LSy is Cohen-Macaulay of dimension dim(g) - 2(g — 1).

5.3.4. Next we claim:

Proposition 5.3.5. Ezcluding the case of g = 2 with the root system of G containing an A factor,
the complement to LSE ! in LSg has codimension > 2.

This proposition will be proved in Sect. 7.3.
5.3.6. Note that from Corollary 5.3.3 and Proposition 5.3.5, we obtain:

Corollary 5.3.7. The embedding LSiGngd — LSs induces a bijection between the sets of connected
components.

5.4. Structure of Ag irrea- In this subsection we continue to assume that g > 2, and we will exclude
the case that g = 2 and the root system of G contains a factor of A; (as in Proposition 5.3.5).

5.4.1. Recall that Ag irred is a vector bundle on LSiéred (see Sect. 1.4.2). The next proposition provides
an explicit description of the shape that Ag,irrea can have. This description will play a crucial role in
the proof of GLC given below.

Proposition 5.4.2. The restriction of Ag,irred to every connected component is isomorphic to a direct
sum of lines bundles, each of which is a restriction of some LTZG (see Sect. 4.2.6).
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5.4.3. Proof of Proposition 5.4.2. According to Sect. 1.4, the object Ag,irrea is the vector bundle un-
derlying a local system F with finite monodromy (in particular, it has regular singularities).

Thanks to the finite monodromy property, we can think of F as an étale local system of k-vector
spaces. The assertion of the proposition follows now from Corollary 4.3.3.
O[Proposition 5.4.2]

5.5. Proof of GLC. Let g and G be as in Sect. 5.4. Note that it is sufficient to prove GLC under
these assumptions:

Indeed, by Sect. 3, we can assume that g > 2. By Corollary 2.3.10, we may assume that G is almost
simple and simply-connected. By Sect. 3.3.3 we can assume that it is not isomorphic to SLs.

5.5.1. Step 0. Fix a connected component LS5 , of LS. Denote
LSt := LS , NLSE.

Using Proposition 5.4.2, we can write
(5.2) A | @ LA
. G,irred LSgr)Zd — P, €Bun g, Pza Lsgr;d
for some integers ney. o
It is sufficient to show that for every «
1if Pz, is trivial;
ng =
Prg 0 if Pz, is non-trivial.
Indeed, since each Ag irred|pgirrea is @ unital associative algebra in QCoh(LSiéer)7 the latter will
G, )
automatically imply (see [GLC3, Lemma 17.3.7]) that the unit map
5.3 O girred = Aa irre irre
(5.3) LSG.‘ad G, d|LSc,ad
is an isomorphism, i.e., (1.4) is an isomorphism.
5.5.2. Step 1. Fix a particular Pz,. We are going to prove that the map
Ac ® Ly, — g« 07" (Ac ® L?ZG) = 7+«(AG,irred) ® Loy,
induces an isomorphism at the level of H°(T'(LSs, —)).
Recall that 7' denotes the right adjoint to the embedding
QCoh(LSg)rea — QCoh(LS),
so that for every F € QCoh(LS) we have a fiber sequence
f!(iT) —F = 707" (F).
Thus, it is sufficient to prove that
7 (.AG ® L'PZG )
is concentrated in cohomological degrees > 2.
We have
/L\l(ﬂc ® LTZG) ~ f(ﬂc) (2] Lryzc R
where L?zc is a line bundle. So it is enough to show that
7(Ac)
is concentrated in cohomological degres > 2.
Recall (see Sect. 1.3.3) that the unit map

OLSG — .AG
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induces an isomorphism
T (OLs,) = T (Ac).
Thus, it remains to show that
T(OLs,)
is concentrated in cohomological degres > 2.
However, this follows from Proposition 5.3.5 and Corollary 5.3.3.
Remark 5.5.3. Note that the last step in the above argument shows that the map
Ovs, — j*(OLSiCr;red)
also induces an isomorphism at the level of H(T(LSs, —)).
5.5.4. Step 2. We will now show that ng, o = 0if Pz, is non-trivial.
We begin by showing that
(5.4) P(LS¢, L5, ®Ag) =0.

Recall that
Ac =Le oLg(Ous,)-

Therefore, we have

QCoh(LS & )-linearity of Lg and Lg
~

(5.5) F(LS@,LE‘,?Z‘; ®Ac) = F(LSG,L?’;Z—; ® Lg o L&(OLs,,))
~T(LSg,Lg o ]Lé(ﬁgf);; ® Ousy)) = Homqeon(rsg) (OLs, s La © Lé(ﬁ%;; ® OLs)) ~

adjunction

~ j{omD—mod%(BunG)(]Lé(OLSG)y Lé(ﬁfﬁ?;cl ® OLsg))-
Recall that
L&(OLs,,) = Poincg'y "

Hence, since the functor ]Lé, is QCoh(LSx)-linear, and taking into account Theorem 5.1.7, we can
rewrite the right-hand side in (5.5) as

ﬂ-(om(Poincg?f’glob, Pzq - Poincg?f’gbb).
By Theorem 5.2.7, this expression vanishes, so the same is true of (5.4).

Applying Step 1 (with LS?Z’I instead of Ly, _, we find that
G

Z

H' (F(Lsicgfma@%_; ®-AG,irred)) =H’ (F(LS@L%Z_; ®Ac)) =0.

Hence, we obtain

HO (P(Lsgred,L?;; ®-AG,irred)) =0.

However, by definition, L%Z_; ® Ag,irred carries NPz, .0 direct summands isomorphic to OLSiéred.
e
Therefore, we obtain that

@nﬂ’zc Jo

0 = dim H° (F(Lsg”d,L%Z‘Gl ® AG,irred)) > H° (F(Lsig;ed, O, girred )) >Ny a
G,

meaning that ny, o =0, as was desired.
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5.5.5. Step 3. Thus, we obtain that the decomposition (5.2) is in fact of the form
(56) Ac 1rred|Lsmed — Olerrcd7

for some integers n., and we wish to show that they are all equal to 1.

By Step 1, for every a, we have

H° (F(LSG,mAGhSG’Q)) ~ H° (F(Lsgzd,Ag,irred‘LSgred)> .

Hence,
dim H° (F(LSGMAG\LSG’Q)) — dim H° (r( Sirred, o;‘fs?ghd)> > ng.
Therefore,
dim H° (I'(LS g, Ag)) > Zn
Now,

(5.7) T(LSg,Ag) ~ iHomD_mod%(Bunc)(Lé(OLsG),]Lé(OLsG)) ~

~ Vac,glob Vac,glob
Homp mod 3 (Bung) (Poincg , Poinc ) ).

Applying Corollary 5.2.5, we obtain
Y1=|Zg| = |mo(LSs)| > Ena.

Hence, in order to prove the desired equality, it suffices to show that no # 0 for all . Le., we have
to show that Ag irred does not vanish on any connected component LS‘Gfrzd.

5.5.6. Step 4. By Theorem 5.1.5, we have:
I(LSg,a Aclus, ) = gndD—mod% (Bung) (Poine,,).
As Poinc\éfﬁa # 0 by Theorem 5.2.3, we must have:
0+#£ide H° (snd(Poincgﬁ*ﬁa)) ~ H° (F(LSG’Q,AG\LSG’Q)) ~ H° (F(LSinfid,Ac,irred|LSgZd)> .
O[GLC]
5.6. Additional remarks.

5.6.1. For G simply-connected, the assertion that all AG,irredlLSigred are non-zero can be also deduced
G,

from the main result of [Ari]:

Let o be a point of LSlrer Recall that according to [GLC4, Theorem 3.1.5], the fiber of Ag at o is
isomorphic to the homology of the space of generic oper structures on o.

Thus, it is sufficient to know that the latter space is non-empty. However, this is precisely the result”
of [Ari].

"Note that the result of [Ari] is about g-opers, which are different from G-opers, unless G is adjoint. However, as
we have seen earlier, it is sufficient to prove GLC in the latter case.



28 DENNIS GAITSGORY AND SAM RASKIN
5.6.2. Note that taking into account Theorem 5.2.4, and knowing that Ors, ~ Ag, from (5.7) we
obtain:
Corollary 5.6.3. For g > 2, for every connected component o of LS, the map

k— T'(LSg q» OLSC;,Q)
is an isomorphism.

Remark 5.6.4. One can prove Corollary 5.6.3 directly by a deformation argument using [FT, Theorem
4.2].

Remark 5.6.5. We remark that Corollary 5.6.3 is a special feature of the de Rham setting; there are
many more global functions on the Betti moduli stack.

5.6.6. Similarly, from Theorem 5.2.8, we obtain:

Corollary 5.6.7. For g > 2, for a non-trivial Pz, we have F(LS@LTZG) =0.

