CHAPTER III.4. AN APPLICATION: CRYSTALS
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INTRODUCTION

In this Chapter we will establish one of the goals indicated in the Introduction to Part III: we
will show that inf-schemes give a common framework for ind-coherent sheaves and D-modules.
In particular, we will show that the induction and forgetful functors

(0.1) indy : IndCoh(X) & D-mod(X) : oblvx

interact with the direct and inverse image functors in the expected way.
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2 AN APPLICATION: CRYSTALS

0.1. Let’s do D-modules! The usual definition of the category of D-modules on a smooth
affine scheme X is as the category

Diff x -mod,

where Diff x is the (classical) ring of Grothendieck operations.

This approach to D-modules is very explicit, and is indispensable for concrete applications
(e.g. to define regular D-modules and study the notion of holonomicity). However, this approach
is not particularly convenient for setting up the theory from the point of view of higher category
theory.

Here are some typical issues that become painful in this approach.

0.1.1. One often encounters the question of how to define the category of D-modules on a
singular scheme X? The usual answer is that we first assume that X is affine, and choose an
embedding X < Y, where Y is smooth. Now, define D-mod(X) to be D-mod(Y)x, i.e., the
full subcategory of D-mod(Y") consisting of objects with set-theoretic support on X.

Then, using Kashiwara’s lemma, one shows that this construction is canonically indepen-
dent of the choice of Y. For general X, one considers an affine Zariski cover and glues the
corresponding categories.

Note, however, that the words ‘choose an embedding X < Y’ mean that in the very defini-
tion, we appeal to resolutions. From the homotopical point of view, this exacts a substantial
price and is too cumbersome to be convenient.

0.1.2. Another example is the definition of the direct image functor. For a morphism f: X — Y
between smooth affine schemes, one introduces an explicit object

Diﬁ.X’y : (Dlﬁ‘y & lef})?)—mod,
which defines the desired functor
Diff x -mod — Diffy -mod.

When X and Y are not necessarily smooth, one again embeds this situation into one where
X and Y are smooth. When X and Y are non-affine, this is performed locally on X and Y.

All of this can be made to work for an individual morphism: we can prove the proper
adjunction between pullbacks and pushforwards, and the base change isomorphism. However,
it is not clear how to establish the full functoriality of the category D-mod in this way; namely,
as a functor out of the category of correspondences.

0.1.3. Another layer of complexity (=homotopical nuisance) arises when one wants to construct
D-modules together with the adjoint pair (0.1).

0.2. D-modules via crystals. In this book, we take a different approach to the theory of
D-modules. We define the category of D-modules as crystals, establish all the needed func-
torialities, and then in the case of smooth schemes and morphisms between them identify the
resulting categories and functors with the classical ones from the theory of D-modules.
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0.2.1. By definition, for a laft prestack Z, the category of crystals on Z is
Crys(Z) := IndCoh(Zqr),
where Z4gr is the de Rham prestack of Z.
Let f: 21 — Zo be a map of laft prestacks. Then !-pullback on IndCoh defines a functor
fir : Crys(Za) — Crys(21).
This is the pullback functor for crystals.

0.2.2. Assume now that f is ind-nil-schematic, which means that the corresponding morphism
red, — r¢dZ, is ind-schematics. Then one (easily) sees that the resulting morphism

(far) 1 (Z1)ar — (Z2)ar
is ind-inf-schematic. Now, using [Chapter II1.3, Sect. 4], we define the functor

far.« : Crys(Z1) — Crys(Z2)
to be the functor (fgr).. This is the de Rham direct image functor.

0.2.3. Taking Z; = Z (so that "2 is an ind-scheme) and Zy = pt, we obtain the functor of de
Rham sections
Tar(Z, =) : Crys(Z) — Vect.

Moreover, the above constructions automatically extend to the data of a functor out of
a suitable (0o, 2)-category of correspondences. Namely, we consider the category PreStki.g
equipped with the following classes of functors:
—‘horizontal’ maps are all maps in PreStkj.s;
~‘vertical’ maps are those maps f that "df is ind-schematic (we call them ind-nil-schematic);
—‘admissible’ maps are those vertical maps that are also ind-proper.

One shows that the assignment Z — Z4r defines a functor

indnilsch & ind-proper indinfsch & ind-proper
Corr(PreStklaft)indnilsch;all - Corr(PTEStklaft)indinfsch;all .

Composing with the functor

indinfsch & ind-proper 2-Cat
indinfsch;all - DGcatcont ’

IndCoh(PrCStkm&);ndinfsch&;nd,pmpcr : Corr(PreStkiag )

indinfsch;all
we obtain a functor
indnilsch & ind-proper - DGCatZ—Cat

CrySCorr(PreStkIaft)indnilsch & ind-proper . COIT(PI'eStkIaft ) indnilsch:all cont

indnilsch;all

indnilsch & ind-proper 1S the desired expression of functoriality

indnilsch;all

The above functor Cryscorr(PreStklaft)

of the assignment
Z — Crys(Z).

0.2.4. Now suppose that Z € PreStkj,s admits deformation theory. One shows that in the case
the tautological map
DPdRr,2 : % — ZdR
is an inf-schematic nil-isomorphism. Hence, by [Chapter 111.3, Prop. 3.1.2], the functor
Par.z © Crys(Z) — IndCoh(2)
admits the left adjoint.

Thus, we obtain the desired adjoint pair:
indggr,z : IndCoh(Z) = Crys(Z) : oblvgg 2.
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0.2.5. But what does this have to do with D-modules? The basic observation, essentially due
to Grothendieck!, is that for a smooth scheme X, the category Crys(X), together with the
forgetful functor

Ux ooblvgg,x : Crys(X) — QCoh(X),

is canonically equivalent to the category of right D-modules, together with its tautological
forgetful functor to QCoh(X).

We describe this identification in Sect. 4 of this Chapter. We also show that the functors on
the category of crystals (direct and inverse image for a map f : X — Y') described above map
to the corresponding functors for D-modules under this identification.

This is thus our ansatz to the construction of the theory of D-modules: instead of developing
the theory of D-modules directly, we develop the theory of crystals, and then identity it with
D-modules when D-modules are conveniently defined; namely, in the case of smooth schemes.

0.3. What else is done in this chapter?

0.3.1. In Sect. 1 we introduce the category of crystals Crys(Z), where Z € PreStkjag.

The key observation here is the following: let f : Z; — Z5 be a map between prestacks such
that the induced map

redy _ redg
is (ind)-schematic. Then we show that the resulting map
(Z1)ar — (Z2)ar
is (ind)-inf-schematic.

This observation, along with the fact that pushforward is defined on IndCoh for (ind)-nil-
schematic morphisms, is what makes the theory work. I.e., this is the framework that allows
to treat the de Rham pushfoward (in particular, de Rham (co)homology) on the same footing
as the O-module pushforward (in its IndCoh variant).

We then establish some properties, expected from the theory of D-modules:

(i) For a closed embedding i : Y < Z, the functor igg . : IndCoh(Y) — IndCoh(Z) is fully
faithful;

(ii) If Z is an (ind)-nil-scheme, the category Crys(Z) is compactly generated and has a reasonably
behaved t-structure.

0.3.2. In Sect. 2 we apply the results of [Chapter II1.3, Sect. 5 and 6] and construct Crys as a
functor out of the category of correspondences.

We show that when evaluated on ind-nil-schemes, this gives rise to the operation of Verdier
duality.

IWe learned it from A. Beilinson.



