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ABSTRACT. This paper performs the following steps toward the proof of GLC in the de Rham
setting:

(i) We deduce GLC for G = GL,,;

(i) We prove that the Langlands functor L constructed in [GLC1], when restricted to the cuspidal
category, is ambidextrous;

(iii) We reduce GLC to the study of a classical vector bundle with connection, denoted Ag irred,
on the stack LSiéred of irreducible local systems;

(iv) We prove that GLC is equivalent to the contractibility of the space of generic oper structures
on irreducible local systems;

(v) Using [BKS], we deduce GLC for classical groups.
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INTRODUCTION

This paper is the fourth in the series of five papers, whose combined content will prove the geometric
Langlands conjecture (GLC), as it was formulated in [GLC1, Conjecture 1.6.7].

0.1. What is done in this paper?
0.1.1. In the papers [GLC1, GLC2, GLC3| we constructed the Langlands functor
(0.1) Le : D-mod% (Bung) — IndCohniip (LSa),
and GLC says that (0.1) is an equivalence.
0.1.2. The main result of [GLC3] says that (0.1) induces an equivalence
D—mod% (Bung)gis — IndCohniip (LS )red,

where:
° D-mOd%(Bul’lG)Eis C D—mod% (Bung) is the full subcategory generated by Eisenstein series
from proper Levi subgroups;

e IndCohnip(LSs)rea C IndCohnip(LS) is the full subcategory consisting of objects, set-
theoretically supported on the locus of reducible local systems.
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0.1.3. As one of the first steps in this paper we will show that GLC is equivalent to the statement
that the induced functor

(0.2) La,cusp : D—mod% (Bung)cusp — IndCOhan(LSiged),
is an equivalence (see Corollary 1.3.10). (Note also that IndCohnip(LSE®?) is the same as the usual
QCoh(LSE*?) category).

Thus, the proof of GLC amounts to the study of the functor L cusp-

0.1.4. Before we even begin the discussion of the main results of this paper, we observe (see Sect. 1.7)
that the above considerations already allow us to deduce GLC for G = GL,,.

Namely, the fact that Lg cusp is fully faithful for GL, follows from [Ga2] (or, in a more modern
language, from [Bel]).

We then show that its essential surjectivity is equivalent to the existence of (non-zero) Hecke eigen-
sheaves attached to irreducible local systems, which was established in [FGV] using geometric methods
(or, alternatively, in [BD1] using localization at the critical level).

0.1.5. The main result of this paper, Theorem 3.1.4, which we call the Ambidexterity Theorem, says
that the left and right adjoints of the functor L cusp are isomorphic.

This already gets us pretty close to the statement that L cusp is an equivalence. Yet, we will need
to “milk” the ambidexterity statement some more in order to obtain the actual proof. Some of this
milking will be preformed in this paper, and some will be delegated to its sequel.

0.1.6. An additional crucial input comes from the paper [FR] (combined with [Be2]), which says that
the functor Lg,cusp is conservative. This implies that in order to prove GLC, it is sufficient to show
that the monad

(03) ]LG,cusp o Lé,cusp
acting on QCoh(LSE™?) is isomorphic to the identity functor.

We observe (see Sect. 1.6.2) that the monad (0.3) is given by tensor product with an associative
algebra object

(0.4) AG irmed € QCoh(LSE™?).
The monad (0.3) is an equivalence if and only if the unit map

(05) OLS@lred - ‘AG,irred
G
is an isomorphism in QCoh(LSiCE;ed)A

0.1.7. Now, the Ambidexterity Theorem tells us something about the structure of Ag irrea. Namely,
it implies that A irreq is self-dual as an object of QCoh(LSged). In particular, it is perfect, and hence
compact.

However, we prove more: we show (assuming that G is semi-simple) that A irrea is a classical vector
bundle, equipped with a flat connection (see Theorem 3.1.8).

Thus, we can view Ag irred as a classical local system on LSig;ed. We also show that this local system
has a finite monodromy (see Proposition 4.2.8); this latter statement will play a role in the final step
of the proof of GLC in the next paper in this series.

0.1.8. The above additional pieces of information concerning Aq irrea result from Corollary 4.2.5,
which says that the fiber of Ag irrea at a given irredicuble local system o is isomorphic to the homology
of the space of generic oper structures on o.

We will explain the mechanism for this in Sect. 0.3.

0.2. How is ambidexterity proved?
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0.2.1. The proof of the Ambidexterity Theorem is obtained by essentially staring at what we call the
Fundamental Commutative Diagram (see [GLC2, Diagram (18.14)]):

CSe =

Whit' (G)ran =~ ——2 Rep(G)ran
COQEGT Tl—‘zpccvlndCoh
(0.6) D-mod1 (Bung) L—G> IndCohniip (LS )

Locg

—_ Nl

. spec
TPOIDCG,*
FLEG crit * -f
crit,Ran EE— Il’ldCOh (Opgon ree)Ran,

~

KL(G

~—

where we ignore some cohomological shifts and twists by constant lines.

Remark 0.2.2. In fact, (0.6) is a special case at levels (crit for G, co for G) of an analogous diagram
that is expected to exist in the quantum case:

! FLEé i <
Whit‘(G)n,Ran B KL(G)—&,Ran

~

coef‘fG/!\ Trc’ik

(0.7) D-mod, (Bung) Lo, D-mod_x (Bung)co
LOCG,KT Poinch,*
KL(G)N,Ran FLEGW Whit*(é)fﬁu,Ran~

A remarkable feature of the quantum diagram is that it is self-dual: i.e., if we dualize all categories
and arrows in (0.7) we obtain a similar diagram, but for ((G, k), (G, —&)) replaced by ((G, &), (G, —k)).

0.2.3. We break (0.6) into the upper and lower portions, i.e.,

Whit' (G)ran ——%%  Rep(G)Ran

~

(0.8) COCHGT Trgec»lndcw
D-mod% (Bung) _Le IndCohniip (LSe)
and
D-mod; (Bung) —C IndCohyiip (LSg)

2
(09) Locg TPOinCEgZC

FLEG crit

KL(G)crit,Ran IndCoh* (Opgon_free)Rany

and we combine (0.8) (resp., (0.9)) with the inclusion of (resp., projection to) the cuspidal subcategory:

Whit'(G)Ran -C—ic;—» Rep(G)Ran

coeffg T Tlﬁg’ec

D—mod% (Bung) L—G> IndCOhNilp(LS@)

T TJ*

]L cus .
D-mod% (BunG)cusp 2} IndCOhNilp(LSéred)
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and
D-mod 3 (Bung )eusp “Guonr IndCohnitp (LSE?)
oL T T e
D-mody (Bung) — —%—  IndCohyip(LSg)
Locg Tpoincge:
KL(@erition 0™ IndCoh” (O™ s,
respectively.

0.2.4. Thus, we obtain the diagrams
Whit'(G)Ran e, Rep(G)Ran
(010) coeffg oeT TI‘SG.peC’IndCOh 0%

]L cus .
D—mod% (BunG)cu5p u) IndCOhNilp(LSgred)

and
D-mod (Bung )cusp ZGSR ndCohwip (LSizred)
(0.11) eLoLocGT T]* oPoinciP
KL(G)erit,Ran FLEf’Cm IndCoh* (Opg}o“-free)Ram
respectively.

The key feature of the latter diagrams is that in (0.10) the right vertical arrow is fully faithful, and
in (0.11) the left vertical arrow is a Verdier quotient (a.k.a., is a localization).

0.2.5. Starting from diagrams (0.10) and (0.11), the ambidexterity assertion is proved as follows.

Consider the functor dual to Lg,cusp (With respect to the natural self-dualities of the two sides, see
Sect. 2).

The point now is that the vertical arrows in (0.10) admit left adjoints, and these left adjoints are
essentially! isomorphic to the duals of the original functors. Combined with the fact that the right
vertical arrow is fully faithful, this implies that the dual of Lg,cusp is isomorphic to the left adjoint of
]LG,cusp-

Similarly, the vertical arrows in (0.11) admit right adjoints, and these right adjoints are essentially
isomorphic to the duals of the original functors. Combined with the fact that the left vertical arrow is
a Verdier quotient, this implies that the dual of L cusp is isomorphic to the right adjoint of La cusp-

Thus, we have identified both the left and right adjoints of Lg, cusp With its dual.

0.3. Relation to opers. We now turn to the statements announced in Sect. 0.1.8 that relate the
fiber of the object A irrrea at a given o € LS‘C{de to the homology of the space Opgéer; of generic oper
structures on o.

1Essentially::up to some twists.
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0.3.1. Let
B, rea € QCOR(LSE™),
be the object obtained by applying the left forgetful functor
oblv' : D-mod(LSE?) — QCoh(LSE™)
to the object

irred .
(ﬂ—Ran )! (woprgon—free,n'red (X&en)gan )7

where:
) Opgon’free (X&) Rran is the space of pairs (o, 0), where o € LS, and o is a generic oper structure
on it;
® TRan : OprGf‘c’"’free(Xge“)Ran — LS is the tautological map (o, 0) — o;
o Opferiresimed(xeen) .y and 7 is the base change of the above objects along the inclusion
LS — LS.

Op
G,irre

By construction, B 4 is naturally a co-commutative coalgebra in QCoh(LSigEd).

irred

Note that since the map 7ia is pseudo-proper (see Sect. 3.3.11), the fiber of Bgﬁrred at a given
o€ LSiCl;reCl is indeed given by the homology of the space
0 gen = (o x O mon-free Xgen
T = o) X OpE U (Xe)

of generic oper structures on o.

0.3.2. The point of departure is Theorem 4.6.3, which says that the comonad on
IndCohninp (LSEY) ~ QCoh(LSE ™)
given by

spec — J* o PoinCSGpeC

spec spec )R ) )
G ,x,irred * ¥

Poinc- o(Poinc?}

G,*,irred G ,x,irred/ ’ Poinc

is isomorphic to the comonad given by tensoring with Bgf’imd.
0.3.3. Consider the comonad
]LG o ]Lg
acting on QCoh(LS%™®?). Since it is QCoh(LSE*?)-linear, it is given by tensor product with a co-
associative coalgebra object, denoted

BG irmed € QCOh(LSE*?).

The fact that the left vertical arrow in (0.11) is a Verdier quotient implies that we have an isomor-
phism of comonads
spec spec )R

R p.: .
Lgollg ~ 16)01nc(~;7*,irred o(PomcGJY*’irred

Combining with Theorem 4.6.3, we obtain an isomorphism?
BG,irred =~ ‘Bgf)irred'
However, the Ambidexterity Theorem implies that Ag,red =~ Bairrea (as plain objects of
QCoh(LSEr*?)). Combining, we obtain an isomorphism
(012) AG,irred = .Bgf)irrech
also as plain objects of QCoh(LSiged)A
From here we obtain the desired statements relating the fiber of Ag irrea at a given irreducible local

system o with the homology of Opg" .

20ne can show that this isomorphism respects the co-associative coalgebra structures, but we will neither prove nor
use this fact.
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0.3.4. Note, however, that the isomorphism (0.12) gives us more. Namely, since we already know that
Ag irrea is concentrated in cohomological degree 0, we obtain that the connected components of Opg3 ‘;
are homologically contractible.

And since GLC is equivalent to the fact that the map (0.5) is an isomorphism, we obtain that it is

equivalent to either of the following:

gen
G,o
e For every irreducible o, the space Op%” is connected.

e For every irreducible o, the space Op is homologically contractible;

0.3.5. Recall now that a recent result of [BKS] proves the homological contractibility of the spaces

Op¥&™ , whenever G (and hence @) is classical.

Hence, we obtain that GLC is a theorem for classical G.
0.4. Contents. We now briefly review the contents of this paper section-by-section.

0.4.1. In Sect. 1 we review the contents of [GLC1, GLC2, GLC3] relevant for this paper, and draw
some consequences. In particular:
e We show that the functor L¢ is an equivalence if and only if the corresponding functor Lg cusp
is;
e We show that Lg cusp is an equivalence if and only if the object Ag irrea is isomorphic to the
structure sheaf;

e We deduce GLC for GL,.

0.4.2. In Sect. 2 we review the self-duality identifications on the two sides of (0.2), and we show that
the left adjoint of Lg,cusp identifies with its dual, up to a twist. This uses the compatibility of the
functor L with the Whittaker model, i.e., the upper portion of (0.6).

In Sect. 3, we show that the right adjoint of La cusp also identifies with its dual (up to the same
twist). This uses the compatibility of the functor Lg with localization at the critical level, i.e., the
lower portion of (0.6).

Combining, we deduce the Ambidexterity Theorem, which says that the left and right adjoints of
Lg,cusp are isomorphic.

From here, we deduce that the object Ag,irrea € QCoh(LSE?) is self-dual, and hence compact.

0.4.3. In Sect. 4 we express Ag,irred via the space of generic oper structures.
As a result, we prove that Ag,irred is a classical vector bundle (when G is semi-simple).

And we deduce GLC for classical groups.

0.4.4. In Sect. 5 we reduce Theorem 4.1.5 stated in the previous section to the combination of two
general assertions about the space of rational maps. These assertions are proved in Sect. A and Sects.
B+C, respectively.

0.4.5. Conventions and notation. The conventions and notation in this paper follow those in [GLC3].
0.5. Acknowledgements. We wish to thank Justin Campbell for collaboration on other papers con-
stituting this project, namely, [GLC2, GLC3|.

D.B. is grateful to Ian Grojnowski, Massimo Pippi, Michael Singer, Bertrand Toén and Gabriele
Vezzosi for several stimulating conversations.

The work of D.A. was supported by NSF grant DMS-1903391. The work of D.G. was supported by
NSF grant DMS-2005475. The work of S.R. was supported by a Sloan Research Fellowship and NSF
grant DMS-2101984 and DMS-2416129 while this work was in preparation.
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1. SUMMARY OF THE LANGLANDS FUNCTOR
In the papers [GLC1], a functor
L¢g: D-mod% (Bung) — IndCohniip (LS&)
was constructed.

The geometric Langlands conjecture, a.k.a. GLC ([GLC1, Conjecture 1.6.7]), says that the functor
L¢ is an equivalence. For the duration of this paper, we will assume the validity of GLC for proper
Levi subgroups of G.

In this section we will summarize the properties of Lg relevant for this paper, and draw some
consequences.

1.1. The functor Lg via the Whittaker model. In this subsection we will recall the “main” feature
of the functor L¢g; its compatibility with the Whittaker model.

1.1.1. Recall (see [GLC2, Sects. 9.3 and 9.4]) that the category D—mod%(Bung) is related to the
Whittaker category by a pair of adjoint functors
Poincg,i : Whit' (G)ran = D-mod; (Bung) : coeffc .
1.1.2. Recall also that the category IndCohyiip(LSg) is related to the category Rep(G)ran by a pair
of adjoint functors
LocP® : Rep(G)ran = IndCohnin (LSg) : [EPecndeeh,
see [GLC2, Sect. 17.6].
Note, however, that the functor Locy* factors as

. =y

Rep(()ran — QCoh(LSs) a3 IndCohnip(LSg),
and the functor FSGPSC’I“dCOh factors as

spec

Y103}, Nilp & .
IndCohniip (LS@) —» QCOh(LSG“) — Rep(G) Rans

where
E{O}’Nﬂp : QCOh(LSG) = IHdCOhNilp(LS@) : \IJ{O},Nilp
are the natural embedding and projection, respectively.
1.1.3.  We record the following (see Sect. C.1.9 for the proof):
Proposition 1.1.4. The functor
[P : QCoh(LSg) — Rep(G)ran

is fully faithful.

1.1.5. The Langlands functor Lg is essentially® determined by the property that it makes the diagram
Whit' (G)Ran ’C—iG—+ Rep(G)Ran

(1.1) coeffc[zaprX)]T Trgec,mdcm

D-mod (Bung) —¢ 5 IndCohnip(LS¢)

commute, where CS¢ is the geometric Casselman-Shalika equivalence (see [GLC2, Sect. 1.4]), and

ON = dim(Buny

plwx) P(WX))‘

Remark 1.1.6. The commutation of (1.1) is the point of departure for any of the constructions of the
Langlands functor.

3See [GLC1, Sects. 1.4 and 1.6] for what the word “essentially” refers to.
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1.1.7. Tt is shown in [GLC3, Theorem 16.1.2] that the functor Le admits a left adjoint, to be denoted
L%. Passing to the left adjoints in (1.1), we obtain a commutative diagram

—1
Whit' (G)ran <CS+ Rep(G)Ran

(1.2) PoincG,y[—zzsz(wm]l JLocgec

L
D-mod; (Bung) «—— IndCohwip (LS ).

1.2. Langlands functor and Eisenstein series. In this subsection we will summarize the properties
of L relevant for this paper that have to do with the Eisenstein series and constant term functors.

1.2.1. A key property of the functor Lg is that it commutes with the Eisenstein functors, i.e., for a
parabolic P with Levi quotient M, the diagram

D-mod (Bunay) M IndCohiip (LS )

(1.3) Eis!,twkl Epl
D—mod% (Bung) —)LG IndCohyiip (LSe)

commutes, where Eisi twik is a “tweaked” !-Eisenstein functor, where the tweak involves a translation
along Bunj; and a cohomological shift (the precise details of the tweak are irrelevant for this paper),
see [GLC3, Theorem 14.2.2].

1.2.2. Passing to the right adjoints along the vertical arrows in (1.3), we obtain a diagram
D-mod (Bunar) —>— IndCohiip(LS ;)

(1.4) CT*,thT CTSPSCT
D-mod (Bung) —%— IndCohnip(LS¢),

which a priori commutes up to a natural transformation (in the above diagram, CT, twk is a “tweaked”
Constant Term functor, set to be the right adjoint of Eisi twk).

However, one of the main results of the paper [GLC3], namely, Theorem 15.1.2 in loc. cit., says that
the natural transformation in (1.4) is an isomorphism. Le., the diagram (1.4) commutes.