6. THE VACUUM POINCARE OBJECT

In this section we will prove Theorems 5.2.3 and 5.2.7, along with their strengthenings, given by
Theorems 5.2.4 and 5.2.8, respectively.

6.1. How to calculate those endomorphisms?

6.1.1. Recall that the object Poinc‘é’i‘f’gbb is the !-direct image along the map
p: Buny ,wy) — Bung
of (x#°")*(exp), see [GLC1, Sect. 1.3.6].
We factor the above map p as a composition
(6.1) Buny p(wy) A Buny p(wy) /T — Bung_l)'% — Bung .
6.1.2. Here is the crucial observation:
Since g > 2, the coweight (¢ — 1) - 2p belongs to Ag+, and hence the map
Bungfl)‘zp — Bung

is a locally closed embedding (see [DG, Theorem 7.4.3(1’)]). Hence, the !-direct image with respect to
it is fully faithful.

Hence, for the proofs of the theorems of in this section, we can perform the calculations on

Bung_l)QP. Here we remark that because Z¢ C B, the action of Bunz, on Bung lifts to an ac-

. “1)-2
tion on Bung ):2p

6.2. Proof of Theorems 5.2.3 and 5.2.4.

6.2.1. The map
(6.2) Buny () /T < Bunly ™27

is a closed embedding as it comes via base-change from the closed embedding pt /T’ p(ii( ) Bunr.
Note that the action of
B(Zg) C Bung,

on Bun

(Bq—l)-Qp preserves the above locally closed embedding.

Hence, in order to prove the theorems in this subsection, we can perform the calculations on
BunNyﬂ(wX) /T
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6.2.2. Let r be the semi-simple rank of G. For each vertex of the Dynkin diagram we have a canonically
defined map
BunN’p(wX) d Al.

The resulting map
Buny pwy) — (A" = A7 A
is the map x&'°P.

We have a Cartesian square

yslob ”
BunN,p(wx) - A

(6.3) fl lf/

lob
Buny pwy) /T L5 A"/T,

where T acts on A" via
T — Thq =~ (Gm)r.
6.2.3. Since
Zag =ker(T — Taa),
we have an action of B(Z¢) on A"/T, and the above map
XgIOb/T s Buny pwy) /T — A"/T
is B(Zg)-equivariant.
Since the horizontal arrows in (6.3) are smooth with affine space fibers (and hence, the corresponding

pullback functors are fully faithful), we obtain that in order to prove Theorems 5.2.3 and 5.2.4, it suffices
to perform the corresponding calculation on A" /T.

6.2.4. Note that the map
A" — AT
naturally factors as
A" =A" x pt = A" x pt/Za ~ AT/ZG — AT/T,
and we have a Cartesian square
A" xXpt/Zg —— A"

f/JV J'fll
A"/T  ——— A" /Toa ~ (A'/G,)".
This reduces the assertions of Theorems 5.2.3 and 5.2.4 to the claim that the map
k — End(f’ o sum*(exp))

is an isomorphism.

6.2.5. Since

sum” (exp) ~ exp™”,
by Kiinneth formula, we are reduced to showing that the map
k — End(f" (exp))

is an isomorphism, where
7 A" > A'/G,,.
However, the latter is well-known: the object
f{” (exp) € D-mod(A'/G,,)
is the *-direct image of k € D-mod(pt) along
pt~A' —0/G,, = A'/G,,.
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O[Theorems 5.2.3 and 5.2.4]
6.3. Proof of Theorems 5.2.7 and 5.2.8.

6.3.1. To prove Theorems 5.2.7 and 5.2.8, it suffices to show that the image of the closed embedding
(6.2) and its translate by means of a non-trivial Pz, are disjoint.

For that, it suffices to show that their images under the projection
Bung — Bunr

are disjoint.

6.3.2. For the latter it is sufficient to show that under the further projection
Bunr — Buny /B(T)

(where Buny /B(T) is the coarse moduli scheme), the above two images correspond to two distinct
points:

plwx) and Pz, - p(wx).
6.3.3. However, the latter follows from the fact that Pz, is non-trivial as a T-bundle.
O[Theorems 5.2.7 and 5.2.8]
7. GEOMETRY OF Bung
The goal of this section is to prove Propositions 4.1.6, 4.3.5, 5.3.5 and 4.3.10.

For the duration of this section, we will change the notation from G to G.
7.1. Proof of Proposition 4.1.6.

7.1.1. Let G’ be a reductive group equipped with a surjective map
¢:G =G,
such that

e The kernel Ty of ¢ is a (connected) torus (which automatically lies in the center of G’);
e The derived group of G’ is simply-connected.

7.1.2. Denote
T) := Ghy,.
We obtain an isogeny
¢ =Ty = T,
and it is easy to see that we have a canonical isomorphism
(7.1) ker(¢) ~ m (QG).

7.1.3. Ezample. One can take G’ be the dual group of
é X T/ZG',
where T is the (abstract) Cartan of G.

Then
To = (T/ZG)V ~ T,
where Ty is the (abstract) Cartan of the simply-connected cover Gsc of G. We also have T4 = T, so
(7.1) becomes the isomorphism

m1(G) > ker(Gse = G) = ker(Tse — T).
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7.1.4. Example. Let G = PGL,. In this case we can take G’ := GL,. We have
To ~ Gy, and T =~ Gy,
and the map ¢’ is raising to the power n.
Then (7.1) becomes the identification
71 (PGLrn) ~ pin.

7.1.5. Note that the map
(7.2) Bung/ — Bunp,
is smooth with fibers that are connected and simply-connected:

Indeed, the fibers are isomorphic to Bung, , where G is a twisted form of [G’, G'], the derived group
of G’, and the moduli stack of bundles for a simply-connected group is connected and simply-connected.

Hence, we obtain that the map (7.2) induces an isomorphism of the 7<;-truncations of étale homo-
topy types.

7.1.6. The map ¢ induces an isomorphism

Bung / Buny, ~ Bung .

Hence, we obtain that the map
Bung ~ Bungs / Bung, — Bunr, /Bunr,

induces an isomorphism of the 7<;-truncations of étale homotopy types.

7.1.7. Finally, we note that the isomorphism (7.1) induces am identification
Buny, /Bung, ~ B*(C (X, 71(G)))et,
and the resulting map
Bung — B2(C'(X, T1(Q)))et
is the same as (4.1).
O[Proposition 4.1.6]
7.2. Proof of Proposition 4.3.5.
7.2.1. At this point, we refer the reader to Appendix A for background on stable bundles and some

relevant notation.

Let Bun™*™! € Bung be the closed substack of unstable® bundles. We need to show Bung*™ has
codimension > 2 under our hypotheses on X.

By definition of stability for G-bundles, every point of Bund**"! is in the image of some map Bun?

for P C G a maximal parabolic with Levi quotient M and A\ € 71 a1 (M) satisfying (2pp, ) > 0.
Therefore, it suffices to show
dim(Bun}) < dim(Bung) — 2

for such .

8Here “unstable” means “not stable”, rather than “not semi-stable”.
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7.2.2. By Riemann-Roch,
dim(Bung) = dim(g) - (9 — 1) = dim(m) - (g — 1) + 2dim(n(P)) - (g — 1)
and
dim(Bunp) = dim(m) - (g — 1) + dim(n(P)) - (g — 1) — (24p, ),
where 2pp is as in Appendix A.
Therefore, we have to show
2~ (260, 3) < dim(n(P)) - (g — 1).

By assumption on A, the left hand side is at most 2. As P is a proper parabolic and g > 2, this
inequality obviously holds outside the exceptional case where dim(n(P)) = (¢ — 1) = 1, which only
happens if g = 2 and Gaq contains a PG L2 factor.

O[Proposition 4.3.5]

Remark 7.2.3. Note that the assertion of Proposition 4.3.5 is false for G = SL2 and g = 2: in this case
the dimension of the semi-stable but unstable locus is 2, which is > than

1=3-2=dim(Bung) — 2.

7.3. Proof of Proposition 5.3.5. It is enough to show that for every maximal parabolic subgroup
P C G, we have

(7.3) dim(LSp) < dim(LSg) — 2 = dim(g) - (29 — 2) — 2.

7.3.1. Consider the stack LSys. It is quasi-smooth of virtual dimension
dim(m) - (29 — 2),

and if ¢ > 2, by Theorem 5.3.2, its underlying classical stack is a locally complete intersection of
dimension
dim(m) - (29 — 2) + dim(3um),
where 3 := Lie(Z).
Indeed, this follows by considering the fibration LSar — LSys/as, 01, applying Theorem 5.3.2 for the

derived group [M, M|, and noting that LSg,, has dimension one more than its virtual dimension by
explicit analysis.

m

7.3.2. Consider the map
(7.4) q:LSp — LSa.
It is quasi-smooth of virtual relative dimension
dim(n(P)) - (29 — 2).
Lemma 7.3.3.
(a) Each fiber of the map q has dimension < dim(n(P)) - (29 — 1).