AN APPLICATION: CRYSTALS 5

0.3.3. In Sect. 3 we study the functor of forgetting the crystal structure:
oblvgg z : Crys(Z) — IndCoh(Z),
which, in our framework, is just the pullback functor for the morphism

DdR,2 : % —+ ZdR-

The key observation is that if Z admits deformation-theory, then the map pggr,z is inf-

schematic. Hence, in this case the functor oblvgr,z admits a left adjoint, given by (par, o )ImdCoh,

This left adjoint, denoted indggr, 2, is the functor of induction from ind-coherent sheaves to
crystals.

When Z = X is a smooth affine scheme, under the identification
Crys(X) ~ (Diff§)-mod,
the functor indgr,z corresponds to
JF—7J ® Diffx .
Ox

We show that if Z is an ind-scheme, then the morphism pgr 2 is ind-schematic. We use this
fact to deduce that the functor indgg,z is t-exact.

0.3.4. In Sect. 3.3, we develop the theory of crystals relative to a given prestack Y. Namely, for
Z over Y, we set

Z/9qR = ZdR y>< Y
dR

and we set
/YCrys(2) := IndCoh(Z,/vR)-

When Z = X and Y = Y are smooth affine schemes, and the map X — Y is smooth, category
/9Crys(2) identifies with
(DiffX/y)OP—mod,
where Diff y /- is the (classical) ring of vertical differential operators (i.e., the subring of Diff x
consisting of elements that commute with functions on Y').

If Z admits deformation theory relative to Y, then the morphism
P/vdr,z ¢ 2 = Z/uaR
is again inf-schematic, and hence the forgetful functor
(p/ydR’Z)! : /9Crys(2) — IndCoh(Z)

admits a left adjoint, given by (p/HdR&)indCOh,

0.3.5. In Sect. 4 we show how to identify the theory of crystals with D-modules in the case
of smooth schemes. Our exposition here is not self contained: we make frequent references to
[GaRo2].

We first consider the case of left D-modules, and we show that the category Crysl(X ) of left
crystals on a smooth affine scheme X, defined as QCoh(Xgyr), identifies with Diff x -mod.

We then show that the category of right crystals (i.e., the usual category of crystals)
Crys"(X) := Crys(X) := IndCoh(X4R)
identifies with (Diff x )°P-mod.
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Next, we show that the functor
Tx, : QCoh(Xgr) — IndCoh(X4r)
that identifies Crys'(X) with Crys"(X) corresponds under the above equivalences
(0.2) Crys'(X) ~ Diff x -mod and Crys"(X) ~ (Diff x)°P-mod
with the functor
Crys'(X) — Crys"(X), M= M @ det(T*(X))[dim(X)].

Finally, we show that for a map between f : X — Y between smooth schemes, under the
identifications (0.2), the functor

4! Diffy -mod — Diff x -mod
from the theory of D-modules corresponds to pullback
fir + QCoh(Yar) — QCoh(Xar),
and the functor
fD-mod,« : Diff x -mod — Diffy -mod

from the theory of D-modules corresponds to push-forward

far.« : QCoh(X4r) — QCoh(YyR).

1. CRYSTALS ON PRESTACKS AND INF-SCHEMES

In this section we will reap the fruits of the work done in [Chapter II1.3]. Namely, we will
show how the theory of IndCoh gives rise to the theory of crystals.

1.1. The de Rham functor and crystals: recollections. The category Crys(X) of crystals
on a prestack X is defined to be IndCoh on the corresponding prestack Xgg. In this subsection
we recall the functor X — X4qgr and study its basic properties.

1.1.1. For Z € PreStk, we denote by Zgr the corresponding de Rham prestack, defined as
Maps (S, Zar) := Maps ("5, 2),
for S € Sch™?,

For a morphism f : Z' — 22, let fur : ZéR — ZﬁR denote the corresponding morphism
between deRham prestacks.

1.1.2. Note that the functor dR commutes both with limits and colimits.
Also, note that
ZdR ~ (redz)dR.

So, if a morphism f : Z; — Zs is a nil-isomorphism (i.e., **42; — ™42, is an isomorphism),
then (Z1)ar — (Z2)ar is an isomorhism.
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1.1.3. We claim:
Proposition 1.1.4. The functor dR takes PreStky,g to PreStkg.

Proof. Let Z be an object of PreStkj.s. We need to show that Zgg satisfies:

e It is convergent;
e For every n, the truncation ="Z belongs to <"PreStkj;.

The convergence of Z4g is obvious. To show that <72 € <"PreStky, it suffices to show that
Zar takes filtered limits in Sch®? to colimits in Spc. However, this follows from the fact that
the functor

S+ 95, Sch™! — redgch”

preserves filtered limits, and the fact that 92 € "*dPreStks.

1.2. Crystals. In this subsection we introduce the category of crystals.

1.2.1. Composing the functor dR : PreStkj,s — PreStkj.s with
IndCohp,cgyy, ., ¢ (PreStkiag)°® — DGCateont,
we obtain a functor denoted by
CryslpreStklaft ¢ (PreStkyag )°? — DGCateont -
This is the functor which is denoted Crysp,egqy,.,, in [GaRo2, Sect 2.3.2].
1.2.2. For Z € PreStkjas we shall denote the value of (]rysipl,eStklaft on Z by Crys(Z). For a
morphism f : Z; — Zy in PreStky,g, we shall denote by féR the resulting functor

Crys(Zg) — Crys(Z4).

Note that if a morphism f : Z; — Z5 is a nil-isomorphism, then
fir : Crys(Zg) — Crys(Z1)

is an equivalence.

1.2.3. For Z € PreStk, we let pqr,z denote the tautological projection:
Z — ZdR-
The map pqr,z gives rise to a natural transformation of functors

! !
oblvyr : Cryspesik,., — IMdCohp s .-

For a map f: Z; — Z9, we have a commutative square of functors:

Crys(Zy) 221, 10 qCoh(2)
féRT Tf’
Crys(Zz) ~N4%22, 10 4Coh(Zs).
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1.2.4. Finally, we make the following observation:

Proposition 1.2.5. For Z € PreStky.g, the functor

Crys(Z) — lim Crys(Z
@)=, | Crys(Z)

s an equivalence, where C is any of the following categories:
redgepaff - clgenall <oogenal Sch? | redSchy, 'Sche, <*°Schy, Schag .
Proof. 1t is enough to show that the functor
dR : PreStkj.p — PreStkiag

is isomorphic to the left Kan extension of its restriction to C C PreStkj.¢ for C as above. It is
sufficient to consider the case of C = "*dSchi,

First, we note that the functor dR commutes with colimits. This implies that dR is isomor-
phic to the left Kan extension of its restriction to <°°Sch® . Hence, it suffices to show that the
functor

dR : Sch™ — PreStky,
is isomorphic to the left Kan extension of its restriction to "dSchaf.
In other words, we have to show that given Z € Sch®f | S € Sch®l and a map
redg — 7,
the category of its factorizations as
redg 7'~ 7
with Z’ € "dSch®? | is contractible.

However, the latter is obvious as the above category has a final object, namely, Z’ := 7.
O

1.3. Crystals and (ind)-nil-schemes. In this subsection we introduce the class of prestacks
that we call (ind)-nil-schemes, and study the category of crystals on such prestacks. (Ind)-nil-
schemes play the same role vis-a-vis Crys as (ind)-inf-schemes do for IndCoh.

1.3.1. Consider the full subcategories

indnilSchyag := PreStkyag X redindSch ¢ PreStkyag
redPreStklft

and

nilSchyag := PreStkiaee x ™9Sch € PreStkyag,
red PreStk g

where PreStky.g — "*4PreStkyy; is the functor Z — ™42,

In other words, Z belongs to indnilSchy.g (resp., nilSchyag) if and only if red7 is a reduced
ind-scheme (resp., scheme).