1.2.3. Note that by passing to left adjoints along all arrows in (1.4), we obtain a commutative diagram
L
D-mod; (Bunar) ¢ TndCohnip (LS 1)
(1.5) Eis!,twkl EisSPeCl
L&
D—mod%(Bung) — IIldCOhNilp(LS@).
1.2.4. Let

D—mod% (Bung)gis C D—mod% (Bung)

be the full subcategory generated by the essential images of the functors Eis) (equivalently, Eis twk)
for proper parabolics,

Let
IndCohniip (LS@)red C IndCohnip (LS@)

be the full subcategory consisting of objects, set-theoretically supported on the locus
LSEY C LSe
consisting of reducible local systems, i.e.., the union of the images of the (proper) maps

LSP — LSG
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for proper parabolic subgroups.
Combining diagrams (1.3) and (1.5) we obtain that the functors Lg and L& send the subcatergories
D—mod% (Bung)gis and IndCohniip (LS&)red
to one another, thereby inducing a pair of adjoint functors

(1.6) ]LG,Eis : D-mod% (BunG)EiS = IndCOhNﬂp (LSG)red . Lé,Eis'

The main result of [GLC3], namely, Theorem 17.1.2 in loc. cit. says:
Theorem 1.2.5. The adjoint functors in (1.6) are (mutually inverse) equivalences.

1.3. The Langlands functor on the cuspidal part. In this subsection we will study the restriction
of Lg to the cuspidal subcategory. We will show that GLC is equivalent to the statement that the
resulting functor

Lé.cusp : D-mod 1 (Bung)eusp — IndCohniip (LSE™) = QCoh(LSE™)
is an equivalence.
1.3.1. Let
D-mod% (Bung)cusp := (D-mod% (BunG)Eis) -
be the cuspidal subcategory.

Tautologically, D-mod 1 (Bung)cusp is the intersection of the kernels of the functors CT. (equiva-

lently, CT. twk) for all proper parabolics.

1.3.2. Denote by e the tautological embedding
D—mod% (Bung)ecusp < D—mod% (Bung).
Since D—mod%(Bunc)EiS is generated by objects that are compact in D—mod% (Bung), the functor

e admits a left adjoint, to be denoted e”.

1.3.3. Let

Lsired < LS
be the embedding of the irreducible locus. We can regard IndCohNilp(LSigEd) as a full subcategory of
IndCohnilp (LS¢) of IndCohnip (LSes) via 4, and as such it identifies with

(IndCohniip (LSG'),ped)L .

Tautologically,
II’ldCOhNilp(LSé)red = ker(j*).

1.3.4. From the commutation of (1.4), we obtain that the functor Lo sends D—mod% (Bung)cusp to
IndCohniip (LSE®?). Denote the resulting functor by
(1.7) Lé,cusp : D-mody (Bun)eusp — IndCohip, (LSE®Y).
L.e., we have a commutative diagram
D-mod, (Bung) LN IndCohniip (LS#)

(1.8) eT TJ*

JL cus .
D-mod%(BunG)Cusp g IndCOhNHp(Lsgred).
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Note that from the commutation of (1.3) we obtain a commutative diagram

D-mod; (Bung) —*S IndCohyip(LSg)

(1.9) ot | |

D—mod%(BunG)cusp M IndCOhNilp(LSiéred).

1.3.5. Note also that when we view D—mod% (Bung)cusp and IndCohNilp(LSiéred) as quotient categories

of D—mod%(Bunc) and IndCohnip (LSs) via e and 7%, respectively, from the commutation of (1.5),
we obtain that there exists a well-defined functor

LG, cusp : IndCohinp (LSE™) = D-mod 1 (Bung)cusp

that makes the diagram

L
D-mod% (Bung) <]L—G IndCohNﬂp(LSé)

(1.10) o |
L& cusp irred
D—mod%(Bunc)cusp = IndCohl\mp(LS‘C{Vre ).
commute.
Taking into account (1.9), we obtain that the functors
(1.11) L¢cusp : D-mody (Bung)eusp = IndCohnitp (LS¢ )rea : L& cusp
are mutually adjoint, i.e.,
]Lé,cusp =~ (LG,cusp)L-
1.3.6. We claim, however:

Proposition 1.3.7. The functor ILé sends IndCohniip (LSiC'ffed) to D—mod% (Bung)cusp-

Proof. Follows from [GLC2, Proposition 17.2.2]. We will supply an alternative argument in Sect. 1.4.8.
O

Corollary 1.3.8. The following diagram commutes:

L
D-mod; (Bung)  +—“—  IndCohwi(LS)

(1.12) eT TJ*
L& cusp irred
D—mod% (Bung)eusp ——— IndCohI\mp(LS‘ére ).
1.3.9. Taking into account Theorem 1.2.5, we obtain:

Corollary 1.3.10. The functor La is an equivalence if and only if so is the functor La, cusp-

1.4. Spectral action. In this subsection we will recall another crucial feature of the functor Lg: its
compatibility with the QCoh(LS«)-actions on the two sides.

1.4.1. Recall (see e.g., [GLC1, Theorem 1.2.4]) that the Hecke action gives rise to an action of the
monoidal category QCoh(LSs) on D-mod (Bung).
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1.4.2.  We have:
Proposition 1.4.3. With respect to the QCoh(LSx)-action on D—mod% (Bung), the full subcategory
D-mod (Bung)eis C D-mod (Bung)

is set-theoretically supported on LSrgd, i.e.,

(1.13) D-mod; (Bung)ris ®  QCoh(LSE®!) = 0.
2 QCoh(LSx)

This proposition is probably well-known. We will supply a proof for completeness in Sect. 1.4.9.

1.4.4. As a formal consequence of Proposition 1.4.3, we obtain:

Corollary 1.4.5. We have an inclusion

(1.14) D-mod 1 (Bung) ® QCOh(LSiéred) C D-mod 1 (Bung)cusp
2 QCoh(LSy) 2

as full subcategories of D—mod% (Bung).

In fact, a stronger assertion is true (to be proved in Sect. 1.5.6):
Theorem 1.4.6. The inclusion (1.14) is an equality.

1.4.7. By the construction of the functor Lg, it is QCoh(LSx)-linear, where QCoh(LSx) acts on
IndCohniip (LS) naturally.

Since the symmetric monoidal category QCoh(LSs) is rigid, we obtain that the functor L% is also
equipped with a natural QCoh(LSx)-linear structure.

Moreover, the monad
L
]LG o ]LG7

acting on IndCohniip (LS), is QCoh(LSx)-linear.
1.4.8. Second proof of Proposition 1.3.7. By QCoh(LS«)-linearity, the functor LE sends

IndCohniip (LS¢) ® QCOh(LSiéred)’
QCoh(LS 5)

viewed as a full subcategory of IndCohniip(LSs), to

D-mod: (Bung) ® QCoh(LSE ),
2 QCoh(LS )

viewed as a full subcategory of D-mod 1 (Bung).

However, the former is tautologically the same as IndCohNup(LSing), while the latter is contained
in D-mod% (Bung)cusp by Corollary 1.4.5.

O[Proposition 1.3.7]

1.4.9. Proof of Proposition 1.4.3. According to [BG]?, the functor Eis; can be factored as a composition
Eis?art.cnh

D-mod 1 (Bunas) — D-mod 1 (Bunas) ® QCoh(LSp) —  D-modi (Bung),
2 2 QUoh(LS 1) 2

where the functor EisP**"" is QCoh(LS5)-linear.
This implies the required assertion.

O[Proposition 1.4.3]

4The paper [BG] only treats the case of P = B. The general case will be treated in a forthcoming paper of
J. Feegerman and A. Hayash.



PROOF OF THE GEOMETRIC LANGLANDS CONJECTURE IV 13

1.5. Conservativity. In this subsection we recall a crucial result from [FR], which says that the
functor Lg,cusp is conservative.

In a sense, this unveils the main reason why GLC holds: that the functor Lg does not lose information
(in a very coarse sense, by sending some objects to zero).

1.5.1.  'We now import the following result from [FR, Theorem A] (which is a combination of [FR,
Theorem B] and [Be2, Theorem A]):

Theorem 1.5.2. The functor La cusp S conservative.

Remark 1.5.3. Note that in the case when G = G L, the assertion of Theorem 1.5.2 follows immediately
from (the much more elementary) Theorem 1.7.2 below.

1.5.4. We now claim:
Theorem 1.5.5. The functor Lg is conservative.

Proof. The follows immediately by combining Theorems 1.5.2 and 1.2.5.

1.5.6. Proof of Theorem 1.4.6. The assertion of the theorem is equivalent to

(1.15) D-mod 1 (Bung)cusp Q QCoh(LSg)rea = 0,
2 QCoh(LSy)

where QCoh(LSx)rea = ker(y*).

By Theorem 1.5.2, it suffices to show that the functor Lg cusp annihilates the subcategory (1.15).
However, Lg,cusp sends this category to

IndCohniip (LSEY)  ®  QCoh(LSg)reds
QCoh(LS &)

and the latter is obviously 0.
O[Theorem 1.4.6]

1.6. The algebra Ag irrea- In this subsection we will introduce an object
Ag irred € AssocAlg(QCoh(Lsiémd)7
which encodes the monad Lg cusp © Lé,cusp'

We will show that the validity of GLC is equivalent to the fact that the unit map (1.16) is an
isomorphism.

The proof of GLC that will be presented in phe sequel to this paper will amount to the showing
that the algebraic geometry and topology of LS’CEV,red essentially force this map to be an isomorphism
(modulo a certain computation on the automorphic side).

1.6.1. Consider the monad L¢,cusp © L& cysp O IndCohNilp(LSgred) corresponding to the adjoint func-
tors (1.11). By Sect. 1.4.7, this monad is QCoh(LS«)-linear.

Since the action of QCoh(LS¢) on IndCohnin (LSE?) factors through
7" : QCoh(LSg) — QCoh(LSE*®Y),
we obtain that La, cusp © ]Lé,cusp is QCoh(LSiged)—linear.

1.6.2. Note that Nilp|; girrea = {0}, s0O
G
IIldCOhNilp(LSiéred) — QCOh(LSiéYEd).

Hence, the monad La,cusp © L& cusp 15 @ QCoh(LSE*)-linear monad on QCoh(LSE™?) itself, and
thus corresponds to a unital associative algebra, to be denoted

AG,irred c QCOh(LSiéred).
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1.6.3. The unit of the (]Lé’cusp, L¢,cusp)-adjunction corresponds to the unit map

(116) OLSiéer — AG,irred-
Tautologically, the functor Lé,cusp is fully faithful if and only if the map (1.16) is an isomorphism.

1.6.4. Given Theorem 1.5.2 and Corollary 1.3.10, we obtain:

Corollary 1.6.5. The functor La is an equivalence if and only if the map (1.16) is an isomorphism
in QCoh(LS¥E*).

1.7. Proof of GLC for G = GL,. In this subsection, we will show how Theorem 1.2.5 allows us to
prove GLC in the case when G = GL,.

1.7.1. The point of departure is the following result, established in [Bel] (or, in a slightly different
language, in [Ga2]):

Theorem 1.7.2. The restriction of the functor coeff¢ to the subcategory
D—mod% (Bung)cusp C D-mod% (Bung)

is fully faithful.

1.7.3. From Theorem 1.7.2 we will now deduce:

Corollary 1.7.4. The functor La,cusp is fully faithful.

Proof. From (1.1) and (1.8), we obtain a commutative diagram

CSqa ~
e

Rep(G)Rran

fo[26 spec,IndCoh
coeff g [ Np(wx)]T TFG

Whit'(G)Ran

~

D—mod% (Bung) ]L—G> IndCOhNilp(LS@)

eT TJ*

JL cus .
D-mod%(BunG)Cusp g IndCOhNHp(lecgred).

It is sufficient to show that the composite right vertical arrow in the above diagram is fully faithful.
Indeed, this would imply that the fully-faithfulness of the functors

coeffg [26Np(wx)] oe and Lg,cusp
are logically equivalent.

Note that since
QCoh(LSE*Y) = IndCohnip (LSEY),
the right vertical arrow in the above diagram can be identified with
spec

(1.17) QCoh(LSE*?) &5 QCoh(LSs) <+ Rep(G)ran.

Now, in the composition (1.17) both arrows are fully faithful: this is obvious for j., and for Fg’ec
this is the content of Proposition 1.1.4.
O

Remark 1.7.5. Note that the proof of Corollary 1.7.4 shows that it is actually logically equivalent to
Theorem 1.7.2. Hence, once we establish GLC, we will know that Theorem 1.7.2 also holds for any G.
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1.7.6. By Corollary 1.6.5, in order to prove GLC, we need to show that the map (1.16) is an isomor-
phism in QCoh(LSIgEd). Since LSIC{,rEd is eventually coconnective, it is sufficient to show that for any
field-valued point

o : Spec(K) — L&Y,
the resulting map
(1.18) K — Ag,o
is an isomorphism, where Ag,, denotes the fiber of Ag irrea at o.
Applying base change to the functor L cusp along o, we obtain a functor

Lg,o : D-mod1 (Bung)cusp ® Vectx — Vectrx .
2 QCoh(Lsizred)

Since the functor Lg cusp is fully faithful and admits a left adjoint, we obtain that Lg,. is also fully
faithful. In particular, Lg,» is conservative. Hence, by Barr-Beck, it can be identified with the forgetful
functor

Ag,o-mod — Vectx .

Such a functor can be fully faithful either when (1.18) is an isomorphism (which is what we want
to show), or when Ag,- = 0. Thus, it remains to rule out the latter possibility.

1.7.7.  'We need to show that the category

D-mod 1 (Bung)e := D-mod 1 (Bung)cusp ® Vectk
2 2 QCoh(Lsizred)

is non-zero. For this, we can further replace K by its algebraic closure.

Performing base change k ~» K, we can assume that K = k. Then the category D-mod 1 (Bung)o
is, by definition, the category of Hecke eigen-sheaves with respect to o.

However, it was shown in [FGV] that for G = GL, and o irreducible, the category D-mod 1 (Bung)o
contains a non-zero object.

Remark 1.7.8. Alternatively, the proof of the existence of a non-zero Hecke eigensheaf for a given
irreducible local system, valid for any G, follows by combining the [BD1] construction of Hecke eigen-
sheaves via localization at the critical level and the result of [Ari], which says that any irreducible local
system carries a generic oper structure.

O[GLC for G = GLy]

2. LEFT ADJOINT AS THE DUAL
In this section we will establish the ”first half” of the Ambidexterity Theorem, namely that the

functor left adjoint to Lg cusp 1S, up to a certain twist, is canonically isomorphic to its dual.

In order to do so, we will first have to show that the source and the target of Lg cusp are canonically
self-dual.

2.1. The dual automorphic category. In this subsection we recall, following [DG] or [Gal], the
description of the dual of the category D-mod% (Bung).
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2.1.1. Recall the category D—mod% (Bung)co- It is defined as the colimit
colim D-mod1 (U),
U 2

where U runs over the poset of quasi-compact open substacks of Bung, and for U e U> the corre-
sponding functor
D—mod%(Ul) — D—mod% (U2)
is (j1,2)+-
For a given quasi-compact open
(2.1) U < Bung,

we let
Jeo,x D—mod% U) — D—mod% (Bung)eo

denote the tautological functor.
2.1.2. The category D-mod 1 (Bung)co is endowed with a tautologically defined functor
Ps-1d™ : D—mod% (Bung)eo — D—mod% (Bung),
characterized by the following property:
For a quasi-compact open as in (2.1), we have
(2.2) Ps-Id™ 0jco,« 2 J«,
as functors

D-mod U) — D-mod (Bung).

2.1.3. Note that Verdier duality on Bung gives rise to a canonical identification

Verdier

(2.3) D-mod% (Bung)” - D-mod% (Bung)co-
It is characterized by the requirement that for (2.1), we have
. Sk V
Jeo,x = (] ) )

where we identify

D-mod%(U)V ~ D-mod1 (U)

1
2

via usual Verdier duality, also denoted DVerdier,

2.2. The dual of the cuspidal category. In this subsection we will use Sect. 2.1 to show that the
cuspidal automorphic category is canonically self-dual.

2.2.1. Let
D-mod (Bung)co,ris C D-mod (Bung)eo

be the full subcategory, generated by the essential images of the functors
Eisco,« : D-mod%(BunM)CO — D-mod%(BunG)CO
(see [Gal, Sect. 1.4]) for proper parabolic subgroups.
Set N
D—mod% (Bung)co,cusp := (D—mod% (Bung)co,E;s) .

Let
€eco ! D—mod% (Bung)co,cusp < D—mod% (Bung)co

denote the tautological embedding. It admits a left adjoint, making D—mod%(Bung)co,Cusp into a
localization of D-mod% (Bung)co-
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2.2.2. The identification (2.3) gives rise to an identification

Verdier
Dcusp

(24) D-mod% (Bunc);/usp >~ D-mOd% (BunG)CO,CuSp>
so that
eco ~ (€¥)” and e2 ~e".
2.2.3. Recall now that the category D—mod% (Bung)co,cusp has the following property (see [Gal, Propo-
sition 2.3.4]): there exists a quasi-compact open substack
Uy <j—0> Bung,

such that the functor
€co ! D—mod% (Bung)co,cusp — D—mod% (Bung)co

factors as
(jO)co,* O €ygy,co,

for (an automatically uniquely defined fully faithful functor)
€Uy,co D-mod% (Bung)co,cusp — D—mod% (Vo).
2.2.4. Furthermore, according to [Gal, Theorem 2.2.7], the functor Ps-Id" sends
D—mod% (Bung)co,cusp t0 D—mod% (Bung)cusp, and the resulting functor
Ps-Idfysp D-mod% (Bung)co,cusp — D-mod% (Bung)cusp
is an equivalence.
We automatically have
(2.5) e o Ps-Ideyspy 2 (Jo)+ © €up,co-
2.2.5. Thus, combining (2.4) with the equivalence Ps-Idgys, we obtain a self-duality

Ps-Id2Y oD Verdier

(2.6) D—mod% (Bung)cvusp UL P D—mod% (Bung)cusp-
2.2.6. For later use we introduce the following notation:

Let
(2.7) ey, : D—mod% (Bung)cusp — D—mod% (Uo)

be the uniquely defined functor, so that
euy,co = ey, 0 Ps-Idoyp, -
The functor ey, is automatically fully faithful and
e (jo)« o ey,.
Let ebo denote the left adjoint of ey,. We have:
(2.8) el ~ eﬁo °7J5-
2.3. Duality and the Poincaré functors. In this section we will recall the result of [Lin| that says

that the !- and *-versions of the geometric Poincaré functor become isomorphic, once we project to the
cuspidal automorphic category.

2.3.1. Recall (see [GLC2, Sect. 9.5]) that in addition to the functor
Poince,i : Whit' (G)ran — D-mod; (Bunc),
there exists a naturally defined functor

Poincg,« : Whit. (G)ran — D-mod% (Bung)co-
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2.3.2. By construction, with respect the duality (2.3) and the canonical duality

(2.9) (Whit' (@)ran) " ~ Whit.(G)Ran,
we have
(2.10) (coeffg)" ~ Poincg « .

