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INTRODUCTION

0.1. What do we mean by ‘infinitesimal differential geometry’? The goal of this chap-
ter is to make sense in the context of derived algebraic geometry of a number of notions of
differential nature that are standard when working with schemes. These notions include:

e Deformation to the normal cone of a closed embedding;

e The notion of the n-th infinitesimal neighborhood of a scheme embedded into another
one;

e The PBW filtration on the universal enveloping algebra of a Lie algebroid (over a
smooth scheme);

e The Hodge filtration (a.k.a. de Rham resolution) of the dualizing D-module (again,
over a smooth scheme).

A feature of the above objects in the setting of classical schemes is that they are constructed
by explicit formulas.

For example, the PBW filtration on the universal enveloping algebra of a Lie algebroid is
defined by letting the n-th term of the filtration be generated by n-fold products of sections
of the Lie algebroid, a notion that is hard to make sense in the context of higher algebra, and
hence derived algebraic geometry.

The de Rham resolution

wx @ A"(T(X)) = ... 2wx ® T(X) > wx
OX OX
is also defined by explicitly writing down the differential, something that we cannot do in higher
algebra.

But our task is even harder: not only do we want to have the above notions for derived
schemes, but we want to have them for objects (and maps) in the category PreStkjag des. SO,
an altogether different method is needed to define these objects.

0.1.1. Continuing with the example of U(L) for a Lie algebroid £, the initial idea of how
to produce a filtration is pretty clear: the category of filtered objects in Vect identifies with
QCoh(A)Gm  and similarly, for a DG category C, the category CF!! of filtered objects in C
identifies with

(C ® QCoh(A'))Gm,



INFINITESIMAL DIFFERENTIAL GEOMETRY 3

Now, the category C¥:20 of non-negatively filtered objects identifies with
(C ® QUoh(A!))Aier-tax

where the superscript Alleft_lax stands for the structure of left-lax equivariance with respect to
the monoid A'; see Sect. 1.2.3 where this notion is introduced.

For £ € LieAlgbroid(X), we regard U(£) as an algebra object in the monoidal category
Functcont (IndCoh(X), IndCoh(X)), and we wish to lift it to an object

(0.1) U(L)F! € AssocAlg ((Functcont (IndCoh(X), IndCoh(X)) ® QCOh(Al))Alleft—lax> .

We shall now explain how to produce such a U(£)F!| and this will bring us to the idea of
deformation to the normal cone (rather, normal bundle in the present context), central for this
chapter.

0.1.2. Our main construction is the following. For X € PreStkjag-der and Y € FormMody, we
construct a family

Yscaled € FOI"HlMdeXAl/ JYxALs
i.e., a family of objects of FormMody, ;y parameterized by points of Al
The fiber Y, of this family over 0 # A € A! is be (canonically) isomorphic to the initial Y.

Its fiber Yo over 0 € A! identifies canonically with the vector-prestack Vectx (T(X/Y)[1]) (see
[Chapter IV.3, Sect. 1.4]), where we can think of T'(X/Y)[1] as the normal to X in Y.

Crucially, the above A'-family has the following extra structure: it is left-lax equivariant
with respect to the monoid A! acting on itself by multiplication. Concretely, this means that
for \,a € A, we have a system of maps

Yax = Un
that satisfy a natural associativity condition.
We will denote the resulting object of (FormModxXAl//BX&I)AM,M by Ysecaled,ar,, - 1t

is the existence of this object that will allow us to carry out the ‘differential’ constructions
mentioned earlier.

0.1.3. Here is how the deformation Yscateq a2 o, CAI be used in order to produce the object
(0.1).

The datum of U(£) is encoded by the category £-mod(IndCoh(X)), equipped with the for-
getful functor oblve : £-mod(IndCoh(X)) — IndCoh(X).

As will be explained in Sects. 6.2 and 6.3, constructing U(£)¥! is equivalent to finding a
right-lax equivariant extension of the pair (£-mod(IndCoh(X)), oblvg).

Let (X EN Y) € FormMody, be the formal moduli problem corresponding to £. According
to [Chapter IV.4, Sect. 4.1.2], we have an identification

£-mod(IndCoh(X)) ~ IndCoh(Y)
under which the functor oblvg corresponds to f'.

We define the sought-for left-lax equivariant extension for IndCoh(Y) to be the category
IndCoh(Yscalea ), and for the functor f' to be the pullback along X x A! = Yycateqa. The right-lax
equivariant structure on IndCoh(Yscalea) is given by the left-lax equivariant structure on Yscaled,

given by 1éscauled,A

1 .
left-lax
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0.2. The n-th infinitesimal neighborhood and the Hodge filtration. The deformation
Y s yscalchll‘ﬁ’ll is used also for the construction of n-th infinitesimal neighborhoods and of
the Hodge filtration on the dualizing D-module (crystal).

0.2.1. The idea of infinitesimal neighborhoods
(0.2) X=X 5 x5 x5 5y
is that each X" is a square-zero extension of X("~1) by means of the object of IndCoh(X("=1))

equal to the direct image of Sym”(T(X/Y)[1]) under X — X(~Y. We remind that 7(X/Y)[1]
should be thought of as the normal bundle to X inside Y.

To specify such an extension we need to specify a map
(0.3) Sym™(T(X/Y)[1]) = T(X"~Y)/Y) .

For example, for n = 1, the map (0.3) is the identity. However, for n > 2 we encounter a
problem: which map should it be?

Here the deformation Y ~ Yscated, ar ., comes to our rescue.

left-lax

0.2.2. We modify the problem, and instead of the system (0.2), we want to construct its filtered
version

(0.4) X x Al = X0

scaled

1)

scaled

n)

- X = X 5 Yecaled

in (FormMody a1/ /yxat )Alleft—lax.

In particular, instead of the map (0.3), we now need to construct the map

(05) Sym™ (T(QX/Y)[1]) = T/ ear,
in

IndCoh(X x A)Aertax ~ TndCoh()F120,
where Sym" (T'(X/Y)[1]) is placed in degree n.

Now, the point is that one can prove that T(x("‘”)/ynxm belongs to

scaled
IndCoh(X)¥ 2" ¢ IndCoh(X)¥ 20,

and its n-th associated graded is isomorphic precisely to Sym"(T(X/Y)[1]), and this gives rise
to the desired map (0.5).

0.2.3. When X — Y is a closed embedding, it is intuitively clear what the n-th infinitesmal
neighborhood X of X in Y is doing.

But we can apply our construction to any map between objects of PreStki.si-gef. In particular,
we can take the map
Px,dR : X = Xdr-
What is the n-th infinitesmal neighborhood of X in X4r?
A concrete version of this question is the following: consider the filtration on wx,,, whose
n-th term is the direct image of wy () under XM = X4r.

This filtration is the Hodge filtration on wx,. Its n-th associated graded is
indggr, x(Sym" (T(X)[1])) € IndCoh(Xqr) ~ Crys(X).

If X = X is a smooth scheme, this filtration incarnates the de Rham resolution of the
dualizing D-module.
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0.3. Constructing the deformation. We now address the question of how the object

Al
HSCalcd,Al S (FOI‘HlMdeXA1/ /HXAl) left-lax

left-lax

is constructed.

0.3.1. To construct Yycated a we will use the equivalence of [Chapter IV.1, Theorem 2.3.2],

left-lax

and will instead construct the corresponding (Al left-lax equivariant) Al-family of formal
groupoids over X.

.
scaled?

This Al-family of groupoids, denoted R
explained to us by J. Lurie.

is constructed by a certain universal procedure,

0.3.2. Namely, the prestacks R .4 are obtained as mapping spaces from a certain universal

family of affine schemes Bifurcl.,.q over Al, i.e., for a point A € Al, we have

;\L = Maps((BifurC?caled)M x) X
Maps((Bifurcy,j.q)x,Y)

The simplicial structure on the assignment n — R[. ., comes from the structure on the
assignment

n

n — Bifurcy,j.q

of simplicial object BifurcS,,.q in the category ((Sch®®) /a1)°P.

0.3.3. Once said in the above way, it is clear what Bifurcy,,;.q must be. For n = 0 we have

Bifurc) ,.q = A', because we want X9 to be just X for any A € A'.

For 0 # A € A' we want X} to be the Cech nerve of the map X — Y. So, (Bifurcs,,joq)x is
the groupoid in (Sch*®)°P given by

scaled

(Bifurcl,,joq)x = ptL... L pt.

n+1
Le., this is the Cech nerve of the map §) — pt in (Sch*T)op.

Now, since we want X} to be Vecty (T(X/Y)[1]), we want (Bifurc’,,,.q)o to be the scheme of
dual numbers. From here, it is easy to to guess that all of Bifurcl,,,.4 should be

Spec(ku, A/ (u — A) - (u + X)),

1

where the variable u corresponds to the projection Bifurc,,,,

1
a— A

The structure on (Bifurcl,.4)x of groupoid in (Sch®®)°P is completely determined by what

it is when localized away from 0 = A € Al
0.4. What else is done in this chapter?
0.4.1. In Sect. 2 we perform the main construction of this chapter—that of the deformation

Al
9sca1ed,A1 S (FormMOdi)CxAl/ /Y At ) eftlax

left-lax
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0.4.2. In Sect. 3 we translate the construction Y ~ Yscaled al to the language of Lie alge-

. left-lax
broids.

We obtain that any Lie algebroid £ canonically gives rise to a mon-negatively filtered Lie
algebroid, denoted £Fi!, which technically means an object of

LieAlgbroid(X x A'/A'),
equipped with a structure of left-lax equivariance with respect to Al.

The associated graded of £Fil i.e., the fiber of the above family over 0 € A! is the trivial Lie
algebroid corresponding to the object oblviicaighroid(£) € IndCoh(X).

We show that the construction £ ~ £F is compatible with the forgetful functor
Oblvycaighroid /7 : LieAlgbroid(X) — IndCoh(X) /7 (x)-
Namely, the object
ObIVLicAlgbroia /7 (L") € (IndCoh (X)) (o) ~ (IndCoh(X x A') 72y, 0 YAletictax
is the Al-family, whose value at A € A! is obtained by scaling the original anchor map
oblvicaigbroids(£) — T(X)

by .
0.4.3. In Sect. 4 we prove the following result: let H be a formal group over X, and consider
the corresponding pointed formal moduli problem By (H).

On the one hand, the procedure of deformation to the normal bundle yields the family
(Bx(3))scaled, ol .._» which by functoriality is an object of

left-lax

Ptd ((FormMod/xXAl )Alleft»lax) .

On the other hand, using the equivalence
Grp(FormMod /) ~ LieAlg(IndCoh(X))

and using the canonical deformation of any Lie algebra b ~~ h¥! (see [Chapter IV.2, Sect. 1.5]),
we obtain an object

:}Cscaled,Al € Grp ((FormMod/DC><Al )Alleft—lax) )

left-lax

We prove that there is a canonical isomorphism:

BXXAI (g{scaled,A1 ) = (Bx(g—c))scaled,A

1 .
left-lax left-lax

Le., the procedure of deforming a moduli problem, which was defined geometrically via the
schemes Bifuchwled’ Al , reproduces the procedure of scaling the Lie algebra.

left-lax
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0.4.4. In Sect. 5 we carry out the constriction of the n-th infinitesimal neighborhood of a nil-
isomorphism X — Y.

We show that the natural map
colimX™ — Y

n
is an isomorphism.
We use the above isomorphism to construct a filtration on wy whose n-th term is
()29 (waeem),

where f,, denotes the map X(™) — Y. When we interpret IndCoh(Y) as £-mod(IndCoh(X)) for
the corresponding Lie algebroid £, the n-th associated graded of the above filtration is

indg (Sym” (ObleicAlgbroid (2) [1} ) ) .
When Y = X4qr we recover the Hodge filtration.

0.4.5. In Sect. 6 we construct the filtration on the universal enveloping algebra of a Lie algebroid.
We also show that the n-th term of the filtration is given by pull-push along
X & i) Py o
where 'X(") denotes the n-th infinitesimal neighborhood of X under the unit map X — R, where
R is the total space of the groupoid corresponding to £.
0.4.6. Finally, in Sect. 7.1 we apply some elements of the theory developed above to the study
of regular embeddings.