For example, we have
infSchyagy C nilSchyag, and indinfSchy,g C indnilSchy,g .

We shall refer to objects of indnilSchy.g (resp., nilSchy.g) as ind-nil-schemes (resp., nil-
schemes).
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1.3.2. We claim:

Lemma 1.3.3. The functor dR takes objects of indnilSchy,s, (resp., nilSchyag ) to indinfSchyag
(resp., infSchyag ).
Proof. We have

red(ZdR) _ rch'

Now, we claim that for any Z € PreStk, the corresponding Zgr admits deformation theory. In
fact, it admits an co-connective deformation theory: all of its cotangent spaces are zero.
O

1.3.4. Recall from [Chapter III.2, Definitions 1.6.5(a), 1.6.7(c) and 1.6.11(c)], the notions of
(ind)-schematic and (ind)-proper maps of prestacks, as well as (ind)-closed embeddings of
prestacks.

Definition 1.3.5.

(a) We shall say that a map of prestacks is (ind)-nil-schematic if the map of the corresponding
reduced prestacks is (ind)-schematic.

(b) We shall say that a map of prestacks is an nil-closed-embedding(ind)-nil-closed embedding
if the map of the corresponding reduced prestacks is an ind-closed embedding.

Recall the notion of an (ind)-inf-schematic map of prestacks, see [Chapter II1.2, Definitions
3.1.5]. We have:

Corollary 1.3.6. The functor dR takes (ind)-nil-schematic maps in PreStkyag to (ind)-inf-
schematic maps.

Proof. For a map of prestacks f: 27 — Zo and S € (Schzg)/(%)dR7 the Cartesian product

S X (Zl)dR
(Z2)ar

identifies with

S x (redS X Zl)dR~
Sar Z2

Now, we use Lemma 1.3.3 and the fact that the subactegory indinfSchy,g is preserved by finite
limits.

O
1.3.7. We claim:

Lemma 1.3.8. Let f: Z1 — Zy be an ind-nil-proper map in PreStky.g. Then:

(a) The functor far, : Crys(Z1) — Crys(Z2), left adjoint to fig, is well-defined, and satisfies
base change with respect to -pullbacks.

(b) If f is an ind-nil-closed embedding, then fam « is fully faithful.
Proof. Point (a) follows from Corollary 1.3.6 and [Chapter IIL.3, Proposition 3.2.4].

To prove point (b), we need to show that the unit of the adjunction

Iderys(z,) = fag © far.«

is an isomorphism.
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Consider the Cartesian square:

Zl X Zl —)pl Z»l

Za
le l
Zl e ZQ.
The above unit of the adjunction equals the composite map
Iderys(z) = (P2)dr, © (A2, )dr,« © (Azy)ar © (P1)ar — (P2)dr,« © (P1)ar — fir © far
where Az, is the diagonal map
21— 21 X Zl,
Za
and second arrow is the co-unit of the ((Az, )dr,+; (Az,)}4g)-adjunction.
Now, by base change,
(P2)ar,« © (P1)ar = fdr © far.«
is an isomorphism. Hence, it is enough to show that
(P2)ar,« © (Az,)ar,= © (Azy)ur © (P1)ar — (P2)ar,= © (P1)ar

is an isomorphism as well. However, the map

(Azl)dR7* o (Azl )liR - IdCrys(lex Z1)
2

is an isomorphism, since (Ag, )4y is an equivalence (because the map Az, is a nil-isomorphism).
O

1.4. The functor of de Rham direct image. In this subsection we develop the functor of
de Rham direct image (a.k.a., pushforward) for crystals.

1.4.1. Recall the functor
IndCohindintSchy,g, : indinfSchyag, — DGCateont,
that sends a morphism f to the functor fMd€°h see [Chapter I11.3, Sect. 4.3].
Precomposing it with the functor
dR : indnilSchj,g — indinfSchyag

we obtain a functor

(1.1) CrySindnilschy,y, - indnilSchyag — DGCateont -

1.4.2. For a morphism f : Z; — Zo in indnilSchy,g we shall denote the resulting functor
Crys(Z1) — Crys(Z2)
by de,*-

In other words,

farye = (far)doen,
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1.4.3. From [Chapter I11.3, Corollary 5.2.3], we obtain:

Corollary 1.4.4. The restriction of the functor Crys;,qniisch,., t0 the 1-full subcategory
(indnilSchyag )ind-proper C indnilSchyag
is obtained by passing to left adjoints from the restriction functor Crysindnﬂsmlaft to
((indnilSchiag )ind-proper) Y C (indnilSchiag )°P.

Remark 1.4.5. Note that we have used the notation fgr . when f is ind-proper earlier (in
Lemma 1.3.8), to denote the left adjoint of féR. The above corollary implies that the notations
are consistent.

1.5. Crystals on ind-nil-schemes as extended from schemes. The material of this sub-
section will not be used in the sequel and is included for the sake of completeness. We show
that the theory of Crys on ind-nil-schemes can be obtained by extending the same theory on
schemes.

1.5.1. Consider the category 9Schy, and consider the functors
CrySteagen,, © (*ISchg)°? — DGCatcont

and
CI"ySrcdSChft : redSChft — DGCatcont -

From Proposition 1.2.5 we obtain:

Corollary 1.5.2. The natural map
| |
CrysindnilSchlaft - RKE(‘"EdSchft)°P=—>(indnilSCh1aft)°P (Crys.redschf)

s an isomorphism.

We are going to prove the following:
Proposition 1.5.3. The natural map

LKErEdSChft —indnilSchyagt (CrySTCdSch“) — CrysindnilSchlaft

s an isomorphism.

The rest of this subsection is devoted to the proof of this proposition.

1.5.4. Consider the 1-full subcategory of indnilSchy,¢ equal to

. . d.
(lndnﬂSChlaft)nil—closed = PreStkjas X (re lndSChlaft)closed-
red PreStk g

I.e., we restrict 1-morphisms to be nil-closed maps.

It is enough to show that the map in Proposition 1.5.3 becomes an isomorphism when re-
stricted to the above subcategory. This follows by [Chapter II1.3, Corollary 4.1.4] from Propo-
sition 1.4.4 and the following statement:

Proposition 1.5.5.
(a) The map

!
((RKE(red5chft)op;>(indnilschla“)op) (CrysredSCh“)) | ((indnilSchiae )nitcrosed )P

!
- RKE((er SChft )Closed )Op — ( (indnilSChlaft )nil»closed)OP (CrySredSChft ((erSChft )closed )Op )

18 an isomorphism.
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(b) The map

LKE(rEdSChft)closcdH(indnilSChlaft)nil—closcd (CrySerSChft (redSChft)closcd) -

— (LKEreagcny, —sindnitSchiag, (CI¥Sreaseny, ) |(indnilSchiase ) nit-etoce
s an isomorphism.
Proof. Follows from the fact that for
Z € indnilSchy,g,

the category
{f:Z—2, Ze™Schy, fisnil-closed}

is cofinal in
{f:Z -2, Ze"™Schy},

by [Chapter II1.2, Corollary 1.7.5(b)]
O

1.6. Properties of the category of crystals on (ind)-nil-schemes. In this subsection we
study properties of the category Crys(Z) on a given object Z € indnilSchyag.

1.6.1. We claim:
Proposition 1.6.2. The functor
Crys(Z li Crys(Z
rys(Z2) — Sm rys(Z)

is an equivalence, where the limit is taken over the index co-category
{f:Z— 2, Ze ™ Schy, f is nil-closed}.
For every f: Z — Z as above, the corresponding functor
far,« : Crys(Z) — Crys(Z)
1s fully faithful.

Proof. The first assertion follows from Proposition 1.2.5 for C = redSch?tff and [Chapter II1.2,
Corollary 1.7.5(b)].