(b) There exists a dense open substack of LSy over which q is smooth.
Let us assume this lemma for a moment and proceed with the proof of (7.3).

It follows from point (b) of the lemma that the generic fiber of q has dimension dim(n(P))- (29 — 2),
so the substack of LSys over which q has fibers of larger dimension has codimension at least one. We
obtain:

Corollary 7.3.4. dim(LSp) < dim(LSxs) + dim(n(P)) - (29 — 1) — 1.
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7.3.5. From Corollary 7.3.4, we obtain:
dim(LSp) < dim(m) - (29 — 2) + dim(3a) + dim(n(P)) - (29 — 1) — 1.
Thus it remains to show that, under the assumptions of Proposition 5.3.5,

(7.5) dim(m) - (2g — 2) + dim(3m) + dim(n(P)) - (2g — 1) — 1 < dim(g) - (29 — 2) — 2
= dim(m) - (29 — 2) + 2dim(n(P)) - (2g — 2) — 2.
This is equivalent to
(7.6) dim(3a) + 1 < dim(n(P)) - (29 — 3).
7.3.6. We now use the assumption that G is semi-simple and that the corank of P is one, so that
dim(3ar) = 1, i.e., (7.6) becomes
(7.7) 2 < dim(n(P)) - (29 — 3).
This holds automatically if g > 3. If g = 2, the above inequality can only be violated if dim(n(P)) =

1, but this only happens if the Dynkin diagram of G has an A; factor.
O[Proposition 5.3.5]

Remark 7.3.7. Note that the assertion of Proposition 5.3.5 is false for G = SLy and g = 2: in this case
the dimension of the reducible locus is 5, which is greater than

4=6-2=dim(LSg) — 2.
7.3.8. Proof of Lemma 7.3.3(b). Tt suffices to show that for every oar € LS, there exists a point o,
that lies in the same irreducible component, over which the fiber of (7.4) is smooth.
Note that for oy € LSar and
op €9 '(om) ~LSynp),,,
the obstruction to the smoothness of the fiber is
H*(X,n(P)op).
The latter is non-zero if for some subquotient V' of n(P) as a M-representation, the local system
Vo, admits a trivial quotient.

Let Z?/I denote the neutral connected component of Zy; and consider its action on n(P). It acts on
every V as above by a non-trivial character. Hence, for a generic point oz € LSz,, and

agw =0z Q0om,
the local system VUM will not have trivial quotients.

Since LS 29, is irreducible, its action on LSjs preserves irreducible components, i.e., ¢’ lies in the

same irreducible component as o.
O[Lemma 7.3.3(b)]

7.3.9. Proof of Lemma 7.3.3(a). We will use the following assertion:

Lemma 7.3.10. LetY be a quasi-smooth scheme of virtual dimension d. Suppose that m is an integer
such that for all field-valued points y € Y we have

dim(H™ (T} (Y))) < m.

Yy

Then dim(Y) < d+ m.

Proof. 1t is enough to show that for every field-valued point y € Y, the dimension of the classical
cotangent space to Y at y is < d + m. However, the classical cotangent space is just H%(T; (Y)). We
have

dim(H(T (Y))) = dim(H(T; (Y)) - dim(H (T, (Y))) + dim(H (T} (V))),

where dim(H*(T;(Y)) — dim(H" (T (Y))) is the virtual dimension of Y.
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The assertion of the lemma automatically extends to algebraic stacks. We apply it to the fibers of

the map (7.4), i.e., to the stacks
LSN(P)(,M7 om € LSy
It remains to show that
dim(H ™ (T, (LSn(p),,,)) < dim(n(P)), op € LSn(p), -
We have:
15, (LSn(p),,,) = C(X,n(P)sp[1])7,
SO
H™ YT, (LSn(p),,, ) ~ H(X,n(P)sp)",
which identifies with
H" (X, (n(P))s,)

by Verdier duality.

We clearly have
dim(HO(X, (n(P)),.) < dim(n(P)).
O[Lemma 7.3.3(a)]

7.4. Proof of Proposition 4.3.10.

7.4.1. The fact that the non-empty fibers of the map
LS¢ — Bung
are affine spaces is completely general:
For a given P¢ € Bung, the fiber in question is a torsor for the (derived) vector space
(7.8) "X, gp, @ wx).

Warning: In the above formula wx stands for the canonical line bundle on X, and not the dualizing
sheaf of X, which is the [1] shift of that. This deviates from the conventions adopted in this series,
according to which for a prestack Y, we denote by wy the dualizing sheaf on Y. So, the curve X itself
is the only exception for this convention.

7.4.2. Let us show that the map in question is smooth over the stable locus. This is equivalent to the
fibers being smooth as derived schemes.

By the above torsor property, it suffices to show that if Po € Bung is stable, then the derived vector
space (7.8) is classical, i.e., that
H'(X, g7 ®wx) = 0.
By Serre duality (and using the Killing form on g), this is equivalent to
H°(X,gp,) = 0.

I.e., we need to show that stable bundles do not admit infinitesimal automorphisms. This is standard;
we supply a proof for completeness.

7.4.3. Suppose the contrary. Let A be an infinitesimal automorphism of P¢. First, we show that A is
nilpotent.

Consider the characteristic polynomial of the O x-valued Higgs field A, i.e., the map
X = t//W=a
coming from A.
This map is necessarily constant; denote its image by a.

Let t € t be a semi-simple element that maps under t — a to a. In this case, P¢ admits a reduction
to Za(t), which is a Levi subgroup.

If a were not nilpotent, we would have ¢ # 0, and Z¢(t) is a proper Levi subgroup. However, the
existence of such a reduction contradicts the assumption that Pg is stable.
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7.4.4. Thus, A is (non-zero) nilpotent. The Jacobson-Morosov theory supplies a (decreasing) filtration
on the vector bundle gy, so that
>1
(990)7 C grg

is the unipotent radical of a parabolic reduction canonically associated to A, and the operator (ada)™
defines a map

(7.9) gr " (grs) — g (g9c);
which is an isomorphism at the generic point of X.

Since P was assumed stable, deg((gp,)=") < 0. Hence, for some n > 1, we have deg(gr” (g»,)) < 0.
However,

deg(gr™"(g05)) = — deg(gr”(g7¢));

and this contradicts the existence of (7.9).

7.4.5. It remains show that every stable G-bundle admits a connection. For a general Pg € Bung,
the obstruction to having a connection is given by its Atiyah class, which is an element of

H' (X, gp; ® wx).

However, we have just proved that this group is zero for stable Pg.
O[Proposition 4.3.10]

Remark 7.4.6. The above argument can be refined to prove the following criterion (originally due to
A. Weil) for a G-bundle P¢ to admit a connection:

This happens if and only if, for every reduction of P¢ to a Levi subgroup M, this reduction, viewed
as an M-bundle, has degree 0. See [AB] for more details.

8. 2-FOURIER-MUKAI TRANSFORM OF THE AUTOMORPHIC CATEGORY

The goal of this section is to prove Theorems 5.1.5 and 5.1.7. We will do so by considering a more
general picture that involves twisting the constant group-scheme with fiber G by Zg-gerbes.

8.1. The notion of 2-Fourier-Mukai transform. Recall that the usual Fourier-Mukai transform is
a functor between categories of quasi-coherent sheaves on a pair of prestacks.

In this subsection we introduce the notion of 2-Fourier-Mukai transform, which is a (2-)functor
between 2-categories of sheaves of categories on a pair of prestacks.

8.1.1. Let Y1 and Y2 be a pair of prestacks equipped with a map
(8.1) Y1 x Y2 = pt /G,
i.e., a line bundle, denoted L1 2 on Y; X Yo.

Assume that the functor (p2)« : QCoh(Y1 X Y2) — QCoh(Y2) is continuous (this happens, e.g., when
Y, is quasi-compact with an affine diagonal).

Consider the functor
(8.2) FMy, .y, : QCoh(Y1) — QCoh(Y2), T+ (p2)+(L1,2 ® pi(F)).

We shall say that the map (8.1) is of Fourier-Mukai type if the functor (8.2) is an equivalence.



36 DENNIS GAITSGORY AND SAM RASKIN

8.1.2. Let us now be given a map

(8.3) Y1 x Y2 = Geg,, (pt),

where Geg,, (pt) = B*(G)es is the (2-algebraic) stack classifying G,,-gerbes. Let G1,2 denote the
corresponding gerbe on Y1 X Ya.