We say that a map f : X — Y between objects of PreStkqyer is a regular embedding of relative
dimension n if

T*(X/Y)[—1] € Pro(QCoh(X)™)
belongs to QCoh(X)~ and is a vector bundle of rank n.
We show that for a regular embedding of relative dimension n, the functor
fimdCoh . ThdCoh(X) — IndCoh(Y)
admits a left adjoint, to be denoted f4¢°h* and we prove Grothendiek’s formula
JIACah o G (T (X)) @ f,

where we note that Sym"™ (7*(X/Y)) € QCoh(X) is a line bundle placed in cohomological degree
n.

As a corollary, we deduce that for a schematic smooth map g : X — Z of relative dimension
n, the functor

g™dCoh* . ThqCoh(Z) — IndCoh(X),

left adjoint to gI4C°P is defined and we have

g! ~ SYm”(T*(x/z)[]_D ® gIndCOh,*'
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1. FILTRATIONS AND THE MONOID Al
Let C be a functor
(PreStk)°P — co-Cat .
For example, C€(X) = QCoh(X) or €(X) = LieAlg(QCoh(X)).

Suppose now that a prestack X is acted on by a monoid §. In this section we introduce the
notion of what it means for an object ¢ € €(X) to be left-lax (resp., right-lax) equivariant with
respect to §G. This notion generalizes the much more well-known one when § is a group (and
when instead of lax equivariance we have the usual equivariance).

Taking X = A and § = A!, acting on itself by multiplication, we will see that the category
(C ® QCOh(Al))Alleft—lax

(here C is an arbitrary DG category) is equivalent to that of non-negatively filtered objects in
C.

This observation produces a mechanism of creating non-negatively filtered objects from al-
gebraic geometry, as long as we can replace the initial geometric object by an A'-family, which
is left-lax equivariant with respect to the action of A! on itself.

1.1. Equivariance with respect to a monoid. The notion of equivariance with respect to a
group-action is completely standard. The situation with monoids may be less familiar: in fact,
there are three different notions of equivariance: right-lax equivariance, left-lax equivariance
and just (or strict) equivariance.

1.1.1. Let C; and Cy be two oo-categories, each equipped with an action of a monoid-object of
Spc, denoted G. Let ® : 6; — @5 be a functor.

Informally, a structure of right-lax equivariance (resp., left-lax equivariance) on ® with re-
spect to G is a homotopy-coherent system of assignments for every point ¢ € G of a natural
transformation g o ® — ® o g (resp.,, Pog — go ®), in a way compatible with the monoid
structure.

A structure of (strict) equivariance is when the above maps are isomorphisms.

If G is a group, then the above maps are automatically isomorphisms.

1.1.2. Formally, the notion of right-lax equivariance falls into the paradigm of right-lax module
functors between two module categories over a given monoidal category: we can view G as a
monoidal co-category.

Equivalently, this definition can be formalized as follows. Consider the corresponding sim-
plicial object G* in Spc, and consider the co-category

BG = £(G*),
see [Chapter A.1, Sect. 1.3.2] for the notation.
Le., BG is a category with one object, whose monoid of endomorphisms is identified with G.
The datum of action of G on an co-category € is equivalent to that of a co-Cartesian fibration

GBG — BG,
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that fits into a pullback diagram
C —— GBG

L

x* —— BG.
A structure right-lax equivariance on ® with respect to G is by definition a datum of extension

of ® to a functor
®pc : (C1)Be — (C2)BG
over BG.
A structure of right-lax equivariance on ® is a structure of (strict) equivariance if ® g sends
co-Cartesian arrows to co-Cartesian arrows. Equivalently, this is a natural transformation

between the functors
BG — co-Cat,

classifying the co-Cartesian fibrations (C;1)pg and (Cq) g, respectively.
A structure of left-lax equivariance on ® is a structure of right-lax equivariance on the functor
PP CP — CoP.
1.1.3. It is clear that the composition of functors, each endowed with a structure of right-lax
(resp., left-lax) equivariance, has a structure of right-lax (resp., left-lax) equivariance.

It is also clear that if a functor ® has a structure of right-lax (resp., left-lax) equivariance,
then its left (resp., right) adjoint, if it exists, has a natural structure of left-lax (resp., right-lax)
equivariance.

1.2. Equivariance in algebraic geometry. In this subsection we will adapt the notion of
equivariant functor, where instead of just co-categories we consider contravariant functors on
Sch*® with values in co-categories.

As a particular case, we will obtain the notion of left-lax or right-lax equivariant quasi-
coherent sheaf on a prestack, equipped with an action of a monoid.

1.2.1. Let C be a presheaf of categories, i.e., a functor
(Sch*™)°P — o0 -Cat .
Let G be a monoidal prestack, i.e., a monoid-object in PreStk, equivalently, a functor
(Sch®)°P — Monoid(Spc).

Informally, an action of G on € is by definition a system of actions of G(S) on €(S) for
S e Sch*® | compatible with pullbacks.

Formally, an action of G on € is a datum of a functor
Cpg : (Sch™)°P — o0 -Cat,
equipped with a natural transformation Cpg — BS and a pullback diagram
€ —— Cpg

l l

pt —— BS,

such that for every S € Schaff, the corresponding functor
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is a co-Cartesian fibration.

1.2.2. Let Cq, G2 be two presheaves of categories, each equipped with an action of G.

For a natural transformation ® : €; — Ca, a datum of right-lax equivariance (resp., left-lax
equivariance) with respect to G is a compatible system of structures of right-lax equivariance
(resp., left-lax equivariance) on the functors

(I)S : Gl(S) — GQ(S)

1.2.3. A particular case of this situation is when €; = X € PreStk, i.e., is a functor
(Sch*™)°P — Spe.

In this case we can think of a functor ® from X to € = Gy as a section p € C(X), where we
regard € as a functor

PreStk°® — co-Cat
by right Kan-extending the original (Sch*T)op & so-Cat along (SchT)°P — PreStk°P.

Thus, we obtain the notion of a section p € C(X) to be right-lax equivariant (resp., left-lax
equivariant, (strictly) equivariant) with respect to §.

We will denote the resulting categories by
e(x)gright—lax7 e(x)gleft—lax and e(x)S’
respectively. We have the fully faithful embeddings
e(x)gright—lax > e(x)g < e(x)gleft—lax.

1.2.4. An example of the situation in Sect. 1.2.3 is when
€ = QCoh™,
where the action of § on QCoh™ is trivial.

Thus, for X € PreStk and F € QCoh(X), a datum of right-lax equivariance (resp., left-lax
equivariance) with respect to G assigns to every x € Maps(S,X) and g € Maps(S, ) a map
(F) = (g-2)"(F)  (resp., (9-2)"(F) = z™(F)),
in a way compatible with products of ¢g’s and pullbacks S; — S5.
We let QCoh(X)Jrisnt-tax (resp., QCoh(X)%ft-1ax) denote the category of objects in QCoh(X),

equipped with a structure of right-lax (resp., left-lax) equivariance with respect to G. We let
QCoh(X)9 be the category of objects equipped with a structure of (strict) G-equivariance.

1.2.5. Here are several other examples of presheaves C that we will use (for now, all of them
have the trivial action of G):
(i) Take €(S) = C ® QCoh(S) for a fixed DG category C.

(ii) Take C(S) := P-Alg(O ® QCoh(S5)) for a fixed symmetric monoidal DG category O and an
operad P.

(iii) Take C(S) := QCoh(S)- mod, the category of module categories over QCoh(.S).

(iv) Take €(S) := PreStk,g. In this case, for a prestack X, a map p : X — € amounts to a
prestack Y over X. Given a G-action on X, a datum of right-lax equivariance on p is equivalent
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to that of a lift of the given G-action on X to a G-action on Y. This structure is a (strict)
equivariance if and only if the square

action

GxY —— Y

l !

9 « X action x

is Cartesian.

1.3. The category of filtered objects. It is well-known that the formalism of equivariance
with respect to the multiplicative group allows to give an algebro-geometric interpretation to
the notion of filtered object in a given DG category.

We will review this construction in the present subsection.

1.3.1. Let C be a DG category. Recall the notation
CHMl .= Funct(Z, C),
see [Chapter IV.2, Sect. 1.3].
1.3.2. Consider the presheaf of categories C ® QCoh(—) from Example (i) in Sect. 1.2.5.
We will take our group-prestack G to be G,,. We take X = A!, where G,, acts on A! by

multiplication.

Proposition-Construction 1.3.3. There is a canonical equivalence
(1.1) C" ~ (C® QCoh(A))".
Proof. By [Ga3, Theorem 2.2.2], the natural functor
C @ (QCoh(A))®™ — (C ® QCoh(A1)*"
is an equivalence. It is equally easy to see that the functor
C ® Vect"! — CF!!
is an equivalence. Hence, it is sufficient to treat the case C = Vect.

We construct the functor s _
(QCoh(A"))™™ — Vect™

as follows. Given F € (QCoh(Al))Gm we define the corresponding functor Z — Vect by
n = T(AY, F(n-{0}))%,

where the superscript G,,, stands for taking G,,-invariants, and F(n - {0}) means twisting F by
the corresponding Cartier divisor.

The fact that this functor is an equivalence is a straightforward check.

1.3.4. Consider the functor
(C ® QCoh(A1))™ = C ® QCoh(A!) - C,

given by restriction to {1} € Al. Under the identification (1.1), this functor corresponds to the
functor of ‘forgetting the filtration’

oblvg, : CF! - C.
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1.4. The category of graded objects. In this subsection we will consider a variant of the
material in Sect. 1.3, where instead of filtered objects we consider graded ones.

1.4.1. Consider the category
Cce .= CZ.
As in Proposition 1.3.3, we have:
CZ% ~ CCm,
i.e., this is the G,,-equivariant category for the presheaf of categories C®QCoh(—) over X = pt.

1.4.2. The forgetful functor
Cct »C

corresponds to the functor of ‘forgetting the grading’

oblv,, : C& — C.
1.4.3. The adjoint functors

(gr —» Fil) : C&" = CFil: Rees

([Chapter IV.2, Sect. 1.3.3]) correspond to the functors of pullback and push-forward along the
projection A — pt.
1.4.4. Consider the functor of the ‘associated graded’

ass-gr : CFl — C#,
see [Chapter IV.2, Sect. 1.3.4].

In terms of the identification

(1.2) C"! ~ (C® QCoh(A"))*™,
the functor ass-gr corresponds to

F = (Idc ®io)" (9),
where ig : {0} — Al
1.5. Positive and negative filtrations. It turns out that if in the discussion in Sect. 1.3,
we replace the group G,, by the monoid A!, the corresponding extra structure will single out

non-negative filtrations (in the case of left-lax equivariance) or non-positive filtrations (in the
case of right-lax equivariance).

1.5.1. Consider again the presheaf of categories from Example (i) in Sect. 1.2.5.

Let us now take the monoid-prestack G = A', where A! is a monoid with respect to the
operation of multiplication. We take X = A', where A! acts on itself by multiplication. We
consider G,,, as a sub-monoid of A;.

We have:

Lemma 1.5.2.
(a) The forgetful functor

(C® QCoh(A1) "5 — (C© QCoh(A") ™"

is fully faithful and its essential image identifies with C¥-20 c CFIl,
(b) The forgetful functor

(C @ QUoh (A1) 1 _y (C @ QCoh(A)) "
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is fully faithful and its essential image identifies with CFL<0 ¢ CFil,
1.5.3. We also have the following graded analog of Lemma 1.5.2:

Lemma 1.5.4.
(a) The forgetful functor
CAlleft—lax — CGT”I
is fully faithful and its essential image identifies with C&=0 C C#*,
(b) The forgetful functor
CAiight»lax — CG"L
is fully faithful and its essential image identifies with C&<0 C C#",

1.6. Scaling the structure of a P-algebra. In this subsection we make a digression and
explain that the construction in [Chapter IV.2, Sect. 1.4] of endowing an algebra B over
an operad P with a filtration can be viewed as the operation of ‘scaling’ the structure maps
P(n) ® B®" — B.

1.6.1. Let O be a symmetric monoidal category, and let P be an operad. Recall the presheaf
of categories

C(S) := O ® QCoh(9),
endowed with the trivial action of a monoid G.

The operad P defines an algebra object in the monoidal category of G-equivariant endo-
morphisms of C. It follows that for a prestack X, equipped with an action of G, the forgetful
functor

(P-mod(C(X)))Mertax — (C(I))Aere-tax

is monadic, with the corresponding monad being given by the action of P on (C(DC))AIleft-lax as a
symmetric monoidal DG category. Hence, we obtain an identification

(P-mod (€(X)))Mer-1ax ~ P-mod (C(X)Hertax).