The second assertion follows from Lemma 1.3.8(b).

1.6.3. Compact generation. From [Chapter IIL1.3, Corollary 3.2.2] and , we obtain:

Corollary 1.6.4. The category Crys(Z) is compactly generated.

From Proposition 1.6.2, combined with [DrGa2, Corollary 1.9.4 and Lemma 1.9.5], we have
the following more explicit description of the subcategory

Crys(2)° C Crys(Z).
Corollary 1.6.5. Compact objects of Crys(Z) are those that can be obtained as
far«(M), M€ Crys(Z)¢, Z € *ISchy, and f is a nil-closed map Z — Z.
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1.6.6. t-structure. According to [Chapter III.3, Sect. 3.4], the category Crys(Z) carries a canon-
ical t-structure. It is characterized by the following property:

M € Crys(2)2° < oblvgg 2 (M) € IndCoh(Z)=°.

In addition, from [Chapter III.3, Corollary 3.4.4], we obtain:

Corollary 1.6.7.
(a) An object M € Crys(2) lies in Crys(2)2° if and only if for every nil-closed map f : Z — Z
with Z € *4Schy, we have
Fir(M) € Crys(2)=".
<0

(b) The category Crys(Z)=C is generated under colimits by the essential images of Crys(Z)<
for f: Z — 2 with Z € **Schy, and f nil-closed.

2. CRYSTALS AS A FUNCTOR OUT OF THE CATEGORY OF CORRESPONDENCES

In this section we extend the formalism of crystals to a functor out of the category of
correspondences.

2.1. Correspondences and the de Rham functor. In this subsection we show that the de
Rham functor turns (ind)-nil-schematic morphisms into (ind)-inf-schematic ones.

2.1.1. Recall that the functor dR commutes with Cartesian products. Combining this observa-
tion with Lemma 1.3.6, we obtain that dR gives rise to a functor of (oo, 2)-categories:

COI‘I’(dR) ind-proper | COIT(PI'GStk]aft ) indnilsch & ind-proper N COI'I"(PI'eStk]aft ) indinfsch & ind-proper )

indnilsch;all * indnilsch;all indinfsch;all

Hence, from [Chapter I11.3, Theorem 5.4.3 and Proposition 5.5.3], we obtain:

Theorem 2.1.2. There exists a canonically defined functor
indnilsch & ind-proper N DGCat2 -Cat

CI'ySCO”(PreStklaft)indnilsch& ind-proper - Corr(PreStklaft)indnilsch;all cont 1

indnilsch;all

equipped with an isomorphism

!
(PrEStklaft)op = CrySPrcStklaft .

Cryscorr(PreStkla“)indnilsch & ind-proper

indnilsch;all

Furthermore, the restriction

Cryscorr(PreStklaft)indnilsch;all = CrySCorr(PreStkmft)i’“d“”“h&i"d'p“’pe’r |Corr(PreStklaft)indnilsch;all

indnilsch;all

uniquely extends to a functor

) . nil-open 2_Cat\ 2-OP
CryscOrr(PmStkm&)nu,opcn : Corr(PreStklaft)indnilsch;all — (DGCatmnt ) .

indnilsch;all

2.1.3. As in the case of [Chapter II1.3, Theorem 5.5.3], the content of Theorem 2.1.2 is the
existence of the functor

far.« : Crys(Z1) — Crys(Z2)
for ind-nil-schematic morphisms of prestacks f : Z; — Zo, and of the base change isomorphisms
compatible with proper and nil-open adjunctions. Namely, for a Cartesian diagram of prestacks

2 2 2

f’l lf

Z/Q g2 ZQ,
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with f ind-nil-schematic, we have a canonical isomorphism
/ ! ~ 4!
(2.1) J'dr,x © g1ar — 92.dR © faR,«-

Moreover, if f is ind-proper, then fqr, . is the left adjoint of ffm. Furthermore, the isomor-
phism (2.1) is the one arising by adjunction if either fx or g, is ind-proper.

If f is a nil-open embedding (i.e., the map of the corresponding reduced prestacks is an open
embedding), then fqg . is the right adjoint of fig. Furthermore, the isomorphism (2.1) is the
one arising by adjunction if either fx or gs is a nil-open embedding.

2.1.4. Now, let us restrict the functor CryscOrr(PmStkla&)indnusch&md,pmpor to

indnilsch;all

. . ind-proper indnilsch & ind-proper
Com*(lndmlSchlaft)an;all C Corr(PreStklaft)indnilsch;all .

We denote the resulting functor by CrysCOrr(in AnilSchyygy)nd-proper From [Chapter I11.3, Theo-

all;all
rems 5.2.2 and 5.4.3] we obtain:

Corollary 2.1.5. The restriction of Cryscorr(indnilschlaft);rfld;;l:l)lroper to

indnilSchyag, € Corr(indnilSchyg) i0roP
identifies canonically with the functor Crys; aniisen,, of (1.1).
2.1.6. Further restricting along
Corr(nilSChaft)gﬂ?;’ﬁr — Corr(indnilSChla&);?ﬁ;ﬁ’erper,
we obtain a functor

2-Cat
Crys(niISchaft proper. — (DGcatcont) &

alljall

proper ,
aft)all;all

denoted by Crys(yiiscn

In particular, we obtain a functor

CrysyiiSchay, = Crys(scha&)gfﬁgﬁr

nilSchart »
which is also isomorphic to

CrySindnilSchyag, |nilSchig, -
2.2. The multiplicative structure of the functor of crystals. In this subsection we show
how the formalism of crystals as a functor out of the category of correspondences gives rise to
Verdier duality.

2.2.1. Duality. From [Chapter 111.3, Theorem 6.2.2], we obtain:

Theorem 2.2.2. We have a commutative diagram of functors

(Corr(indnilSChlaft)au;au)of’ cont

Wl erualization

CrysCorr(indnilSchlaft)all:a“

Corr(indnilSchyaf ) ant:an DG Catdualizable

cont

. . op
(CrySCorr(lndnllSchlaft)all;au ) (DGCatdualizable> op
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2.2.3. Concretely, this theorem says that for Z € indnilSchy,¢ there is a canonical involutive
equivalence
(2.2) Dyerdier ; Crys(2)Y ~ Crys(2),
and for a map f : 21 — Zs in indnilSchy,g there is a canonical identification
fim =~ (fars)".
2.2.4. As in [Chapter IIL.3, Sect. 6.2.6], we can write the unit and counit maps
Wzar © Vect — Crys(Z) ® Crys(Z) and ez, : Crys(Z) ® Crys(Z) — Vect
explicitly.
Namely, €z, is the composition

Crys(Z) ® Crys(Z) ~ Crys(Z x 2) Bzan Crys(2) Fan(2=) Vect,

where
Lar(Z, =) == (pz)ar,«
and piz,, is the composition

Vect —2% Crys(2) (Bz)ag.r Crys(Z x Z) ~ Crys(Z) ® Crys(2).

2.2.5. Verdier duality. For Z € indnilSchy,¢, let ]D)})/erdier denote the canonical equivalence
(Crys(2)9)°" — Crys(2)°,
corresponding to the isomorphism (2.2).

In other words,
Verdier __ mySerre
Dyerdier — pgerre,

2.2.6. As a particular case of [Chapter IIL.3, Corollary 6.2.9], we obtain:

Corollary 2.2.7. Let f : Z1 — Zo be an ind-proper map in indnilSchy.s. Then we have a

commutative diagram:
Verdier

(Crys(21)°)? —*— Crys(21)°

(de,*)opl lde,*

DVerdier

(Crys(22)°) —2— Crys(Zy)°.