Recall the notion of a sheaf of categories, see [Ga3, Sect. 1.1]. Consider the 2-functor
(8.4) 2-FMy, .y, : ShvCat(Y1) — ShvCat(Y2), C > (p2)«((p7(C)s:.,)s
where:
e For a morphism f : Y — Y” between prestacks, f* denotes the pullback functor
ShvCat(Y"”) — ShvCat(Yy’),
see [Ga3, Sect. 3.1.2] (in loc. cit. it is denoted coresy);
e For a morphism f. : Y — Y” between prestacks, f. denotes the pushforward functor
ShvCat(Y') — ShvCat(Y"),
see [Ga3, Sect. 3.1.3] (in loc. cit. it is denoted indy);

e For a prestack Y, and C € ShvCat(Y) and a G.,-gerbe G on Y, we denote by Cg the twist of C
by G, see [GLys, Sect. 1.7.2].

We shall say that the map (8.3) is of 2-Fourier-Mukai type if the functor (8.4) is an equivalence.
Note that the notion of being of 2-Fourier-Mukai type is in general asymmetric.
8.1.3. Ezample. Let T be a finite abelian group, and let I'V be its Cartier dual. Take

Y = B2(F)et =: Ger(pt)
and
Yo =TV,
Then ShvCat(Y1) is the 2-category of DG categories acted on by pt /I". In other words, these are

categories C equipped with an action of T' on Id¢. Decomposing with respect to the characters of T,
we obtain that a datum of such C is equivalent to the datum of a category graded by I'V

(8.5) Cr {Cy, x TV}
Evaluation defines a map
(8.6) Ger(pt) x TV — Geg,, (pt).
We claim that (8.6) is of 2-Fourier-Mukai type.
Indeed, unwinding the definitions, we obtain that the functor 2-FMge._,rv is given exactly by (8.5),

and hence is an equivalence.
8.1.4. Swapping the factors in (8.6) we obtain a pairing
(8.7) I'V x Ger(pt) — Geg,, (pt),
and it is easy to see that it is also of 2-Fourier-Mukai type.
Indeed, the corresponding functor 2-FMrpv_,qep(pt) is the inverse of 2-FMgep(pty—rv up to the
inversion on I'.
Remark 8.1.5. The central players in the paper [Ga3] are prestacks that are I-affine, i.e., those for each
the functor of enhanced global sections

enh y _
(8.8) ShvCat(¥) T —4 ™) QCoh(Y)-mod
is an equivalence.

Note that the prestack Ger(pt) is not l-affine. Namely QCoh(Ger(pt)) ~ Vect, and the functor
(8.8) sends C as above to Co, i.e., the fiber of 2-FMgep. (pt)—rv (C) at the point 0 € rv.
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8.1.6. Exzample. For I" as above, take
Y1 :=pt /T and Yo := pt /I‘v.
Cup product defines a map
(8.9) pt /T x pt /TY — Geg,, (pt).
We claim that (8.9) is of 2-Fourier-Mukai type.

Note that ShvCat(pt /T') (resp., ShvCat(pt /I'V)) identifies with the 2-category of DG categories
equipped with an action of QCoh(T") (resp., QCoh(I"Y)), viewed as a monoidal category with respect
to convolution. Note also that pt /T" is 1-affine, and

QCoh(pt /T') ~ Rep(T").
Unwinding the definitions, we obtain that the functor 2-FM jr— ¢ /rv identifies with

re"h (pt /T, —

ShvCat(pt /T) ) Rep(I')-mod =~ QCoh(I"")-mod,

where we identify
Rep(T") ~ QCoh(I')
by Fourier transform.
Note also that the composition
Z'FMpt /TV —pt /T © 2'FMpt /T—pt /TV

is the identity endofunctor of ShvCat(pt /T") up to the inversion involution on I.

8.2. 2-Fourier-Mukai transform and Poincaré duality. In this subsection we consider a particular
pair of prestacks that are 2-Fourier-Mukai dual to each other.

Both sides have to do with gerbes for a finite abelian group on a smooth and complete curve X.

8.2.1. Let I" be a finite abelian group as above. Take
Y1 := Ger(X) and Y2 := Gepv (1)(X),
where (—)(1) denotes the Tate twist, so that
'Y ~ Hom(T', Z/nZ)(1)

for n-T'=0.

Verdier duality defines a pairing

B*(C/(X,1)) x BX(C'(X,1¥(1)) = B(jioc).

Applying étale sheafification, we obtain a pairing

(8.10) Ger(X) x Gerv(1)(X) — Geg,, (pt).

8.2.2. We claim:
Theorem 8.2.3.
(a) The pairing (8.10) is of 2-Fourier-Mukai type.
(b) The composition
2-FMaepy 4 (x)=Gep(x) © 2-FMaer (x) = Gepy () (X)
is the involution of ShvCat(Ger (X)) coming from the inversion on T,

(CY(W)’ () ~T.
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8.2.4. Proof of Theorem 8.2.3. Choose a point x € X. Then we can split
Ger(X) ~ Ger(pt) x pt /He (X,T) x HZ(X,T)
and
Gerv (1)(X) = Gerv 1) (pt) x pt /Hey (X, TV (1)) x H% (X, TV (1)).

The pairing (8.10) splits as a product of:

e The pairing (8.6), where we identify H*(X,TV(1)) ~T;
e The pairing (8.6) with the two sides swapped, where we identify HZ (X,T) ~ (TV(1))Y;
e The pairing (8.9), where we identify HL (X, TV (1)) ~ H&(X,T)V.

Now the assertion of the theorem follows by combining the examples from Sects. 8.1.3, 8.1.4 and
8.1.6.
O[Theorem 8.2.3]

8.2.5. For a I'V(1)-gerbe ®rv 1y on X, let Serv(,, be the Gm-gerbe on Ger(X), corresponding to the
restriction of the map (8.10) along
Ger(X) x {&rv(1)} = Ger(X) x Gerv(1)(X).

We obtain that for an object
Cr € ShvCat(Ger(X))

and the corresponding object
gr‘\/(1> = Q-FMGQF(X)_)GGF\/(I)(X) (QF) S Sthat(GeFV(l) (X)),
we have

(811) QF\/(D‘GF\/(I) ~T (GeI‘(X)7 (gr‘)g@rv(l)) )

where:

b (—)|erv(1> denotes the fiber of a given sheaf of categories at the point Grv 1y € Gerv(1)(X);
e (—)g denotes the twist of a given sheaf of categories over some prestack by a G.,-gerbe § on
that prestack.

By the involutivity assertion in Theorem 8.2.3, we also obtain that for a I'-gerbe &r on X, and the
corresponding Gm-gerbe Ge. on Gerv(1)(X), we have

(8.12) Crlo=t =T (TY(1), (Crv(r))s6, ) -

8.2.6. For C. as above, denote
Cl" = F(GGF(X),QF) and CFV(I) = I‘(Ger‘\/u)(X),gF\/(l)).

Let &2 (resp., ®1QV(1>) denote the trivial I'-gerbe (resp., I'V(1))-gerbe on X. As a particular case of
(8.11), we obtain an equivalence

(8.13) QFV(1)|®0

~C
V(1) o

and as a particular case of (8.12) we obtain an equivalence

(8.14) QF|®% ~ CFV(l)-
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8.2.7. Note that Cr is a category acted on by QCoh(Ger(X)). For
a € D(~1) = HA(X,T) = mo(Ger (X)),

consider the corresponding idempotent

OGer (x),a € QCoh(Ger (X))
as acting on Cr.

Note also that T'V(1) acts by automorphisms of the identity functor on 610"V(1)7 and hence also by
the automorphisms of the identity functor of Cpv 4 ‘ng\/(l). For
ael(-1) ~ @)

let P, denote the corresponding idempotent on QFV(l) |“5°v( .
rv(1

Unwinding the construction, we obtain:
Lemma 8.2.8. Under the identification (8.13), the action of Oger(x),o 0on Cr corresponds to the
action of Py on QFV(1>|®?V(1>‘
8.2.9. As in Sect. 4.2.4, a point

TFV(l) S Bul’ll"\/(l)

gives rise to a line bundle denoted LTFV“) on Ger(X).

In particular, we consider the endofunctor

'C’IPF\/(I) ® (7)

of CF.

We can view Prv () itself as an automorphism of @1(1\/(1). And as such, it induces an autoequivalence
of Crv ) |Q510“v @’

Unwinding the construction, we obtain:

Lemma 8.2.10. Under the identification (8.13), the action of L%;J(l) on Cr corresponds to the action

of Prv(1y on QFV(1>|@(IZ\/(1).
8.3. Example: the usual Fourier-Mukai transform.
8.3.1. Let
1-T—-T1—-T—=1
be an isogeny of tori. Consider the dual isogeny
1=-T1) =TV - T — 1.
Consider the corresponding maps
pr : Buny — Ger(X) and prv (1) : Bungy — Gepv 1) (X).
8.3.2. Consider the unit sheaf of categories
QCoh(Bunr)
over Bunr, and let
QCoh'" (Bunr) := (pr).(QCoh(Bunr))
be its direct image along pr, viewed as a sheaf of categories over Ger(X).
Similarly, consider
QCoh™ ™M (Bunyy) = (prv(1))+(QCoh(Bunyy))

as a sheaf of categories over Gepv (1)(X).
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8.3.3. We claim:

Lemma 8.3.4. With respect to the equivalence 2—FMG6F(X)HGQFV(1)<X), the objects
QCoh" (Bunz) and QCoh"™" ™ (Bunyy)

correspond to one another.