1.6.2. We apply this to § = X = Al, acting on itself by multiplication. Thus, we obtain an
identification

(P-Alg(O ® QUoh(A))) ertax ~ P-Alg((O @ QUoh(A!)) ertax).
Using Lemma 1.5.2(a), we identify

T—Alg((O X QCOh(Al))Alleft»lax) ~ P -Alg(OFil’ZO),
Thus, we obtain a canonical equivalence:

(13) (fP —Alg(o ® QCOh(Al)))A}CftJaX ~ T—Alg(OFﬂ’ZO).
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1.6.3. Recall the functor
AddFil : P-Alg(0) — P-Alg(0OF=29).
see [Chapter IV.2, Sect. 1.4.2].
We obtain that it gives rise to a functor
Scale®letiax : P_Alg(0) — (P-Alg(O @ QCoh(AL)))Aleri-tax
Composing with the forgetful functor
(P-Alg(0O ® QUoh(A)))Mertax — P-Alg(O ® QCoh(A)),
we obtain a functor

Scale : P-Alg(0) — P-Alg(O ® QCoh(AY)).

Sometimes we will use the short-hand notation

Bscaled = SC&].Q(B) and Bscaled,Al = SCaleAlleft-lax (B)

left-lax

1.6.4. The functor Scale has the following properties:
e oblvyp (Bscaled) ~ OblV?(B) ® Oyt
e i} (Bscaled) >~ B for any 0 # X € Al;
® i{(Bscaled) =~ trivep o oblvy(B).
Remark 1.6.5. One can endow the functor Scale with a structure of associativity with respect

to the monoid structure on A'. This gives rise to a non-trivial action of the monoid A'! on
presheaf of categories P-Alg(O @ QCoh(—)).

2. DEFORMATION TO THE NORMAL BUNDLE

In this section we introduce a key construction that deforms a nil-isomorphism X — Y to its
normal bundle. It is a derived analog of the deformation of a closed embedding to its normal
cone.

In subsequent sections, this procedure will give rise to naturally defined filtrations on var-
ious objects constructed out of Lie algebroids (e.g., the universal enveloping algebra of a Lie
algebroid).

The geometric input into the main construction in this section, explained in Sect. 2.2, was
suggested to us by J. Lurie.

2.1. The idea. Before we give the formal construction, let us explain its idea. It is the follow-
ing: given a nil-closed embedding X — Y we will construct the deformation of Y to the normal
bundle by deforming the corresponding groupoid X x X.

Y

The sought-for Al-family of groupoids of X will obtained by mapping into the original X a
particular A'-family of groupoids in the category (dSChaH)Op, denoted

(Bifurc;caled)x, A S Al.

In this subsection we will informally describe what this family looks like.

We draw the reader’s attention to the fact that groupoid objects in the category (CISChaH)Op
are not very familiar gadgets.
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2.1.1. For any A € A!, the scheme (Bifurc?,,,.4)x of objects in (BifurcS,,.q)x is just pt. The

scaled scaled
scheme (Bifurc),.q)a of 1-morphisms is described as follows: if A # 0, then

(Bifurcl . oq)x = {A} U {=)} C AL,

scaled

Le., (Bifurc®,,.q)x is the free groupoid in (¢Sch®®)°P with the scheme of objects being pt.

scaled

When A = 0, then (Bifurc.,,).q)o is the scheme of dual numbers Spec(k[e]/€2). Le., we should
think of Spec(kle]/e?) the limit of {\} U{—A} as A — 0.

2.1.2. For any A € A and X € PreStk, we obtain a groupoid object in PreStk by considering

the prestack of maps from (BifurcS,,.q)x into it:

Maps((Bifurc,,joq)xs X)-

Note that for A # 0, the groupoid Maps((Bifurc.,.q)x, X) is just X x X = X.

.
scaled

However, for A = 0, the groupoid Maps((Bifurc
complex on X.

)a, X) is the total space of the tangent

2.2. A family of co-groupoids. We will now spell out the construction described above in a
more formal way.

2.2.1. In the category of connective DG algebras, consider the Cech nerve, denoted A®, of the
map

k— 0.
Explicitly, A = k, A! = k@ k and, in general, A* = k@ ... ® k. In particular, all A’ are
—— —
i+1
classical.

2.2.2. We now claim that the groupoid A® in classical commutative algebras can be naturally
lifted to one in the category of non-negatively filtered classical commutative algebras, denoted

(AFil)o'

Indeed, we define the filtration on A’ to be

i Aforn>1
(A)n = N
k for n = 0.

In particular, (A°), = A° for all n.

Remark 2.2.3. Note that (AF)! is the the filtered algebra that we used in [Chapter IV.2, Sect.
1.4.1] in order to construct a canonical filtration on algebras over operads.

2.2.4. Note that
(2.1) ass-gr((A"®) ~ k@ ¢(B*(k)), € =0, deg(e) = 1.

In other words, ass-gr((AF")®) is the classifying space simplicial object in the category of
classical augmented commutative algebra, corresponding to the commutative group object

kle]/€*, deg(e) = 1.
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2.2.5. Applying the equivalence of (1.3), we turn the groupoid (A¥)® in the category of non-
negatively filtered commutative connective DG algebras into a groupoid, denoted

L]
Ascaded,A1

left-lax

in the category of commutative connective algebras in QCoh(A!), equipped with a structure of
left-lax equivariance with respect to Al.

Denote by AS.,.q the groupoid in the category of commutative connective algebras in
QCoh(Al'), obtained from A% e dAL, by forgetting the left-lax equivariance with respect
to Al

Explicitly,

Agcaled = k[u],
and

Ascated = Spec(klu, e]/(u — €) - (u +€)).
The two maps
Alcated = Agcated
are given by
e— u and € — —u,

respectively.

The degeneracy map Agcaled — Al loq 18 u— u. The inverse for the groupoid is the map

1
scaled>

1
Azcaleda = A U U, € > —€.

2.2.6. Passing to spectra (in the sense of algebraic geometry), we obtain a groupoid object,
denoted

. L]
Blfurcscaled,A}ight_lax

in the category
1 op
(((Schaﬂ)/Al )Aright-lax> .

Let
. 1
= Blfurcscaled,Al,

right-lax

e 0
s, 1 @ Bifurcg g joq a1
»Bright-lax

denote the two face maps (source and target, respectively).

Let BifurcS.,.q denote the groupoid object in the category
op

((SChaH)/Al) )

obtained from Bifurc?,, ;.4 a1 ... Dy forgetting the the left-lax equivariance with respect to Al
"right-lax

Note that by construction, for any 0 # X\ € A!, we have
(Bifurcécaled),\ = ptU... Upt,
—_———
i+1
and the groupoid structure is that of the Cech nerve of the map
0 — pt,

viewed as a morphism in (Sch®®)ep,
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Remark 2.2.7. Note that according to Sect. 1.2.5, Example (iv), the datum of upgrading of

Bifurcg,,eq to Bifurcg ,jqq Al ern, AMOUNES simply to the action of the monoid A! on Bifurc?,, .4,

compatible with the projection to A'.

2.3. The canonical deformation of a groupoid. We will now use Bifurcg,,j,q 41 to

left-lax
deform the Cech nerve of a nil-isomorphism in PreStkj.s-qef to the total space of its relative
tangent complex.

2.3.1. Let X — Y be a map in PreStk, and let R® be its Cech nerve. Consider the Al-family of
simplicial objects of PreStk equal to

(2.2) Wil Zireleated (3 x Bifurcsyeq) x (Y x A1),
Bifurc

L]
B scaled H .
Weil ; (Y xBifurc?_, .q)

where the notation Weil is as in Sect. A.1.

Le., for an affine scheme S, a point of the space of maps from S to i-simplices of (2.2) consists
of the data of:
e amap S — Al;
e amapy:S—Y;

e amap S x Bifurc! .4 — X;
Al
e an identification of the composition S x Bifurc,.,.q = X — Y with the map
Al

. ; Y,
Sgl Bifurcl pjeqa — S = Y.

Note that, by construction, the simplicial object (2.2) in (PreStk) 41 is augmented by Y.
By Sects. A.2.3 and A.2.1, we have:

Lemma 2.3.2. Assume that X andY belong to PreStKy.s (resp., PreStkiageder). Then the same
will be true for the terms of the simplicial prestack (2.2).

2.3.3. Assume now that X and Y belong to PreStkjag_gqer and that X — Y is a nil-isomorphism.
Denote the simplicial prestack (2.2) by R?

scaled*
Denote
R 1
Rscaled = j{scaled'

L]
scaled?

We have a canonical (unit) map X x Al — R
isomorphism. We claim:

and it is clear that this map is a nil-

Lemma 2.3.4. The simplicial object RS.,i.q s a groupoid object of (PreStkiafi-def) /a1 -

Proof. We need to show that for any n > 2, the canonical map

(23) :R':caled — :Rscaled X oo X fRscaled
X x AL A xAL

n times

is an isomorphism.

By [Chapter III.1, Proposition 8.3.2], it is enough to show that the map in question induces
an isomorphism of the tangent spaces along the unit section.

By (A.4), for an affine scheme S and a point

S EA o x AL



18 INFINITESIMAL DIFFERENTIAL GEOMETRY

the pullback of the tangent space of the left-hand side of (2.3) relative to Y identifies with
Tl(x/lé) k([@] F(Bifurcgcaled’ OBifurcn )a
u

scaled

while that of the right-hand side with

T.(X/Y) ® T(Bifurcl .4 Oiture X
(/H)W ( led> OBif icaled)nmy)@k[u]

X T.(X/Y) @ D(Bifurct.,oq, Oituret . .)-
T (X/Y)Qk[u] K[u] scaled
Now, the required assertion follows from the fact that
I'(Bifurcy, ,jeqds OBifurcgcaled) ~ F(Bifurcicaled, OBifurcimled) k?i = kﬁ | F(Bifurcicaled, OBiﬁ”Cimled)'
O

2.3.5. Let us calculate the fiber R§ of Re,,., over 0 € Al. First, by Sect. 2.2.4, the groupoid

scale
R$ is actually a group, and furthermore a commutative group-object in FormMod /x.

We now claim:

Proposition 2.3.6. The commutative group-object Ry € FormMod x identifies canonically
with Vecty (T(X/Y)).

Proof. We will consider both sides as functors on the category Ptd(FormMod ).

The commutative group-object R§ € FormMod /. assigns to Z € Ptd(FormMod /x) the space
equal to the fiber of the restriction map

(24) =« X Maps(Z x Spec(k[A]/A?), X) X Maps(Z,Y) —
Maps(Z,X) Maps(Z xSpec(k[A]/A2),Y)

— x X Maps(X x Spec(k[A]/A\?), X) X Maps(X,Y),
Maps(X,X) Maps(X xSpec(k[A]/A2),Y)

where the map in the above formula is given by restriction along X — Z, and where the
commutative group structure coming from the structure of commutative group on

Spec(k[A]/A%) € ((Sch®™)y /)°P.
By [Chapter IV.3, Corollary 3.6.7], the commutative group-object Vecty(T(X/Y)) in the

category FormMod /y assigns to

(2 5 X) € Ptd(FormMod )
the space

(2.5) MapslndCoh(x) (coFib(wx — WindCOh(wZ))a T(X/9)).

Note that
2 x Spec(k[\]/A?) ~ RealSplitSqZ(ws,),
see [Chapter IV.3, Sect. 3.7] for the notation.
Hence, we can rewrite the fiber of the map (2.4) as
Fib (Mapsz / 1y(RealSplitSqZ(wsz), X) — Mapsy /y (RealSplitSqZ(wx), x)) :
and further as

Fib (Mapspacon(z) (@2 T(X/Y)|z) = Mapstyacon (wx TC/Y)) )
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identifies with (2.5), as required.
O

2.4. Deformation of a formal moduli problem to the normal bundle. We will now use
the deformation
R~ RS

scaled

to construct the deformation
y ~ 1A;calcd'

2.4.1. Let X be an object of PreStkiafi-qer and let Y be an object of FormMody, .
Consider the formal groupoid R, over X (and relative to Y x A'). Applying [Chapter IV.1,

scaled
Theorem 2.3.2], we obtain an object

yscaled € FOI‘IDMdeXAl/ JYxAL,

i.e., an Al-family of objects Yscaled € FormMody, .