In view of Corollary 1.6.5, the above corollary gives an expression of the Verdier duality
functor on Z € indnilSchy,g in terms of that on schemes.

2.2.8. Convolution for crystals.

indnilsch & ind-proper

indnilsch;all and the corre-

Returning to the entire (00, 2)-category Corr(PreStkiag)
sponding functor

IndCOhcorr(PreStkla“)indnilsch & ind-proper ,

indnilsch;all

we obtain, from [Chapter I11.3, Sect. 6.3], that the functor

indnilsch & ind-proper N DGCat2 -Cat

Cryscorr(PreStkla“)indnilsch&ind-proper : Corr(PreStklaft)indnilsch;all cont

indnilsch;all

carries a canonical right-lax symmetric monoidal structure.

As in [Chapter II1.3, Sect. 6.3.2], we have:
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(i) Given a Segal object R® of PreStkj.s, with the target and composition maps ind-nil-
schematic, the category Crys(R) acquires a monoidal structure given by convolution, and as
such it acts on Crys(X) (here, as in [Chapter 11.2, Sect. 5.1.1], X = R? and R = R1).

(ii) If the composition map is ind-proper, then wg € Crys(R) acquires the structure of an
algebra in Crys(R). The action of this algebra on IndCoh(X), viewed as a plain endo-functor,
is given by
(Pt)dr,x 0 (pS)!dR'
3. INDUCING CRYSTALS

In this section we study the interaction between the functors IndCoh and Crys.

3.1. The functor of induction. In this subsection we show that the forgetful functor
Crys(Z) — IndCoh(2)
admits a left adjoint, provided that Z is a prestack that admits deformation theory.
3.1.1. For an object Z € PreStkj,s consider the canonical map
DPdRr,2 : % —+ ZqR-
We claim:

Proposition 3.1.2. Suppose that Z admits deformation theory. Then the map par,z 15 an
inf-schematic nil-isomorphism.
Proof. We need to show that for S € (Schag)/zdR, the Cartesian product

a

3.1 S Z
(3.1) o

is an inf-scheme.

Clearly, the above Cartesian product belongs to PreStkj.s, and its underlying reduced
prestack identifies with *4S. Hence, it remains to show that (3.1) admits deformation the-

ory. This holds because the category PreStkgef.ias; is closed under finite limits.
O

3.1.3. From Proposition 3.1.2 and [Chapter III1.3, Proposition 3.1.2(a)] we obtain:

Corollary 3.1.4. Let Z be an object of PreStkget.1ast- Then the functor
oblvgg,z : Crys(Z) — IndCoh(Z)
admits a left adjoint.

We denote the left adjoint to oblvgr, 2, whose existence is given by the above corollary, by
inddp&,z.

3.1.5. Thus, for Z € PreStKkget.1af;, we obtain an adjoint pair

(3.2) indgr,z : IndCoh(Z) 2 Crys(Z) : oblvyg, z.
We claim:

Lemma 3.1.6. The pair (3.2) is monadic.

Proof. Since oblvgg,z is continuous, we only need to check that it is conservative. However,
this follows from [Chapter II1.3, Proposition 3.1.2(b)]. O



AN APPLICATION: CRYSTALS 17

3.1.7. The next corollary of Proposition 3.1.2 expresses the functoriality of the operation of
induction:

Corollary 3.1.8. There is a canonically defined natural transformation

indgr : IndCOh(PreStkIaft)indinfsch

(PreStKactlast Jindinfsch 7 CryS(PrCStklafc)indinfsch (PreStkaef-1aft )indinfsch ?

as functors

(PreStkdcf—laft)indinf—sch — DGcatcont .

In particular, the above corollary says that for an ind-inf-schematic morphism f : Z; — 2o
of objects of PreStkyet.1ast, the following diagram of functors commutes:

ddar,z,

IndCoh(Z4) N Crys(Z1)

fi"dc‘)hl Ide,,*

ddar,z,

IndCoh(Z.g) SanLLEN Crys(Zs).

3.2. Induction on ind-inf-schemes. In this subsection, let Z be an object of indinfSchy,g.
We study the interaction of the induction functor with that of Serre and Verdier dualities.

3.2.1. We have:
Lemma 3.2.2. The functor indgr, 2 sends IndCoh(Z)° to Crys(Z)°.

Proof. Follows from the fact that the functor oblvgg 2 is continuous and conservative.
O

3.2.3. Induction and duality. Let us apply isomorphism [Chapter IIL.3, Equation (6.2)] to the
map
PdR,z : 2 = ZdR-
We obtain:
Corollary 3.2.4. Under the isomorphisms
D3 : IndCoh(2)" ~ IndCoh(Z) and DY : Crys(2)¥ ~ Crys(2),
we have a canonical identification
(OblVdR7z)v ~ inddR7z,.

In addition, by [Chapter II1.3, Corollary 6.2.9]

Corollary 3.2.5. The following diagram of functors commutes:

Serxe

(IndCoh(Z)<)°P M IndCoh(Z)°©

(inddR,Z)OpJ/ J/inddR,Z

Verdier

(Crys(2)¢)°P  —=—— Crys(2)e.
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3.2.6. Induction and t-structure. Recall that by the definition of the t-structure on Crys(Z),
the functor oblvgg,z is left t-exact. We claim:

Corollary 3.2.7. Assume that Z is an ind-scheme. Then the functor indqgr 2 is t-exact.

Proof. The fact that indggr, 2 is right t-exact follows by adjunction. To show that it is left
t-exact we use [Chapter III.3, Lemma 3.4.6]: we have to show that the pgr 2 is ind-schematic.

Indeed, for S € Sch® and S — Zgr, the Cartesian product
S x Z

Zar
identifies with the formal completion of S x Z along the graph of the map "4 — 2. O

3.3. Relative crystals. In this subsection we describe how the discussion of crystals general-
izes to the relative situation.

3.3.1. Let Y be a fixed object of PreStky,s. Consider the co-category
(PreStklaft)/lé

and the corresponding (oo, 2)-category
indinfsch & ind-pr T
Corr((PreStkiate) /y )indintschiall - -

Restricting the functor IndCoh(PreStkI o)indinfsch & ind-proper along the forgetful functor

indinfsch;all

indinfsch & ind-proper inf-proper
COI‘I‘((PI‘eStk]aft)/y )indinfsch;all - Corr(PreStklaft)inf—sch;all ’

we obtain the functor

IndCoh indinfsch & ind-proper - DGCatQ _Cat

indinfsch;all cont

indinfsch & ind-proper . COI‘I‘( (PreStklaft)/y )

indinfsch;all

Corr((PreStkiagt) /y)
with properties specified by [Chapter I11.3, Theorem 5.4.3].
In particular, let

IdCoh{presiiquy,) y ¢ ((PreStkias) /y) = DGCateons

be the resulting functor.

3.3.2. The category (PreStkjas;) sy has an endo-functor, denoted by /4R

Z Z/‘édR = ZdR X ‘j
dR

Corollary 1.3.6 implies that the functor /%dR gives rise to a functor
((PreStkiafc) /y )indnitsch — ((PreStkiatt) /y )indinfsch -
Hence, /YdR induces a functor

(3.3) Corr((PreStkiag ) /y )ind'pmpe]r — Corr((PreStklaft)/y)indi“f“h & ind-proper

indnilsch;all indinfsch;all

Thus, precomposing IndCothrr((PmStkl 1),y )indinfsch & ind-proper with /YdR, we obtain the func-

indinfsch;all

tor

ind-proper Corr((PreStklaft)/xd)ind'pmper | — DGCatZ;5 .

indnilseniall indnilsch;al cont

/9 .
CrybCOI’I’((PreStkla“ ) /Y )
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3.3.3. Let
MY Crys{prestiaun) y © (PreStkian) /y)° — DGCateon

and
" Crys((PreStklaft)/y)indnnsch : ((PreStklaft)/y)indnﬂSCh — DGCateont
denote the corresponding functors obtained by restriction.