2.3.3. Recall now (see [GLC2, Theorem 1.3.13]) that, in addition to the duality (2.9), there exists a
canonical equivalence

(2.11) @Whit(G) : Whit*(G)Ran ~ Whit!(G)Ran.

The following assertion is a “baby” version of the main result of [Lin] (see Lemma 1.3.4 in loc. cit.):
Theorem 2.3.4. The functors

elo Poincg,1 0@whit(e) and el o Ps-Id™ o Poincg, « [26Np(wx)]7

Whit, (G)ran = D—mod% (Bung)cusp
are canonically isomorphic.

2.4. Self-duality on the spectral side. In this short subsection we set up our conventions regarding
the self-duality of the category QCoh(LSgEd).

2.4.1. Let us identify QCoh(LS) with its own dual via the naive duality

naive
v D

(2.12) QCoh(LSs)" "~ QCoh(LSx).
I.e., the corresponding anti-self equivalence of
QCoh(LSg)¢ = QCoh(LS )P

is given by monoidal dualization.

2.4.2. The self-duality (2.12) induces a self-duality

prai
v ~

(2.13) QCoh(LSr)Y P2 QCoh(Lsired).

2.4.3. Recall now (see, e.g., [AGKRRV1, Sect. 11.3]) that the canonical self-duality on Rep(G) gives

rise to a self-duality of the category Rep(G)ran.

2.4.4. We have:

Lemma 2.4.5. With respect to the above self-dualities of QCoh(LSs) and Rep(G)Ran, the functors
LocZ™ : Rep(G)ran <+ QCoh(LS) : e

identify with each other’s duals:
(Locg’cc)v ~ I and (I“SGPCC)v ~ Loc*.

2.5. Left adjoint vs dual. In this subsection we finally formulate and prove the main result of this
section, Theorem 2.5.3, which says that the left adjoint and the dual of Lg,cusp are isomorphic, up to
a twist.
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2.5.1. Consider the functor dual to Lg,cusp
irred
L& cusp : QCoh(LSEY)Y — D-mod (Bung) eusp-
Using the identifications (2.13) and (2.6), we can think of L& ., as a functor
(2.14) QCoh(LSE*Y) — D-mod; (Bung)eusp-

Let
P cusp - QCoh(LSE®Y) — D-mod (Bung)eusp

denote the composition of the functor (2.14) with the Chevalley involution and the shift [—20y
ie.,

p(wx)]’

\
(pG,cusp = TG © ]LG,cusp[_26Np(wX)]-

2.5.2.  We are going to prove:
Theorem 2.5.3. The functor ®g cusp identifies canonically with ]L(L;’wsp.

This theorem is a particular case of [GLC3, Theorem 16.2.3], and its proof is much simpler in that
it only uses Theorem 2.3.4, rather than the full force of the result from [Lin]. We will supply a proof
for the sake of completeness, and it occupies the rest of this subsection.

2.5.4. By Proposition 1.1.4, it suffices to establish an isomorphism

spec
G

spec

L
]LG,cusp © ]* o Loc >~ ®g cusp © ,]* o LOCG‘

as functors

Rep(G) = D—mod% (Bung)cusp-

We will do so by showing that both diagrams

1

VVhit!(G)Rzm & Rep(G)Ran

Poincg [725NP<WX)]l LOCSGPec
(2.15) D—mod% (Bung) QCoh(LSg)

eLl lj*

H‘é cusp irred
D—mod%(Bung)Cusp +———— QCoh(LSz"")

and
o csgt .
Whit' (G)ran +—— Rep(G)ran
POinCG‘![726Np(Wx)]J/ Loci.?ec
(2.16) D-mod (Bunc) QCoh(LSy)

eLJ/ J'J*
q> cus i
D-mod 3 (Bunc)cusp 2P QCoh(LSiErd)

commute.
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2.5.5. The commutation of (2.15) is immediate from (1.2) and (1.10). Thus, it remains to deal with
(2.16).

First, according to [GLC2, Lemma 1.4.12], we have
76 0 CSg' =~ Ownit(g) © CSE .

Combining with Theorem 2.3.4, this allows us to replace (2.16) by

Y, ~
Whit. (G)ran SEe Rep(G)Ran
Poincg « l lLocgmc
(2.17) D-mod; (Bung)eo QCoh(LSy)

eLoPs—Id“"l lj*

Vv
H“G,irred (26

Ny o) .
D-mod 1 (Bun)eusp 2ex) QCoh(LSEeY).

2.5.6. Using
e’ o Ps-Id™ ~ Ps-Tdeusp oe”,

we can rewrite (2.17) as

Whit. (G)Rran —< Rep(G)ran
POinCGv*J{ Locsé)ec
D—mod% (Bung)co QCoh(LS)
Ps-1d2y, oevl l]*
L& irreal 20N, )] _
D-mod 1 (Bung)eusp Pex). QCoh(LSEeY),
and further by
v ~
Whit . (G)ran e Rep(G)ran
POinCG’*J/ lLOCstec
(2.18) D-mod (Bung)eo QCoh(LSgx)
evl J,]*
L& irreal=20N () ] )
D-mod ; (Buna)eo,eusp "X\ QCoh(LS),

where we now think of L jpeq as a functor
QCOh(LSiéred) — D-mOd% (BunG)co,cusp

via (2.13) and (2.4).



PROOF OF THE GEOMETRIC LANGLANDS CONJECTURE IV 21

2.5.7. Passing to the dual functors in (2.18), we obtain that it is equivalent to

Whit* (G) Ran & Rep(é)r{an
coeff & T Tri;cc
D-mod% (Bung) QCoh(LSx)

QT TJ*

Lairredl=20n,, )]

D—mod% (Bung)cusp QCoh(LSgEd).

However, the commutativity of the latter diagram follows from (1.1) and (1.8).
O[Theorem 2.5.3]

3. RIGHT ADJOINT AS THE DUAL

In this section we will assume that G is semi-simple®.

We will prove the “second half” of the ambidexterity theorem, namely, that the functor right adjoint
t0 L cusp 1s isomorphic to the (twist of) the dual of L, cusp-

The full Ambidexterity Theorem says that the left and right adjoints of Lg,cusp are isomorphic. Of
course, this statement a posteriori follows from GLC, but in the current strategy, it constitutes a step
in its proof.

3.1. The ambidexterity statement.

3.1.1. We continue to regard the categories D—mod% (Bung)cusp and QCoh(LSE®) as self-dual via
the identifications (2.13) and (2.6), respectively.

Recall the functor ®g,cusp, see Sect. 2.5.1. We will prove:
Theorem 3.1.2. The functor ®g cusp identifies canonically with the right adjoint of La,cusp-
3.1.3. Before we prove the theorem, let us draw some consequences. First, by combining Theorems
2.5.3 and 3.1.2, we obtain what we call the Ambidexterity Theorem:
Main Theorem 3.1.4. The left and right adjoints of Lg,cusp are isomorphic.
Corollary 3.1.5. The endofunctor

]LG,cuSp © ]Lé,cusp
of QCoh(LSing) is isomorphic to its own left and right adjoint.
3.1.6. Recall (see Sect. 1.6.2) that the functor L cusp o]Lé,Cusp is given by tensoring with the associative
algebra object A
Acirred € QCoh(LSE™).

From Corollary 3.1.5 we obtain:
Corollary 3.1.7. The object Ag irrea € QCoh(LSiéred) is self-dual. In particular, it belongs to
QCoh(LSiged)perf, i.e., it is compact.

Eventually we will prove an even more precise version of the second part of the above corollary (see
Sect. 4.4):
Main Theorem 3.1.8. The object Ag irred € QCoh(LSgred) is a classical vector bundle, which is
equipped with a naturally defined flat connection®.
Remark 3.1.9. Note that it makes sense to talk about classical vector bundles on LSiéred, since, under
the assumption that G is semi-simple, the stack LSiérecl is classical and smooth.

5This assumption is just a convenience. The statement holds for any reductive G, just the proof would involve
slightly more notation.

SNote that Corollary 4.2.5 and Proposition 4.2.8 imply that the resulting local system on LSiéred has a finite
monodromy
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3.1.10. The rest of this section is devoted to the proof of Theorem 3.1.2.

3.2. Critical localization. In this subsection, we will show that the right adjoint of the critical
localization functor (functor Loce below) is essentially isomorphic to its dual, once we restrict to the
cuspidal automorphic category.

3.2.1. Let Locg be the functor
KL(G)crit,Ran — D—mod% (Bung)
of [GLC2, Sect. 14.1.4].

3.2.2. Denote by Locg,cusp the composite functor

KL(G)crit,Ran Iﬂ; D—mod% (Bung) e—L> D—mod% (Bung)cusp-
We have the following counterpart of Proposition 1.1.4:
Proposition 3.2.3. The functor Locg,cusp 15 Verdier quotient.
Proof. Let Uy be as in Sect. 2.2.3. Denote
Loca,u, := jo © Loca, KL(G)crit,Ran — D—mod%(Uo)7
so that
(3.1) Locg,cusp =~ eﬁo o Locg,u,
where ef;, is the left adjoint of the functor ey, of (2.7).

It is known that for any quasi-compact U, the corresponding functor Locg, is a Verdier quotient
(see [GLC2, Theorem 13.4.2]). Now, the assertion follows from (3.1), since ef;, is also a Verdier quotient.
d

3.2.4. Recall (see [GLC2, Sect. 2.2.4]) that the category KL(G)crit,ran is also canonically self-dual.
Thus, using the self-duality of D-mod1 (Bung)cusp given by (2.6), we can regard the dual of Loca,cusp

1
2
as a functor

(3.2) Locé,cusp : D-mod% (Bung)cusp = KL(G)erit,Ran-
The following assertion is a counterpart of Lemma 2.4.5:
Proposition 3.2.5. We have a canonical identification between Locémmp and
LocE eusp ® det(D(X, 0x) @ g)[dc],
where d¢ = dim(Bung).

Proof. Let Locg,u, be as in the proof of Proposition 3.2.3. It follows formally that we have the
identifications
Locé,Cusp ~ Locé’U(J oey, and Locgcusp ~ LocgU0 oey, -

Thus, in order to prove Proposition 3.2.5, it suffices to show that for a quasi-compact U C Bung,
with respect to the Verdier self-duality of D-mod 1 (U), we have

(3.3) Locé,U ~ Locg,U ®det(I'(X,0x) ® g)[dc]

as functors
D—mod% (U) d KL(G)crit,Ran-

Denote by Locg,crit the composition of Loce with the identification
D—mod% (Bung) ~ D-modeit (Bung)
of [GLC2, Equation (10.2)], and similarly for Bung replaced by U.
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In terms of the self-duality of D-modeit(U) specified in [GLC2, Sect. 10.5.2], we can reformulate
(3.3) as
(34) LOCé,crit,U = Locg,crit,U .
Note that by the definition of the functor Locg,crit in [GLC2, Sect. 11.3.3-11.3.4], the functor
Locgcm’U is the functor I'g,crit © jco,«, Where
1—‘G,crit : D‘mOdcrit (BunG)co — KL(G)crit,Ran
is the functor of [GLC2, Sect. 10.2.5].
We have:
Locé,crit,U =~ Locé,crit O(j*)v = Locé,crit ojCO,*-
Hence, in order to prove (3.4) it remains to identify
Locé,crit = FG,crit-
However, the latter is the statement of [GLC2, Proposition 10.5.7(b)].
a

3.3. The spectral Poincaré functor. In this section we will show that the right adjoint of the

P below) is essentially isomorphic to its dual, once we restrict

spectral Poincaré functor (functor Poinc N

to the locus of irreducible local systems.

NB: it is in this subsection that the assumption that G (rather G) is semi-simple is used”.

3.3.1. Let
Poinc?* : IndCoh™ (Opg™ ™**)ran — IndCohnitp (LS¢;)

be the functor of [GLC2, Sect. 17.4.2].

spec

G omirred the composite functor

Denote by Poinc’

spec
Pomc p

IndCoh* (OpZ™™ ™ )ran  —3 QCoh(LSg) 25 QUoh(LSE™).

3.3.2. Recall now (see [GLC2, Sect. 3.2]) that in addition to IndCoh* (OpE®***)ran, we can consider
the category

IndCOh (O mon- free)Ran7

and we have a canonical identification

Serre

(3.5) (IndCoh* (Op2® ™) 0n)¥ P~ IndCoh' (OpZ°™ ™) ran.
In addition, we have an identification

9o

see [GLC2, Equation (3.21)].

pmon-tree () ¢ IndCoh' (OpE™" ") gan — IndCoh” (OpE”" ") Ran,

Composing we obtain a datum of self-duality:

S
eopmon-free(é) oD=erre

(3.6) IndCoh* (OpE° ™) 1. ~ IndCoh* (OpE ™) ran.

"In fact, it is used twice, and one can show that the two usages cancel each other out. We just chose not to go
through this exercise.
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3.3.3.  We are going to prove:

Proposition 3.3.4. With respect to the self-dualities (3.6) and (2.13), we have a canonical identifica-

tion between the functor dual to Pomcs(fccmred and

(Pomcscfficmed) ® [kost[—da),

where Ikost s the line of [GLC2, Sect. 17.2.2].

The rest of this subsection is devoted to the proof of Proposition 3.3.4.

3.3.5.  Recall (see [GLC2, Sect. 17.4.1]) that in addition to the functor Pomcg’ec there exists a functor

PoincZ}* : IndCoh' (Opg*™"**)ran — IndCohnitp (LS.
Denote

spec
G, '1rred

spec

Poinc ; EXIE

= 5" o Poinc’}

According to [GLC2, Theorem 17.4.7], we have:

spec

PomcSPGC Rlkost[—da] ~ PomcG 00 pmon-free () -

Hence, the assertion of the proposition can be reformulated as an isomorphism

(3.7) (]?’01ncscp‘fclrred)v (Pomcsé?icmed) [20¢],

as functors
QCoh(LS*) = IndCoh* (OpZ°™ ) p.0n.,

o) as a functor

where we regard (Poinc’ G .1 izre

QCOh( 1rrcd) (2.13) QC h( 1rrcd) N Il’ldCOh (O mon- frCC)Ran ~ IndCoh (O rélon—frCC)Ran.

To simplify the notation, we will prove a variant of (3.7), where instead of the entire Ran we worked
at a fixed point € Ran. L.e., we will prove

(3.8) (Poinc¥(® ) ~ (PoinciPe° V¥ [26¢]

G,!,z,irred G,*,z,irred

as functors
QCoh(LSE™!) = IndCoh™(Opg°),

3.3.6. Recall that

*P°¢ and Poinc¢

Poinc Gug Gz

are given by
(ﬂ—g)indCOh ° (Sz)lndCoh,* and (ﬂ_ﬁ)indCoh o (Sg)l7
respectively, for the morphisms
Opgozn free Sz O mon free(X _ &) g LS@,
see [GLC2, Sects. 17.4.1 and 17.4.2].

Let
coeffSpec IndCoh(LSs) — IndCoh”™ (Opmon free)

denote the functor
(Sg)indCOh o (7@)!-

For future use, we also introduce the notation for the Ran version of this functor

coeff* : IndCoh(LS¢) — IndCoh™ (Opg”™ free) pan-
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3.3.7. Let
(3.9) TndCoh(LS)" P25 TndCoh(LSg)
be the identification, given by Serre duality.

Note that with respect to identifications (3.9) and (3.5), we have

(3.10) (Poincg’j;)v ~ coeffscf’;C .

3.3.8. Due to the assumption that G (and hence G) is semi-simple, the stack LSinrEd is smooth, so the
natural embedding
QCoh(LSE*?) < IndCoh(LSE?)
is an equivalence.
In particular, the identification (3.9) induces an identification

Serre

(3.11) QCoh(LSZ)Y P57 QCoh(LSE™).
From (3.10) we obtain
("o Poincg’j;)v ~ coeff‘g’;C 0gx =: coeffsé’zirred,

as functors
QCoh(LSE*) = IndCoh” (OpE*?),

where we use (3.11) to identify QCoh(LS¥?) with its own dual.

3.3.9. Note now that since G is semi-simple, the Killing form on g defines a canonical symplectic
structure on LSlged. Hence,

DSerre ~ Dnaive [dlm(LSgred(X))] _ Dnaive [26G]
Hence, (3.8) becomes equivalent to an isomorphism

spec ~ . _spec R
(3.12) coel‘f(;&’irred ~ (PomcG-’*&’irred) .

3.3.10. Thus, we have to establish an adjunction between
J o (Wg)indCOh o (sg)" and (Sg)}kﬂdcc’h ° (7@)! O Jx-
Since the functors ((sz)Rdeom* (s, )indCoh)
between

form an adjoint pair, it suffices to establish an adjunction

j* o (ﬂ_ﬁ)iﬂdCoh and (ﬂ-g)! 0 Js.
3.3.11. Set
Oprgon—ftee,lrred(x _ l) = Oprgon—free(X _ @) % Lsgred )
LS&
Let ngd denote the resulting morphism

Opgon—free,lrred (X _ &) N leéred )

By base change, the required adjunction is equivalent to an adjunction between

. (Wirred)lndCoh .
IndCoh(Op*™ (X —z)) " —5  IndCoh(LSg™)
and
7l_irred ! .
IndCoh(LSE*) RN IndCoh(Opp*™ o™ (X — z)).

However, this follows from the fact that, under the assumption that G is semi-simple, the morphism
W;red is ind-proper. Indeed, the generic non-degeneracy condition for opers is automatic, once the
underlying local system is irreducible.

O[Proposition 3.3.4]
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3.4. Proof of Theorem 3.1.2. This proof will amount to comparing the commutative diagrams
obtained from the diagram expressing the compatibility of Lg with critical localization (diagram (3.14)
below) by passage to right adjoint and dual functors, respectively.