The proof follows from the usual properties of the usual Fourier-Mukai equivalences
QCoh(Bunr) = QCoh(Bungv) and QCoh(Bunr,) = QCoh(Bunyy ).

8.4. Some further compatibilities. In this subsection we review some further properties of the
equivalence of Theorem 8.2.3 that will be needed for the proof of Theorem 8.5.8 below.

This subsection could be skipped on the first pass and returned to when necessary.
8.4.1. Note that for any &pv (1) € Gepv(1)(X) we have the evaluation functor
evler gt Crvay) = (Crvylepy o) -
More generally, for a Gm,-gerbe § on Gerv(1)(X), we have the evaluation functor
evg lery iy, T (Gervn (X), (Crvan)s) = (Crvy)slepy -
8.4.2. For a given &rv (1) € Gerv(1)(X), let

lop)" ¢ Crlag = T (Ger(X), (Cr)se, ., )

be the left adjoint of the evaluation functor

(8.15) (eV9®

V(1)

CvS@rv(l) |@1Q
r (GeF(X), (Qr)Sest(l)) — (Cr)sepyy, leg = Crleyp-
8.4.3. Unwinding the constructions we obtain:
Lemma 8.4.4. The following diagram commutes:
ev ‘61‘\/
(1)
Crva (Crv)lepy i,

(8.14)T~ ~T(8.11)

S T(Ger(X), (Cr)se
8.4.5. Let now
0—=T1—=I—=T2—=0
be a short exact sequence of finite abelian groups, and let
0Ty ->TY >TIY =0
be the dual short exact sequence.

Fix &ryq) € Geplvu)(X), and let G be the corresponding G,-gerbe on Ger, (X).

ry ()
Generalizing (8.11), we have:
Lemma 8.4.6. There is a canonical equivalence

I (Ger, (), Crleur, ()56, ) =T (Gervn(0) | % {Ory} Croy)-
1

ery (1 (X)
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8.5. Two sheaves associated with automorphic category. Let G be a semi-simple group and
consider the category

D—mod% (Bung).
We will upgrade it to two objects
D-modiG (Bung,,) € ShvCat(Gez, (X)) and D—modzl(é)(BunG) € ShvCat(Gey, () (X)).
2

2

We will state Theorem 8.5.8 that says that the above two objects correspond to one another under the
2-Fourier-Mukai transform. The nature of the two constructions will then immediately yield Theorems
5.1.5 and 5.1.7.

8.5.1. The short exact sequence of groups
126 =G —= Gaa —1
gives rise to a map
(8.16) pzs : Bung,, — Gez, (X).
Consider the induced map
(Pzg)ar : (Bung,y)ar = (Gezg (X))ar.

8.5.2. Note, however, that (by nil-invariance of étale cohomology) for a finite abelian group T', the
map of prestacks

Ger(X) — (Ger(X))ar
is an isomorphism.

Hence, we can regard (pz.)ar as a map

(8.17) (Bungad)dR — GezG (X)

8.5.3. The category D-mod 1 (Bung,,) is (tautologically) the category of global sections of a sheaf of
categories, denoted

D—modgad (Bung,,)

over (Bung,,)dr.-

Set
D-mod?¢ (Bung,,) == ((pzg )ar)«(D-mod ! (Bung,,)) € ShvCat(Gez, (X)).

2 2

8.5.4. Tautologically, we have

(8.18) r (GezG (X), D-mod%¢ (Buncad)) ~ D-mod; (Bung,, ).

2
In addition,
(8.19) (MEG(BUHGM)) oy, = D-mod, (Bung),
see the notations in Sect. 8.2.5.
More generally, for a given &z, € Gez,(X), we have
(8.20) (mgc (Bungad)) 6.5, =~ D-mod; (Bunge,,. ),
where

Bunc,quG := Bung Gezx (X){QSZG }.
G
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Remark 8.5.5. We can think BunG,@ZG as follows: pick a Gag-torsor Pg,, that maps to &z, and let
GTGad
be the corresponding (non-pure) inner form of the constant group-scheme with fiber G.

Then

BunG&;ZG ~ BunG_,PG .
a

(Note that different choices for Pg,, differ by G-torsors, and hence the corresponding moduli spaces
BunG,J,G are a priori canonically isomorphic.)
ad

8.5.6. We now consider D-mod%(Bunc) as equipped with the spectral action of QCoh(LSx). Since

the stack LS is 1-affine, we can canonically attach to D-mod% (Bung) an object

(8.21) D-modg(Bunc) € ShvCat(LS),

The short exact sequence of groups®
1= m(G) = Gse = G—1
give rise to a map

Denote

D-mod™ () (Bung) := (pm(c-))*(D—mong(Bung)) € ShvCat(Ge,, (&) (X)).

2

Note that tautologically,

(8.23) r (Gem(@)(x),D-mod’;@(BunG)) ~ D-mod; (Bung).
2

8.5.7.  We will prove:

Theorem 8.5.8. Under the identification 71(G) ~ (Zg)" (1), we have
2FMge,,, (X)=Ge, | (@ (X) (D—modga (Bungad)) ~ D—modgm)(Bung),

up to the inversion involution'® on Zg.

Combining Theorem 8.5.8 with the involutivity assertion in Theorem 8.2.3, we obtain:

Corollary 8.5.9. Under the identification Z¢ ~ (m1(G)Y)(1), we have:

2-FMge (X)=Gezg (X) (D-mod?(é)(Bung)) ~ D—modic (Bung,,)-
2 2

1(&)
8.5.10. Let us show how Corollary 8.5.9 implies Theorems 5.1.5 and 5.1.7.

Indeed, the two theorems follow immediately from Lemma 8.2.8 and 8.2.10, respectively.
O[Theorems 5.1.5 and 5.1.7]

8.6. Proof of Theorem 8.5.8.

9Note that Gye is the Langlands dual of G,q.
10The inversion involution has to do with our normalization of the geometric Satake equivalence.
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8.6.1. We start by constructing a functor
(8.24) D-modgl(c)(Bunc) = 2-FMaey, ()= Ge, | (g)(X) (D—mode(BunGad)) ;
up to the inversion involution.

Since Ge,, (@) (X) is algebro-geometrically discrete, the datum of (8.24) consists of the data of
functors

71 (G Z
(8.25) 7D—mod%1( )(Bung)\®®_1_ = 2-FMae, () Ge, | (g)(X) (7D‘m0déc (Buncad)) |®ﬂ1<c“)

™1 (&)
that depend functorially on &, (& € Ge,, (&) (X).

Applying (8.11), the datum of (8.25) is equivalent to that of a functor

(8.26) D- modwl(G)(Bung)|6® 1 =T (GeZG (X), D-mod?€ (Bung,, )5 (c)) .
71 (G) 2 ™

We rewrite the right-hand side in (8.26) as
(8.27) D—mod% (Bung,,)s

Gy’

where by a slight abuse of notation we regard Ge as a Gp,-gerbe on (Bung,, )ar

7©1(G)

8.6.2. We rewrite the left-hand side in (8.26) as

(8.28) D-mod 1 (Bung) ® QCoh(LS 61 ),
2 QCoh(LSx) SO (&)
where
LS. ,eo-1 :=LSx
Gsm@ 71 (G) GG 7r1(G) { WI(G)}
The notation LSG e®—1  expresses the fact that this stack is a twisted form of LS . Namely, for
1 (G)

NG
&, (@) = O, (&) we have

LS¢ . so =LS¢, . -
Gsmﬁﬂ_l(c) Gse

8.6.3. Let Rep(G‘SC)Ran s®-1 be the ®® (IG)—tWist of Rep(Glsc), i.e., this is the factorization category
(G

that associates to a point € Ran the category

Rep(Gse). no-1 := QCoh(LS™® ,
( )5’%1(@) ( Goe, 07 é))

where:

e [S7°® —LSreg X &% |p, i
G e®—1 G
5o 8 (@) Gz Ge ny (&) (D) 7r1(

o Ge, (z)(Ds) denotes the space of m (G)-gerbes on the formal disc D, around z.

8.6.4. Recall now that we have the (symmetric) monoidal localization functors
Locy* : Rep(G)Ran — QCoh(LS) and Loc* Rep(Gsc)Ran — QCoh(LS¢, ).