2.4.2. By construction, the fiber Yy at 0 # A € Al identifies with the original Y.
On the other hand, by Proposition 2.3.6 the fiber Yo at 0 € A® identifies canonically with
Vectax (T'(X/Y)[1]),
where T(X/Y)[1] =: N(X/Y) can be thought of as the normal bundle to X in Y.
2.4.3. Ezxample. Let us take Y = Xyr. Then the object
(Xdar)scaled € FormMody a1/ /yxat
is the Dolbeault degeneration of Xqgr to Vectx (T'(X)[1]).

Remark 2.4.4. One can show that when X = X is a classical scheme, and Y is the obtained as
the formal completion of a classical scheme Y along a regular closed embedding X — Y, then
Yscaled 1s & nil-schematic ind-scheme (i.e., formal scheme) equal to the formal completion along
X x A' of the scheme given by the usual deformation of Y to the normal cone.

2.5. The action of the monoid A'. Above to any Y € FormMody, we have assigned an
A'-family Yscalea Of objects of FormModsy /- However, this family possesses an extra structure:
that of left-lax equivariance with respect to the monoid A®.

According to Sect. 1.5, this is exactly the kind of structure that allows to endow linear objects
attached to Y with a non-negative filtration. The latter observation will be extensively used in
the sequel.

2.5.1. Recall that by construction, the groupoid
op
Bifurc,,j.q € ((Schaﬂ)/N)
could be naturally upgraded to

P 1 op
Bifurcscaled)Al e (((Schdﬂ)/Al )Aright-lax) .

right-lax
Consider now the functor

FOI‘HlMdeX_//yX_ : (Schgg)ol) — o00-Cat, S+ FOI‘HlMdexs/ /YxS -

By transport of structure, we obtain that for i € FormMody , the object

Yscaled € FOI‘IIlMdeXAl/ JYxAL,
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viewed as a natural transformation
A' — FormMody » —/ /Yx—

has a natural structure of left-lax equivariance with respect to Al, where the target presheaf of
categories FormMody _, /yx— is endowed with the trivial action of Al

Thus, we obtain a well-defined object

1
Alcft—lau:

9scaledA1 € (FOTmMdeXA1/ /Y XAI)

left-lax

2.5.2. Restricting along {0} — A!, we obtain the object

1
9O,Al S (FOrmModx/)Alcft,mx :

left-lax
that according to Proposition 2.3.6 identifies with
Vecta (T(X/Y)[1]),
where T'(X/Y) is regarded as an object of

TIndCoh(X) ~ IndCoh(X)&"=! C IndCoh(X)&"2° ~ IndCoh(X)"er-1ax

3. THE CANONICAL FILTRATION ON A LIE ALGEBROID

In this section we will show that any Lie algebroid on X gives rise, in a canonical way, to a
filtered Lie algebroid. This construction is a generalization of the construction in Sect. 1.6 that
assigns to a Lie algebra in IndCoh(X) (or any symmetric monoidal DG category) a filtered Lie
algebra.

The associated graded of this filtration will yield the trivial Lie algebroid, and this fact will
be subsequently used to establish various properties of formal moduli problems.

When working in the setting of classical algebraic geometry, the above filtered structure can
be constructed ‘by hand’. However, in the context of derived algebraic geometry we will use
the deformation to the normal bundle to produce it.

3.1. Deformation to the normal bundle and Lie algebroids. In this subsection we will
adapt the material of Sect. 2.5 to the language of Lie algebroids.

3.1.1. Consider the presheaf of categories
LieAlgbroid(X x —/—) : (Sch®f)°P — co-Cat, S — LieAlgbroid(X x S/S).
We obtain that for any £ € LieAlgbroid(X) there is a canonically defined object
€71 ¢ (LieAlgbroid (X0 x Al/AL)) s
Moreover, this assignment is functorial in £. We denote the resulting functor
LieAlgbroid(X) — (LieAlgbroid(X x Al/Al))*eiox
by AddFil.
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3.1.2. Let us denote by ass-gr the functor
(LieAlgbroid (X x Al/Al))Allef“""‘ — (LieAlgbroid(DC))Alle“'lax )
given by taking the fiber at 0 € Al.
By Sect. 2.4.2, the composite functor
ass-gr o AddFil : LieAlgbroid(X) — LieAlgbroid(X)

equals the composition

LieAlgbroid(X) VA 1nqCoh () “5" IndCoh ()¢ ~ IndCoh(X)erx —
Ve [ieAlg(IndCoh(X)Ahr-ax ) ~ LieAlg(IndCoh(X))4tertax 1%8 TieAlgbroid (0)4er-tax.
Remark 3.1.3. As in Remark 1.6.5, one can show that the above functor
AddFil : LieAlgbroid(X) — (LieAlgbroid(X x A' /Al))‘*lleft—lax
is part of a richer structure. Namely, the functor
LieAlgbroid(X x —/—) : (Schif )" — co-Cat
carries a canonical action of the monoid Al.

3.2. Compatibility with the forgetful functor. We shall now study how the above canon-
ical filtration on a Lie algebroid is compatible with the forgetful functor

ObleieAlgbroid /T : L1eAlgbr01d(3C) — IndCOh(f)C)/T(x)

3.2.1. Consider presheaf of categories

IHdCOh(X X 7)/T(3c)‘x><_, (SCh:g)OP — oo—Cat, S — IndCOh(X X S)/T(I)C)

‘XXS'

The functor oblvycaighroid /7 defines a natural transformation

LieAlgbroid(X x —/—) — IndCoh(X x —) /7(x)

[ocx -

We endow IndCoh(X X —) /7(x)|,, . With the trivial action of the monoid A, and the above

natural transformation is (obviously) Al-equivariant.

In particular, we obtain a functor

1
OblVLieAlgbroid /T * (LleAlgbrmd(DC x Al /Al))Ale&_lax —

1
Aleft—lax
I xat :

(tndCon(X x A1) 7,

AIe t-lax
3.2.2. Note that by Lemma 1.5.2(a), the category (IndCoh(X X Al)/T(x)lxxAl) 7 identifies
with
(3.1) (IndCoh(X)""2%) /().
Above we view T(X) as an object of IndCoh(X)F:20 via the functor (gr — Fil) o (deg = 0),

ie.,
IndCoh(X) ~ IndCoh(X)F 12050 < IndCoh(X)" 120,
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3.2.3. Recall now that in [Chapter IV .4, Sect. 5.3.5], we defined a functor

Ale t-lax
IndCoh(X),7(x) = (IndCon(X x A reoyy )

Namely, for F & T(X) € IndCoh(X)/p(x), the underlying object (F 2 T(X))scatea Of
IndCoh(X x A') /p(x)), . 15 given by
Floewar =5 T(X)|xxar,
where the value of Ygcaled OVer A € Al equals \ - 7.

The structure of left-lax Al-equivariance on (F NN T(X))scaled is defined naturally. Denote
this functor by AddFil.

3.2.4. In terms of the identification (3.1), the functor AddFil sends F = T(X) to
(gr — Fil) o (deg = 1)(F) 2> (gr — Fil) o (deg = 0)(T(X)).
Here for i > 0, we recall that (gr — Fil) o (deg = i) denotes the functor
IndCoh(X) ~ IndCoh(X)¥124<"  IndCoh(X)"=? ¢ IndCoh(X)Fil=0

(i.e., we take an object of IndCoh(F) and place it in degree 7).

3.2.5. The goal of this section is to establish the following:

Proposition 3.2.6. The following diagram of functors commutes:

AddFil
—

LieAlgbroid(X) (LieAlgbroid(X x Al/Al))Alle“‘la"

(32) oblviicalgbroid /TJ( J/OblVLieAlgbroid /T

AddFil

Alc t-lax
ndCoh(X) gy —22E, (IndCoh(X % AL 2 ) b

‘xxAl

Remark 3.2.7. Note that by adjunction from the commutative diagram (3.2), we obtain a
diagram that commutes up to a natural transformation:

i 1
LieAlgbroid(X) _AddFil, (LieAlgbroid(f)C % Al/Al))Aleft-lax

(33) freeLieAlgbroidT TfreeLieAlgbroid

AddFil

Alcftf ax
IndCoh(X) 7y 2™ (TndCoh(X x AY)ryy, ) -

We note, however, that the above natural transformation is not an isomorphism. Indeed,
the two circuits give a different result even after applying the functor ass-gr.

Le., the structure of filtered Lie algebroid on filtration on freer,;caigbroid (F N T(X)), given
by the construction in [Chapter IV.4, Sect. 5.3] is different from the canonical filtration that
exists on an arbitrary Lie algebroid, given by the construction in Sect. 3.1.

3.3. Proof of Proposition 3.2.6.
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3.3.1. For £ € LieAlgbroid(X) the object

Ale t-lax
Oblvyicalghroid /7 © AddFil(£) € (IndCOh(X X Al)/T(x)lxxA\1> -

can be described as follows.
Let J be the object of FormMody,, corresponding to £. Consider the corresponding prestack

Recated = Weil P Reatca (0 ¢ Bifurcl,.q) x (Y x Ab),

scaled L
H TCscaled Y x Bif 1
V\/'ellAl (YxBifurc) ,.q)

equipped with a structure of left-lax equivariance with respect to Al.
Consider the object

T(ﬂ%swled/fx X Al)‘xXAl € IndCoh(DC X Al),

1
scaled*

where Rycaled — X X Al is induced by the map ¢ : Al — Bifurc The map s : Al —

Bifurc. ,j.q induces a map
T (Rscated/X x AN xxsar = T(X)|xxar,

and the resulting object of IndCoh(X x Al)/lndcoh(XxAl naturally lifts to

/T gy 01

1
)Aleft—lax
)

(IndCoh(X X AY) /101

which is our oblviicaigbroia © AddFil(£).
We need to show that the above object is obtained from the tautological map
T(X/Y) = T(X)

by the scaling procedure of Sect. 3.2.3.

3.3.2. We identify
T (Recated /X X A)|xxar > Fib (T(Recatea/¥ x ANxccar = T(X x Al/Y x A1),
which, by (A.4), identifies with

T(:X:/H) ® Fib (F(Bifurcicaleda OBifurc1

t* 1
) DAL 0)),
and its map to
IndCoh(X x A")p)),, . = T(X) @T(A",041)

identifies with

T(X/Y) @ Fib (F(Bifurcgcaled, Opigure!

scaled

)ir(Al,oAl)) -

- T(:X:/lé) ® F(Bifurcicalcdv OBifurc1 ) 3_3

scaled

— T(X/Y) @T(AY,041) = T(X) @ T(A', Op1).
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3.3.3. Thus, we need to show that the composite arrow

scaled

Fib (F(Bifurcgcaled, Opipet ) o T(AL oAl)) =

- F(Bifurcicaledv oBifurc1 ) i*) F<A17 OAl )a

scaled
viewed as an object of

(QCoh(AY) /o , YAiete-tax,
is obtained by the scaling procedure of Sect. 3.2.3 from the identity map Og1 — Op1.

3.3.4. We identify the above map with
Fib((A"H! — k) — (A" — &,

where (AF! is the filtered algebra from Sect. 2.2.2. Here the two maps k @ k ~ A' = k@ k
are the projection on the first and the second copy of k

The resulting map in Vect™h20 g
(gr — Fil) o (deg = 1)(k) — (gr — Fil) o (deg = 0)(k),

as required.

4. THE CASE OF GROUPS

In this section we will show that assignment £ ~~ £Fil of Sect. 3.1 reproduces in the case of
Lie algebras the construction of scaling the Lie algebra structure

h — hFi17
see [Chapter IV.2, Sect. 1.4.3].

This is not altogether obvious, since the filtration in the case of Lie algebras was produced
purely algebraically, and in the case of Lie algebroids we used geometry (specifically, the co-

L e e
simplicial scheme Bifurc],joq)-

4.1. Deformation to the normal cone in the pointed case. In thus subsection we will
consider the deformation

y ~? %ScaIEd’Alleft—lax
when Y is an object of Ptd(FormMod ). Denote
H = Qx(Y).

In this case, by functoriality, Yscaled,a .. is an object of

left-lax
(Ptd(FOI‘HlMOd/x Al )) Aleft-lax )

4.1.1. Consider the corresponding object

j_Cscaled = QX(Iéscaled)
in (Grp(FormMod jxxa1))-
By functoriality, it lifts to an object

Al t-lax
Hicaled Al € (Grp(FormMod/xxAl)) left-lax

left-lax
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4.1.2. Applying the functor
Lieg, : Grp(FormModz) — LieAlg(IndCoh(Z))

(see [Chapter IV.3, Sect. 3.6]), we obtain an object

1
Liexyar (Focateanr. ) € (LieAlg(IndCoh(X x Al))Merei

left-lax

Using the equivalence of (1.3), we regard it as an object, denoted

Liex (H"™) € LieAlg(IndCoh(X)"=0).