3.4.1. By Proposition 3.2.3, in order to construct an isomorphism
(]L'G,cusp)R =~ (I)G,cuspn
it suffices to establish an isomorphism

(3.13) (Locc,wsp)v o (]Lg,cusp)R ~ (LOCG,CUSP)V 0 PG cusp-

3.4.2. Recall that according to [GLC2, Theorem 18.5.2], we have the following commutative diagram:

D-mod, (Bung) —<— IndCohyip (LS¢)
(314) Locg ®I TPoincstp'e:
FLE crit
KL(G)erit Ran Z 2%t 1hdCoh* (Opgon'free)Ran,

where :
e FLEG, it is the critical FLE functor of [GLC2, Equation (6.7)];
e [is the comologically graded line

©3

o )N

p(wx) pwx) )

plwx)
where:

 Is the (non-graded) line of [GLC2, Equation (9.7)];
is the (non-graded) line of [GLC2, Equation (14.2)];
= dim(Buny

_ [®§
G’Np(wx
— Wy

Nowx) P(WX))'

3.4.3. Concatenating diagrams (3.14) and (1.9), we obtain a commutative diagram

L, cus irr
D—mod% (Bung)cusp u IndCOhNilp (LSG ed)
(315) Locg, cusp ®IT TPoincgﬁiirmd
FLEqG cri
KL(Qerit,ran ~ ———=% IndCoh* (OpZo™e®)p,,.

Passing to the right adjoints in (3.15) we obtain a diagram

(Lg,cus )R irre
D-mody (Bung)eusp ¢————  IndCohnip (LS 9)
(316) Locgycuspl l(Poincj;C:i”ed)R(@[
FLEalcrit i
KL(G)eritsran —="" TndCoh* (Op2°™ ™) gan.
We will establish (3.13) by showing that the diagram
PG cus irre
D-mod (Bung)cusp 22 IndCohyip (LSIE™?)
(3.17) Lot cuup | | @oincg s a0
FLEG erie

KL(G)crit,Ran IndCoh* (Opg‘on_ﬁee)Ran

commutes as well.
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3.4.4. Consider the diagram obtained by passing to the duals in (3.15):

(Lg,cusp) ;
D-mod ; (Bung)eusp P IndCohnirp (LSE)
(3'18) Loc\C/;,CuSp ®[l l(POIHCz?:Llrer \/
FLE\C/;,crit

KL(G)crit,Ran IndCOh (Opmon free)Ran
Recall now that according to [GLC2, Theorem 8.1.4], we have a canonical identification
FLEE it 2 76 © FLEG oyiy 00 g pmon-free ()

as functors
IHdCOhI(Opgon—ﬁcc)Ran — KL(G)crit,Ran-
Combining with Proposition 3.3.4, we can rewrite (3.18) as

Tao(La,cusp)

D—mod% (Bunc)cusp IndCOhNilp(LSigred)

(319) Locé,cusp ®[J, J/(P()lncscpc*clrred R®[§C’;t 6]
—1
FLEG,crit * mon-free
KL(G)erit,Ran IndCoh™(Opg )Ran,
and further as
q)G,cusp irred
D-mod, (Bung )cusp IndCohnip (LS57)
(320) Locé’cuSp[QsNP(“’X)]J, l(POIHCSGpe*Cmed)R(@[@ 1®[£8()051 [¥c]
—1
LEG crit

KL(G)crit, Ran IndCoh* (OpE°" ™) Ran.

Taking into account Proposition 3.2.5, we can further rewrite (3.20) as

®a, .
D-mod; BUHG cus (& IndCOhNil LSlgred
P p
2
(321) LOCé,CUSp[Q‘sz(NX)]JV l(Pomcste*clrred Re®- 1®[§osi®dct(F(X,ox)®g)®71
LEg,orit

KL(G)crit, Ran IndCoh* (OpE°" ™) Ran.

3.4.5. Comparing (3.21) with the desired diagram (3.17), we conclude that it establish the isomorphism

1
likost @ det(T(X, 0x) @ g)® 4 ~ (152,

p(wx)

ey

plwx)’
However, the latter is given by [GLC3, Proposition 15.1.10].
O[Theorem 3.1.2]

3.5. An addendum: ambidexterity for eigensheaves. The contents of this subsection will not
be used elsewhere in the paper. Here we will explain another approach to ambidexterity, albeit so far
working only for Hecke eigensheaves (or more generally D-modules with nilpotent singular support, see
Remark 3.5.9).

3.5.1. Fix a point o € LSiéred7 and let

D-mod 1 (Bung)s := D-mod: (Bung) ® Vect
2 2 QCoh(LS )

be the corresponding category of Hecke eigensheaves, where
QCoh(LSs) — Vect
is the functor of *-fiber of o, to be denoted (i,)™.

Note that since o was assumed irreducible, the forgetful functor

(3.22) D-mod (Bung), °blye p. mod; (Bung)
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lands in D—mod%(Bunc)cusp, see Corollary 1.4.5.

3.5.2. The functor L¢ induces a functor
La,o: D-mod% (Bung)s — Vect.

According to Theorem 3.1.4, the left and rights adjoints of Lg,, are (canonically) isomorphic. In

this subsection we will exhibit another way of constructing such an isomorphism?®.

3.5.3. Note that by construction, the functor Lg,, is isomorphic to the composition

obly, Coeﬁ-\cl;ac,glob
D—mod%(Bung)(7 — D—mod%(Bunc) ~=  Vect,

where coeff*“#'°" is as in [GLC2, Sect. 9.6.3].
The left adjoint of Lg,», denoted ]Léyc, sends the generator k € Vect to the object

(i5)" (Poinc\é?f’gbb),

where:

e (i,)* denotes the functor

D-modi (Bung) ~ D-mod 1 (Bung) ® QCoh(LS) 480e)"
2 2 QCoh(LS )

— D-mod1 (Bung) ® Vect = D-mod1 (Bung)o,
2 QCoh(LS ) 2

left adjoint to the forgetful functor oblv,;
. Poincé?f’glOb € D—mod%(Bunc) is the object from [GLCI, Sect. 1.3].

3.5.4. Thus, we wish to construct a canonical isomorphism

(3.23) HOMD-mod ; (Bung)s (Fs L& o (V) = Homyect (coeff & ooblv, (F), V)
2

for F € D—mod% (Bung)s and V € Vect.
We will rewrite both sides of (3.23) and show that they are canonically isomorphic.
3.5.5. Using Theorem 2.3.4, we rewrite L& , (V) as
(3.24) (ig)" (Ps-Id™ (Poincy %)) @ V,
where

. Vac,glob Verdi . Vac,glob
Poinc s #°” := D" (Poinc 5 # 7)) [—20n
|

Sk

l€ D-mod (Bung)co-

plwx)

Since o is a smooth point of LSiéred7 we have

(i0)" = (io)'[dim(LSEF")] @ det(T; (LS¢)),

where i, : QCoh(LSiéred) — Vect is the functor of !-pullback, which is defined for maps of finite
Tor-dimension, and is the the right adjoint of (is)«, since the map i, : pt — LSiC{fEd is proper.

In particular, the functor

D-modi (Bung) ~ D-mod 1 (Bung) ® QCoh(LS) 48Ge)

2 2 QCoh(LSx)

— D-mod1 (Bung) ® Vect = D-mod1 (Bung)s
2 QCoh(LS 5) 2

is the right adjoint of oblv,.

8However7 it is is not obvious that the isomorphism we will construct in this subsection is the same as one from
Theorem 3.1.4.
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Note also that using the symplectic structure on LSiC{fed, we can trivialize the line det(7T; (LSg)),
and we note that dim(LS}*?) = 2dim(Bung).
Combining, we obtain that the left-hand side in (3.23) identifies with

(3.25) HOMDmod ; (Bung) (0b1V, (F), Ps-1d™ (Poinc'0%'°") @ V)[2 dim(Bung)].
2

3

3.5.6. Denote
F' := oblv, (7).
We rewrite (3.25) using Verdier duality as

(3.26) Homveer (C(Bung, ' @ Poincy's#'"), V)[2 dim(Bung) + 26y

p(wx)]'

And we rewrite the right-hand side of (3.23) as

!
(3.27) Homveet (C (Bung, F’' ® Poinc\éi‘:’gbb), V)[26n

p(WX)]'

Hence, in order to establish (3.23), we need to construct an isomorphism
* g !
3.28 C.(Bung, ¥ ® PoincY2%8°?)[—2 dim(Bung)] ~ C’ Bung, ¥ ® Poinc 2¢:81oPy,
G,! G, *

3.5.7. By the main theorem of [Lin], we have
Poincg""#'"[~2 dim(Bung)] 2 Mirpung (Poineg’s#'™").

Now (3.28) follows from the fact that F’ has nilpotent singular support (see [AGKRRV1, Corollary
14.4.10]) combined with the next general assertion from [AGKRRV2, Theorem 3.4.2]:

Theorem 3.5.8. For any ' ¢ D-mod%‘Nﬂp(Bunc) and any F' € D—mod% (Bung)co, there is a canon-
ical isomorphism

* !
C.(Bung, 3 ® Mirgune (F')) ~ C'(Bung, ¥ @ F").

Remark 3.5.9. The above argument can be generalized so that it proves ambidexterity for the functor
induced by Lg

D-mod 1 i, (Bune)eusp — IndCoh(LS "),

where

D—mod;Nilp(Bunc)cusp = D—modéﬁNﬂp(Bunc) N D—mod% (Bung)cusp

and
irred,restr ,__ restr irred
LS = LSE™ N LSired

Note that LSiérEd’rEStr is a disjoint union of formal schemes, each of which is isomorphic to the formal
completion of a point in a smooth symplectic scheme of dimension 2 dim(Bung).

4. THE EXPRESSION FOR Ag irred VIA OPERS
In this section we will prove that the object A, irred € QCoh(LSigEd) can be expressed via opers.

This will lead to a number of structural results concerning Ag irred, as well as the space of generic
oper structures on irreducible local systems.

Furthermore, given the recent result of [BKS], we will deduce GLC for classical groups.

4.1. Statement of the result.
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4.1.1. Consider the space Op“cv;‘m'free(Xge'“)Ran fibered over Ran, whose fiber over z € Ran is
mon-free
Opgé (X —2).
Let mran denote the resulting map

Opré]on—free (Xgen)Ran N LSG )

Set

mon-free,irred en R mon-free ren irred
Opé (Xg )Ran = Opé (Xg )Ran L;( LSG .
G

Let 3™ denote the resulting map
Opygon—free,irred(Xgen)Ran N LSiGgred )

Note that the morphism 75 is pseudo-proper, i.e., a (not necessarily filtered) colimit of proper

maps, see Sect. 3.3.11.
4.1.2. Consider the object?
'Bgf)med := oblv! ((ﬂ’iRr;id)!(wopgou-free,irred(Xgen)Ran)) € QCOh(LSiC'{;red)7
where _ '
oblv' : D-mod(LSE*") — QCoh(LSE?)

is the “left” forgetful functor, see [GaRol, Equation (5.3)].

Op

. . . irred
Glirred 18 @ cO-commutative coalgebra in QCoh(LSE?).

By construction, B

4.1.3. Denote by '
L& cusp : QCoh(LSE) — D-mod (Bung)cusp

the functor right adjoint to Lg,cusp-

Since the monoidal category QCoh(LS™?) is rigid and the functor L cusp is QCoh(LSE™?)-linear,
the functor ngsp is also naturally QCoh(LSiged)—linear,

Hence, the comonad
]LG,cusp o Lg,cusp
acting on QCoh(LSiged) is given by tensoring by a co-associative coalgebra object, to be denoted
BG,irred-

4.1.4. The main result of this section reads:

Theorem 4.1.5. There exists a canonical isomorphism between
Ba,irred Bgﬁmd

as plain objects of QCoh(LSE™ ).

Remark 4.1.6. One can show that the isomorphism of Theorem 4.1.5 respects the co-associative coal-
gebra structures on the two sides. However, we will neither provel® nor use this.

4.2. Combining with ambidexterity. Prior to proving Theorem 4.1.5 we will derive some conse-
quences.

4.2.1. Note that a priori, the comonad
]LG,cusp o Lg,cusp

is the right adjoint of the monad
L
]LG,cusp o ]LG,cusp‘

Hence, the coalgebra Bg irrea identifies a priori with the monoidal dual of the algebra Ag irred-

9The superscript “Op” in the notation below refers to opers and not to the opposite algebra structure.
10See, however, Remark 4.6.7.
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4.2.2. Combining with Corollary 3.1.7 we obtain:
Corollary 4.2.3. There is a canonical isomorphism
Ag irred ~ Bairred
as objects of QCoh(LSE*).
4.2.4. Combing further with Theorem 4.1.5, we obtain:
Corollary 4.2.5. There is a canonical isomorphism
Ag irred ~ Bgﬁrred
as objects of QCoh(LSE*).
And as a result:
Corollary 4.2.6. The object Bg,pmcd € QCoh(LSEE*?) is compact.
4.2.7. Consider the object
(4.1) (wi{gzd)!(wopgon-free,med (xseny,,, ) € D-mod(LSE™).
Assuming Theorem 3.1.8 for a moment, we obtain that the object (4.1) has the form
Wrsigred ® ggf)irred7

Op . . 3 irred
where BY 4 is a classical local system of finite rank on LSZ™".

We will prove the following assertion, which would be needed for the final step in the proof of GLC:

Proposition 4.2.8. The local system ﬁgpirred has a finite monodromy, i.e., it trivializes over a finite

s irred
étale cover of LSE.

4.3. Proof of Proposition 4.2.8. We will deduce Proposition 4.2.8 from Theorem 4.1.5.

4.3.1. Denote

F .= (TriRr;id )i (wopgon-free,irred (XEen) o )[—n],

where!! n = dim(LSg).
irred

Since the map 7R is pseudo-proper, this object can be written as

colilrn F: T € D—rnod(LSiéfecl)7
i€
over some diagram I, where each JF; is of the form
(fi)x,ar(wy, )[=n],
where f; : Y; — LSiC’;’red is a proper map of algebraic stacks.
For each index i, consider the Stein factorization of the map f;
0 f‘o irred
so that f2 is a finite map.

Denote

Fo = (f))v.ar(wyo)[-n].

1 The cohomological shift is introduced for the sake of perverse normalization.
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4.3.2. Let n be the generic point of a connected component of LSinred. It is enough to show that |,
has a finite monodromy.
We have
Fil, € D-mod(n)=°, F2], € D-mod(n)°
and the map
Fi — Sr?
induces an isomorphism
H(Fily) = Fly-
By Theorem 3.1.8 combined with Corollary 4.2.5, the object F|, is concentrated in cohomological
degree 0. Hence, we obtain that
Fly =~ C(Z?g}n?ﬂw

Since F|,, is finite-dimensional, we obtain that I contains a finite sub-diagram I/ C I such that the
map

0
® Fily = Fly
ielf
is surjective.

Since each F?|,, has a finite monodromy, we obtain that so does F|s,.
O[Proposition 4.2.8]

4.4. Proof of Theorem 3.1.8. In this subsection we will continue to assume Theorem 4.1.5, and
deduce Theorem 3.1.8.

4.4.1. Since Ag,irrea is perfect, in order to prove that it is a classical vector bundle, it suffices to show
that the *-fibers of Ag irred at k-points of Lsged are concentrated in cohomological degree 0.

By the self-duality assertion in Corollary 3.1.7, it suffices to show that the *-fibers of Ag irred are
concentrated in non-positive cohomological degrees.

4.4.2. By Corollary 4.2.5, it suffices to show that the *-fibers of Bgﬁmd are concentrated in non-
positive cohomological degrees.

gen

However, the *-fiber of B® 4 at a k-point o € LSige‘i is isomorphic to C.(Opg™

G irre ), where

en mon-free,irred en
Opgé - = {0‘} X Op@ (Xg )Ran-
’ LsiGgred

It is automatically concentrated in non-positive cohomological degrees, being the homology of a
prestack.

4.4.3. The D-module structure on Ag irred comes from the isomorphism of Corollary 4.2.5.
O[Theorem 3.1.8]

4.5. Contractibility of opers. In this subsection we will continue to assume Theorem 4.1.5. We will
show that the validity of GLC is equivalent to the contractibility (and, in fact, just connectedness) of
the space of generic oper structures on irreducible local systems.

4.5.1. Note that in the course of the proof of Theorem 3.1.8 above we have established:
Corollary 4.5.2. The homology of the fibers of the map mheed is acyclic off degree 0.
This can be equivalently reformulated as follows:

Corollary 4.5.3. The connected components of the fibers of the map w3 are homologically con-

tractible.
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4.5.4. Applying Corollary 1.6.5, we obtain:

Corollary 4.5.5. The following assertions are equivalent:
(i) The functor L¢ is equivalence.
(ii) The fibers of the map mared are connected.

(iii) The fibers of the map mared are homologically contractible.
4.5.6. In particular, we obtain that GLC is equivalent to the following conjecture:

Conjecture 4.5.7. The space of generic oper structures on a given irreducible local system is homo-
logically contractible.

Remark 4.5.8. Note that the “bottom” layer of Conjecture 4.5.7 says that the space of generic oper
structures on a given irreducible local system is non-empty. This statement is actually a theorem,
thanks to [Ari].

Remark 4.5.9. The assertion of Conjecture 4.5.7 is easy for G = GL,,. In particular, in this way we
obtain another proof of GLC in this case (i.e., one that is logically different from that in Sect. 1.7)2.

4.5.10. Recall now that thanks to [BKS], Conjecture 4.5.7 is actually a theorem whenever G is a
classical group!'®. Hence, we obtain:

Main Theorem 4.5.11. The geometric Langlands conjecture holds when G is a classical group.

Remark 4.5.12. Formally speaking, the main theorem of [BKS] establishes Conjecture 4.5.7 for a slightly
different notion of oper, namely, for g-opers, rather than G-opers (and it is the latter that appears in
Conjecture 4.5.7). In other words, [BKS] implies Conjecture 4.5.7 not for G itself but rather for its
adjoint quotient.

However, as we shall see in the sequel to this paper, the statement of GLC for a given pair (G, G)
formally follows from the case when G is replaced by its adjoint quotient (resp., G is replaced by the
simply-connected cover of its derived group).

4.6. Proof of Theorem 4.1.5. As we shall presently see, the proof of the theorem follows almost
immediately from diagram (3.15), once we combine the following pieces of information:

e The functor FLEg orit is an equivalence;
e The functor Lg,cusp is a Verdier quotient.

4.6.1. Consider the adjoint pair

. _spec . * mon-free — irredy | spec
(4.2) Poinc"", |, : IndCoh (Opg JRan = QCoh(LS5™ ") : coeff &0 0
see (3.12), where coeff’>%¢ is the version of the functor coeff®;°®.  when gz varies in families along
G,irred GLz,irred =
Ran.