We have the corresponding twisted version:

Loc®P*c : Rep(Gse) e-1 — QCoh(LS; 4e-1 )
®—1 sc Al
Gac,® 2" Ran.® (& Goer® (&)
and as in the case of Loc ", one shows that the functor Loc’>* o_, is a localization, i.e., its right
= ST m(G)

adjoint is fully faithful. See [GLC4, Prop. C.1.7] for a general result encompassing these statements.
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8.6.5. Let ¢ denote the tautological map G — (a4, and also the map
Bung — Bung,, -

Note that the pullback along ¢ of 9@5" viewed as a gerbe on (Bung,,)dr canonically trivializes.

Hence, we obtain a functor

1(&)?

(8.29) o : D-mod% (Bung) — D-mod% (Bung, )5

w1 (&)
8.6.6. We will construct the following gerbe-twisted version of the Hecke action:

Proposition 8.6.7. There is a canonically defined action of the monoidal category Rep(Gsc)Ran &®-1
Tr(6)
on D—mod% (Bung,,)s . Moreover, the following properties hold:
1

(a) The functor ¢ of (8.29) is equivariant with respect to the Rep(G)Rran-action on D—mod% (Bung)
via the tautological functor
Rep(G)ran — Rep(Gise)

Ran,®®_1 .
L

1(&)
(b) The resulting Rep(Gse)g,, g@-1 -action on D-mod%(BunGad)gc5 “ factors canonically via the
o) ™1
localization functor
Loc®*® o :Rep(Gse) ©-1 — QCoh(LS: ,o-1 )
Gsc’éfl(é) > Ran.® (& Ceer® (@)

The proposition will be proved in Sects. 8.7 and 8.8.

8.6.8.  We now return to the sought-for functor (8.26), thought of as a functor

(8.30) D—mod% (Bung) ® QCOh(LSGSC,Qﬁ@?é)) — (Bung,,)s
T ™

QCoh(LS5) 1@

Its construction follows from Proposition 8.6.7 by considering the adjoint pair
QCoh(LSx)-mod = QCoh(LS

- ®-1 )-mod,
Caer® (@)

where the right adjoint is the forgeftul functor, and the left adjoint is the tensoring up functor with
respect to

QCoh(LSg) — QCoh(LSy  so-1 )
SO ry (&)

8.6.9. The next assertion results from Lemma 8.4.4:
Lemma 8.6.10. The functor
(8.31) T (Gem(é)(X),D—mod?(é)(Bunc)) —

2

—-T (Gem(c)(X)a 2-FMaey, (x)=Ge,., ()() (7D‘m0d? (BunGad)))
induced by (8.24), identifies via

r (Gem(@(X), D-modg(G)(Bung)) ~ D-mod (Bung)

and

(8.12)
(8.32) T (Geﬁ1(C)(X)7 2'FMG€ZG (X)=Ger (& (X) (L'mOdgG (BunGad))) =

~ (D—modfG (Bungad)) |so =~ D-modi (Bung)
2 Zg 2

with the identity endofunctor on D—mod% (Bung).
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8.6.11. We are now ready to prove that the map (8.24) is an equivalence.

Note that by point (b) of Proposition 8.6.7, for every &, () € Ge,, (&) (X), the category

(x) (D—modgc (Buncad)) |go-1 = D—mod% (Bung,,)se

2-FMae,, (x)~Ge &
™1

©1(G) w1 (G)

is a module over QCoh(LS , while LS .®-1 is l-affine. Hence, the object

et )
Gsc,® E Gsmﬁ‘"l(é)

m1(G)
2-FMae,, (X)-+Ge,. i) () (D-mod? (Buncad)) € ShvCat(Ge,, (¢ (X))
is canonically of the form
(Pry(cy)+ (D-mod  (Bung,)s,.. ) -

where
D-mod

%(BunGad)guniv € ShvCat(LSg).
Moreover, by construction, the map (8.24) comes from a map

(8.33) D-modcg(BunG) ~ D-mod, (Bung, )

Suniv
in ShvCat(LSx), where D-mod§ (Bung) is as in (8.21).
2

It is sufficient to show that the map (8.33) is an equivalence. However, the stack LS is 1-affine,
and hence, the functor
I'(LSg, —) : ShvCat(LSs) — DGCat
is conservative.
Hence, it is sufficient to show that the resulting functor
I(LS¢, D-modS (Bun)) — T(LSg, D-mod; (Bung,y)g,.,)
is an equivalence.

However, the latter functor identifies with the functor (8.31), and hence is an equivalence by
Lemma 8.6.10.
O[Theorem 8.5.8]

8.7. Proof of Proposition 8.6.7(a).

8.7.1. Let us return to the setting of Sect. 8.2. Let = be a point of Ran. Consider the spaces
Ger(X)z := Fib(Ger(X) — Ger(X — z))
and
Ger(Dy)s := Fib(Ger(Dy) — Ger(Dy ),
where
D; =D, —z.
Restriction along D, — X defines an isomorphism
Ger(X)z — Ger(Dg)e.
Remark 8.7.2. Here is an explicit description of the spaces Ger(D.), Ger(D, ) and Ger(Dyg)a:
Write I' as the kernel of a homomorphism of two tori 7o — 77. Then
Ger(Dy) = B (ker(£" (To)e = £7(T1)))er-
When z is a singleton, the above space is just Ger(pt).
Further,
Ger(D,) =~ B2(Fib(£(T0)z — £(T1)z))et ~ B (coFib(£(To)z — £(T1)z))et.

Finally,
GGF(D£)£ >~ GI‘T1 &/GrTO,E'
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8.7.3. A local variant of (8.10) is a pairing
(8.34) Ger(Dg)e x Gerv(1)(Dg) — Geg,, (pt),
and it is easy to show that (8.34) is also of Fourier-Mukai type.
In particular, to a I'V(1)-gerbe Qﬁi?ﬁm on D, we can canonically associate a G,-gerbe 9@1Fovc on

(1)
Ger(Dg)a-

8.7.4. Note that we have the following commutative diagram of pairings

GGF(X)g X Ger\/(l)(X) e GQF(X) X Gel"\/(l)(X)

|

(8.35) Ger(Dy)x x Gerv (1) (X) l(s.lo)

l

Ger(Dg)z x Gerv(1)(Da) (€31

In particular, for a I'V(1)-gerbe &rv (1) on X and
6}?\(/:(1) = 61"\/(1)|‘D£
we have

9"5’15)5(1) |Ger(x)2 = Gorv gy lGer (x).-
8.7.5. Let
Heckegzd& = £7(Gad)2\L2(Gad)z/LT (Gad)x
be the local Hecke stack for G.q at x.
We have a natural projection

Hecke®, » — Gezg (Dy) X Gez, (Dg).

" Gez, (DX)
The commutative group structure on the space of gerbes gives rise to a map

Gezg (Da) X Gezg (D) — Gezg (Da)a-

Gez, (DF)
Composing we obtain a map
(8.36) Hecke$®, , — Gezg (Dy)q-

Remark 8.7.6. Note that the map (8.36) induces a bijection on the sets of connected components when
G is simply-connected.

8.7.7. Let G°° be a Gm-gerbe on Gez, (Dy)z. By a slight abuse of notation, we will denote by
Sph(Glaa) g, gioe
the corresponding twisted version of the category
D-mod (Heckelé’:d )
obtained by pulling back the gerbe §'°° along (8.36).

Assume now that G'°° is multiplicative (with respect to the group structure on Gez. (Dz)z). Then
the category Sph(Gaa), gloc acquires a natural monoidal structure.
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8.7.8. Let 051:16(@) be a 71(G)-gerbe on D,. Note that since the pairing (8.34) is bilinear, the corre-
sponding G.,-gerbe Gyloc  on Gezg (Dz)e has a natural multiplicative structure.
1 (G) -

The following is a twisted version of the (naive) geometric Satake functor:
Lemma 8.7.9. There exists a symmetric monoidal functor

Satg | gloc 1 Rep(Gse), go-1 — SPh(Gad)z,5 10
1 (G) ™1 (G)

©1(G)

Proof. The pairing (8.34) induces a bijection between:

e The set of characters of the (finite) group Maps(D,, 71(G)), which is a subgroup of
Maps(Dy, m1(Gaa)) 2 Maps(De, Zg..) = Zg

sc)a)

e The set mo(Gez,(Da)z), which is a quotient of the set
mo(Heckes®, ) ~ m0(Gezg_ (Da)w)-

ad T

The assertion of the lemma follows from the fact that under the usual (naive) geometric Satake
functor

Satg , : Rep(Gse)z = SPh(Gad )z,

the decomposition of Rep(Gsc)e according to central characters corresponds to the decomposition of

Sph(Gaq)s along the connected components of Heckelé’: ..z according to support. Indeed, this observa-

tion implies that Satg’ | : Rep(Gse)z — Sph(Gaa)z is equivariant for the action of B(Z..),) on both
sides, and therefore we can twist Sat¢; | by Z(,.),-8erbes.