We claim:

Theorem 4.1.3. The above object Liex (H') € LieAlg(IndCoh(X)F120) identifies canonically
with the object (Liex (3))F! of [Chapter IV.2, Sect. 1.4.3].

4.1.4. Tt will follow from the proof that the isomorphism in Theorem 4.1.3 is compatible with
the corresponding forgetful functors.

Namely, it follows from Proposition 3.2.6 that there is a canonical isomorphism
(4.1) oblvye (Liex (HF)) ~ (gr — Fil) o (deg = 1) 0 oblvy.(Liex (H)).
In addition, by construction,
(4.2) oblvy.((Liex ()" ~ (gr — Fil) o (deg = 1) o oblvy;c(Liex (3)).

Now, the isomorphisms (4.1) and (4.2) are compatible via the isomorphism of Theorem 4.1.3.

4.1.5. Translating to the language of Lie algebroids we obtain:

Corollary 4.1.6. The following diagram canonically commutes

LieAlg(IndCoh(X)) 22 (LieAlg(IndCoh(X x Al))&enax

diagl ldiag
i 1
LieAlgebroids(X) Addril, (LieAlgbroid(X x Al/Al))AIe“’lax _

4.1.7. The compatibility in Sect. 4.1.4 amounts to the fact that the data of commutativity of
the outer square in

LieAlg(IndCoh(X)) 2% (LieAlg(IndCoh(X x Al))Aierniax

diagl eriag
i 1
LieAlgebroids(X) AddFil (LieAlgbroid(X x A'/ Al))Ale“’la"

oblviicalgrboid /T(x)l J/Ob]VLieAlgrboid /T (X)

1
AddFil Alese-lax

IHdCOh(fX:)/T(x) _— <IndCoh(X X Al)/T(C)C)|DC><A\1)
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equals one in the outer square of

LieAlg(IndCoh(%)) AddFil (LieAlg(IndCoh (X x Al))Alert-iax

l |

IndCoh(x) ~ ~E2feldes=l), TndCoh (X x AL)Hhreiex

l l

IdCob(V)rry A4 (IndCob(X x AY) jroy 0

b

1
)Aleft—lax

where the lower vertical arrows are given by
F s (F 2 T(X)).

Remark 4.1.8. By adjunction, the next diagram commutes up to a natural transformation:

LieAlg(IndCoh (X)) 224 (LieAlg(IndCoh (X x Al))Aier-ax

ker-anch T T ker-anch

i 1
LieAlgebroids(X) _AddFil, (LieAlgbroid(DC « Al /Al))Alcft—lax '

We note, however, that this natural transformation is not an isomorphism.

4.1.9. The rest of this section is devoted to the proof of Theorem 4.1.3.

4.2. A digression: category objects and group-objects. We will now explain a general
categorical paradigm that will be used in the proof of Theorem 4.1.3.

4.2.1. Let € be a pointed category with finite limits. Let ¢® be a Segal-object (a.k.a., category-
object) of C; see [Chapter I1.2, Sect. 5.1.1] for what this means.

On the one hand, we consider the simplicial object of € equal to

(4.3) =% x

where ¢® — ¢” is given by the degeneracy map.

It is easy to see that c® is a groupoid-object in € with ‘¥ = , i.e., it defines a structure of

group-object on ‘d :=‘c!.

4.2.2. On the other hand, consider the group-objects Q(c!) and Q(c"). The ‘target’ map ¢ :
¢t — ° defines a homomorphism Q(ct) — Q(c). Define

"d ;= Fib(Q(c') — Q).

We claim:

Proposition 4.2.3. Under the above circumstances, there is a canonical isomorphism of group-
objects in C

d~"d
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Proof. Consider the category-object in Grp(€) given by Q(c®). We can regard it as a group-
object in the category of category-objects in € and as such it acts on ‘c®. This action defines
an action of the group-object Q(c!) on the object of € underlying ‘c'.

The action of the group Fib(Q(c') — Q(c?)) on ‘c! has an additional structure: it commutes
with the action of the group-object ‘c' on itself by right translations.

This defines a homomorphism “d — ‘d. At the level of the underlying objects of €, this map
is the map

* X (*X*)%*X*%*XCO,

* Xk cl cl cl
0

which is an isomorphism since the degeneracy map c¢® — ¢! is a right inverse to ¢ : ¢! — ¢°.
O

4.3. Proof of Theorem 4.1.3.

4.3.1. Step 1. We claim that the object Hocaleanr € (Grp(FormMod/xXAl))Ale“'“" is given
by

(4.4) Weil L Pifurcicnes (3¢ o Bifurclg) % (X x A1),

scaled
FHx Al

with its natural left-lax equivariant structure with respect to A!, and the map

Weil L X Bifurcicatea (90 ¢ Bifurcl,oq) — Weil X Purenes (3¢ « Bifure,, o) = 3 x A

is induced by ¢ : Bifurc? .4 — Bifurcl,,, 4.

Indeed, we apply the setting of Sect. 4.2 to the category

€ := (Ptd(FormMod mpy 41 ))) “or1ex
and
c® = Weil%iiifurci“‘“e‘i (Y x Bifurcécaled).
Then the object ‘d of Sect. 4.2.1 identifies with
Wil i eSeated (0 Bifurc?yjeq) X (Y x A) = Hecatea.

WeilAl scaled (15 XBifurC?caled)

s

This is while the object d of Sect. 4.2.1 identifies with (4.4).

Note that the group structure on (4.4) is induced by that on H (i.e., the groupoid structure

. 1 . .
on Bifurcg,, .4 is not involved).

4.3.2. Step 2. From the commutativity of the diagram (A.7), we obtain a canonical identifica-
tion of objects of objects of LieAlg(IndCoh(X) ® QCoh(Al))4er-1ax

Liey s it (Weil o Pieieatea (90 5 Bifurcl o) % (X x AL)) ~
Hx Al

scaled

. .. X x Bifurc] .
~ Fib (WellxXAl seted (Liex (30) | x Biturc?

scaled

) — Liex(i}f)|xxA1).

Now, it follows from Remark 2.2.3 that the latter expression is canonically isomorphic to
(Liex (30)) ¥,
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5. INFINITESIMAL NEIGHBORHOODS

Let X — Y be a closed embedding of classical schemes. In this case we can consider the
n-infinitesimal neighborhood of X inside Y (it corresponds to the n-th power of the defining X
inY).

However, the derived version of this construction is not so evident (what do we mean by the
n-th power of an ideal?).

In this section we will define the corresponding derived version in the general context of
formal moduli problems. The key tool will be deformation to the normal bundle from Sect. 2.

5.1. The n-th infinitesimal neighborhood. Let X — Y be a map objects of PreStkyas_def-
In this subsection we will construct a sequence of objects

X=X 5x® 5 x5 Sy,
with X" € FormMod,y.

The prestacks X will generalize the construction of the ‘n-th infinitesimal neighborhood of
X in Y’ for a closed embedding of classical schemes X — Y. (In the case when the embedding
is regular, the derived construction will agree with the classical construction. However, in
general, even if both X and Y are classical, the derived n-th infinitesimal neighborhood will
have a non-trivial derived structure.)

It will follow from the construction that X(*) is the square-zero extension corresponding to
the map T'(X/Y) — T(X), i.e.,

RealSqZ(T(X/Y) — T(X)),

see [Chapter IV .4, Sect. 5.1.1].

5.1.1. We will construct the objects X(™ inductively, starting from n = 0. In fact, we will
construct their filtered enhancements, denoted

Alc -lax
i:;led,A% o € (FOI‘mMdeXAl/ /‘éxAl) loft-lax
Let
I)Cézgled S FOI'mMdeXAl/ JYxAl
be the object obtained from xgjgle dAlL by forgetting the structure of left-lax equivariance
" left-lax
with respect to A, so that X(™) is the fiber of X{/, ., at 1 € Al
0 -1 . .
Set Xicile aal, = X x Al. Assume that DCiZaled)’ AL, equipped with a map
-1
Ceated At gy, scaled

left-lax left-lax

has been constructed.
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5.1.2. Consider the object
T(X™ Y /Y| € IndCoh(X).

It canonically lifts to an object in IndCoh(X)¥12% € IndCoh(X)F!, denoted (T'(X™~1 /Y)|y)FiL.
Namely, we consider

(x(n 1)/yscalcd)|x><A1 € IndCOh(x X Al)a

scaled

equipped with the natural structure of left-lax equivariance with respect to A!, and thus giving
rise to the sought-for

(T(X D /Y)|)F! € IndCoh (X x Al)Aertax ~ IndCoh(X)F120

We will prove:

Theorem 5.1.3. The object (T(X™=1 /Y)|x)F belongs to IndCoh(X)¥ 27 and the n-th term
of the filtration identifies canonically with

Sym™ (T'(X/Y)[1]) [-1].

Here, by a slight abuse of notation, we denote by Sym"(T(X/Y)[1])[—1] the object of
IndCoh(X)¥12" ¢ IndCoh(X)¥20
that should properly be denoted
(gr — Fil) o (deg = n)(Sym" (T'(X/Y)[1])[-1]).
5.1.4. Let i,_1 denote the map X — X1 and let in—1,scaled denote the map

X x Al 5 x(nV

scalcd

Assuming Theorem 5.1.3, we obtain a canonically defined map

(in-1,5catea) 4 (Sym™ (T(X/Y) 1)) [-1]) = T(Xld/Yscatea).

)

5.1.5. We let X\, | denote the square-zero extension of xﬁwle 4 corresponding to the composite

scaled
map
ndCo n—1 n—1
(in—1,scatea) PO (Sym™ (T2 /Y) [1]) [=1]) = T(X0 /Yseatea) = T(Xlenred)-
By transport of structure, the object
X(Cdled S FOI‘IIlMdexAl/ /YxAl

lifts to an object

(n) Alleft.lax
scaled Al(,ft lax (FormMOdDCXAl/ /YAl ) )
the map xscale dAL, — Yscaled AL s equipped with an extension to a map
(n)
scaled,Al - yscaled Al

left-lax left-lax "

5.2. Computing the colimit. In this subsection we will show that the colimit of the n-th
infinitesimal neighborhoods recovers the ambient prestack.
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5.2.1. Recall that according to [Chapter IV.1, Corollary 2.3.6], the category FormMody , admits
sifted, and in particular, filtered colimits. Consider the object

colim X™ € FormMody />

which is equipped with a canonically defined map to Y.

Proposition 5.2.2. The map
colim X™ — Y

n
is an isomorphism in FormMody,.

Proof. By [Chapter III.1, Proposition 8.3.2], it suffices to show that the map in question induces
an isomorphism at the level of tangent spaces

T/(X/colim XMy = T(X/Y).
By [Chapter IV.1, Corollary 2.3.6], the natural map
co}lim T(X/X™) — T(x/collim x(™)
is an isomorphism.
Hence, it suffices to show that the colimit
colim T(X™ /4)|x
vanishes.

However, this follows from Theorem 5.1.3. Indeed, the above colimit lifts to an object of
IndCoh(X)Fi:20 which belongs to IndCoh(X)¥:2" for any n.
O
By combining with [Chapter IV.1, Corollary 2.3.7], we obtain:

Corollary 5.2.3. The map
colim X(™ — Y

n
is an isomorphism in (PreStkiag)x .

5.2.4. By combining Proposition 5.2.2 with [Chapter IV.3, Corollary 5.3.3(b)] (or, alternatively,
just using Corollary 5.2.3) above, we obtain:

Corollary 5.2.5. For Y € FormMody/, there is a canonical isomorphism

co}LiIn (f)IACR (o)) = wy,

where f, denotes the map X(™ — Y.

5.3. The Hodge filtration (a.k.a., de Rham resolution). Let £ be a Lie algebroid on X.
In the classical setting, the object w, when equipped with the canonical structure of £-module,
admits a canonical ‘de Rham’ resolution with terms induced from

Sym" (ObIVLieAlgbroid (2) [1]) [777,] .
In this subsection we will carry out the corresponding construction in the derived setting.