4.6.2. We will deduce Theorem 4.1.5 from the following assertion, which takes place purely on the
spectral side.

Theor(e)m 4.6.3. The comonad on QCoh(LSgrEd) corresponding to (4.2) is given by tensor product
: p
with 3G’irred.
This theorem will be proved in Sect. 5. Let us assume it, and proceed with the proof of Theorem 4.1.5.
12The difference between the two arguments is that one uses a fully faithfulness assertion on the automorphic side,

another on the spectral side.
13Here by a classical group we mean a reductive group whose root datum is of type A, B, C or D.
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4.6.4. Since we only want to identify
(43) BG,irred =~ Bg?irrcd
as objects of QCoh(LSiged) (and not as co-algebras), it suffices to construct an isomorphism of comonads

(4.4) POian),iC,mcd o(Poincgiiirrcd)R ~ L¢ cusp © (Lg,cusp)

acting on QCoh(LS%*?). Indeed, each side of (4.3) is obtained by applying the corresponding side of
(4.4) to Opgirred.
G

4.6.5. Since FLEg crit is an equivalence, the left-hand side in (4.4) identifies with

. _spec . R . . _spec R
POIHCG,*,irred o FLEg crit FLEG*C“t O(POIDC@,*,irred) .

Since Locg,cusp is @ Verdier quotient, the right-hand side in (4.4) identifies with

I[A’G,il‘l‘ed o (LOCG,cusp ®[) o ((LOCG,cusp ®[)R S (LG,cusp)R-
4.6.6. Hence, it suffices to establish an isomorphism between the comonads

. spec . R . . spec R
POlnCG,*,irred o0 FLEG crit © FLEG eyt O(P()lncé,*,irred) ~

~ ]LG,irred o (LOCG,cusp ®[) o ((LOCG,cusp ®[)R o (LG,cusp)Rz

which is the same as
. _spec i . _spec \R
(Pomcé’*’irred oFLEg,crit) © (Pomcd’*’irrecl oFLEg,crit) " ~

~ (LG,irred o (LOCG’,Cusp ®[)) o (]LG,irred o (LOCG,cusp ®[))R

However, this follows formally from the commutativity of (3.15).
O[Theorem 4.1.5]

Remark 4.6.7. Note that Theorem 4.1.5 only says that Bg, irrea and Bgf’med are isomorphic as objects

of QCoh(LSiéred), but not as co-associative co-algebras. One can upgrade the proof given above to an
isomorphism of coalgebras along the following lines:

It follows from the construction that both comonads in (4.4) are linear with respect to the ac-
tion of Rep(G)Rran on QCoh(LSE?) via the functor ;* o Lociy®, and the isomorphism between them
constructed above respects this structure.

It also follows from the construction that the QCoh(LSing)—linear structure on Lg,cusp © (]L,G,wsp)R
agrees with the above Rep(G)Ran—linear structure.

The comonad given by tensor product with 'Bgf’irred has a tautological linear structure with respect
to QCoh(LSiged), and hence also with respect to Rep(G)ran. It follows from the proof of Theorem 4.6.3

given in the next section that the above Rep(é)Ran—linear structure on — ® Bgﬁrred agrees with the

A . . _spec . _spec R
Rep(G)Rran-linear structure on Pomcéy*yined O(POIHCG,*,irred)

Thus, we obtain that the two comonads

Op
-® BG,irred and — ®$G,irred

are identified as Rep(G)Ran—linear comonads. Since the functor j* o LOCSé)eC is a Verdier quotient, this

implies that the above identification is automatically QCoh(LSged)—linear. The latter is equivalent to

the identification of Bg irrea and BOP

o s . irred
Glirrea 88 cO-associative coalgebras in QCoh(LSE).
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5. PROOF OF THEOREM 4.6.3

The rest of the paper is devoted to the proof of Theorem 4.6.3. In particular, it takes place purely
on the spectral side.

We will break up Theorem 4.6.3 into two assertions: Propositions 5.1.2 and 5.1.5. The former can
be informally phrased as “the Ran integral equates the quasi-coherent and de Rham direct images”.
The latter can be informally phrased as “the Ran integral erases the difference between the local and
the global”.

It turns out that both these assertions are quite general, i.e., have nothing to do with the specifics
of opers or local systems.

5.1. Strategy of the proof.
5.1.1. Consider the tautological natural transformation
(51) (WRan)indCOh o Oblvgpré)on-free(xgcn)Ran — ObIVESG o (ﬂ—Ran)*,dPu

as functors
D-mod(OpE®" (X2 )gan) = IndCoh(LS ).
We will prove

Proposition 5.1.2. The natural transformation (5.1) is an isomorphism when evaluated on objects in
the essential image of the functor

Than : D-mod(LSs) — D-mod(OpE°™ (X5 )R ,).

Remark 5.1.3. For the validity of Proposition 5.1.2, it is essential that we work with the entire Ran
and not a fixed z € Ran.

5.1.4. Let (sRa“)i“dCOh denote the functor
IndCoh(Op‘é‘O“"free(Xgen)Ran) — IndCoh*(Opg’on'free)Ran,

and let (sRan)I“dCOh’* denote its left adjoint.

The counit of the ((sran)™3°°"*, (sRan)4°°?)-adjunction defines a natural transformation
(5.2) (ﬂ_Ran)indCoh o (sRan)IndCoh,* o (sRanﬁndcoh N (ﬂ_Ran)indCoh.

We will prove:
Proposition 5.1.5. The natural transformation (5.2), composed with the coarsening functor

Vs, : IndCoh(LSs) — QCoh(LSs),
is an isomorphism, when evaluated on objects in the essential image of the functor
Than : INdCoh(LS5) — IndCoh(OpE® ™ (X&) gan).

5.1.6. We claim that the combination of Propositions 5.1.2 and 5.1.5 implies the assertion of Theo-
rem 4.6.3.

Recall that the morphism 7% is pseudo-proper, so we can identify (7554)" ~ ((rkred), )%, Hence,

the comonad

. _spec . _spec R
POlnCG,*,irred O(POlnCG,*,irred)
identifies with
* IndCoh IndCoh,* IndCoh !
J © (ﬂ'Ran)* o (SRan) o (SRan)* o (WRan) O Jx-
According to Proposition 5.1.5, this comonad maps isomorphically to the comonad
* IndCoh ! ~ irred \IndCoh irredy!
J ©° (WRan)* © (WRan) 0 Jx = (WRan )* ° ( Ran )

In particular, we obtain that this comonad is obtained by the !-tensor product with the coalgebra
object

(5.3) (R o (e (wpsgen) 2 (R Wgpmonreeseed sony )
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5.1.7. Restricting along the horizontal arrows in the Cartesian diagram

-fi irred J -
Opr{)on Tee,irre (chn)Ran Opnélon frcc(chn)Ran

G
Tr{{;;d l lﬂ'Ran

irred J
LS,  — LS&,
from Proposition 5.1.2 we obtain that the natural transformation
irred \IndCoh r r irred
(5.4) (TRan )= ° Oblvopgon-free,irred(Xgen)Ran — Oblesiéred 0 (TRan )*,dR

is an isomorphism, when evaluated on objects lying in the essential image of

(ﬂ_g;id)! . D-mOd(LSiCr;red) N D_mod(oprgon—ﬁee,irred(Xgen)Ran)'
Hence, we obtain that the coalgebra (5.3) maps isomorphically to
irred irred ! irred
Oblvisicgred ((ﬂg;{l Ya.dR © (Tieed) (stgfed)) ~ oblvzsgred 0 (TRon )*,dR(wopxgonffree,irred(xgen)R&n).
Finally, we note that
!
oblvisgmd (—) ~ oblengd(—) ® wygisred

O[Theorem 4.6.3]

5.2. Framework for the proof of Proposition 5.1.2. In this subsection we will explain a general

framework for the proof of Proposition 5.1.2: it has to do with a morphism between D-prestacks over
X.

5.2.1. Consider the prestack

(Oprgon—free (Xgen)Ran)dRrel = (Oprélon_free(xgen)Ran)dR X LSCH

(LS&)dr
so that
IndCoh (O™ ™ (X5 )an) aret ),
is the category of relative D-modules on Op’é‘on’free(X 8°M)Ran With respect to the projection Tran.
Denote by

ind™ : ITndCoh(Op&°" ™ (X5 )gan) = IndCoh((OpE°™ " ** (X 5™ )Ran) qrret ) : ObIV'®
the resulting pair of adjoint functors.

Consider also the functors

(5.5) (TRan) ) qreet + IndCoh((OpE®™ ™ (X*" ) Ran)agre1) — IndCoh(LSg)
and
(5.6) (TRan) gt : NdCoh(LS5) — IndCoh((OpE™ ™ (X 5™ )ran ) qrrel )-

5.2.2. As in Sect. 5.1.1 we have a natural transformation
(5.7) (WRan)indCOh o oblv™® — (TRan ), aRrrel s

as functors
IndCoh((OpE°™ ™ (X5 )Ran)qrret) = IndCoh(LSs).

The assertion of Proposition 5.1.2 follows immediately from the one:

Proposition 5.2.3. The natural transformation (5.7) is an isomorphism when evaluated on objects in
the essential image of the functor (5.6).

In its turn, Proposition 5.2.3 follows from the next assertion:
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Proposition 5.2.4. The counit of the adjunction
ind™' o oblv™ — Id
is an isomorphism, when evaluated on objects in the essential image of the functor (5.6).

5.3. An abstract version of Proposition 5.2.4. In this subsection we will show that Proposi-
tion 5.2.4 is a particular case of a general assertion that has to do with a morphism f : Z — Y of
D-prestacks over X.

5.3.1. Consider the prestack Sectv(X,Y) of horizontal sections of Y, as well as
Sectv (X% Y)ran and Secty (X5, Z)ran
that associate to a point z € Ran the spaces of horizontal sections of Y and Z over X — z, respectively.
Note that we have a tautological map
Secty (X,Y) x Ran — Sectv (X%, Y)ran
(and similarly for Z).
Denote

Secty (X5, Z/Y)Ran := Secty (X*", Z)Ran X (Sectv (X,Y) x Ran).

Secty (X&™,Y)Ran

Denote by mran the natural projection
Secty (X%, Z/Y)ran — Sectv (X, Y)
and by TR, grret the map
(Sectv (XE™, Z/Y)Ran) qgret — Sectv (X, Y)

5.3.2.  We will impose the following finiteness conditions on Y and Z:

e Y is sectionally laft in the sense of [Ro, Sect. 3.1.3(ii)], i.e.,
— The prestack Sectv (X,Y) is locally almost of finite type;
— The condition of [Ro, Sect. 3.1.3(ii)] is satisfied for points of Sectv (X,Y);
e Z is meromorphically sectionally laft relative to Y, i.e.,
— The prestack Sectv (X®",Z/Y)ran is locally almost of finite type;
— The condition of [Ro, Sect. 3.1.3(ii)] is satisfied for points of Sectv (X®°",Z/Y)ran.

5.3.3. Denote
(Sectv (X", Z/Y)Ran) qrret := (Sectw (X®", Z/Y)Ran) g X Sectv (X, Y).

Secty (X,¥)dar

Let
(5.8)  ind™ : IndCoh(Secty (X®",2/Y)ran) = IndCoh ((Sectv (X5, Z/Y)Ran) ggre1) : OBV
the resulting pair of adjoint functors.

We have:
Proposition 5.3.4. The counit of the adjunction

ind™ o oblv**' — Id
is an isomorphism, when evaluated on objects in the essential image of the pullback functor
(TRan.areet) : IndCoh(Sectw (X, Y)) — IndCoh ((Secty (X5, Z/Y)ran) grrel ) -
The proof will be given in Sect. A.

5.3.5. Note that Proposition 5.2.4 is indeed a particular case of Proposition 5.3.4: we take Y to be the
constant D-stack with fiber pt /G and Z := Opg.
O[Proposition 5.2.4]
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5.4. A digression: the category QCoh . In order to formulate (an abstract version of) Proposi-
tion 5.1.5, it will be convenient to introduce a general construction of a certain variant of the category
of quasi-coherent sheaves on a prestack, denoted QCoh,_,(—) (see [GLC2, Sect. A.1] for a more detailed
discussion).

5.4.1. Let W be a prestack. We define the category QCoh_,(W) by
QCoh,, (W) := colim  QCoh(S),

S—W, SeSchaff

where the colimit is taken with respect to the direct image functors®?.

5.4.2. If W has an affine diagonal, we have a functor
Qw : QCoh, (W) — QCoh(W).
Namely, it corresponds to the compatible family of direct image functors
QCoh(S) — QCoh(W), S € Schiky,

which are well-defined since the morphisms S — W are affine.

5.4.3. Exzample. Suppose that W is a scheme. Then it is easy to see that in this case the functor Qyw
is an equivalence.

In fact, according to [Gad, Proposition 6.2.7 and Theorem 2.2.6], the same is true when W is an
eventually coconnective quasi-compact algebraic stack of finite type with an affine diagonal.

Note that W = LS« is an example of such an algebraic stack.

Remark 5.4.4. We do not know whether QCoh_, (W) is dualizable. However, QCoh_, (W) is tautologi-
cally the pre-dual of QCoh(W), i.e.,

QCoh(W) ~ Funct(QCoh,, (W), Vect),
where Funct(—, —) is the category of colimit-preserving functors.
In particular, if W is such that QCoh_, (W) is dualizable, then so is QCoh(W).
5.4.5. Example. Let W be an ind-scheme, written as

W = colim W, W' € Sch,

where the transition maps W — W7 are closed embeddings.

In this case,
QCoh,, (W) ~ colim QCoh(W")

where the colimit is taken with respect to the direct image functors.
Note that if W is of ind-finite type, we have a naturally defined functor
(5.9) Way : IndCoh(W) — QCoh,,(W).

Indeed, we can write
IndCoh(W) ~ colim IndCoh(W")

(under direct image functors) and (5.9) is given by the compatible family of functors

Uypi s IndCoh(W*) — QCoh(W*).

One can show that (5.9) is an equivalence if W is formally smooth.

14The reason for the notation “QCoh,,” is that it is a version of the QCoh category, i.e., we take the colimit with
respect to the *-direct image maps, instead of the limit with respect to the *-pullback maps.
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5.4.6. The assignment
W ~~ QCoh,, (W)
has the following functoriality properties for maps f: Wi — Ws:

e We have the direct image functor
f« : QCoh,,(W1) — QCoh,,(W2).
e If f is schematic, we also have the pullback functor
f"+ QCoh,(W2) — QCoh,,(Wh),
which is a left adjoint of f..
e For a pullback square

W, —L s w,

! !

Sl % SQ,
where S1 and S2 are affine schemes, the functor

QCoh(S1) @  QCoh,,(W2) = QCoh,,(W1),
QCoh(52)

defined by f*, is an equivalence;

e If f is schematic and of finite Tor dimension, we also have the !-pullback functor
f': QCoh, (W2) — QCohio(W1).
Note that if f is also proper, then the functors (fx, f') are mutually adjoint.
5.4.7. Let Wgran be a prestack over Ran. Set

(5.10) QCoh, ., (W)ran := lim QCoh, ,(Wran x S) ® IndCoh(S),
Seschaff, S—»Ran Ran ~ QCoh(S)

where the limit is formed using the *-pullback functors along the QCoh.,(Wgran X S)-factors and
Ran
I-pullback functors along the IndCoh(.S)-factors.
Thus, an object F € QCoh,,(W)ran gives rise to an object

Fsz € QCoh.,(Wran x S) ® IndCoh(S)
Ran " QCoh(S)

for every z € Ran(S).
In the case when Wgran — Ran is schematic, so that for every (S, z) as above we have
QCoh,,(Wran R>;n S) ~ QCoh(Wran R>;n 9),
we will simply write QCoh(W)gan instead of QCoh,,(W)ran.-
Remark 5.4.8. The assignment
S ~~ QCoh,,(Wran R>;n S)
naturally forms a sheaf of categories over Ran, to be denoted
QCohy (W)

The above definition of QCoh,,(W)gran is a particular case of the following construction: for any
sheaf of categories Cy,, over Ran, we can assign the category

Cran 1= lim C(S) ® IndCoh(S).
SeSchaf, S—»Ran QCoh(S)

Note that since Ran is 1-affine, we have

Cran ~ I'(Ran, Cg,.) ® IndCoh(Ran).
QCoh(Ran)
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In particular, since the functor
QCoh(Ran) — IndCoh(Ran), F— F ® wran
is an equivalence, we have an equivalence
CRran ~ I'(Ran, Cg,..)-
5.4.9. Let pwy,, denote the projection
WRgran — Ran.
Note that we have a well-defined functor
(PWran )+ : QCoh, (W)Ran — IndCoh(Ran) ~ D-mod(Ran).
Let us denote by
pindCehran (W) - QCoh,, (W)Ran — Vect
the functor equal to the composition

(PWgan)* rndCoh(Ran )

QCoh,,(W)Ran —= D-mod(Ran) — Vect,
where we can alternatively think of I'"™4°°"(Ran, —) as the functor
C.(Ran, —) : D-mod(Ran) — Vect,
left adjoint to k — wRan-

5.4.10. Assume now that Wrgan is locally almost of finite type (so that IndCoh(Wgan) is defined) and
assume that Wgran — Ran is a relative ind-scheme.

We claim that in this case, there exists a well-defined functor
(5.11) Uwian © IndCoh(WRan) — QCoh,,(W)ran,
which is a variant of (5.9).

Indeed, we can write

IndCoh(Wgan) ~ lim IndCoh(Wgan X ),
Ran

Sesch?ff 5 Ran

so it is enough to define a compatible family of functors

(5.12) IndCoh(Wgran x S) — QCoh.,(Wgran X S).
Ran Ran

Write
WRan X S =~ colim Wg,

Ran G

where W} are schemes, and the transition maps Wi — Wg are closed embeddings.
The functors (5.12) are given by the compatible family of functors

IndCoh(W¢) — QCoh(W4)  ®  IndCoh(S),
QCoh(S)
Serre-dual to the tautological functors

QCoh(Wi) ® IndCoh(S) — IndCoh(W3),
QCoh(S)

given by !-pullback along Wi — S.

5.5. Abstract version of Proposition 5.1.5: the absolute case. As with Proposition 5.1.2, we
will prove an abstract statement, of which Proposition 5.1.5 is a particular case. The general set-up
involves a morphism

Z—=Y

of D-prestacks as in Sect. 5.3.1. For expository purposes, we will first consider the absolute situation,
i.e., one when Y = pt.
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5.5.1. Let 2 be an affine D-scheme over X. For z € Ran we will denote by £&(2), (resp., £¢(2)s)
the scheme (resp., ind-scheme) Sectv (D, Z) (resp., Secty (D, — z, Z)).