O

8.7.10. The constructions in Sect. 8.7.5 have immediate counterparts for the global Hecke stack

glob  _
HeckeGad 2= Bung,, X Bung,, -
Bung, (X —z)

In particular, a multiplicative G,,-gerbe §°° on Gez, (X). gives rise to a monoidal category
(8.37) D-mod (Hecke&*® ) goc.
Note that pullback defines a monoidal functor

lob
Sph(Gad),,gloc —* D-mod (Heckel,” ) gtoc.

Assume now that G'°° is obtained by restriction along
Gezg (X)z — Gezg (X)
of a multiplicative G,,-gerbe § on Gez, (X).

Then we have a natural monoidal action of (8.37) on D-mod (Bung,,)s.

8.7.11. Combining the above ingredients, we obtain that for a 1 (G)-gerbe 8., (@ on X, we have a

monoidal action of Rep(ésc)z B®—1
EA) 7‘_1 ~

on D-mod 1 (Bung,,)s
(&) 2 b

16
This construction makes sense in families as x moves over the Ran space, thereby giving rise to the

sought-for action of Rep(Gsc) on D—mod% (Buncad)g%

®—-1 .
Ran,& 0 &) 1(&)

The compatibility in point (a) of Proposition 8.6.7 follows by construction.
O[Proposition 8.6.7(a)]

8.8. Proof of Proposition 8.6.7(b). We will show how to adapt the proof of [Ga4, Theorem 4.5.2]
to apply in the current gerbe-twisted situation.
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8.8.1. Choose a point = € X. Since HZ (X — z,m(G)) = 0, we can choose a trivialization of e
over X —z. lLe., we can assume that &, (&) comes from an object

loc
67\'1(6) S Gem(c-)(X)x.
Note that the space Ge,, (z)(X)z is canonically the discrete set 71 (G)(=1), which is in bijection

with the set of characters of Zg. Denote the element corresponding to our gerbe by x.

8.8.2.  We claim now that the proof of the spectral decomposition theorem in [Ga4, Sect. 11.1] applies
in the current context. Recall that in loc. cit. the proof was based on considering the localization
functor

Locga,, : KL(Gad)erit,Ran — D-mod% (Bung,,)-

In the present twisted situation we will need to make the following modifications.

8.8.3.  We replace Ran by its relative version Ran, that classifies finite subsets of X that contain the
point z.

For further discussion, in order to simplify the notation, we will work with a fixed element z € Ran,.
Write z = 2’ U {z}.
8.8.4. We replace the category

KL(Gad)Crit,g ~ KL(Gad)crit,gl ® KL(Gad)crit,x
by
KL(Gad)crit,g,X = KL(Gad)crit,g’ ® KL(Gad)crit,z,Xy
where KL(Gad)erit,z,x is the full subcategory of KL(G)eit,z, consisting of objects, on which
Za C et (G)x

acts by the character .

8.8.5. Note that by (8.35), the G,,-gerbe qun on Gez, (X) is obtained by pullback via the map

(@)
Cezg(X) = Gezg (D) ~ Gezg (pt) ~ B*(Za)er
from the G,,-gerbe on B?(Zg)et corresponding to the character .

The pullback of 9@7(1 & to Bung,, trivializes over the cover

(

Bung,, X pt /£+(G)z,
pt /£+(Gaq)x

and corresponds to the multiplicative line bundle on pt /Z¢ given by x.
From here we obtain that we have a well-defined localization functor

LocG,q,2.x  KL(Gad)erit.z,x = D-mody (Bung,q)se . -
1
8.8.6. Recall that the category KL(Gad)crit,e is acted on by
QCoh(OpgE 7).

The key point in the proof of [Ga4, Theorem 4.5.2] is the fact (going back to [BD] and reviewed in
[GLC2, Sects. 15-16]) that the functor

Loca, e : KL(Gad)erit,z — D—mod% (Bung,,)

factors as
Loc%IOb »
KL(Gad)crit7£ — KL(Gad)Crit7£ ® Qcoh(oprélsocrkfree(X . :E)) Cagoz

mon-free
QCoh(OpGSC . )

— D-mod (Bung,,),
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1

where the functor LochOb
ad &

Opg (X —z) — LSe, -

is QCoh(LSg__)-linear with respect to the tautological projection

We will now explain the modification of this construction.

8.8.7. Consider the space OpZ°™f¢ We claim that there is a canonically defined map

G,z
mon-free
(8.38) Opé — Gem(@)(Dz)z.
To construct it, it suffices to show that the composition
(8.39) Opg‘?; — LS‘S?; — Geﬂl(é)(Df)

factors through the point of Ge, (z)(D3), corresponding to the trivial 71 (G)-gerbe,
Note that the map (8.39) factors as
Opgsy — LSE — Bung (D7) = Geg, () (D),
while the map
Opgz — LSE?; — Bung (D)
in turn factors as
Opg‘z — Bung(D;) — Bunas(Dy).
Hence, (8.39) factors as
(8.40) Oprél?; — Bung (D) = Buns(Dy) — Gem(c)(Df),
where we think of 71 (G) as ker(T — Tic).
However, the map
Opg’, — Bunp (D) — Bung (D)
corresponds to the point 2p“(w®%) € Bunj (D), and that point lifts to a point of Bung (D). This
implies that the map (8.40) factors via the trivial gerbe.

Remark 8.8.8. We claim that Opgo,;"free maps in fact to a twisted form of the affine Grassmannian of

the group G, so that (8.38) factors via this map!'.

Indeed, recall that for a fixed curve X, we can think of G-opers as connections of the standard form
on a fixed G-bundle U’gp, induced from a particular Borel bundle for a principal S Lo-triple, see [GLC2,
Sect. 3.1.4].

Consider the twisted affine Grassmannian Grc 0P .

(CPG7 04)7

. ~ . . . o
where P is a G-bundle on D,, and « is an isomorphism Px ~ TPGP over DX.

, i.e., the moduli space of pairs

mon-free
G,x

(A, Pa, ),

Note that we can think of a point of Op as a triple

where:
e A is a connection of the standard oper form on ‘ng over DJ;
e P is a G-bundle on D,;
® « is an isomorphism P =~ inp over D, so that the a priori meromorphic connection on P,
induced by A via « is regular.
The assignment
(Aa ?G?O‘) = (?Gv a)
is the sought-for map

mon-free
OpG« — Gr Op

x G,‘J’G ,T

11This remark is inessential for the sequel and the reader may choose to skip it.
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8.8.9. In the twisted situation we replace

0) mon-free ~ Opmon—free % Oprpon—free

Gse,x ésc ,z! Gsc,x
by
mon-free |__ mon-free mon-free
Op@dc&,x = Ostch/ x Ostc,zyx )
where Opré“’“’afr;e is the preimage of the point x under the projection (8.38).
5015

Note that with respect to the QCoh(Opgo;'free)—action on KL(G)erit,», we can identify the subcate-
gory KL(Gad)erit,z,x With the direct summand that is supported over

mon-free

C OpG’z

0] mon-free
Gse ;X

8.8.10. Consider the space
Opgo™™ (X —x)y :=Opg (X —2) X

S .
Gse,® !
LSg, (X —x) S¢ 7w (G)

Note that we have a naturally defined map

mon-free mon-free
Opésc (X - x)x - Opésmﬁ’)( .

Now, by the same principle as in [Ga4, Theorem 10.3.4] (see also [GLC2, Sects. 15-16]), we obtain
that the functor Locg,,,«,x factors as

Locglob

mon-iree Ga .z,
KL(Gad)CriLLX - KL(Gad)crit,Lx ® ) QCOh(OpGSC ! (X — f)x) JadyX
QCoh(Opgorirse)

d D—mod% (BunGad)qu

).

Now the argument parallel to that in [Gad, Sect. 11.1] establishes the factorization of the action
stated in Proposition 8.6.7(b).

w1 (&)’

glob

where the functor Locg”! , | is linear with respect to QCoh(LS¢ &

1(&)

O[Proposition 8.6.7(b)]
8.9. Geometric Langlands for non-pure inner forms.

8.9.1. Note that, in view of Remark 8.5.5, from Corollary 8.5.9 we obtain an expression of the twisted
categories D—mod% (Bung, ) in terms of the usual D-mod% (Bung) and the spectral action.

Namely, using (8.11) and the fact that LS is 1-affine, we obtain:

Corollary 8.9.2. For a Zg-gerbe &z, on X, we have a canonical equivalence:

D- B -1 ) ~D- B h(LSs
mod%( unG’QjZé) mod%( ung) QCOSLSG) QCoh( SG)%ZG ,

where QCoh(LSGv)géz is the twist of QCoh(LSx) by the pullback of the gerbe S@ZG on Ge, (@ (X)
G
along the map p,, (@) of (8.22).