For a map Z1 — Zo in (PreStkiatt )indnilsch, we shall denote by fédR and fygg . the corre-
sponding functors

/9 Crys(21) = /9 Crys(2s).

These functors are adjoint if f is ind-proper/nil-open.

3.3.4. Let /?indnilSchi,g denote the full subcategory of (PreStkiaf; ) /y given by the preimage of
(indinfSchyag) sy under the functor /Y4R.

Restricting the functor / 1?’CrysCOrr((Pmsﬂqm)/y)imifpmpcr to

indnilsch;all

Corr(/?indnilSchyag )i *° € Corr((PreStkiat) /y )imdioies

indnilsch;all?
we obtain the functor

/Y } ) . /Y . ind-proper 2-Cat
Crybc()rr(/yindnﬂschlaft):;ﬁ:l,lmper : Corr(/?indnilSchiaft )y o) — DGCat .

Furthermore, for an object Z of /YindnilSchyag, the category /¢ Crys(2) satisfies the following
properties:

(1) The category /¥ Crys(2) is compactly generated, and is self-dual in the sense of Theo-
rem 2.2.2.

(2) The category /YCrys(Z) carries a t-structure in which an object F is coconnective if
and only if its image under the forgetful functor oblv,yg 2 : /¢ Crys(2Z) — IndCoh(2)
is coconnective, for oblv,ug 5 = (p/uqr.2)'s Where p/ygg 2 denotes the canonical mor-
phism

Z — Z’/BdR'
(3) If Z admits deformation theory over Y (see [Chapter III.1, Sect. 7.1.6] for what this

means), then the morphism p,yqg 2 is an inf-schematic nil-isomorphism, and hence the
functor oblv,ygg 7 admits a left adjoint, denoted ind,yyg 7

Remark 3.3.5. The essential difference between Crys and /YCrys is that for Z € (PreStkiag) /y,
the category /Y Crys(Z) depends not just on the underlying reduced prestack. E.g., for Z =Y,
/¥ Crys(2) = IndCoh(Y).

3.3.6. Assume for a moment that Y = Y is a smooth classical scheme, and Z = Z is also a
classical scheme smooth over Y. Then, as in [GaRo2, Sect. 4.7], one shows that the category

/Y Crys(2)

identifies with the DG category associated with the abelian category of quasi-coherent sheaves of
modules on Y with respect to the algebra of ‘vertical’ differential operators, i.e., the subalgebra
of Diff (Z) that consists of differential operators that commute with Oy-.
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4. COMPARISON WITH THE CLASSICAL THEORY OF D-MODULES

In this section we will identify the theory of crystals as developed in the previous sections
with the theory of D-modules.

This section can be regarded as a companion to [GaRo2, Sects. 6 and 7], and we shall assume
the reader’s familiarity with the contents of loc.cit.

4.1. Left D-modules and left crystals. In this subsection we will recollect (and rephrase)
the contents of [GaRo2, Sect. 5]. Specifically, we will discuss the equivalence between the
category of left D-modules on a smooth scheme X and the category of left crystals on X.

4.1.1. Let X be a classical scheme of finite type. Consider the category QCoh(X x X)¥ and its
full subcategory (QCoh(X x X)a, )", consisting of objects that are set-theoretically supported
on the diagonal. Let

(QCOh(X x X)2)%) g € QCO(X x X)a,)”
be the full subcategory, consisting of objects that are X-flat with respect to both projections
Ds, Dt X X X = X.
The category (QCoh(X x X)a X)Zl.ﬂat has a naturally defined monoidal structure, given by
convolution.
Moreover, we have a canonically defined fully faithful monoidal (!) functor
(4.1) (QCoh(X X X))o gar — QCoh(X x X)),

where QCoh(X x X) is a monoidal category as in [Chapter I1.2, Sects. 5.2.3 and 5.3.3].

4.1.2. Now suppose that X is smooth. In this case, we have a canonically defined object
Diff x € AssocAlg ((QCOh(X x X)a)¥ia.))
namely, the Grothendieck algebra of differential operators.
Composing (4.1) with the monoidal equivalence
QCoh(X x X) — Functeont (QCoh(X), QCoh(X)),
we obtain that Diff x gives rise to a monad on QCoh(X).

We consider the category Diff x -mod(QCoh(X)). It is equipped with a t-structure, character-
ized by the property that the tautological forgetful functor Diff x -mod(QCoh(X)) — QCoh(X)
is t-exact.

The category D-mod'(X) of left D-modules on X is defined as the canonical DG model of
the derived category of the abelian category (Diff x —mod(QCoh(X)))O.

As in [GaRo2, Proposition 4.7.3] one shows that the canonical functor
(4.2) D-mod'(X) — Diff x -mod(QCoh(X))

is an equivalence.
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4.1.3. Let X be any scheme almost of finite type. Recall the category
Crys'(X) := QCoh(Xqr),
see [GaRo2, Sect. 2.1]. It is equipped with a forgetful functor
oblvéR7X : Crys'(X) — QCoh(X).
Assume now that X is eventually coconnective. According to [GaRo2, Proposition 3.4.11],

in this case the functor oblvém x admits a left adjoint, denoted indﬁlR’ x, and the resulting
adjoint pair of functors

ind) x : QCoh(X) 2 Crys'(X) : oblvig x,
is monadic.
The corresponding monad is given by an object
Dl € AssocAlg(QCoh(X x X)ay ).
I.e., we have an equivalence
Crys'(X) ~ D% -mod(QCoh(X)).

4.1.4. Again, assume that X is smooth. In this case one easily shows (see, e.g., [GaRo2,
Proposition 5.3.6]) that

DY € (QCOh(X X X))y lat-
Moreover, it is a classical fact (reproved for completeness in [GaRo2, Lemma 5.4.3]) that

there is a canonical isomorphism in AssocAlg ((QCoh(X x X)a X)leﬂat)

(4.3) Dl ~ Diff y .

In particular, we obtain a canonical equivalence of categories

D-mod' (X) ~ Diff x -mod(QCoh(X)) ~ D-mod(QCoh(X)) ~ Crys'(X),

compatible with the forgetful functors to QCoh(X).

We denote the resulting equivalence D-mod'(X) — Crys'(X) by Fk.
4.1.5. Let f: X — Y be a morphism between smooth classical schemes. In the classical theory
of D-modules, one defines a functor

4 D-mod (Y) = D-mod'(X)

that makes the diagram

Al
D-mod'(Y) —— D-mod!(X)

(44) J{ JVOblv(liR,X
QCoh(Y) —L— QCoh(X)

commute.

Also recall (see [GaRo2, Sect. 2.1.2]) that for a map f: X — Y between arbitrary schemes
almost of finite type, we have a functor

fH: Crys (V) — Crys'(X),
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that makes the diagram

.
Crys'(Y) SEALEN Crys'(X)

(4.5) l l

QCoh(Y) —L 5 QCoh(X)
commute.
The following can be established by a direct calculation:
Lemma 4.1.6. The following diagram of functors naturally commutes

ALl
D-mod"(Y) ——— D-mod!(X)

F";l ng(

Tl
Crys'(X) SEALEN Crys'(X),
in a way compatible with the forgeftul functors to QCoh(—).

4.2. Right D-modules and right crystals. In this subsection we will discuss the equivalence
between the category of right D-modules on a smooth scheme X, and the category Crys(X),
considered in the earlier sections of this Chapter.