The statement will be that the unit object in the category £-mod(IndCoh) has a canonical
filtration with subquotients ind¢ (Sym" (oblviicaigbroid (£)[1]))-

Applying this to £ = T(X), we recover the Hodge filtration on
wiyg € IndCoh(Xgr).



INFINITESIMAL DIFFERENTIAL GEOMETRY 31

5.3.1. Let £ be a Lie algebroid on X € PreStkj,_qef, corresponding to an object
(f : X —Y) € FormMody; .
Let wx, ¢ denote the object of £-mod(IndCoh(X)) corresponding to wy € IndCoh(Y). Tau-

tologically,
OblVg (vag) = Wx.

We will prove the following:
Proposition-Construction 5.3.2. There exists a canonical lift of wx ¢ to an object
(wx.e)F! € £-mod(IndCoh(X))F120,

such that
ass-gr" (wx ¢) = indg (Sym" (oblviiecaigbroid (£)[1])) -

5.3.3. Proof of Proposition 5.3.2. Let X(") be the n-th infinitesimal neighborhood of X in Y,
see Sect. 5. Let iy, i,,—1,, and f, denote the maps

X — XM =Y 5 x™ and x™ -y,
respectively.

We let
(wx’ﬁ)ﬁn — (fn)indCOh(Wx(n)).

Recall that by Corollary 5.2.5, the canonical map
colim (f,,) 4N () — wy
n
is an isomorphism.

Hence, it remains to construct the isomorphisms

(5.1)  coFib ((fa—1)MM (wy-1) = (f)9CM (wyim)) =~

o~ fdCoh (Gym™ (oblviicalgbroid (£)[1])) -
The left-hand side in (5.1) identifies with
(fn)}kndCOh (COFib ((in_Ln)indCOh (wx(n—l)) — wx(n))) .

Let us recall that by construction, the map %p—1 5 : X("=1 — X" has a structure of square-
zero extension corresponding to

(in—1)i9" (Sym™ (T(X/Y)[1]) [-1]) € IndCoh(X™1).
Hence, by [Chapter IV.4, Proposition 6.4.2],
coFib ((in_lm)indc‘)h (Wrn-1)) = W) ~

o (in-1,n) 49 0 (in 1) (Sym™ (T(X/Y)([1])) =
o (i) "N (Sym™ (T(X/Y)[1])) -
And hence, the left-hand side in (5.1) identifies with
(f)24CM 0 (i, )24 (Sym™ (T(XC/Y)[1])) = f2m4°H (Sym™ (T(X/Y)[1])) 4
where

T(X/Y) =~ oblviicalgbroid (£),
as desired.
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O

5.4. Proof of Theorem 5.1.3: reduction to the case of vector groups. In this subsection
we will reduce the assertion of Theorem 5.1.3 to the case when Y is of the form Vecty(F) for
F € IndCoh(X).
5.4.1. Since the functor
ass-gr : IndCoh(X)¥H2% — IndCoh(X)8"=°

is conservative, it is enough to prove that in

ass-gr((T(X™ 1 /Y)|x)F1) € IndCoh(X)&=°
the lowest graded piece is in degree n, and is canonically isomorphic to Sym™ (T'(X/Y)[1]) [-1].

5.4.2. By Sect. 2.5.2 and the compatibility of the functor RealSqZ with base change (see
[Chapter IV.4, Proposition 5.4.3]) this reduces the assertion of the proposition to considering
the case of
Y = Vecty(F) € (FormMod/x)Alleft»lax7
for
F € IndCoh(X) ~ IndCoh(X)&"=" C IndCoh(X)&"2° ~ IndCoh ()" e-1ax

5.5. Proof of Theorem 5.1.3: the case of vector groups. When dealing with vector
groups we ‘know’ what the m-infinitesimal neighborhood must be, and this is what we will
establish, along with the assertion of Theorem 5.1.3 in this case.

5.5.1. Consider the symmetric monoidal category IndCoh(X)&"=°. Let
CocomCoalg®"#(IndCoh(X)&">?) ¢ CocomCoalg®"®(IndCoh(X)&"=)

be the full subcategory consisting of objects, for which the augmentation co-ideal belongs to
IndCoh(X)#>0,

Consider also the category
LieAlg(IndCoh(X)&">Y).
We have a pair of adjoint functors
(5.2)  Chev®™ : LieAlg(IndCoh(X)®">?) = CocomCoalg™é(IndCoh(X)&">?) : coChev™™" .

By [FraG, Proposition 4.1.2], the adjoint functors in (5.2) are mutually inverse equivalences.

5.5.2. For
F € IndCoh(X) =~ IndCoh(X)&"=" C IndCoh(X)&"=°
we consider the objects

Sym(F) and Sym="(F) € CocomCoalg™é(IndCoh(X)e">).

Note that there is a canonical isomorphism
coChev™™ (Sym (%)) = trivye(F[—1]).
(The above isomorphism is a particular case of [Chapter IV.2, Theorem 4.2.4], but is much
simpler, since we are in the graded category, and the functors in (5.2) are equivalences.)
Note that
By (trivyie (F[—1])) ~ Vectx (F).

Denote
g™ := coChev®™ (Sym="(5)).
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For example,
gV = freep;i.(F[—1]).
(Again, this isomorphism holds because the functors in (5.2) are equivalences.)

Denote )
Vectx(ff")(") = Bx(g(”)) c (FormMde/)Aleft—lax.

Let i,, denote the map X — Vectx (F)™).

5.5.3. Consider )
Y = Vecty(F) € (FormMod/gC)Alcftflax7

and the corresponding object X(") € (FormMody /)Alleft-lax.
We are going to prove that there exists a canonical isomorphism in (FormMody /)Alleft-lax.
Vecty (F)™ ~ x),

and that the assertion of Theorem 5.1.3 holds for Vectx(f}')(”). More precisely, we will prove
the following assertion:

Proposition 5.5.4.
(a) The lowest graded terms in the objects of IndCoh(X)Aer-1ax ~ IndCoh(X)&*=0

T (Vecto (F) Y/ Vectx (F) ™) | and T(Vecta (F) ™Y / Vectx (F))|x
are in degree n; the map
T (Vecty (F) Y / Vecta (F) ™) |x — T(Vecty (F) Y / Vect (F))|x

induces an isomorphism of degree n terms, and both identify canonically with Sym"™(F)[—1].
(b) The map

RealSqZ (@_1)indCOh(symn(:f)[—u) = T(Vectx(?)("_l))) s Vecty (F)™,
induced by the identification in (a), is an isomorphism.

5.5.5. The assertion of Proposition 5.5.4 implies the required properties of Vectx(ff)(”) and
X by induction on n.

5.6. Proof of Proposition 5.5.4. The proof of Proposition 5.5.4 will involve some ‘cheating’:
instead of performing the crucial computation, we will reduce it to the case of classical algebraic
geometry, namely, the embedding of 0 into a finite-dimensional vector space.

5.6.1. Before we prove Proposition 5.5.4, let us translate its assertion into the language of Lie
algebras.

Point (a) says that the objects
Fib (obleiC(ng)) = obleiC(g(”))) and Fib (oblvmc(ng)) = 9[71])
both live in degrees > n, and their degree n part is isomorphic to Sym” (F)[—2].
Point (b) says the following. Let F,, denote the object
coFib (Sym”(fr")[fﬂ - oblvme(gW*l))) € IndCoh ()20,

We have a canonical map
oblvy(g" V) = 7.
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Let
freevicalg (1), (Fn)

be the corresponding free object in the category of Lie algebras in IndCoh(X) under g("~1).
By point (a) of Proposition 5.5.4, we have a canonical map
(5.3) freeLieAlgg(nfl)/(.’fn) — g(”).

Now, point (b) of Proposition 5.5.4 is equivalent to the fact that the map (5.3) is an isomor-
phism.

5.6.2. The above reformulation of Proposition 5.5.4 makes sense when IndCoh(X) is replaced
by an arbitrary symmetric monoidal DG category O. Furthermore, the assertion of both points
of Proposition 5.5.4 is about the comparison of pairs of functors O — O, given by symmetric
sequences.

Hence, we can replace IndCoh(X) by Vect, and we can assume that F is a finite-dimensional
vector space that lives in the cohomological degree 0.

In the latter case, the assertion of Proposition 5.5.4 is manifest.

6. FILTRATION ON THE UNIVERSAL ENVELOPING ALGEBRA OF A LIE ALGEBROID

Let £ be a Lie algebroid on X. Recall that in [Chapter IV.4, Sect. 4.2] to £ we associated its
universal enveloping algebra U(£), which was an algebra object in the monoidal DG category

Functeont (IndCoh(X), IndCoh(X)).

In this subsection we define a crucial piece of structure that U(£) possesses, namely, the
canonical (a.k.a. PBW) filtration.

6.1. The statement. In this subsection we state the main result of the present section, The-
orem 6.1.2.

6.1.1. Consider the monoidal category

(Functcont (IndCoh (X)), IndCoh(j)Q))Fil,zo .

We claim:

Theorem 6.1.2. The object
U(£) € AssocAlg (Functeont (IndCoh(X), IndCoh(X))),

canonically lifts to an object
U(£)F! € AssocAlg ((Functmm (IndCoh (), IndCoh(DC)))Fil’ZO) .

The corresponding associated graded identifies canonically with the monad given by tensor prod-
uct with freecom © 0blVLieAlgbroid (£).

The theorem will be proved in Sects 6.2-6.4.

6.1.3. The following corollary results from the construction of the filtration and Theorem 4.1.3:

Corollary 6.1.4. For £ = diag(h), the filtration on U(£) defined in Theorem 6.1.2 identifies
with the one coming from the canonical filtration on U(h).
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6.2. Constructing the filtration. As a first step, we will construct U(£)¥! as an object of
the category

AssocAlg ((Functcont(IndCoh(f)C), IndCoh(f)C)))Fﬂ) ,
where we identify the latter with
Functcont (IndCoh(X), IndCoh(X)) ® QCoh(A®)®m.

6.2.1. Consider the forgetful functor

1
(FOI'mMdeXAl/ JYxAL )Ale“'lax — (FOI‘I’IIMdeXAl/ JYxAL )Gm

Let us consider the resulting prestacks
X x A' /G, and Yscated /G
over Al/G,,.
The map fscaled : X X Al = Yecaled gives rise to a QCoh(A!/G,,)-linear functor
(fseated/Gm)" : IndCoh(Yseated /Grm) — IndCoh(X x A/G,,).

Since the symmetric monoidal category QCoh(A!/G,,) is rigid, the left adjoint of the functor
(fscated/Gm)', i€, (fscaled/Grm )P4CM s also QCoh(A!/G,,)-linear.

Hence, by [Chapter 1.1, Sect. 8.4.4], the composition
(fscaled/((—?’m)I o (fscaled/Gm)indCOh

has a natural structure of algebra object on the monoidal category
Functqoon(at /c,,) (IndCoh(X x A'/G,,), IndCoh(X x A'/G,)),
while the latter identifies with
Functeon (IndCoh(X), IndCoh(X)) @ QCoh(A!)®m.
This provides the sought-for lifting.
6.2.2. Our task is now to show that the object
U(L)F! € AssocAlg ((Functcom(IndCoh(DC), IndCoh(f)C)))Fﬂ>

constructed above, belongs to the essential image of the (fully faithful) functor
AssocAlg ((Functcont(lndCoh(X), IndCoh(x)>)Fi1,2o) N

— AssocAlg ((Functcont (IndCoh(X), IndCoh(C)C)))Fﬂ) .

Note, however, that for any monoidal DG category O the following diagram is a pullback
square: _ _
AssocAlg (OFII’ZO) — AssocAlg (OFII)

oblvassoc l lOblvAssoc
OFil,>0 . OFil.
Hence, we obtain that it suffices to show that the object
ObIV Ass0c (U (L)1) € (Functeon (IndCoh(X), IndCoh(X)))™™
in fact belongs to (Functeens (IndCoh(X), IndCoh(X)))" "=,
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6.3. The categorical setting for the non-negative filtration. In this subsection we explain
a general categorical paradigm for establishing that the filtration on

oblv pss0c (U (L) Fil)

is non-negative.

6.3.1. Consider the following presheaf of categories
(6.1) (Sch®™)°P — 50-Cat, S — QCoh(S)- mod,
see Example (iii) in Sect. 1.2.5.

We denote the value of this functor on Z € PreStk by ShvCat(Z).