Consider the corresponding categories
QCoh(£g(2)2) and QCoh,(L£+v(2)q)-

In addition, we can consider the ind-scheme Sectv (X — z,Z), and the categories
IndCoh(Sectv (X — z,2)) and QCoh,,(Sectv (X — z,2)).

5.5.2. Letting x € Ran move in a family over Ran, we obtain the spaces S@(Z)Ran and £v(Z)ran,
where

SJvr (Z)ran — Ran
is a relative scheme, and

£v(Z)rRan — Ran
is a relative ind-scheme. Consider also the relative ind-scheme Sectv (X®°", Z)ran-

We define the categories QCoh(£E(Z2))ran, QCoh,, (£v(2))Ran and QCoh,, (Secty (X5, Z))Rran by
the recipe of Sect. 5.4.7.

5.5.3. Consider the map
82 Ran * Secty (X*", Z)Ran — £v(Z)Ran,

obtained by restricting horizontal sections along

Dy —z— X —z.

When Z is unambiguous, we will simply write sran instead of sz ran.
We have an adjoint pair of functors
(sz,ran)” : QCoh,,(£v(Z))ran = QCoh,, (Sectv (X*™", Z))ran : (S2,Ran)x-
5.5.4. An abstract version of Proposition 5.1.5 (in the absolute case) case reads:

Proposition 5.5.5. The natural transformation
PIHdCOhR“" (SeCtv(Xgen, Z)Ram _) o (SZ,Ran)* o (SZ,Ran)* — PI"dCOhRan (SeCtV (Xgen7 Z’)Ranv _)

s an isomorphism, when evaluated on the image of Wsecto (x2en,2)) along

Ran

v e
Secty (XM, Z)pan
—

IndCoh(Secty (X", Z)ran) QCoh,, (Sectv (X", Z))ran-

The proof will be given in Sect. B.

5.6. Abstract version of Proposition 5.1.5: the relative case. In this section we will introduce
a relative version of the set-up of Sect. 5.5.

5.6.1. Let Sectv(X®",Z/Y)ran have the same meaning as in Sect. 5.3.1. We will view it as a relative
ind-scheme over
Sectv (X, Y) x Ran.

Consider the corresponding category

QCoh,, (Sectv (X*",2/Y))ran.

Let mran denote the projection
Secty (X%, Z/Y)Ran — Sectv (X, Y).
Combined with the projection
DSecto (X202 /Y Ran Sectv (X*",Z/Y)ran — Ran,
we obtain a map

TRan X PSecty (X8°,2/Y)Ran - Secty (Xgen7 Z’/%)Ran — Sectvy (va) x Ran.
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5.6.2. Let us denote by
(TRan )40 Ran - QCoh (Secty (X5, 2/Y))ran — QCoh(Secty (X, Y))
the composite functor

(TRan XPSecty (X812 /Y)Ran )+

QCoh,, (Sectv (X,Y)) ® IndCoh(Ran) —

1d @rndCoh (Ran
—

QCoh,, (Secty (X5, 2/Y))Ran

Qsectg (x,y)Old
—

QCoh(Sectv (X,Y)) ® IndCoh(Ran) ) QCoh(Sectv (X, Y)).

Note that we have a commutative diagram

‘I’Sectv(Xgen,Z/B)Ran

IndCoh(Sectv (X5, Z/Y)Rran) QCoh,, (Sectv (X5, Z/Y))Ran

(5.13) (WRan)indCohl Jr<ﬂ_Ran)indCohRan

YSecty (X,Y)

IndCoh(Sectv (X, Y)) QCoh(Sectv (X, Y)),

where the top horizontal arrow is the functor of (5.11).

5.6.3. Let us be in the situation described in [GLC2, Sects. 4.5.1-4.5.2.], with the following change of
notations: what was denoted by Y (resp., Yo) in loc. cit. we denote by Z (resp., Y).

Let us be given an affine map
ST ,Ran - SeCtV(Xgen, Zv/y)Ran — TRan

that fits into a commutative (but not necessarily Cartesian) diagram

Secty (X2 2/Y)Ran —  Than

(5~14) WRanXpSectv(chr‘,Z/‘d)Ranl lx(f)

Sectv (X,Y) x Ran Y. Ran, £7(Y)ran.
5.6.4. We will now make the following additional structural assumption:
Consider the fiber product

r‘TSectv(X,y),Ran = (SeCtv(X,lj) X Ran) X TRan-
£+ (Y)Ran

We require that there exist a Sectv (X, Y)-family of affine D-schemes
Zsecty (X,9) — Sectv (X, Y) x Xar,
such that:

® Tsecty (X,Y),Ran 1dentifies with the (relative over Secty (X,Y)) factorization space of horizontal
loops £ (Zgecty (x,9))Ran/ Sectv (X, Y);

e The map
st',Ran : SeCtV (Xgen7 Z’/%)Ran — TSeCtv(X,‘d),RaIH
arising from (5.14), identifies with the evaluation map
5ZSectg (X,4) ° Sectw (X", Zsecto (x,4)/ Sectv (X, Y))Ran — £9(Zsecto (X,y))Ran/ Secty (X, Y).

Finally, we require that the above data be compatible with the unital structures in the natural sense.

Remark 5.6.5. For our applications, we will take Z = Opg and Y = pt /G and T := Opgon'free. In this
case Secty (X,Y) = LS, and Zgecty (x,y) 18 the D-scheme parameterized by LSy that classifies oper
structures on a given local system.

5.6.6. We have an adjoint pair of functors

(S‘J’,Ran)* : QCOhCO(T)Ran = QCOhCO(SeCtV (Xgen, Z./lj))Ran : (S‘J’,Ran)*~
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5.6.7. We claim:

Proposition 5.6.8. The natural transformation

(mran )24 0 (57,Ran) " © (57, Ran ) = (Wran) "R

is an isomorphism, when evaluated on objects that lie in the essential image of the functor

(5.15) IndCoh(Secty (X,Y)) =2 IndCoh(Secty (X5, Z/Y)ran) —

VSecty (X80, 2 /Y)Ran

QCoh,, (Sectv (X*",2/Y))ran.

The proof will be given in Sect. C.

5.6.9. Let us show how Proposition 5.6.8 implies Proposition 5.1.5.
We apply Proposition 5.6.8 to the spaces specified in Remark 5.6.5, so that

Sectv()(gen7 Z/%)Ran — Oplé]on—free (Xgen)Ran-

We have a commutative diagram

v e
oprcgorkfr(,(‘ (xsenyp

Indcoh(oprgon-free (Xgen ) Ran) QCOhCO (Opgxon—free (Xgen ))Ran

(5.16) (sRanﬁ“dC”hl l(sm)*

A4

(Opgon_hee)Ran

Il’ldCOh* (Oprélon—frcc)Ran QCOhCO (Opgon—frCC)Ran-

Moreover, the diagram

4 -
Opgon free (x8eMyp .y

Indcoh(oprélon-frcc (chn)Ran) QCOhCO (Oplélon—frcc (chn ))R,an

(5.17) (SRan)*,IndCohT T(SR%)*
v

(Opimon-free)

IndCoh* (OptGpon—free)Ran QCOhco (OptGpon—free)Ran .

obtained from (5.16) by passing to left adjoints along the vertical arrows, commutes as well.

The conclusion of Proposition 5.1.5 follows now from Proposition 5.6.8, by juxtaposing the commu-
tative diagrams (5.13), (5.16) and (5.17).
O[Proposition 5.1.5]

APPENDIX A. PROOF OF PROPOSITION 5.3.4

The idea of the proof of Proposition 5.3.4 can be summarized by the following slogan: the unital
version of the space of rational horizontal sections maps isomorphically to its own de Rham prestack.

We will deduce it from the main theorem of [Ro] by a rather formal manipulation.

A.1. The unital Ran space. In order to prove Proposition 5.3.4 we will need to work with the unital
Ran space, which is no longer a prestack (i.e., a functor from affine schemes to co-groupoids) but rather
a categorical prestack, i.e., a functor from affine schemes to co-categories (see [GLC2, Sect. C.5] for a
more detailed discussion).
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A.1.1. Recall the notion of categorical prestack, see [Ro, Appendix C]. By definition, this is a functor
(Sch*™)°P — 1-Cat,
where 1-Cat denotes the (oo, 1)-category of (oo, 1)-categories.

Thus, a categorical prestack X assigns to an affine scheme S a category, to be denoted X(S), and to
amap f:S1 — S2 a functor
X(f) : X(S2) = X(S1),
equipped with a datum of compatibility for compositions.

A.1.2. Let Ran"" be the unital version of the Ran space, see [Gad, Sect. 4.2] or [Ro, Sect. 2.1].
Le., Ran"™ associates to an affine scheme S the category of finite subsets of Hom(S, Xar), where the
morphisms are given by inclusion.

Let

untl

t: Ran — Ran
denote the tautological map.
A.1.3. Along with the prestacks
Sectv (X5, Z)Rran, Sectw (X5, Z/Y)Ran, (Sectv (X5, Z/Y)Ran)qgret s €tC
one can consider their unital versions, which are now categorical prestacks, denoted
(A1) Secty (X5, Z)gagunt1, Secty (X5, 2/Y)gapuntt, (Sectv (X, 2/Y)gapunt) arer »
respectively, see [Ro, Sect. 3.3.1].

Explicitly, for an affine scheme S, the category Sectv(X®", Z)g,,unu (S) consists of pairs (z, z),
where z € Ran"™!(S) and z is a horizontal section of Z on X x S — Graph,,.

A morphism (z,,z1) — (z,, 22) is an inclusion z; C z, and an identification

Z1\Xxs—(;raph£2 x>~ z2.
And similarly for the other two categorical prestacks in (A.1).

A.1.4. By definition, the projections from the categorical prestacks in (A.1) to Ran"™" are value-wise
co-Cartesian fibrations in groupoids.

Denote by mg,,unt1 the projection from
(Sectw (XE™, Z/Y) Ranuntt ) qpret — Sectv (X, Y).
A.1.5. We will denote by t the maps from the non-unital to the unital versions. We have
TRanunt! © t = TRan.
A.2. IndCoh on categorical prestacks.

A.2.1. Let X be a categorical prestack locally almost of finite type, see [Ro, Sect. C.1.3] for what this
means. In this case, it makes sense to talk about the category IndCoh(X) (see [Gad, Sect. 2.2] or [Ro,
Sect. C.3]).

Namely, an object F € IndCoh(X) associates to an affine scheme S (assumed almost of finite type)
a functor

X(S) — IndCoh(S5),
in a way compatible with !-pullback for morphisms between affine schemes.
We will denote this data as follows:

e For an object x € X(S), we have an object

z'(F) € IndCoh(S);
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e For a morphism z; — 2 in X(S) a morphism
21 (F) = 23(F)
in IndCoh(S).

A.22. We let
IndCoh(X)str C IndCoh(X)
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be the full subcategory, consisting of objects F € IndCoh(X) such that for every affine test-scheme S

and an arrow
r1 S w2, x1,22 € X(S),
the resulting map
21(F) = 23(F)
is an isomorphism.
In other words, if we denote by
XY X
the prestack, obtained from X by inverting all arrows, the pullback functor
IndCoh (X ) ir') IndCoh(X)

defines an equivalence
IndCoh(Xstr) = IndCoh(X)st:.

A.2.3. We claim:

Lemma A.2.4. The natural diagram of categories

IndCoh(X4gr)str — IndCoh(X)str

| |

IndCoh(X4r) — IndCoh(X)

is a pullback square.

Proof. Follows from the fact that for an affine scheme S almost of finite type, the !-pullback functor

with respect to Syea — S is conservative.

A.3. A reformulation.

A.3.1. Note that the projection

(SeCtV (Xgen7 Z/y)Ran)th-el

TRan,dRrel

Sectv (X, Y)

factors as

(Secty (XE™, Z/Y)Ran) gpret ~ (Secty (X5, Z/Y) g anunt1 ) grret

(WRan\mtl dRrel)str

(Sectv(Xge“ 2./Y) Ranmﬂ) Secty (X, Y),

dRrel
where

(Sectv (X, Z/%)Rangg;rcl)
Hence, the pullback functor
Thanuntt qreet * IdCoh(Secty (X, Y)) — IndCoh ((Secty (X5, Z/Y) ganuntt ) qrel )

= ((Sectv (Xgen7 Z/%)Ranuntl )dRrel)

dRrel str *

maps to

IndCoh ((Secty (X5, Z/Y)ganuntt )qgret ), C IndCoh ((Secty (X5, 2/Y) ganunt1) ggret ) -

str

0
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A.3.2. We obtain that Proposition 5.3.4 follows from the next more precise statement:
Proposition A.3.3. The counit of the adjunction
ind™ o oblv™ — Id

is an isomorphism, when evaluated on objects in the essential image along t' of

IndCoh ((Sectw (X", Z/Y)ganuntt )qgret )., C IndCoh ((Sectv (X5, 2/Y) ganunt1 ) ggret ) -

str

A.3.4. Consider the commutative diagram

t

Secty (X5, Z/Y)Ran  ———  Secty (X5, 2/Y)gapuntt

(A.2) J l

(Sectw (X5, 2/Y)ran)qprer —— (Sectw (X5, 2/Y)ganunit ) ggre

This diagram is value-wise Cartesian. Hence, we have a well-defined pair of adjoint functors

(A.3)  indi% : IndCoh(Secty (X5, Z/Y)gaguntt) =
IndCoh ((Secty (X5, 2/Y)ganunt)qree) : OBV,
and both functors are compatible with their non-unital counterparts (5.8) via t'.

A.3.5. We also have a commutative diagram

str

Secty (X2, Z/Y) ganunt! =y Secty (X&°7, Z./%)Ranl‘,tnn

! !

(SeCtV (chn’ Z/y)Ranuntl)dRrel 'ﬁ—_) (SeCtV (chn7 Z/y)Ran;lg;tl)dchl ’

where
Secty (X5, Z/9)Ranunet := (Secty (X5 Z/Y) Ranunt1)

which is value-wise Cartesian. Hence, we have another pair of adjoint functors

str?

(A4) ind% .., : IndCoh (Sectv(Xgen, Z/y)Ran:&“) =
= IndCoh ((sectv(xg”‘, z,/y)Ran:&”)dRm) CobIV s
where both functors are compatible with their non-strict counterparts (A.3) via str'.
We can equivalently think of (A.4) as an adjunction
(A:5)  indfu e : (IndCoh (Secty (X5, 2/Y)gagunt)) iy
= (IndCoh ((Secty (X5, Z/Y) ganunt1 )qrrer ))

=
st oblvff,}t]’str.
A.3.6. The assertion of Proposition A.3.3 follows from the following even more precise statement:
Proposition A.3.7. The functor

obIvi s : (IndCoh ((Secty (X5, Z/Y) ganuntt )qrret )

is an equivalence.

— (IndCoh (Sectw (X%, 2/Y) papunt1))

str str

A.4. A description of relative D-modules. In order to prove Proposition A.3.7, we will describe
the category
IndCOh ((Sectv (Xgen7 Z/y)Ranuntl)dRz-el)

a la [Ro, Corollary 4.6.10].
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A.4.1. As a warm-up, let us fix a point z, and consider the prestack

Sectv (X —z,2/Y) := Sectv (X — z,2) X Sectv (X, Y)

Secty (X —z,Y)

along with its variant

Sectv (X — z,Z/Y) qrrer := Sectv (X — z,Z)ar X Sectv (X,Y) ~

Secty (X —z,Y)ar

~ (Sectv (X —z,2/Y))ur X Sectv (X, Y).

Secty (X,9)dar

We will describe the category
IndCoh(Secty (X — z,2/Y)qrrer)

along with its forgetful (i.e., pullback) functor to IndCoh(Sectv (X — z,2/Y)).

A.4.2. Consider the map

tl t1
add, : Ran"™ — Ran"™",

given by

Set
Secty (X5, Z/Y) ganuntt 5 = Secty (X5, Z/Y) g apunt X Ran""".

Ranuntl ,addg
Restriction along X — (yUz) C X — z gives rise to a map
(A.6) Secty (X — x,2/Y) x Ran"™' — Sectv (X5, Z/Y) ganunt -
A.4.3. Denote by
Sectv (Xgen, /{Z-/'Lé)g\mmumlYI
the formal completion of Sectv (X*°",2/Y)g,qunt1 , along (A.6).

The projection
Secty (X —z,2/Y) x Ran"™ — Secty (X — z, Z/Y) gprer

tautologically extends to map

(A7) Secty (X5, 2/Y) Rapun , — Secty (X — 2, 2/Y) gprel -

A.4.4. The following is a version of [Ro, Corollary 4.6.10], where we allow poles at z:

Theorem A.4.5. The functor

IndCoh (Sectv (X — z,Z/Y)qgrer) —

— TndCoh (Secty (X — z,2/Y)) x IndCoh (Sects (X, 2/Y)pumt ;)
IndCoh(Sectv(Xfl,Z/y)XRanu"“) =

given by pullback along the maps Sectv(X — z,2/Y) — Sectv(X — z,2/Y)qrrer and (A7), is an
equivalence.

Remark A.4.6. In fact, this theorem is a particular case of [Ro, Corollary 4.6.10]: replace the original
Z by its restriction of scalars along X —z — X.
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A.4.7. We will now state a version of Theorem A.4.5, where we let & vary along Ran"™. Consider
the map

6l 61 t1
add : Ran™™" x Ran"™" — Ran"™", z,,2, — 2, Uz,.

Set
Secty (X5, Z/Y)ada = Sectw (X5, Z/Y)ganuntt X (Ran™"' x Ran"™™"),
Ranuntl add
and
Secty (X5, Z/Y)pr, = Sectv (X5, Z/Y)gagunti X (Ran""" x Ran"""),
Ranuntl ,Pr1
where

tl tl t1
pr; : Ran"™™ x Ran"™™ — Ran™

is the projection on the first factor. In other words,

Secty (X8, Z/Y)pr, = Secty (X2, Z/Y)ganuntt X Ran™.

Restriction along X — (z; Uz,) C X — z; gives rise to a map
(A.8) Sectv (X5, Z/Y)pr, — Sectw (X5, Z/Y)ada-
A.4.8. Denote by

Secty (X" Z/Y) oua

the formal completion of Sectv (X8, Z/Y)aaqa along (A.8).