4.2.1. Note that for any scheme X, the monoidal category QCoh(X x X) carries a canonical
anti-involution, denoted o, corresponding to the transposition acting on X x X.

In terms of the identification
QCoh(X x X) ~ Functeont (QCoh(X), QCoh(X)),
we have
o(F)~FY, F € Functeon;(QCoh(X), QCoh(X)),
where we use the canonical identification
D3¢ . QCoh(X)Y ~ QCoh(X),
of [Chapter I1.3, Equation (4.2)].

In particular for an algebra object A in QCoh(X x X), we can regard o(A°P) again as an
algebra object in QCoh(X x X), and we have

(4.6) (Ma)" = Myaony,
where Mp denotes the monad on QCoh(X), corresponding to an algebra object B € QCoh(X).
4.2.2. Let X be smooth. Consider the object
o(DiffY) € AssocAlg ((QCoh(X X X)AX)Zl‘ﬂat)> ,
and the corresponding category
o (Diff{)-mod(QCoh(X)).

The category D-mod” (X) of right D-modules on X is defined as the canonical DG model of

the derived category of the abelian category (U(Diff(;?)—mod(QCoh(X)))o.

As in [GaRo2, Proposition 4.7.3] one shows that the canonical functor
(4.7) D-mod"(X) — o(Diff¥)-mod(QCoh(X))
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is an equivalence.

4.2.3. Let X be a scheme almost of finite type. For the duration of this section, we will denote
by
Crys"(X) := Crys(X) := IndCoh(Xqgr),
where the latter is defined as in Sect. 1.2.2, and by
indjr x : IndCoh(X) = Crys"(X) : oblvyy x

the corresponding pair of adjoint functors from (3.2). I.e., we are adding the superscript ‘r’ (for
‘right’) to the notation from Sect. 1.2.2 to emphasize the comparison with right D-modules.

Let D% be the object of AssocAlg(IndCoh(X x X)a ), corresponding to the monad
oblvig x oindgg x
via the equivalence of monoidal categories
IndCoh(X x X) — Functeont (IndCoh(X ), IndCoh(X)).
By Lemma 3.1.6, we have:
“-mod(IndCoh (X)) ~ Crys"(X).
4.2.4. Suppose that X is smooth. Recall that in this case the adjoint pairs
Ex : QCoh(X) & IndCoh(X) : Ux
and
EY : QCoh(X) = IndCoh(X) : ¥¥ =Ty
are both equivalences.

In this case one shows as in [GaRo2, Sect. 5.5] that there is a canonical equivalence of
categories

(4.8) F% : D-mod" (X) ~ Crys" (X),
that makes the diagram
D-mod" (X) I Crys" (X)

l lObIVSR'X

QCoh(X) —=* IndCoh(X)

commute.

Remark 4.2.5. One can obtain the equivalence of (4.8) formally from the corresponding com-
putation for left D-modules.

Namely, taking into account the equivalences
(oblvhg x oindjg x)Y-mod(QCoh(X)) ~ o (Diff¥)-mod(QCoh(X)) ~ D-mod” (X)
(where the first equivalence comes from (4.3) and (4.6)), and
(oblvgg x oindgg x)-mod(IndCoh(X)) ~ Crys"(X),
it suffices to construct an isomorphism of the monads
(4.9) Ux o (oblvig x oindgg x) o Ex and (oblvﬁm?x ° indéRVX)v,

acting on QCoh(X).
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The latter isomorphism holds for any eventually coconnective X, and follows from the iso-

morphism of monads

OblvilR,X © indéR,X ~ EX o (oblvig x o indgg x) o Uk,
see [GaRo2, Lemma 3.4.9].
Remark 4.2.6. The monads in (4.9) correspond to the pair of adjoint functors

'indjg y : QCoh(X) = Crys(X) : ‘oblvy x
of [GaRo2, Sect. 4.6]. Furthermore, in terms of the
D3V : QCoh(X)Y ~ QCoh(X) and DY . Crys(X)Y ~ Crys(X),

we have the isomorphisms

(indjg x)" ~ oblvig x and (‘oblvig x) ~ indjg x-

4.3. Passage between left and right D-modules/crystals. In this subsection we will com-
pare the abstractly defined functor

Y x5 : Crys'(X) — Crys"(X)

from [Chapter I1.3] and the ‘hands-on’ functor
D-mod'(X) — D-mod" (X),
given by tensoring a given left D-module with the right D-module
det(T™ (X)) [dim(X)].

4.3.1. According to [GaRo2, Proposition 2.2.4], for any scheme X almost of finite type we have
a canonically defined equivalence

Tx,n : Crys'(X) — Crys"(X),
that makes the diagram

Crys'(X) ﬁ) Crys"(X)

- o

QCoh(X) —= IndCoh(X)

commute.

Concretely, the functor Tx,, is the functor from [Chapter I1.3, Sect. 3.3.4] applied to Xgr,

and it is given by
MM wWx g,
where ® is the action of QCoh(X4r) (= Crys'(X)) on IndCoh(X4r) (= Crys”(X)).
4.3.2. Now, suppose that X is a smooth classical scheme. Recall that in this case there is a
canonical equivalence
(4.10) D-mod' (X) — D-mod" (X),
given by tensoring a given left D-module with the right D-module
WD-mod, X = det(T* (X)) [dlm(Xﬂ

We denote the above functor by Yp.mod, x-
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4.3.3. We will prove:

Theorem 4.3.4. The following diagram of functors canonically commutes:
Fl
D-mod(X) —*— Crys'(X)
(4.11) TD—nlod,XJr J/Txdlfi

D-mod"(X) L N Crys"(X)

By applying Theorem 4.3.4 to Ox € D—modl(X)7 we obtain:
Corollary 4.3.5. There exists a canonical isomorphism in Crys"(X):
(4.12) F% (WD-mod, X ) ™~ WX yp -

4.3.6. Applying the forgetful functor
oblvgg x : Crys"(X) — IndCoh(X),
to the isomorphism of (4.12), we obtain:
Corollary 4.3.7. There exists a canonical isomorphism in IndCoh(X):
(4.13) Ex (det(T" (X)) [dim(X)] ~ wx.

Note that latter corollary is the well-known identification of the abstractly defined dualizing
sheaf with the shifted line bundle of top forms.

Remark 4.3.8. The isomorphism (4.13) can be proved without involving D-modules or crystals,
by an argument along the same lines as that proving the isomorphism (4.12) in Sect. 4.4 below.
This argument is given in a more general context in [Chapter IV.4, Proposition 7.3.4].

4.4. Proof of Theorem 4.3.4.

4.4.1. First, we make the following observation, which follows from the constructions:
Lemma 4.4.2. For M € D-mod"(X) and N € D-mod" (X) we have a canonical isomorphism
FY(M@N) ~ FL(M) @ FL(N).

This lemma reduces the assertion of Theorem 4.3.4 to establishing the isomorphism (4.12).
4.4.3. Recall that for a map f: X — Y between smooth schemes, one defines the functor
4" : D-mod” (Y) — D-mod" (X)
by requiring that the diagram
D-mod'(v) —“ Demod! (X)
(4.14) TD.mod,yl lrn.mod,x

D-mod”(Y) —~ D-mod"(X)
commute.
Assume for the moment that f is a closed embedding of smooth schemes. Let
D-mod"(Y)x C D-mod"(Y)
be the full subcategory consisting of objects with set-theoretic support on X.

Recall that in this case we have Kashiwara’s lemma which says that the functor f4" induces
an equivalence D-mod" (Y)x — D-mod" (X).
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4.4.4. For a morphism f: X — Y between schemes almost of finite type, let
fhr s Crys™(Y) — Crys"(X)
be the corresponding pullback functor, see [GaRo2, Sect. 2.3.4], i.e., fI'" = féR.