6.3.2. We regard (6.1) as equipped with the trivial action of a monoid §.

According to Sect. 1.2.3, for a prestack Z, equipped with an action of § one can talk about
the category
ShvCat(2) Steft-lax

6.3.3. Assume now that Z = Z € Sch™®. Let C, D and D’ be three objects in ShvCat(Z)Irisbe-tax
and let G: C — D and F’ : C — D’ be morphisms.

Applying the forgetful functor
ShvCat(Z)Irere1ax — ShvCat(Z) ~ QCoh(Z)- mod,

the objects C, D and D’ give rise to QCoh(Z)-module categories, and G and F’ to QCoh(Z)-
linear functors.

Assume that G, viewed as a functor between QCoh(Z)-linear categories admits a left adjoint,
denoted F. Since the monoidal category QCoh(Z) is rigid, the functor F is also naturally
QCoh(Z)-linear.

6.3.4. Assume now that D and D’ are of the form
Dy ® QCoh(Z) and Dj ® QCoh(Z),

respectively, where the structure on D and D’ of objects of ShvCat(Z)9ight-lax is induced by
the structure on QCoh(Z) of an object of ShvCat(Z)rieht-lax (in fact, ShvCat(2)), arising from
the G-action on Z.

We have:
Lemma 6.3.5. Under the above circumstances, the object
F’ o F € Functqeoon(z) (D, D’) ~ Functeont (Do, Dj) © QCoh(Z)
corresponding to G o F, admits a canonical lift to an object in the category
Functen (Do, D) ® QCoh(Z)tete1ax

6.4. Implementing the categorical setting. We will now apply the setting of Sect. 6.4 to
deduce the filtration on U(£).

6.4.1. We take the monoid G to be A' and Z = A!, equipped with an action on itself by
multiplication.

We take Dy, D, = IndCoh(X).
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6.4.2. We take C to be IndCoh(Yscaled), where the structure on C of an object of the category
Sthat(Al)Alleft-lax is given by the lift of Yscaleq to the object of

1
Yscaled,al € ((PreStkIa&)/Al )Alcft—lax )

left-lax
We take G and F’ to both be the functor of pullback along the map
X x Al — Hscaled~

The functor oblv agsoc(U(L)) is then one corresponding to F' o F. The lifting of Lemma 6.3.5
defines the sought-for filtered structure.

6.4.3. The associated graded of U(£)¥! has the prescribed shape by Sect. 2.5.2.

6.5. The filtration via infinitesimal neighborhoods. In this subsection we realize the
following (intuitively clear) idea: the canonical filtration on U(£) stated in Theorem 6.1.2, can
be realized by considering n-th infinitesimal neighborhoods of the diagonal in the corresponding
groupoid.

6.5.1. For (f : X —Y) € FormMody, consider the corresponding groupoid

R:=XxX,
Y

and the algebroid £.

Let ps,p; denote the two projections R = X. Let Ay /y denote the diagonal (i.e., unit) map
X =R

Let ‘X(™ denote the n-th infinitesimal neighborhood of X in R, defined as in Sect. 5.1. Let
pz(-n) denote the restriction of p; to 'X™), i = s,t.
6.5.2. Consider the object of (Functeens(IndCoh(X), IndCoh(X)))""=? given by
(6.2) n s (pi™)mdCoh o (5(m)! 720 s Functegne (IndCoh(X), IndCoh (X))

Let as assume Theorem 6.1.2. From it we will deduce:
Theorem 6.5.3. There exists a canonical isomorphism between the object (6.2) and

ObIV Assoc (U (L))

in the category (Functeens (IndCoh(X), IndCoh(X)))™=?.

The rest of this subsection is devoted to the proof of this theorem.

6.5.4. Proof of Theorem 6.5.3, Step 1. To prove the proposition, we need to construct a com-
patible family of maps

(P9 0 (b)) = OBV Assoc(U(£)=",
so that the induced maps
coFib ((pgnil))i“dc‘)h o (p{n ) — (py)lndCeh o (pﬁn))!) —
— coFib (0bIV assoc (U (£)) =" — 0blvssoc(U(£))=")
are isomorphisms.
First, the base change isomorphism
bV Acsoc(U(£)) = f' o f1M4OM = (p,) "M o ]
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of [Chapter IIL.3, Proposition 2.1.2] defines a compatible system of maps

(6.3) (p™)4%" 0 (p) = ObIV Assoc (U(2)).
6.5.5. Proof of Theorem 6.5.3, Step 2. As in Sects. 6.3 and 6.4, the prestack
1e~(n) Afototax

scaled AL, | € (FOrmMdexAl/ /Y XAI) ,

and the corresponding maps

(p(n)7Fil), (pgn)f‘il) . x(") . Y x Al,

s scaled, Al |
lift the system (6.2) to an assignment
n— (p§”)’F”)£“dC°h o (pg")’Fﬂ)!, 72° — (Functeons (ITndCoh(X), IndCoh(f)C)))Fil’ZO .
In addition, the system of maps (6.3) lifts to a system of maps
(6.4) (p"") O o (B! 0BV assoc (U(S)™).

Hence, taking into account (the filtered version of) Corollary 5.2.5, to prove the proposition,
it suffices to show the following:

Lemma 6.5.6.
(a) For every n, the filtration on (p{™"™)mdCoh o (p{n).Fily!

n),Fil\ IndCo o) Fily 1) =™ n),Fil\ IndCo n).Fi
(@™m0t o (pfr P 7 s (TR o (0T ')

are isomorphisms for m > n.

stabilizes at n, i.e., the maps
<m+1

(b) For every n, the map (6.4) induces an isomorphism of the n-th associated graded quotients.

6.5.7. Proof of Theorem 6.5.5, Step 3. In order to prove Lemma 6.5.6, since the functor ass-gr
is conservative on (Functcom(lndCoh(DC),IndCoh(f)C)))Fﬂ’zo, it is enough to prove the corre-
sponding assertion at the associated graded level.

By Sect. 2.5.2, this reduces are to the situation when Y = Vecty (F) for some F € IndCoh(X).
However, in the latter case, the assertion of Lemma 6.5.6 is manifest from Corollary 6.1.4

and Sect. 5.5.3.

7. THE CASE OF A REGULAR EMBEDDING

Recall that if f: X — Y is a regular closed embedding of classical schemes, then we have
Grothendieck’s formula that says that the functors f* and f' are related by tensoring by the
determinant of the normal bundle.

In this section we will establish an analog of this assertion in the derived setting.

7.1. The notion of regular embedding. In this subsection we will introduce the notion of
regular embedding in the context of formal moduli problems.

7.1.1. Let X be an object of PreStkiader, and let (f : X — Y) € FormMody,.
We shall say that f is a regular embedding of relative codimension n if
T*(X/Y)[—1] € Pro(QCoh(X)™)

belongs to QCoh(X)~ and is a vector bundle of rank n (i.e., its pullback to any affine scheme
S is Zariski-locally isomorphic to Og?”). Throughout this subsection we will assume that f has
this property.
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7.1.2. Denote
det (T (X/4)) := Sym™ (T™(X/Y));
this is a cohomologically shifted (by [n]) line bundle.

Consider the objects Sym™ (T*(X/Y)) € QCoh(X). Note that they all are also vector bundles.
Moreover, Sym™ (T*(X/Y)) vanishes for m > n.
7.1.3. Note also that
T(X/Y) = Tx ((T7(X/¥)"),
where (T*(X/Y))V € QCoh(X) is the tensor dual of T*(X/Y) in QCoh(X). In particular, T'(X/Y)
is dualizable as an object of the symmetric monoidal category IndCoh(X).

Furthermore, Sym™(T(X/Y)) € IndCoh(X) is dualizable for any m, and vanishes for m > n.
7.1.4. We now claim:

Proposition 7.1.5. Let f: X =Y be a reqular embedding. Then the functor
fIndCeb - IhdCoh(X) — IndCoh(Y)
admits a left adjoint (to be denoted fmdCohx ).

Proof. In order to show that the functor fdC°h admits a left adjoint, it suffices to show that
it commutes with limits. Since the functor f' is conservative and commutes with limits (being
a right adjoint), it suffices to show that the composition

fo fImdCeh - IhdCoh(X) — IndCoh(X)
commutes with limits.

Let £ denote the Lie algebroid T(X/Y). We have to show that U(£), viewed as an endo-
functor of IndCoh(X), commutes with limits.

Note now that Sect. 7.1.3 implies that the canonical filtration on U (£) has the property that
ass-gr™ (U (L)) vanishes for m > n. I.e., the filtration is finite. Hence, it is enough to see that
each graded term, viewed as endo-functor of IndCoh(X), commutes with limits.

However,
ass-gr'” (U(£)) = Tx(Sym™(T(X/Y))) ® —,
and the assertion follows.
O

7.2. Grothendieck’s formula. In this subsection we state the main result of this section:
Grothendieck’s formula that relates fdCoh* and f*.

7.2.1. The goal of this section is to prove the following result:
Theorem 7.2.2. Let X be an object of PreStkyafi-def, and let (f : X — ) € FormMody, be a

reqular embedding. Then:

(a) The natural transformation

fIndCoh,*(_) N fIndCOh’*(wy) ® f!(_)
s an isomorphism.

(b) There exists a canonical isomorphism

fIndCoh,*(wx) ~ T (det(T* (I)C/H))) .
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7.2.3. Combining points (a) and (b) of the theorem, we obtain:

Corollary 7.2.4. There exists a canonical isomorphism of functors IndCoh(Y) — IndCoh(X)
JaCoh () ~ det(T*(X/Y) @ £(-),

where @ is understood in the sense of the action of QCoh(—) on IndCoh(—).

7.3. Applications. In this subsection we give some applications of Theorem 7.2.2.
7.3.1. Schematic reqular embeddings. Let f : X — Y be a schematic map between objects of

PreStky,s. Assume that f is a closed embedding, and that the map, denoted
A X =Yy i=Xgr x Y

dR

is a regular embedding of relative codimension n in the sense of Sect. 7.1.1.
From Theorem 7.2.2 we shall now deduce:
Corollary 7.3.2. The functor
frmdCeh ndCoh(Y) — IndCoh(X),
left adjoint to fInC°R s defined, and we have a canonical isomorphism
FIACEE () o det(T(X/Y)) @ £1(-).

Proof. By base change, we can assume that X = X and Y = Y are schemes. The condition on
f implies that it is quasi-smooth, and hence eventually coconnective (see [AG, Corollary 1.2.5]).
Hence, existence of the functor fIndCeh* follows from [Gal, Proposition 7.1.6].

Let U ‘i> Y be the open embedding of the complement of image of f. Let i denote the map
Y =Y.

It is easy to see that f"dCoh* o i = 0. Hence, by [GaRol, Proposition 7.4.5], the functor
fIndCoh* factors through the co-localization 4' : IndCoh(Y') — IndCoh(Y{), i.e.,

fIndCOh,* ~ (f/\)lndCoh,*

|
o17.

Similarly, f' ~ (f")' oi'. Now, the required result follows from the isomorphism of Corol-
lary 7.2.4 for the morphism f*.
O

7.3.3. Smooth maps. Let now g : X — Z be a schematic map between objects of PreStkjg.
Assume that g is smooth of relative dimension n.

Note that in this case T*(X/Z) € QCoh(X) is a vector bundle of rank n. Denote
det(7™(X/2)) := Sym" (T (X/2Z)[1]).
This is a cohomologically shifted (by [n]) line bundle.
We claim:
Proposition 7.3.4. The functor
gmdeeh - TndCoh(Z) — IndCoh(X),
IndCoh

left adjoint to g, , 1s defined, and we have a canonical isomorphism

gmaCon (=) = det(T*(X/2))" ® g'(-).
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7.3.5. Step 1. By [Gal, Propositions 7.1.6 and 7.3.8], for any map f : X — X', whose base
change by an affine scheme is schematic and Gorenstein, the functor fMmdCoh* exists, and we
have:

gCDC/Z)C’ ® fIndCoh,*(_) ~ f!(_)
for a canonically defined line bundle on Xy /x: on X.