Combining with GLC for GG, we obtain a form of GLC for non-pure inner twists:

Corollary 8.9.3. There is a canonical equivalence:

D-mod% (Bun ) ~ IndCohnip (LS¢) ® QCoh(LS¢)s, , -
G

—1
GCzq QCoh(LSg)

8.9.4. Let Gy be the simply-connected cover of G; consider the short exact sequence

1->m(G) = Gse > G —1

and the resulting map
Pr(G) : Bung — Gem(g) (X)
For a Gm-gerbe G on Gey, (¢)(X), let us denote by D-mod
gerbe-twisted D-modules on Bung.

19 (Bung) the corresponding category of
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8.9.5. On the dual side we have the short exact sequence
1= Zg = G = Gaa — 1,
and a map
Pz : LSg,, — Gez, (X).
To a point &z, € Gez, (X) we can associate a gives rise to a (non-pure) inner twist of LSx:

LS~ := LSs &z}
G867, Gad GezZ()O{ ZG}

8.9.6. Consider the short exact sequence
0—>7T1(G) — ZG.. = Za — 0

and its dual

0—m(G) =g, — Zg — 0.
Combining Theorem 8.5.8 and Lemma 8.4.6 we obtain:
Corollary 8.9.7. For a Zg-gerbe &z, on X, there is a canonical equivalence

D-mod: (Bung)g, =~ D-mod: (Bung,,) ® QCoh(LS¢s ¢, )-
2 e’ 2 QCoh(LSg,_ ) e

Combining with GLC for Gs. we obtain:

Corollary 8.9.8. For &z, € Gez, (X) there is a canonical equivalence

D—mod% (Bung) =~ IndCohnip (LS¢ ¢, )-
G

Se
Za

Remark 8.9.9. We expect that equivalences parallel to Corollaries 8.9.3 and 8.9.8 also take place in the
framework of Fargues-Scholze theory of [FS].

8.10. Arithmetic consequences. In this subsection we will appeal to the notations introduced in
[AGKRRV1, Sect. 24]. We will work over the ground field k = F,, and we will assume that Z¢ and
Z have orders prime to p.

8.10.1. In this subsection we will assume that GLC holds (for constant group-schemes) in the context
of ¢-adic sheaves over the ground field F;, see [AGKRRV1, Conjecture 21.2.7]:

(8.41) Shvy;y, 1 (Bung) = IndCohniip (LSE™).

Then by the same principle as in Corollary 8.9.3, from (8.41) one can derive a GLC-type equivalence
for non-pure inner forms of G:

For a Zg-gerbe &z, on X, we have

) = IndCohxip (LSE™) ~~ ®  QCoh(LSE™)

(8.42) ShVNilp,% (Bun
QCoh(LSLet)

-1
G7®ZG 9®ZG3

where we view Se, . as a feo (Fq)-gerbe on Ge,, (¢), and we turn it into a Gn.-gerbe via
proo(Fg) < t100(Qp) C Gom.

8.10.2. Similarly, for a Zz-gerbe &z, on X, combining Corollary 8.9.8 and (8.41), we obtain:
(8.43) Shvyyp, 1 (Bung)ge = IndCohnip (LSEe, ),

2

where we view S@ZG as a [t (Fy)-gerbe on Ger, (@), and we turn it into a @Z -gerbe via

(8.44) foo (Fq) = poo(@,) € Q-
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8.10.3. Assume now that X and G are defined over F,. Let &z, be a Zg-gerbe that is also defined over

[Fq, and hence so is the stack Bun, -1 . Thus, we an consider the corresponding space of automorphic
B ze

functions

F‘unctc(BunG’@Eé (Fy), Qp).

The Frobenius-equivariant structure on &z, gives rise to a Frobenius-equivariant structure on the
Gm-gerbe p]_ () (e, ) over LSE™". Hence, the restriction of Py, (e (Se2,) to

arithm | __ restryFrob
LS& = (LSE™)
gives rise to a line bundle on LSE‘“‘"‘, to be denote qujz
G

As in [AGKRRV1, Conjecture 24.8.6], applying the categorical trace of Frobenius to the two sides
of (8.42), we obtain an isomorphism of vector spaces

(8.45) Functc(BunGﬁgé (Fq), Q) =~ P(Lsgithm7wLSgithm ® LS@ZG ).

Thus, (8.45) is an expression for the (spherical) automorphic category for a (non-pure) inner form
of G.

8.10.4. Let now ®ZG be a Zx-gerbe on X defined over F,;. Then the stack LS'gSgZ acquires an action
e

of the Frobenius automorphism. Denote
. Frob
arithm restr
LSG,(’jz B = (LSG',@Z B ) .
G G

The Q, -gerbe p;I(G)(SQsZG) (see (8.44)) on Bung gives rise to a Q, -torsor over Bung(F,), to be
denoted ?@ZG. Consider the space

Sect(Bung (Fy), TP@ZG )
of its compactly supported sections.

As in [AGKRRV1, Conjecture 24.8.6], applying the categorical trace of Frobenius to the two sides
of (8.43), we obtain an isomorphism of vector spaces

(8.46) Sectc(Bung (Fy), Po ) = F(Lsg};hzmc W garithm)-

Thus, (8.46) is an expression for the metaplectic (spherical) automorphic category of G, which is
given in terms of the (non-pure) inner twist of G.

APPENDIX A. REVIEW OF (SEMI-)STABILITY FOR G-BUNDLES

We briefly review the basic notions from the theory of (semi-)stable G-bundles following the original
source [Ra].

A.l. Definition of (semi-)stability. In what follows, we only consider parabolic subgroups P con-
taining our fixed Borel.

A.1.1. Notation related to root data. Recall that A denotes the coweight lattice of G' and A denotes the
weight lattice. As is standard, 2pc € A denotes the sum of the positive roots.

Let P be a parabolic subgroup of G with Levi quotient M. As the weight lattices of M and G
coincide, we also have the weight 2p) € A. We set 2pp := 2pG — 2pm, which is the sum of the roots
occurring in n(P).

We remark that (2pp, ;) = 0 for every vertex 4 in the Dynkin diagram Ips of M, i.e., for each
simple coroot a; whose sla maps into m. Indeed, we have (2p¢, o) = (2pm, ;) = 2 for such «;.

It follows that for a coweight A € A, the value of (2pp,\) only depends on the class of A in
A/ Span{ai},'E[M = 7T17a1g(M).
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A.1.2. We have the following definition (cf. [Ra]):

Definition A.1.3. A G-bundle Pg on X is semi-stable (resp. stable) if for every maximal (proper)
parabolic subgroup P C GG and every reduction Pp of Pg to P, we have

(2pp,deg(Pp)) <0 (resp. < 0).
Here we remind that deg(Pp) is an element of my a1, (M).

We remark that the integer (2pp,deg(Pp)) appearing above is the degree of the vector bundle
n(P)p, on X.

Ezxample A.1.4. This definition is rigged to recover the usual one for G = GL,.

Indeed, suppose € has rank n and P is the maximal parabolic whose reductions correspond to
subbundles €¢ C € of rank m. Then a straightforward calculation yields

(2pp,deg(Pp)) = rank(€) - deg(€o) — rank(&op) - deg(&).
A.2. A characterization of (semi-)stability.
A.2.1. We have the following basic result.

Proposition A.2.2. For a G-bundle Pg on X, the following conditions are equivalent.

(a) Pg is semi-stable (resp. stable).
(b) For every proper parabolic subgroup P C G (possibly not of corank 1) and every reduction Pp of
Pa to P, we have
(2pp,deg(Pp)) <0 (resp. <0)
(¢c) For every reduction Pg of Pa to the Borel, we have:

(A1) deg(Pp) = Z nii +¢, n; € Q<°, e € Q- Ay, (resp. ni € Q<°).
i€l
Here Az, is the set of coweights mapping into the center of G.

A.2.3. Proof of Proposition A.2.2. The key point is to observe

<2ﬁP7E> = Oa
(AQ) <2[)p,ai> =0 ifiely
<2ﬁp,ai> 2 2 if ¢ € I]\/[

where the last expression follows as (2pa, ;) = 2 and 20 is a sum of roots ¢&; with j € Ins (so j # 9).
Then (b) tautologically implies (a), (c¢) implies (b) by (A.2), and (a) implies (c) again by noting that
for P; the maximal parabolic corresponding to i € I, we have (2pp,,deg(Pr)) = ni(2pp, i) € n; - 7>0
by (A.2).

O[Proposition A.2.2]

A.2.4. In the above, the condition (c) immediately matches the notion of semi-stability used in [DG]
(see loc. cit. Lemma 7.3.2), and it matches the notion of stability implicitly suggested in loc. cit.
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