Assume for the moment that f is a closed embedding. Let Crys"(Y)x C Crys"(Y) be the
full subcategory consisting of objects with set-theoretic support on X.

Recall (see [GaRo2, Proposition 2.5.6]) that in this case the functor f7" induces an equiva-
lence Crys"(Y)x — Crys"(X).
4.4.5. Let f: X — Y be a closed embedding of smooth classical schemes. The next assertion
also follows from the constructions:
Lemma 4.4.6. Under the equivalences
4" D-mod” (Y)x — D-mod"(X) and f©" : Crys"(Y)x — Crys(X),
the diagram

D-mod" (Y) x L SN Crys"(Y)x

fA,'rl J/f]‘,r

D-mod" (X) L SN Crys"(X)

commutes.
As a corollary, we obtain:

Corollary 4.4.7. For a closed embedding of smooth schemes f: X — Y, the diagram

D-mod" (Y) L N Crys"(Y)

fA,ri Jrff,r

r

D-mod" (X) L SN Crys"(X)
commutes.

Proof. Follows from the fact that the functor f4 (resp., f7") factors through the co-localization
D-mod" (Y) — D-mod"(Y)x (resp., Crys"(Y) — Crys"(Y)x). O

4.4.8. We are finally ready to construct the isomorphism (4.12) and thereby prove Theo-
rem 4.3.4.

Consider the object
WD-mod, X X WD-mod, X = WD-mod,x xx € D-mod” (X x X).
Consider the isomorphism
(4.15) Fi o AY" (WDhmod, xxx) = AT 0 F% v (wpomod,x B Wbmod,x)
of Corollary 4.4.7.
On the one hand,

A7 ~ AT ~
F% o AY" (WD-mod, xxx) = Fx 0 AR 0 Thimod, xx x (Oxxx)

~ F% o Tbhomod,x © A}’l(OXxX) ~ F% 0 D mod, x (Ox) ~ Fx (WD-mod, X )-
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On the other hand,
A" o Fi, x (WD-mod,x M Wp-mod,x ) ~ AT (F% (WD-mod,x ) B F (WD-mod,x)) ~
|
~ F5% (Wb-mod,x ) ® Fx (Wp-mod, x ),

! !
where ® denotes the symmetric monoidal operation on Crys"(X), i.e., the ® tensor product on
IndCOh(XdR).
Thus, from (4.15) we obtain an isomorphism

!
F% (WD-mod, x) = Fx (Wb-mod, x) ® Fx (WD-mod, x )

in Crys" (X).

Now, it is easy to see that F% (wWp-moa,x ) is tnvertible as an object of the symmetric monoidal
category Crys"(X).

This implies that F% (wp-mod,x) is canonically isomorphic to the unit object, i.e., wx,y, as
required.

4.5. Identification of functors. In this subsection we will show that the pullback and push-
forward functors on crystals correspond to the pullback and push-forward functors defined
classically for D-modules.

4.5.1. We now show:

Proposition 4.5.2. Let f : X — Y be a morphism between smooth schemes. Then the diagram
of functors

D-mod" (Y) LN D-mod" (X)

Ry l lFx

T,r
Crys"(Y) SEAREN Crys"(X)

canonically commutes.
Remark 4.5.3. It follows from the construction given below that when f is a closed embed-

ding, the isomorphism of functors of Proposition 4.5.2 identifies canonically with one in Corol-
lary 4.4.7.

Proof. Follows by combining the following five commutative diagrams:

D-mod! () L D-mod'(X)

| |

T
Crys'(Y) SEALEN Crys'(X)

(of Lemma 4.1.6);

D-mod! (V) - D-mod!(X)

TD—mod,YJV lTDmod,X

D-mod” (Y) —=" D-mod"(X)
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(of diagram (4.14));

1
Crys! (V) AN Crys'(X)

TYde JVTXdR

T.7r
Crys"(Y) SN Crys"(X),
(of [Chapter IL.3, Sect. 3.3]) and finally the diagrams (4.11) for X and Y, respectively.
U

4.5.4. Recall that for amap f : X — Y between smooth schemes, we have a canonically defined
functor
JD-mod,« : D-mod” (X) — D-mod" (Y).
For a smooth scheme X we let I'p_j04(X, —) denote the functor
D-mod" (X) — Vect
equal to (Px)D-mod, -
Note that Verdier duality defines an equivalence
DY : D-mod"(X)" — D-mod’ (X),
characterized by the fact that its unit and counit maps are

WD-mod, X

fiDomod.x : Vet “P2%8% Domod” (X) 4¥22°0* Dnod” (X x X) o~ D-mod” (X) ® D-mod” (X),
and

ebomod.x : D-mod” (X) ® D-mod” (X) ~ D-mod” (X x X) “*3” Domod” (x) "Pmeel®™)
respectively.

4.5.5. We claim:

Vect,

Proposition 4.5.6. The diagram of functors

Verdier
DX

D-mod"(X)¥ ——— D-mod"(X)

| lF;z

DVerd]er

Crys"(X)Y ——— Crys"(X)
canonically commutes.

Proof. Tt is enough to establish the commutation of the following diagram:

Vect D-mod" (X) ® D-mod"(X)

l |rsors

Vect —9%,  Crys”(X)® Crys"(X).
Recall the description of the functor ex,, is Sect. 2.2.4. Thus, taking into account the
isomorphism (4.12), it suffices to show that the diagram

HMD-mod, X

(Ax)D-mod, =
_—

D-mod" (X)) D-mod" (X x X)

Fxl lF;XX

Crys"(X) 8x)as, Crys"(X x X)
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commutes.

However, this follows by adjunction from the commutation of the diagram

D-mod” (X) <2 Dnod’ (X x X)

F;l lF;XX

tr
Crys"(X) L8 Crys"(X x X),

while the latter commutes by Proposition 4.5.2.

As a consequence of Proposition 4.5.6, we obtain:

Corollary 4.5.7. For a smooth scheme X, the following diagram of functors canonically com-
mutes

D-mod"(X) L N Crys"(X)

FD—mod(X’*)J( leR(X;*)

Vect I—d> Vect .

Proof. Obtained by passing to the dual functors in the commutative diagram
FY
D-mod"(X) —>— Crys"(X)

WD-mod,XT wadR

Vect L Vect .

4.5.8. Finally, we claim:

Proposition 4.5.9. For a map f : X — Y between smooth schemes, the following diagram of
functors canonically commutes:

fD-mod,*
2medry

D-mod" (X)) D-mod" (Y)

| s
Crys"(X) LN Crys"(Y)
Proof. We factor the map f as
xL xxy By,
where f1 is the graph of f, and f5 is the projection to the second factor.

Hence, it is enough to establish the commutativity of the diagrams
D-mod” (X) YRt by odn (X x )
(4.16) Fxl lF}XY

(f1)ar,«
—

Crys"(X) Crys"(X xY)
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and

(f2)D-mod, *
el

D-mod" (X x Y) D-mod" (Y)
(4.17) Py | |7

CryST(X % Y) (f2)ar,»

Crys"(Y),
respectively.
Now, the commutation of (4.16) follows by adjunction from the commutation of

D-mod” (X) <" Dmod” (X x Y)

Fxl lF)QXy

T,r
Crys"(X) MCL i Crys" (X xY),

given by Proposition 4.5.2.

To establish the commutatition of (4.17) we rewrite it as

D-mod" (X) ® D-mod"(Y) IomoalX, )OI, 1y od” (Y)
F ®F{,l lFT/
Crys”(X) ® D-mod"(Y)  —anDeId oy oer(y),

and the result follows from Corollary 4.5.7.