The projection

Sectv (X5, Z/Y)pr, — (Sectv (X5, Z/Y) gaguntt ) ggrer

tautologically extends to a map
(A.9) Secty (X5, 2/Y)0aa — (Secty (X5, Z/Y)gapuntt ) qrrel -

The following is a version of Theorem A.4.5 in families:

Theorem A.4.9. The functor

(A.10) IndCoh ((Secty (X5, Z/Y)ganunt! )qrrel) —

— IndCoh (Sectv (X®", Z/Y)gqunt!) X IndCoh (Sectw (X*", 2/Y)244) »
IndCoh (Secty (X8°1,2./Y) pr )

given by pullback along the maps Sectw (X5, Z/Y)ganuntt — (Sectv (X5, Z/Y)ganuntt )grrer and (A.9),
is an equivalence.

A.5. Proof of Proposition A.3.7.
A.5.1. The functor (A.10) induces a functor

(A.11) IndCoh ((Sectw (X", Z/Y)ganunt )arrel sty —

— IndCoh(Sectv (X5, Z/Y) ganunt1 )str X IndCoh (SeCtv(Xg9n7 Z/y);\dd)
IndCoh(Sectv (Xge“,Z/‘é)prl )

str’

str

where the two sides in (A.11) are full subcategories in the corresponding sides in (A.10).
Since the functor (A.10) is an equivalence, we obtain that (A.11) is fully faithful.
A.5.2. We will prove:
Lemma A.5.3. The functor
IndCoh (Secty (X5, 2,/Y)2aa),

is an equivalence.

. — IndCoh (Secty (X*", Z/Y)pr, )

t str

Let us assume this lemma for a moment and finish the proof of Proposition A.3.7.
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A.5.4. By Lemma A.5.3, we obtain that the right-hand side in (A.11) projects isomorphically onto
the first factor. Hence, we obtain that the pullback functor

(A.12) IndCoh ((Secty (X5, Z/Y)ganuntt )qrrel ), — IndCoh(Secty (X5, Z/Y)ganunt! )str,
which is the functor oblvﬂtl,Str of Proposition A.3.7, is fully faithful.

str

It remains to show that the functor (A.12) is essentially surjective.

A.5.5. Let F be an object in IndCoh(Sectv (X®", Z/Y)ganuntt )str, which, by Lemma A.5.3, we interpret
as an object in the right-hand side of (A.11).

By Theorem A.4.9 it corresponds to an object Far € IndCoh ((Sectv (X®", Z/Y)ganunt! )qrre ), and
we only need to show that Far is strict. However, this follows from (a relative version of) Lemma A.2.4.
O[Proposition A.3.7]

A.6. Proof of Lemma A.5.3.
A.6.1. We will prove that the map
(SeCtV (Xgen’ Z’/g)PH)

is an isomorphism of prestacks.

o — (Sectw (X5, 2/Y)0ad) ..,

A.6.2. We claim:

Lemma A.6.3. Let W — Ran"™! x Ran"™ be a map of categorical prestacks, which is a value-wise
co-Cartesian fibration. Then then the induced map

w X Ran"™™! — W

Ranuntl x Ranuntl VA

induces an isomorphism

(W X Ranu"“) str = Watr.

Ranuntl x Ranpuntl JA

Proof. This follows from the fact that the diagonal map A : Ran"' — Ran"""! x Ran"™ is value-wise
cofinal.

O
A.6.4. Applying Lemma A.6.3, it suffices to show that the map
Sectw (X", Z/Y)pr, x Ran"™" — Secty (X5, 2/Y) 04 X Ran"™"
Ranuntl x Ranuntl A Ranuntl x Ranuntl A

induces an isomorphism on strictifications.

We claim that the above map is actually an isomorphism as-is.

A.6.5. Since the operation of formal completion commutes with fiber products, it suffices to show that
the map

Sectv (X5, Z/Y) pr, X Ran"™" — Secty (X5, Z/Y)ada X Ran"™"

Ranuntl x Ran“““,A Ranuntl x Ranuntl VA

is an isomorphism.

However, the latter is evident on the nose.
O[Lemma A.5.3]

APPENDIX B. PROOF OF PROPOSITION 5.5.5

In this section we let Z be an arbitrary affine D-scheme over X.

We will show that the assertion of Proposition 5.5.5 essentially amounts to [BD1, Proposition 4.6.5],
combined with some unitality considerations.

B.1. A reformulation in terms of unital structure.
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B.1.1. Let us return to the setting of Sect. 5.4.7. Suppose that Wran extends to a categorical prestack
Whapuntt over Ran"™ so that

WRran >~ WRanuntl X  Ran,

Ranuntl

and
untl

WgRanuntt = Ran

is a value-wise co-Cartesian fibration in groupoids.

Effectively, this means that for S € Sch®® and a map a : z; — z, in Ran""*(S) we have a map of
prestacks
aw WRan X S — WRan X S.

Ran,z, Ran,zy

We will refer to Wi, unt as the unital structure on Wran.

Let t denote the tautological map
WRan — WRan‘mtl .

B.1.2. To the data as above we can attach a category QCoh,,(W)ganunti. Namely, the data of an
object of QCoh,,(W)ganuntt consists of an object F € QCoh,,(W)ran, and for every a as above of a
map
((aw)+ @ Idimacon(s)) (Fs.zy) = Fs.zy
in
QCoh.y,(Wran x S) ® IndCoh(S).
Ran,z, QCoh(S)

Let t' denote the tautological forgetful functor
QCoh,, (W)ganuntt = QCoh,,(W)Rran-

B.1.3. Note that the space Secty(X®",Z)gaunen from Sect. A.1.3 provides a unital structure on
Sectv (X®°", Z)ran-

We will deduce Proposition 5.5.5 from the following more precise statement:
Proposition B.1.4. The natural transformation

idCetRan (Secty (X5, 2)Ran, =) © (s2,Ran)" © (52,Ran)x = TR (Secty (X5, 2)Ran, —)

is an isomorphism, when evaluated on the essential image of the functor

t': QCoh, (Sectv (X5™, 2))gapuntt — QCoh,, (Secty (X5, 2))ran-

In the rest of this subsection we will show how Proposition B.1.4 implies Proposition 5.5.5.

B.1.5. Assume that Wg, unu is locally almost of finite type (in particular, Wran is locally almost of
finite type, so that the category IndCoh(Wran) is well-ddefined). We claim that we have a well-defined
category IndCoh(Wg,unt1).

By definition, the data of an object of IndCoh(Wg,,unt1) consists of an object F € QCoh,,(Wran),
i.e., for every z € Ran(S) we have an object Fs, € IndCoh(Wgran % S), and for every a as above of

Ran,z
a map
(aw)«(Fsz,) = T,

in IndCoh(S).
Let t' denote the tautological forgetful functor
IndCoh(Wgpuntt) = IndCoh(WRan).
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B.1.6. Assume now that Wgran — Ran is a relative ind-scheme. Then as in Sect. 5.4.10 we have a
functor

(B.l) Wy : IndCOh(WRanuml) — QCOhCO(W)Ranuntl7

Ranuntl
which makes the diagram

qlWRanuntl

IndCOh(WRan“““) QCOhCO(W)Ran“““

/| I

\IIWRan
IndCOh(WRan) - QCOhco(W)Ran
commutes.
B.1.7. Thus, we obtain that in order to prove Proposition 5.5.5, it suffices to show that the object
WSecty (X80, 2)pa, € INACoh(Secty (X5, Z)Ran)
lies in the essential image of the functor
t' : IndCoh(Secty (X2, Z)ganunt1) — IndCoh(Secty (X5, Z)Ran)-
However, this is true for any Wg,,une1 for which the maps aw are proper, which is the case for

Secty (X2, Z) ganunt! -
O[Proposition 5.5.5]

B.2. The local unital structure.

B.2.1. Recall the categories QCOh(L‘;(Z))Ran and QCoh,_,(£v(Z))ran, see Sect. 5.4.7. We will now
introduce their variants, to be denoted

QCoh(£%(2))gapuntt and QCoh,, (£v(2))ganuntt,
respectively.

In order to do so, as in Sect. B.1.2, we must attach to a map a : z, — z, in Ran"'(S) functors

(B.2) QCoh(£5 (Z)Ran WX S) — QCoh(£3(2)ran WX S)
an,z, an, Ty
and
(B.3) QCoh, (£v(Z)Ran X 8) = QCoh, (Lv(Z)Ran X 9),
Ran,z; Ran,z,
respectively.

B.2.2. Recall that for a point z of Ran we have
£3(2), ~ Secty (Dy, 2) and £v(2)z ~ Secty (Dz — z, 2).

For z, C z,, set
L9 () g, Cay = Sectv (Day — 24, 2).

Restriction along

Dz € Dy
gives rise to a map
(B.4) £3(2)z, = £3(2)a, -
We define the functor
(B.5) QCoh(L£3(2)z,) = QCoh(L3((2)x,)

to be given by pullback along (B.4).



52 ARINKIN, BERALDO, CHEN, FAERGEMAN, GAITSGORY, LIN, RASKIN, ROZENBLYUM

B.2.3. Restriction along
Day =21 € Doy — 21 2 Dy — 29
defines maps
(B.6) L9(Z)zy = L5" T (V)z, Cay, = £9(2)ay-
The operation of *-pull and *-push along (B.6) gives rise to a functor

(B7) QCOhco(‘SV (Z)ll) — QCOhco(‘QV(Z’)QQ)'

B.2.4. The operations in (B.5) and (B.7) make sense when z; and z, are S-points of Ran, and give
rise to the sought-for functors (B.2) and (B.3), respectively.

We will denote by t' the corresponding forgetful functors
QCoh(£%(2))ganuntt = QCoh(L£E(2))ran and QCoh,, (Lv(2))ganut — QCoh,, (£ (2))Ran,

respectively.

B.2.5. We will deduce Proposition B.1.4 from the following even more precise assertion:
Proposition B.2.6. The natural transformation
FIndCOhRan (SV(Z)Rany _) — FIndCOhRan (SV(Z)Rany _) o (SZ,Ran)* o (SZ,Ranyk =~
o~ PPICPRan (Secty (X5, Z)Ran, —) © (S2,Ran) "

arising from the unit of the ((Sz,ran)”, (2, Ran)+)-adjunction, is an isomorphism, when evaluated on
objects lying in the essential image of the functor

t': QCoh,, (£v(2))ranuntt — QCoh,,(£v(Z))Ran-

In the rest of this subsection we will show how Proposition B.2.6 implies Proposition B.1.4.

B.2.7. Let Fgiob be an object of QCoh, (Sectv (X®",Z))ran, and assume that it lies in the essential
image of
t': QCoh,, (Sectv (X5, 2))gapuntt = QCoh,, (Sectw (X5, Z))ran-
We wish to show that the map
[dCOtRan (80 (2)Ran, (52.Ran)x © (52 Ran)™ © (52.Ran)s (Falob)) —
— TICPRan (20 (Z)Ran, (52, Ran)s (Fetob)) »
induced by the counit of the ((sz,ran)”, (S2,Ran)«)-adjunction, is an isomorphism.

It is sufficient to show that the map

FIndCOhRan (.QV (Z’)Raﬂ7 (SZ,Ran)* (Erglob)) -
s 1—‘IndCOhRim (SV (Z)Rany (SZ,,Ran)* o (SZ,Ran)* o (SZ,,Ran)*(g‘glob)) )

induced by the unit of the adjunction, is an isomorphism.

B.2.8. Denote
Floc := (82,Ran)+(Felon) € QCoh,(£v(2))Ran-

Thus, we have to show that the map
(B.S) FIndCohR-{m (EV(Z’)Raru rfloc) N FIndCOhRan (EV(Z)Ram (SZ,Ran)* ° (SZ,Ran)*(gjloc))y

induced by the unit of the adjunction, is an isomorphism.
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B.2.9. Note that the functor
(s2,Ran)+ : QCoh,, (Sectv (X*", Z))ran — QCoh,,(Lv(Z))Rran
gives rise to a functor
(82, Ranuntt )+ : QCoh, (Secty (X5, 2))gapuntt = QCoho (L9 (Z))ranunt,
so that the diagram

(82, Ran®)*

QCoh,, (Sectw (X &, Z)) ganuntl QCoh,, (£v(Z))ganunti

/| I

QCoh,, (Secty (X5, 2)ran  —2%  QCoh,. (£v(2))ran

commutes.

B.2.10. Hence, the assumption on Fgop implies that Fioc lies in the essential image of

t' : QCoh, (£v(Z))Ranuntt — QCoh,, (£v(Z))Ran-
Hence, the isomorphism (B.8) follows from Proposition B.2.6.

O[Proposition B.1.4]

B.3. An expression for the global sections functor. In this subsection we will recall the expression
for the functor

prdCotRan (Secty (X5, Z)Ran, —) © (52,Ran)”
in terms of factorization homology & la [BD1, Sect. 4.6].

B.3.1. To any categorical prestack W we can attach the prestack W™ that classifies arrows in W. ILe.,
for a test affine scheme S, the groupoid W () classifies triples

(w1 € W(S), w2 € W(S),a: w1 — w2).
B.3.2. Denote
Ran® := (Ran""") ™.
Denote by
Plsmalls Plhig Ran® — Ran
the maps that correspond to the source and the target of the arrow, respectively.
Explicitly, the groupoid Ran<(S) consists of
{z,,2, € Ran(S) [z, C z,},

and the maps pr,,,,; and pry,;, send a point as above to z; and z,, respectively.

smal
B.3.3. Denote

+ _ ot c _ ot c
’QV(Z’)Rang,small = £ (2)ran X Ran=, Zganc pig := £93(Z)ran X Ran
Ran,preman Ran,pry,;g

and

Ly (Z)Rang,small =Ly (Z)Ran X Rang, Ly (Z)Rang,big = Sv(Z)Ran X Rang.
Ran,prgpan Ran,prbig

Proceeding as in Sect. 5.4.7, one can define the corresponding categories
QCOh(’Qé(Z))Rang,smallv QCOh(‘Sé(Z))Rang,big7
and

QCOhco (’Qv (Z’))Rang ,small and QCOhco (2V (Z))Rang ,big
respectively.
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B.3.4. Denote by

+
Pt (2)gan * oV (Z)Ran — Ran
and
.ot c ot c
pzé(Z)Rang,small ’ 'QV (Z)Rang,small — Ran= and pgé(Z)Rang,big . £V (Z)Rang,big — Ran y
as well as
Peo(D)ran * 2V (Z)Ran — Ran
and
< C
pSV(Z)Rang,small Ly (Z)Rang,small — Ran= and pEV(Z-)Rahg,big Ly (Z')Rang,big — Ran=,

the resulting maps.
We will consider the corresponding functors

(pgé(z)mm)* : QCoh(£5(2))rRan — IndCoh(Ran)

and
(Psg(mmgybig)* : QCoh(£3(2))Ranc big — IndCoh(Ran®)
as well
(Pev (2)pan )+ : QC0h, (£ (Z))Ran — IndCoh(Ran)
and
(Peo (2)yc 1) - QOONG(£9(2))Ranc pig — IndCoh(Ran®).

B.3.5. Note now that the unital structures on the categories QCoh(£% (2))ran and QCoh,, (£v(Z))ran,
determined by QCoh(£%(2))ganunt, and QCoh,, (£v(Z))ganunt!, respectively, give rise to functors

(B9) QCOhco(’Qé(Z’))Rang,small - QCOhco(£$ (Z))Rang,big
and
(Blo) QCOhCO(SV (Z))Rang,small - QCOhCO(Sv(Z))Rang ,big*

Denote the compositions

(B.9)

QCOh(L(Z))Ran " 5" QCOL(LE (2)) Rant smal — QUOL(LE(Z))Rant big

,smal

and

QCOhco(’gv (Z))Raﬂ Plemgn (QCOhco(£v (Z))Rang,small (w) QCOhco(’QV(Z))Rang,big

in both instances by ins. unit; we will refer to this functor as the “insertion of the unit”.
B.3.6. Let
diag : Ran — RanS
denote the diagonal map,
z— (z C )
In terms of Sect. B.3.1, it corresponds to the identity morphisms on objects of W, unt1 (:S).

Note that we have pullback squares

+ diag +
Qv(Z)Ran ” SV(Z’)Rang,big
B.11 P Pet
( ) Eé(Z)Ran EV(Z)Rang,big
di
Ran 18 Ran®.
and
diag
L£v(Z)ran —— L£9(L)Rant big
(B12) ng(z)Ranl lpﬂv(Z)Rang,big
diag C
Ran Ran=.
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Note also that we have a canonical identification
diag! oins. unit ~ Id,

in both instances.

B.3.7. Recall that sz ran (or simply sz ran) denotes the map
Secty (Xgen7 Z-)Ran — Ly (Z')Ran-
We will use the same symbol sz ran (or simply sz ran) to denote the map

Secty (X, 2) x Ran — £3(Z)ran-

The following assertion is a variant with parameters of [BD2, Proposition 4.6.5]:
Proposition B.3.8.
(a) The functor

(52 Ran)” T(Secty (X,2),—)®Id
vy

QCoh(£%(2))ran

identifies canonically with

QCoh(Secty (X, 2Z)) ® IndCoh(Ran) IndCoh(Ran)

(P\;‘g(z) )

QUOh(L5(2))ran "3 QCOR(LE (2)) gant bi RapSPE 1) dCoh(RanS) —
(Proman) 24P
— IndCoh(Ran).

Under the above identification, the map
(psé(Z)Ran)* — (Pgé(z)mn)* o (SZ,Ran)* o (SZ,Ran)*v
given by the unit of the ((sz,Ran)”, ($2,Ran)«)-adjunction, corresponds to the map

(pEJ%(Z)Ran)* = (prsmall)* ° (pgé )* © dlag* ~

<Z)Ran§,big
). o diag, o diag' oins. unit — (pry,,.;)« o ( )« © ins. unit .

=~ (prsmall)* © (pgé RanC ,big

(Z)Rang,big p’gé(z)

(b) The functor

(2 Ran)”

QCOhCO(Sv(Z))Ran — QCOhCO(SeCtv(Xgen, Z))Ran

(PSect g (XM, 2)) g an ) *

IndCoh(Ran)

identifies canonically with

(psv(Z)Rang,big)
-

QCoh,, (L9 (2))ran "3 QCOh o (£ (2))Ranc nig IndCoh(Ran)

—Prema)* 1 4Coh(Ran).
Under the above identification, the map

(pllv(Z)Ran)* — (pL‘v(Z)Ran)* o (SZ,Ran)* o (SZ,Ran)*7

given by the unit of the ((Sz,Ran)”, ($2,Ran)«)-adjunction, corresponds to the map

(P2y (2)ran)* = (PTgman)+ © (Peg (2) ). o diag, ~

RanC ,big

~ (Progman)« © Peg(z). )« odiag, o diag' o ins. unit — (Prman)* © (Peg (2) )« © ins. unit .