It follows formally that for a Cartesian diagram with vertical arrows Gorenstein

X, —" s x

sl

o
we have a canonical isomorphism in QCoh(X;)
(7.1) P (Ko yxr) = Ko, s s
Furthermore, it follows that for a composition of Gorenstein maps
x Lo,
we have a canonical isomorphism in QCoh(X)
(7.2) T (Ko joern) @ Ko poer 2 Koy
Let g : X — Z be a Gorenstein map. Consider the diagram

Y=XxX —2 5 X
Z

. s
X — 2.
By (7.1) and (7.2), we have:
(7.3) Kyyz = (ps)" (Kayz) @ (pr)" (K y2)-
7.3.6. Step 2. Assume now that g : X — Z is smooth. We need to show that
Koz = det(T™(X/Z)).
Let f denote the map
X—=Y:=X >Z< X.

Since g is smooth, the map f is a regular closed embedding, i.e., satisfies the assumptions of
Sect. 7.3.1. In particular, it is Gorenstein, and by Corollary 7.3.2

Koy = det(T*(X/Y)® .

Combining (7.3) and (7.2), we obtain:

Koeyz = Koeyz @ Koejz @ Koepy-
Hence,

Koz = %‘;‘C’/ﬁ; ~ det(T*(X/Y)).
Le., it remains to show that

det(T*(X/2)) =~ det(T*(X/Y)).
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However, this follows from the canonical identification
T*(X/Y) = T (X/2)[1]
7.4. Introducing the filtration. The rest of this section is devoted to the proof of Theo-

rem 7.2.2. The idea is to upgrade the required isomorphism to one between filtered objects,
using the deformation to the normal cone of Sect. 2.

7.4.1. Consider again the object

1
left-lax

A
1dscalcd,Al € (FOI‘HlMdeXAl/ /Y XAl) )

left-lax

and we will regard it as an object of (FormModgc>< AL/ JYx A1)Gm via the forgetful functor
1
(FOI‘HIMdeXAV JYxAL )Ale“'lax — (FOI'mMdeXAl/ JYxAL )Gm

7.4.2. The construction of Sect. 6.2.1 upgrades the endo-functor fmdCoh*¢ fIndCoh of InqCoh(X)
to an object

(7.4) (fimdCon. o pIndCoh () ¢ (Funct, (IndCoh(X), IndCoh(X)))F™ .

*

By construction, the object (7.4) is the left-dual of 0blv e (U (£)F1), when both are viewed
as objects in the monoidal category (Functeons (IndCoh(X), IndCoh(X)))"™.

Since,
0b1V 4550¢ (U (L)1) € (Functeont (IndCoh(X), IndCoh (X)) ="="

we obtain that

(7.5)  (fmdCohx o plndCoh () ¢ (Pynct o (IndCoh(X), IndCoh(X)))FHh= =0

7.4.3. Similarly, the object fm4Ceh*(,y) naturally upgrades to an object
(f-IndCoh,*(wy))Fil c IndCOh(:X:)Fil.

Finally, the natural transformation
I h,* I h,* I
frrdcohx (=) — frdCobr () @ f1(-)
also lifts to a natural transformation of functors

IndCoh(X) — IndCoh(X)¥.
7.4.4. We claim:

Lemma 7.4.5.
(fIndCoh,*(wlé))Fil c IndCOh(x)Fil,z—n.

Proof. Recall the construction in Proposition 5.3.2. Note that the assignment
oy flndCobu((fyIndCohy, 19y
as well as the maps
findCohyx o (g yIndCoh(yy ) flndCohs o yIndCoh,

and
fIndCOh,* o (fk)indCoh(wx(k)) N fIndCoh,*(wy)
all lift to the category IndCoh()¥!.
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Hence, it is enough to show that for every k, we have
(fIndCoh,* o (fk)indCoh(wx(M))Fil c Indcoh(x)Fil,z—n.
We note that the identification
coFib(findCobs o (f,  yImdCoh(y, 1y pIndCohyi o (fyIndCoh(y 0y o
~ fIndCoh,x , ¢IndCoh (Symk(ObIVLieAlgbroid(ﬂ)[1]))

lifts to an isomorphism
. n . o Fil o . . Fil
coFib ((fl dCohyx o (£, )l dCoh(wx(kil))) N (fI dCohyx (£l dCoh(wx(k))) ) ~
~ (findCohyx o plndCohyFil (g (Symk(ObIVLieAlgbroid(Q)[1])) ’

where (findCoh o fIndComyFil jg aq iy Sect. 7.4.1, and where (Symk (0blVLicAlgbroid (2)[1])) is in

degree k.
Now,
(fIndCoh,* o f,{ndCOh)Fil(Wx) c Indcoh(x)Fil,an’
while (Symk (obleieAlgbrOid(E)[l])> is non-negatively filtered.
O

7.5. Reduction to the case of vector groups. In this subsection we will reduce the assertion
of Theorem 7.2.2 to the case when Y = Vecty (F) for F € IndCoh(X).

7.5.1. Since the essential image of IndCoh(X) under fd€°h generates IndCoh(Y), in order to
prove the isomorphism of Theorem 7.2.2(a), it suffices to show that the natural transformation

(76) fIndCoh,* o indCoh(g:) N fIndCOh’*(wy) QF
is an isomorphism for any F € IndCoh(X).

7.5.2. Taking into account Lemma 7.4.5 and (7.5), we obtain that in order to show that (7.6)
is an isomorphism, it is enough to prove that the isomorphism holds at the associated graded
level.

Using Sect. 2.5.2, this reduces point (a) of Theorem 7.2.2 to the verification of the isomor-
phism (7.6) in the case when
Y = Vecty (T(X/Y)[1]).

7.5.3. We will prove the following assertion:

Proposition 7.5.4. With respect to the canonical filtration on fmdCoh(

0ifk #—n
Yo (det(T*(X/Y))) if k = —n.

wx), we have
ass—grk (fIndCOh,*(wx)) ~ {

Note that by Lemma 7.4.5, the assertion of Proposition 7.5.4 implies also Theorem 7.2.2(b).
In order to prove Proposition 7.5.4, it is also enough to do so in the case when
Y := Vecty (T(X/Y)[1]) € (FormModz /)™ ,
where T'(X/Y) is given grading 1.
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7.6. The case of vector groups. In this subsection we will explicitly perform the calculation
stated in Theorem 7.2.2 in the case of vector groups.

7.6.1. Let
Y = Vectx (F) € (FormModx/)G’" ,
where F = T (&), where € € QCoh(X) is a vector bundle of rank n, and where we regard F as
an object of
IndCoh(X) =~ IndCoh(X)&"=! C IndCoh(X)*".
We note that in this case
Yo (det(T7(X/Y)) ~ Sym"™(F[1]),

where FV is the monoidal dual of F in the symmetric monoidal category IndCoh(X).

7.6.2. We have:
IndCoh(Y)®™ ~ freecom (F[—1])-mod(IndCoh (X)),

where f' is the tautological forgetful functor
0blVpreec, . (51-1)) * freecom (F[—1])-mod(IndCoh(X)%") — IndCoh(X)%,
and fIndCoh i the functor
indgreec,,, (7(-1)) = freecom (F[-1]) ® —.

7.6.3. Consider the following abstract situation: let O be a symmetric monoidal DG category,
and let F € O be an object of dimension n, i.e., F is dualizable and Sym™™*(F[1]) = 0. Set

[:= Sym"(F[-1]).

Consider the commutative algebra A := freecom(F[—1]) and the corresponding adjunction
indg : O 2 A-mod : oblv 4.
The assumption on F implies that oblvge, (A) is dualizable as an object of O. Hence, the
functor ind 4 commutes with limits, and thus admits a left adjoint.
In this case, it is easy to see that the natural transformation
(ind )Y (—) = (ind4) % (10) ® oblv 4(—)

is an isomorphism and that
(indy)F(10) ~ 1®71,

APPENDIX A. WEIL RESTRICTION OF SCALARS

In this section we will establish several facts of how the operation of Weil restriction behaves
with respect to deformation theory.

In particular, we show that Weil restriction along an affine map of a prestack with deforma-
tion theory is a prestack with deformation theory, and we describe the pro-cotangent complex
of the Weil restriction. Furthermore, we show that Weil restriction of formal groups can be
computed using Lie algebras.

A.1. The operation of Weil restriction of scalars. In this subsection we recall the opera-
tion of Weil restriction of scalars of a prestack.
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A.1.1. Let f:2Zy — Zo be a map of prestacks. Let Xy be a prestack over Z;. Let
Xz := Weil3! (X1) € PreStk sz,
be the Weil restriction of X; along f.
By definition, for Sy € (Schaff)/zz, we have
MapS/Z2(SQ,x2) = Maps/zl(Sl,f)Cl), S1 =21 £<2 Ss.

A.1.2. Assumption. From now on we will assume that the morphism f is affine (i.e., its base
change by an affine scheme yields an affine scheme).

A.2. Welil restriction of scalars and deformation theory. In this subsection we will study
the deformation theory of objects obtained as by the operation of Weil restriction of scalars.

A.2.1. Assume now that Xy admits deformation theory relative to Z,.

It follows from the definitions that in these circumstance, Xo will admit deformation theory
relative to Zo. Moreover, its cotangent complex can be described as follows.

For an Ss-point x5 of Xo, let 21 be the corresponding Si-point of Xy, where

Sl = Zl X SQ.
Zo

Denote by fg the corresponding map S; — Ss.
Let Pro((fs)«) be the corresponding functor
Pro(QCoh(S1)™) — Pro(QCoh(S3) 7).
Then we have:
(A1) T2 (X2/Z2) 2= Pro((fs).) (T%, (X1 /24)).
A.2.2. Note that if in the above circumstances, X; is itself of the form

Z1 Z>< Xy, X5 € PreStk/z,,

and the point z; comes from an Sa-point a5 of X}, then we have

(A2) T3, (X2/Z2) ~ T7, ( /2/22)063 (f$)+(0s,).

A.2.3. Assume that 21,25, X7 € PreStkj.s. Assume also 27 — Zo is eventually coconnective
(a.k.a. of finite Tor-dimension), i.e., its base change by an eventually coconnective affine scheme
yields an eventually coconnective affine scheme.

It follows from the definitions that in this case X5 also belongs to PreStki,s;.
In this case we can talk about
T(X;) € IndCoh(X1) and T'(X2) € IndCoh(Xs).

We have the diagram

Zl X :X:Q L) .:X:l
Z2

fxidl

Xs.
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Let ((f x id)")® : IndCoh(Z; x X3) — IndCoh(X3) be the functor right adjoint to
Za
(f x id)' : IndCoh(X3) — IndCoh(Z; x X).
Za

Note that ((f x id)")® is continuous because f was assumed is eventually coconnective.
From (A.1) we obtain:
(A.3) T(X2/Z2) = ((f xid)")* o ev!(T(X1/21)).

Similarly, in the circumstances of Sect. A.2.2, we have
(A4) Ty (Xo/Z2) = Toyy (X5 /Z2) 0%2 f(0x,),
where ® understood in the sense of the action of QCoh on IndCoh.
A.3. Welil restriction of formal groups.

A.3.1. Let O be a symmetric monoidal DG category and P an operad (see [Chapter IV.2, Sect.
1.1] for our conventions regarding operads). For a morphism f : Z; — Z» as above, pullback
defines a functor

£ P-Alg(O ® QCoh(Z2)) — P-Alg(O ® QCoh(Z4)).
This functor admits a right adjoint, denoted also Weﬂ%; that makes the diagram
P-Alg(O ® QCoh(Z2)) 2224 QCoh(Z1)
(A.5) Weil ;1 l lf*
P-Alg(0 ® QCoh(Z2)) 2225 QCoh(Z,)

commutative.

A.3.2. Assume now that Z; and Zs belong to PreStkj,s. Then in the above discussion we can
replace QCoh and IndCoh, and the diagram (A.5) by

oblvyp

P-Alg(O ® IndCoh(Z;)) —— IndCoh(Z;)
(A.6) Weiléél J{(f!)R
P-Alg(O ® IndCoh(2s)) 2% TndCoh(Z2)

A.3.3. Let Z; and Z» again belong to PreStkj,s. Note that by [Chapter IV.3, Sect. 3.5], we
have a commutative diagram:

Grp(FormMod,/z, ) Hem, LieAlg(IndCoh(Zy))
H—2y ZXZJ{T Tf*
Grp(FormMod,/z, ) ez, LieAlg(IndCoh(Zs)).

By passing to right adjoints along vertical arrows, we obtain the following commutative
diagram:
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Lie
Grp(FormMod,/z, ) it TN LieAlg(IndCoh(Zy))
Weil ;1 l Weil ;1 l

Grp(FormMod,z,) ez, LieAlg(IndCoh(Z5)).
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