RanS big RanC ,big

B.4. Inputing the unitality structure. In this subsection we will prove Proposition B.2.6 by com-
bining Proposition B.3.8(b) with a cofinality argument.
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B.4.1. Note that in the situation of Sect. B.3.1, the prestack W™ itself can also be extended to a
categorical prestack.

C,untl

untl ' we obtain a categorical prestack, denoted Ran® . Explicitly, the space

Applying this to Ran
of morphisms

{ {*}if z, C 2] and z, C x5,

@, otherwise.

Denote by
tS : Ran"™™! — Ran&mn!

the corresponding map.

B.4.2. The following assertion is obtained by unwinding the constructions:

Lemma B.4.3. The composite functor

QCoh,, (£ (Z))gapuntt — QCoh, (v (Z))ran 23"

)
IndCoh(Ran<)

(P .+
SV(Z)Rang ,big
—

- QCOhco(’SV(Z’))Rang,big
factors via a functor
QCoh,, (£v(Z))ganuntt — IndCoh(Ran<"™"),

followed by (t<)".

B.4.4. Note that from (B.12), we obtain commutative diagrams

QCoh, (£5(2))Rant big —— QCohe,(£9(2))Ran
(pgv(z)R;mg,big>*J/ JU)QV(Z)Ran)*
IndCoh(Ran®) _dieg IndCoh(Ran)
and
diag,,
QCOhco(Sv(Z’))Ran —g> QCOhco(SV(Z’))Rang,big
(pEV(Z)Ran)*l J(Psv(Z)Rang)big)*
IndCoh(Ran) dine. IndCoh(Ran<).

Hence, combining Proposition B.3.8(b) and Lemma B.4.3, we obtain that in order deduce Proposi-
tion B.2.6, it suffices to prove the following assertion:

Proposition B.4.5. The natural transformation
pindCoh (Ran,—) o diag' ~ FI"dCOh(Ram —) o (Prapman)+ © diag, o diag' —
— FIndCOh(Ran7 _) © (prsmall)* ~ FIndCOh(Rang7 _)

of functors IndCoh(Rang) = Vect, is an isomorphism, when evaluated on the essential image of the
functor

(tS)' : IndCoh(Ran=""") — IndCoh(Ran<).
O[Proposition B.2.6]
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B.4.6. Proof of Proposition B.4.5. We need to show that the natural transformation
(B.13) C.(Ran, —) o diag' o(tS)' — C,(Ran<, —) o (t)",

as functors
IndCoh(Ran<""") = Vect,

is an isomorphism.

First, as in [Gad, Theorem 4.6.2], one shows that the map t& is universally homologically cofinal.
Hence, the natural transformation

C;g(Ra,ng7 —)o (tg)! N C;(Rang’u““7 ),

as functors

IndCoh(Rang’“““) = Vect,
is an isomorphism.

Consider now the composition

tSo diag : Ran — RanS-unt!

It is easily seen to be value-wise cofinal. Hence, the natural transformation
C.(Ran, -) o diag' o(t<)" — C(Ran="""!, -),

as functors
IndCoh(Ran=""") = Vect,

is an isomorphism.
Combining, we obtain that (B.13) is also an isomorphism, as desired.
O[Proposition B.4.5]

APPENDIX C. PROOF OF PROPOSITION 5.6.8

We will show that Proposition 5.6.8 amounts to a parameterized version of Proposition 5.5.5, com-
bined with a fully-faithfulness assertion regarding the localization functor Locy.

C.1. Localization functor in the abstract setting.
C.1.1. Let Yran satisfy the following conditions:
e The diagonal map Yran — Yran X Yran is affine. Note that this formally implies that the
diagonal map of Sect(X,Y) is aﬂil?g;n
e For every S — Ran, the prestack Yran X S is passable (see [GaRo2, Chapter 3, Sect. 3.5.1]
for what this means); e
e The prestack Sect(X,Y) is passable.
C.1.2. Note that the above conditions imply that the morphism
Sy,Ran : Sect(X,Y) x Ran — Yran
behaves nicely with respect to push-forwards:
For any prestack W mapping to Yran, and the base-changed map
8y Ran ¢ (Sect(X,Y) x Ran) x W — W,
Ra

an

the functor
(8Y.Ran)+ : QCoh((Sect(X,Y) x Ran) x W) — QCoh(W),

YRan
right adjoint to (sy gan)”, commutes with colimits, and satisfies the base change formula. This follows
from [GaRo2, Chapter 3, Proposition 3.5.3].
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C.1.3. Consider the resulting pair of adjoint functors
(sy,Ran)" : QCoh(Y)ran = QCoh(Sect(X,Y)) ® IndCoh(Ran) : (sy,Ran)+-

Denote
Locy := (Id @™°°"(Ran, —)) o (sy.ran)”s  QCoh(Y)ran — QCoh(Sect(X,Y)).
The right adjoint Locé’2 of Locy is thus given by
(sy,ran)+ © (Id ®(wran ® —)), QCoh(Sect(X,Y)) = QCoh(Y)ran.
C.1.4. We will prove:

Proposition C.1.5. LetY be a D-prestack with an affine diagonal, satisfying the finiteness assumptions
of Sect. C.1.1 above. Then the natural transformation

Locy o(sy,ran)« = (Id @T™"(Ran, —)) o (sy,ran)" © (sy,Ran)x — (Id @™ " (Ran, —)),

arising from the counit of the ((sy,ran)™, (Sy,Ran)«)-adjunction, is an isomorphism, when evaluated on
the essential image of the functor

t' ® Id : QCoh(Sect(X,Y)) ® IndCoh(Ran""") — QCoh(Sect(X,Y)) ® IndCoh(Ran).
This proposition will be proved in Sect. C.3.

C.1.6. Combined with the contractibility of the Ran space, i.e., the fact that the map
4 Ran, wran) — k,

given by the counit of the (I'"™4°°"(Ran, —), wran ® —)-adjunction, is an isomorphism, from Proposi-
tion C.1.5 we obtain:

Proposition C.1.7. LetY be a D-prestack with an affine diagonal, satisfying the finiteness assumptions
of Sect. C.1.1 above. Then the counit of the adjunction

Locy o Locyf — Id,
is an isomorphism.
Note that Proposition C.1.7 can be restated as:
Corollary C.1.8. Under the above assumptions on Y, the functor
Loc{ : QCoh(Sect(X,Y)) = QCoh(Y)ran
is fully faithful.
C.1.9. Note that for Y being the constant D-stack with fiber pt /G, we have
Sect(X,Y) ~ LS .
Furthermore, we have a tautological identification
QCoh(Y)ran =~ Rep(G)Rran-
Under this identification, we have

spec

Locy =~ Loc,

and
R s
Locy ~I'F*.
Hence, Corollary C.1.8 contains Proposition 1.1.4 as a particular case.

Remark C.1.10. As far as the actual proof of Proposition C.1.5 is concerned, we will first establish
Proposition C.1.7, and then deduce the general case stated in Proposition C.1.5.

C.2. Proof of Proposition 5.6.8. In this subsection we will assume Proposition C.1.5 and deduce
Proposition 5.6.8.
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C.2.1. Along with the category QCoh,,(Sectv (X®",Z/Y))ran, we will consider its unital version
QCoh,, (Sectv (X", Z/Y)) Ranunt,

equipped with a forgetful functor

(C.1) t' : QCoh,, (Secty (X5, 2/Y))ganuntt — QCoh,, (Secty (X5, 2/Y))ran.

We will show that the natural transformation
(02) (ﬂ-Ra )IndCOhRdn © (S‘T,Ran)* o (S‘.T,Ran)* — (WRan)IndCOhRdn

induced by the counit of the ((s7,ran)”, (ST Ran)«)-adjunction, is an isomorphism, when evaluated on
objects lying in the essential image of the forgetful functor (C.1).

This will imply the assertion of Proposition 5.6.8, since the functor (5.15) factors as

TndCoh(Secty (X, Y)) 225" TndCoh(Secty (X5, Z/Y) rumumt) —

Ysectg (X880, 2/Y)
—

Ren™1 O Coh,, (Secty (X5, 2./Y)) gapuntt — QCoh,, (Secty (X5, 2./Y))Ran.

C.2.2. Recall the space

Tsecty (X,9),Ran := (Secty (X,Y) x Ran)  x  TRan.
2+(H)Rau

Consider the corresponding category

QCOhco((*TSectv(X,‘A))Ran-
Let us denote by mg,, the projection

Tsecty (X,Y),Ran — Sect(X,Y).

IndCohpgan

A procedure similar to that defining the functor (mran )« gives rise to a functor

(Than) s COPRan - QCoh, (Tsecro (x,y) JRan — QCoh(Sect(X,Y)).

C.2.3. Note that the morphism
ST ,Ran - SeCtV(Xgen7 Z’/y)Ran — TRan

factors as

tr Ran SLJ Ran
SeCtV(chn Z/%)Ran — r‘TSe(:tV(X Y),Ran -— {‘TRarn

where S{j,Ran is a base change of the map
Sy,Ran : Sect(X,Y) x Ran — sé(y)r{m”
which appears in Proposition C.1.5.

Thus, we can factor (s7 ran)« as

’

(5 Ran)* (54 5 Ran)

QCoh,, (Sectv (X*, Z/Y))ran QCoh,, (Tsecty (x,y) )Ran " QCoh,(Tran)

and (s7,Rran)” as

) ( % Ran (S'J' Ran

QCOhCO(TRan QCOh (TSectv(X,y))R.an QCOh (Sectv(Xge“,Z/H))Ran.
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C.2.4. Consider the natural transformation

(03) (ﬂ-;{an)indCOhRan o (S%,Ran)* o (Sg,Ran)* S (SITT,Ran)* —

= (TRan) 1 0 (817 Ran) © (8) Ran) " © (8Y.Ran)« © (7. Ran) =
arising from the unit of the (s gan)”, (57 Ran)+)-adjunction.
Its composition with (C.2) is the natural transformation
(C.4) (Than)e © (i an)” © (5h.man)e © (55 mam)e = (Than)s © (55 ran)e = (Than)-,
arising from the counit of the ((sy ran)”s (8Y Ran)+)-adjunction.
We will show that both (C.3) and (C.4) are isomorphisms when evaluated on objects lying in the

essential image of the functor (C.1). This will imply that (C.2) is also an isomorphism on such objects.

C.2.5. Verification that (C.3) is an isomorphism. Along with QCoh,,(Tsecty (x,y))Ran We can consider
its unital version

QCOhco (TSectv (X,Y) ) Ranuntl -
Note that the functors

(Sg,Ran)*7 (Sg,Ran)m (S{J’,Ran)*7 (st’,R,an)*
upgrade to functors
(S{J,Ran“““)*7 (S:d,Ran“n“)*7 (S‘J',Ran“ml)*7 (S‘J',Ran“““)*
between the corresponding unital categories.
Hence, the functor
(S/y,Ran)* ° (SQ,Ran)* o (S‘/I,Ran)*
sends objects that lie in the essential image of the functor (C.1) to objects that lie in the essential
image of the corresponding functor
(C5) t! : QCOhco((JiSectv(X,%))Ran‘-‘“tl - QCOhco(TSeCtV(X!‘é))Ran'

We obtain that it is enough to show that the natural transformation
(CG) (ﬂ_{:{an)indCOhRan ° (S‘IJ“’Ran)* s (WR,an)indCOhRan7

arising from the counit of the ((s3 ran)", (87 Ran)+)-adjunction, is an isomorphism when evaluated on
objects lying in the essential image of the functor (C.5).

However, thanks to the identification
/
S'J',Ran ~ SZ’Sectv(X,‘d)

(see Sect. 5.6.4), the latter statement is a parameterized (by Sect(X,Y)) version of Proposition B.2.6
for the relative affine scheme Zgecto (x,y)-

C.2.6. Verification that (C.4) is an isomorphism. As above, it is enough to show that the natural
transformation

(07) (ﬂ_{:{an)}kndCOhRan o (S%,Ran)* o (S%,Ran)* — (ﬂ_{:{an)indCOhRan
is an isomorphism when evaluated on objects lying in the essential image of the functor (C.5).
However, by base change along the Cartesian diagram

!
‘S‘J,Ran

TSectv(X,H),Rat\ > TRan

! !

S$Y,Ran

Sect(X,Y) x Ran ——— Yran,

this reduces to the assertion of Proposition C.1.5.
O[Proposition 5.6.8]
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C.3. Proof of Proposition C.1.5.

C.3.1. We will first reduce the assertion of Proposition C.1.5 to that of Proposition C.1.7, and then
prove Proposition C.1.7.

We need to show that the natural transformation
(Id @T™9°°" (Ran™"| —)) o (sgapunt1)” © (Sgagunt1 )« — (Id @I (Ran™™, )

arising from the counit of the ((Sgapunt1)”, (Sganunti )« )-adjunction, is an isomorphism.

C.3.2. First, note that the left-lax symmetric monoidal structure on the functor
raCer (Ran"™ —) : IndCoh(Ran™") — Vect,

arising by adjunction from the monoidal structure on the functor wg,,wnt1 ® —, is actually strictly
symmetric monoidal structure. Indeed, this follows from the fact that the diagonal morphism

1 1 1
Ran™" — Ran"™' x Ran"™*

is value-wise cofinal.

C.3.3. Similarly, we obtain that the functor
(Id @I™49°" (Ran"™ | —)) o (sgaqunet)” : QCoh(Y)Ran — QCoh(Sect(X,Y))

is IndCoh(Ran"*")-linear, where IndCoh(Ran""") acts on QCoh(Sect(X,Y)) via the symmetric
monoidal functor T™4C°R (Ran"»" ).

C.3.4. This implies that we have a canonical isomorphism between the functor
(Id @I™49°" (Ran"™, —)) o (Sgapunt1)” © (Sgapunti )«
and
(@I (Ran"™", =) 0 (spanesst)" © (spaguna )+ © (14 B (@pamunss © =) & L™ (Ran™™", ),
and this isomorphism is compatible with the map of both to

(Id ®FIndCoh (Ranuntl’ 7)) ~ ((Id ®1—\IndC0h(Ranuntl’ 7)) ° (Id ®(wRa“untl ® 7))) ® FIndCoh (Ranuntl’ 7)

However, the latter map is an isomorphism, by Proposition C.1.7.
O[Proposition C.1.5]

C.4. Proof of Proposition C.1.7.

C.4.1. Due to the assumption that Sect(X,Y) is passable, self-functors on QCoh(Sect(X,Y)) are in
bijection with objects of QCoh(Sect(X,Y) x Sect(X,Y)), and the identity endofunctor is given by

(ASect(X,‘é) ) * (OseCt(X,lé) ) :

Thus, we need to show that the map

(C.8) (Id @(Locy o Loct) ) ((Asecs(x,4))# (Osect (x,))) = (Asect(x,9))+ (Oseet(x,y))

is an isomorphism.
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C.4.2. We rewrite the left-hand side in (C.8) as the image of Ogect(x,y) along the push-pull along the
diagram

Sect(X,Y)
Ascct(x,w)l
Sect(X,Y) x Sect(X,Y) «—— Sect(X,Y) x Sect(X,Y) x Ran

lid X$y,Ran

id Xsy Ran

Sect(X,Y) X Yran Sect(X,Y) x Sect(X,Y) x Ran

l

Sect(X,Y) x Sect(X,Y).

By base change, we rewrite this as push-pull along

Sect(X,Y) x Sect(X,Y) x Ran ——— Sect(X,Y) x Sect(X,Y)
J/SB‘RanRiins‘d,Ran

AYRan/Ran

yRan %Ran X 1éRan
Ran

of the object
(p‘éRan )* (wRan) € QCOh(H)Rarp
C.4.3. Consider the following version of the set-up of Sect. B.3.

Let f : Z1 — Z2 is an affine morphism of D-prestacks. Consider the following commutative (but

non-Cartesian) diagram

Sect(X, Zl) X Ran M Z—l,Ran

Sect(f)xidl lfRan

Sect(X,Z2) x Ran ———— Z2 Ran.
5%25,Ran

The ((s2,,Ran)", (52, ,Ran)+)- and ((Sz,,Ran)”; (S22,Ran)«)-adjunctions give rise to natural transfor-
mation

Szg,Ran o (fRan)* - (SeCt(f)* & Id)* ° SEI,Ran
as functors
QCoh(Z1)ran =% QCoh(Sect(X,Z2)) ® IndCoh(Ran).

Consider the induced natural transformation
(Cg) (Id ®F1ndCOh(Ra‘n7 7)) © Szg,Ran o (fRan)* —
— (Id@I"™I°°" (Ran, —)) o (Sect(f). ® Id). o 8%, Ran = Sect(f)« o (Id @I (Ran, —)) o 52, Ran

as functors
QCoh(Z1)ran = QCoh(Sect(X, Z2)).

The following is a parametrized version of Proposition B.3.8(a):

Proposition C.4.4. The natural transformation (C.9) is an isomorphism, when evaluated on objects
lying in the essential image of the forgetful functor

t' 1 QCoh(Z1)gapuntt — QCO(Z1)Ran-
Corollary C.4.5. The natural transformation (C.9) is an isomorphism, when evaluated on the object

(le,Ran)* (wRan) c QCOh(Zl)R‘an.
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C.4.6. We will apply the above to
Z1=Y, 22 =Y x1Y
and f being the diagonal map.

Unwinding the definitions, we obtain that the map

ndCo * * C.
(C10) (@™ (Ran, ) © (syman X 8y.1a0)" © (A )+ (Poen) (@ran)) &

— (Asect(x,))x © (A@I™Y"(Ran, —)) 0 (sy.Ran) " (Pygan) (WRan)) = (Asecr(x,1))« (Osect(x,1))
identifies with the map
(Id @™ (Ran, —)) o (sy,Ran X sy,Ran)” © (Ayg, )« (Pygan) (WRan)) = (Aseet(x,y))« (Osect(x,y))
of (C.8).

Hence, the latter map is an isomorphism by Corollary C.4.5.
O[Proposition C.1.7]
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